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Sizing Optimization of Tubular Linear Induction
Generator and Its Possible Application in High 

Acceleration Free-Piston Stirling Microcogeneration
Thu Thuy Dang, Marie Ruellan, Laurent Prévond, Hamid Ben Ahmed, and Bernard Multon

Abstract—We usually find applications of rotary induction gen-
erator, direct-drive tubular linear permanent-magnet generator,
etc. for the mechanoelectrical conversion process within Stirling
microcogenerator systems. This paper presents the design opti-
mization investigation for a direct-drive tubular linear induction
generator for a dual free-piston Stirling microcogenerator system.
On the one hand, a high oscillating frequency and a relatively
long piston’s travel bring about a very high acceleration of the
generator’s moving part, up to 1018 m/s2. On the other hand, the
tubular linear induction generator offers many interesting assets
in this application: low weight mover, appearance of levitation
force, no mechanical spring, low mechanical losses, no cogging
force, easy manufacture, very low investment and maintenance
cost, and so on. However, the tubular linear induction generator
is sparsely used, because of its a priori  relatively low energetic
efficiency. This paper presents a sizing optimization approach for
maximizing the performance and demonstrates that, with an as-
tute arrangement of electrical devices, the tubular linear induction
generator can constitute a well adapted solution for free-piston
Stirling microcogenerator systems.

Index Terms—Chain of static converters, cylindrical current
sheet method, dual free-piston Stirling engine (DFPSE), exper-
imental validation, field-oriented vector control, grid-connected,
microcogeneration, model reduction, NSGA-II, optimization, trav-
eling wave, tubular linear induction generator (TLIG).
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NOMENCLATURE

DFPSE Dual free-piston Stirling engine.
TLIG Tubular linear induction generator.
μ-CHP Microcogeneration.
FOC Flux-oriented control.
PFC Power factor corrector.
AC/DC Subscripts for the three-phase converter at the

generator’s side.
DC/AC Subscripts for the single-phase converter at the

grid’s side.
T , D Subscripts for IGBTs and diodes.
t time [s]
A Vector potential [Wb/m].
φ Vector potential amplitude [Wb/m].
B Magnetic-flux density [T].
H Magnetic field [A/m].
E Electric field strength [V/m].
J Current density [A/m2].
Jsθ Azimuthal component of the inductor current [A/m].
Jsm Magnitude of the line-current intensity [A/m].
ωs = 2πfs, primary angular frequency [rad/s].
ω Angular frequency of the network [rad/s].
ωr Secondary angular frequency [rad/s].
k Wave coefficient [m−1].
P̄ Complex power [W].
Ptr Power transmitted to the mover [W].
yp Instantaneous position of the piston/mover [m].
vs Exciting field velocity [m/s].
v Piston/mover velocity [m/s].
s slip
Fz Axial force of the TLIM in motor mode [N].
Fgene Resisting force of the TLIG in generator mode [N].
Rs Stator (primary) resistance [Ω].
R′

r Secondary resistance referred to the stator side [Ω].
Lm Magnetizing inductance [mH].
Ls Cyclic stator inductance [mH].
Lr Cyclic mover inductance [H].
M Stator/mover mutual inductance [mH].
lfs Stator leakage inductance [mH].
l′fr Mover leakage inductance referred to the stator

side [mH].
l′ft Totalized leakage inductance [mH].
ς Blondel coefficient.
Īs Complex stator phase current [A].
Īμ Complex magnetizing current [A].
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Ī ′r Complex secondary current referred to the stator
side [A].

va,vb,vc Three-phase voltage of the TLIG [V].
ia, ib, ic Three-phase generated current of the TLIG [A].
Ψ Magnetic flux [Wb].
θs Instantaneous angular position of the stator flux

[rad].
ψ Transformation angle [rad].
vgrid Instantaneous grid voltage at the connecting node [V].
igrid Injected current into the grid [A].
Vout Output voltage of the DC/AC converter [V].
〈P 〉 Average power [W].
Pmec Instantaneous mechanical power of the DFPSE [W].
Pgene Instantaneous electric power generated by the

TLIG [W].
Pgrid Instantaneouselectricpower injected into thegrid [W].
pJs Joule losses of the stator [W].
pJr Joule losses of the mover [W].
pAC/DC Semiconductor losses of the AC/DC converter [W].
pDC/AC Semiconductor losses of the DC/AC converter [W].
pcond T3 Conduction losses of the AC/DC converter’s

IGBTs [W].
pcond D3 Conduction losses of the AC/DC converter’s

diodes [W].
pcom T3 Switching losses of the AC/DC converter’s

IGBTs [W].
pDC Joule losses of the DC bus capacitor [W].
S Apparent power [VA].
α PWM pulses.
Cbus DC bus capacitor [F].
L Inductance of the LP filter’s inductor [mH].
RL Resistance of the LP filter’s inductor [Ω].
η Overall electric efficiency of the grid connected

TLIG [%].
fObj1 Objective function 1 [W].
fObj2 Objective function 2 [C].
C Cost of raw material [C/kg].
V Volume of raw material [m3].
Irated Rated current of static converters [A].
ρ Density of raw material [kg/m3].
σ Conductivity [S/m].
μ Permeability [H/m].
s, r Subscripts for the stator, mover.
d, q Subscripts for the d, q-axis of the Park reference

frame.
r, θ, z Subscripts for cylindrical coordinates.
ℜ(), ℑ() Real imaginary part of quantity in brackets.
∗ Index for setpoints.

I. INTRODUCTION

THE tubular linear induction machine (TLIM) is more often
operated as a motor than as a generator. In fact, as a direct-

drive linear motor, its high velocity, high force to moving mass
ratio, and its possibilities to be accurately controlled make it
attractive to use as industrial or social robots, machine tools,
fast manipulators [1] and as high efficiency molten metal pumps
[2] or rapid launchers [3], [4].

TABLE I
ADVANTAGES/INCONVENIENCES ANALYSIS BETWEEN ROTARY AND

DIRECT-DRIVE LINEAR GENERATOR FOR MICROCOGENERATOR

However, the tubular linear induction generator (TLIG) ex-
ists but is seldom investigated. In this paper, we will demon-
strate how the linear TLIG may be presented as a good choice
for free-piston Stirling microcogenerator (μ-CHP) systems.

