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h e sa m e ph ysica l ch a r a ct er

In tro d u c tio n

Flu id coatin g is a pr ocess of pr a ct ica l im por t a n ce in n u m er ou s in du st r ia l con t ext s, wh ich con sist s of dr a win g a solid ou t of a ba t h of liqu id (or con ver sely in m ovin g a liqu id on a fixed solid). F ir st st u died by Gou ch er a n d Wa r d, 1 t h is pr oblem wa s m odelized by La n da u , Levich , and Derjaguin. 2,3 If t h e solid is a t h in fiber (of r a diu s b m u ch sm a ller t h a n t h e ca pilla r y len gt h κ -1 ) (γ/Fg) 1/2 , wh er e γ and F a r e t h e su r fa ce t en sion a n d specific m a ss of t h e liqu id a n d g is t h e a cceler a t ion of gr a vit y), t h e t h ickn ess e of t h e coa t ed la yer is given by wh er e Ca is th e capillary n u m ber, wh ich com pa r es t h e viscou s for ces t o t h e ca pilla r y on es: Ca ) ηV/γ, with η bein g t h e viscosit y of t h e liqu id a n d V the withdrawal velocit y of t h e fiber fr om t h e liqu id ba t h .

We h a ve r ecen t ly ch ecked t h e va lidit y of eq 1 a t sm a ll ca pilla r y n u m ber s. 4 In a ddit ion , we h a ve sh own t h a t for h igh wit h dr a wa l velocit ies (a bove t ypica lly 1 m /s), t h e film t h ickn ess in cr ea ses fa st er wit h Ca t h a n pr edict ed by eq 1, beca u se of t h e liqu id in er t ia wh ich t en ds t o eject t h e liqu id ou t of t h e r eser voir . H er e, we pr esen t a n exper im en t a l st u dy of t h e coa t in g a t low velocit y (wh er e eq 1 is supposed to be valid) by a polym er solution. Then, a model is pr oposed in or der t o u n der st a n d t h e da t a .

Ex p e rim e n ts

Th e exper im en t s wer e a ch ieved wit h n ickel wir es of r a diu s b ) 63.5 µm a n d a qu eou s solu t ion s of poly(et h ylen e oxide) (P E O) of m olecu la r weigh t of M ) 4 × 10 6 g. Th e cor r espon din g over la p con cen t r a t ion c* is 10 -4 g/g. Five concentrations were used: 10 -5 , 10 -4 , 10 -3 , 5 × 10 -3 , 10 -2 (a ll expr essed in g/g), t h u s lyin g below, a r ou n d, a n d a bove c*. Th e polym er , pu r ch a sed fr om Aldr ich , was used without further purification and dissolved in tridistilled wa t er by soft ly sh a kin g (24 h ) a n d t h en wa r m in g (1 h ) a t 50 °C t o pr even t t h e for m a t ion of a ggr ega t es. 5 Th e su r fa ce t en sion s wer e m ea su r ed by t h e r in g m et h od a n d t h e viscosit ies est im a t ed by a n Ost wa ld viscom et er . All t h ese ch a r a ct er ist ics a r e su mmarized in Table 1.

Act u a lly, t h e solu t ion s a bove c* a r e n on -Newt on ia n a n d t h eir viscosit ies depen d on t h e sh ea r r a t e u˘: at high u˘, t h e viscosit y decr ea ses wit h u˘beca u se t h e flow disen t a n gles t h e polym er . P owell a n d Sch wa r z 6 pr ovided ext en sive da t a for t h e η(u˘) depen den ce for va r iou s con cen t r a t ion s of wa t er solu t ion s of P E O of com pa r a ble m olecu la r weigh t . Th a n ks t o t h ese da t a , we cou ld est im a t e t h e a ct u a l viscosit y for ea ch exper im en t , t a kin g a sh ea r r a t e (a t t h e pla ce wh er e t h e film for m s) of or der V/e, wh er e bot h V and e wer e m ea su r ed. Th e in t er va ls for t h e sh ea r r a t e a n d t h e viscosit y a r e a lso r epor t ed in Ta ble 1.

