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Estimates of solutions of elliptic equations with a
source reaction term involving the product of the
function and its gradient

Marie-Francgoise Bidaut-Véron
Marta Garcia-Huidobro
Laurent Véron

Abstract We study local and global properties of positive solutions of —Au = u? |[Vu|? in a domain § of
R in the range p+¢ > 1, p > 0, 0 < ¢ < 2. We first prove local Harnack inequality and nonexistence of
positive solutions in RY when p(N —2)+¢q(N—1) < N or in an exterior domain if p(N —2)+¢(N—1) < N
and 0 < ¢ < 1. Using a direct Bernstein method we obtain a first range of values of p and ¢ in which
u(z) < c(dist (z, 8(2)ﬁEl This holds in particular if p+¢ < 1+ —%+. Using an integral Bernstein method
we obtain a wider range of values of p and ¢ in which all the global solutions are constants. Our result
contains Gidas and Spruck nonexistence result as a particular case. We also study solutions under the
form u(x) = rpi;qilw(cr). We prove existence, nonexistence and rigidity of the spherical component w in

some range of values of N, p and q.
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1 Introduction

The aim of this article is to study local and global properties of positive solutions of the following

type of equations
—Au = uP |Vul?, (1.1)

in 2\ {0} where 2 is an open subset of RY containing 0, p and ¢ are real exponents. In many
cases we will assume the superlinearity of the right-hand side, i.e. p+¢—1>0and 0 < ¢ < 2.
Equation (1.1) is invariant under the action of the transformations 7}, defined for ¢ > 0 by

2—q

Ty [u](z) = orFa—Tu(ox). (1.2)
If we look for radial positive solutions under the form w(z) = A|z|”” we find, if ¢ < 2 and
p+q_1>077::7p,q21% and
1
_l=g_ 2p +q p+g—1
A=A =Pt (N - —— . 1.3
N.p,q Dyq ( ptq— 1> (1.3)

However this last quantity exists if and only if the exponents belong to the supercritical range,
that is when
(N —=2)p+ (N —1)g > N. (1.4)

In the subcritical range of exponents i.e. when
(N—=2)p+ (N —1)g <N, (1.5)

we prove in Theorem 2.1 that Serrin’s classical results (see [16], [17]) can be applied. We obtain
a local Harnack inequality and an a priori estimate for positive solution u in Bg \ {0} under the
form

_ R
u(@) + o] [Vu(z)| < cla™  Vast 0<|z] <3, (1.6)
with a constant ¢ depending on u. We also prove the following surprising result:

Theorem A Let N > 2, p >0 and 0 < q < 1 satisfy (1.5). If u is a nonnegative C' function
in an exterior domain Q) = B, where it satisfies

—Au > P |Vul?, (1.7)



then there exists R' > R such that u is constant in BS,.

Furthermore such solutions truly exist as the radial case shows it (see Theorem 2.3). When
g = 0, it is known since the last millenium that any nonnegative solution of (1.7) is zero, however
the proof in that case is straightforward since the spherical average of a solution satisfies the
same inequality (see [9] in the radial case). If BY, is replaced by RY the fact that all nonnegative
functions satisfying (1.7) are constant is due to Mitidieri and Pohozaev [15]. For the sake of
completeness we give a slightly different proof which introduces the techniques we developed
throughout our article.

Our main results deal with the supercritical range. We prove a priori estimates of positive
solutions of (1.1) in a punctured domain and existence of ground states in RY. There are two
approaches for obtaining these results. The direct Bernstein method and the integral Bernstein
method popularized by Lions [14] and Gidas and Spruck in [10] respectively. Both methods
are based upon differentiating the equation. The direct Bernstein method relies on obtaining
pointwise estimates of the gradient through comparison principles via algebraic computations,
an intensive use of Young’s inequality and without any integration. Our main result in this
framework is the following:

Theorem B Let N > 2, 0<q <2 and p > 0 be such that p+qg—1 > 0. If u is a positive
solution of (1.1) in Br and one of the following assumptions is fulfilled,

(i) p+q—1< x4,
.. 2
(i) 0 <p<1 andp+q—1<lf€);\;£)l).

Then there exist positive constants a = a(N,p,q) and ¢; = ¢1(N,p,q) such that

2
IVu®(0)| < ci R~ % rat, (1.8)

The value of the exponent a is not easy to compute, however, in several applications this
difficulty can be bypassed. As a consequence of (1.8) there holds,

Corollary B-1 Under the assumptions on N, p and q of Theorem B, any positive solution of
(1.1) in RYN is constant.

Another consequence is the following,

Corollary B-2 Let Q be a smooth domain in RN, N > 2, with a bounded boundary, 0 < q < 2
and p > 0 such that p+q—1 > 0 and assume one of the assumptions (i)-(ii) of Theorem B holds.
Ifu is a positive solution of (1.1) in Q there exists dy > 0 depending on  and co = co(N,p,q) >0
such that -

u(z) < e ((dist (x,00)) pFa—T + max{u(z) : dist (z,Q) = do}) . (1.9)

The aim of the integral Bernstein method is to obtain estimates of the L"-norm of the gradient
of the solutions in balls for r large enough. Combined with [16] this leads in [10] to Harnack
inequality. Here we use these integral estimates to prove the non-existence of non-constant
global solutions.



Theorem C Assume p >0, 0 < g < 2 and define the polynomial G by

G(p,q) = (N = 1)?q+ N —2) p> + b(q)p — N¢?,

(1.10)
where b(q) = N(N —1)¢> — (N> 4+ N —1)g— N — 2.

If the couple (p,q) satisfies the inequality G(p,q) < 0, then all the positive solutions of (1.1) in
RN are constant.

In the range of p and ¢, the condition Gy (p,q) < 0 is equivalent to

—b(q) + /0%(q) + AN (N —1)%q + N — 2)

< = . 1.11
0 <p<pelq) 2((N—1)2¢+ N —2) (111)
If ¢ = 0, the above reads reads
N +2
0<p<p(0):= N3 (1.12)

which is the well known condition obtained by Gidas and Spruck in [10]. Furthermore, it can
be verified that the domain of (p, ¢) in which Theorem B applies is included into the set of (p, q)
where G(p,q) < 0. Our proof is extremely technical and necessitates a long appendix in which
many algebraic computations are carried out.

If we just look for radial solutions we present in Theorem 3.1 an optimal result namely:

Theorem D There exist non-constant radial positive solutions of (1.1) in RY if and only if
p>0,0<qg<1 and

9 _

p(N —2)+q(N —1) ZN—I—?q. (1.13)
If equality holds in (1.13), there exists an explicit one parameter family of positive radial solutions
of (1.1) in RY under the form

_(N=2)(1-q)

(2-q)? 2-q 2-q
ue(r) = ¢ [ Ke®-20=a 4 ri=a , (1.14)

for any ¢ > 0 and some K = K(N,q) > 0.

In the last section we study the singular separable solutions of (1.1) written under the form
u(z) =u(r,o) =r ™iw(o) (r,o) € RY x SNV, (1.15)

Then w satisfies the following nonlinear equation on S™V~!

q
2

2
P14 > w— |wPw <7;,2,7qw2 - ‘V’wf) =0, (1.16)

Nt <N N ALE

’7107!1 P + q-— 1
where V' and A’ are respectively the covariant gradient and the Laplace Beltrami operator on
SN=1 1t is clear by integration that condition (1.4 ) is a necessary and sufficient condition for



the existence of solution, and the constant function Ay ) , is such a solution. We introduce a
more general equation on SNV ~!

q
~ANw+ pw — wfPw (72w2 + ‘V'w|2> ‘=0, (1.17)
where ;1 and 7y are positive real numbers. We have the following universal estimate.
Theorem F Assume 0 < q <2, p € R such that p+q—1>0. If
p(N —3)+¢q(N —-2) <N —1, (1.18)

holds, there exists ¢y = c4(N,p,q) > 0 and a = a(N,p, q) > 0 such that for v, > 0, any solution
w of (1.17) on SN=1 satisfies
q
Wil oo < capty™PTaT. (1.19)

We also give a rigidity result which shows that the solutions which are not too far from being
constant are indeed constant.

Theorem F Assume p >0 and p+q—1> 0. Let w be a solution of (1.17) satisfying
3 <7+ V)P < &, (1.20)

for some ¢; > co > 0 and set

rat ifp>1
=3 (1.21)
b if 0 <p<L
If
2(N =1+ p)n? (1.22)

C*S )
gVN —1+2(p+q)y

then w s constant.

In the Appendix we present many technical algebraic computations which leads to the de-
limitation of the regions of the (p, ¢)-plane in which Theorem C holds. Many computations can
be easily verified by using Maple. Throughout the paper ¢ denotes a generic constant depending
on some parameters, specified in some cases, the value of which may change from one occurence
to another.

Acknowledgements This article has been prepared with the support of the collaboration
programs ECOS C14E08 and FONDECYT grant 1160540 for the three authors.



2 Local estimates

2.1 The subcritical case: Proof of Theorem A

We show how the use of Serrin’s result concerning Harnack inequality yields a blow-up estimate
of any positive solution u of (1.1) in a punctured domain.

Theorem 2.1 Let Q@ C RY be a domain containing 0, N >3, p >0, 0 < ¢ < 2 and (1.5)
holds. If u € C?(2\ {0}) is a positive solution of (1.1) in Q\ {0}, then estimate (1.6) holds in
a neighborhood of 0.

Proof. Assume Bi C €. By Brezis-Lions’s result [6] there holds
we M2 (By), Vue M¥1(By), o |Vul! € LY(By), (2.1)

where M" = L™ denotes the Marcinkiewicz space or Lorentz space of index (r,00), and there
exists a > 0 such that
—Au=u? |Vul?+ ady in D(By). (2.2)

We assume first pg # 0. In order to fit with Serrin’s formalism, we write u? |Vu|? = B(u, Vu).
Hence B satisfies the estimate

1B(u, Vu)| < [ul? + |Vu|? = clu| + d|Vul, (2.3)

where 0,0 > 1, 1+ 4+ =1, ¢ = PPt d = [Vu|? 7L If 6 > max{L, 1—1)} and ¢ > max{1, %},
N N
then ¢ € M@ -2®9-1) and d € M W-1D@-1) . We claim that we can choose 6 > 1 such that

N N N
(N —2)(po —1) ) and (N —1)(g0' — 1) > N. (2.4)

These inequalities are respectively equivalent to

N N
< —— and 0/ < ——, 2.5
PN~ 2) N D) 22
which is clearly possible from (1.5) by taking 6 = ;\([J(\}:; for € > 0 small enough. Because

M"(By) G L'™%(By) for any § > 0, we infer that ¢ € L%JF‘S(Bl) and ¢ € LVN9(By) and u
verifies Harnack inequality in B \ {0} by [16, Th 5]. This implies

maxu(z) < K minu(z) Vre (0

|z|=r |z|=r ’ 5]

(2.6)

The spherical average @ of u on {z : |x| = 0} is superharmonic. Hence there exists some m > 0
such that
a(r) = mr* . (2.7)

Combined with (2.6) it yields u(z) < Km |z|*~". The estimate on the gradient is standard, see
eg [19, Lemma 3.3.2]. O



Remark. Estimate (1.6) is not universal since the constant K in (2.6) depends on the norms of
¢ and d which could depend not only on N, p, ¢, but on the solution itself.

