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Abstract

We consider the Cauchy problem for a model of non-linear acoustics, named the
Kuznetsov equation, describing sound propagation in thermo-viscous elastic media.
For the viscous case, it is a weakly quasi-linear strongly damped wave equation,
for which we prove the global existence in time of regular solutions for sufficiently
small initial data, the size of which is specified, and give the corresponding energy
estimates. In the non-viscous case, we update the known results of John for quasi-
linear wave equations, obtaining the well-posedness results for less regular initial
data. We obtain, using a priori estimates and a Klainerman inequality, the estima-
tions of the maximal existence time, depending on the space dimension, which are
optimal, thanks to the blow-up results of Alinhac. Alinhac’s blow-up results are also
confirmed by a L?-stability estimate, obtained between a regular and a less regular
solutions.

1 Introduction

The Kuznetsov equation [16] models a propagation of non-linear acoustical waves in
thermo-viscous elastic media. This equation describes the evolution of the velocity poten-
tial and can be derived, as in [I8], from a compressible isentropic Navier-Stokes system,
for the viscous case, or the Euler system for the non-viscous case,using small perturba-
tions of the density and of the velocity characterized by a small dimensionless parameter

€ > 0. The Cauchy problem for the Kuznetsov equation reads for o = “/c—_Ql , B =2 and
v=2 as
PO
Uy — AU — veAuy = acuguy + BeVu Vug, € R, (1)
u(z,0) = ug(x), uz,0)=ui(z), xe€R", (2)

where ¢, py, v, & are the velocity of the sound, the density, the ratio of the specific
heats and the viscosity of the medium respectively. In what follows, we can just suppose
that o and [ are some positive constants. Eq. (1) is a weakly quasi-linear damped
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wave equation, that describes a propagation of a high amplitude wave in fluids. The
Kuznetsov equation is one of the models derived from the Navier-Stokes system, and it is
well suited for the plane, cylindrical and spherical waves in a fluid [7]. Most of the works
on the Kuznetsov equation ([I]) are treated in the one space dimension [11] or in a bounded
spatial domain of R™ [I3] 12l [I7]. For the viscous case Kaltenbacher and Lasiecka [13]
have considered the Dirichlet boundary valued problem and proved for sufficiently small
initial data the global well-posedness for n < 3. Meyer and Wilke [I7] have proved it
for all n. In [12] it was proven a local well-posedness of the Neumann boundary valued
problem for n < 3.

In this article we study the well-posedness properties of the Cauchy problem (I)—(2).
In the non-viscous case for v = 0, the Cauchy problem for the Kuznetsov equation is a
particular case of a general quasi-linear hyperbolic system of the second order considered
by Hughes, Kato and Marsden [§] (see Theorem [I] Points 1 and 2 for the application of
their results to the Kuznetsov equation). The local well-posedness result, proved in [§],
does not use a priori estimate techniques and is based on the semi-group theory. Hence,
thanks to [8], we have the well-posedness of (Il)-(2) in the Sobolev spaces H*® with a
real s > 5 + 1. Therefore, actually, to extend the local well-posedness to a global one
(for n > 4) and to estimate the maximal time interval on which there exists a regular
solution, John [10] has developed a priori estimates for the Cauchy problem for a general
quasi-linear wave equation. This time, due to the non-linearities w,uy and Vu Vuy,
including the time derivatives, to have an a priori estimate for the Kuznetsov equation
we need to work with Sobolev spaces with a natural s, thus denoted in what follows by
m . If we directly apply general results of Ref. [10] to our case of the Kuznetsov equation,
we obtain a well-posedness result with a high regularity of the initial data. We improve
it in Theorem [3] and show John’s results for the Kuznetsov equation with the minimal
regularity on the initial data corresponding to the regularity obtained by Hughes, Kato
and Marsden [§]. For instance, we prove the analogous energy estimates in H™ with
m > [2 4 2] instead of John’s m > 3n + 4 (see Eq. (20) in Proposition [ and its slight
modified version in H™ with m > [2 + 3] instead of m > 3n 4+ 7 (see Eq. (36) in
Proposition [2). The energy estimates allow us to evaluate the maximal existence time
interval (see Theorem [ Point 5 and Theorem H for more details). In R? and R? the
optimality of obtained estimations for the maximal existence time is ensured by the results
of Alinhac [2]. In Ref. [2] a geometric blow-up for small data is proved for 9?u and Au
at a finite time of the same order as predicted by our a priori estimates (see Theorem [I).
From the other hand, the blow-up of d?u and Awu is also confirmed by the stability
estimate (§) in Theorem [I} if the maximal existence time interval is finite and limited by
T*, by Eq. (8), we have the divergence

T*
| (i + 180l mao) ds = 4. 3)

For n > 4 and v = 0, we also improve the results of John [I0] and show the global
existence for sufficiently small initial data wy € H™(R") and w; € H™(R") with
m > n+2 instead of m > 3n + 7 (see Proposition @ and Theorem H). The smallness of
the initial data here directly ensures the hyperbolicity of the Kuznetsov equation for all
time, i.e. it ensures that 1 —aeu, is strictly positive and bounded for all time. The proof



uses the generalized derivatives for the wave type equations [10] and a priori estimate of
Klainerman [14], 15] (see Section [3.2)).
Let us now formulate our main well-posedness result for the non-viscous case:

Theorem 1 (Non-viscous case) Let v =0, n € N* and s > 5+ 1. For all uy €
H* (R") and uy € H*(R™) such that ||u|| pee(rny < the followmg results hold:

2az—: ’

1. There exists T > 0 such that there exists a unique solution w of (1)-(2) with the
following reqularity

we C7([0, T H1 7 (R™) for 0<r <5, Y
1
T ©®) S 5 2
vt € [0,T], [Jue(t)]|Loomn) < 20 ®)

2. The map (ug,u1) — (u(t,.),0u(t,.)) is continuous in the topology of H**' x H®
uniformly in t € [0,T].

3. Let T* be the largest time on which such a solution is defined, and in addition
seN, de s=m>my=[5+2]. With the notation

m—+1

Enlul(t) = [[Vu(t HHm+ZHﬁl [ (6)

there exist constants C(n,c, ) > 0 and C(n,c, a,ﬁ) > 0 (see Theorem [3) such
that if the initial data satisfies mo 1](0) < & , then

1
T > , such that it holds (3). (7)

eé’(n, ¢, &, B)/ Emg [1](0)

4. For two solutions uw and v of the Kuznetsov equation for v =0 defined on [0,T*|
assume that u be reqular as in ({{f)-(3), i.e. u € L>([0,T*[; H" " (R")), u; €
L>([0,T*[; H™(R™)) (s =m as in Point 3), and

1

ve L¥(0. TG H(RY), v € L([0,T°[ L (R") with o]l ey < 5

and with a bounded ||Vuvy||peom@ny norm on [0,T*[. Then it holds the following
stability uniqueness result: there exist constants C7; > 0 and Cs > 0, independent
on time, such that

t
(Iu=v)ellZ2+ IV (u=v)]IZ2)(t) < Cy exp(02€/0 sup([|usel| oo gy, | Aul| oo gy ) ds)
(llur = v1llZ2 + 1V (10 — v0)[[72)- (8)

5. If s =m > n+ 2, then for sufficiently small initial data (see Theorem [{] in Sec-
tion [3.3)



(a) liminf,_,oe*T* >0 forn =2,
(b) liminf. ,qelog(T*) >0 forn =3,
(¢c) T* = +oo for n>4.

Theorem [Ilis principally based on the a priori estimates proved in Sections 3.1l (for Point 3)
and B.2] (for Point 5) and on the local existence result updated from Ref. [§] (Points 1 and
2). Point 4 is proved in SectionB.3] Analyzing the structure of the Kuznetsov equation and
the difficulties involving by its non-linear terms, we start in Section 2] with preliminary
remarks on the L?-energy properties for the Kuznetsov equation to compare with its
simplified versions. Developing the energy estimates in the Sobolev spaces, we however
recognize the structure of the L?-energy of the wave equation which keeps unchanged.

In the presence of the term Aw; for the viscous case v > 0, the regularity of the
higher order time derivatives of wu is different (to compare to the non-viscous case), and
the way to control the non-linearities in the a priori estimates becomes different. As it
was shown in [19], this dissipative term changes a finite speed of propagation of the wave
equation to the infinite one. Indeed, the linear part of Eq. () can be viewed as two
compositions of the heat operator 0; — A in the following way:

uy — EAu — veAu, = 0y(Ou — evAu) — EAu.

