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A cut-cell Hybrid High-Order method for elliptic
problems with curved boundaries

Erik Burman* Alexandre Ern'

Abstract

We design a Hybrid High-Order method for elliptic problems on curved
domains. The method uses a cut cell technique for the representation of
the curved boundary and imposes Dirichlet boundary conditions using
Nitsche’s method. The physical boundary can cut through the cells in a
very general fashion and the method leads to optimal error estimates in
the H'-norm.

1 Introduction

The Hybrid High-Order (HHO) method has been recently introduced in [6, 7).
The idea is to approximate the solution using cell-based and face-based un-
knowns. The cell unknowns can be eliminated locally in each mesh cell, leading
to a global problem coupling only the face unknowns. The HHO method is de-
vised from a local reconstruction operator and a stabilization operator coupling
the cell and face unknowns in each mesh cell. This leads to a discretization
method that supports general meshes (with polyhedral cells and non-matching
interfaces), is locally conservative, and delivers energy-norm error estimates of
order (k + 1) (and L?-norm error estimates of order (k + 2) under full elliptic
regularity) using polynomials of order k for the face unknowns and of order
le{k—1,kk+ 1} for the cell unknowns.

The use of polyhedral meshes can simplify the meshing problem in many
situations. Nevertheless, in some cases it can still be convenient to avoid build-
ing meshes fitted to the domain boundary. This is typically the case when the
boundary changes during the computation, as in free-boundary problems or op-
timisation problems, or when the boundary is curved and high-order accuracy is
to be retained. In classical finite element methods, fictitious domain approaches
[8] where the computational mesh does not respect the domain boundary are
often efficient, but at the expense of accuracy. In order to improve the accuracy,
unfitted finite element methods were introduced [1, 9]. A well-known difficulty
for unfitted finite element methods is that the conditioning of the linear sys-
tem resulting from discretization has a strong dependence on the geometry of
the intersection of the physical boundary with the mesh cells. Unfavorably
cut cells, that is, cells having a small intersection with the physical domain,
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lead to ill-conditioning. In the case of H'-conforming methods, this problem is
typically solved by adding a penalty term that weakly couples the polynomial
approximation in adjacent cells [3]. When using discontinuous approximation,
another approach was proposed in [10] in the context of elliptic interface prob-
lems, where any unfavorably cut cell is merged with a neighboring cell having
a favorable cut. This local agglomeration procedure generally leads to meshes
having polyhedral cells.

In this work, we consider a (simple) elliptic PDE posed on an open, bounded,
Lipschitz set €’ in R? with a non-homogeneous Dirichlet condition on I' := 9€)':

—V-(kVu) = f, in (1a)
U = gp on F (lb)

Here f € L?(Q), gp € H: (T") and « is a positive, piecewise constant coefficient.
We assume that € has a curved boundary I', and we want to avoid meshing £’
using cells with curved faces. One possible way to avoid this is to consider a
fictitious domain approach. We embed 2’ into a larger polyhedron € that can
be meshed easily (by definition, a polyhedron is a finite union of simplices and
has therefore a piecewise planar boundary). This mesh of Q can be composed of
cells having simple shapes (simplices, prisms, hexahedra), but can also contain
more general polyhedral shapes. Our goal is to devise a cut-cell HHO method
to approximate (1) using an unfitted mesh of the fictitious domain . For the
imposition of the Dirichlet boundary condition, we use Nitsche’s method, and
robustness with respect to the cuts is ensured by using a local mesh agglom-
eration procedure reminiscent of that proposed in [10]. Owing to the local cell
agglomeration, the resulting mesh of ) is generally of polyhedral type. The
present cut-cell HHO method and its analysis are adapted from the method
devised in [4] for elliptic interface problems. An alternative HHO method for
elliptic problems on curved meshes has been proposed recently in [2] using non-
linear mappings for the face unknowns and increasing the order of the reference
face polynomials.