The following result is not new, except in the case p = 0, ¢ = 1. It was proved in [15, Th
15.1] for p+q—1 > 0 and extended to quasilinear operator by simulating the change of unknown
u = . It was used in order to derive a priori estimates [4]. Later on it was extended to more
general operator in [8] where the new cases p+¢g—1 < 0and p+¢g— 1= 0 with p > 0 have
been considered using a delicate proof. We give here a very general but general proof of all
these results. Furthermore our method highlights the role of change of unknown function and
which forshadows the method used in Theorem B, is also extendeable to very general quasilinear

operators such as
—divA(z,u,Vu) > B(z,u,Vu) in RY, (2.8)

under the assumptions that (A(x,r,£),&) > [£|™, B(z,r,&)r < c|r|”[£|?, and under the corre-
sponding subcritical condition p(N —m) +¢(N — 1) < N(p — 1).

Theorem 2.2 Assume N > 3, p and q are nonnegative and (1.5) holds. Then the only positive
functions u € CH(RN) satisfying
—Au > uP |Vul?, (2.9)

in RN are the constants.
Proof. Assume v is such a solution. For p +¢q # 1, we set u = v® with b(b— 1) > 0.

IVI

“bAv > b(b— 1) b7t V),

with
s=1—-q+blp+q—1).

If s > 0, then from Hélder’s inequality,

2\ 741
’Vv’zssjlq = (ﬂ) vl ’vU’erl < 5S+1 |VU| 45 sys ’V’U’q
v v

for any 6 > 0. Hence, by chosing §, we see that there exists ¢ > 0 such that

25+q 2—q+2b(p+q—1)
s+1 2—qg+blp+q—1)

—bAv > ¢|Vu|”  where w= (2.10)

(i) In the case p+q¢—1 >0, we take b =1+4¢, for e > 0. Then s=p+e(p+q¢g—1) >0,
and s > 1 — ¢, thus w > 1. Form assumption (1.5) we can take ¢ > 0 small enough such that
. . . N
(N —2)s+ (N —1)q < N, which is equivalent to w < y=.
(ii) f p+¢q—1 <0, hence 0 < g < 1, we take b = —¢, for € > 0. Then

—|b]Av + ¢|Vu|¥ <0, where ¢ > 0. (2.11)

p+q 1

ands=1—¢—€e(p+q—1)) >1—¢>0. hence w=1— > 1 and we can choose ¢ small

enough such that w < %



(iii) f p+qg—1 =0, we set u = e (where v is a signed function) and derive that for any
@ € (q,2) one can find ¢ > 0 such that

—Av > |Vo|? 4 ePT17 | Vol? > ¢ |Vol” .

We can take in particular @ < %
Finally, let R > 0 and ¢ € C§°(RY), with values in [0, 1], such that ( =1 on Bg, ( =0 on
2
B% and |[V(| < 2R™L. Then, in each of the three cases, there exists ¢; > 0 such that

¢ V| dr < ¢

/ (Vo, V¢ " da

Bpr Bpr
1 / /
<3| ¢Vl Ve dn,

2 Br Bpr

from which follows
Vol* de <2C [ V¢ do < C'RN-
Bpr Br

which implies the claim since w’ > N. O

If the inequality (2.10) is considered in an exterior domain, the situation differs according
0<g>1lorl<gqg<2. Thecasep=0isknown for a long time.

Theorem 2.3 Let N >3, p >0, 0<q<2 and (1.5) holds in G := Bj.
(i) If 0 < q < 1 any positive function u € CY(G) satisfying (2.9) in G is constant on B, for
some R > 1.

(ii) If ¢ > 1 there exist positive functions in C*(G) satisfying (2.10) in G which are nonconstant
on Bf for any R > 1.

Proof. In the next two steps we prove (i).

Step 1. The function r — min{u(z) : |x| = r} is nondecreasing and the following dichotomy
holds:

(ii) either r — min{u(zx) : |x| = r} is increasing on [1, 00),

(i) or there exists a minimal ro > 1 such that u is constant in By, .

b

For proving this claim we use the transformation v = v” as in the proof of Theorem 2.2. For

T > (0 we set

1 if r>1
N2
LG O Gkl M R (2.12)
2T
r if r<1-—r7,

and for k > 0 v, x(r) = kv-(£). Then

T

0 if r>k
/ _ k—kr .
’Yr,k(r) =94 1-— 2 if k(1—7)<r<k (2.13)
T
1 if r<k(l-r7),



We put v, 1, = v7,(v). Since v, is concave, 0 < 7;’k <1 and w > 1, we derive from (2.10),

—Avr g > = (0)AV > ¢ (4, (0)) 7 [Vorl? > e[ Vorgl?, (2.14)

in Bf. For R > 2p > 2, we consider a test function ¢ € CZ(RY) with value in [0, 1] such that
(=1on Br,(=0in B and |V(| < % and we obtain with the notations of (2.10),
2

/ / 8 T
c/ CY | Vorgl® de < w’/ (Vur g, VO Lda — / Urk s
Br\B), Br\B), 3Bp v
o,
cw Vo, d:c+0/ Vel / Tk s,
2 aBp aV
which implies
/ v,
c/ Vv, k¥ de < eo(N)RN ™ — 26/ Urk 3. (2.15)
B%\BP B, ov
Taking b > 1 such that w’ > N as in the proof of Theorem 2.2, we derive by letting R — oo,
w avrk
c| |Vurgkl”de < —2¢ —~dS. (2.16)
B oB, OV

Next we choose k < min{v(x) : |z| = p}. Then there exists 79 > 0 such that v, (z) = k for
p—7<|z| < p+7 for any 7 € (0,79] by continuity. Hence the right-hand side of (2.16) is zero,
which implies that v . is constant on By with value k, and this means min{v(z) : |z > p} > k.
Letting 7 | 0 and k& T min{v(z) : |z| = p}, we infer that

inf{v(z) : [z > p} = min{v(z) : |z = p} = inf{u(z) : |z] = p} = min{u(z) : [z = p},

since z — 2% is monotone increasing on Ry. As a consequence p — min{u(x) : |z| > p} is
nondecreasing, and if there exists 7’ > r > 1 such that it is constant on (r,7’), then the minimum
of u on Fﬁ is achieved at some point zg € E:. Since w is superharmonic it implies that u is
locally constant; hence it is constant by connectedness. In case (i), p — min{u(z) : |z| = p} is
increasing and if x, is the point where min{u(x) : || = p} = u(x,), then u is positive in B and
in achieves it minimum at z,. By Hopf boundary lemma in implies

ou

8n—(azp) >0 with n,, = p . (2.17)
Zp

In both cases there holds u(x) > lrr‘unl u(y) > 0 and up to a multiplication, we can consider
y =
that u is a nonnegative solution of

—Au > |Vu|?, (2.18)
in B with (N —1)g < N.

Step 2: Construction of radial solutions when 0 < g < 1. If v is a radial solution of

—Au = |Vul?, (2.19)



in Bf it is nondecreasing and satisfies —(rV~1u/) = rN~1(«/)? in (1,00). This equation can be

explicitely solved by setting w(r) = =1/ (r) which solves —w’ = rN=D0=9 9 and we get

u'(r) =N <(u’(1))1—q _ % (TN—q(N—l) _ 1)> o , (2.20)

as long as r < r* for some explicit 7*. Hence to any a > 0 we denote by r, the unique r > 1
such that

1
_ 1—gq (N N—g(N-1) {_ N=q(N-T)
1—q __ N—q(N-1) _ 1—q
a “N_oN_D dN D) (7’ —1><:>ra—<—a +1 .

The mapping a — 7, is continuous on [0,00), C* on (0,00), increasing with limit 1 at a = 0
and infinite when a — oo, and if we set

1
Ta B 1—¢q e 1-q
_ 1-q _ N—q(N-1) _1 1-N 2.21
fla LA <a Af—q(N¥—1)<S >> sTds, (2.21)

a — g defines a continuous increasing function on [0, 00), C* on (0, 00) with limit 0 at 0 and
oo at oo.
Next, given p > 0 and R > 1, the radial solution of the Dirichlet problem

—Au = |Vu|? in Br\ By
u=0 in 9B, (2.22)
U=l in 0Bp,

can be constructed in the following way: Let a > 0 be the unique solution of p, = p. If r, < R
the solution u of (2.22) is expressed by

1

" l—q 1—q X
1—q _ N—q(N-1) _ 1-N < r<
u(r) = /1 (a —N—q(N—l) (s 1)> s ds if 0<r<r, (2.23)

o if ro <r<R.

If r, > R, there holds

1

T 1 —q 1—q 3
— l—q _ = 4 (N—q(N-1) _ 1-N <r<R. 2.24
u(r) /1 <a N_qN=T) (s 1)) s Vds it 0<r<R (2.24)

We also notice that any radial solution v of (2.19) in Bf which satisfies v/(1) < 0 is uniquely
determined by Cauchy-Lipchitz theorem. It is decreasing and tends to —oo at infinity since it
expressed by

1

1—
! stNds Vr > 1.

(2.25)
At en we prove that all the radial solutions of (2.19) in Bf which are bounded from below
have the from (2.23) for some a > 0 with R = co. By Step 1, isuch a solution v is nondecreasing.

u(r) =u(l) — /1” <(_u/(1))1—q n % (PN oV -1) 1)>

10



N-1

Since u(r) > u(l) > 0, we set w = r"¥ v/ and derive that there holds on the interval I where

w > 0,

wl—a 74N—q(N—1)up(1) ! 0
l1-¢g N-—-q(N-1) | —

— > W=y > p(N=D=0) P (1)1 — < +

If I = (1,00), it yields a contradiction by letting » — oco. Hence I = (1,79) and u is constant on
[7"0, OO)

Step 3: We first prove (i). Construction of the minorant solution. If u is not constant in Bf, for
some R > 0 the sequence {p,} defined by u,, = min{u(z) : |x| = n} is increasing. For n € N,
n > 2, we consider the sequence {u, } defined by

—Auy, = [Vu,|? in 'y, :=B,\ B
Up = i1 on 0B (2.26)
Uy = fhn on 0B, .

Using Step 2, we obtain the following expression for wu,,

2] B
oo = [ (00177 - g (0 )

This expression, combined with (2.23) and (2.24) shows that n — wu,(r) is eventually increasing
for r fixed. Next we compare v and u,, in I'y ,,. For € > 0 u,, — € is smaller than « on OI't ,,. If we
assume that for any € > 0 small enough there does not hold u > u,, — €, then there exists ¢y > €
such that the graphs of u and u,, — €y are tangent at some point z, such that 1 < |z,| = p < n.
Since u,, is radial, there holds

1

o Sl_Nds_ (227)
+

u(z,) = minfu(z) : |o| = p},

and by (2.17),
ou
Vu(z,) = 8n—(33p)n:cp = U;@(P)n:cp # 0.

