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Strict upper bounds of the error in calculated outputs of interest

for plasticity problems
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2 LMT-Cachan (ENS-Cachan/CNRS/UPMC/UniverSud Paris Pres), 61 Avenue du Président Wilson, 94230 Cachan, France

Y EADS Foundation Chair of Advanced Computational Structural Mechanics

This paper introduces a new computational technique for deriving guaranteed upper bounds of the error
in calculated outputs of interest for plasticity problems under quasi-static conditions. This approach
involves the resolution of some nonstandard additional problems, for which resolution techniques are
given. All sources of error (spatial and temporal discretization, iteration stepping) are taken into account.

1. Introduction

Today more than ever, modeling and simulation are central to
any mechanical engineering activity. A constant concern, both in
industry and research, has always been the verification of models
which, today, can attain very high levels of complexity. The novelty
of the situation is that over the last twenty-five years truly quanti-
tative tools for assessing the quality of a FE model have been put
together into a branch of computational mechanics known as
“model verification”. Of course, the original continuum mechanics
model remains the reference (Fig. 1). The state of the art on this to-
pic is reviewed in [1-5].

Until 1990, only global error estimators, divided into three fam-
ilies introduced respectively by [30-32]were available. Since 1990,
the evaluation of the quality of outputs of interest resulting from
finite element analyses has become a key issue. This objective
was beyond the reach of the early error estimators, which provided
only global information that was totally insufficient for dimension-
ing purposes in mechanical design (where the dimensioning crite-
ria involve local values of the stresses, displacements, stress
intensity factors etc.). Among numerous relevant works concerning
linear problems, the earliest were those of Peraire-Patera, Rann-
acher et al., Strouboulis-BabuSka, Oden-Prudhomme, Ladevéze
et al.; additional references can be found in [2-5]. The main idea
which emerged then was that an output of interest can be
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expressed globally, enabling one to continue to use global error
estimators, but an accurate error estimation is required for the
finite element solution of the what is called the “adjoint problem”.
Extensions to the nonlinear case appeared in the early 90’s with
[6-8]; these approaches consisted in using linearization to revert
back to the linear case during each time step.

Unfortunately, most of the estimates thus produced are not
guaranteed to be upper or lower bounds, which is a very serious
drawback as far as robust design is concerned. Consequently, the
derivation of upper error bounds for the calculated values of out-
puts of interest has become one of today’s pressing research chal-
lenges. Relatively few works have proposed answers, even in the
linear case: [9-12,2,4,13,14].

Recent papers [15,16] have introduced a general method for
deriving an upper bound of the error in a calculated output of
interest for both linear and nonlinear time-dependent (quasi-static
or dynamic) problems. This is probably the first published method
leading to guaranteed upper error bounds for nonlinear problems
and dynamic problems. Among the first developments, one can
mention the error in pointwise quantities [17], the error in nonlin-
ear goal-oriented quantities [18,19], and the error in outputs of
interest in dynamics [20]. These methods are based on the concept
of dissipation-type constitutive relation error (CRE) and on quasi-
explicit techniques for the construction of the associated admissi-
ble FE solutions.

This paper introduces what is, to our knowledge, the first com-
putable guaranteed error bounds ever published for goal-oriented
quantities in plasticity. It is organized as follows. After this
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Fig. 1. Schematic representation of the environment (i.e. the prescribed conditions).

introduction, Section 2 presents the classical framework for plas-
ticity problems and defines the concept of output of interest.

Section 3 discusses a version of the constitutive relation error
which was already used in [11,21] and which involves admissible
fields. This has the advantage of leading to a computable bound
of the global discretization error. This is the first key point of our
approach.

Section 4 introduces the second key point, which is the mirror
problem and the associated basic identity which provides the dif-
ference between the exact value and the calculated value of the
quantity of interest.

Section 5 presents the last key point (i.e. the bounding tech-
nique which combines the previous two points) and defines what
we call the “central problem”, for which an inexpensive calculation
method is proposed in Section 5.

Finally, Section 6 presents a detailed example of the method.

2. The reference problem and its outputs of interest
2.1. The conceptual structural model

2.1.1. Standard formulation

Initially, the structure being studied occupies a domain Q
bounded by 9Q. Let us assume small displacements, quasi-static
loading and isothermal conditions, and let [0; T] be the time inter-
val of interest. At any time t in [0; T}, the structure is placed in a gi-
ven “environment” characterized by a displacement U; on a part
9,9 of 99, a traction force density Fq on 9;Q (the part of 92 which
is complementary to 9,), and a body force density f; within Q.
The structure and its loading are illustrated in Fig. 1.