A. System Generality

Motorized by a dual free-piston Stirling engine (DFPSE), our
system is designed with the aim to reduce noise, greenhouse
gas emission, as well as to increase the traditional Stirling
cycle performance (see Fig. 1). The studied μ-CHP system is
designed to provide electricity and heat for homes application
(typically 1 kW for electric power and 10 kW for thermal
power), using only one primary energy source such as methane,
solid biomass or solar heat, etc. The μ-CHP principle allows
for the economization of primary energy sources due to local
production and consumption together with a very high over-
all efficiency (heat and electricity), usually reaching 85 up
to 95%.

As shown in Fig. 1, two traditional β free-piston Stirling
engines share a single piston and form a so called DFPSE.
The latter transforms the thermal energy that results from the
external combustion into mechanical energy in the form of
an oscillating translation of the piston. In order to harvest the
mechanical energy of the piston without any mechanical joints
(e.g., crank shaft systems), the induction generator uses the
piston of the Stirling engine directly as its secondary mover (see
Fig. 1 and Table I). The DFPSE and the TLIG thus share one
component, the piston/mover. The DFPSE can reach very high
oscillating frequencies, between 20 and 35 Hz. One can find
more details about the function of the DFPSE in [5].

B. Advantages and Weaknesses of the TLIG in This Application

By reason of enhancement of the system’s compactness, ro-
bustness and efficiency, the stator winding (primary) is arranged
inside the piston which is sealed (see Fig. 1).

The structure does not contain mechanical springs because
the closed working gas (helium) within the piston/mover reacts
like a gas spring [5].

Furthermore, in a tubular linear induction machine, we
know that the interaction between the magnetic traveling wave
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Fig. 1. (a) Structure of the µ-CHP system that uses a DFPSE and a TLIG. (b) Longitudinal cut and details of the system.

and the induced azimuthal currents generate not only axial
force, but also radial force. The radial force centers (levitates)
the mover during transit eliminating the need for mechanical
bearing and limiting friction [6]. If this “natural levitation”
of the piston/mover is controlled, the horizontal and vertical
position of the system could be feasible without mechanical
springs.

In addition, the stable operation of the DFPSE imposes the
limited mass of the direct-drive piston/mover. This constraint
can easily be satisfied by the TLIG with solid aluminum sec-
ondary (see Fig. 1).

Given the dynamics of the mechanical drive, the TLIG with
a low weight aluminum mover more easily reaches high ac-
celeration compared with the tubular linear permanent-magnet
generator (TLPMG). which contains a high weight magnet
mover.

The main drawback of the TLIG structure is its energetic
performance which is often known to be low. This is due not
only to necessary secondary Joules losses but also to a large
air-gap [7], [8].

However, the arrangement of the TLIG inside the two β
Stirling engines (see Fig. 1) allows the TLIG to be in contact
with the gas of the compression spaces which is water-cooled
at a temperature of 40 ◦C –90 ◦C. In other words, the whole
electric generator (stator and mover) is immersed in the work-
ing gas of the two cool spaces, the flow of the gas allows for
its forced cooling (see Fig. 1). Therefore, heat from the Joule
losses and iron losses can be harvested for the thermal load.

Above all, the TLIG structure offers a very low invest-
ment and operating cost with little need for maintenance since

TABLE II
ADVANTAGES/INCONVENIENCES ANALYSIS OF TLIG AND TLPMG IN

STIRLING MICROCOGENERATOR SYSTEM

there are only three moving parts: two displacers and the
piston/mover. The economic criteria becomes extremely impor-
tant in home application.

In direct-drive generator technology, the TLPMG presents
a high-performance and is largely researched. However, with
a heavy mover, the TLPMG is usually exploited at lim-
ited acceleration such as sea wave’s energy harvesting sys-
tem [9]–[11]. In the hybrid electric vehicle domain, the
acceleration of permanent-magnet motor/generator can attain
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Fig. 2. Complete TLIG-to-grid configuration in this optimization framework.

up to 300–400 m/s2 [12], [13]. However, a heavy weight mov-
ing magnet usually requires mechanical springs with enough
stiffness to hold the moving part in position. The higher the
dynamic is, the more important mechanical losses and wears
there are.

C. Objective and Outline

The motivation concerns the design of the TLIG. The aim is
to improve its energetic efficiency in order to fully benefit from
its advantages (see Table II).

The following questions will be answered: 1) what is the
highest performance that can be achieved by the TLIG in this
application? 2) for the conception phase of the DFPSE, what are
influences of the operating point of free-piston Stirling engine
on the performance of the TLIG?

In this paper, a complete TLIG-to-grid configuration is con-
sidered. The research of the optimal overall performance will
also include the static converters’ efficiency (see Fig. 2).

First, a pseudoanalytical model in motor mode using the
current sheet method and considering a multilayer cross sec-
tion of the tubular structure, is developed. Poynting vectors
are calculated in order to compute the axial thrust force and
the equivalent circuit’s lump parameters. This model is then
experimentally validated (see Section II-B).

A complete simulation of the entire grid-connected microco-
generator system is implemented using MATLAB/Simulink.
The simulation contains multiphysic models with control loops
which help to examine the transient behavior of subsystems
(DFPSE, TLIG, and AC/DC/AC converters) and to calculate
the overall electric efficiency (see Section II-C).

Next, because of the important runtime of the aforemen-
tioned simulation, a model reduction of the system has been
built in order to quickly obtain the overall electric efficiency
(see Section III-A).

After, the optimization process which implements the pseu-
doanalytical model, the reduced model of the grid-connected

system and the genetic algorithm NSGA-II, provides interesting
results about the performance of the TLIG in this application
(see Section III-C). The magnetizing current component is one
of the parameters taken into account. The active power injected
into the grid and the total cost are two criteria, which decide the
optimal configurations.

Lastly, the influence of the Stirling engine’s operating
point on the performance of the TLIG is discussed (see
Section III-C3).