Hence we can linearize |Vu|? — |Vu,|? near x, and derive that the function w = u — u,, + € is
nonnegative and satisfies
—Aw + {c(z), Vw) >0, (2.28)

in Bs(x,) for some § > 0 where ¢(x) is some bounded vector field. Hence w is constant in this
ball. By connectedness we derive that w = 0 in I'y,,, contradiction. Letting ¢ — 0 we obtain
that v > u, in I't ,. Furthermore since wu,, is positive and super-harmonic in I'y ,, it satisfies for
any n > 2,

P N fn n* Ny

1 _ 2N t— 2~ VIS lz| < n. (2.29)

U () > ugp(x) =
Hence, letting n — oo we infer that wu, increases and converges locally uniformly as well
as its gradient to a positive radial solution us of (2.19) in Bf which satisfies 0 < uo < u, is
nondecreasing and satisfies
lim ueo(r) = lm p, = plco- (2.30)
n—oo

r—00
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If pioo = 00, it would implies that us (1) = oo by formula (2.21) which is not compatible with
82:p (z,) > uly(1) since u is C'. Hence o < 00. Since by Step 2 any radial solution of (2.19)
in Bf is constant is B% for some R > 1 it implies that u, endows this property. Furthermore
since up(n) = py, and us is nondecreasing it yields uso (1) = poo for r > R. This contradicts

the fact that for n > R,

foo = Uso () < u(n) = pin, < u(n+1) = pnt1 < floo- (2.31)
2
Step 4. Proof of (ii): The function u(x) =1 — A |3:|_ch11 is a positive radial and increasing
supersolution of (1.1 ) in Bf for R large enough provided 1 < ¢ < % and

1

1— =
0<A<—q<i— )“. (2.32)
2—q\q—1

When ¢ = 1 the function u(z) = 1 — Ae~®?l is a supersolution provided a > N — 1 and A is
small enough. O

2.2 Proof of Theorem B
The next result will be useful in the sequel.

Lemma 2.4 Let ¢ > 1 and a, R > 0. Assume v is continuous and nonnegative on Br and C*
on the set Uy = {x € Br : v(xz) > 0}. If v satisfies
Vol?
—Av+v?1 < aﬂ (2.33)
v

on each connected component of U, there holds

2

v(0) < eng ol a1, (2.34)

Proof. We can always suppose a > 0 and set v = W for some a > 0 to be defined. Then

2 2
VIV 1 VW
—AW + (1 _ a)u + amroz(q—l)+1 < aa2| | )
If we choose 1 — ae > aa?, or equivalently 0 < a < —a}rl we derive

AW + L pa@-n+ g,
- <

on each connected component of /. A standard computation shows that there exists cy,q,q > 0
such that the function .
_ CN,a,q(R2a)a(q71)

x = P(x) = ~
(R ~ [of2) T

satisfies 1
—Ap+ =T >0 in Bp.
«
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Assume that there exists a connected component G of {x € Br : W(z) > ¢(x)}, then G C U,
The function ¢ = W — ) is subharmonic and continuous in G and vanishes on dG. Hence ¢ < 0,
contradiction. Hence G = () and W < 4 in Uy. Since W =0 in Br \ Us we derive that W < ¢
in Bgr. Therefore

1
CN#ana(q*l)

W(0) <

. (2.35)
RaG—1D

which leads to (2.34). O
Proof of Theorem B: In any open subset U of Br where |Vu| > 0 the function u is C* and the
next computations are justified.

Step 1: Transformation of the equation. Set u = v—? where § is a nonzero real number to be
chosen. Then

2
|VU| + |5|q—2 B,Ul—q—ﬁ(p—i-q—l) |VU|q
v (2.36)
= (1+8)= + 81" oz,

Av=(1+p)

if we denote z = [Vo|? and s =1 — ¢ — B(p+ ¢ — 1). We recall that
1
iA |Vol? = |D2fu‘2 + (VAwv, Vo).
Since

2 12 1 2 1 2732 2(qg—1), 2s -2 5 s—1_241
|D 'U| EN(A'U) :N<(1+B) U—2+,8(q )U 2q+2(1+,8)‘,8‘q B'U 22+>,

we get

1 1 2 2
“Az>— | (1+ 5)2Z— + Ba=Dy220 4 9(1 4 B) 8|92 s~ Laa ) — (1 + 5)z—
2 N v2 2

(2.37)
+ 5|82 Bus—lza+l 4 (14 5)@ + g 131972 ﬁvsz%_1<Vz, V).

Expanding the expression we obtain

1 1 22 1) 9 —2 o sl 941 22
§A22 ¥ <(1+ﬁ)2§+ﬁ2(q D229 +2(1 4 B) 8|72 fv* 122t > —(1—#5)@—2
+ 5|77 preTlaat 4+ (14 5)@ + 3181772 Burzd (2, Vo),

which can be re-written as

_%AZ + <% -1+ 5)) i—z + %ﬁz(q_l)v%zq + <72(1; b) + 3> 181972 Bus—1 23+
+ 1+ ﬂ)m + % 18|72 Bv* 221 (V2, V) < 0.

(2.38)
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Next we set z = v~Y for some parameter ), then
—Az = YA — AN+ D)o~ P72y 2 4 20 M H(VY, Vo) — 0T A AY.

Since Av = (14 B)2 + 8|7 2 fv*2% = (1 + B)o 1Y + 6|72 B3 Y# we use

22

02

—I2\— _ — g I R WP, B
v 2\ 2jr2’ ,U2szq U2s )\quq nd Us 121—1—2 Us 1-X 5 jrz—l—l,
v

and get
Az = AB = Mo PY2 A B9 s A Y L 4 od A (VY V) — 0 AY.
Reporting into (2.38) yields

0> %(ﬁ _ )\)U—2—2Ay2 + % |B|q_2 Bvs—l—k—%y%—i—l + )\’L)_)\_1<VY, VU> _ %’U—)\AY

(1+B)? _on 2(1+ ) —2 5 s 1-A-A g4
+<T_(1+5)>’U2 2Y2+<T+S>|ﬁ|q Bu Yzt

+ %ﬁ2(q—l)v2s—)\qu + (1 + ﬁ) (U—)\—1<VY" V’U> o )\,U—2)\—2y2)
+ g 1819723 (us—%f%—l(vy, Vo) — AUS—H—%YH%) ,

which can be re-written under the form

1y (1+5)? A —2A—2v,2
—5Y AY+<T_(1+@_§()\+B+2)>U Y
N 2

< — (18172 BoF YA + (A + o1 (VY V).

n <2(1 + 5) +s— >\(q - 1)> ’/B‘q—2 Bvs—l—A—% a+1 + %52(q—1)v2s—)\qu

Multiplying this relation by v* yields

1 (1+ B)? A “A—2v,2
—§AY+< L (14 8) - SO+ 5 +2) ) oY
+ (2(1; B) +5— )\(q2— 1)> |ﬁ|q—2 5U5—1—%Y%+1 + %52(q—1)v2s—>\q+>\yq

< (g i e A 1) (VY, Vo).

Step 2: Estimate on'Y . Let €y € (0,1). For any € > 0 one has

1|vYy)?
< —

—A—2y2
Y~.
S i v +ev

(VY, Vo)
v

14



Taking € = 2, we get

PESIE

VY,V A+ 1)2 VY2

'(A+1)< V0| QHDRTTE |y
In the same way, with € = q\lee‘?*l’
1 |[VY 1 |VY|?
v EPY Iy, W>‘ - US—%HY%—W‘%_'\V/?' < PRy WY' ,
and 1 1 )
_ 95102 5, 5-2 42y 21 < €qlBl" asagaayg , 41817 VY]
5 181177 BT TY2THVY, Vo) < ———v YIS

We infer

2 _

—%AYJr <7(H]_Vﬁ) —(1+8) - A(5+A;2 60))21_)‘_2}/2
2(1 + AMg—1 9, g1 g
+ ( ( ¥ /8) +5— (q2 )> |B|q 2ﬁ’U 1 2qyl+g (239)
52(11_1) 25s—Ag+A\vq |VY|2
— <

+ ( N € |V Y9 < C(EO) y

with C(eg) = ((Azwz n qﬁﬁ‘éﬁ”) L. Next we put
1 2 2 —
H:<( +5) _(1+5)_A(ﬁ+)\+ 60)>,U—)\—2y2
N 2
_ 2(g—1)
I <2(1]‘\|[‘ 5) +s— /\((]2 1)) ‘B’q—2 ﬁvs—1—§yl+% + <5 ¥ - 60> U2s—)\q+qu7

and consider the trinom

(a-1) B
T (t) = <52q ' —60) 2y (2(1+ﬂ) e A(qz 1)> 872 it

N N
2 —€
+<(1J]rvﬁ) _(1+5)_A(6+A;r2 0)>.

If its discriminant is negative there exists @ = a(N, p, q, 3, A, €g) > 0 such that T, (t) > a(t?>+1),
hence

H>a (U—HW + vzs_)“”)‘Y‘]) . (2.40)
Assuming A # —2, we introduce
2s —Aqg+ A 2B8(p+q—1)
_ g 2P ta—l) 2.41
S 1 A2 (241)
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then, if $ > max{0,1 — ¢}, we have 224 > 1 and

SH+1
Y2 % Y2
2o4e _ TOLHAS . e A+2)Svrq _ 25— Ag+A
YSH_<W> v S+ YSHSW—H}( )Yq—m—l—vs Ty,
From this we infer the key inequality
VY
—AY + 2aY 5FT a2y < 2C(eo)‘ v ‘ (2.42)
Using Lemma 2.4, we derive
_2(5+D) _2(s+1)—A(q—1) _o4 24M(@29)
Y(0) < cR S+a-1 =cR sta—1 =cR BlpFa—1)
from which follows
(2+M)(2-q)
‘Vu 2“( )‘ < w s (= f) (2.43)

from which it stems inequality (1.8) in Theorem B with a = A;éz > 0 from (2.41). In what

follows we shall see that under the assumptions of Theorem B we can always choose such 5, A

Step 3: Study of the trinom T,,. The discriminant of the trinom T, is a polynomial in its
coefficients. Hence it is sufficient to prove that the discriminant of T is negative to derive that
the same property holds for T, for ¢y small enough. If

To(t) = 32(a=1) 2o <2(1 +5) s )\(q2— 1)> !ﬁ\H 5t

N N
(1+ B)? AB+A+2)
(B - - 22D
its discriminant D verifies
~ 2(1+ B) Mg—1)\> 4 ((1+p)? AB+A+2)
2(l-9) ) — _ _ = _ _
B D < Nt 5 ~ N (1+8) 5 .
Usmgﬁ—kl—m_;sl we obtain
2
21-q)py _ o 471 4(p —s) 2-q)  22(A+1
B D <s A +N(p+q_1) s+ )|+ =
SIDCGS—W s—/\q%l:()‘?)s,hence
2¢2 22
5200 p = (A +2)°S N 4 _(A+2)°S N p—l—& (A+2)S
4 N(p+q-1) 4 2 2

+< - A(q2—1)> </\42-2>} . 2>\(>]\V+ o)
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Set Q=p+q—1and D; = NQB?'~9D, then

Dy = (A +2)? (NTQ—1>S2+2<p—1—¥> A +2)+ L,

where miraculously,

L=02p+AX1—-q)(A+2)+2XA+1)Q
= QN +p(A+2)2 > 0.
So we require that A + 2 # 0 and set ¢ = ALH; equivalently £ # 1 and A + 2 = +2,. We obtain

1-¢°
NQ
-1
4

D,

Dy(S,0) = EEIE = <

So we are led to find £ # 1 and S > (1 — q)+ such that Dy(S,¢) < 0. Indeed, S being fixed,
D5 is a trinom in ¢:

> S2 4+ (p—1-Q0S + QL +p. (2.44)

Ts(l) := Do(S,€) = Q? — QSt + <NTQ - 1> 5% — (1 —p)S+p.