An outline of the paper is as follows. In the next section, we present the
discrete framework, technical results, and the main assumptions. In Section 3,
we introduce the cut-cell HHO method. Finally, we present an error estimate
in Section 4.

2 Discrete setting

Let (Th)n>0 be a shape-regular family of matching meshes covering €2 exactly,
where the index h refers to the maximal diameter of the mesh cells. For sim-
plicity, we assume that the diffusion coefficient is piecewise constant on 7; and
we let kp denote its value on T' € T,. The meshes can have polyhedral cells,
and the mesh cells are considered by convention to be open subsets of R¢. The
shape-regularity criterion for polyhedral meshes is that they admit a match-
ing simplicial sub-mesh that satisfies the usual shape-regularity criterion in the
sense of Ciarlet and such that each sub-cell (resp., sub-face) belongs to only
one mesh cell (resp., at most one mesh face) having uniformly the same diam-
eter. The shape-regularity of the mesh sequence is quantified by a parameter



p € (0,1). In what follows, B(y,a) denotes the open ball with center y and
radius a. For a subset S C R%, hg denotes the diameter of S.

2.1 Notation for unfitted meshes

For coherence of our notation, let us set Q\I' := Q'. Let us define the partition
T = T,\" UT,E U T, where the subsets

n\F ={TeT,|TcQ\}, (2a)
77; ={T €T} | measq_1(T'NT) > 0}, (2b)

collect, respectively, the mesh cells inside the physical domain Q\I' and the mesh
cells cut by the physical boundary I'. The mesh cells in 7;¢ do not play any role in
what follows so that discard them without loss of generality. Similarly, the mesh
faces are collected in the set Fj, which is partitioned into Fj, = ]-‘;}F U}",I; , where

]-',}F collects the mesh faces inside the physical domain Q\I' and F} collects the
mesh faces cut by the physical boundary. For any mesh cell T € T}'', we define
T\' .= TNnQ\ and T' := TNT. The boundary of T\ is decomposed as
OT\' = (T)\" UT", where (9T)\" := 0T N Q\' (see Figure 2 below).

2.2 Admissible meshes

The cut-cell HHO method is to be deployed on meshes satisfying two assump-
tions. Assumption 2.1 means that the physical boudnary is well resolved by
the mesh; this assumption is quantified by a regularity parameter v € (0,1).
Assumption 2.2 means that all the mesh cells are cut favorably by the physical
boundary; this property is quantified by a cut parameter ¢ € (0, 1).

Assumption 2.1 (Resolving I'). There isy € (0,1) s.t. for all T € T}, there is
a point &7 € R so that, for all s € T, ||&1 — 8||¢2 < v~ 'hy and d(2p, TsI') >
~yhr where TgI' is the tangent plane to ' at the point s.

Assumption 2.2 (Cut cells). There is 6 € (0,1) such that, for all T € T},
there is &1 € T\' so that B(&r,0hr) C T\,

Let 75, be an initially given mesh from a shape-regular sequence of (polyhe-
dral) meshes. It is shown in [4, Lemma 6.1] that the Assumption 2.1 is satisfied
provided 7y, is fine enough. To ensure that the Assumption 2.2 is also satisfied,
we identify the mesh cells in 775 (with obvious notation) on the boundary for
which the assumption fails and agglomerate them with neighboring elements
satisfying the assumption. For all T € Ty, we define the set of elements with
non-empty intersection with 7" as A(T) := {T" € T, | TNT" # 0}. The agglom-
eration procedure is as follows:

1. Partition 7~'hF into 7;:(0 U '7~'hOK so that T € 7~'hOK iff there is &7 € T s.t. the
ball B(x4,dohs) is in T =T NQ, whereas T' € T° otherwise.

2. For all T € T}¥°, we choose a neighboring mesh cell N(T) so that
N(T) & (T UT,") N AM). (3)

It is shown in [4] that this set is nonempty if the mesh 7}, is fine enough
and if the initial cut parameter dg is small enough.