II. MODELING AND SIMULATION OF THE ENTIRE SYSTEM

A. Analysis of the TLIG

1) Pseudoanalytical Model: The electromagnetic model of
the TLIG using the cylindrical current sheet method presented
in [14] and [15], allows for the prediction of the axial force
(in motor mode) versus supply frequency and the equivalent
circuit’s lump parameters. The structure of the TLIG is shown
in Fig. 3(a). The cylindrical coordinates are used.

The simplifying assumptions adopted are as follows.

1) The magnetic circuit is nonsaturable.
2) The flux density is sinusoidal in the air-gap along the

z-axis.
3) The flux density magnitude is considered as invariant

along the z-axis as a cross section of the machine showing
the five concentric layers is sufficient to understand the
electromagnetic field in the machine [Fig. 3(b)].

4) The conductivity of the iron core is supposed to be
negligible so as there is no eddy-current in the iron core.

The infinite length current sheet is placed at the radii of
the stator winding (Fig. 3). However, in order to take into
account the finited length of the stator winding, a Fourier series
development of the inductor current in time and in space, along
the z-axis, is used (see Appendix).
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Fig. 3. (a) Longitudinal section. (b) Multilayer transverse section of the studied TLIG.

Fig. 4. 1-kW TLIM prototype: Internal stator winding.

Neglecting the displacement current, Maxwell’s equations
written for every point in the machine are

∇× B = μ J (1)

∇× E = −∂ B

∂t
(2)

J = σ( E + v × B) (3)

∇× A = B. (4)

The inductor current thus only has one component along the
azimuthal axis (θ), it is modeled by a wave equation along the

longitudinal z-axis

Jsθ = Jsmej(ωst−kz). (5)

Where

• Jsm =
√
2ntIs/le magnitude of the line-current intensity

[A/m];
• k = π/τ wave coefficient.

Therefore, one can demonstrate that the potential vector A
also only has one nonzero component along the θ-axis

A = Aθ
−→uθ = φ(r)ej(ωst−kz)−→uθ. (6)

From (1), (3), and (4), we can obtain

∇× ∇× A = μσ

(

−∂ A

∂t
− v

∂Aθ

∂z
−→uθ

)

. (7)

Taking only the θ-component from both sides of (7), and after
rearranging, we have

∂2φ

∂r2
+

1

r

∂φ

∂r
−
(

1

r2
+ γ2

)

φ = 0 (8)

where we define γ2 = k2 − jsωsμσ.
Equation (8) has solutions as modified Bessel functions of

the first and second kind with the new variable u = γr. The
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expression of the vector potential for each layer can be written
as the following:

A = [CI1(γr) +DK1(γr)] e
j(ωst−kz)uθ. (9)

From (2), (4), and (9), the expressions of the orthoradial
electric field and the axial magnetic field can also be derived

Eθ = jωs [CI1(γr) +DK1(γr)] e
j(ωst−kz)uθ (10)

Hz =
γ

μ
[CI0(γr) +DK0(γr)] e

j(ωst−kz)uz. (11)

Where C and D are constants to be determined for the
n-layer (1 to 5) from boundary condition [15]. To reflect the
effective air-gap extension due to open slots, the Carter factor
is introduced into the model, Appendix.

2) Power Calculation: In sinusoidal mode, the complex
power carried by the electromagnetic field through a tubular
surface of 1-m length is given as

P̄ =
1

2
Eθ(γr)H

∗
z(γr)(2πr) [W/m]. (12)

Thus, the complex power transmitted to the mover is the
difference between the incoming and outgoing power of its
volume (layer 3, Fig. 3)

Ptr = P̄ (r2)− P̄ (r3). (13)

3) Developed Axial Force: The axial force (in motor mode)
can be calculated as

Fz =
ℜ(Ptr)

vs
[N] (14)

with vs = ωs/k the exciting field velocity [m/s].
4) Consideration of Slots and Ends Effects: The develop-

ment of the traveling wave inductor current in the Fourier series
allows for the correction of this method to take into account the
slots and ends effects [16], [17]. In our case, the expression
of the inductor current’s spatial distribution is presented in
Appendix.

B. Experimental Validations of the Pseudoanalytical Model &

Field-Oriented Vector Control

1) Experimental Prototype: On the one hand, the cylindrical
current sheet hypothesis is an approach which allows for an
analysis of the electromagnetic phenomena of TLIMs. With the
purpose of validating the pseudoanalytical model using current
sheet method, a 1-kW (electric) TLIM prototype has been
built, Figs. 4 and 5.

On the other hand, the disposition of the prototype is also
valuable for testing its appropriate control strategy.

The magnetic circuit was made with sheets of FeSi, type
M330. The geometric and electric data (presented in Fig. 3),
are specified in Table III.

2) Validation of the Force Characteristic: As shown in
Fig. 6, the measurements are taken with a constant stator
current (Table III) and with a variable supply frequency from
10 to 50 Hz under stand-still conditions. The theoretical results

Fig. 5. 1-kW TLIM prototype: Solid aluminum mover, axis with output
cables, and outer stator iron core.

TABLE III
EXPERIMENTAL TLIM’s DATA

are obtained in the same condition, meaning that s = 1. The
experimental measurements of the axial force are very close to
the theoretical results, with a mean deviation of 4.5%. Thus,
this shows the first validation of the pseudoanalytical model.

3) Validation of Equivalent Circuit’s Lump Parameters: The
prototype is also used to validate the calculation of the equiva-
lent circuit. The experimental tests have allowed for the identi-
fication of the circuit’s elements in Fig. 7.
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Fig. 6. Experimental validation of the axial force characteristic versus supply
frequency at standstill.

Fig. 7. Per-phase equivalent circuit used in the measurements.

On the one hand, to identify Ls, the aluminum secondary is
removed (test without mover). So, the inductor current must be
low (< 1.0 A) as not to saturate the magnetic circuit.

On the other hand, to determine the “ nonaccessible” pa-
rameters relative to the mover (l′fr and R′

r), the machine is
tested under stand-still conditions (locked mover, s = 1) and
the inductor current is 10 A R.M.S (50 Hz).