The problem which describes the evolution of the structure over
[0;T] is:

Find the displacement field U(M, t) and the stress field (M, ),
with t € [0;T] and M € Q, which verify:

o the kinematic constraints:
U e Uy =Uqyover]0,T; 1)

e the equilibrium equations (principle of virtual work):
6 €SO Vit €]0,T[ VU" € Ungo — / (Trjoe(U")])}dQ
Q
+/ {fd -Q*}dQ+ {F4-U}dS=0 (2)
JQ N B BfQ
e and the constitutive relation:

Vee[0;T] YMeQ 6, = A(e(Q‘T);‘c < t). (3)

€(U) denotes the strain associated with the displacement
(e(g),.j =1(Uy+ Uj,,»));u[o?” is the space containing the displace-

ment field U defined over 2x]0,T[;S®T is the space containing
the stresses, also defined over 2x]0, T[; and U4 is the vector space
of the prescribed virtual velocities. Operator A, which is considered
to be known and generally single-valued, characterizes the
mechanical behavior of the material.

Let /%" denote the space of the displacement fields which ver-
ify the kinematic constraints (1).

2.1.2. Formulation in the thermodynamics framework

Using some global notations, the reference problem (1)-(3) can
be rewritten in the framework of classical thermodynamics with
internal variables. Let us introduce the generalized quantities, cor-
responding to three sets of variables:

s={oy} & ={&;—X} & ={é&:X} (4)

where €, and €. denote the inelastic strain and the elastic strain
respectively; X is a vector of additional internal variables (e.g. hard-
ening variables) and y the associated force vector (with x and y hav-
ing the same dimension). One has € = €. + €, and the dissipation
bilinear form is:

d: el x s0T ¢

T T
(ep,s)ﬁ/o {s~ép}dt:/0 (Tr[oe,] —y - x}dt 5

~

e Admissibility conditions
Let us introduce the classical kinematic and static admissibility
conditions (K-admissibility and S-admissibility):
— e is said to be a K-admissible solution if it exists U such
that

é={€U)0}, where Uecu®"; Upyo=Ugon0,T],

(6)
- s is said to be an S-admissible solution if

6 € SOt €]0, TIVU* € Uygp

~ Jo Trloe(U A+ [, {fo-U" }dQ+ [, o {Fa-U'}dS=0
(7)
e Constitutive relations
The constitutive relations are divided into two parts:
- the state equations: e, = A(S);
- the state evolution equations: e, = B(s),
where A and B denote material operators.
A is assumed to be linear, symmetric and positive: this is the
case for most elastic-(visco) plastic materials, generally after a
change of internal variables (see [21]). This is called the “nor-
mal” material description. Let us observe that what we are
doing here could be easily extended to the case where A derives
from a convex potential.
B can be nonlinear and multivalued, as in plasticity.
However, we assume that we are dealing with a usual plastic
models (where H-assumption holds). Thus, we have the follow-
ing properties:
¢ Bisamonotonous mutlivalued operator
e the state equations are separated, with
o=Ke, and y=Hx
where Kand H are positive definite material operators.

‘H—assumption.

An important special case is the family of standard materials whose
state evolution laws can be expressed using two potentials ¢ and
¢@* which are dual convex functions such that, for
(t,M) € [0,T] x Q. One can obtain:



V(ép,s) €SP @7(s) + @(ép) —s-€p = 0,
@ (S)+ @(ép) —s-e, =0« &, = B(s), (8)
and B(s) = 9;¢".

o The reference problem

Using the generalized quantities, the reference
becomes

problem

Find (&,,s) € ST such that
e ¢ =¢, + e, K-admissible,
(é,s) S-admissible,
e. = A(s) (state equations),
é, = B(s) (state evolution laws),
e5s=0,e=0,U=0,U=0 at t =0 (initial conditions).
9)

This is a rewritten form of Egs. (1)-(3), where e and e, are auxiliary
variables defined as functions of e, and s.
e Example: plasticity with isotropic hardening
In plasticity with isotropic hardening, the additional internal
variable is the accumulated plastic strain p (a scalar quantity,
here p = x). The associated force is the threshold R (also a scalar
quantity, here R = y). Then, the state equations are:

R=k  -p+Ry withk > 0andR, > O;
o = Ke,
and the evolution law B is multivalued and can be written as:
{€&;-p}=p{%; -1} withp >0,
f(6.R) =lop| ~R<0 and p - f(6.R)=0. (10)

This is a standard model whose corresponding potentials ¢ and ¢*
can be found in [4]:

®(€p) = Rop + ¥,

P (s) =,
where  is the indicator function associated with the convex do-
main {é, € e®T such that Tr[e,] = 0 and |€,|| < p}, and y* is the
indicator function associated with the convex domain
{s € s®Tl such that ||ep|| < R}.

2.2. The output of interest

The output of interest « is a goal-oriented quantity, such as a
mean stress value, or any internal variable component defined over

2L

oo
|
[=)

=

3L

(b)

an element or a set of elements and over a time interval. True local
quantities in both time and space could also be considered. Such an
output of interest can be expressed globally as

dor = / / ' {Tr[ouos] + Triéwosds] fdrde,
Q Jo

whose extractors are (d€s, 565) over [0;T] x Q and where “ex” de-
notes the exact solution of the conceptual structural model of (9).
Here, for the sake of simplicity, nonlinear functions of the exact
solution are not considered, but the corresponding extensions
would involve no serious difficulty as long as the output of interest
is local in space (see [17]).

Using generalized quantities, o,y is equal to

(11)

T .
o = / / {Sev.08s + & - 05: }dtd@ with
Q Jo

des = {oés;0} and &35 = {3650} (12)

The notation § indicates that the extractors must be interpreted
as finite but small quantities relative to the solution of the concep-
tual structural problem. However, no linearization is involved.

Let us note that (11) can lead to outputs of interest which are
related to the inelastic strain. For example, one has:

T
Olex = / / {Tr[ep,exéﬁz] }dtdQ7
Q Jo
with 6é5 = —KoAs, 665 = [! {5As}d.

Example. The following example is adopted in the remainder of
the paper to illustrate the proposed error bounding method. As an
illustration let us consider, under the plane stress assumption, the
two-dimensional structure of Fig. 2 fixed along its lower left edge
and subjected to a loading F,(t) along its upper right edge. We used
the following characteristics for the problem:

L=100mm; T=1s; Fy=0,15Nmm7?,
with the material parameters:

Ro=1MPa; k=8.16MPa; E=24495MPa; v=0.3.

The calculation was carried out with a spatial mesh composed of
8,035 linear quadrilateral elements. The time interval [0; T] was di-
vided into 20 steps. Fig. 2(d) shows the resulting approximate accu-
mulated plastic strain at time T obtained with the FEM and a
backward Euler scheme.

The output of interest was defined as the mean plastic strain
over domain w in the e, ® e, direction between times t; and t,. @
was localized in the lower left corner, and t; and t, were chosen at
the end of [0;T] (t; = 0.85.T and t, = T) as shown in Fig. 3.

This output of interest can be expressed as

3 10°
1072
107
E 1076
E 1078
; —10
| T ‘ ‘ 10
(d)

(c)

Fig. 2. Description of the reference problem (b), its geometry (a), its loading history (c), and the approximate finite element accumulated plastic strain p, at t =T (d).
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1
~ mes(w)(t — t)
0 <t <t < T.

aEX

%)
/ / {€pexyy }dtdQ  where @ c Q and
w Jty

Considering its support, the output of interest can also be written as

T
oy = / / [Tr[€pexdAz] 1dedQ  with
JQ JO

ey®e .
5,&2{W&;“)7 for V(M,t) € @ x [t1;t5] (13)

O otherwise

Remark 1. Any output of interest can be associated with an
extractor.

Remark 2. If necessary in order to get a relatively small extractor,
one introduces a sizing coefficient 4; then, the goal-oriented quan-
tity becomes:

Jlex = /Q /O ' {Tr[owt - o&s] + Triéws - 06s]dtde}. (14)

3. The dissipation constitutive relation error and its upper error
bounds

After reviewing the dissipation constitutive relation error, let us
now derive upper bounds of the discretization error. This is the
first of the three key points leading to guaranteed bounds for plas-
ticity problems.