For the viscous case we prove the global in time well-posedness results in R™ (see
Section M) for small enough initial data, the size of which we specify (see Point 1 of
Theorem [2 and Subsection 1] for its proof). In Subsection for n > 3 (see Point 2
of Theorem [2)) we establish an a priori estimate which gives also a sufficient condition of
the existence of a global solution for a sufficiently small initial energy of the same order
on ¢ as in Point 1 of Theorem 2l The same results (see Point 3 of Theorem [) hold in
(R/LZ) x R™! for n > 2 (with a periodicity and mean value zero on one variable).
Theorem 2 (Viscous case) Let v > 0, n € N*, s > 2 and R/ = [0,400[. Con-
sidering the Cauchy problem for the Kuznetsov equation (d)-(2), the following results
hold:

1. Let
X = H*(Rf; H*(R")) N H' (RS ; HF(R™)),

the initial data
ug € H2(R™) and wu, € H*TH(R™),

r. = O(1) be the positive constant defined in Eq. {53) and C; = O(1) be the mini-
mal constant such that the solution u* of the corresponding linear Cauchy problem

(20) satisfies
Cy

lullx < —==(lluollzr=+2 + fJurlz=+1).

Then for all v € (0,7 and all initial data satisfying

N
ay

r (9)

[uol[srs+> + [lua|| o <



there exists the unique solution u € X of the Cauchy problem for the Kuznetsov
equation and ||ul|x < 2r.

2. Let n>3, s=m &N be even and m > [§ + 3] . With the notation

T+l

Exlu](t) = [Vu(t)|m + Z [CATG][meran (10)

there exists a constant p = O(1) > 0 (see Theorem [1 Point 2), independent on
time, such that for all initial data uy € H™(R™) and u; € H™(R™) satisfying

Ew[u](0) < pe, (11)

there exists a unique u € CO(RS; H™M(R™)) N CYR); H™2~%(R")), for i =
L,..,5 + 1 with the bounded energy

Vi€ RY,  Em[u](t) < C(c) Em[u](0) < +oo0.
Here the constant C(c) > 0 is independent on time, on u and on m.

8. For n e N* in Q= (R/LZ) x R" with s =m € N even and m > [% + 3] there
hold Points 1 and 2 in the class of periodic in one direction functions with the mean
value zero

/ u(t,z,y) de = 0. (12)
R/LZ

Let us notice that the hyperbolicity condition ([l is also satisfied if we require condi-
tions (@) and (II). For v > 0 Point 4 of Theorem [II obviously holds for all n € N*.
Point 1 of Theorem Pl is proved in Subsection 1] using a theorem of a non-linear anal-
ysis [20] (see Theorem [B) and regularity results for the strongly damped wave equation
following [6], which can also be used for Q = (R/LZ) x R™ ! in point 3. Point 2 of
Theorem [ is proved in Subsection [4.2] using a priori estimates given in Proposition [I]
see also Theorem [l The last point of Theorem [2 is a direct corollary of the Poincaré
inequality

lull 2w Lz)xrn-1y < CllOpu|| L2 /L2)xRA-1), (13)

which holds in the class of periodic functions with the mean value zero. Estimate (I3))
allows to have the same estimate as in Proposition [l (see Section M) for n = 2, which
fails in R%. Thus, it also gives the global existence for rather small initial data detailed
in Point 2.

2 Preliminary remarks on L,-energies

We can notice that Eq. (Il) is a wave equation containing a dissipative term Aw; and
two non-linear terms: VuVu; describing local non-linear effects and w;u; describing



global or cumulative effects. Actually, the linear wave equation appears from Eq. () if
we consider only the terms of the zero order on ¢:

uy — A Au = 0. (14)

The semi-group theory permits in the usual way to show that for uy, € H'(R") and
u; € L*(R™) there exists a unique solution of the Cauchy problem (I4]), (2))

u € CO(RY; H'(R™) N CH(RF; L*(R™)).

So the energy of the wave equation (I4)

Blt) = / (u)? + (V) (t, x)dz, (15)
Rn
is well defined and conserved J
—FE(t) =0.
p t)=0

For v > 0 and without non-linear terms, the Kuznetsov equation (II) becomes the
known strongly damped wave equation:

Uy — AU — ieAut =0, (16)
Po

which is well-posed [9]: for m € N, uy € H™™(R") and u; € H™(R") there exists a
unique solution of the Cauchy problem (1), (2)

w e CORS H™ (R") N O (R H™(R™)).

Multiplying Eq. (I6) by u; in L*(R™), we obtain for the energy of the wave equa-

tion (15

Dy = oY / Vuy)2(t, s)ds < 0

dt (t) = ,006 n( ug)=(1,5)as = U,
what means that the energy E(t) decreases in time, thanks to the viscosity term with v >
0. The rate of the decreasing is found for more regular energies in [19] in accordance with
the regularity of the initial conditions. Without the term VuVu,; (local non-linear effects),
the Kuznetsov equation becomes similar to the Westervelt equation, initially derived by
Westervelt [21] before Kuznetsov. The Westervelt equation, historically derived [21] for

the acoustic pressure fluctuation, has the following form
+1

14
P — FAp — —elp =1 5D (17)
Po c

and can also be seen as an approximation of an isentropic Navier-Stokes system.
In the sequel we conveniently denote p by w. We multiply Eq. (I7) by w; and
integrate over R™ to obtain

%% (/Rn[(ut)Q + *(Vu)?) dx) + %g/n(vut)2 dz = %7; 15% (/Rn(ut)?’ dx) :

6




Then we have

li _ELH 2 2 2 i / 9 B
5L </Rn {(1 3 o2 6ut) (ut) +C(Vu) dx —|—p05 n(vut) dr = 0.

5~ we consider the energy

Epest(t) = /n [(1 — acuy) (u)* + CQ(VU)Z] dux, (18)

which is monotonous decreasing for v > 0 and is conserved for v = 0. Let us also notice
that, taking the same initial data for different values of v, energy (I8) is a decreasing
function of v:

forall 0 < vy <wvpand t >0 FEyes(t,v =0) > Eyese(t, 1) > Eyest(t,12) >0,

in the assumtion that 1 — acu; > 0 almost everywhere.
While 1 <1—aeu;, < 3, that is to say ||u(t)||reorn) remains small enough in time, then
we can compare F,.s to the energy of the wave equation

%E(t) < Byeu(t) < gE@).

Then a sufficiently regular solution of the Cauchy problem for the Westervelt equation
has the energy E controlled by a decreasing in time function:

E(t) <3E(0) // (Vauy(s, z))*dz ds.

Now, let us consider the Kuznetsov equation ([Il). We multiply it by u,; and integrate
on R"™ to obtain

d v
éﬁE,wnl(t) + %5 /n(Vut)2 dor = 2¢ - Vu Vu; uy de,
where E,o(t) is given by Eq. (I8) with a = 2 021 . As

d
26/ Vu Vu, up do = e— uy(Vu)? do — 5/ uy(Vu)? dz,
R’ﬂ

we find

%% (/R [(1 - %76‘2 laut> () + (& — Qeut)(Vu)Q] do
4 25/ / |Vl dz ds) —6/n(Vut)2 dz = 0. (19)

the function

_ 279
Thus, for a = 3 62 ,

F,(t) = /n (1 — acwy) (w)® + (¢ — 2eu)(Vu)?] dx + 2¢ /Ot /n uy|Vu|? do ds

7



is constant if ¥ = 0 and decreases if v > 0. Let us notice that while % <1-—asuy < % ,
the coefficient ¢? — 2eu; is always positive (since ¢ is the sound speed in the chosen
medium, ¢® > 1), hence the first integral in F, (t) is positive, but we a priori don’t know
the sign of the second integral, i.e. the sign of uy. However, for v = 0, F,_o(t) is

positive, as soon as 0 <1 — asuy:

F,—o(t) = F,—(0) = / [(1 = asu) (w)? + (¢* = 2eu1)(Vug)?] dz >0,

n

and, if we take the same initial data for the Cauchy problems with » =0 and v > 0, for
all t > 0 (for all time where F,_ exists) it holds F,—o(t) = F,—(0) > F,~o(t).

For n > 3, we can control the term 2¢ fRn VuVuuy dr using the Holder inequality
and the Sobolev embeddings (which fails in R?):

Vu Vu; uy dx

<IVullpn [Vl lluell | 2n, < ClIVUlzn[[ V|7
R”

Then, instead of Eq. (I9) for F,, we have the relation for F,,,; :

1d o)+ (L QsCHVuHLn)/ (Va)? dar < 0.
2dt £o Rn
So, if a solution of the Kuznetsov equation w is such that [|[Vu(t)||r» and ||u ()|
stay small enough for all time, then FE,,, decreases and, as previously for the Westervelt
equation, thanks to $FE(t) < E,u(t) < 3E(t), the energy E has for upper bound a
decreasing function.

This fact leads us to look for global well-posedness results for the Cauchy problem for
the Kuznetsov equation in the viscous case.

3 Well-posedness for the non-viscous case

3.1 Proof of Point 3 of Theorem (]

Let us give an estimation of the maximum existence time for a solution of problem ([I])—(2l)
with v = 0. For this we are inspiring of the work of John [10] with the use of a priori
estimate. However we don’t directly apply the general results of John, but we improve
them for our specific problem as we can take less regular initial conditions in order to
have suitable a priori estimates.

Proposition 1 For a fited m € N with m > mg = [g + 2} , let u be a local solution

of problem (1)-(2) with v =0 on [0,T] satisfying {{l) and (3) for s =m.
For t €0, T] we have for E,[u|(t), defined in Eq. (@),

E,[u)(t) < B E,,[u)(0) + C,, max(a, 5)5/0 Em[u](s)%ds, (20)

with constants B = ml(i(tiifzg) > 0, depending only on ¢, and C,, > 0, depending only

on m, on the dimension n and on ¢ (only if min(1/2,c*) = c?*).