The stator resistance Rs is measured by means of a DC test.
While determining these parameters from the pseudoanalyt-

ical model, note that the latter is not capable of evaluating
the stator resistance and the stator leakage inductance. These
parameters have to be calculated independently (see Appendix).
However, it enables the calculation of the magnetizing induc-
tance and secondary parameters.

First, the magnetizing inductance can be obtained with the
knowledge of the power transiting through the tubular surface
of the current sheet, whereas the third zone [Fig. 3(b)] is treated
as air (μr = 1 and σ = 0) in order to simulate the removed
mover. We deduce

Lm = M =
ℑ
[

P (r1)
]

3ωsI2s
. (15)

The stator current may be selected as the reference phasor.
Knowing M , we can find Ls by adding the stator leakage
inductance (see Appendix).

Additionally, at standstill, the secondary frequency is equal
to the primary frequency. Then, 1′fr and R′

r can be determined

TABLE IV
EQUIVALENT CIRCUIT’S LUMP PARAMETERS

from the power transmitted to the mover

l′fr =
ℑ
[

P (r1)
]

− 3jωsLm|Iμ|2

3jωs

∣

∣

∣I
′
r

∣

∣

∣

2 (16)

R′
r =

ℜ
[

P (r1)
]

3
∣

∣

∣
I
′
r

∣

∣

∣

2 =
ℜ[Ptr]

3
∣

∣

∣
I
′
r

∣

∣

∣

2 (17)

where |Iμ| and |I ′r| are, respectively the magnitudes of the
complex magnetizing and secondary currents. They can be
easily found by knowing P (r1) and Is.

The Table IV shows the appreciable agreement between the
measurements and the pseudoanalytical model’s results for the
equivalent circuit’s lump parameters.

Indeed, the lump parameters shown in Table IV take into
account the slots and end effects. They can be used in order to
establish the dynamic model in the Park reference frame which
takes into account the transient behavior of the generator for
vector control.

4) Implementation of Flux-Oriented Vector Control: The
rotor flux-oriented vector control (FOC) which uses fixed para-
meters (Table IV) has been achieved experimentally. Its detail
is presented in Fig. 9(b).

The vector control has provided the axial force (noted Fz

because of the motor mode) which perfectly follows its sinu-
soidal setpoint at high mechanical frequency, 50 Hz [Fig. 8(a)].
In practice, the Isq component of the stator current is regulated
but not the axial force. However, if the rotor flux is controlled
to remain constant, the Isq component is directly proportional
to the axial force

Fz =

(

3πM

2τLr
Ψrd

)

Isq . (18)

Knowing the equivalent circuit’s lump parameters, we can
calculate the proportion between Fz and Isq . Here, we have
found a ratio of 6 between these two magnitudes [Fig. 8(a)].

This implementation of the rotor flux-oriented vector control
(FOC) using fixed parameters proves that this control can
successfully manage the resisting force of the TLIG once inte-
grated into the whole system, proving, once again, the accuracy
and the validity of the equivalent circuit’s lump parameters
determined in Table IV.

The validated pseudoanalytical model which allows for the
prediction of the equivalent circuit’s lump parameters from
geometric data of the TLIG, can be exploited in an optimization
process. In Fig. 10, a synoptic of the TLIG’s pseudoanalytical
model is presented.
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Fig. 8. (a) Experimental result of the force control for the TLIM. (b) Test bed
for the vector control.

C. Complete Simulation of the μ-CHP System

1) Aspects: We now consider the operation of the TLIG in
generator mode, driven by the DFPSE. The TLIG of the μ-CHP
system is connected to the grid through a chain of static
converters, Fig. 2. From now on, the axial force developed by
the TLIG is noted Fgene.

A simulation of the μ-CHP system has been achieved using
MATLAB/Simulink, taking into account the following aspects:

1) the multiphysic coupled models of the DFPSE + TLIG +
AC/DC/AC static converters + infinite grid;

2) the time-profile of all system’s physical magnitudes;
3) the effectiveness of control loops;
4) the overall electrical efficiency of the grid-connected

TLIG.

As shown in Fig. 9(b), from the left to the right, the block
diagrams correspond to each subsystem of the μ-CHP system:
the DFPSE, the TLIG, the AC/DC converter, the DC bus
capacitor, the DC/AC converter and the grid. Block diagrams
of physical devices are located on the upper side, whereas the
control loops are on the lower side.

2) Modeling, Control and Function of the DFPSE: Among
three moving parts within the DFPSE (the two displacers and
the piston/mover, Fig. 1), only the piston/mover displacement
is controlled by means of the FOC (electromagnetic force
feedback loop) and the P.I.D. controller (position feedback
loop), Fig. 9(b).

The analytical thermodynamic model of the DPFSE (more
details in [5]) allows for the prediction of the stable displace-
ment of the piston and the two displacers from the functional
and geometric data such as temperature of the hot (Tc) and cold
(Tf) spaces (Fig. 9), mass, initial volumes and pressures, and
so on (not shown in Fig. 9).

Displacement of the piston/mover is supposed to have a
sinusoidal waveform. For a good efficiency and for the stability
of the DFPSE, the resisting force Fgene of the TLIG should be
managed in such a way that its action should be similar to a
damper toward the DFPSE, (19). This means that the piston’s
velocity is imposed by the DFPSE, whereas the TLIG responds
to the DFPSE’s drive by imposing a resisting force [Fig. 9(b)]

Fgene = −Cpv (19)

where Cp [Nm−1s] is the viscous damping coefficient that must
be calculated in order to obtain the desired ouput mechanical
power delivered by the Stirling engine

Cp =
〈Pmec〉

2π2f2
oscy

2
p_max

. (20)

The operating point of the DFPSE is characterized by a
combination of the piston stroke’s amplitude and the resonant
oscillating frequency (yp_max, fosc), or a combination of the
temperature of hot and cold spaces (Tc, Tf). This study is
based on only one operating point where the system is expected
to work for most of the time. System data is specified in
Table V and is also used in the optimization problem.