Th e wir es wer e coa t ed by pu llin g t h em t h r ou gh a r eser voir (a Teflon t u be of len gt h 1.5 cm a n d r a diu s 2 m m ) a t a con st a n t speed V, a s pict u r ed in F igu r e 1. Th e t h ickn ess of t h e coa t ed la yer wa s m ea su r ed by con t in u ou sly weigh t in g t h e r eser voir . Results are displayed in Figure 2. The film thickness (normalized by the wire radius) is plotted as a function of the capillary number, † E Ä cole des Min es d'Albi. ‡ Colle `ge de F r a n ce.

( a Th e con cen t r a t ion is given in m a ss (t h e over la p con cen t r a t ion bein g c* ) 0.01%). F or ea ch solu t ion , su r fa ce t en sion a n d viscosit y a r e m ea su r ed a n d r epor t ed; t h e sh ea r r a t e cor r espon din g t o t h e viscosit y m ea su r em en t is in dica t ed, a n d t h e on e en du r ed by t h e liqu id du r in g t h e exper im en t s is eva lu a t ed (it is of or der V/e, where bot h t h e wit h dr a wa l viscosit y V a n d t h e film t h ickn ess e are measured), from which the actual viscosity can be evaluated thanks to ref 6.

Figu re 1. E xper im en t a l set u p for m ea su r in g t h e t h ickn ess of the film entrained by a fiber drawn out of a reservoir and sketch of t h e r egion wh er e t h e film for m s (so-ca lled dyn a m ic m en iscu s). e ) 1.34bCa 2/3 (1) ca lcu la t ed wit h t h e viscosit y est im a t ed a s expla in ed a bove. In t h e sa m e figu r e, t h e La n da u la w (eq 1) is dr a wn a n d com pa r ed wit h t h e da t a . In all cases, the thickness is found to increase with the velocity. F or t h e dilu t e solu t ion (c ) 10 -5 g/g), t h e da t a (em pt y cir cles) a r e close t o t h e La n da u la w a t sm a ll ca pilla r y n u m ber . Th en , a bove a threshold (Ca ≈ 0.025 or V ≈ 1.3 m/s), the film thickness sharply in cr ea ses wit h t h e velocit y, wh ich is a con sequ en ce of in er t ia ; 4 t h e sa m e in er t ia l beh a vior ca n be obser ved a r ou n d V ) 1 m /s wit h t h e solu t ion c ) 10 -4 g/g. Th is diver gen ce does n ot occu r wit h t h e ot h er solu t ion s, wh ich a r e of h igh er viscosit y, so t h a t t h e wit h dr a wa l velocit ies a r e sm a ller . Not e fin a lly t h a t wh en t h e t h ickn ess becom es la r ger t h a n t h e wir e r a diu s, som e sa t u r a t ion occu r s, beca u se of t h e fin it e size of t h e r eser voir (see r ef 4 for a det a iled a n a lysis).

Th e n ew effect obser ved in F igu r e 2 is t h a t , even a t sm a ll ca pilla r y n u m ber s, da t a cor r espon din g t o sem idilu t e solu t ion s (c g c*) a r e syst em a t ica lly a bove t h e La n da u la w: th e presen ce of th e polym er cau ses a sw ellin g of th e film . T h e sw ellin g factor (r a t io of t h e a ct u a l t h ickn ess over t h e La n da u on e) va r ies bet ween 2 a n d 8. In a ddit ion , it depen ds on t h e ca pilla r y n u m ber : t h e t h ickn ess is r ou gh ly pr opor t ion a l t o t h e velocit y (in pa r t icu la r at small V, wh er e t h e t h ickn ess is m u ch sm a ller t h a n t h e wir e r a diu s), wh ich ca n be seen in F igu r e 3 wh er e t h e sa m e da t a a r e displa yed dir ect ly vs t h e wit h dr a wa l velocit y.