3. Let N(T}°) be the collection of all the cells in 7,°% U ﬁ\r that have been
selected at least once in Step 2. For all T* € N(T°), we define the
agglomerated cell T U{T € T;*° | N(T) = T*}.

4. We collect the agglomerated cells in ﬁagglo and define the new mesh
7o (T 0T\ N ) U T 0

It is shown in [4] that the new mesh 7}, is still shape-regular (with possibly
a smaller value of the parameter p), still satisfies the Assumption 2.1 (with
possibly a smaller parameter ), and additionally satisfies the Assumption 2.2
(with possibly a parameter § smaller than Jp).

2.3 Trace inequalities

The following two trace inequalities, which are crucial for the robustness of the
error estimate (20) (see below), hinge on Assumptions 2.1 and 2.2. For a proof,
we refer the reader to [4, Lemma 3.3 and 3.4].

Lemma 2.1 (Multiplicative trace inequality). There are ¢ty > 0 and Oty > 1,
depending on p and v, such that, for all T € T, there is &7 € T so that, for
allv € HY(T") with Tt = B(@r, Omichr),

_1 1 1
ol 2 orr) < Contr (w lollzsry + ol sz, 1901 zzm)). (5)

Lemma 2.2 (Discrete trace inequality). Let I € N, I > 0. There is cq,
depending on 1, p, and &, such that, for all T € T,X', and all v € ]P’ld(T\F),

_1
”/U”LQ(GT\F) < Cdtr hT2 ||U||L2(T\F). (6)

3 The cut-cell HHO method

In this section, we describe the cut-cell HHO method for the ficitious domain
problem. Let & > 0 be the polynomial degree for the face unknowns; the
polynomial degree for the cell unknowns is (k + 1). For any mesh cell T' € Ty,
the set Fyr is the collection of the faces of T. Whenever T € 7?, the set
fg; ={F\' = FNQ\' | F € Fr, measy_1(F\') > 0} is the collection of the
faces and cut faces of T' that partition the boundary (97)\!'.

3.1 Uncut cells

Let T € E\F. The local unknowns form a pair composed of one polynomial
of order (k4 1) in 7" and a piecewise polynomial of order k on 9T. The local
unknowns are generically denoted as

op = (vr,var) € PETY(T) x PX_ | (Far) =: Xr, (7)

with PX_ | (Far) = Xper,pPh_ | (F). The placement of the discrete unknowns
for the uncut cells is illustrated in Figure 1.



Figure 1: Uncut hexagonal cell. Left: k& = 0; Right: k£ = 1. Each dot symbolizes
one degree of freedom (not necessarily a pointwise evaluation).

We define the following local bilinear form for all v,w € H(T):

aT(v,w):/T/iTVUVw. (8)

There are two ingredients to devise the local HHO bilinear form. The first one
is a reconstruction operator. Let o7 = (vr,ver) € PET. Then, we reconstruct
a polynomial r5™ (47) € PET(T) by requiring that, for all z € PAT(T), the
following holds true:

ap(r ;H(f)T), z) =ar(vr, z) — /8T krVznr(vr — var), (9)

K+ (o7) is uniquely up to

an addltlve constant; one way to fix the constant is to prescribe [.r +1(vT)
fT vr). The second ingredient is the stabilization bilinear form defined so that,

where np is the unit outward-pointing normal to T (r

for all dp,dr € Xr,
ST(ﬁT,Qf}T) = IiTh%l/ HgT(’UT - 'UaT)(wT - waT)a (10)
oT

where HgT denotes the L2-orthogonal projector onto the piecewise polynomial
space PX_ | (For). Finally, the local HHO bilinear and linear forms to be used

when assembling the global discrete problem are as follows: For all op, wr € /'\A,’T,

a\TF@T,wT)—aT 8 (o), rE Y (W) + sp(or, dr), (11a)

O (i / Fuwr. (11b)