In order that Tg(¢) < 0, we require that its discriminant is positive, which reduces to the
condition

H(S) := <1 — (N_Tl)Q> 52+ (1-p)S—p>0. (2.45)

(i) We first assume Q < ﬁ. Then we choose S large enough such that H(S) > 0 and
S>2>(1—-¢q)s. Then we fix ¢ = g so that £ > 1 and all the conditions are fulfilled.

(p+1)2
(N=D)p

(ii) Next we assume p < 1. Note that our assumption @ < is equivalent to

d=p+1)?—p((N-1)Q —4) >0 (2.46)

where d is the discriminant of H. It particular it holds if Q < ﬁ. Next we assume @Q > ﬁ.

Hence the coefficient of S? in H(S) is negative, and H has two positive roots. Then we take S
as the half sum of the roots, i.e.

2(1—p)

S:S(]::m.

(2.47)

We have still to check that Sp > (1 — ¢)+. This is clear if ¢ > 1. If ¢ < 1 we get from (2.46)

2(1—p) 2p p(2—q)+Q -

S —l=—— 2 —1> " -1= 0.
0 (N—l)Q—4+q TR 1—p
At end we choose ¢ # 1 close enough to % so that all the conditions are satisfied (always with
a=—2t2>0) O
= -2 .

Remark. In the case Q < ﬁ, we have fixed some £ > 1 so that A+ 2 < 0 and then 5 > 0. If
Q< %, a much simpler possible choice is A = ¢ = 0 so that 5 < 0.
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Proof of Corollary B-2. Since 0f) is smooth, there exists dy > 0 such that for any z € Q
verifying dist (z,09Q) < do, there exists a unique ¢, € 0 such that dist (z,00) = |z — (,|. If
dist (29, 09) = do, we denote by n¢, ~the normal inward unit vector to 0 at (,, and we set
Ty = tngzo, 0<t<dy By (1.8),
2—
|V ()| < ext ™ T,
hence

af,.y _ ,a @ —l-a 0
[u(xzy) —u(z0)| <c1 | s pra=1ds.
t

This implies

cifp+q—1) 4 2=

calp+qg—1) —q-24
t Ut T = uf(z) + —————t
a(2 —q) (z0)

u®(ze) < u(z0) + @D (dist (¢, 0Q)) “FFa-1 |

If a > 1 it yields

-1 s
u(z) < u(zo) + % (dist (g, D))" FraT |
while, if 0 < a < 1 we can only obtain
-1 __2-g
u(zy) < e <(u(zo) + % (dist (z;,09)) piql) )
In any case we derive (1.9). 0

3 Global solutions

3.1 Radial solutions

In the next theorem we characterize all the positive global radial solutions of (1.1) in RY. We
can always assume that the solutions are radial with respect to 0.

Theorem 3.1 Assume p,q > 0 such that p+q—1> 0. If ¢ > 1 the only positive global radial
solutions of (1.1) are the constants. If 0 < q < 1 there exists positive global radial solutions if
and only if

q

p(N—2)+q(N—1)2N—|—2;

o (3.1)

9 _
Furthermore, if p(N —2)+q(N—1) = N+ 1_(] there exists a one parameter of solutions under
—q
the form
_(N=2)1=q)

(2% 2 g\ Ta (N —2)0 !

ue(r) = ¢ <Kc(1\i2)%1q) + Tﬁ) with K = m (3:2)

18



Proof. The radial form of (1.1) is the following

N -1
Py — S = WP 7, (3.3)
T

and «/(0) = 0 since any solution is C2?. Thus u can be written under the form

u(r) = u(0) + /Orsl_N/Osup(t) |, ()|t L dt Vr > 0. (3.4)

If ¢ > 1, the solution satisfying «(0) = a > 0 is the unique fixed point of the mapping v — T [v]
defined in the set of functions in C([0,ro]) with value a for r =0 by

THl(r) = a + /OTSI_N/OSUp(t) (Lt e >0,

Clearly T is a strict contraction if 7o > 0 is small enough. Since u = a is a solution in R it is
the unique one.
Hereafter we assume 0 < ¢ < 1. As we have noticed it in the proof of Theorem 2.3 we can
write (3.3) under the form
Ay u+ (1 —quf =0, (3.5)
where Al is a m-Laplacian in dimension v applied to radial functions. An important critical
value of p is the following

vim—1)+m (N—(N—l)q)(l—q)+2—q'

= = 3.6
be v—m (N—2)(1—q) (3:6)
For this specific value there exists an explicit family of ground states
o mew 2 g\ —=20-0)
uce(r) :c<KC2—|—rm>m+y :c<KC2—|—rﬂ> v (3.7)
where ¢ > 0 and
v (N—2)(¢—1)
_m? _m_\ m _e-q? 2-gq —q
uc(r) =c (Kcvm + rm1> =c <K0N2Q(N+2) + T1q> ) (3.8)
with
1 v—m\'"™
K== ) (3.9)
vi\im-—1
Set

m/ p+1 m r (3.10)
— pN=(N-1)q (1-4q) ’ur‘2_q wPtt (N =2)(1 = q) Ju | ", .
= - + .
2—q p+1 2—q r

19



Then

_ v v—m
Fi(r)=rt <p+ T >up+1. (3.11)
We notice that F), = 0 if an only if p = p., F, > 0 (resp. F), < 0) if and only if p > p. (resp.
p < pe). By [2, Th 5.2, 5.3], if p < p. all the solutions of (3.5) which have a finite limit at 7 = 0
oscillates around 0 when r» — oo. Hence there exists no ground state. By [2, Th 5.1], if p > p,

for any o > 0 there exist a positive solution u of (3.5) in RY satisfying u(0) = a. O

3.2 Proof of Theorem C

Step 1: Integral inequalities. The aim of this paragraph is to prove that under the assumptions
(1.10) the gradient of any nonnegative solution u of (1.1) in whole R is null. The method is
an extension of the one developped in [10], [5], in the sense that we still set v = v™? and v
satisfies (2 — 1), and z = ]Vv]z. The main novelty is that we multiply the equation satisfied by
2 by v*2° where e > 0 and \ are two real parameters (in [10] and [5] they have chosen e = 0).
The algebraic computation is heavy and we present a very technical part of it in Appendix.
Furthermore, since the exponent e is going to be smaller than 1, we have to replace z¢ by f(z)
where f is a smooth approximation and to consider many equations in the weak sense since u,
and hence v is merely C?7 if 0 < ¢ < 1. We start with the following Weintzenbock inequality
already used in the proof of Theorem B, but taken here in the weak sense,

2
/RN <%<Vz, Vo) + (A]\Q;) ¢ — Av({(Vv, Vo) + (bAfu)) dz <0,

for all ¢ € CH(RY), ¢ > 0, hence

/ <3<Vz, Vo) — YL an)? — Av(w, v¢>> dz <0, (3.12)
RN 2 N
We choose ¢ = v* f(2)n where n € C3(RY), n > 0 and f € C1([0,00)), f > 0 and get

A N -1

E/RNUA_lf(z)MVU, Vz)dx + %/RNUAf’(z) V2| nda — T/RN(AU)%)‘f(z)ndx

- )\/RNU)‘_l(Av)f(z)zndx — /RNU’\(Av)f’(z)n(Vv,VzMx (3.13)

< —%/RNU’\f(zXVZ,dex +/R UA(AU)f(Z)T]<V’U,VZ>d$.

N

This inequality proved with regular functions v and f is extendable by density to v € C2(RY)
and f locally Lipschitz continuous. We apply this relation to the function v which satisfies (2.36)
in the range 0 < ¢ < 2, § € R\ {1} and where s = 1—q— 3(p+¢—1). We consider the different
terms appearing in (3.13) with the help of (2.36).

Y= / (Av) f(2)n(VoVz)de = (1+ 8)S1 + |B]972 5,
RN
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with

¥ = —/ 2f () 'n(Vo, Vn)dz  and Sy = —/ 23 f'(2) oo (Vo, Vi)da.
RN RY

Then
¥ = —/ NN Vo, zf'(2)V2)dx
RN
= —/ n(v 1V, V(g(2))dr where g(t) = /tsf/(s)ds
RN 0

= —/ (v’ 1V, V(ng(2)))dx +/ v g (2)(Vv, Vn)dx
]RN

RN

:/ ng(z)V.(v’\_IVv)dx—F/ v 1g(2)(Vu, V) dx
RN

RN

=(\— 1)/RNU’\_2ng(z)zdx + /RNng(z)v’\_l(Av)da: —i—/R v Lg(2)(Vv, V) de

N

0= [ P wg(e)ade+ (14 8) [ nale)en s

\qu_2 ﬁ/RNng(z)z%vA_Hsdaz—i—/R v 1g(2)(Vu, Vn)dz.

N

Similarly,
Yo = —/ (W5, 23 f/(2)V 2)nda
RN

= —/ (vV’M3Vo, Vh(z))nde  where h(t) = /tsgf’(s)ds
RN 0

= —/ (VMEV, V(nh(z)))dx —I—/ vA1h(2)(Vo, V) dx
RN RN

=(\+ s)/ V™ML h(2)nde —I—/
RN R

=A+s+5+ 1)/ VML (2)nde + | 872 5/ V2523 h(2)ndw
RN RN

v)‘+5(Av)h(z)77d:E+/ v™Eh(2)(Vo, V)dx

N RN

+ / V™ 3h(2)(Vo, Vi) da.
RN
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Next we compute the term

A

0; = §/RN’U)‘_1f(Z)’I’}<VU,VZ>d$

— %/RNU)‘_In(Vv,Vj(Z»dx where j(t) = /0 fle)ds

=3 [ e 6@ - 5 [ AT s

= —%/RNj(z)n (v)‘_lAU + (A — 1)”)\_22) dx — _/RNUA_lj(ZXVUa Vn)dz.