A Mo d e l

3.1. Ge n e ra l Equ a tio n s . We in t er pr et t h e swellin g of t h e film a s a con sequ en ce of the Weissenberg effect, which a ppea r s wh en t h e ch a r a ct er ist ic t im e for t h e flow (e/V) is sm a ller t h a n t h e ch a r a ct er ist ic t im e of r espon se of t h e m a t er ia l (t h e r ept a t ion t im e, for a sem idilu t e solu t ion ). A spect a cu la r m a n ifest a t ion of t h e Weissen ber g effect (a lso ca lled norm al stress effect) is that jets of polymer solutions expa n d r a t h er t h a n sh r in k wh en goin g ou t of a t u be (see r ef 7 for exa m ple). Beca u se of t h e n or m a l st r ess, we qu a lit a t ively u n der st a n d t h a t t h e coa t ed la yer is t h icker than expected, as seen in Figure 2. We propose to quantify it by incorporating this effect in the equations of movement, a s in r ef 8 wh er e n or m a l st r esses wer e in t r odu ced for pr edict in g t h e t h ickn ess of a soa p film dr a wn ou t of a solu t ion con t a in in g polym er . F or sm a ll t h ickn esses, we ca n wor k in Ca r t esia n coor din a t es.

Usin g t h e n ot a t ion s of F igu r e 1, t h e st r ess t en sor is wr it t en a s wit h τ xy ) η(∂u /∂y). F or a Newt on ia n liqu id, η is in depen den t of t h e sh ea r r a t e, bu t for a polym er ic solu t ion , it ca n be em pir ica lly wr it t en wh er e η o , k , and n are constants which may be determined exper im en t a lly. Th e dia gon a l t er m s con t a in t h e pr essu r e (τ xx + τ yy + τ zz ) -3p). F or a Newt on ia n liqu id, we h a ve: τ xx ) τ yy ) τ zz ) -p. Wit h n or m a l st r esses, we on ly h a ve a n d we ca n defin e

In a ddit ion a n d ver y gen er a lly, ζ is pr opor t ion a l t o η 2 . 9 So, t h e t en sor m a t r ix ca n fin a lly be wr it t en defin in g t h e n orm al stress coefficien t N . Then, the steady Na vier -St okes equ a t ion is wr it t en in t h e lu br ica t ion a ppr oxim a t ion Figu re 2. Dimensionless thickness e/ b vs the capillary number for five differ en t con cen t r a t ion s (em pt y cir cles, c ) 0.001%; em pt y squ a r es, c ) 0.01%; gr a y cir cles, c ) 0.1%; fu ll cir cles, c ) 0.5%; full squares, c ) 1%; overlap concentration c* is 0.01%). Th e ca pilla r y n u m ber is ca lcu la t ed by eva lu a t in g t h e sh ea r rate in the dynamic meniscus and then considering the dynamic viscosit y a t t h is r a t e. Th e fu ll lin e is t h e La n da u la w (eq 1).

Figu re 3. Dim en sion less t h ickn ess e/ b vs t h e wit h dr a wa l velocit y. Th e da t a a r e t h e on es of F igu r e 2 (em pt y r h om bi, c ) 0. 01%; fu ll r h om bi, c ) 0.1%; em pt y squ a r es, c ) 0.5%; fu ll squ a r es, c ) 1%). Th e fu ll lin es a r e t h e fit s pr ovided by eq 22. F or t h e dilu t e solu t ion (fu ll cir cles, c ) 0.001%), t h e lin e is t h e La n da u la w (eq 1 or eq 22 wit h n ) 1 and N ) 0). σ ) (

