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BLOWUP OF H! SOLUTIONS FOR A CLASS OF THE FOCUSING
INHOMOGENEOUS NONLINEAR SCHRODINGER EQUATION

VAN DUONG DINH

ABSTRACT. In this paper, we consider a class of the focusing inhomogeneous nonlinear Schrédinger
equation

i0ru + Au+ |z| 7 P|u/% =0, u(0) =uo € H(R?),
with 0 < b < min{2,d} and a, < a < o* where a, = 47d2b and a* = %1%221’ ifd > 3 and a* = c©
if d = 1,2. In the mass-critical case a = ax, we prove that if ug has negative energy and satisfies
either zug € L? with d > 1 or ug is radial with d > 2, then the corresponding solution blows up
in finite time. Moreover, when d = 1, we prove that if the initial data (not necessarily radial)
has negative energy, then the corresponding solution blows up in finite time. In the mass and
energy intercritical case ax < a < a*, we prove the blowup below ground state for radial initial
data with d > 2. This result extends the one of Farah in [9] where the author proved blowup
below ground state for data in the virial space H' N L2(|z|?dx) with d > 1.

1. INTRODUCTION

Consider the Cauchy problem for the inhomogeneous nonlinear Schrédinger equation

{iatu+Au+u|x|_b|u“u = 0,

u(0) - (INLS)

where u : R x R? — C,ug : R? — C, p = 1 and a,b > 0. The parameters p = 1 and p = —1
correspond to the focusing and defocusing cases respectively. The case b = 0 is the well-known
nonlinear Schrodinger equation which has been studied extensively over the last three decades.
The inhomogeneous nonlinear Schrodinger equation arises naturally in nonlinear optics for the
propagation of laser beams, and it is of a form

10w + Au + K (z)|u|%u = 0. (1.1)

The (INLS) is a particular case of (1.1) with K (z) = |z|~°. The equation (1.1) has been attracted a
lot of interest in a past several years. Bergé in [1] studied formally the stability condition for soliton
solutions of (1.1). Towers-Malomed in [29] observed by means of variational approximation and
direct simulations that a certain type of time-dependent nonlinear medium gives rise to completely
stabe beams. Merle in [19] and Raphaél-Szeftel in [22] studied (1.1) for k1 < K(z) < ko with
k1, ko > 0. Fibich-Wang in [12] investigated (1.1) with K(x) := K(e|z|) where € > 0 is small and
K € C*R4) N L>*(R?). The case K(x) = |z|® with b > 0 is studied by many authors (see e.g.
[4, 17, 32] and references therein).

In order to recall known results for the (INLS), let us give some facts for this equation. We
firstly note that the (INLS) is invariant under the scaling,

up(t, ) = /\2%7“(/\%’)@)’ A>0.

2010 Mathematics Subject Classification. 35B44, 35Q55.
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Nirenberg inequality.
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An easy computation shows
2-b_d
[ux(O)l] 72 = A7 72 [luol 4+
Thus, the critical Sobolev exponent is given by
d 2-b
== — ———. 1.2
Yo =g - (1.2)
Moreover, the (INLS) has the following conserved quantities:

M(u(t)) == / lu(t, 2)[2dz = M(uo), (1.3)

B(u(t)) = / %\Vu(t,x)F — Lol fu(t, )|+ de = B(uo). (1.4)

The well-posedness for the (INLS) was firstly studied by Genoud-Stuart in [13, Appendix] by
using the argument of Cazenave [3] which does not use Strichartz estimates. More precisely, the
authors showed that the focusing (INLS) with 0 < b < min{2, d} is well posed in H':

e Jocally if 0 < a < a*,
e globally for any initial data if 0 < a < ax,
e globally for small initial data if o, < a < o™,

where a, and o* are defined by

4-—2b =26 jf g >3
Qy = ——, a*i=¢ 9472 1 - (1.5)
oo ifd=1,2.

In the case a = a, (L2-critical), Genoud in [14] showed that the focusing (INLS) with 0 < b <
min{2, d} is globally well-posed in H' assuming ug € H' and

lluoll2 < [IQz2,

where () is the unique nonnegative, radially symmetric, decreasing solution of the ground state

equation
AQ - Q+lal QT @ =0.
Also, Combet-Genoud in [6] established the classification of minimal mass blow-up solutions for
the focusing L2-critical (INLS).
In the case a, < o < a*, Farah in [9] showed that the focusing (INLS) with 0 < b < min{2,d}
is globally well-posedness in H',d > 1 assuming ug € H' and

B(ug) " M(up)' ™ < B(Q)"M(Q)' 7, (1.6)
[Vuol3% luoll 12" < IVQIEIQN =,

where @ is the unique nonnegative, radially symmetric, decreasing solution of the ground state
equation

AQ - Q+z[7*|QI"Q = 0. (17)
He also proved that if ug € H' N L?(|z|?dz) =: I satisfies (1.6) and
[Vuol7zluollz=™ > IVQIZ QI (18)

then the blow-up in H' must occur. Afterwards, Farah-Guzman in [10, 11] proved that the above
global solution is scattering under the radial condition of the initial data.