3) Modeling, Control and Function of the TLIG: As a tradi-
tional rotary induction generator, a dynamic model in the Park
reference frame can be developed for the TLIG. This dynamic
model uses constant lump parameters taking into account the
ends effect of the linear structure (Table IV).

In this simulation, a P.I.D. controller is used in the external
feedback loop in order to ensure the piston’s position control.
Thus, the setpoint of the resisting force ([F ∗

gene]) is obtained
from the P.I.D controller [Fig. 9(b)]. To acquire the instanta-
neous resisting force, the flux-oriented vector control (FOC)
is used (Section II-B4). In this application, the TLIG is never
in a steady state. In other words, the electric transient mode
is endless so the currents generated are not sinusoidal. In fact,
they even present an important offset value which can greatly
amplify the Joule losses and the semiconductor losses.

4) Modeling, Control, and Function of Static Converters:

Before injecting the TLIG’s power into the network, the chain
of static converters aids in transforming the currents’ waveform
into sinusoidal waveform which is in phase with the grid
voltage at connection node (400 V, 50 Hz). The chain is com-
posed of a three-phase AC/DC converter, a DC bus capacitor,
a single-phase DC/AC converter and a low-pass LC filter. In
this simulation, models with functional approach (not structural
approach) of static converters are provided.

In Fig. 9, the Power Factor Corrector (PFC) control is applied
to the single-phase converter DC/AC to ensure the sinusoidal
waveform of the injected current into the grid and to maintain
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Fig. 9. Complete simulation of the grid-connected µ-CHP system using DFPSE and TLIG.

TABLE V
SYSTEM DATA FOR OPTIMIZATION EXAMPLE

the DC bus voltage constant at 400 V (with maximum ripple of
± 5%).The overall electrical efficiency is given by

η =
〈Pgrid〉
〈Pmec〉

=

Tstop
∫

Tstart

igridvgriddt

/ Tstop
∫

Tstart

vFgenedt. (21)

Where Tstart is the instant of the beginning of the oscillating
steady state and Tstop is the end of the simulation which is
superior to the piston’s mechanical cycle (Table V).

In conclusion, the complete simulation was first built with
the aim to provide understanding about transient behavior and
performance of the μ-CHP system. However, because of its
very important runtime (10 min), the complete simulation is
not adapted to be used in the iterative optimization process. We
thus have to reduce the complete simulation in order to more
quickly compute the overall electrical efficiency.

III. SIZING OPTIMIZATION OF THE

GRID-CONNECTED TLIG

A. Model Reduction

1) Simplifying Assumptions: In order to obtain a model
reduction and to quickly calculate the overall electric efficiency
of the grid-connected TLIG, the following simplifying assump-
tions are proposed:

1) oscillating steady state with fixed operating point, Table V.
2) weak coupling between the DFPSE and the TLIG.
3) perfect regulation of all control loops.
4) PWM pulses considered to be continuous functions of

which instantaneous values are floating mean values of
PWM pulses within each switching period (1/fsw).
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5. modeling for one mechanical cycle (piston/mover’s
round-trip (0, Tosc) with Tosc = (1/fosc) (Table V).

2) Reduced Model: The interaction of the DFPSE and the
TLIG is characterized by two physical quantities: the piston’s
velocity v = ẏp and the resisting electromagnetic force Fgene

In case of a weak coupling between the DFPSE and the TLIG,
these two magnitudes are always sinusoïdal and Fgeneis in op-
posite phase with v = ẏp And if the P.I.D. control and the FOC
are supposed to be perfect, these magnitudes are superimposed
on their setpoints

v = ẏp = ẏ∗p = −2πfoscyp_max sin (2πfosct) (22)

Fgene = F ∗
gene = 2πCpfoscyp_max sin (2πfosct) . (23)

By knowing the electromagnetic force and the velocity of the
piston/mover, we derive the voltage and currents generated by
the TLIG due to the lump parameters of the equivalent circuit.

First, in the hypothesis where the FOC is perfect, the d-axis
secondary flux is equal to its constant setpoint

Ψrd = Ψ∗
rd. (24)

Consequently, the two components of the stator current in the
Park reference frame can be found by

Isd =
Ψrd

M

√

(

Lr

Rr

)2

+ 1 (25)

Isq =
2

3

τLr

πMΨrd
Fgene. (26)

The transformation angle is equal to the angular position of
the stator flux in the fixed coordinate system

ψ = θs =

Tosc
∫

0

ωsdt =
π

τ
− 2

3
Cp

τRr

πΨ2
rd

(yp − yp_max) . (27)

The d and q axis stator voltages in the generator- convention
are then found by

Vsd = −RsIsd + ςLsωsIsq (28)

Vsq = −RsIsq − ςLsİsq − ωsςLsİsd − ωs
M

Lr
Ψrd (29)

hence ς = 1− (M2/LsLr) is the coefficient of Blondel.
The currents and voltages of three phases a, b and c can be

readily found by the inverse Park transformation. After, in the
hypothesis where the PFC control is perfect, the DC bus voltage
is superimposed with its setpoint, 400 V

Vbus = V ∗
bus. (30)

The duty cycle of the three-phase AC/DC converter can be
found by

αx =
1

2
+

vx
Vbus

with x = a, b, c. (31)

TABLE VI
CURRENTS OF THE THREE-PHASE AC/DC CONVERTER

TABLE VII
CURRENTS OF THE SINGLE-PHASE DC/AC CONVERTER

The formula that gives the instantaneous currents passing
through each semiconductor switch of the AC/DC converter are
specified in Table VI where IGBTs are rated T1 to T6 and diodes
D1 to D6 (Fig. 2).

The hypothesis where the PFC control is perfect also permits
us to deduce the current injected into the network which must
be sinusoïdal and in phase with the grid voltage

igrid = Igrid_max sin(ωt) (32)

where Igrid_max has to be determined in the next section.
The duty cycle of the DC/AC single phase converter can be

found by knowing the ouput voltage of the converter

α =
1

2
+

Vout

2Vbus
(33)

hence Vout(t) is different from Vgrid(t) because of a voltage
drop across the inductance of the LP filter (see Fig. 9).