8



Proof : Following [10], let us consider
L,v = vy — Av — asuwy — feVu Vo, (21)

where u is a local solution on [0,7] of the problem ([I)—([) with v = 0, satisfying (@)
and (B for s = m. We multiply Eq. (2I)) by v; and integrate over R"

1d
/ L,v v, =57 </ v+ CQ(VU)2dSL’) — ae/ wVy v dr — 55/ VuVuude
Rn n n n
1d a |d
=5 </n v? +02(Vv)2dx) — 3¢ [@ (/Rn Uy vfdx) — /n m vtzdx]
- ée Vu V(v)“dx
27 Jen
1d a |d
=5 < - v? +02(Vv)2dx) — 3¢ [@ (/n Uy vfdx) — /n m vfdx]
+ és/ Au (vy)*dw
27 Jon
Hence, denoting by
I[v] = v} 4+ A (Vv)? — agu; 7, (22)
J[v] = 2L vy — [acuy + BeAu] (v;)?, (23)
we have the following equation
d
— [ It x)dx = / Jv](t, z)dz. (24)

Let A = (A, Ay, ..., A,) be a multi-index, and D4y = 8;408£1...8fn". To prove esti-
mate (20), we study | [, J[v](¢,2)dz| for v = DAu with |A] = Ao+ A1 + ...+ A, <m.

For m > [2+2] and a multi-index A with [A| < m we estimate, thanks to the
definition of E,,[u] by Eq. (@),

jw

luge (D)2 |de <[Jugel| oo | DA w72 < Cllugel| g0 Bmlu] < C Ep[u]?, (25)
RTL

with a constant C' > 0, depending only of n by the Sobolev embedding [I] Theo-
rem 7.57 p. 228

H*(R") — L®(R")  for s > g (26)

In the same way, using the Sobolev embedding (26]), we obtain

/ [Au(Dhup)?|de <[ Aullpoe | DAl 72 < Cll A g B[yl

[SIY)

<C|[Vullgm Ep[u] < C Ep[u]?. (27)



To calculate L,D“u we apply the chain rule of differentiation to DAL,u = 0.
As L,u = 0 we suppose |A| > 1. By developing D*(u; uy) and DA(VuVu,) =
S DA(0,,udy,uy) , we have

L,D% = ¢ Z (CjaDAﬂut DA%, + Z EijﬁDAﬂain DAj26$iu> ; (28)
; i=1

J

where Zj is a finite sum, with C; and E;; depending only of |A] < m, and A’! and
A% are multi-index such that

| A + A7) = |A] + 1,
A >0, A% >, (29)
AN AP = Ag+1, AV AP = A for1 <i<n.

Let us show for m > [g + 2] the estimate

(I[N

(30)

/ L,D*u D*u; dz| < Ce max(a, B) B,y [u]

Without loss of generality, we consider two multi-indexes A! and A? satisfying (29) and
divide the proof of ([B0) in two parts: firstly we estimate fRn |DA1ut DA%y, DAy, |dz , and
secondary [, |DA'0,,u D**8,,u DAu;|dz. As the proof of each part is very similar, we
give the details only for the first one.

To estimate fRn |DA1ut DA%, DAu;|dz , we consider three cases:

Case 1: 1 < |A' <m and 1< |A% <m,
Case 2: |A'| <m and |A% =1,
Case 3: A% <m and |A'|=1.

Case 1: For 2 < |A'Y <m —1 and 2 < |A? <m —1, it holds
/ | DA v, D, DAwy|dx <|| DA || o | DA || || DA | 12,

with % + % = 3 by the general Holder inequality [4]. Hence, using the Sobolev embed-
ding [1]
1 1
™ (RY) < DP(RY) with = 5 = % and 0 < my < g (31)

we find

/ | DA, D uy DAuglda < C| DA gl g || DY e 15 —ony | D 0t 12
n

In what follows by C' > 0 is denoted an arbitrary constant depending only on m and on
n.

10



We have
1 Al 2 A2
||DA || < [|0; OutHHmlHAl\—Aéa ||DA |l yg-m <16 OUtHH%—mIHA?\—Ag-
We need to find m for which there exists m; with 0 <m; < %, such that

{ my+ A = Ay <m+1—(45+1), (32)

B—my+ A —AF <m+1-(AF+1),
or equivalently, by 29) |A%| = |A| + 1 — |A!],

my + |AY < m,
—my+ Al +1— A <m.

As m —|A| > 0 it is sufficient to find m; , such that
n 1
§+1§m1—|—|A | < m,

with 2 <Al <m —1 and 0 <m; < 5 . In particular, the last three inequalities imply
that m > [24 %] . For the existence of m;, we see that, for instance,

if |A;| =2: we can take m; = § —

)

=

if 2 <[A;| <5 +1: wecantake m; =3 +1—|A,
if 2+1<|A;] <m—1: we can take my = 1.

Moreover,
1D%ullze < 100w iar-so < 107w sn-o-

Then, thanks to relations (32]), we conclude
A A2
/n |DA1Ut D*u Duy| <C|0, OUtHHm—A% 10, OUtHHm—A% 1870wz | gm0
<C Ep[ul?.
Case 2: Now, if |A!'| <m and |A%| =1, it holds
/ |D* wy D*uy DMuy| < || DY ]| 2| DY e oo || D e 2.
Since |A'| <m and |A| < m, we have
Al
il < N0 ell o ay < VEmlul, 1D ugllz < 10 well a0 < v/ Enlul.
”DA H 0
In addition, since m > [2 42| and A2 <1, by the Sobolev embeddings (26) it holds
A2
ID* | <CID* el g < L, el 3123 < C v/ Eumlul.
Case 3: The case 3, i.e. when |A?] <m and |A!| =1, is the same as Case 2.

11



Consequently, for m > [% + 2] ,and A! and A?, satisfying properties (29), it holds

| DA uy DY uy DAwy|dz < C By [ul?. (33)
Rn
By the same argument, for m > [g +12] and 1241 and A?, satisfying properties (29),
we control the terms of the form [, [D* 9,,u DA 0y, u DAuy|da :

|D* 0,,u D 8,,u D uy| < CEplul?. (34)
R
Thus, considering 28), (33) and [B4) for m > [2+2] and for a multi-index A with
|A| < m, we have estimate (30).
Thanks to estimations (25), (27) and (B0), we are able to control each term of J[D%u]

from Eq. (23):

/n J[DAu)(t, z)dz| < Cmax(a, B)eEp,[u] (t)% (35)

By the hypothesis that u is a local solution of the non-viscous Kuznetsov equation, wu
satisfies Eq. (), i.e. ||us(t)|r~ < 5= on [0,7T], which implies the equivalence of energies

2ae
1
/ é(DAut)2 + (VD)% dz < / I[DA)(t, z)dx < / g(DAut)2 + A(VD)%dz.

We integrate relation (24]) over [0,¢] with ¢ < T to obtain

3 2
——|—C)
Dy ()17 D%uft 22<<27
D%y (8)[[ 22 + (VD u(t)]|g “min(1/2, c?)

1 t
S dz ds.
* min(1/2,c2)/0 /n‘](s’x) rae

3 2

——|—C>
DA u(B|2a + IV D a2 <—2 T )
D%y (8) |22 + (VD u(t)]|g “min(1/2, c?)

1
+ min(1/2, ¢?)
As we have this for all multi-index A with |A| < m, by summing, we obtain
(3 +2¢2) 1
Enlul(t) < ——— E,u](0 —
[u](t) < min(1/2, ¢?) [)(0) + min(1/2, ¢?)
with a constant C' > 0, depending only of n and m. This gives estimate (20).

(1D (0) 172 + 1V D u(0)][72)

Then, using estimate (B3]), we find

(1D ue(0) 12 + IV D u(0)]72)

C max(a, B)e /0 Ep[u](s)2ds.

Cmax(a,ﬁ)a/o Em[u](s)gds

0

Inequality (20), proved in Proposition[I] gives us an a priori estimate in order to have,
with the help of the Gronwall Lemma, an estimation of the maximum existence time 7.
However, when m increases, C), increases, and the maximum existence time, given by
estimate (20), decreases whereas the initial conditions become more regular. Therefore
we prove the second a priori estimate (see Eq. (36)), playing a key role in order to avoid
this problem:
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Proposition 2 Let conditions of Proposition [ be satisfied. Then for t € [0,T] and
m > [% +3} we have

=

Enul(t) < B E,[ul(0) + Dy, max(a,ﬁ)e/o Ep1lu)(s)2 By lu)(s)ds, (36)

with a constant D, > 0, depending only on m, on n and on ¢ and the same constant
B as in Proposition [

Proof :
Using the proof of Proposition [lfor A a multi-index with |A| < m and J[D%u| from
Eq. ([23), we just have to show that for m > [% + 3]

/nﬂpﬂm&xmx

< Cen/ Ep1|u]Epul.
Indeed, for m > [% + 3] and a multi-indexes A with [A] < m we have

[ (DA ue)*|dar <|lue| oo | D uel|Z2 < Cllusellzrm-2 Elu] < CV/ B[] Eu[u],
Rn

and

[ 180D s <l Aul~ | D ulfs < O Vullns Enlud < CVEn il Enful,
Now we consider two multi-indexes A' and A? with properties ([29). As previously, we
have to distinguish three cases:

Case 1: 1 < |A' <m and 1 < |A% <m,
Case 2: |A'|<m and |A%| =1,
Case 3: |A% <m and |AY|=1.