Guzman in [16] used Strichartz estimates and the contraction mapping argument to establish
the local well-posedness as well as the small data global well-posedness for the (INLS) in Sobolev
space. Recently, the author in [7] improved the local well-posedness in H! of Guzman by extending
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the validity of b in the two and three dimensional spatial spaces. Note that the results of Guzman
[16] and Dinh [7] about the local well-posedness of (INLS) in H! are a bit weaker than the one of
Genoud-Stuart [13]. More precisely, they do not treat the case d = 1, and there is a restriction on
the validity of b when d = 2 or 3. However, the local well-posedness proved in [16, 7] provides more
information on the solutions, for instance, one knows that the global solutions to the defocusing
(INLS) satisfy u € LY (R, W'?) for any Schrédinger admissible pair (p, ¢). This property plays an
important role in proving the scattering for the (INLS). Note also that the author in [7] pointed
out that one cannot expect a similar local well-posedness result for (INLS) in H' as in [16, 7] holds
in the one dimensional case by using Strichartz estimates.

In [7], the author used the so-called pseudo-conformal conservation law to show the decaying
property of global solutions to the defocusing (INLS) by assuming the initial data in ¥ (see before
(1.8)). In particular, he showed that in the case o € [an,a*), global solutions have the same
decay as the solutions of the linear Schrédinger equation, that is for 2 < ¢ < dz—_dg when d > 3 or
2<qg<oowhend=2or2<qg<oowhend=1,

()| ogrey S [6174E3), we 0.

This allows the author proved the scattering in ¥ for a certain class of the defocusing (INLS).
Later, the author in [8] made use of the classical Morawetz inequality and an argument of [30] to
derive the decay of global solutions to the defocusing (INLS) with the initial data in H'. Using the
decaying property, he was able to show the energy scattering for a class of the defocusing (INLS).
We refer the reader to [7, 8] for more details.

The main purpose of this paper is to show the finite time blowup for the focusing (INLS). Thanks
to the well-posedness of Genoud-Stuart [13], we only expect blowup in H! when o, < o < a, which
correspond to the mass-critical and the mass and energy intercritical cases. Note that the local
well-posedness for the energy-critical (INLS), i.e. a = a* is still an open problem.

Our first result is the following finite time blowup for the (INLS) in the mass-critical case a = .

Theorem 1.1. Let 0 < b < min{2,d} and ug € H'. Then the corresponding solution to the
focusing mass-critical (INLS) blows up in finite time if one of the following conditions holds true:
1. d>1,E(up) <0 and zug € L?,
2. d>2,FE(up) <0 and ug is radial,
3. d=1 and E(ug) < 0.

Remark 1.2. 1. This theorem extends the well-known finite time blowup for the focusing
mass-critical nonlinear Schrodinger equation (i.e. b= 0 in (INLS)) [20, 21] to the focusing
mass-critical (INLS).

2. The condition E(ug) < 0 is a sufficient condition for the finite time blowup but it is not
necessary. In fact, one can show (see Remark 4.2) that for any E > 0, there exists ug € H*
satisfying F(ug) = F and the corresponding solution blows up in finite time.

We now consider the intercritical (i.e. mass-supercritical and energy-subcritical) case o, < a <
a*. Our next result is the following blowup for the intercritical (INLS).

Theorem 1.3. Let

d>3, 0<b<?2, a<ac<ak,
or

d=2, 0<b<2, a<a<d
Let ug € H' be radial and satisfy

E(uo)M(uo)” < E(Q)M(Q)”, (1.9)
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and

IVuol[ 22 [luollZz > [IVQI 2|1 QlIZz, (1.10)
where
1=y 2(2-b)—(d-2)
v da—2(2-0b)
and Q is the unique solution the ground state equation (1.7). Then the corresponding solution to
the focusing intercritical (INLS) blows up in finite time. Moreover,

IVu@)llz[u®)7= > [VQI L2 1R, (1.12)

for any t in the existence time.

o

(1.11)

Remark 1.4. 1. The restriction o < 4 when d = 2 is technical due to the Young inequality
(see Lemma 3.4).
1. In [9], the author proved the finite time blowup for the focusing intercritical (INLS) for
initial data ug € H' N L?(|z|*dz),d > 1 satisfying (1.9) and (1.10).
2. It was proved in [9] that if the initial data wuy satisfies (1.9) and |[Vuo|rz2||uol|f <
[IVQ| 2]| Q|| 2, then the corresponding solution exists globally in time.

This paper is organized as follows. In Section 2, we recall the sharp Gagliardo-Nirenberg in-
equality related to the focusing (INLS) due to Farah [9]. In Section 3, we derive the standard virial
identity and localized virial estimates for the focusing (INLS). We will give the proof of Theorem
1.1 in Section 4. Finally, the proof of Theorem 1.3 will be given in Section 5.

2. SHARP GAGLIARDO-NIRENBERG INEQUALITY

In this section, we recall the sharp Gagliardo-Nirenberg inequality related to the focusing (INLS)
due to Farah [9].

