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Supervisory observer for parameter and state estimation of nonlinear
systems using the DIRECT algorithm

Michelle S. Chong, Romain Postoyan, Sei Zhen Khong and Dragan Nesié

Abstract— A supervisory observer is a multiple-model ar-
chitecture, which estimates the parameters and the states of
nonlinear systems. It consists of a bank of state observers, where
each observer is designed for some nominal parameter values
sampled in a known parameter set. A selection criterion is used
to select a single observer at each time instant, which provides
its state estimate and parameter value. The sampling of the
parameter set plays a crucial role in this approach. Existing
works require a sufficiently large number of parameter samples,
but no explicit lower bound on this number is provided. The
aim of this work is to overcome this limitation by sampling
the parameter set automatically using an iterative global
optimisation method, called DIviding RECTangles (DIRECT).
Using this sampling policy, we start with 1 4+ 2n, parameter
samples where n,, is the dimension of the parameter set. Then,
the algorithm iteratively adds samples to improve its estimation
accuracy. Convergence guarantees are provided under the same
assumptions as in previous works, which include a persistency
of excitation condition. The efficacy of the supervisory observer
with the DIRECT sampling policy is illustrated on a model of
neural populations.

I. INTRODUCTION

Multiple-model approaches have traditionally been em-
ployed in the stochastic setting for estimation algorithms.
Strong contenders include the Gaussian sum estimators [3,
Section 8.5], the variable structure multiple-model frame-
work [14], [17] and statistical filters such as particle filters
[4]. In the deterministic domain, the focus has been mainly
on improving robustness of adaptive schemes for control pur-
poses [16], [2], [15, Chapter 6]. In the context of parameter
and state estimation for dynamical systems, the multiple-
model approach provides an alternative to other online esti-
mation algorithms, such as adaptive observers [5, Chapter 7].
The idea is to design a bank of state observers (also known as
a multi-observer), in which the state observer is designed for
some sampled parameter values in a given set. Parameter and
state estimates are then derived by combining the information
from a subset of the state observers. This approach has the
added benefit of modularity in the separation of the state
and parameter estimation problems. This has been pursued
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for continuous-time linear systems by [3], [14, Section 8.5]
in the stochastic setting, and by [1], [16] in the deterministic
setting, to name a few references. Most recently, we extended
the deterministic setup to continuous-time nonlinear systems
in [7] inspired by results in supervisory control [15, Chapter
6], which we called a supervisory observer.

In [7], the unknown system parameters are assumed to
be constant and to belong to a known compact parameter
set. Finite samples are drawn from this parameter set and
a state observer is designed for each sample in a way that
is robust against parameter mismatches. A selection criterion
based on the mismatch between the estimated output of each
observer and measured output from the plant then provides
the state and parameter estimates at any given time. We
showed in [7] that the estimates are guaranteed to converge
to be within a required margin, as long as the parameter set is
sufficiently densely sampled and a persistency of excitation
condition holds. To potentially ease the need for a large
number of samples, we also introduced a dynamic sampling
scheme which updates the sampling of the parameter set by
iteratively zooming in on the region of the parameter set
where the true parameter is ‘most likely’ to reside. However,
a major drawback is that the user is required to choose a pre-
determined number of parameter samples at the start of the
algorithm, which is hard to estimate.

In this paper, we aim to overcome this major drawback by
automatically sampling the parameter set using an iterative
global optimisation method for Lipschitz cost functions on
a compact domain, called DIRECT (DIviding RECTangles)
which was initially proposed in [12]. This sampling proce-
dure starts from sampling the center point of the parameter
set and additional given sample points in its neighbourhood.
At subsequent iterations, DIRECT takes additional samples.
This is achieved by dividing the domain into non-overlapping
hyperrectangles and sampling the center of each one. A lower
bound on the cost function in each hyperrectangle is obtained
using the fact that the cost function is Lipschitz. The search at
the local level is achieved by identifying potentially optimal
hyperrectangles based on its lower bound of the cost function
and its size, which are then further divided. In other words,
the algorithm automatically generates additional samples in
potentially optimal regions. The procedure is stopped once
a pre-calculated number of iterations is reached.