Finally we compute

1 1 .
02— [ 1Tz Vado = 5 [ AV((2). Vi)
= —g/RNU)‘_lj(Z)<VU,V’I’}>d$ — %/RNU)‘j(z)(An)d:E.

Carrying forward these estimates into (3.13) yields

A= 1)/ v 72j(2)zndx — i/ (Av)o*1j(z)ndz + 1/ A (2) V2| nda
2 RN 2 JrN 2 JrN

ANl (Av)20 f(2)ndx — )\/ (Av)v 1z f (2)nda

N ]RN ]RN
1+ B+ B) / P 2zg(2)ndz + (1+ B) 18728 / A1 g (2)nde
Ry Y (3.14)

+WWQMB+1+A+g/

VS L2h(2)ndx + 5201—1)/ fu)‘+2z%h(2)ndm
RN

RN

= /RN <*J’ (2) + f(2)vAv — (14 B)g(z) — |87 5v1+8h<z>) AUV, Vip)d
—/ v j(2) And.
]RN

Next we fix e > 0 and choose f(t) =t if e > 1 and, for 0 < € < 1, f(t) = fe(t) = min{t®, 1t}
if 0 <e < 1. Then f. is locally Lipschitz continuous. In order to let ¢ — 0 in (3.14), replacing
f, j, g and h respectively by fe, je, g and he we notice that

e

1+e h
1—|—€Z  he(2) 1

fe(2) 1 2%, ge(2) 1

Since v f/(2) |Vz|? 1 converges a.e. to v*2¢~1 |Vz|> 7 we derive by Fatou’s lemma

/ 2V pde < liminf/ M f(2) |V pde,
RN e—0 RN

22



which may not be finite. All the other terms in (3.14) converge by Lebesgue’s theorem, hence

AA-1) A—2 24 1 / A-11
- enda — A 1 A +end
(14‘6)/RNU z*Tendx 2(1+e)+ RN( v)v Mz Tendr

2
N —1 1
+ g/RNv’\ze‘l V2|2 nda — N /RN(Av)szzendx + el +15_)|_(2 +5) /RNU)‘_22’6+277d$
g2 5 (Bt De 2B+ 1+A+s)e / Mps—1,8+14e, g
g (L0 2ELLIARS) [ ettt
2(¢—1)
%/ ’U)‘+28Zq+e’l’]dﬂ;‘ < My,
q + 2e RN
where
22— (1+P)e el 1 1
My= ——7-——~— +e dy — —— A +e And
0 T+e /]RNU 27TV, Vn)dx T+e RNUZ ndx
2¢|B|97°
+/ (Av)v*2¢(Vv, Vn)dz — 2e|B 8 VA2V, Vi) de
RN q + 2e RN
<c¢(M+ L+ R),
with

M:/ v e | An| de L:/ v)‘_lz%+e|V77|dx
RN RN

R:/ T B |Vn| dx;
RN
Here we use [(Vv, V)| < 22 |Vn| and the value of Av given by (2.36) in order to have
/ (Av)v*z¢(Vo, Vi)dz < (14 B)L + |8]? R.
RN
Set

a
G = oAy~ 1te ’VZ‘Q nde, P = UA—1+321+2+endx
RN RN

F = U)\—2Z2+endx , U= U>\+2szq+endx.
RN RN

We replace again Av and (Av)? in the left-hand side of (3.15).
/ (Av)o L2 ende = (1 + B)F + (8|92 8P,
RN
/ (Av)* v 2t nde = (14 B)°F + 24"DU +2(877% (1 + B)P.
RN

replacing these terms into the left-hand side of (3.15), we obtain

§G+AF+]ﬁ\qBP+CU§M0
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(3.15)

(3.16)

(3.17)

(3.18)

(3.19)



with

(N1 + ) LA+ B+ 5
N 1+4+e

1+
A+ ) 1+8  A+p
s A ()

1 >_2(N—1)(1+ﬁ)+e(1+5)+2e(5+1+)\+s)
2(1+e€) N l1+e q+2e '

2e N -1
— g2(a—1) _
C=F <q+26 N > '

and

Next we take e = (Ngl)q so that C' =0, if ¢ > 0 and e > 0 arbritrarily small so that C' = 62(;;1)

if ¢ =0, i.e. %zland

1 1 >+€(1+5) (N-=1)(Bp+ (B+1)q)
1+e N

BB:_)\<N+2(1—|—6)

by replacing s by 1 — g — B(p + ¢ — 1). Next we introduce § = —% and y = , hence

B:5<%+2(11+e)> +y<1j—e _Q(NN_ 1)> _p(NN_ 2,

48
B

Step 2: Study of the coefficients A and B. Our method is to choose the real parameters § and
y in order to ensure A and B to be positive. We set

m=30— 2+ (N —-1)q)v. (3.20)

In the sequel we keep the parameters y and m as variables and eliminate 9.
(i) Condition A > 0. We define

E(m,y) = —=(2+ (N = 1)g)Ag

_ (N_1)(Nq-|-]1\?(2+(N—1)Q)y2+2(1+(N_l)q)(m—l)y-i-m(m—l)-

In the (m,y)-plane the set of points such that £(m,y) = 0 is a conic. Its points at infinity in
the associated projective space P3(R) = {(,m,t)} satisfy, with £ = 0,
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which is always negative since N > 2. Hence £(m,y) = 0 is the equation of an ellipse, and it is
easy to check that

. 2
{(m,y) e R*: E(m,y) <0} C {(m,y) €R?: —]J\\;(_l ;(r]\([N _1){]))(1 <m< 1}. (3.21)

(ii) Condition B > 0. We have
Dp(m,y) =N 2+ (N —1)q) B
=(N+24+(N-1g)m—+2(N+2+(N-1)%q)y—(N—-1)(2+ (N —1)q)p

The condition D,(m,y) > 0 means that (m,y) belong to the upper half plane defined by the
line D, with equation
y=—am+bp (3.22)

where

a_N+2+(N—1)q and b_(N—l)(2+(N—1)q)
- N+24(N2-1)q - N+2+(N2-1)q
The problem is reduced to find the variable m so that the set £(m,y) < 0 intersects the set

y+ am —bp > 0. This means that the second degree equation £(m, —am + bp) = 0 has two real
zeroes. Hence

(3.23)

(N-DWNg+ DTN -V,
N ( ) (3.24)
—2(1+ (N = 1)g)(m — 1)(am — bp) + m? —m

0=

where a and b are given by (3.23). Its discriminant is given by D = —%G(p, q) where G(p, q)
is defined in (1.10). The condition reads G(p,q) < 0. If ¢ = 0 we obtain p < %, which the
optimal condition obtained in [10]. More generally the condition on p is

b))+ /(@) + 4N (N —1)2¢+ N — 2)
P <pelq) = S(N 120N _2) : (3.25)

Step 3: Elimination of the right-hand side. Since e < 1, in order to estimate U in (3.18) we set
Ye(z) = min{z2t° e3te12) if 1 +e<1andy(z) = Zate if 3 +e>1. We multiply (2.36) by
v 3y (2)n and get

87 [ o Pstnande < Mka= -1 [ o (e + \ /R () (e, V) | do

_l’_

/ M (2)(Vv, Vi)dz
RN

There holds by dominated convergence

lim
e—0

/ Ve (2)(Vo, Vi) da
RN

+1
< /NU’\+quT+1 |Vn|dx = R.
R
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We recall that f.(z) = 2¢ if e > 1 and f.(z) = min{z%,e* 'z} if e < 1. By Cauchy-Schwarz
inequality
A
A v2yl(2)y/z
dr < / 02 |Vz|\/ fl(z) ————=—ndx
RN VIL(z)

A28 (A0 (5))2
cof DO g s
RN fé(’z) @ RN

/ AL (2)(Vo, V)
]RN

We have already seen that there exists
lim N V2 f(2)nde = e/ M V2 257 nde = eG < .
e—=0 JpN RN

Considering separately the cases 0 < e < % +e<l,0<e<1<L % +eand 1 <e< %—i— e, we
obtain, after some computations,

A+2s 2 2 2
[ PGS G [ ey @2
RN RN

lim
e—0

This yields

(=) M= T e 4e
a(g + 2e)?

Bl 'U <A +s—B—1P+R+ "

4
U+ EEG. (3.26)
Choosing e > 0 small enough we infer
U<c(P+R+QG), (3.27)

for some ¢ > 0 depending on the parameters.

From now we assume that the conditions on N, p and q which ensure the positivity of Ag and
By are fulfilled, and that in this range of values we can find m such that

—2—(N—-1)g<m<0. (3.28)
Combining (3.27) with (3.16) and (3.19) we derive,
G+P+F+U<c(M+L+R), (3.29)

for some ¢ > 0 depending on N, p, 8, A, § and q.

The method is now to absorb the terms M*, L* and R* by F', P and U by a repeated use
of Holder’s inequality. Following the method developed in [10] and [5] it is simpler to return to
the original function v and the original exponents, and for homogeneity reason we set n = &"
(k > 0). Hence (3.29) yields

G+F+P+U<c(M+L+R) (3.30)
where
(Z) F = / um—2 ’VU‘4+26 é%dl' _ / um—2 ‘VU‘4+(N_1)Q Sﬁdx
RN RN
(i1) P= / w12 ey — / wm P | PN gy (3.31)
RN RN
(@) U= | w2 |Vu*""* ¢rde = / w2 [N R gy
RN RN

26



and

(i 3= [ (vu (glag + [Ve) 2
]RN

(i) f:i/ ™ |Vl | Ve €5 dae (3.32)
]RN

(iii) R = / umP |V T2 | we| e
]RN

Absorption of L. Using Hélder’s inequality we have

T — a, m—1—A B ~v,,A 3+2e—B K—l—a—y
) /RN (coum=1-419ul) (1t |vul28) (¢ Ve]) da
< / o m=1=4) || dy + / erutt | Vul O ) dg
RN RN

_|_/ 620(/@—1—(1—7) ’V§‘20 dl’,
RN

with 1 1 1

-+ -4+ —=1. 3.33

0 + t + 20 ( )
We choose the unknown exponents so that L < F 4+ P+ terms in &. We find

e m—i—p—l7 B_ 4+2e7
t 0
for the exponents of |Vul,
a:g, v = — and /izl—l—g—l—%:QO',

for the ones of £ and
O(m—1—A)=m—2 and t(3+2e— B) =q+ 2¢ + 2,

for the ones of u. Eliminating A and B leads to a linear system in ¢ and 6,

m+p—1+m—2

/ g - mol
5o 4o (3.34)
g+otze + T 3+ 2e.
t 0
The direct computation shows that
I m+ 2e + 2 1 (1-m)g—1)+@B+2e)p (3.35)
t 2-gm+2(2+eptate)) 8 2-gm+2(2+ep+ate) '
hence 5 o ((o
Y 2-@mE2(2+eptate) 50

p+qg—1
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We set Y =20(p+q—1)) = 60X, hence
Y=(2-¢m+(N—-1pg+4p+ (N+1)q
and
X=(1-m)(g—1)+ (N —1)pg+ 3p.