Theorem 2.1 (Sharp Gagliardo-Nirenberg inequality [9]). Let d > 1,0 < b < min{2,d} and
0 < a < a*. Then the Gagliardo-Nirenberg inequality

—2b—(d—2)a

4
/ 2] ~YJu(z)**?dz < Coxllul

holds true, and the sharp constant Cgn is attended by a function Q, i.e.

da+2b
IVl (2.1)

4—2b—(d—2)a da+42b
2
2

Can = [ lal Q@I e = [JQl,z IVl
where Q) is the unique non-negative, radially symmetric, decreasing solution to the elliptic equation
AQ - Q+z[7*1QI*Q = 0. (2.3)

Remark 2.2. 1. In [9], the author proved this result for a, < o < a*. However, the proof
and so the result are still valid for 0 < a < ay.
2. The existence and uniqueness of the solution @ to the elliptic equation (2.3) was proved
by Toland [28] and Yanagida [31] (see also Genoud-Stuart [13]).
3. We also have the following Pohozaev identities:

4—-2b—(d—2)x 4—2b—
2 2 _

QN = =g 3 IVt = 5
In particular,

, (2.2)

(d_2)a - a+2
G [l @ e (2a)

2(a+2) [4—2b—(d—2)a}% 1

Can = .
NT U2 — (d-2)a do+ 2b 1QIIZ-

(2.5)
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3. VIRIAL IDENTITIES

In this section, we derive virial identities and virial estimates related to the focusing (INLS).
Given a smooth real valued function a, we define the virial potential by

Vi(t) = /a(x)|u(t,x)\2da:. (3.1)

By a direct computation, we have the following result (see e.g. [27, Lemma 5.3| for the proof.)

Lemma 3.1 ([27]). If u is a smooth-in-time and Schwartz-in-space solution to
i0yu 4+ Au = N(u),
with N(u) satisfying Im (N (u)u) = 0, then we have
d
%Va(t) =2 [ Va(z) Im (u(t,z)Vu(t,z))dz, (3.2)
Rd
and

d2
—=Va(t) = A?a(z)|u(t, z)*dx + 4 z)Re (Oru(t, 2)0;u(t, x))dx
dt / ggl/ (3.3)

+ Q/Va(x) AN (u),ulp(t,x)dx

where {f, g}, := Re (fVg — gV f) is the momentum bracket.

We note that if N(u) = —|z|~°|u®u, then
a
N _ —b a+-2 —b 04+2.
(NG, uy = =259 ul**?) + 2V (el )lu

Using this fact, we immediately have the following result.

Corollary 3.2. If u is a smooth-in-time and Schwartz-in-space solution to the focusing (INLS),
then we have

d2
EV /A2 )u(t, x)|2dx+4 Z /afka JRe (Oru(t, x)0;u(t, x))dx
Jk=1 (3.4)
e Al @) e+ S [ Sate) - (el Dute 12

A direct consequence of Corollary 3.2 is the following standard virial identity for the (INLS).
Lemma 3.3. Let ug € H' be such that |z|ug € L? and u : I x R? — C the corresponding solution
to the focusing (INLS). Then, |z|u € C(I, L?). Moreover, for anyt € I,

d? 4(do + 2b) o
etz = 8Ivu - L2 [t ) s, (35)

Proof. The first claim follows from the standard approximation argument, we omit the proof and
refer the reader to [3, Proposition 6.5.1] for more details. The identity (3.5) follows from Corollary
3.2 by taking a(z) = |z|%. O

In order to prove the blowup for the focusing (INLS) with radial data, we need localized virial
estimates. To do so, we introduce the smooth, non-negative function 6 : [0,00) — [0, 00) satisfying

72 ifo<r<l1, 17
O(r) = { const. ifr> 2, and 0"(r) <2 forr >0. (3.6)
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Note that the precise constant here is not important. For R > 1, we define the radial function

or(x) = or(r) := R*0(r/R), r=|z|. (3.7
It is easy to see that

1 ©r(r)
2—pR(r)>0, 2- >0, 2d—Apg(xz)>0. (3.8)
r
Lemma 3.4. Letd>2,0<b<2,0<a<4,R>1and pg be as in (3.7). Letu: I xR? — C be
a radial solution to the focusing (INLS). Then for any ¢ > 0 and any t € I,

2

- da+2b )
oz Ven(t) < 8[Vu(®)|[7: — /| - b|u (1. 2)|*d
“batz (3.9)

+O(R b TER eVt )||2L2).

Remark 3.5. 1. The condition d > 2 comes from the radial Sobolev embedding. This is due
to the fact that radial functions in dimension 1 do not have any decaying property. The
restriction 0 < a < 4 comes from the Young inequality below.

2. If we consider oy < a < o, then there is a restriction on the validity of « in 2D. More
precisely, we need a, < a < 4 when d = 2.

Proof of Lemma 3.4. We apply (3.4) for a(z) = pr(x) to get

d2
73 Ven(D) = = /A%Rm |2dx+42/ 2 orRe (Ou(t)d;u(t))dx
J,k=1
2a —b a+2 4 —-b a+2
ara | Aol O de + = [ Ver V(a7 u®)[* dz.