In our supervisory observer, the cost function used by
the DIRECT algorithm is an integral form of the output
mismatch of each observer and the plant over a finite time
interval, which we call the monitoring signal. The domain of
the cost function is the compact parameter set to which the



true parameter belongs. We wait a sufficiently long interval
between each iteration to allow the transient effects of each
state observer to decay in order to obtain an improved
accuracy. More observers are added as DIRECT updates
the sampling of the parameter set. Upon the termination
of DIRECT, we implement the last chosen observer for
the remainder of the algorithm’s run-time. Contrary to the
old dynamic sampling policy in [7], the DIRECT sampling
policy provides the following improvements. First, DIRECT
does not require the user to estimate the number of ob-
servers needed beforehand. Instead, we start with 1 + 2n,
observers, where n,, is the dimension of the parameter set.
Then, DIRECT automatically takes samples until a given
termination time, which is a clear advantage over the old
sampling policy from the user’s perspective. Second, the
DIRECT policy potentially eases computational burden as
we no longer need to implement all the required number of
observers in parallel from initialisation. Third, after a pre-
computed time, the supervisory observer implements only
one observer for the rest of the run-time and thereby further
reducing the computational resources required.

The DIRECT algorithm was employed in the context
of extremum-seeking in [13] where the global minimum
of the steady-state input-output map of a nonlinear time-
invariant dynamical system is found using DIRECT without
knowledge of the system model. Our setup is ‘gray box’ in
nature, where the structure of the parameterised nonlinear
dynamical system is known, but not the states and parame-
ters. The supervisory observer we propose can be viewed as
the problem of online extremisation in dynamical systems,
where the estimation algorithm aims to provide estimates
that minimises the estimation error based on the steady-
state behaviour of each observer by waiting sufficiently long
between sampling times.

The paper is structured as follows. We introduce the
notation in Section II and formulate the problem in Section
III. Section IV describes the supervisory observer with the
DIRECT sampling policy in detail and we provide conver-
gence guarantees in Section V. We illustrate the efficacy
of the proposed algorithm in Section VI by revisiting a
model of neuron populations considered in [7]. Due to space
constraints, all proofs can be found in the full version of this
paper [8].

II. PRELIMINARIES

Let R = (—00,00), R>g = [0,00), Rsg = (0,00),
N = {0,1,...} and N>; = {1,2,...}. Let (u,v) where
u € R™ and v € R™ denote the vector (ul,vT)T. The
smallest integer greater than v € R is denoted by [v]. For
a vector ¢ = (r1,%2,...,2Z,) € R”, the co-norm of x is
denoted |z| := max{|z1],|z2],...,|zn|}. Let H(p.) denote
the hypercube centered at p. € R"» where the distance of
pe to the edge is 1, i.e. H(p:) :={p € R"™ : |p —p.| < 1}.
Hence, AH(0) is the hypercube with center point at the
origin and its distance to the edge is A, ie. AH(0) :=
{p € R"™ : |p| < A}. For any A > 0, the set of piecewise
continuous functions from R>g to A% (0) is denoted Mx.

A continuous function a : R>o — R is a class K function,
if it is strictly increasing and «(0) = 0; additionally, if
a(r) — oo as r — oo, then « is a class Ko, function.
A continuous function 3 : R>g X R>g — R>q is a class KL
function, if: (i) (., s) is a class K function for each s > 0;
(ii) B(r,.) is non-increasing and (iii) S(r,s) - 0 as s - 0
for each r > 0.

III. PROBLEM FORMULATION

Consider the following nonlinear system

[z, p*,u),
h(z, p*),

where the state is x € R, the measured output is y € R"v,
the measured input is v € R™ and the unknown parameter
vector p* € © C R" is constant. We assume that © is
a known, normalised unit hypercube! #(p.). The function
f:R"™ x R™ x R™ — R" is locally Lipschitz and h :
R™ x R™ — R™v is continuously differentiable.