τ xx τ xy 0 τ yx τ yy 0 0 0 τ zz ) (2) η ) { η o if u˘< u˘c k | ∂u ∂y | n -1 if u˘> u˘c (3) τ yy -τ zz ) 0 (4) ζ ) τ xx -τ yy ( ∂u ∂y ) 2 (5) σ ) ( -p + N ( ∂u ∂y ) 2n η ∂u ∂y 0 η ∂u ∂y -p - 1 2 N ( ∂u ∂y ) 2n 0 0 0 -p - 1 2 N ( ∂u ∂y ) 2n ) (6) 
wh er e we h a ve su pposed t h a t t h e sh ea r r a t e is la r ger t h a n it s cr it ica l va lu e (see eq 3). Th e pr essu r e in side t h e film is given by t h e La pla ce la w, wh ich wr it es for sm oot h pr ofiles: p ) -γ d 2 h /dx 2 . If t h e liqu id wer e pu r e, t h e flow a t sm a ll velocit ies wou ld be a P oiseu ille flow, wit h a pa r a bolic pr ofile in side t h e film . We su ppose t h a t introducing the polymer keeps the flow close to a Poiseuille on e, a n d wr it e wh er e h is t h e t h ickn ess of t h e liqu id la yer a t t h e pla ce wh er e t h e film for m s (see F igu r e 1). A is det er m in ed by t h e flu x con ser va t ion : A ) 3V(he)/h 3 . Aft er t h e dim en sion less va r ia bles a r e in t r odu ced, x ) lX (l is t h e ch a r a ct er ist ic len gt h of for m a t ion of t h e film ) a n d h ) eY , the y-va r ia ble is elim in a t ed by a n a ver a ge on t h e t h ickn ess in eq 7 (a m et h od fir st pr oposed in r ef 10). Th u s, we obt a in wh er e t h e sign ʹ r epr esen t s a der iva t ion wit h r espect t o X. By ch oosin g l in or der t o m a ke t h e fir st coefficien t equ a l t o 1 a n d ca llin g B t h e secon d on e, we ca n r edu ce eq 9 to Th e t h ickn ess e is t h en obt a in ed by u sin g t h e m a t ch in g con dit ion pr oposed by La n da u . 2,11 We wr it e t h a t t h e cu r va t u r e of t h e film t en ds t o zer o in t h e dir ect ion of t h e r eser voir : Th u s, t h e en d of t h e ca lcu la t ion con sist s of in t egr a t in g on ce eq 10 a n d lookin g for t h e lim it wr it t en in eq 11. Befor e pr oposin g a n a ppr oxim a t e solu t ion , we fir st der ive sim ple sca lin g a r gu m en t s.

S c a lin g La w s

. Th e sea r ch ed lim it in eq 11 is a n u m ber , so t h a t t h e m a t ch in g con dit ion dim en sion a lly is wr it t en a s Th en , we pr opose t o t r ea t sepa r a t ely t h e t wo n on -Newt on ia n t er m s of t h e r igh t m em ber of eq 7. F ir st , if we have N ) 0 (n o n or m a l st r ess), eq 7 dim en sion a lly r ea ds where the characteristic lengths along x and y (r espect ively l and e) wer e in t r odu ced. F r om eqs 12 a n d 13, we dedu ce the scaling law for the thickness as a function of the velocity wh er e we h a ve su pposed t h a t t h e t h ickn ess is sm a ller t h a n t h e fiber r a diu s. E qu a t ion 14 sh ou ld be va lid for shear rates larger than u˘c (see eq 3), which implies capillary numbers larger than Ca* ) (u˘cη o b/γ) 3 . F or ca pilla r y n u m ber s sm a ller t h a n Ca *, t h e La n da u equ a t ion sh ou ld be obeyed. Th u s, a s Ca in cr ea ses, t h e film t h ickn ess sh ou ld su ccessively follow eqs 1 a n d 14. Sin ce we h a ve n < 1, t h e expon en t in eq 14 is sm a ller t h a n 2 / 3 , wh ich m ea n s t h a t t h e effect of sh ea r t h in n in g is (logica lly) t o m a ke t h e film t h in n er t h a n pr edict ed by La n da u sa sit u a t ion wh ich wa s n ot obser ved in ou r exper im en t s.