Since pr(x) = |z|? for |z| < R, we use (3.5) to have

2 da+2b .
3 Von ) = 8ITu(oe - LI [l a2
2 4(da + 2b) —b at2
—8\|Vu<t>||L2uI|>R>+ e Ol (310)

_/m|>RA QOR‘U | dz +4 Z / 7k90RRe (aku( )8]ﬂ(t))dqj

jk=1 |z|>R

2a / —b 2 4 —b 2
- Applz|~lu(t)[*Pde + —— Veor - V(|z]7")|u(t)|*2da.
a+2 Jiz>r a+2 Jig>r

Since |Apr| < 1,|A%pr| S R72 and Vg - V(2| 7)] < |27, we have

&2 A(do + 2b) .

3 Von) = 8ITu(oe - LI [lap a2

2
+4 Z /I Rajk(PRRe (Oru(t)0;u(t))de — 8[| Vult) |22 (o> r)
x|>

j,k=1

+ 0( /M R2Ju(t)? + |m|_b|u(t)|a+2dx>.

Using (3.8) and the fact that

52 > = (‘Sﬂ _ zjxk)& %93165.2

J r r3



BLOWUP FOR INHOMOGENEOUS NLS 7

we see that .
> prOpudiT = @l (r)|0pul? < 2(0.ul? = 2|Vul*.
j,k=1
Therefore
d
1y /|  PhupnRe Gudsu(0)d — 8IVul0)l oy <0
G k=117 >

The conservation of mass then implies

d2 4(dor + 2b)
Vo (1) < 8||Vu(t)|2s — 20X F20) [ by e+2q OR*Q/
22 Ven (D) < 8[Vu(D]F: - == /\xl [u(t)]**2de + O (R + (>R

||~ |u(t)|*+2dz. To do this, we recall the following radial Sobolev

2l ~fut)|*2dz ).

It remains to bound fl
embedding ([23, 5]).

z|>R

Lemma 3.6 (Radial Sobolev embedding [23, 5]). Let d > 2 and & < s < 1. Then for any radial
function f,

d=2s —s s
si%IwI = | f(@)] < C(d )21 N30 (3.11)
Moreover, the above inequality also holds for d > 3 and s = 1.

Using (3.11) with s = J and the conservation of mass, we estimate

[ el 2o < ( sup [alutt. o)) Ju(ol:
z|>R

|z|>R ||

[@=Da - @
< RS (Csup o e, )] ) ) 13
|z|>R
(d—1a

_ b % g+2
< RS wu) | el 2

_[@d=Da a

< R a2
We next recall the Young inequality: for a,b non-negative real numbers and p,q positive real
numbers satisfying % + % =1, then for any € > 0, ab < ea? e Pbl. Applying the Young inequality

a _[d=Da
for a = [|[Vu(t)|| 7,0 = R [“52=2 4] and p=2,¢= L, we get for any € > 0,

4—a
_[(d=1D)a a “ 2[(d—1)a]+2b
RS2 w12, < Va3 + e R
Note that the condition 0 < o < 4 ensures 1 < p,q < co. The proof is complete. (|

In the mass-critical case o = a, we have the following refined version of Lemma 3.4. The proof
of this result is based on an argument of [20] (see also [2]).

Lemma 3.7. Letd >2,0<b <2 R>1 and pr be as in (3.7). Let u: I x R? — C be a radial
solution to the focusing mass-critical (INLS), i.e. « = a,. Then for any e >0 and any t € I,

d2
ﬁV‘F’R(t) < 16E(up) — 2/

%
. oA )| Vu(t)Pda
x|>

€
XL,R — 7T+ 1

+ O(R_2 +eR? + ¢TI R zdd:;r”b)?
where

/
iR =22 = ¢h). Xar = (2-b)(2d— Apr) + db(2 - £1). (3.13)
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Proof. We firstly notice that

3 0% orOvud;T = Ghlovul?, Vg V() = b‘PR.

Using (3.10) with a = a, = 477217 and rewriting ¢% = 2 — (2 — %), ;R =2 (2 - “O;R> and

Apr =2d — (2d — Apg), we have

d2
GaVen® = 16B(®) ~ [ Alpru(t)Pds -4 [ @-eplou(t)Pde
|z|>R |z|>R
4-2b 4-2b
- 2d — App)|z| " |u(t)|
T35 )2 Aewlal )
2db gij b 4-2p
_— 2- = t 24
Tav 2o ‘$|>R( el (o) F 2 do

< 16E(u(t)) + O(R™2) — 2/ x1.r|Vu(t)|dx

|z|>R
2 b 4—2b
+— x| ()| 7 T,
P R EaCl
where x1,r and X2,g are as in (3.13). Using the radial Sobolev embedding (3.11) with s = 1 and
the conservation of mass, we estimate

4—2b
[ xalel utt)
|z|>R

4—2b

Ju(t)|*d

= [ e
x
4—2b

— — d
< (sup Jol G @ult.a)|) T ()l

|z|>R
_ <2fb)<d—1>+b} e 20
<n [ |V (Ede®)|| 7 )]
- [(szd*n%} 4 a2
s U v (asem)|

We next apply the Young inequality with p = 22—_db and ¢ = =5 2 — to get for any € > 0

2d—24b

2 2-b
IR ol or )
L2

= o)