We aim to estimate the parameter p* and the state x
of system (1) assuming that the output y and the input
are measured. To this end, we use the supervisory observer
architecture we proposed in [7]. The idea is the following: the
parameter set © is sampled and a state observer is designed
for each parameter sample, forming a bank of observers.
One observer is chosen to provide its state estimate and
parameter value at any time instant based on a criterion.
The results in [7] showed that both estimates converge to
within a tunable margin of the corresponding true values
provided that the number of samples is sufficiently large,
under some conditions. The sampling policies in [7] require
a sufficiently large number of samples and no explicit lower
bound on this number was provided in [7]. The objective
of this paper is to overcome these issues by sampling the
parameter set © dynamically in a smarter manner using the
DIRECT optimisation algorithm, such that the number of
samples is automatically generated by the algorithm based
on the desired estimation accuracy. In other words, the user
no longer has to set the number of samples needed from the
start, as the algorithm automatically achieves the required
number of samples after some iterations and terminates at a
pre-computed time.

We maintain all assumptions made in the original setup
in [7]. In particular, we assume the following boundedness
property for system (1).

Assumption 1: For any initial condition z(0) and any
piecewise-continuous input u, system (1) is forward com-
plete and generates unique uniformly bounded solutions,
ie. for any A,, A, > 0, there exists a constant K, =
K. (A;,A,) > 0 such that for all x(0) € A,H(0) and
u € My, , the corresponding unique solution to (1) satisfies
|z(t)| < K, for all ¢ > 0. O

T

- (1)

! Any compact parameter set © can be embedded in a hyperrectangle and
then normalised to be a unit hypercube. Hence, the assumption of © being
a hypercube of edge 1 is made with no loss in generality as long as the
parameter p* lies in a known (potentially large) compact set.



IV. SUPERVISORY OBSERVER WITH THE DIRECT
SAMPLING POLICY

In this section, we first recall the supervisory observer
architecture proposed in [7]. We then explain how DIRECT
is implemented to sample the parameter set ©.

A. Architecture

The sampling of the parameter set © is carried out
iteratively at each update time instant ¢, k € N satisfying

tpy1 — t =: Ty, )

where Ty > 0 is a design parameter.

Let P(k) denote the set of parameter sample points
generated at time t;, k € Nyi; and the generation of
these points will be described in Section IV-B. Also, let
O(k) := ©(k—1)U P(k) be the set of all parameter sample
points from ¢y to ti, where their corresponding cardinalities
are Np(k) and Ng (k), respectively. Consequently, we have
that ©(k — 1) is a subset of ©(k). At the initial time to,
P(0) and ©(0) consist of the centre point of © and 2n,
additional points near it, i.e. P(0) = ©(0) = {p, pc £ de;},
where § = 1/3 and e; is the i-th unit vector of R”». Hence,
Ng(0) = N3(0) = 1+ 2n,,. In other words, the number of
observers implemented over the first interval of time [tg, ;)
is 1 4+ 2n,. At subsequent update time instants ¢y, k € N,
new sampling points are added and an observer is designed
for each of the newly generated samples pF € I:’(k), for
ie{l,...,Np(k)}, as follows

i'i :f(:%i»p?au?y)v vVt € [tkvtk+1)7
9i = h(&:,p}), 3)

where the function f is continuously differentiable. At ini-
tialisation tp = 0, we set arbitrary initial conditions &;(ty) €
R™ for ¢ € {1,...,1+ 2n,}. At subsequent update times
ti, k € N>q, each ‘old’ observer is kept running, i.e. the
observers designed for each p € ©(k — 1), and each new
observer is initialised as follows

Ei(t5) = To(an) (th), 4

where o chooses one observer from the bank of observers
and is defined below in (11).

Remark 1: We only initialise the ‘new’ observers accord-
ing to (4). Our results also apply when all the observers
are reinitialised according to (4). However, no significant
advantage is seen both in the analysis and when implemented
in simulations in Section VL. o

Denoting the state estimation error as T; := &; — x, the
output error as 7j; := §; —y and the parameter error as p¥ :=
pF—p* foralli € {1,..., Ng(k)}, we obtain the following
state estimation error systems for all ¢ € [tg, tgt1),

& = f(& + .5 +p" w,y) — [z, ", u)
= F(i‘i7ﬁ§,p*au7x)7
gi = h(i‘L + xaﬁf +p*) - h(l’,p*) = H(iiaﬁfap*7l‘)7

)= { s

All the observers are designed such that the following
property holds.