3.2 Cut cells: fictitious domain problem

Let T € T,F. We use capital letters to denote a generic function V € H'(T\!).
The unit outward-pointing normal to I' is denoted n. We define the following
Nitsche bilinear form for all V,W € HY(T"):

np(V, W) = / krVV-VIW — {(/-;Tvv-n)w + (krVIWn)V — nZTVW},
’ T

(12)
where the user-specified parameter 7 is such that n > 4c(2m where cqi, results
from the discrete trace inequality (6) with polynomial degree [ = k (this follows

T



Figure 2: Cut hexagonal cell. The physical domain Q\I (red/light grey) is
located below the curved boundary T so that (OT)\' is composed of two faces

and two cut faces. Left: k£ = 0; Right: £ = 1. Each dot symbolizes one degree
of freedom (not necessarily a pointwise evaluation).

using standard arguments for the stability of Nitsche’s method, see [4, Lemma
5.1]). The local HHO unknowns are

Vi = (Vir, Vor) € &p := PEHY(T\D) x P (FAN), (13)

where P%_, (F, g?) is the piecewise polynomial space of order k on (9T)\' based

on the (sub-)faces in F, 3;; note that we do not introduce discrete unknowns on
T'. The placement of the discrete HHO unknowns in the cut cells is illustrated
in Figure 2.

As for the uncut cells, there are two key ingredients to devise the local
HHO bilinear form: reconstruction and stabilization. Let VT € )E'T. Then,
we reconstruct a polynomial R;H(VT) € P§+1(T\F) by requiring that, for all
Z € PRTY(T\)| the following holds true:

’I”LT(RI%_‘—l(VT), Z) = TLT(VT, Z) — / . IQTVZ"ILT(VT — VaT). (14)
(8T)\"

It follows from the stability of Nitsche’s method that R?H(VT) is uniquely
defined by (14) up to an additive constant; one way to fix the constant is to
prescribe fT\F RZ}H(VT) = fT\F V. Concerning stabilization, we set for all
Vr, Wr e )ETy

st(Vr, Wr) = kphy! /(BT)\F 1,0 (Ve = Vor) (W — Wor),  (15)
where H](CaT)\F denotes the L?-orthogonal projector onto the piecewise polyno-

mial space P§—1(}—$§1)' Finally, the local HHO bilinear and linear forms are as
follows: For all VT, Wr € /'%T,

d;(VT, WT) = nT(R§+1(VT)7 R]%Jrl(WT)) + ST(VT, WT), (16a)
B0 = [ e [ aor(wn), (160)

with ¢ (Wr) = —kpVWrnr + nrphy W

3.3 The global formulation

To formulate the global discrete problem, we introduce the sets T = 77L\F U
{(TNQ\ | TeTl}and F, = FCU{FNQ\' | F e FT'}, and we set

Xy = XTeﬁPZH(T) X XFe]:'hIP)]c;—l(F)' (17)



Let Vi, € Xy. Forall T € ’7;1\F, we denote 07 = (vr,ver) € Xr the components
of Vj, attached to the uncut cell T'. For all T € ’7;5, we denote Vi = Vi, Var) €

Xr the components of Vj, attached to the cut cell T'. The global discrete problem
then reads as follows: Find Uy € &), s.t.

dh(Uh,Wh) = éh(Wh), VWh € .)Eh, (18)
with
an(Vi, Wi) = > ay (op,r) + Y ak(Vr, Wr), (19a)
TeT," TeTy
0 (Wh) = Z 0y (ir) + Z 05 (W), (19b)
TeT," TeTy

where d}r(-, -) and E}F() are defined by (11) for all T € 7;L\F and a%(-,-) and
L) are defined by (16) for all T' e Tr.

4 Main result: error estimate

We now state our main result on the error analysis. The proof follows by
adapting the arguments of [4, Thm. 5.9].

Theorem 4.1 (Error estimate). Assume that u € HF2(Q\D), k > 0, is the
solution to (1). Let Uy, € X, solve (18). Then, the following bound holds true:

Y IV —un)liz+ D IV~ Ur)lizr

TeT,” TETy
+ 3 hptllgn — Urlle € b2 D uf gy (20)
TeT,
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