Moreover, using (3.6), (3.7) and (3.8), it is easy to check that |V(X§{}(%4_2b))| < R for |z| > R.
Thus the conservation of mass implies

2

2 _d__
[v (i uo) | s 872+ pF v

Combining the above estimates, we prove (3.12). O
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To prove the blowup in the 1D mass-critical case « = 4 — 2b, we need the following version of
localized virial estimates due to [21]. Let ¥ be a real-valued function in W3 satisfying

2 if 0< |z <1,
20z — (z—1)%] if 1<z <1+1/V3,
) =< 2[x—(x+1)3 if —(1+1/v3)<x<—1, (3.14)
¥ <0 it 14+1/V/3< |z <2,
0 if |z > 2.
Set
G(x):/ 9(s)ds. (3.15)
0

Lemma 3.8. Let 0 < b < 1 and 0 be as in (3.15). Let u: I x R — C be a solution to the focusing
mass-critical (INLS), i.e. o =4 —2b. There exists ag > 0 such that if

lu(t)||L2(z|>1) < ao, (3.16)

for any t € I, then there exists C > 0 such that

LVo(1) < 165 (w) + C(1+ NP2 + MOl (317)
for any t € I, where N i= 0,91 + 020 + 50| =
Proof. We apply (3.4) with a(z) = 0(z) to get
%Vg(t) _ —/a§9|u(t)\2da: + 4/859\8$u(t)|2dx _ %j}b /age|x|—b\u(t)|6—2bdx
+%/8I93x(\x|_b)|u(t)|6_2bda¢.

Since 0(z) = 22 on |z| < 1, the definition of energy implies

2
L Vat) = 16E (ut)) - / OA0lu(t)[2dz — 4 / (2 — 820)[0uu(t)2dx
dt |z|>1 |z|>1
4- 2 2% 0,0
+— 2_820 x*but 672bdm+7 Q—L x*but 672bdx
57 ), 2 SOl o) 55 ), (27 ) lel lutt)
— 16E(uo) —/ OA0Ju(t)2da — 2/ T |au(t) 2
Jz|>1 Jz|>1
—|—i X2|x|_b|u(t)|6_2bdx, (3.18)
30 Jjg>1
where
2 2 8I9
X1 =202 — 920), yoi=(2—b)(2— 826) + b(2 - 7)

‘We now estimate

—b —2b —b —2b
/ xalal u(t)* 2z < ( sup xale| 7 u(®)* ) Ju(®)3 ooy
|z|>1 |z|>1

< pu) |72 s O 12 0y 15
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where p(z) = x5 = (z). Using a variant of the Gagliardo-Nirenberg inequality (see e.g. [21,
Lemma 2.1]), we bound

9 1/2
)z ei1y < N5 apo | 2002000 2 ar1) + ()0 (0 220151 |

Thus,
2—b
/l 1X2|x\_blu(t)|6_2bd$ < 2 (as1) [2Hp Opu(t)||L2(j21>1) + ||U(t)3z(P2)||L2(\m|>1)}
x|>

< )22 (22 10200350 o) + 10020320 o) |

< 2|20 1) 1P 0e (D) 1320 0 o)

L2(|z|>1)
P[5 [0 oy (319)
We next estimate ||, (p?)|| o (jz/>1)- By the definition of p, we write
1 0:x2
0 (p?) = —— 22X2
2

On 1 < |z| <1+ 1//3, a direct computation shows
2.0 ) (la| 1)’

2 — 2 — 0% = 6(|z| — 1)%
e =L T
Thus,
—1)3
e =02 = b(la] - 17 + 2
and
(z—1) {12(2—b)+2b(”’_1)z(+_1)] if 1<z <1+1/V3,
DXz = (z+1)(3z—1)
(z+1) [12(2 —b)+ Qb%} if —(1+1/V3) <z <—1.
Thus
—b b(‘T—l)(;-’”—l)
(p— 1) 2B i1,
ux2 _ [6(2—b)+20251]7=0
1=b ™ _p)paplzED(Bz=1)
X3 " (o4 1) 2B ) <o < 1,

[6(2—b)+26 21| 75
1-b

This implies that d,x2/x5  is uniformly bounded on 1 < |z| < 1+ 1/4/3.
On |z| > 14 1/+/3, we note that yo > 4 since 920 and 9,.0/x are both non-positive there by the
choice of ¥. We thus simply bound

+ [|0%9|| .~ < N.

~

a:XQ/X

Therefore,
1020l o (jaf>1) S 1+ N.