Assumption 2: Consider the state estimation error system
(5)foriec{l,....N}, NeNs;. Let @ :={p—p*:pc
O and p* € O©}. There exist scalars aj, as, Ag > 0 and a
continuous non-negative function 4 : © x R x R — R>g
where (0, z,z) = 0 for all z € R, z € R"+, such that
for any p; € O, there exists a continuously differentiable
function V; : R™* — R>( which satisfies the following for
all w € R™, z; € R", x € R"*

a1|#;* < Vi(@) < asldif, (6)
ovi .. . - .
afF(xupzap ,’LL,(E) S _AOX/;(:L'Z) +’Y(pla‘rvu) (7)
O
When there is no parameter mismatch 5(0,z,u) = 0,

Assumption 2 implies that state estimates converge expo-
nentially to the true state for all initial conditions. When
there is a parameter mismatch p; # 0, the state estimation
error system satisfies an input-to-state exponential stability
property with respect to p; in view of Assumption 1. Exam-
ples of system (1) for which observers (3) can be designed
are provided in Section VI of [7]. This includes linear
systems and a class of nonlinear systems with monotone
nonlinearities, such as the neural example considered later in
simulations in Section VI. We assume that the output error
of each of the observer y; satisfies the following property.
Assumption 3: Consider the state estimation error system
(3)forie{l,...,N}, N € N>q. Forall Az, A,, A, >0,
there exist a constant Ty = Tp(Az, Ay, A,) > 0 and a
class K function ay = o(Az, Ay, Ay) such that for all
z;(0) € AzH(0), z(0) € A;H(0), for any u € Mn,,, and
for all p; € O, the corresponding solution to (5) satisfies

t
/t Pz g, 2T ®)
—4f

O
The inequality (8) is a variant of the persistency of excitation
(PE) condition found in many adaptive and identification
schemes [6]. In [7, Proposition 1], we relate the PE-like
condition (5) to the classical PE condition in the literature
such that Assumption 3 can be guaranteed a priori for certain
classes of systems.
The output error from each observer forms the monitoring
signal used in the DIRECT sampling algorithm, defined as
follows

t
w(p, tg,t) == / exp(=A(t — 8))|7(p, s)|*ds, vt > tg,

tr

' ©)
where A > 0 is a design parameter and we use ¢(p,t) in
place of g;(t) to highlight its dependance on the parameter
p. Our parameter and state estimates are chosen from the
bank of observers to be, for any ¢ > 0,

ﬁ(t) = ﬁa(t)a i'(t) = io(t)(t)7 (10)



where o is given by

o(t)e argmin pu(p;,tr,t), Yt € [tk, ter1). (11)

i€{1,...Ng(k)}

We will see in Section IV-C that the DIRECT sampling
policy terminates according to a criterion described in Sec-
tion IV-C at {g+, k* € N, after which we only implement
the observer for the last chosen sample at p,,.), i. the
supervisory observer is reduced to one observer as follows,
for all ¢ € [tg«,00),

To(tpe) = f (Bo(ten) Po(tee)> UsY)
Jo(ten) = P (Za(tyn)s Po(ten)) -
B. The DIRECT sampling policy

We generate the sampling points of the parameter set © at
every update time instant ¢, k € N according to the DIRECT
sampling policy as follows

(12)

i. At the initial time g = 0, set k = 0 (iteration counter).
ii. Att = ty, evaluate pu(pc,to,t1), where we recall that
pe is the center point of © and follow the procedure
for dividing the hyperrectangle?. Set iy = p(pe, to, t1).
Increment the iteration counter to k = 1.
iii. Identify the set S(k) of the indices of potentially op-
timal hyperrectangles, i.e. for every ¢ € {1,..., N(k)}
samples for which there exists L; > 0 such that,

p(piste—1,tk) — Led; < p(pj, te—1,tx) — Lid;,
RS {1,...,N(k)},
(i, te—1,tk) — Lipd; < fig—1 — €|fig—1], € >0, (13)

where d; denotes the distance from the centre point p;
to a vertex of the hyperrectangle ¢. Remarks 2 and 3
below discuss the search parameters Ly and € in (13).
iv. For each potentially optimal hyperrectangle indexed by
j € S(k), subdivide the hyperrectangle indexed by j ac-
cording to the procedure for dividing hyperrectangles?.
v. Increment the iteration counter, kT = k + 1 and set the
estimate
k)}ﬂ(p“tk—h tr)- (14)
vi. Go to Step iii until £* iterations have been reached. The
selection of k* is specified in Section IV-C.