Con ver sely, if we on ly con sider in eq 7 t h e t er m con t a in in g t h e n or m a l st r ess, t h e la t t er equ a t ion dim ension a lly is wr it t en a s Eliminating l wit h eq 12 (a n d su pposin g e , b) leads t o a lin ea r va r ia t ion for t h e t h ickn ess a s a fu n ct ion of t h e velocit y:

The film thickness is found to be linear with the velocity, in a ccor d wit h t h e obser va t ion s a t sm a ll velocit y in F igu r e 3. As V in cr ea ses, t h e exper im en t a l cu r ves ben d a n d exh ibit som e kin d of slow diver gen ce. It ca n sim ply be u n der st ood a s a cu r va t u r e effect : t h e t h ickn ess in cr ea ses with the velocity and does not remain negligible, compared wit h t h e r a diu s. Th u s, b in eq 16 m u st be r epla ced by (b + e) in eq 16, pr ovidin g a n im plicit equ a t ion for t h e film t h ickn ess wh ich im plies a sm oot h diver gen ce. F or example, taking n ) 0.5 (a case close to the most concentrated of ou r solu t ion s; see Ta ble 3) yields a n h yper bolic diver gen ce for t h e film t h ickn ess, wh ich ca n be wr it t en a s Thus, the scaling laws allow us to understand qualitatively t h e effect obser ved in t h e da t a . We ca n t r y n ow t o der ive more quantitative predictions by carrying on the calculat ion pr esen t ed a bove.

N u m e ric a l S o lu tio n .

Th e sca lin g a n a lysis su ggest s t h a t we sh ou ld t r ea t sepa r a t ely t h e n on -Newt on ia n effect con t a in ed in eq 10 (sh ea r t h in n in g on on e h a n d a n d n or m a l st r ess on t h e ot h er on e). F or t h e fir st t er m , t h e wor k wa s don e by Gu t fin ger a n d Ta llm a dge, 12 wh o in t egr a t ed n u m er ica lly on ce eq 10 (wit h ou t t h e secon d term: B ) 0). Th ey fou n d for t h e lim it wh er e t h e fir st n u m ber is t h e La n da u lim it . F r om t h is poin t , t h e t h ickn ess depen den ce on t h e velocit y cou ld be der ived, lea din g t o t h e sca lin g beh a vior pr esen t ed in eq 14.

F u lly con sider ed a n d in t egr a t ed on ce, eq 10 ca n be wr it t en a s 

∂x ) ∂ ∂y [ k | ∂u ∂y | n -1 ∂u ∂y ] + ∂ ∂x [ N ( ∂u ∂y ) 2n ] (7) u (x,y) ) V + A(x) ( y 2 2 -yh ) (8) Y ʹʹʹ ) -{ k (3V) n l 3 e n +2 γ } (Y -1) n Y 2n +1 + { 2n (2n + 1) N (3V) 2n l 2 γ e 2n +1 } (Y -1) 2n -1 (3 -2Y ) Y 4n +1 Y ʹ (9) Y ʹʹʹ ) - (Y -1) n Y 2n +1 + B (Y -1) 2n -1 (3 -2Y ) Y 4n +1 Y ʹ (10) 1 b + e ) e l 2 Y ʹʹ | Y f∞ (11) l ≈ e(b + e) (12) γ e l 3 ≈ k V n e n +1 (13) e ≈ ( b 3 k 2 γ 2 ) 1/(2n +1) V 2n /(2n +1) (14) γ e l 3 ≈ N l ( V e ) 2n ( 15 
) e ≈ ( N b γ ) 1/2n V (16) e ≈ ( N b γ )( V 1 -N V/γ ) (17) 
Y ʹʹ| Y f∞ ) 0.646 -0.76 ln n (18) wit h