First, if 1 < |A!' <m and 1< |A?| <m, in Case 1 we have
1 2 Al A2
/ | D% wy Dy Dwy|de <C||9; OUtHHmmAl\—A})Hat Out||H%—m1+\A2\—A% 1D e[ 2
n
A A
<||o, Ut||Hm1+\A1\—A5 16; utHH%—mlHA?\—A% En[ul.

By symmetry of their roles we can take |A;| < ["2] < |As|. We look for m for which
there exists m; , such that

my + A = Ay <m— (4 + 1),
m 4 |A2 — A2 <mA1—(AZ41),

in order to have
Al A2
10; OUtHHm1+\A1\—A5 < V Eniu] and [|9, Out”H%fmmA?\—Ag <V Enlul.

13



As |As| = |A] +1— |AY and m > |A]|, it is sufficient to find m; , such that
n 1
§+1§m1—|—|A | <m—1,

with 2 < JAY <m -1, |A] < [mTH} and 0 < my < 5. This directly implies that
m > [2+3]. In addition, this also implies, except if m < 3, that |A'| <m—2. Thus the
existence of a required m; is justified in Case 1 of the proof of estimate ([20). If m < 3,
as m > [2 + 3], we have only the case m =3, n=1 and |A!| = |A% = 2, for which it
holds

| DA, Dy DAuy|dx <|| DA | 2| DA we || oo | D g || 12
Rn

<CD wel| 2| D* el 1 | D | 2 < OV B [u] B[],

by the Sobolev embedding (26]).
For |A'| <m and |A%| =1, in Case 2, we find

1 2 1 2
/ | DY uy DMy DYuglde < | DY | 2| D e | oo | D e 2,
n

where the two L?-norms are controlled by +/E,,[u]:

Al
10wz < 100ll oy < VBT 1D ule < 10 lneso < v/ Bl
As A3 <1, for the L -norm, for m > [% + 3], we have
A2
1D ]| Lo <CIUD ull yig+n < IO will igr2-az < OV Ems[u].

Case 3, i.e. for |A% <m and |A'| =1, can be treated in the same way.
So, if m > [% + 3] ,and A! and A? satisfy properties (29), we obtain

| DA uy D uy DAuy|dx < C\/ B [u] B [u)].

Rn

Using similar arguments, we can show with the same restrictions on m, A! and A? that
/ | DA 0, u DY 0, u DAuy|dz < C/Ep_1[u] Ep[u).
Rn
Consequently;,

|L,D*u DAy |dz < Cmax(a, B)\/Enm_ [u] B [u],

Rn

from where follows estimate (36]). O

We are now going to give a first estimation of the lifespan T™ of a local solution of
problem (I)-(2) with v =0.

14



Theorem 3 Let m > mg = [2+2] and let u be the unique solution on [0,T*] of the
problem (1)-(3) with v =0 for

1
ug € H™™R™), u; € H™(R") and |uy|jz~ < =—.

20
[f \/ Emo [U](O) < m s then

1
T >1Ty =

Cimy max(a, 6)5\/EEmo [u](0)

and
u e C"([0,To); H™'7) for0 <r <m+1,

with
Vi € [0, Ty], Enlul(t) <C < +oo.

Here B and C,,, are the constants from estimate (20) and Cy is the embedding constant
from the embedding of the Sobolev space HIZHI(R™) in L®(R").

Proof : Thanks to Point 1 of Theorem [, for uy € H™(R"), u; € H™(R") and
Jur]| e < 2= there exists a unique solution u on an sufficiently small interval [0,7] of
problem ([{)-(2) with v = 0, satisfying (4)) and (B for s = m. Moreover it implies that
E,,[u](0) is finite. Hence, we can add the hypothesis

1
< -
4V BC e

without adding further conditions of regularity on uy and u; as it can be reduced on a
smallness condition on ||ug||gm+1 + ||u1|| gm -

Let us take Tp, as defined in Eq. (87), and show by induction on j € N with my <
7 < m that

Eino [u](0)

VjieN, withmo<j<m sup E;ul(t) < oc.
tE[QTQ]

For j = mg, uy € H™(R") € H™(R") and u; € H™(R") C H™(R"), and
consequently
By [u](0) < By, [u](0) < oo,

For ¢ > 0, while |Ju,(t)|z~ < 7=, it holds estimate (20) with m = mqg. According
to the Gronwall Lemma, applied to (20) with m = mg, we have

By [u] (t) < (1),

where z(t) is the solution of the Cauchy problem for an ordinary differential equation
t
2(t) = 20 + Cppy max(a, 6)5/ (2(5))**ds  with zg = B Ey,[u](0).
0

This problem can be solved explicitly:

2(t) =

20
(1-— 523/20,”0 max(a, 6)575)2.

15



We can see that, as long as 0 < t < Tj, the function z(¢) has the finite upper bound
2(t) < 4z. Tt implies the upper boundness of E,, [u]:

Eppo[u)(t) < 4B Eyno[u](0). (38)

Moreover, thanks to our notations,

Tee®llz= ) g < VB0,

Cso

from where, using inequality (B8], we find

1
(@)l < 2Cocv/ B Euo [u](0) < 5,

since v/ En,[u](0) < 5 \/Elcooae . Thus Eq. (&) holds on all interval [0, To] and sup;e(o 7y Emo[u] ()
is finite.

Let j € N, mg <j<m—1 besuch that sup,cj ) E;lul(t) < oo.

Since Eq. (B) holds on all interval [0,7p], we can use the a priori estimate (36]) and
write that for all ¢ € [0, Tp]

Bralud(t) < B Eyaful0) + Dyamax(a 9 [ /BByl )ds

By the induction hypothesis sup,co ) £;[u](t) is bounded by a constant, denoted here
by E?, and hence on [0,Tp] it holds

Byalul(t) < BEy[ul(0) + Dyamax(a,5) Be | Eyalul(s)ds.

Applying the Gronwall Lemma, we obtain for ¢t € [0, Tg]
Byalu](t) < BEya[ul (0)ePs+ "0 Bt < B, [u] Q)P maend) Ty

This means, as E;1[u](0) < E,[u](0) < 400, that sup,cn Ejri[ul(t) < oo and fin-
ishes the proof. O
Theorem [3] estimates the lifespan T* as at least of the order é, or more precisely,
implies that
liminf eT™ > 0.

e—0

This result is independent of the dimension n. However, much better estimations for the
lifespan can be obtained, if we use an inequality that takes into account the time decay
of the solutions for n > 1, what we do in the next Section.
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3.2 Proof of Point 5 of Theorem [Il. Optimal estimations of the
existence time

In [I0] John uses the group of linear transformations preserving the equation uy—Au = 0.
The generators of this group (the derivatives with respect to group parameters taken at
the identity), here called generalized derivatives, include in addition to the derivatives
O, Opyy - -+, O, certain first-order differential operators L, with a = 0,...,n and
with 1 <1<k <n:

Definition 1 (Generalized derivatives [10]) The following operators
Lo =10+ Y %05, Li=z:0,+10,, fori=1..n,

Qi = 2,05, — 0y, for 1 <i <k <n, and 0, Oy, fori=1,...,n
are called the generalized derivatives. The operators
L07 sty Ln7 Ql?u 9137 LRI anlnu at7 8:1317 LR 8:Bn7

(taken in this order) are denoted respectively by Ty, ..., I, with p = %(n2 +3n+2). For
a multi-index A = (Ay, ..., A,) we write in the usual way

Al = Ao+ ...+ Ay, TH= (o)™ .. (T

Therefore, in the framework of the general derivatives, we define for m € N

Eoom|u](t) = sgp ‘i|u<pm [(FAﬁtu(t, 7))+ (FAVu(:c,t))Q} , (39)
Evmlul(t) = Y (IT*0wull72 + IT4Vul72)(t). (40)

|Al<m
Let us give a remarkable estimation proved in Ref. [15] by Klainerman:
Proposition 3 (Klainerman 1987) For n* =[5 +1], me N, and t > 0, as soon as
w is such that Ey . [u](t) is finite, it holds

Eoom[u)(t) < Co(14+ 1) 2"/ By e [u] (1), (41)

Thanks to Proposition 3], we improve the results of John [I0] for the case of the Kuznetsov
equation and state:

Proposition 4 For n and m in N*, m > n—+2, let u be a local solution on an interval
[0,T] of the problem (1l)-(2) with v = 0, satisfying ({4) and (3) with s = m. Then for
all t € 10,77, it holds

Eq pu](t) < B Ey,[u](0) + Cp, max(a, 5)5/0 (1+ )12 By u(s)2ds, (42)

with a positive constant B > 0, depending only on ¢, on « and on (3, and with a positive
constant C,, > 0, depending only on m, on n and on c.
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Proof : The proof follows identically the proof of Proposition [[l up to Eq. (28)) replacing
everywhere D4 by I'4. This time Eq. (28) becomes

r i1 j2 - i1 j2
LIu=e)" <a0jrf“ u, T4%u, + ) BE;TA 0, u T a%,u> , (43)

j=0 i=1

where p is defined in Definition Il C; and E;; depend only on |A] < m, and A/' and
A% are multi-indexes, such that

|ATY + |A?) < m + 1.