3.1. The admissible solution associated with the calculated solution of
the reference problem

In this section, our objective is to associate an admissible solu-
tion with the calculated solution and with the data. In the dissipa-
tion error framework, “admissible” means that (é,;,5,) is such
that:

e &,: K-admissible, with &, = é., + &,p;
e 5;: S-admissible;
L] Sh = Aée.h‘

The approach used is well known and the construction is only
outlined here; further details can be found in [4].

Having defined an admissible solution as one that verifies all
the equations except the evolution laws, let us assume that the cal-
culated solution was obtained using the FEM. Thus, at discrete
times t,, belonging to [0; T], one knows

[en,Snl;, te[0,tr,... .tp=T].

One assumes that (éy,s,) verifies the kinematic constraints and the
equilibrium equations at t € [0,¢ty,...,t, = T] in the FE sense. Con-
sidering that the behavior of the data during each time step is lin-
ear, one can extend this FE solution, originally defined at discrete
times, across the whole time-space domain. This leads to
(én, sn) € ST which verifies the kinematic constraints and the equi-
librium equations in the FE sense at any time t € [0; T].

In order to get an associated admissible solution, let us begin
with the same technique as that used in elasticity to define a dis-
placement-stress pair (Qh,é'h) which verifies a set of kinematic
constraints, equilibrium equations and initial conditions over
[0;T] x Q. (Let us note that in the case of elastic-(visco) plastic
behavior, with the constraint Tr[€,| = 0, the previous displace-
ment must be modified so that Trjép = 0; for additional informa-
tion on the application to the 3D case, see [22].) The additional
internal variables (Xx,y), which must verify the state equations,
can be obtained easily through the resolution of local problems
which are related to the minimization of the dissipation-type con-
stitutive relation error. Finally, one obtains an admissible solution
(€p,8) € ST of the reference model. Further details can be found in
[4,11]. Let us note that similar admissible solutions could also be
derived using recent techniques such as [23-26].

3.2. The dissipation error
Compared to [15], we introduce a different version of the dissi-
pation constitutive relation error in order to minimize the impor-

tance of the additional internal variables.

Definition 1. The local (in terms of space) dissipation CRE EL; is
T t
Eteps )= max, {- [ [ (infiote.n) - o°(e.0)
(é5,57)er®T) o Jo

x(&(e. ) - g0M)] ST,

where I'®" is the set of the pairs (&;,s*) € S®” which verify the ini-
tial condition as well as the behavior.

(€,5") € SO

theevolutionlaw é, =B(s*);

thestatelawe, =A(s);

theinitial conditionse, =0 and s*=0 at t=0.

(.5 el =

Definition 2. The global dissipation error Eg is



E&%(éms):/{EERE(ép,&M)}dQ.
Q

Property 1. For (&,,s) € ST, one has:

(i) Edge(ép.s) = 0

(ii) Under the M — assumption, Eg(€,,5) =0 if (é,,s) € 7.

Proof. (i) is straightforward.

For (ii), let (é,,s) and (&}, s*) be two elements of I'®"); since B is
monotonous, one has:

/ / e —ép)(s" fs)}—d>0

T
// Tre—epa—a] X =X)(y — y)}dfdt>0.

(15)
Then:
[ [l
dt
<1 [ oy -y ¥eo (16)
Hence:

EERE(épvs) =0. O

3.3. An upper error bound
The following theorem leads to an upper bound of global quan-
tities involving the exact solution. This is the first key point of our

approach.

Theorem 1. One has:

0= [ [ [ e on e ) 2552

- % /!2 /OT {Tl‘{(aex N 6-’”‘)Kil(o'ex - &h)] } @

(i *L /; ‘/O't (1[0 = 610) (pec — &) |} 492 <

ELT‘R!lzf(éthgh)

\‘:- 8
L g - 1072 (x1073) Ve
10~ 6 //
1071 4
/'
10- 2 oot
0=¢ 0
. 0 02 04 06 08 1
10 time

s =

Fig. 4. The dissipation relation error € associated with the approximate solution:
map (left) and time evolution (right).

Proof.

(i) follows from the admissibility of (ép_h,ﬁh) and (épexﬁex);
(ii) is a consequence of Definition 2. O

3.4. Example: plasticity with isotropic hardening

={&;-p"}, s ={6 R} (é,s5)eS";
ror_ ) &=biib <Oiflop] R <0and pr (o]~ R) =0
R*ka +Ro;
with the initial conditions p* =0 and 6*=0 at t=0.