Ta ble 2 gives som e va lu es for t h is in t egr a l. Bu t t h e pr oblem r em a in s h a r d t o solve, sin ce t h e coefficien t B depen ds on t h e (u n kn own ) t h ickn ess e. We pr opose a s a n approximate solution to decouple the shear-thinning effect a n d t h e n or m a l st r ess effect . Th u s we sim ply m odify eq 18 wit h t h e t er m ca lcu la t ed in eq 20, wh ich ca n be wr it t en as Toget h er wit h eq 11, t h e la t t er equ a t ion pr ovides a n expr ession for t h e t h ickn ess e:

Th is im plicit equ a t ion ca n be dr a wn , sin ce t h e va lu es for k and n a r e kn own for ou r exper im en t a l solu t ion s (t h ese da t a com e fr om r ef 6 a n d a r e r epor t ed in Ta ble 3). N on ly is t r ea t ed a s a n a dju st a ble pa r a m et er , a n d t h e best fit s wit h t h e da t a pr ovided by eq 22 a r e fin a lly displa yed in F igu r e 3 (fu ll lin es). Th e a gr eem en t bet ween t h e ca lcula ted curves a nd the experimenta l da ta a ppea rs to be good. In pa r t icu la r , t h e sca lin g fea t u r es pr edict ed in eqs 16 a n d 17 a r e well descr ibed by eq 22 (lin ea r it y a t sm a ll ca pilla r y n u m ber a n d sm oot h diver gen ce a s t h e t h ickn ess becom es of or der t h e fiber r a diu s). It r em a in s t o ch eck t h a t t h e va lu es for t h e n or m a l st r ess coefficien t N dedu ced fr om t h e fit a r e r ea son a ble. N ca n be eva lu a t ed in depen den t ly: a s em ph a sized a bove, t h e coefficien t ζ defin ed in eq 5 is pr opor t ion a l t o η 2 . Dim en sion a lly, a pr essu r e is m issin g. We ca n wr it e ζ ≈ η 2 /τ*, wh er e τ* is t h e t h r esh old in st r ess a bove wh ich t h e disen t a n glem en t occu r s. Sin ce we h a ve τ* ≈ η o u˘c ≈ ku˘c n (see eq 3), we get wh er e t h e n u m er ica l coefficien t wa s ca lcu la t ed in r ef 13.

F or t h e less con cen t r a t ed solu t ion s (c ) 10 -5 g/g a n d c ) 10 -4 g/g), t h e sh ea r -t h in n in g effect is t oo sm a ll t o measure u˘c. F or t h e ot h er solu t ion s, t h e va lu es for N dedu ced fr om t h e fit a n d fr om eq 23 a r e com pa r ed in Ta ble 3 a n d fou n d in deed t o be com pa r a ble.

Co n c lu d in g Re m a rk s

Wh en a fiber is coa t ed ou t of a solu t ion of polym er in t h e sem idilu t e r egim e, t h e film is fou n d t o be swelled (by a fa ct or of bet ween 2 a n d 8), wh ich is in t er pr et ed by con sider in g t h e n or m a l st r ess in du by t h e pr esen ce of the polymer. The (small) shear-thinning effect which could be in du ced by t h e polym er is fou n d t o be scr een ed by t h is (la r ge) effect . Th e solu t ion of con cen t r a t ion 10 -4 g/g (on t h e or der of c*) is of pa r t icu la r in t er est beca u se it does n ot pr esen t a n y sh ea r -t h in n in g effect (n ≈ 1) a n d h a s a viscosit y close t h e solven t on e (η ) k ≈ 1.2 m P a 's). Never t h eless, a st r on g swellin g effect is obser ved for t h is solu t ion sin ce t h e film is fou n d t o be 5 t im es t h icker t h a n if wer e m a de ou t of pu r e wa t er .