It follows that |A7'| < [ZH] or |A72| < [ZH]. Therefore, if we set m’ = [ZH], we

2
obtain

|B|<m/

|J[T ) (s, z)| <Chp max(oz,ﬁ)e\/ sup ((DPoyu(t, z))? + (DPVu(z,t))?))-

- sup ((TP0u(t, 2))? + (TPVu(z,t))?))

|B]<m

<Cpmax(a, B)e\/ B [u)(s) Y ((FP0u(t,2))* + (TPVu(z, 5))%)),

|B|<m

and thus
JM (s, x)dz

Rn

< Crymax(a, f)er/ Eo [U](8) E1m[u](s).

By hypothesis on u,
1
e ()| < 5~ on [0, T,

and then, by integrating of Eq. (24) on [0,¢] with ¢ € [0,7], we have

1 3
Sl u@®7: + VT )72 <SIaT u(0)7: + VT u(0)7:

4+, max(a, Bz /0 SB[ (8) B[l 5)ds.

By summing for |A| < m, we obtain

Ey n[u)(t) < B By u](0) + Cp, max(a,ﬁ)e/o \/ Eooms[](5) ' m[u](s)ds.

Now we use the Klainerman inequality (A1), noticing that, if we take m > n+2, we have

. mAl
= (] |
2
This finishes the proof. 0
We use the a priori estimate ([@2]) to improve our estimation of the lifespan 7™ as a

function of n.

n+1]<
— m.
5 <
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Theorem 4 Let m > n+2. For ug € H"M(R") and u; € H™(R") with ||u]|z~ < 5~

2ae
we consider the local solution w of problem ({)-(3) with v = 0 on an interval [0,T],

satisfying ({f]) and ({3) for s =m as in Point 1 of Theorem[D. If \/E1 ;,[u](0) < 4\/§é e’
then h

Eym[u](t) < 4B By [u](0),

as long as
-2
t < (QCm max(a, f)e\/ B ELm[u](O)) whenn = 2,
1
t < Qexp( ) whenn = 3,
Crmmax(a, f)er/B Ey ,[u](0)
—1
1< (QCm max(«, §)ey/ B Elm[u](0)> whenn > 4.
Consequently,

liminf e?7* > 0 whenn = 2,
e—0
lim iglf elog(T*) >0 whenn = 3,
e—
and, for a small enough ¢, T* = +oo whenn > 4, i.e. the solution u is global.

Proof : This is a direct consequence of the Gronwall lemma, used with the a priori
estimate (A2)), as it is done by John in [10]. O

Remark 1 The estimations, given for T in the case n = 1,2,3, are optimal as the
blow-up times, found by Alinhac in [2], have the same order.

3.3 Proof of Point 4 of Theorem [I. Stability and uniqueness
result

By definition of v and v we have
(U —v)y — EA(u —v) = as(uuy — vvy) + Be(VuVu, — VoVuy). (44)

We multiply this equation by (u — v), and integrate on R™. By integration by parts we
obtain

d
! (||(U —0)ell72 +V(u— U)||%2) = 045/ (uere — vevy)(u — v)e da

n

DO | —

+ 58/ (VuVu, — VoV (u — v), de. (45)
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For the first right hand side term in Eq. ([45]) we find
/ (uguy — vyvy)(u — v) doe = / uy(u — v)? dv + / ve(u —v)y(u—v)y do
2 ld 2
- nutt(U—U)t dxr + vy [(u—);] da
d 1
:/ uy(u — v)? do + =— [/ ve(u —v)? da:] — —/ v (u —v)? do
n dt | Jzn 2 Jrn
d
:/ uy(u —v)? d + pr l/ ve(u — v)? dx}

1 1
+ 5/ (ug — v ) (u — v)7 do — 5 / uy(u —v)? do

1 1d 1d
zé/nutt(u—v)f dx+§£ {/nvt(u—v)f d:c} t 5 {/n(u—v)f dx}
1 d 1 1
=5 /n ug(u — v)? dr + T [/n(éut—ir gvt)(u—v)f dx} :

On one hand,

< lJueel ool (u = v)ellZ2,

/ uy(u — v)? do

and on the other hand, we can put the term ae[[o. (tu, + 2v,)(u — v)? dz] on the left

hand side of Eq. (#4)) and combine it with < (||(u —v).||3,), so that we obtain the term

1d

1 2
it .. A(u—v)?dr, with A=1-ac (gut + —vt) .

3

We notice that with condition (B on w; and v; (which keeps our model hyperbolic)

we have § < A(t) < 3 for t < T*. Therefore, for the second term at the right hand side

we find

/ (VuVuy — VoVu)(u —v)y de = Vo (Vu — Vo) (u —v); de
n Rn
+ / Vu(Vu — Vo) (u—v); doe
= Vo (Vu — Vo) (u —v)y do — % / Au(u —v)? da.
R™ n

We estimate the obtained two terms:

< ClIVuell (1Y (u = 0) 172 + [ = v)ellZ2,

/n Vo (Vu — Vo)(u —v); do

| i Au(u—v)} dz| < || Aul| g [ (u = v)[7:-
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Thus, we find the following estimate

1d
5@(4 Au =)} + |V (u—v)|l7> dz) < Cesup(|lugl|ze, [[Aul| Lo, [[Vve]| )
(1w = )ellZ2 + 1V (u = v)IZ2).

< A(t) < 3 for t < T*, from the last estimate we

Applying the Gronwall Lemma, as %

have

t
(I = v)ellZ2 + IV (u = 0)l[72)(t) < Cy eXp(Czé?/O sup([|uee|zes, [|Aull L=, [[Vor]| < ) ds)-
([lur = villZ2 + [V (w0 — vo)l[72)-

With the hypothesis that ||Vv||~ is bounded on [0, 7*[, we obtain the result of Point 4
in Theorem [ for all ¢ < T™.

Remark 2 [t is easy to verify that the same stability estimate also holds for v > 0: by
the adding of the term —vA(u—wv), to the equation, it gives a positive therm +v fot |V (u—
v)¢|*dx in the right hand side of the estimate and can be simply omitted.

4 Well-posedness for the viscous case

4.1 Proof of Point 1 of Theorem

Let us show the global well-posedness, of the solution of the Cauchy problem ([I])-(2). We
start with the study of the linear problem, associated to the Kuznetsov equation.

Theorem 5 Let s > 0 and X be the space defined in Point 1 of Theorem [2. Then the
system

2A Auy =

Uy + cAu + evAuy = f, (46)
u(0) = up, u(0) =1uy

has a unique solution u € X , if and only if f € L*(RS; H®), uy € H**? and u, € H¥'.

Moreover it holds the following a priori estimate

lullxc < C (1 s ey + luollmss + o) (47)

with |ullx = ||u||H2(Rj;Hs) + ||u||L2(Rj;Hs+2) + ||ut||L2(]R:r;HS+2) ‘

Proof : First we take f € L*(R}; H®), ug € H*™? and u; € H*™'. We use the ideas
of [6] (see Eq. (4.26)). For the sake of clarity, let us take s = 0. We take the inner
product in L*(R") of the equation with —Aw,; and integrate by parts:

1d

Sdt (HVUtH%ﬂ(Rn) + 02||Au||%2(w)) + 5V||Aut||%2(Rn) - _ A FAudz.
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Using the Young inequality and integrating over [0,¢], we find
1 2 2 2 ev [ 2
5 (17l + I Aulaan) + 5 | 18wl
1
< IV e+ SNl + 5 [ [ [P, )
Since f € L?(R x R") and (ug,u1) € H?*(R") x H*(R"™), the last estimate implies that
400
/ |Au,|*dads < +oo.
0 Rn

Since the domain of —A is H?, we obtain that
u, up € L*(R; H?), and uy € L*(R} x R™),

and hence, u € X for s =0. For s > 0, as the equation is linear, we perform the same
1
proof, using the fact that, the operator A = (1 — A)z , defined by its Fourier transform

by the formula @(C) = (14 [¢|?)za(¢), relies the norm of H* with the L2 -norm:

(NI

A =0=4) ullas = [|A |, (49)

The unicity of u follows from the linearity of the operator and the unicity of the solution
of system (@) in the case f =0 (see [9]).
Conversely, if v € X solution of system ([4@), this implies that

u € C(R; H*T*(R") and wu, € H'(RS; H¥(R")) N L*(R}; H¥™(R™)).