First we check that under (3.28) Y > 0. Indeed we have
Y=2p+q¢-1)=2-gm+(N—-1pg+2p+ (N —1)g+2

(2—=gm+ (N —1)pg+2p—m (3.37)

(I =q)m+p2+ (N —1)q),

vl

from (3.28). If 0 < ¢ < 1 the right-hand side of (3.37) is larger than (p+¢—1)(2+ (N — 1)q)
which is positive, while if ¢ > 1 and m < 0, the right-hand side is larger than m(1 —p—¢) which
is nonnegative. Next we check that X > 0: if ¢ > 1 this is clear by (3.28). If 0 < ¢ < 1 we have,
also by (3.28),

X>-B+(N-1)g)1-q)+(N-1)g+3)p=B+(N-1)g)p+qg—1)>0.

As a by-product we derive that 6 and ¢ are positive and therefore larger than 1 because of (3.33).

Absorption of R. We introduce new parameters A, B, t, § in order to absorb R by P+ U+ term
in &.
R= / (grum 72 1vu”) (€0t [u 2P (g1 V) da
RN

< gl fmtp=24) |7y dy + / gyt |y |tlati+2e=B) g,
- RN RN

+ [ gt veas,
RN
with ¢,60 and o satisfying (3.33). Hence

(m+p—A0 =m+p—1
BO =q+2+2¢

At =m+2p (3.38)
(g+1+42e—B)t =2q+e.
o 12 +p—1
m m -
pomtp-1_ .
t 0
2q+e + 24 2e
a + 1 =qg+1+2e
t 0
Mutatis mutandis it yields, always with o = 2k given by (3.36),
1 m(l—-g+2(e+l)p 1 m+p+qg+1l+2e (3.39)

Y Tt Y ’
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where Y is unchanged. Condition (3.28) implies m+p+¢g+1+2e > p+g—1> 0, hence t > 0.
Furthermore

m(l—q¢)+2(e+1)p>m+2+2e)(1—q)=m+2+(N—-1)¢)(1—¢q)>0.
which implies 6 > 0 if ¢ < 1. If ¢ > 1 and since m < 0, then
m(l—q)+2(e+1)p>2e+1)p>0,

which again yields 6 > 0.
Absorption of M. We set

M, = / u™ |V AL ¢ da
RN
= [ (e 1wul®) (et (95 (10 g
RN
< [ g4 || da + / grutA |l P28 dg
RN

RN

+/ 620(/@—1—04—7) ’AS‘U da;,
RN

with 1 1 1
424 =1, 3.40
STt (3.40)

If we try to absorb M by F + U+ term in &, we obtain

(m—A)f =m—2

BO =4+ 2e
At =m+2p (3.41)
(2+2e — B)t =2q+ 2e.
We find
1 _md-—g)+2(e+1)p 1 _m+2+2e (3.42)
0 Y Tt y '

Clearly (3.40) holds and conditions m(1 — ¢) + 2(e + 1)p > 0 and m + 2 + 2e > 0 are
satisfied under the same condition as for the treatment of R. The same proof works for

Mgz/ u™ | Vul*T Ve ¢ 2d
RN

Step 4: End of the proof. It follows from Step 3 that there holds for any nonnegative £ €
C5(RN):

T+F4+T < 03/ (1ae" +|v&f*) da. (3.43)
RN
Assuming £ has support in By and applying (3.43) to &g : @+ £(%), we derive
L+F+U< 03RN_2"/ (18e" + V&) da. (3.44)
B1
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Hence, if 20 > N we infer L + F + U = 0 by letting R — oo. It remains to prove that such an
estimate holds. The condition 20 > N is equivalent to

m(2—pg+ (N —1)pg+ N +q> (N —4)p, (3.45)
or, equivalently,
2—q)m+24+(N—-1)¢g) > (p+q—1)(N—-4— (N —1)q). (3.46)

Since the left-hand side is positive by (3.28), this inequality holds at least when

N=34o0r N>5 and qzxif (3.47)
The general proof of (3.28), (3.46) is technical and given in Appendix. O
4 Separable solutions
In the sequel we set n = N — 1, and consider a more general equation on S",

~Aw+ pw = wP(y2w? + |V’w‘2)%, (4.1)

where v > 0 and p are parameters and A’ and V' are respectively the Laplace-Beltrami operator
and the covariant gradient, which can be assimilated to the tangential gradient on S™. Notice
that if > 0 there exists a constant solution w, to (4.1) given by

ﬁ
wy = (%) . (4.2)
4.1 Uniform bounds: Proof of Theorem D

We set a Vb = max{a,b} and a A b = min{a,b}. By integration on S™ and Hoélder’s inequality
there holds

_1
m |S"|pﬁgl </ wp+qd5> e > ,u/ wdS :/ WP (V2w + |[V'w|?)2dS > 7‘1/ wPt4dsS.

Hence .
p+q—1 1
folloes < (5) 77 157155 (43)
Therefore
1
P+a\ prq—1
i wis = [ w4 |ul?ids §<M7q ) s7]. (44)
n Sn
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For ao > 0, we also have

/ whte (72w2 + |V’w|2>% ds = / <awa_1 |V'w|* + ,uwo‘H) as
n gn

as?
—/‘A(a+1)/ (‘V,

> Cl (lu /\ (a+l > ”CUH n(a+1) 9

+ (w“T“)2> ds

using Sobolev inequality in H'(S™). Furthermore, by Hélder’s inequality,

a+1

Viw 2

a 2\ %
/ whte (V2w2 + !V’w!2> *dS = ) dS
n Sn

2—q a
<A1V (125 </ w22p+f+ad5> 2 (/ <‘V’WQT“ 2+(w“71>2> d5>2'
[

Jointly with (4.5) it yields

p+a+q1*7a 2 atl g 4
w 7 (w2 )+ (a+1)?

It implies

2 o ZT‘Z 2
+ (w%lf) s < (’Y v H%) B / wia s,

HWH n(a+1) = ©2

2q
o+l o (YWVW(ad+a)h Zq/ o
= pAala+1)"2 n '

We define the sequence {ay} by

2 i+l it ~1
pta, Mt o et opta-l

2—q n—2 n—2 2—q

The value of oy > 0 will be made precise later on. The value of «y, is explicit:

= (5 (a1 - ETEDO=D) Gra- 02

Notice that since (n — 2)p + (n — 1)g < n, then 1 — % > 0. Asymptotically

n

ap+1=AF4+0(1) with £ = 5> 1
n J—
We set Xj, = ||w|| n(ay+1 , hence (4.8) reads
L n—2
2e \
—1\ o2 \ ok
X, < (7 \ (1 + Oék) )2 4 X;'i‘l @ T)L(qak1+1)

SN ag(oy +1)72
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(4.6)

(4.7)

(4.10)

(4.11)

(4.12)



Because of (4.11),

(7 V(1+ ak)—l)fqu

2q
< Chatyza
ihaglag + 1)z T

1
(yv(1+ ak)_l);qu o

= | C
2N aglog +1)2

_1 2q
< O, P 4 TFe =9

provided ag > ¢y > 0, hence

ptg—1

1 _pta-1
X < Ok y e x, 1 E e (4.13)
Next we construct by induction an increasing sequence I'j, such that
__ 9
Xj—1 < Tpry pra-t. (4.14)

Then (4.14) holds at the order k with

1 +gq—1
142555

[y, =0, v, [0ty (4.15)

)

and I'g will be fixed later on. We can assume that Cy > 1, therefore {I'y} is increasing. If we
put 0 = InTg, then

p+q—1 A < B )
InC 142 [ 1 0,
. 4+< + (2—q)(0zk—|—1)> e P S w

Put 0, = 0), + 4, then

k
~ B ~ ~ ~ B
e 1 _ == 1
0y ( +1+Oék>9k 1 = 0y 90||< +1‘|‘Oéj>

O =

1+ oy

j=1
Finally
k
A B A
0. =16 — 1 - — 4.1
k <O+B>j1;[1<+l+aj> B’ (4.16)
This infer that there exists
'™ = klim T. (4.17)
— 00

By standard linear elliptic regularity theory with L' data and (4.4),

Wl 2500 + V'@ 2700 < C5/ (wf”(fy2w2 +|[Vw)? + ,uw> ds
Sn
(4.18)

1
Mp+ﬂ prqg—1
v > 57

§205<
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where in L™*° denotes the usual Marcinkiewicz spaces (or Lorentz spaces). For any 1 < 7 < -7,
there exists Cg = C(n,7) such that
Ln’ll ,oo) ’

e < Co (Il g + ([ V']

and by Sobolev inequality
[wllz-~ < C7l|wllyrr

where £ =1 — 1 Since n(p — 2) + g(n — 1) < n is equivalent to 22p—_+qq < 5, we can take
—1
1= <% + oq) + 1 for some oy > 0. Using (4.9) we define the initial data of {ay} by
2p + n(ag +1
Pt Mot
2—q n—2
and we derive )
[P 7T
Xo = 1l oazn = ol gy < G () (4.19)
Finally, we can fix
600 = P g C PiZzl
0 SH )
and derive from (4.16)
I = 09690% Hﬁo(l—l_%) — Cloupizzlg ;.;0(14_%) (420)
with . 5
Ao (4 B y_A STI520 4+ 157)
Co = B IL=0r ) =5 g c10 = 0908B S
Since .
wll e <7y PFaIT™,
the estimate follows. O

Remark. We conjecture that the best exponent a is equal to 1 and

1
nmumgou(g)“q? (4.21)
Notice that there always holds
1
néilnw < <%> e < nﬁxw. (4.22)
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4.2 Rigidity and symmetry
Theorem 4.1 Assume vy, p >0, p+q—1>0 and w is a solution of (4.1) on S™ such that

(i) Y+ Vel < & if p>1), e
(i) 3 <y + |Vl < & if 0<p<1), '
for some c1,c5 > 0 and set
C1 pr 2 17
Cyx = p—1 q (424)
eyt tepratt if0<p<1.
If ¢* satisfies
2
el < (n+p) — (4.25)
vy P+ 2(p+ gy P
then w 1s constant.
Proof. If w is a function defined on S™, we put
I L (o)dS
w=——[ w(o)dS.
|S™[ Jgn
If
q
—Aw+ pw — |wP rw(w? + [V'w]?)2 =0, (4.26)
we have

— A+ po — |wPlw(y2w? + [Viw[2)2 = 0.