Combining this with (3.19), we obtain

/ el P e < B O] o 0Ol + O+ NP O3
z|>1
(3.20)
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for some constant C' > 0. We thus get from (3.18) and (3.20) that

2
Vo) 16 0) Ny =2 [l
x|>
24—2b B B B B
o 33| PO 2y + OO NP DI

< 16E(ug) — 2 ( P lu(t)]| 432 )|a u(t)2da
= 0 a1 X1 3_ bX2 L2(|z|>1) x

+CO(L+ N> lu®) 325 1) + Nw®lZ2 a1y

We will show that if [[u(t)|| 12 (j2>1) < ao for some ag > 0 small enough, then

23721) ib
X1 — mXQHU(t)HLg(lfbl) >0, (3.21)

for any |z| > 1. It immediately yields (3.17). It remains to prove (3.21). To do so, it is enough to
show for some ay > 0 small enough,

93-2b
X1 = Gog—pX2 Z 0, (3.22)

for any |z| > 1.
On 1< |z| <1+ 1/V/3, we have

X1 =2(2 - 9260) = 12(|z| — 1)?,

and

X2 = (2 —b)(2 — 920) +b(2 - %) =6(2—b)(Jz| —1)2 +2b(|x|x|1)3
_ B B jz[ -1 ol b
= 6(jz| — 1)2[2—b+b 3y ) < 604! 1)2[2 b+3\/§]

Thus, by taking ag > 0 small enough, we have (3.22).
On || > 1+ 1/\/?:, since 339 = 0,% < 0, we have y; > 4. Moreover, ys < C for some constant
C > 0. We thus get (3.22) by taking ag > 0 small enough. The proof is complete.

4. MASS-CRITICAL CASE o = oy,

In this section, we will give the proof of Theorem 1.1.

4.1. The case d > 1, E(ug) < 0 and zug € L?. Applying (3.5) with a = a,, we see that

d? 16
T leu®lE: = 8IVu: - —=

By the classical argument of Glassey [15], the solution must blow up in finite time.

/Ix\’b\U(t,x)la*“da: = 16E(ug) < 0.

4.2. The case d > 2, E(ug) < 0 and vy is radial. We use the localized virial estimate (3.12) to
have

d2
ﬁVSoR (t) S 16EC(U0) - 2/

|z|>R

_ € 745 2
(XI,R d+27bx2)R>|Vu(t)\ dx

+0 (Riz + 6R72 -+ 67'12%2117]:{7 2dd:224:rbb ),
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where
/

xR =22 = ¢h), Xam = (2 b)(2d— Apr) +db(2 - ZR).

If we choose a suitable radial function ¢g defined by (3.7) so that

d

€ 5
- —_— >0, V R 4.1
Xl,R d+27bX R = > 9 ( )

for a sufficiently small € > 0, then by choosing R > 1 sufficiently large depending on €, we see that
d2
at?
for any t in the existence time. This shows that the solution u blows up in finite time. It remains

to find @R so that (4.1) holds true. To do so, we follow the argument of [20]. Let us define the
smooth function

DO o

Vior (t) < 8E(ug) <0,

2r if 0<r<i,
2r — (r—1)3 if 1<r<1+1/V3,

o(r) = 9 <0 if 1+1/V/3<r<2,
0 if r> 9,
and
O(r):= [ U(s)ds
0

It is easy to see that 6 satisfies (3.6). We thus define pp as in (3.7). We show that (4.1) holds true
for this choice of pr. Using the fact

d—1
Apg(r) = ¢R(r) + T@’R(T’%

we have
(,Dl
Yo = (2= B)(2 = @) + 2d—2+b)(2— £1).
By the definition of ¢g,
¢r(r) = R0'(r/R) = RI(r/R), ¢g(r)=20"(r/R)="17(r/R).
When R<r < (14 1/\/§)R7 we have

and

i) = 6( ~1) oo CIE2EDEIED] (7 1) (200 22D

Since 0 < r/R — 1 < 1/4/3, we can choose € > 0 small enough so that (4.1) is satisfied.
When r > (1+ 1/v/3)R, we see that ' (r/R) <0, so x1,r(r) = 2(2 — ¢/4(r)) > 4. We also have
X2,r(r) < C for some constant C' > 0. Thus by choosing e > 0 small enough, we have (4.1).

4.3. The case d = 1 and E(ug) < 0. We follow the argument of [21]. We only consider the
positive time, the negative one is treated similarly. We argue by contradiction and assume that
the solution exists for all t > 0. We divide the proof in two steps.
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Step 1. We assume that the initial data satisfies

§ := —16E(up) C(1+N) ||u0H6 2 Nllug|22 > 0, (4.2)
/2 1
/9|u0\ dr) ||a wl3 1) < Sao. (4.3)

where C, N, 0 and ag are defined as in Lemma 3.8. We will show that if ug satisfies (4.2) and (4.3),
then the corresponding solution satisfies (3.16) for all ¢ > 0. Since 6(z) > 1 for |x| > 1 and § > 0,
we have from (4.3) that

! —ap. (44)

luollL2(jz>1) < 5

Let us define
To :==sup{t > 0: [Ju(s)[|L2(jo|>1) S @0, 0<s <t}

Since s = |lu(s)||12(¢|>1) is continuous, (4.4) implies Ty > 0. If Ty = oo, we are done. Suppose
that Ty < co. The continuity in L? of u(t) gives

[u(To)l L2 (j2|>1) = ao- (4.5)

On the other hand, u(t) satisfies the assumption of Lemma 3.8 on [0, Ty). We thus get from Lemma
3.8 and (4.2) that