Thanks to Theorem I11.4.10.2 in [3], it follows that u; € C(R;; H*™1(R")). Then we have
w(0) € H**? | uy(0) € H*™'. Moreover, it reads directly from the definition of X , that
fe LAR}; H®) for ue X.

The a priori estimate follows from the closed graph theorem. 0
Let us notice that Theorem [l states that problem (@€]) has L?-maximal regularity (see [5]
Definition 2.1) on R} . To prove the main result of the global well-posedness of the
Cauchy problem for the Kuznetsov equation we use the following theorem from [20]:

Theorem 6 Let X be a Banach space, let Y be a separable topological vector space,
let L : X — Y be a linear continuous operator, let U be the open unit ball in X , let
Pru: LX — [0,00[ be the Minkowski functional of the set LU , and let ® : X — LX be
a mapping satisfying the condition

Pry(®(z) — @(2)) <O@) [l — 2| for |lo—aoll <7, [z —aofl <
for some xy € X, where © : [0, 00[— [0,00[ is a monotone non-decreasing function. Set

b(r) = max(1 — O(r),0) for r>0.
Suppose that

/b )dr €]0,00], r.=sup{r > 0] b(r) > 0},
0
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w(r) = /b(t)dt (r>0) and f(x)=Lx+ P(z) for zeX.
0
Then for any r € [0,r.[ and y € f(xo) +w(r)LU, there exists an x € xo+rU such that
flz)=y.

Remark 3 If either L is injective or KerL has a topological complement E in X
such that L(ENU) = LU , then the assertion of Theorem|[@ follows from the contraction
mapping principle [20]. In particular, if L is injective, then the solution is unique.

Now, we have all elements to prove Point 1 of Theorem [2

Proof :
For uy € H**2(R") and u; € H*™(R") let us denote by u* € X the unique solution
of the linear problem

(50)

ul, — AU — veAul =0,
u*(0) = ug € HP2(R"), u}(0) =uy € HTH(R™).

In addition, according to Theorem [B, we take
X = HA(R}'; H*(R™)) 1 H'(R}'; H*2(R"),

this time for s > & (we need it to control the non-linear terms), and introduce the Banach

spaces
Xo :={u € X| u(0) = u,(0) = 0} (51)

and Y = L?(R;\; H*(R™)). Then by Theorem [ the linear operator
L:Xo—Y, ucXo— Lu):=uy —EAu—velAu, €,

is a bi-continuous isomorphism.
Let us now notice that if v is the unique solution of the non-linear Cauchy problem

{vtt — AAv — veAv; — ag(v +u)(v + u*)y — BeV (v +u*).V(v+ u*); = 0, (52)

v(0) =0, v,(0)=0,

then u = v + u* is the unique solution of the Cauchy problem for the Kuznetsov equa-
tion ({)—(2). Let us prove the existence of a such v, using Theorem
We suppose that ||u*||x < r and define for v € X

O(v) = ac(v+u)(v+u")y + SeV(v+u").V(v+ u');.

For w and z in Xy such that |w|x <7 and ||z||x < r, we estimate

[®(w) — @(2)|ly = |lee(u;(w — 2)u + (W — 2)uy, + Wwy — 224)
+ Be(Vu'V(w — 2); + V(w — 2)Vu; + VuVw, — V2Vz)|ly
= |lae(u;(w — 2)u + (W — 2)ufy +w(w — 2)u + (W — 2)124)

+ Be(Vu'V(w — 2); + V(w — 2)Vu; + VuV(w — 2); + V(w — 2)Vz)|ly
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by applying the triangular inequality

l@(w) = ()l < ae(lju;(w = 2ully + I (w = ey
o+ lwnw = 2elly + ll(w = 2)ezully
+ 82 (IVu v (w = 2)lly + IV (w = 2) V4 [y
HIVV(w = 2)lly + [V (w = 2) Tzl ).
Now, for all a and b in X with s > sy > 5 it holds

laebetlly <llael] oo et sy 02l
SC'Hl(ﬂej;Hso)—woo(]Rj xR™) "at"H1(0,+oo;Hs) 0] x

SCHl(Rj;HSO)—)LDO(]R:r xR™) lallx[|b]lx,

where Cpi (gt prs0) oot xrny 18 the embedding constant of HYRS; H*®) in L®(R/S x
R™), independent on s, but depending only on the dimension n. In the same way, for
all @ and b in X it holds

[9aVbuly < Crps reny 10w a1

Taking ¢ and b equal to u*, w, z or w—2z,as |[u*||x <r, ||w|x <r and ||z]|x <7,
we obtain

[@(w) — @(2)[[y < 4(a+ B)CHl(R:r;HSO)—)LDO(R:ran)Eer — 2| x-

By the the fact that L is a bi-continuous isomorphism, there exists a minimal constant
C: =0 (%) > 0 (coming from the inequality Coev|lull%x < ||f|lv[lulx for u, a solution
of the linear problem (A6]) with homogeneous initial data [for a maximal constant Cy =
O(1) > 0]) such that

Vu € Xy ullx < Ccf|Lully.

Hence, for all feY
PLUXO(f) < CaPUy(f) = CaHfHY-
Then we find for w and z in Xy, such that ||w|x < r, ||z|lx < r, and also with
|u*||x < r, that
Pryy, (B(w) = @(2)) < O(r)[lw — 2|[x
with O(r) := 4C:(a+8)Cip s 50y oo (rF xrm)€T - Thus we apply Theorem @ with f(z) =
L(z) — ®(z) and 2y = 0. Therefore, knowing that C. = %, we have, that for all

r € [0,r.[ with
14

T

= o), (53)
4Co (o + 5)CH1(RJ;HSOHL°°(R; xR™)

for all y € ®(0) + w(r)LUx, C Y with
Co

w(r)=r— 270H1(RJ;HSO)aL°°(RZF><R”)(a +B)r?,
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there exists a unique v € 0 + rUy, such that L(v) — ®(v) = y. But, if we want that
v be the solution of the non-linear Cauchy problem (52)), then we need to impose y = 0
and thus, to ensure that 0 € ®(0) 4+ w(r)LUx, . Since —w%r)q)(()) is an element of Y and
LXy, =Y, there exists a unique z € X, such that

1
w(r)

Lz =—

3(0). (54)
Let us show that ||z||x <1, what will implies that 0 € ®(0) 4+ w(r)LUx, . Noticing that
[2O0)lly < acllvully + Bel[VoVuly
<(a+ 5)5CH1(RJ;HSO)aLoo(ijRn)”UH?X
< (a+ ﬁ)gCHl(Rj;HSO)—)LOO(]Rj an)Tz
and using (B4)), we find
[ (O)]ly
w(r)
< C€CH1(]R;L;HSO)%L°O(RZF><R”)(a + ﬁ)&r - 1
T (1- 2C€CH1(RZF;HSO)aL°°(RZF><R”)(a + Bler) 2

Izllx < CellL2lly = Ce

as soon as r < 71*.

Consequently, z € Uy, and ®(0) +w(r)Lz=0.

Then we conclude that for all r € [0,7.[, if ||[u*||x <7, there exists a unique v € rUyx,
such that L(v) — ®(v) = 0, i.e. the solution of the non-linear Cauchy problem (52)).
Thanks to the maximal regularity and a priori estimate following from inequality (@S]
with f =0, there exists a constant C; = O(g") > 0, such that

Jullx < <l

u u
x = gl
Thus, for all » € [0, r,[ and |Jug||gs+2+ [|u1 ]| gs+1 < Cﬂfr, the function u = u*+v € X

is the unique solution of the Cauchy problem for the Kuznetsov equation and ||ul|x < 2r.

O

Hst+2 + ||u1| Hs+1).

4.2 Proof of Point 2 of Theorem [2: case n > 3

Knowing the existence of a solution u of the Kuznetsov equation in
X = HY(R7; HH(R")) N H'(Rf; 2 (R™)),
we notice that this directly implies that
u € C(RS; H*T*(R") and wu, € H'(RS; H¥(R")) N L*(R}; H¥™(R™)).
By Theorem 111.4.10.2 in [3], it implies that u; € C(R;; H*™(R")), which gives that
we CURY; H*(R™) N C(RY; 3 (RY))
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with, this time with the help of the Kuznetsov equation, uy € C(R;\; H*~1(R™)). Conse-
quently, in the viscous case the regularity of the time derivatives of the order greater than
two of the solutions differs from the regularity, obtained in Section [3] for the non-viscous

case. Thus we have to consider estimates with different energies: the energy Ewm [u](t),
defined in Eq. (I0), and the energy

T+l

Sulul(t) = Z IV O u(t) 1 Fpm-2-), (55)

defined, as E'm[u](t), for m € N and m even, which respect to the obtained regularity
of w and its derivatives.