3) Power Balance: The instantaneous mechanical power
generated by the DFPSE is written as

Pmec = −Fgeneẏp = 2π2Cpf
2
oscy

2
p_max

− 2π2Cpf
2
oscyp_max2 cos (4πfosct) . (34)

The instantaneous electric power generated by the TLIG is
given as the sum of

Pgene =
3

2
(VsdIsd + VsqIsq). (35)

The difference between Pmec and Pgene shows the total Joule
losses because the iron losses are not taken into account in this
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model, and the mechanical losses are negligible since there is
no direct contact between the piston/mover and the fixed part

pJs =
3

2

Rs

Tosc

Tosc
∫

0

√

I2sd + I2sqdt (36)

pJr =
3

2

Rr

Tosc

Tosc
∫

0

√

I2rd + I2rqdt. (37)

The static converters losses must be taken into account to
derive the electrical power sent to the network. Two types of
semiconductor losses are considered: conduction losses and
switching losses. For the three-phase AC/DC converter, con-
duction losses are calculated by

pcond_T3 =
∑

i=1÷6

1

Tosc

⎛

⎝VCE0

Tosc
∫

0

iTidt+RCE0

Tosc
∫

0

i2Tidt

⎞

⎠

(38)

pcond_D3 =
∑

i=1÷6

1

Tosc

⎛

⎝VD0

Tosc
∫

0

iDidt+RD0

Tosc
∫

0

i2Didt

⎞

⎠

(39)

and switching losses are calculated by

pcom_T3 =
2fswVbus

Vtest

×

⎡

⎣(bon + boff)
∑

1÷6

Tosc
∫

0

(iTi + iDi) dt+
aon + aoff

2

⎤

⎦ . (40)

• VCE0, RCE0, VD0, RD0 are data of IGBTs and diodes,
extracted from datasheet (see the Appendix).

• aon, aoff , bon, boff are coefficients of a linear model of
dissipated energy achieved by tests under the voltage Vtest

(see the Appendix).

Then, three-phase AC/DC converter losses are the sum of

pAC/DC = pcond_T3 + pcond_D3 + pcom_T3. (41)

The losses of the DC/AC converter can be calculated in the
same way, in the condition in which the waveform of igrid
is known (Table VII). However, we cannot determine igrid,
particularly Igrid_max, if we do not know Pgrid. In addition, like
a snake biting its own tail, Pgrid cannot be deduced without the
result of the DC/AC converter’s losses.

However, we can remark that the DC/AC converter’s losses
and the DC bus capacitor’s losses are very little compared with
the losses of the AC/DC converter. Then we can determine
Igrid_max by

Igrid_max =
2(〈Pgene〉 − pAC/DC)

Vgrid_max
. (42)

We obtained the instantaneous power sent into the grid once
was extracted the sum of losses. Joule losses of the DC capac-
itor are also present in the expression of the overall electrical
efficiency of the grid-connected TLIG

η =
Pmec − pJs − pJr − pAC/DC − pDC/AC − pDC

Pmec
. (43)

To conclude this paragraph, the calculation of the overall
electric efficiency in oscillating steady state by the “reduced
model” is thus adapted to the optimization process because it
only lasts 50 ms. The synoptic of the “reduced model” is shown
in the Fig. 10.

B. Optimization Problem Description

1) Multi-Objective:

a) Maximize the average electric power to the grid: The
objective is to maximize the overall electrical efficiency and can
be expressed by

fObj1 =
1

Tosc

Tosc
∫

0

Pgrid (t) dt. (44)

b) Minimize the total cost of “TLIG + power converters”:

The cost of the TLIG is the sum of the cost of the raw materials
(copper, iron and aluminum), Table VIII

CTLIG = CAlρAlVmov +CCuρCuVcoil +CFeρFeVcore.
(45)

The cost of converters generally depends on the number of
switches, the rated current and the DC rated voltage, etc. Based
on data relating to available products on the market in 2012,
an empirical formula of converters’ cost is given as (see the
Appendix)

CAC/DC or DC/AC = 1.09N(IratedVbus)
0.46. (46)

• C, ρ are the cost of the raw materials [/kg] and the density
for the raw materials [kg/m3].

• V as the volume of the raw materials [m3].
• N = 3 for the AC/DC converter and for N = 2 DC/AC

converter.
• Irated is the converters’ rated current [A].

The second objective function can be given as

fObj2 = CTLIG +CAC/DC +CDC/AC. (47)

2) Multi-Variable: Ten Variables Should be Optimized.
a) Concerning the TLIG: There are seven geometric pa-

rameters: r0, Hsl, Emov, τ , p, Ec, nt, [see Fig. 3(a), Table III],
and the magnetizing current

b) Concerning the static converters: There are two rated
currents noted by Irated_ AC/DC,Irated_ DC/AC

.
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Fig. 10. Optimization process block diagram and synoptic of the reduced model.

TABLE VIII
PROBLEM FIXED DATA

3) Multi-Constraint: First, since our system is intended for
home application, the latter imposes the maximum radius and
the maximum length of the generator

r1 + 2e+ Emov + Ec ≤ rmax (48)

Lmov = Lstat + 4.yp_max ≤ Lmax. (49)

Next, the stability of the DFPSE imposes limits on the
mover’s mass

ρAl · Vmov ≤ mmov_ max. (50)

After, the current distribution may be considered as uniform,
the current density in the inductor is limited to its maximum

permissible value to avoid overheating

J =
nt max(Is)

leHstkcoil
≤ Jmax. (51)

Then, to maintain the validity of the pseudoanalytic electro-
magnetic model of the TLIG, the constraints on the maximum
flux density in iron core are necessary to avoid saturation of the
magnetic circuit, e.g., for the inner stator

Bcorein =
max(Ψs)

2pπnt [(r1 −Hsl)2 − r20 ]
≤ Bmax. (52)

The static converter’s rated currents must also satisfy

max(|ia|, |ib|, |ic|) ≤ irated_ AC/DC (53)

max(|igrid|) ≤ irated_ DC/AC. (54)

Additionally, for the stability of the vector control, a con-
straint on the generated voltage is presented to the limit the duty
cycle between [0, 1]

max (|va|, |vb, |vc|) ≤
Vbus

2
. (55)

Finally, a constraint for the power sent to the network is also
introduced

FObj1 ≥ 0. (56)

4) Optimization Process: The optimization process can be
summarized in the diagram, Fig. 10. The optimization process
implements the pseudoanalytic model of the TLIG and the
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Fig. 11. Performance-cost optimization results for grid-connected TLIG.

reduced model the entire system. The optimization of the TLIG
focuses on one optimal operating point of the Stirling engine
(see Table V). The genetic algorithm NSGA-II is used [18].
Fixed data of the optimization study are specified in Table VIII.