0
/9\u(t)|2dac < /9|u0|2dx — 2tIm /azﬁﬂoﬁzuodx - §t2

s, 1 i 2 u 2 ,
= —§<t—|— glm /8x9u08xuodx) + %<Im /@ﬁuoﬁxuodaj) +/9|uo| dx
1 2 9
<1 _
<% (Im /8I0u08mu0dm) +/9|u0| dx
1
< o5 10stul [0l + [ Oluof. (4.6)

for all 0 < t < Ty. By the definition of 6, it is easy to see that § > 92 /4 = (9,6)?/4 for any = € R.
Thus, (4.6) yields

2
/9|u(t)|2da: < (5 10uoll3s +1) /9|u0|2dm,

for all 0 <t < Tp. By (4.3) and the fact that 6 > 1 on |z| > 1, we obtain

1/2 1
2
w2 (jz)>1) < (/Hlu(t)l dx) < 50
for all 0 <t < Tp. By the continuity of u(t) in L?, we get

1
lu(To)ll L2 (je)>1) < 2 a0-

This contradicts with (4.5). Therefore, the assumptions of Lemma 3.8 are satisfied with I = [0, c0)
and we get

d 2 ‘/9( ) < -0 < 07

for all t > 0. This is impossible. Hence, if the initial data wu satisfies (4.2) and (4.3), then the
corresponding solution must blow up in finite time.



14 V. D. DINH

Step 2. In this step, we will use the scaling
up(t,z) = )\_%u()\_Qt, Ay, A>0 (4.7)

to transform all initial data with negative energy into initial data satisfying (4.2) and (4.3). Note
that the 1D mass-critical (INLS) is invariant under (4.7), that is, if u(¢) is a solution to the 1D
mass-critical (INLS) with initial data wug, then wy(¢) is also a solution to the 1D mass-critical
(INLS) with initial data uy(0). Moreover, we have

Jux(®)l[L2 = llux(0)l|z2 = [luoll 2,
E(ux(t) = E(ux(0)) = A7*E(uo),

for any t as long as the solution exists.
We will show that there exists A > 0 such that

6y = —16E(ux(0)) — C(1 4+ N)? HuA( )[95% = Nux(0)[|7- > 0, (4.10)
g ) 12 1
/9|uA i) (auam(())nm +1) 7 < Lag (4.11)
By (4.8) and (4.9),
8y = —16A"2E(up) — C(1 + N)*||uo 552 — Nluol|2e. (4.12)
Thus, if we choose A > 0 so that
6—2b 2 1712
A< [—16E(u0)[0(1+N) o1 +N||u0||L2] } = Ao, (4.13)
then (4.10) holds true. Moreover, since [|0,ux(0)(|22 = A72(|0,uol|2 2, we have from (4.12) that
2 2|0zu0 |7
—||6zu,\(0)|\%2 = w < Cy 0< A<, (4.14)
(5)\ )\25>\

for some A\; > 0, where Cy depends on A; but does not depend on A\. We next recall the following
fact (see e.g. [21, Lemma 2.3]).

Lemma 4.1. Let v € L? and

N A S
H(z)"{ 1 if |z > 1.

Set vy (x) = A"20(A\"1x) for A > 0. Then for any € > 0, there exists Ao > 0 such that
[Huallz <€, 0< X< Ao

Applying Lemma 4.1, there exists A > 0 such that Ay < A\; and
1
/9|u,\(0)|2dx < 4)|Hux(0)]|32 < Z(Co +1)7ag, 0< A< A

Combining this and (4.14), the condition (4.11) holds for 0 < A < Ay. Therefore, if we choose
0 < A < min{Ag, A2}, then uy(0) satisfies (4.10) and (4.11). The proof is complete.

Remark 4.2. We now show that the condition E(up) < 0 is sufficient for the blowup but it is not
necessary. Let £ > 0. We find data ug € H' so that F(ug) = F and the corresponding solution u
blows up in finite time. We follow the standard argument (see e.g. [3, Remark 6.5.8]). Using the
standard virial identity (3.5) with a = a,, we have

2
—leu®)z> = 16E (uo),
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hence
lu(t)[32 = 8 B(uo) + 4t (1m /m Vuode) + lleugl[3a =: (1)

We see that if f(t) takes negative values, then the solution must blow up in finite time. In order
to make f(t) takes negative values, we need

2
(Im /ﬂox . Vuodx) > 2B (up) ||l zuo |22 (4.15)

Now fix § € C5°(R?) a real-valued function and set v(z) = e‘i|w‘29(x). We see that ¢ € C§°(R?)
and

Im /@x -Vipdz = —2/ |z|?6%(z)dx < 0.