Remark 2: The search parameter Lj in (13) can be
thought of as a rate-of-change constant. In the case where
the Lipschitz constant Lj, of function j is known, the user
may restrict the search for Ly to Ly < f/k. However, the
knowledge of Lipschitz constant is not a requirement for
convergence to the global minimum and efficient algorithms
can be used to find Ly such as one called Graham’s scan,
see [12]. O

2Procedure for dividing a hyperrectangle: Given a hyperrectangle at time
ty, for k € N, identify the dimensions ¢ € I C {1,...,np} in which the
hyperrectangle has the maximum edge length and let § be a third of this
value. Divide the hyperrectangle containing the sample point p; into thirds
according to the dimensions in j € I, in ascending order of min{u(p; —
dei, ti—1,tk), w(pj + 0eq, t—1,t,)}, where e; is the i-th unit vector.

Remark 3: The search parameter ¢ > 0 in (13) ensures
that at the current iteration k, only hyperrectangles with
cost u that is much smaller than the minimum cost of
the previous iteration j[iy_; are identified as potentially
optimal. Computational results in [12] show that DIRECT is
insensitive to the choice of € and a good value for e ranges
from 1073 to 1077, O

In practice, the DIRECT algorithm can be implemented
with modifications of the code for DIRECT from [9]. This
is due to the dynamic cost y (c.f. (9)) in our setup as opposed
to the static cost the code was originally written for.

C. Termination criterion of the DIRECT sampling policy

The final piece of the algorithm is the termination time
of the DIRECT sampling policy. Before doing so, a critical
sampling property required to show convergence is the fact
that DIRECT will generate samples such that the distance
between the true parameter p* and the closest sample in é)(k:)
as defined below

d(p*,O(k)) :=

min [p* — p|
p€O(k)

5)

tends to zero if N@(k tends to infinity with increasing k.
We formalize this in the next lemma.

Lemma I: The DIRECT method of sampling the param-
eter set © results in the following property,

N(k) = o0 = d(p*,0(k)) — 0, (16)

where we recall that @(k) is the set of all sample points at
time ¢ € [tk, tht1)- O

Lemma 1 can be used to derive a termination time for the
DIRECT sampling policy. This is the purpose of the next
lemma which follows from Theorem 4.2 in [10] and Lemma
1.

Lemma 2: Given

any d* > 0, let k£* =
3np71 (3"1"(’:'*'1)71

35 1 ), where 7 satisfies

—2i\1/2
(npg ) < d*.
— 5 =
Then, the DIRECT algorithm described in Section IV-B
samples the parameter set © C R™» such that

d(p*,0(k)) < d*, Yk > k*.

a7

(18)

O

Hence, given a desired bound d* > 0 on the distance
between the true parameter p* and the closest sampling point,
the algorithm can be terminated once the number of iterations
reaches k* as defined in Lemma 2. In practice, once we have
decided on d*, we know that after £*T}; units of time, a single
observer can be run as described at the end of Section IV-A.
Remark 4: The estimation of the number of iterations
k* to achieve the desired resolution (18) in Lemma 2 is
calculated based on the assumption that only one hyperrect-
angle gets divided at each iteration. In reality, the number of
hyperractangles identified to be potentially optimal according
to (13) can be more than one (see Section VI) and hence,
the calculations in Lemma 2 is an over-approximation. The



calculation is tight only when the cost function u(p,t, ) is
constant for all p € © and ¢, 7 > 0. O

V. CONVERGENCE GUARANTEES

We provide the following convergence guarantees and its
proof is provided in [8].