(17)

Fig. 4 shows the dissipation relation error of the approximate
solution of the previous example. One can observe that the error
is localized mainly in the vicinity of the geometric singularity
and that its time evolution is quite homogeneous.

4. The basics of upper error bounds for goal-oriented
verification

In this section, we derive the method which enables the calcu-
lation of strict upper bounds for goal-oriented verification in (vis-
co) plastic problems. This development follows [15] with slight
modifications associated with our choice of the dissipation error.
The method is based on Theorem 1, the mirror problem and a dual-
ity property.

4.1. The reference mirror problem and the associated identity

The mirror problem, introduced in [15], is associated with the
extractor and replaces the adjoint problem, with which it coincides
in the linear case. Its main feature, inherited from the adjoint prob-
lem, is that it enables one to build an identity which gives the error
in the quantity of interest, i.e. the difference between its exact value
and its calculated value. The mirror problem is similar to the initial
reference problem, except that time goes backward (t = T — t) and
modified evolution laws apply. This mirror problem can be ex-
pressed in terms of §-quantities as:

Find the solution (5e,, 5) € S°T such that

56 = 56, + 0e,; (5e — dex) K-admissible to zero
(65 — 0sx) S-admissible to zero
de, = A(ds) (state equations) (18)

.
oe, = B(ds) (evolution laws)
5=0,05 =0,5U = 0 (initial conditions at T = 0)
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From operator B of the conceptual model, B can be taken as:

53p = B(85) = B(sy, + 03) — B(sn), (19)

“_n

where “m” denotes the reverse-time derivative (; = g—{) and sp(7) is
the calculated solution of the reference problem. With this defini-
tion of the central problem, the extractors are defined taking into
account the retrograde aspect, ie. déx and dss are functions of
T=(T-t).

The mirror problem can be solved using the same technique and
the same discretization as for the initial problem. However, for
extractors which are localized in space or in time, it may be pref-
erable to use a discretization which is more refined locally. Let

(5Ep,h,5§h) be the calculated solution of the mirror problem and
[ ]

(5(3;,,,1, d54) the associated admissible solution.

Fig. 5 shows some properties of the calculated solution of the
output of interest considered.

The interest of the mirror problem resides in the following iden-
tity, which was proven in [16], in which the mirror problem is
interpreted as a perturbation problem.

T . . .
(OCh - OCex) = / / {(ép,ex - ép,h) . (Sgh - (Sex — Sh)éépth}dtdg,
Q Jo

(20)
where

® (€pex; Sex) is the exact solution of the reference problem;
o (ép5Sk) is an admissible solution of the reference problem;
[ ]

. (5§p_h, 5§h) is an admissible solution of the mirror problem.

All the quantities on the right-hand side of (20) are known, except
for the exact solution (&, ., Sex) Of the initial reference problem. In
this case, one uses the identity given by Property 2, which is a direct
consequence of (20). This Property 2 and the mirror problem are
the second keypoint of our approach to get guaranteed error bounds.

Property 2.
T . ) .
(0 — Ol = / / {Tr [(ep,ex &) - 06— (0er —ah)éém} }dtdQ.
QJo

Proof. The difference between two expressions of o — o iS

. T . . !
=, {(*ex =) - 0¥+ (Ver yh>5xh}dtdg

. qT N
:/ {_{(xex_xh) : 55’}1] }dQ:O as Oyt
Q 0
=0 and (Xex*f(h)‘t:o =0. O

4.2. The upper error bound

This is the third and last keypoint of our approach. We describe
here the method to get error upper bound for an output of interest
dex. Using Theorem 1, let us introduce:

. t L. ) dt
P(€pex; Sex) = —/ {Tr[(dex — 01)(€pex — €p, h)] } T (21)
One also has:
T
0< / / {7(pexsSex) } + EGip- (22)
oo

In order to get an upper bound, one begins by multiplying the pre-
vious expression of the error by a positive factor n € R*, and then
by adding the inequality (22):

T . ~ ~
ey — 0l < - { / {17 / {Tr[(ep,exép‘h) 061 — (Gex — G1)0Epn
nlJe 0

—7(Epexs Sex) }dt}dQ +E5a ] (23)
Then, the computable bound is
(1]
doc—on < min{ o[ [ tgmpae+ 18]}~ . (24)
120 1| /o
€n(1)
where
T A 2
VM € Q, gy()= max V// Tr| (€pex — €pn).00n
(e ,5*)EF[U'T] 0

—(Oex — ah)ézplh] }dt - /OT {'))(é;s*)}dt}. (25)

Taking —n € R*, one obtains a lower bound. Finally:

[P = 00—l <1165 + )] (26)
where
- N T.Q
& —min{o | [ te-nnaa+rg] |
1

Ol = j(fﬁ — €).