Since w —w = 0, W in the orthogonal projection in L?(S™) of w on ker(—A’) and n is the first
nonzero eigenvalue, we have

/ (w2 + [V'w)? = wr(r20? + VW) E) (@ - @)dS
Sn

(4.27)

= [ (w022 + V) - a7 + Ve (@ - @)ds
Sn

and

| 8-t pw- o) @-a)ds = [ (V(w-@) + - @) dS
" o (4.28)
> (utm) [ (w-o))as

Set F(X,Y) =|X[""' X(v2X2 + [Y|*)2 and

G={(X,Y)eRxR": 3 <~’X2+|Y]* <3}
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Then
a_1
DiF(X,Y) = |XP (PX2 4 [YP)* (Pt a) X1 +p VP
41
DoF(X,Y) = q|X[PL X (nyX2 + \Y\Q) Ty

If we assume that (w, V'w) € G, we have, with £ = |w —©| and n = |V'(w — ©),

gy TP i p >,
Sup{‘DlF(w,V/wﬂ C(w, Vw) € G} < { ) !

and, since |w||V'w| < %(72(,‘12 + | V'w|?),

Lymperat ey >,
sup{|DoF(w, V'w)| : (w,Viw) € G} < % .
57"’0’2)_ cf it0<p<l1.

/n (n* 4 p&?)dsS < vl‘pC’iﬂ_l/S” ((p+ q)&% + yng) dS.

: :
== </ £2d5> and H := </ 772d5> ,

and recall that ¢, is defined in (4.24 ). Then /nZ < H. We define the polynomials

Set

P(2,H) = H? = 2y P T HE + (= (p+ q)y' el

Z when Z > 0, we have

and, putting 7' =
P(T) =T? = Sy P& T 4 o= (p + gy Pt

Then T > \/n since n is the first nonzero eigenvalue of —A’ in H!(S™).
Next we suppose that P(y/n) > 0. This means

n— g’v"’di*q‘lx/ﬁ +p =Pty P >0,
and it is equivalent to

@7"’\/5 +(+ q)vl"’) KT <t

We have three possibilities:
(i) either Z > 0 and

2
Ty 2D L a(p gy e 2 ap,
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p+or'rd e 0<p<l.

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)



then the polynomial P admits two real roots 77 < Ty and P(T") < 0. Jointly with the constraint
on T' it means
T'<T<T,<vn<T.

Then T = /nT, which implies w — & = 7¢7 for some 7 € R*. This is not compatible with the
fact that w solves (4.26 ).

(ii) either = > 0 and
2
%7—2pcz(p+q_1) + (p + q)ryl_pcllj—‘rq_l < 4# (434)

Then P remains positive, which is impossible because of (4.29 ),

©]

iii) or = = 0. In such a case w = @, w is a constant and V'w = 0. Therefore, if (4.32) holds
w = w which ends the proof. O

Remark. We notice that if we suppose ¢ = 0 in (4.32 ) we find back condition (2.53) in [13, Th
2.2.

4.3 Bifurcation

In this paragraph we are interested in solution of (4.1) which bifurcate from the constant solution

wy, defined by (4.2 ) with p, = ST

Theorem 4.2 Assumey >0, p+q—1>0, and set p, = #. Then there exists a neighbor-

hood O of (pix,w,, ) in Rx CL(S™) such that if w is a solution of (4.1) in S™ such that (u,w) € O,
there holds either (p,w) = (11,0) or >0, (p,w) = (s +€(8), Wy, +5(d1+P(s))) where s — €(s)
is a C positive function defined on [0, 7], vanishing at s = 0 and s — ¢(s) is a C' function
defined on [0, 7], vanishing at s = 0

Proof. We set
L(w) = —Aw + pw — wP(Y?w? + !V’wf)%.

We look for solutions under the form w = w,, + ¢ with ¢ small. Then

Wp(’Y2W2 + ’V/WIZ)% = (wu + @)P (72(‘*)# + ¢)2 + ’V/¢’2>%

q
= Y1+ Lo (14 2o+ B o® + oz Vo)
SN AL (1 + 2o+ %gb?) (1 + Lo+ +4500% + Tz |V’¢|2)
+0(6% + 6 |V'¢)
= gl (1 + ;z%q(b + (p+q)2(£érq—1)¢2 I 27;1%2‘ ]V’¢\2)

+0(¢* + ¢ [V'¢]%).
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Then, because of the value of w, and 7,

L(wp+¢) = —A¢ + pwy + po — ™ (1 < + By W 62 ot V'l
+O0(¢* + 6 [V'el?)
= Ao+ (- (p+ah™ ) o
_ (p+q)(;;>+q—1),quﬁ+q—2¢2 _ %,Yq—2w£+q—2 ]V’¢]2
+0(6° + 6 |V'6]*).

1
Since ’qup+q = U

Lwy+¢) = =N — pp— (p+q) p+q l)quﬁ+q—2¢2 _ %,Yq—zwﬁ+q—2 ’v/¢’2 .
+ O<<z>3 + ¢ [V'9[).

If

n
+g—1)=n<= =y = ————, .
wp+q—1) S | (4.36)

we can take ¢ = e¢; where € is small and ¢, is the first non-zero eigenfunction (with correspond-
ing eigenvalue n). Then

L(w, +€p1) = —e2wﬁ+q_27q_2 (%7%&% + 4 |V’¢1|2) + O(€?). (4.37)
We want to apply [18, Th 13.4, 13.5, Ex 2 p. 174] and we consider solutions of
~ANw+ pw — [wPlw(2w? 4 [Viw2)2 = (4.38)
depending only on the azimuthal angle 6,, := 6 € (0, 7), which means
—wgg — (n — 1) cotgwy + pw — |w|P~tw(v2w? + wg)%. (4.39)

and denote by CEGZ(S”) (6 € (0,1)) the space of C*9 functions depending only on the angle 6

(and thus radial with respect to the other variables (61, ...,60,-1)). The critical constant solution
wy, is expressed by

= ().
Since the bifurcation point in [18] are taken at (ju,w,, ), we put w = w,, +w and
S w) = =Aw + (@, +w) = @, + 0P @, +w) (7 (@ + w)? + [V'f)3.

Then
Dof(u,0) = =A" = (p+q — 1)ul.

If (p+q—1)p=n<= p= s, then kerDy f(pu,0) is spanned by ¢; : 6 — cos and

R(Daf (11.,0)) = {we O3, /(5™ - wlds:o}.

Sn
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Finally Dy Dsf(ps,0) (i, v) = —(p + ¢ — 1)pv thus D1Daf(ps, 0) (14, ¢1) does not belong to
R(Dsf(ps,0)). Therefore the bifurcation theorem applies and there exists € > 0 a C' curve
s (u(s), d(s)) defined on [—e, €] with value in R x R(Da f(f1s,wy)) such that

(1) 11(0) = pus
(i) $(0) =0 (4.40)
(iid) f(u(s),s(d1 + ¢(s))) =0

Furthermore, there exists a neighborhood O of (pie,wy, ) in which any solution of f(u,0) =0
is either (u,0) or under the form (u(s),s(¢1 + &(s))). Equivalently, any solution of (4.39 ) is

either (p,wy) or is of the form (pu(s),w, + s(¢1 + ¢(s))).
This is this last statement which applies in our case.

In order to see in what direction the bifurcation occurs we set u(s) = ps + € and w =
Wy, + 5(¢p1 + @) where € = €(s) and ¢ = ¢(s). Then, from (4.35 ) with p replaced by pu. + €, we
get

_SA/(¢1 +¢) + My, + €Wy, + Sy (P1 + @)
+se(d1 + @) — VIl — sy Wil T (1 + ¢) (4.41)
Ay

=P+ +a- 11 +6)* +772¢ V(61 + 0)*) + o(s?),

which reduces to

€Wy, + se(d1+¢) +s(=A¢— (p+q—1)p9)

w5 (4.42)
== (P+ D@ +a- D61+ ) + 772V (¢1+ 9)]%) + o(s).
Since ¢ € R(Da f (s, wp, )
¢pP1dS = 0,
st
thus
6/Sn (wu*ébl + S(ﬁ%) ds
) WhTa™252a (4.43)
- %/5 (p+)+a—1)(01+ ) +7%¢V'(¢1 + 9)[?) p1dS + o(5?).

Therefore € > 0 for |s| small enough and the bifurcation goes in the direction of the increasing
L O

5 Appendix

5.1 Position of the problem

We set for simplicity
h=2e=(N—-1)q€[0,2(N —1)].
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The conditions to be satisfied by the parameters (m,y) are:

Ay >0, By >0, (5.1)
with y # 1 and with y # 1 and
m <0, m+2+h>0 (5.2)
and
(m+h+2)(2N—-2—h)>(N—-4—h)((N—-1)p+h+1—N). (5.3)

We denote by £ the ellipse of equation £(m,y) = 0, where
Em,y) =Ky* +2 (h+1)(m—1)y—2 (h+1)y+m(m—1)

with o

Let D, be the line defined by the equation Dy(m,y) = 0, where
Dp(m,y) =y +am — bp
with

B N+2+h (N =1D)(h+2)
CTAN T DR N+ 2) TN+ Dh+ N +2)

So the conditions (5.1 ) are equivalent to

E(m,y) <0 and Dy(m,y) >0,

which means that the line D, intersect the ellipse £, and (m, y) lies inside £ and above D, where
p > 0. First we write that D intersects £, that means the equation £(m,—am + bp) = 0 has at
least one root. We obtain the equation 7 (m) = 0 with

T(m) = <Ka2 — 2ﬁ> m? — 2 <bp(Ka —1-h)— %) m 4 bp(Kbp — 2(1 + h)).

It is needed that its discriminant J be nonnegative and it is convenient to express it in terms
of t = bp, hence

J = (tKa - Nb—fl —t(1+ h)>2 — (Kt* = 2(1 + h)t) <Ka2 - 2%) :

We notice that 90
20(14+h)—1= —— A4
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therefore

N -1

2
J = K*t*a® + < + (1 + h)) —2tKa <Nb—hl + (1 + h)) — K?t%a?

bh bh
2 . 2
+2(1 + h)t <Ka 2N_1> 25 Kt

B 2 B i 9 _L - ahK
_<(1+h) 2aK(1+ h) 2N_1K>t +2b< N_1(1+h) N1
a2 b2h2
Hence J = —%é(p, h) where
- o 9. 9 h(1+h) o h?
Gloh) = (5 — (v 0P +2 (P = )+ s
= (N =1)((N = 1)h + N —2)p? (5.5)

+(th—(N2+N—1)h—N2—N+2)p—%h2.

So we find precisely that é(p, (N —1)q) = G(p, q) where the function G is given in Theorem C.
The equation G(p, h) = 0 has two roots with opposite sign in p, that we call = po(q) > 0 > p1(q).
Both correspond to the fact that the lines D), are tangent to the ellipse £. The region
Dy, (¢)(m,y) > 0 contains the whole region &£(m,y) < 0 (the interior of £) while D, (4 (m,y) > 0
has an empty intersection with the region £(m,y) < 0. Hence for p > 0, the line D, intersect
the ellipse if and only if p < po(q). If ¢ = 0, then we find that py(0) = %, which was the
precise optimal value obtained for the Emden-Fowler equation -Au = u?. Now for p = py(q),
the line Dy, () is tangent to the ellipse at some point (1mo,%0) = (70(q),y0(¢)) in the upper part
of £, given by

vo.= = (1= mo)(h+ 1) + VT~ mo) (L~ mo)(h + 1 oK ) > 0.