Th e m ost con cen t r a t ed solu t ion s do n ot exh ibit a sh a r p (in er t ia l) in cr ea se of t h e t h ickn ess, sin ce t h e wit h dr a wa l velocities remain smaller than 10 cm/s as it can be observed in F igu r e 3 (t h u s, in er t ia is a lwa ys n egligible). It sh ou ld be of in t er est bu t r em a in s t o be don e t o st u dy t h e coa t in g wit h polym er ic solu t ion s a t h igh velocit y (wh er e bot h in er t ia l a n d n on -Newt on ia n effect s sh ou ld com bin e), a ca se of pr a ct ica l im por t a n ce in lu br ica t ion pr ocesses of gla ss a n d polym er ic fiber s. a Wh ich a ppea r s in eq 19 a n d is defin ed in eq 20, for t h e t h r ee different values of N , the exponent for the decreasing of the viscosity vs t h e sh ea r r a t e (see eq 3), wh er e N ) 1 is t h e ca se of a Newt on ia n flu id. 
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Acta 1975, 14 729. Ta ble 1. Ch a ra c te ris tic s o f th e P EO S o lu tio n s U s e d in Th is S tu d y a

  

	1) Gou ch er , F . S.; Wa r d, H . Ph ilos. M ag. 1922, 44, 1002. (2) La n da u , L.; Levich , B. Acta Ph ysicoch im . US S R 1942, 17, 42. (3) Der ja gu in , B. Acta Ph ysicoch im . US S R 1943, 20, 349. (4) De Ryck, A.; Qu e ´re ´, D. J . Flu id M ech . 1996, 311, 219. (5) Ca ba n e, B.; Du plessix, R. J . Ph ys. (Paris) 1987, 48, 651.	exper im en t V/e (s -1 ) (m P a 's) η 500 17000-170000 1.1 u( s -1 ) 500 9700-32000 1.2 180 1940-6200 1.7-1.9 (6) P owell, R. L.; Sch wa r t z, W. H . R h eol. viscosim et er % con cn (g/g) γ (m N/m ) η (m P a 's) 0.001 60.5 1.1 0.01 61.6 1.2 0.1 61.7 2.7 0.5 61.7 37.3 10 1720-1800 8-9 1 6 1 . 8 5 1 5 1 6 8 0 -870 38-225

Ta ble 3. Va lu e s o f th e N o n -N e w to n ia n P a ra m e te rs fo r th e Diffe re n t Solu tion s a

  k , n , and u˘c (a ll defin ed in eq 3) a r e given in r ef 6. E qu a t ion 23 a llows u s t o ca lcu la t e N theo wh ich is com pa r ed wit h t h e N exp va lu e pr ovided by t h e fit in figu r e 3.

	% con cn	k	n	u ˘c (s -1 )			N theo	N exp
	0.001 0.01 0.1 0.5	0.01 0.012 0.033 0.85	1 1 0.98 0.7	24 9	5 × 10 -4 0.07	0 2 × 10 -5 9 × 10 -4 0.35	N theo ≈ 0.36	k u˘c n	(23)
	1		1 0	0 . 5 2	2	3 . 2		4 . 7
			Y ʹʹ| Y f∞ ) ∫ -∞ +∞(Y -1) n Y 2n +1 dX + BI(n )	(19)
			I(n ) ) ∫ 1 +∞(2x -3)(x -1) 2n -1 x 4n +1	dx	(20)
			Y ʹʹ| Y f∞ ) 0.646 -0.76 ln n + BI(n )	(21)
	1 b + e	) (0.646 -0.76 ln n ) { k (3V) n e n +1/2 γ }	2/3	+
					2n (2n + 1)	I(n ) N γ ( 3V e ) 2n	(22)
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