Theorem 1: Consider system (1), the multi-observer (3)-
(4) and (12), the monitoring signals (9), the selection crite-
rion (11) and the estimates (10), under Assumptions 1-3 and
the DIRECT sampling policy. Given any A,, Az, A, > 0,
d* > 0 and 1 > 0, there exist a class Ky, function 7z, a
sufficiently large 7" > 0 such that for any sampling interval
Ty > T, a class K function v and a constant 7 > 0 such
that the following holds

Bo(ry ()] < vp(d*) +m, Vit > T*,
lim Sup|i‘g(t) (t)| < Vi(d*) + ,

t—o0

19)

for all (z(0),%(0)) € AyH(0) x AzH(0) and for any u €
M Ay O

The convergence guarantees (19) show that the upper
bound of the estimation error on the parameter and states
decreases with d*, after a sufficiently long time. Additionally,
note that 7 can be taken to be as small as desired by
increasing 7. Hence, the estimation accuracy can be tuned
by adjusting d* and by ensuring a sufficiently large sampling
time Ty.

VI. NUMERICAL SIMULATIONS: A NEURAL MASS MODEL

We apply the setup on a neural mass model in [11]. This
model describes the dynamics of the mean membrane poten-
tial (states) and the synaptic gain (parameters) of neuron pop-
ulations, which is used to capture the elecroencephalogram
(measurement) patterns related to various brain activities. By
taking the states to be ©x = ($11,$12,$21,$22,$31,$32) €
R and the unknown parameter vector to be p* = (pf,p}) €
R2, which is known to reside in a compact set © :=
[2,8] x [22,28] which we normalise to a unit hypercube.
Its dynamics is given by

&= Az + G(p*)v(Hz) + B(p")¢(w,y), y = Cz, (20)
where A = diag(A,, Aq, Ap), where A, = [_(;2 —12a
03x1  03x1
T A A R
0 pabcy
0 0
p1a 0 o 0
B(p) = | 0 0|, H= [Cl 0“5} and C =
0 pra 3 1x5
O2x1 O2x1

[0 01 0 -1 O]. We have used the notation 0,y
to denote an r by s matrix with all O entries. The known
parameters are ¢ = 100, b = 50, ¢; = 135, co = 108,
c3 = 33.75, ¢4 = 33.75 are assumed to be known. The
nonlinear terms are v = (5,5) and ¢(u,y) = (S(y),u),

where S(v) := 2eo/(1 4 "("0~?)), for v € R, with known
constants eg = 2.5, vg = 6, r = 0.56.

This model satisfies Assumption 1 because the matrix A
is Hurwitz and the nonlinear terms only contain a bounded
input u € Ma, and the function S which is bounded. By
also noting that the S is slope-restricted, we can employ
Proposition 4 in [7] to design our multi-observer (3) to satisfy
Assumption 2. See [7, Section VI-B] for details.

With d* = 0.8, we calculate according to Lemma 2 that
the termination iteration of the DIRECT algorithm is k* = 6.
Other parameters for the algorithms are A = 0.05 in (9),
sampling interval 7,; = 10s and DIRECT search parameter
€ = 107°. The results obtained are shown in Figures 1 and
2.

To compare DIRECT with the previous dynamic sampling
scheme in [7], we ran both algorithms for ¢ty = 100s
with update instants at ¢, k € {0,1,...,9} and sampling
interval T, = 10s. We compare the convergence time for a
desired margin of the parameter estimation error, the average
number of observers used during simulation time [0, 100]s,
the parameter estimation error at the end of the run-time
ty as well as the corresponding normalised state estimation
error. We summarise this comparison in Table I, which
shows that DIRECT achieves a significantly better parameter
estimation accuracy. Namely, given the desired accuracy,
DIRECT requires a fewer number of observers on average
compared to the dynamic sampling policy in [7]. The average
number of observers used for DIRECT decreases as the run-
time ¢y is increased since only one observer is used from
t = k*Ty onwards, while the average number of observers
used remains constant for the dynamic sampling policy in
[7]. However, this trend does not necessarily translate to
the state estimation error, due to the fact that the parameter
mismatch gain function 7; (c.f. Lemma 3 in [8]) can differ
between observers.
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