Suppose that we have proved that mg(q) satisfies the conditions (5.2) and (5.3), then for a
given p < po(q) any couple (y,m) with 0 <y < yo(q), y # 1, and m = my(q) will satisfy all the
required conditions. Therefore it is sufficient to prove (5.2) and (5.3) in case m = mg(q).

Remark. If it happens that mg + 2 + h = 0, then we can take m = mg + € with € > 0 small
enough such that (m,y) stays in £. We know from [5] that it happens precisely when N = 3
and h = 0. We will see below that it is the only case.

Next we compute mg. We note here that the discriminant of p — G(p, h) is
H = (Nh> = (N> + N —1)h — N2 = N +2)> + ANRA(N = 1)h+ N —2) > 0
and it can be written under the form ‘H = (Nh + N — 1) M, where
M=M(h)=Nh3~(2N?* -~ N +1)h*+ (N> +2N* 2N —4) h + (N - 1)(N +2)>.
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Then pg = pp(q) is given by

- (NR* = (N?*4+ N —-1)h—N?> =N +2)+/(Nh+ N — 1) M

Po= SN — 1) (N —Dh+ N —2) : (56)

Since my is also the minimizer of the trinom m +— 7 (m), it is expressed by

(N —1)(Ka—1—h)pg—h
(N —1)Ka2 —2bh

mO:b

and we obtain, after some computation,

Q1(h) + (N = 1)Q2(h)po

mo = M 9
where
Qi(h) = —2Nh((N+1)h+ N +2), (5.7)
and
Q2(h) = Nh* — (N? =3N +1)h* — (N* = N +4) h —2(N —2). (5.8)

Replacing po by its value given in (5.6 ), we deduce after some simplifications that

2((N = D)h+ N — 2)moM = —(NB2 + (N + 1)h + 2)M + Qon/(Nh + N — ) M.

(N = 1)h+ N — 2)mo = — P, +Q2\/% (5.9)

Pi(h) = Nh* + (N + 1)h + 2.

Hence

with

Note that mg can be also obtained equivalently by expressing the fact that (mg,yp) belongs in
the upper part of £ and the slope of its tangent here has value a.

Remark. When ¢ = 0, we rediscover the values given in [5],

N +2 2 N
= mo= N (5.10)

Po TN ?JOZN_2

5.2 Proof that my <0 for h € [0,2(N — 1)]

We present a proof which avoids the heavy computation of mg. The point (mg,yo) belongs to
the upper part of £, where by concavity the slope m +— 3/(m) is a decreasing function. Hence,

the claim will follow provided y'(mg) = —a > 3/(0). We obtain directly y(0) = w and

y'(0) [2Ky(0) — 2(1+ R)]) +2(1 + h)y(0) — 1 =0,

2
|y/(0)‘ _ 2(1 :_ h)(4(1;;.h)

—1);
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hence, from (5.4),

2 2
O] -y = 2L g gy J2LERE b
C21+h)?  N+2+ (N —1)h—h
- K N+2+(N+Dh

It is therefore required that

2N(1+h)* (N +2+ (N +1)h) — 24+ h)(Nh+ N —1)(N 4+ 2+ (N — 1)h — h?)
= Nh* + (N2 4+ 6N — 1)h3 + (2N?2 + 12N — 3)h? + (N> + 9N)h 4+ 2(N +2) > 0

which clearly holds.

5.3 Proof that my+2+h >0 for h € (0,2(N —1)]
From (5.9) the value of mg + 2 + h is given by

AN — )+ N — 2)(mo +2 + ) = Po(h) + Qa(h)y/ % (5.11)

Py(h) = ((N —2)h* + (5N — 9)h + 4 N — 10, (5.12)

with

and where we recall that
Q2(h) = Nh* — (N> =3N +1)h* = (N>~ N +4)h—2N — 4.

Note that P»(h) > 0 for any h € [0,2N — 2]. Then mg+ 2+ h > 0 as soon as Q2(h) > 0. Since
()2 can be written under the form

Q2(h) = (h+2)(Nh— N —1)(h — N +2) — 2N?,

it is an increasing function of h on [N — 2,2N — 2].

The case N > 4. Here Q2(N — 1) > 0, thus Q2(h) > 0 on [N — 1,2N — 2]. Therefore it is
sufficient to prove the assertion when h € [0, N — 1]. Our aim is to prove that there holds

M

P,VR 0 where R = ———
5 VR + Q> 0 where N E N1
in this interval. By division we obtain, since Nh 4+ N —1 < N? — 1,

R (N—h2+6N o 2N+ +D 4N -1EN+1)

N N(Nh+ N —1)
> (N = h)? 46N +2— 2(N+2N)(N+1) ‘]lﬁxig (5.13)
:(N—h)2—|—4(N—1)+—Ni1.
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In particular VR > N — h, thus PivVR + Qo > S with
S(h) = (N —h)Py+ Q2 =2h* —4(N = 2)h* + (AN? = 12N +6) h + 4 (N* = 3N — 1).

We see that S(0) > 0 because N > 4, and since

!

S'(h) = 6h* —2(4N — 8)h +4N? — 12N +6 > 0
is positive for any h € R, S is an increasing function of h. This yields S(h) > 0 on h € [0, N —1]
and completes the proof in this case.

The case N = 3. Here we cannot use the minorization of R since equality holds for h = 0, as it
was noticed above. Also, we observe that the cubic polynomial Qo(h) = 3h% — h% — 10h — 10 has
its largest root hg in the interval (2,3), since Q2(2) = —10 and Q2(3) = 32 and Q4(h) > 0 on
[2,00). Hence we need only to prove the inequality when h € (0,3). For this aim, it is sufficient
that Pov/R + Q2 > 0, which will be ensured provided MPZ — (3h + 2)Q3 > 0. After some
computation it reduces to prove that

h(=6h° +51h° + 38 h* + 35h* + 337 h? + 484 h + 160) > 0.
This inequality is clearly true, since 6 h* — 38 h? — 337 < 0 on (0, 3). So finally mg +2+h > 0
for any h € (0,4] .
5.4 Proof that o > % for N >3
We have to prove that for any h € (0,2(/N — 1)] there holds,
(mo+h+2)(2N —2—h)> (N —4—h)((N —1)(po— 1) + h). (5.14)

In the preceding step we have already shown that the left hand side is positive and that (N —
)(po—1)+h)=(N—-1)(p+q—1) > 0, inequality (5.14) is valid for N = 3,4 or N > 5 and
h €[N —4,2(N — 1)]. Henceforth we assume N > 5 and h € (0, N — 4). By replacing the value
of mg(h) + h + 2 given the preceding section and py by its value, given in (5.6), we obtain after
some computation that the relation can be expressed under the form

Qg\/E+Q4 > 0,
where
Qs3(h) = (2N =2)h? + (N3 —2N? + 10N —6) h+ N> —3N? + 6N — 4),
and
Qa(h) = (N* +2N?% — 6 N — 2) h?
— (N*=N3—17N? + 12N +8) h— (N — 1)(N* — 8N —38).
From (5.13), we get

R>(N—h)?+4(N —1)= (N —h)? <1+%>

2(N—h)2<1+%>.
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AN-1) , it is therefore sufficient that

Q5 :=T(N —h)Q3+ Q1 > 0.

Setting 7 := /1 +

An explicit computation yields

Qs(h)==2(N-1)7h¥+ [1-7)N*+ (47 +2)N?—6(27+ 1) N + 67 — 2] h?
+[(rT=1)N*+(1-37)N3+ (137 +17)N? = 12(7+ 1) N +4(t = 2)| h
+(r—1)N*+(1—-37) N3+ (67 +8) N> —47N —8

The function @5 is a cubic with a negative leading coefficient. We claim that it is positive for
h =0 and for h = N — 4 and increasing near 0. Indeed

Q5(0) = (T —1)N*+ (1 —=37) N3+ (67 +8) N> —47N -8
= (N —1)(tN(N? —2N +4) — (N3 — 8N — 8)).

Since 72 = %, the inequality Q5(0) > 0 is equivalent to

(N? 44N — 4)(N? — 2N +4)% — (N? — 8N —8)? > 0,
which can be easily verified since N > 5. Next

Qs5(N —4) = 7(4N* — 12N3 — 12N? + 32N — 48) — 2N* + 8N3 + 6N? — 40N — 8
> 2N* — 4N3 —6N% — 8N — 56 > 0

For the derivative, we compute
QL0)=(T—1)N* +(1-37) N>+ (137 +17)N? —12(7+ 1) N + 4 (1 — 2)
= 7(N* —3N3 + 13N% — 12N +4) — (N* — N3 —17N? + 12N +8).
Replacing 7 by its value, the sign of Q5(0) is the same as the one of
(N? + 4N —4) (N* = 3N® + 13N2 — 12N +4)° — N2 (N* — N3 —17N? 4 12N +8)*
which is equal to
40N® + 4NT — 580NS + 1492N° — 1964N* 4 2432N3 — 1424N? + 448N — 64

and is clearly positive since N > 5. At end @5 stays positive on [0, N — 4] and the proof is
achieved.

5.5 Comparison of the regions of Theorem B and Theorem C
In the variable h := (N — 1)q these curves are given by

(N—1)p+h=N+3 for p>1, (5.15)

(p+1)°

(N-1p+h=N-1+
p

for pe|0,1]. (5.16)
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In order to show that the curve G(p,h) = 0, where G is defined at (5.5), is above them, we only
need to show that G(p,h) < 0 on the curves. For the first curve defined by (5.15), using that
(h—2)(h —3) > —1 for all h, we obtain that for h € [0,2(N — 1)],

N —h
+3 ,h)

— (h+2)(h—2)(h—3) — 4N

h+2
< —— —4N
4
§ﬁ—4N<O
2
As for the second curve, we check that
2 2
- (p+1)
N-1)—5G|[pN—-14+———-(N-1
( )(erl)2 (p ( )p>

=—p(p—1)2N? + (3p> —2p> —p— )N —p*(2p+1) < 0

for p € [0,1], because 3p® —2p?> —p — )N —p?(2p+1) <p? —p—1< —1.

5.6 Final remark about the parameter

When we set u = v~? then y = % a natural question is about the sign of 5. We have seen

that yo > 0, and when p < pg we have chosen y = yo if yo # 1, or y = yo — € in case yp = 1 (or
in the special case N = 3, where my = —2, so we have taken m = —2 + ¢€). So either yo > 1,
8 > 0;or yg <1, 8 < 0. We can remark that for ¢ = 0, we have 8 > 0, since yy = % from
(5.10 ). But for ¢ = 2 we find

4 2
oN —3 " W ToN T3

bo =

hence yg < 1, thus 8 < 0.
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