We now set

1
oy +2

1 - [e%
A=3IV6ls B = [lal M te)de,

C=|lz¢)2,, D=-Im /m Ve

Let A, 1 > 0 be chosen later and set ug(z) = Mp(ux). We will choose A, > 0 so that E(ug) = E
and (4.15) holds true. A direct computation shows

Buo) = Xy 5 Vs = X2t [ el @ e = X1 (4= 25 B),
and
Im /ﬂox - Vuodz = A2~ %m /Ex - Vipdr = =N\~ D,
and
JouollZe = A2u=9=2 ap]3: = X2u~1-2C.
Thus, the conditions E(up) = FE and (4.15) yield

)\2u2_d(A - %B) - B, (4.16)
D > a(a- 2iB). (4.17)

2
Fix 0 < € < min {A, 12%} and choose

A&
FB = A — €.
It is obvious that (4.17) is satisfied. Condition (4.16) implies

B
22,24 — (
X E or e "

— €

This holds true by choosing a suitable value of A.
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5. INTERCRITICAL CASE o, < o < o

In this section, we will give the proof of Theorem 1.3. We firstly show (1.12). By the defini-
tion of energy and multiplying both sides of E(u(t)) by M (u(t))?, the sharp Gagliardo-Nirenberg
inequality (2.1) yields

o __ 1 o 2 1 —b a+2 20
B(O)M(ut)” = 5 (19 z2u(0l72) ~ — ([ Il ute. o) o) uo 32
1 o 2 CaN 4-2b—(d=2)o 4 5 do+2b
> — 2 2 _ 2 2
> S (Ivull ud)l7:) ~ S fuo)] I9u(t)
= FIVu@®)llz2 [u(®)]Z2), (5.1)
where ) o
_ 2 - GN dor2{»2b
f(z) = 2% "ot .
Moreover, using (2.4) and (2.5), it is easy to see that

V@I L2 [1QIZ2) = E(Q)M(Q)°. (5.2)
We also have f is increasing on (0, z() and decreasing on (x, 00), where
2(a+2) e
(da + 2b)CGN '

Using again (2.4) and (2.5), we see that x¢ is exactly ||VQ|12]|Q[7=. By (5.1), the conservations
of mass and energy together with the assumption (1.9) imply

FUVu@®)|| 2 [u@®Z2) < E(uo)M(uo)” < E(Q)M(Q)7.
Using this, (5.2) and the assumption (1.10), the continuity argument shows
IVu@)llzz[u®)z= > VRl L2 1R,

for any ¢ as long as the solution exists. This proves (1.12).
We next pick § > 0 small enough so that

o =

E(uo)M(uo)” < (1 - 6)E(Q)M(Q)”. (5.3)
This implies
FUVu@)llzu®)llz2) < (1 =) E@Q)M(Q)". (5-4)
By Pohozaev identities (2.4), we learn that
s da—(4—2b) o 2
PQM(Q)" = 5 5 IVl QU (55
Moreover, we have from the fact zo = [|[VQ||12]|Q||F- that
C(GN = Q(a i 2) ! do—(4—2b) * (56)

do+2b (|VQ r2llQIIT-) ==
By dividing both sides of (5.4) by E(Q)M(Q)° and using (5.5) and (5.6), we obtain

da+42b

dor + 2b (IIVU(lﬁ)Hm||U(15)||‘£2)2 B 4 (IIVU(t)HL?HU(t)ll‘Zz) T 5
da — (4 =20)\ [IVQ| 2 [|1QlE do—(4=20)\ |IVQ| 2[RIz
The continuity argument then implies that there exists ¢’ > 0 depending on 4 so that
[Vu@®)| 2 [lu®)]7-
IVQl L2l QI 7

>1+40" or [[Vu(t)llzzllu®)lfz = (1+ ) VQ|L2(1Q)Z:- (5.7)
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We also have for € > 0 small enough,
d 2b)
8| Vu(t) |22 — Lﬂ Pt )|+ 2da + | Vu(t)|%e < —c < 0, (5.8)

for any ¢ in the existence time. Indeed, multiplying the left hand side of (5.8) with a conserved
quantity M (u(t))?, we get

LHS(5.8) x M (u(t))” = 4(da + 2b) E(u(t)) M (u(t))® + (8 + € — 2da — 4b)||Vu(t)||22 M (u(t))°.

(5.3),(5.5) and (5.7) then yield

LHS(5.8) x M(ug)? < 4(da + 2b)(1 — 0)E(Q)M(Q)° + (8 + € — 2da — 4b)(1 + 6")*(|[VQ| 22 |Q]|52)?
= (IVQI L2 1QlI72)? |2(da — 4+ 2b)[1 — & — (1 +8")°] +e(1 + 5')2]-

The conservations of mass and energy, (5.

By taking € > 0 small enough, we prove (5.8).

5.1. The case zug € L?. The finite time blowup for the intercritical (INLS) with initial data in
H' N L?(|z|*dx) satisfying (1.9) and (1.10) was proved in [9]. For the sake of completeness, we
recall some details. By the standard virial identity (3.5) and (5.8),

& (da + 2b) .
Zleu®liz = 8| Vu(®)|i: - 7/| |~ u(t, )| 2dz < —c < 0.
This shows that the solution blows up in finite time.

5.2. The case ug is radial. We firstly note that under the assumptions of Theorem 1.3, we can
apply Lemma 3.4 to obtain for any € > 0,

&2 da+2b .
S Von(t) < 819u0l3 ~ L2 [laf (e )42

2[(d—1)a+2b]

+O<R‘ + e R w3,

for any ¢ in the existence time. By taking € > 0 small enough and R > 1 large enough depending

on €, we learn from (5.8) that
2

d
@V¢R(t> S *6/2 < O

This shows that the solution must blow up in finite time.
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