Lemma 1 Let n € N*, n >3, m € N, and u be the solution of problem (1)-(2). Then
for m > [g +3] , m even, and all multi-index A = (Ao, Ay, ..., Ay) with |A| — Ay <
m — 2Ay it holds
d
°( / (1~ azu) (DA, )? + (VD)) (s, 2) d
Rn

+ 21/8/ (VDAuy)?(s,z) dz (56)

< Cpmax(a, B)ey/Em[u](s)Sm[ul(s)

with a constant C,, > 0, depending only on m and on the dimension n .
Proof : Following notations of Proposition [Il we redefine
L,v = vy — A Av — veAv, — aguy vy — BeVu YV,
where w is the solution of problem (Il). For this new L,v with the additional term
veAv; , we have a modified version of relation (24)
% . I[v](t, x)dx + 2ve /n(Vvt)Q = /n Jv](t, z)dz, (57)

where I[v] and J[v] are defined in Eqs. [22)-(23). We still take v = DAy with A =
(Ao, A1, ..., A,), but this time |A] — Ag < m —2A, and m is even. Then we just need
to show

< eCpmax(a, )y / Em [u](t)Sm[u](t). (58)

/ ) J[DAu](t, x)dx

For n>3, m > [% + 3} and m even, we have, thanks to the Holder inequality,

[ lea(D e <l | Dl
Noticing, that, thanks to Ref. [I] Theorem 7.57 p. 228, for s > % there hold the continuous
embeddings H*(R") ¢ C%(R") C L2 (R") (where C'% is the Banach space of bounded
continuous functions equal to zero at the infinity), we can write for m > [% + 3}

HuttHL%(Rn) < CHUttHH[%H](Rn) < CHUttHHm—Q(Rn) <C E% [U] (59)
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In addition, with the help of the Gagliardo-Nirenberg-Sobolev inequality

< OVl r2gn), (60)

ol 21y gy <

we also have
HDAutHL% < CHVDAutHLz < C”VD;AOJrluHH\A\fAO.

With the hypothesis that |A] — Ag < m — 24, there hold 24; < m and
19 DA | sy < [V DA s,

Therefore, all norms ||VD; 0+1u||§1m_2/40 , for the chosen n, m and Ay, are present in
Sm . Hence, we find

/ |up(DMuy)?|dx < Cllug| g2V DA uyl|72 < O/ B [u] S [u], (61)
and in the same way,
/ |Au(Du)*|de <||Aull g [ DAl 2 < ClAUl rgon ]| VD e
Rn

To calculate L,D4u we use expression ([28) with multi-indexes A’! and A2 satisfy-
ing (29). As in Proposition [Il without loss of generality, we consider two multi-indexes
A and A? with the same properties (29). We perform two steps:

Step 1: we prove

\DA w; DY uy DAuy|dz < C B [u]Sm[u], (62)
R?’L

Step 2: we prove

| DA 8,,u D* 0, u DAuy|dz < C Em [u]Sn[u]. (63)
R”

Step 1. Thanks to properties (29) of A; and Ay and to the symmetry of the general

case

(D;‘éDéA} ..... A}L)ut)(ngD(A% ..... A%)ut)(DAut) |dl’,

| z
Rn

we divide our proof on three typical cases:

Case 1: |[A'|— A} >0, A} >0, |A?|— A2 >0 and A% > 0, i.e. anon trivial presence
2 2 2
of Df ° and DQ(CA1 """ A i imposed,

Case 2: |AY| — Al =0, A} >0, |A?| — A2 > 0 and A% = 0, i.e. we consider the
integrals of the form [, (D{ou,) (DY ) (DA, |da,
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Case 3: |[A'| — A} =0, A} >0, |A4%| — A2 = 0 and A% > 0, i.e. we consider only
non-trivial time derivatives |[g,, |(D;0u;) (D; 0uy) (DAuy) |d.

Step 1, Case 1. By the generalized Holder inequality with % + % = ”2—;2 , we have

/ D% w, D*uy DAy da <[ DA || o | D* | o[ D ]| 2
Rn

By the Sobolev embeddings ([BI) of H™ C LP and H™ C LY with m; +my = § —1
and 0 <m; <5 —1, we find

/ | DA uy D uy DAy |dz <C|| DA g gy | DA we]| s ||V D g | 12,
Rn
where we have also applied the Gagliardo-Nirenberg-Sobolev inequality (60). Hence,
Al A2 1
|D*uy, Dy DAug|dz <CY07 0|y srari-ag VO ]|z 22 Smu]2. (64)
Rn
Now we are looking for 0 < m; < § — 1, such that

(65)

my + |AY — AL < m — 24},
my + | A2 — A2 —1 < m — 242,

in order to have

Al A2
10| iaryay < \/Elu] and VOS] piiz sy < 4/Szlul.  (66)

Since my = 2 — 1 —my, and by @9), |A?| = |A| +1— |AY and A2 = A+ 1 — A},

2
system (65) is equivalent to

my + |AY + A) < m,
D_1l—m+ A +1—- A+ A +1-Aj—1<m.

The last system, thanks to |A| + Ay < m, corresponding to the assumptions of the

Proposition, is satisfied if
n

§§m1+\A1\+A5§m.

Using (29), we find that
|AY| + Ay = |A] + Ao+ 2 — (|A%| + 47).

Therefore, since for Case 1 |A?| > 2 and A2 > 1, recalling that (again by (29)) |A|+ A <
m , we obtain
I<|AN+ A <m—1.

Thus, we distinguish three sub-cases:

For n >3, 2 <|A'|+ A} <m —1: taking m; = 7, we obtain (G0).

1
4
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For n>5, 2 <|A'l4+ A} < 2: as m > [2+ 3], it is sufficient to take m; = 2 —(JA!|+
Al).

For n >3, |A'| + A} = 1: instead of finding m;, we notice, that we have only two
possibility: either DA = 9, and A% = A, which gives estimate (BI)), or D4 = 4,
with A2 = Ag+ 1 and |A?| — A2 = |A] — Ag — 1 > 0. For the last case, by the
generalized Holder inequality, we have

/ \amlut DAQUt DAUt‘d.T < HaxiutHLn”DAQUt”LQHDAUt”L%. (67)
Rn

For m > [g + 3] the first norm in Eq. (67) can be estimated using the continuous
embedding H*(R") C L"(R") holding for s > % :

[0z, el < OOz, ue]| g+ < Cllugl|gm-—1 < Cyf Emu].

With the help of the Gagliardo-Nirenberg-Sobolev inequality (60), we also estimate
the second norm in (67))

[D*wll m, < CIVDAulse < /S, (68)
and for the last one we directly have

HDA2U1£HL2 S HVaiAO—FQU/”H\A\fA072 S HVaiAOJ’_QU/”Hm—2AO—2 S Q/S% [u]

Thus we obtain as previously estimate (62]) of Step 1.

This permits to conclude Case 1 of Step 1.
Step 1, Case 2. We have |A'|—A} =0, A} >0, |A*|— A2 >0 and A% = 0. Therefore,
by 29), A} =1+ Ay, and, updating (64)), we directly have

with my+my =4 —1, 0 <my < §—1. Now we need to find m; , belonging to |0, 5 —1[,

2
such that

(69)

mlgm—2(A0+1),
mo + |A%] =1 < m,

in order to have

H&f”lut”Hml </ Em [u] and ||Vugl| ;ymgs1a2i-1 < \/S%[u].

From 1+ |A| = |A'|+]4?], by [29), with the relation |A'] = A} =1+ Ay it follows that

A% = |A] = Ap. (70)
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n_

Therefore, as my = 3

my — 1, system (69)) is equivalent to

m1+2A0§m—2,

By the assumption of the proposition
hence the last system is satisfied if we have m; such that

g—2§m1+2A0§m—2.
Knowing that |A%| > 0 (by the assumption of Case 2), Eq. (0)) implies that |A|—Ay > 0.
Thus, relation (71l gives 24, < m — 1, or more precisely

2A0§m—2,

since m is even. So, a m; with 0 < m; < § — 1 exists if m — 24, > 2. Indeed, if
24p < 5 —2 we can take m; = § — 2 —2A4p, and if m —3 > 24, > § — 2 we can take
my = 3.

Let us now consider the limit case 24, = m — 2. Then we have [A'| = Aj = 2.
Moreover, from (71)) viewed, thanks to Eq. (T0), as |A?| + 24, < m, follows that 1 <

|A%| < 2. We apply the generalized Holder inequality and estimate (60) to obtain

m m
/ 0,2 uy DYy, DAy|dr <102 UtHL?HDéA%""’A%)Ut”L”HDAUt”L%

<C10,7 wyl| 2| DL 4Dy oy /S [u].
102 will 2 < \/Em[u].

Using the continuity of the embedding H*(R") C L"(R") for s > %, we also find for
m > [2+ 3]

Moreover,

1D wi]|zn < CID* wi]l g < ClIVu g sa < Cl[Vau]lm < C/Sen[u].