In order to get an upper bound, one must solve a temporal prob-
lem at every point of the domain. An important contribution of this
paper is that it proposes an inexpensive technique for the resolu-
tion of this problem which, from now on, we will call the “central
problem”.



5. The technical point: the resolution of the central problem

In the previous section, we introduced a method for the deter-
mination of strict upper bound of the error in calculated outputs
of interest. This method requires the resolution of the maximiza-
tion problem of (25), called the central problem. In the linear
framework, as previously illustrated in [16] in visco-elasticity, this
maximization problem can be solved explicitly using the global
measure of the dissipation CRE. The framework of nonlinear mate-
rials, which is the subject of this paper, requires the introduction of
a specific numerical method. The purpose of this section is first to
study this central problem, its parameters and their magnitude,
and then to propose a numerical method for its resolution, in the
framework of standard plasticity model with isotropic hardening.

5.1. The functional of the central problem in plasticity with isotropic
hardening

This functional is defined explicitly and divided into three parts
which will be considered separately.
One has:

Property 3. €,(1) has the following upper bound:

BN TNATE ot

« Q" ={(p.R) | pl’(0;T]).p > O.R=Ro+kp}.
o (P R) = 06(p R + (" R) + (R).

o (1(p",R") =—|R" - <ép,h + o Td(hrfz) + A€y — 5ép,h>

€n(n) < —

where:

4 (o a0 0 ) R - (bt B Prys (8)

n
—P,,D_,,wép,,,)) 1 (160l +Pay, (86) + Poy, (55,)).
AN SE N S T (nan.hu + Pay, (A0)
| |

+P‘7D.h(5&h)> -R - 1.7(1 + Po'D,h (Aé) - PG'D.h ((Sépvh)>

[
+Tr ép_h . 5@,1 76’}1 . 5§p,h

: =
+ Ap* - R, — AR - 5ﬁh>.

o _ R =llep DR =llGpal) | (lopll-lopnl)? . " . *
(3(R") = B pppeonl y Qoplmil with [|67|| = min {R, Ry}

using the notations:

{Ao’ 6, — oy

A€y =€, — €py

AR =R —R
d AR =R -R,
. {Ap*:p*—ph

o VT € SOT|||T|| = 0,

PT(D) = T;[DWTT] and Pl( )=

D—PT(D).H%‘

n
* Ry = |lopall +2p - (T=1) - pn+ Pop, (A€) _Pan;,((sép.h)>'

Proof.

l(p*,R*, HO'B”) = R*px + &h : ép,h —0": ép,h — &h : 6;; — (Séh

n
1€, +6" 1 0€y, + 00 : €pn — O
[ 2 )
2 6p : Opy: llopll” + 16Dl
0y b @7)

2u-(T-1) " 4u- (T-1)

By minimizing the terms, which involves a tensor direction, one
gets:

("R, |opl)) = R'D" + 6 < €pn

. n
* 2 Oph 2 A 2
o (ep,h T e 5%) + " (601 + 065,,)
[ ] 2 ~ 2
oo ooz |lepl” + (6ol
+ 00} : €pp — O : 0€, ), + au (T-1) (28)
. . . .
=h(@" R, ||l6p]) +R' P +614:€pp+00),: €pp —Gp: €,
ol +16oal® | ., . Payoon) @
+ 4,[1(’1“*'5) HGDH ph+PaD'h(A6p)+2,u.(T7T) P“D.h(agph)
=" (116041 + Pay, (A0)+Pay, (985,1) ). (29)
Let us note that mins. <z {11 (9", R", |6} } is equal to:
l] (p>R*) = ll (p 7R*7R*)7
(5", R[|0p]) = h(p".R') +R'D + 61 : € + 3G, : €pn — Gy
u ]
: 5§P.h -k <Ph + P“D.h(Aép) - PUD.h((sép.h))
— (001l + Poy, (AG) + Poy, (985,))
+ (R [lop) ey
with (R, [l6pl) = (R® — llopll) Pu + Poy,, (A&) — Pﬂn_h(éép,h)>
oyl — looal)? 19311 (164] — Poy, (81))
T T uT-1)
Consequently,
I5(R") = min {l3(R", |6}
S(R) = min (LR’ a5)))