C. Optimization Results and Discussion

1) Pareto Frontal: The Pareto frontal presents 100 optimal
solutions which result after the calculation of 200 genera-
tions. Each solution contains an optimal TLIG with its power
converters.

In Fig. 11, solution A offers the lowest overall electrical
efficiency, and the least expensive investment cost. Likewise,
solution C provides the highest overall performance and as
expected, is the most expensive. The “middle” solution, B,
provides the lowest (fObj2/fObj1) ratio [C/W].

Other optimal parameters of solution A, B, and C are de-
tailed in Table IX. The maximum TLIG’s mechanoelectrical
performance (without iron-losses) that was obtained is 69.2%,
whereas the maximum overall electrical efficiency of the grid-
connected TLIG is 65.6%.

Semi-conductor losses are on the order of 4% of the mechan-
ical power. If the iron losses were included, the performance
could be reduced. Obviously, it depends on the quality of the
magnetic material. However, as we have mentioned in the
introduction, the heat due to the Joule losses and the iron
losses may be harvested for the heat uses. In this case, only
semiconductor losses are wasted. In addition, compared with its
electrical needs, the need for heat in a home where the weather
is temperate or cold, is more important.

From geometric data inTable IX, the structure of the three
typical TLIGs A, B, and C can be drawn in Fig. 12.

2) Theoretical Verification of the Model Reduction: Parame-
ters of optimal TLIGs (see Table IX) have been introduced into
the complete simulation (see Section II-C) in order to verify the
optimization results obtained by using the reduced model.

The complete simulation, respectively gives 2.7%, 42.1%,
and 66.0% as the overall electrical efficiency of grid-connected
TLIGs corresponding to solutions A, B, and C. Hence, the
results on the overall electrical efficiency given by the reduced
model (see Table IX) are very close to the results of the

TABLE IX
PARAMETERS OF SOME TYPICAL OPTIMAL MACHINES

Fig. 12. Longitudinal half-section of three typical optimal machines.
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Fig. 13. Comparison between the complete simulation’s results and the reduced model’s results (used in optimization process) for machine C. (a) Three-phase
generated currents of the TLIG and (b) angular frequencies.

Fig. 14. Comparison between the complete simulation’s results and the reduced model’s results (used in optimization process) for machine C. (a) Force and
piston/mover’s velocity and (b) instantaneous mechanical and electrical power.

complete simulation. Therefore, the effectiveness of the model
reduction is proved.

The good correlation between the two models is also ob-
tained concerning three-phase generated currents, force, veloc-
ity, mechanical and electrical power waveforms. In Figs. 13 and
14, the results of the complete simulation which uses the
parameters of the machine C (see Table IX) are presented are
presented by continuous lines, whereas those of the “reduced
model” by points.

Indeed, the complete simulation was performed with Euler
solver with the integration step of 10−5 second, whereas the
model reduction calculate 50 values within a mechanical cycle
of the piston and without control loops. As shown in Fig. 13.
a, the waveform of the generated currents is not sinusoidal,
containing the mechanical harmonic (2πfosc) and electrical
harmonic (ωs), which is a variable in time [Fig. 13(b)]. In
Fig. 14(a), the TLIG’s resisting force is in opposite phase
with the piston’s velocity, this means that the TLIG reacts
like a damper toward the DFPSE. The instantaneous generated

electric power is delayed with respect to the mechanical power.
Almost electric power is generated when the piston/mover
decelerates [Fig. 14(b)].

This comparison thus shows the effectiveness of the “reduced
model” of reducing significantly the optimization process’s
runtime.

3) Influences of the Stirling Engine’s Operating Point on the

Performance of the TLIG:

a) Influences of the oscillating frequency: As already
mentioned, the feasible resonant oscillating frequency (fosc) of
the DFPSE is between 20 and 35 Hz [5].

By varying the oscillating frequency from 20 to 34 Hz by a
step of 2 Hz, we keep the average mechanical power constant
at 1260 W. The results (see Fig. 15, Table X, and Fig. 16)
demonstrate that the TLIG’s efficiency is clearly better with
high oscillating frequencies than with low frequencies. From
20 Hz to 30 Hz, the TLIG’s performance progressively in-
creases. However, above 30 Hz, the TLIG’s performance cannot
rise any further.
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Fig. 15. Optimization results for different oscillating frequencies while main-
taining constant the mechanical power (1260 W).

TABLE X
OPERATING POINTS WITH VARIABLE OSCILLATING FREQUENCY

Fig. 16. Three-dimensional representation of optimization results for different
oscillating frequencies when the mechanical power is kept to be constant.

The following Table X summarizes the dynamics of the
piston/mover and the TLIG’s maximum efficiency for different
oscillating frequencies, based on the optimization results with
reduced model. The best performance is obtained at fosc =
30 Hz. Therefore, for the design phase of the DFPSE, the

Fig. 17. Optimization results for different piston/mover’s stroke when the
mechanical power is maintained constant.

TABLE XI
OPERATING POINTS WITH VARIABLE PISTON’S STROKE

recommended operating point of the DFPSE which allows for
maximization of the TLIG’s performance is around 30 Hz.