Hence, estimate (62) of Step 1 is also proved for Case 2.
Step 1, Case 3. Let us notice that thanks to relations ([29), from |A'| = A} and
|A%| = A2 it follows |A| = Ay. We start as usual with the generalized Holder inequality

Al A2 Al A2
/ | D uy Dy Puy Doyl da <|| Dy uy| 0] D OUtHLQHDiAOUtHL%
n
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with i + % = 22 Then we apply the Gagliardo-Nirenberg-Sobolev inequality (60) and

2n °
its more general version, which can be viewed as the embedding of the Sobolev space

W, (R") in the Lebesgue space L(R") with % =L —Land 1 <¢ <n:

T

VDiAO'U,tHlQ

Al A2 Al A2
/ D%, D, Dl <D |V D o
Rn

with % + q% = %1. We notice that if we want to use the Sobolev embeddings (31]) to

LP and to L9, it is only possible if % and q% are smaller then %, or equivalently, if
%+q%:"2—tf<1. Knowing that "2—*7':1<1 for n > 5, "2—*;L4>1 for n =3 and "2—*7;4:1
for n =4, we treat separately two cases: n > 5 and n=3,4.

For n =3 or 4, we choose p =% and ¢ = %, implying ¢ = 2. Thus, for n =3

we use the continuous embedding H2(R?) € L3 (R?) [1] (since 2 > 2) and for n =4 we
use H?(R*) c L*(R*) to obtain

Al A2 Al A2
/ | Diuy D uy D wlde <[|Dy w3 | VD e 2]V Do w12

Al
<O D w2 S [u]-

If m —2A} > 2, then we directly have

D%yl 2 < DA ugl| oy < ) Erp [

Recalling that m is even, and, by our assumption |AY| + A} < m, 24} < m, there is
only one additional possibility: m —2AJ =0, i.e. Aj=2%.

For A} = %, thanks to (29) and the assumption 24, < m, we necessary have
|A%| = 1, and consequently, by (68,

|07 e w0 wylda < CHuttHHQHat?utHi% </ Eulu]lSz(u].
RTL

Thus for n =3 and n =4 we find estimate (62)).

Now, for n > 5, when l—l—%:"2—+4<1,Wehave
p q n

VD;EAO'U,tH[Q

A A
<SCID; urllms [V Dy || sz [ S [u]

with m; +mg = § —2 and 0 <m; < § —2 by the Sobolev embeddings (31]) which give
us H™ C LP and H™ C L9 . We look for m; such that

Al A2 Al A2
/ D%, D, DMw,lde <CYD oV D e
Rn

m; <m — 2Aé, mey < m — 2A(2) (72)

in order to have

1D} wll s < \/Ewlu] and ||VD0u|gme < \/Sm[u].
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As my =2 —2—my and A} = Ao+ 1— Aj, system (Z2) is equivalent to

m1+2Aé§ma

As m —2Ay > 0, it is sufficient to have m; such that

with 0 <m; <4 —2 and 1 <A<z I 2< A} < 7 we can take mlzg—QA(l). And
if 2<Aj<Z—1 wecan take my = i

If Al = 1, then necessary A% = Ay, and using estimates (59) and (68) we directly
find

[\

2
[l (D ds <Clluall 3 1DFwl? a, < O\/EglulSlul
Rn

If Aj =2 we are in a symmetric case as A = 1. This conclude the proof of Case 3

and of Step 1, i.e. of estimate (62]).
Step 2. Let us show estimate (63)). Thanks to properties (29) of A; and A, and to

the symmetry of the general case
/ (D} DWALAy ) (DM DAt ARy, Y(DAY,)|da,

we divide our proof on two typical cases:

Case 1: |A1| — Al > O Ay >0, |A?]| — A2 >0 and A2 >0, i.e. anon trivial presence
of D, A and D, A i imposed,

Case 2: |AY| — A} >0, A, =0, |A?| — A2 > 0 and A% > 0, i.e. we consider the

integrals of the form [, [(D ;4+"'+A Uy )(D opit- 4 Uy, ) (D) |de with a non-

trivial D

Case 1. Using estimate |[D%4ul|r> < \/Em[u], we have

/ (D DA, ) (D} DA A0, ) (D) da
Al A2
S CHV@t Ou”Hml‘HAl‘*Aé ”vat OuHHmQHAy,Ag E% [u]

with m; +mp =14 and 0 <my < 3.

Let us find m; with 0 <m; < 5 such that

(73)

m1+|A1|—Aé§m—2(A(1)—1),
my + |A% — A2 < N —2(A2—1)
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in order to have

Al A2
IV, 0u||Hm1+‘A1“A5 </Smlu] and [V, °u||Hm2+‘Az‘_A3 < y/Sm[u].

As my =% —my, |AY+]A% = [A]+1, and Aj+ Af = Ao+ 1, system (Z3) is equivalent
N my + [Al + Ay <m +2,
{g+\A|+AO+2 <m 424+ my + |AY + Aj.
By our assumption |A| 4+ Ay < m, and hence the last system is satisfied if m; verifies
g <my+ |AY + Ay <m+2.

In our case A} > 0, thus 2 < |A'| + A} < m, which implies the existence of a such
my with 0 < m; < 2. Indeed, if m > |A'|+ Aj > 2 we can take m; = 1, else if
2 < |A'| + Aj < 2 it is possible to take my = % — (JA'| + Aj) . This concludes Case 1 of
Step 2.

Case 2. Thanks to (29), the conditions |A'| > 0 with A} =0 imply that |A| — Ay >

0. Consequently, with m; +my = 5 and 0 <m; < 5 as in the previous case, we obtain

AQ
/ D2 0y, DX 0,0 D*uyldz < OVl oy 14 [ VO, ]| g2 a2
R’ﬂ
A2
' ||va£40ut||H\A\—Ao—l < CHVUHHmlHAl\ Vo, 0u||Hm2+\A2\—A8 S% [u].
In the aim to have

A2
IVull oy 10 < /Blu] and [V, Bulyepno iz < /Sl

we need to find m; with 0 <m; < 7, such that

my + |A] < m,
my + |A% — A2 <m —2(A4% - 1).

As mo =15 —my, |[A?|=]A|+1—|A' and A§ = A+ 1 it is equivalent to solve

my + |A] < m,
2omi+|Al+1—- A+ A+ 1—-2<m.

As m —|A| — Ay > 0, the last system is satisfied if m; verifies

3

§§m1+\A1\§m.

By assumptions of this case 1 < |A'| < m, what guarantees the existence of such m;

with 0 < m; < 2. Indeed, if 1 < |A'| < 2, then we can take m; = 2 — |A'[, and
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if |[A'| < m — 1, then we can take m; = 1. In the case |A!| = m, corresponding to

2
D#* = 9, , we directly obtain

/ |DX 0, u 0y, uy DAuy|dz < C|| DX 0,,u
Rn

‘L2H8:v¢ut”L””DAut”L%
< ClIVull i Vel |V D] 2 < Cf B [u] S

This completes the proof of Step 2 and hence the proof of estimate (63)).
Thus, estimates (62) and (63]) imply

< Cmax(a, B)e\/Enlu]Smu],

/ L,D*uD%u,dz

from where follows (58]).
U

Thanks to Lemma [I we have the following energy decreasing result:

Theorem 7 Let n > 3, m € N be even and m > [% —1—3] . For ug € H™™(R"™) and
uy € H™(R™), satisfying the smallness condition according to Point 1 of Theorem[2, there
exists a unique global solution uw € CY(R;; H™ YR")) NC(RS; H™(R™)) of problem ()-
(2) and the energy En[u](0) < oo is well-defined. Then

1. it holds the a priori estimate

%E(t) V25 ul(1) (V20 — Gy max(a, 9)VED)) <0, (74)

where, denoting by V' the set of all multi-indezes A = (Ao, A1, ..., A,) with |A| —
Ag <m —2Ag,

E(t) = Z /Rn(l — acuy)(DMuy)? + A(VDA)?)(t, ) da.

AeV
o . - NGD _
2. if in addition /Ew[u](0) < ETT=Tza— O(Ve), then
Vt e RY, Eunlu](t) < (3+ 2¢%)Exn[u](0) < +oo. (75)

Proof : We sum (B6) on all A € V' to obtain

%E(t) + 2veSm[u] < C, max(a, B/ Em [u]Sm[u].

While |Ju(t)]|re < 50 it holds



and consequently,

9 B(t) + 2028 [u](t) < VAC, max(a, )ev/E(D) S [u] 1)

dt
Thus, if for all time /E(t) < max(‘é_% , and in particular,
2
B0) < (2 + ) Eafu)(0) < 2 — (76)
-2 2 Crnmax(a, ) )

then we have the decreasing of F in time:

d
%E(t) <0 and E(t) < E(0).

Moreover, for all time ¢ > 0

lue(t)|| = <Coor/ B u](t) < CocV2V/E(t) < CocV/24/ E(0)

v 1
<2C < )
Cpmax(a, )  2ae

To be able to write 2C, ~—%— < =, we recall that, using the physical values of

0 Ch max (e, ) 20e
coefficients, ¢ < 1, 2 =0(1), a = 76—_21 < =2, and consequently, as v = O(1), the

£
last inequality becomes
Coo _ 1
—V _
C,, 20’
which is obviously true in the case of ¢ < 1 (and, for instance, taking C,, = 2C ).
Hence, if Eq. (Z6) holds, then for all time |u,(t)||1~ < 5-= and the well-posedness of the

Cauchy problem is ensured with the following energy estimate

Ewlu)(t) < 2B(0) < (3 + 2¢*) Ex=[u](0).
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