These results show also that in order to reach the overall
electric efficiency of the grid-connected TLIG of 65% (or
more), the resonant oscillating frequency must be higher than
26 Hz, i.e., an acceleration more than 600 m/s2. Otherwise,
above 26 Hz, the TLIG achieves more important performance
levels at less cost.

b) Influence of the Piston’s stroke: Similarly, the perfor-
mance of the TLIG under the influence of the piston’s stroke is
considered. The mechanical power is also maintained constant
at 1260 W.

Based on the optimization results for different piston’s stroke
(see Fig. 17), the amplitude of the piston/mover’s stroke pro-
posed in this study (2.23 cm) is a however good value for
maximizing the generator’s performance. We cannot reduce
this value, for example, to 2.0 cm at the risk of significantly
diminish the overall electric efficiency (see Fig. 17).

However, if technically possible, an extension the piston’s
stroke to 5 cm or even to 5.5 cm can bring about a higher
performance and a lower cost (see Table XI and Fig. 17).

IV. CONCLUSION

Taking into account the advantages of the TLIG (such as nat-
ural levitation, no springs, no wears, low friction, low cost,. . .),
and its possible use in Stirling microcogenerator system, this
paper has presented the sizing optimization of the TLIG ap-
plied in an original high acceleration dual free-piston Stirling
microcogenerator system.
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The main contribution was first to demonstrate that, with
the optimization approach, the performance of the TLIG can
be very appreciable for this application. The overall electric
efficiency of the grid-connected TLIG can achieve up to 70%.
Aside from the iron losses, the calculation has taken into
account all Joule losses, semiconductor losses and DC bus
capacitor losses. The optimization results also indicate that the
higher is the oscillating frequency (up to 35 Hz), and the longer
is the piston’s travel (up to 5.5 cm), the more efficient the TLIG
can be.

The particularity in this application is that the TLIG is com-
pletely submerged in the working gas of the Stirling engine’s
cool space. Due to this fact, the generator can be continuously
cooled, and thus, all Joule losses and iron losses do not consti-
tute “true losses” for the entire system but can be harvested for
the use of heat.

After, the study has concerned also the economic aspect.
In this model, with technically valid cost of raw material, all
optimal solutions present a total investment cost (TLIG + power
converters) limited between 0 and 1600 C.

Furthermore, this paper has presented the complete process
of modeling, simulation, and optimization for electric devices
based on TLIG applied in a free-piston Stirling μ-CHP system.
The model reduction of the system which effectively substitute
the complete simulation was a good stage to reduce signifi-
cantly the runtime of the optimization process.

The experimental tests performed on the prototype helped to
ensure the validation of the pseudoanalytical model using the
cylindrical current sheet method, and to validate the effective-
ness of the vector control.

APPENDIX

All the variables and constants in the Appendix are specified
in Fig. 3 and/or Table III.

Carter Coefficient: This coefficient is calculated by an em-
pirical formula presented in [1]

KC =
5 (2e+ Emov) /τ + le/τ

5 (2e+ Emov) /τ + le/τ −m (le/τ)
2 . (A.1)

Fourier Series Development of the Stator Current: For our
TLIG structure, the expression of the stator current taking into
account the slots and ends effect is

Jsθ =
∑

ζ=1,3,5,7...

∑

p=1,5,7,11,...

12Jsm
π2ζp

sin
(pπ

12

)

sin

(

ζLstatπ

L

)

· · ·
{

ej[
π
τ (p+

2τζ
L )z±ωst] + ej[

π
τ (p−

2τζ
L )z±ωst]

}

. (A.2)

• Jsm is the magnitude of the line-current intensity [A/m]
[see (5)],

• L is the “modulation length,” Fig. 18,
• the sign ≪ − ≫ is assigned, whereas p = 1, 7, 13, . . . ,
3q + 1; and the sign ≪ + ≫, whereas p = 5, 11, . . . ,
3q − 1 with q, a integer.

Fig. 18. Distributions of the stator current along the z-axis that take into
account (a) slots effect and (b) ends effect.

Fig. 19. Switching losses as a function of current in case of a 50-A rated
current converter.

Stator Inductance Leakage Calculation:

lfs ∝
4πμ0pn

2
t

leH2
sl

[

1

4

(

r41−r40
)

− 2

3
r0

(

r31−r30
)

+
1

2
r20

(

r21−r20
)

]

.

(A.3)

Empirical Parameters of Static Converters’ Losses Model:

For the simplicity of the model, switching losses are considered
as linear functions of the rated current

Eon =bon · irated + aon

Eoff =boff · irated + aoff

hence Eon, Eoff [J] are the turn-on and turn-off losses of each
IGBT.

In the optimization process, empirical formulas of the coef-
ficients aon, aoff , bon, boff , according to the rated current, can
be obtained from the datasheet of several Semikron’s products
available on the market in 2012.
aon, aoff , bon, boff can then be determined for every con-

verter (one example is shown in Fig. 19). Then, approximate
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Fig. 20. Costs as a function of apparent power for each half-bridge (see
Table XII).

TABLE XII
COST OF POWEREX’S HALF-BRIDGES

continuous functions of these parameters according to the rated
current are given by

aon_AC/DC = −10−6
(

irated_AC/DC

)2

+ 2.10−5irated_AC/DC − 1.6.10−3

bon_AC/DC =3.10−8
(

irated_AC/DC

)2

+ 2.10−6irated_AC/DC + 2.10−4

aoff_AC/DC =2.10−5irated_AC/DC + 6.10−5

boff_AC/DC =5.10−7irated_AC/DC + 3.10−5.

We can also obtain from Semikron’s datasheet

VCE0_AC/DC =1.1

RCE0_AC/DC =1.119i−0.993
rated_AC/DC

VD0_AC/DC =2.10−5
(

irated_AC/DC

)2

− 24.10−4irated_AC/DC + 0.958

RD0_AC/DC =0.3826
(

irated_AC/DC

)−0.74

where VCE0_(AC/DC), VD0_(AC/DC) [V], respectively are volt-
age losses across an IGBT and a diode of the three-phase
converter; RCE0_(AC/DC), RD0_(AC/DC) [Ω], respectively are
resistances of an IGBT or a diode of the three-phase converter.

Empirical Formula of Converters’ Cost: The data in
Fig. 20 is based on Powerex’s modules.
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