can be obtained for

o)l =R

[ ]
or|jop | =Gpal+21- (T=17) - Pn+Poy, (A€p) —Ps,, (36, ))—Rl-

Then,
o (R =R)Ry — [6pal) | (Ri —ll6pal)” . .
LR == Tm-1 "au T-7 TR<R
o _ (R —l6pal)* .
and s(R") = T T if Ri>R. (31)

In order to get L,(p*,R"), one adds the quantity:

z= / / {oRhAp 5phAR}dTTdt (32)

with Ap* =p* —py 6R"=R"—Ry.
This quantity is equal to zero because 5Rmr =0 and AR, = 0:

T 53 AR
z:/o {(”T)t}dr:o. O (33)

5.2. Analysis of the order of magnitude of functional ¢

This analysis is presented in Appendix A. The different contribu-
tions to the error are studied, and the main conclusions are that in
order to obtain sharp bounds.

e the extractors and the A terms must be small to get sharp
bounds, which can always be achieved by an appropriate choice
of the sizing parameter £;
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Fig. 6. The geometric approach used for the resolution of the central problem.

Table 1
The values of the lower and upper bounds as functions of parameter A (4 > 0 or 1 < 0).
) max(%)max(%)) Lower bound of —# (x1073) Upper bound of 5 (x107%) oy + o (x10°%) Al (%)
10? (1 9610! 131) (~1.97107!,-1.66) (2.181072,3.78) 5.25 51.80
10' (1 961072,1.3110") (-2.18,-1.46) (6.5910°1,3,53) 5.22 47.73
10° (1.9610,1.3110°2) (—=2.2010",—1.44) (6.64,3.51) 522 47.41
107 (1 9610’4,1.31]0’3) (~2.2010%, ~1.44) (6.6510',3.50) 5.22 4734
10°? (1 9610~ 5:1,3110*4) (—2.2010°, —1.44) (6.6610%,3.50) 521 4733
107 (1 9610~ 5,1.3110*5) (~2.2010%, -1.44) (6.6610°%,3.50) 521 47.33
-10° (1 9610 1,31) (6.3010°',—4.15) (~5.041072,6.09) 5.16 99.22
-10° (1 961073 13110*2) (6.3010', -4.15) (~5.04,6.09) 5.16 99.22
~1072 (1.9610°°,1.31107%) (6.3010%,-4.15) (~5.0410%,6.09) 5.16 99.22
e many terms of the functional can be neglected. RP—Ry=0 at t=T,
d
5.3. Resolution of the central problem dt[ —RJ=0 at t=0. (35)

. [ ]
Using the solutions (6, €p), (64, €,) and (664, 5€y), the problem
can be written as a minimization problem over Q"

—r= min m{/ /{AR*Ap FAP T AR - T 4K}
€Q

(bR

drdt}

Coefficients Z, 7 and K are known and are small, which leads to the
following local equations:

fT{AR 9 +Q >0

p* > 07
(ST AR} E+Q) - b =0, (34)
R =Ry +k - p*,
p(t=0)=0,
where Q = 7 + [/ {T7k.7 }dT.

In order to solve this problem inexpensively, let us build the
solution geometrically. First, let us define 2 as:

T
Z|t=_/[ {k - p)dr - Q..

Function ftT {k.p*} is the convex hull, which is such that:

Obviously, the corresponding curve closely matches that which cor-
responds to ftT {k - p*}dt. This approach is illustrated in Fig. 6.

Remark 3. If the discretization of Q is piecewise linear within
[0; T] = Urcicn{[ti_1, t;]}, the p* solution is a combination of Dirac
distributions corresponding to the times t; (1 <i<n) of the
discretization.

Remark 4. It is easy to take the complete expression I[(p*,R") into
account. In this case, Q depends on (p*,R") and one has

Q(0,R") < Q(+00,R") < 0.

Remark 5. Again in the case in which Q is piecewise linear, one
starts with Q(0, Ry), then introduces the solution as a sum of Dirac
distributions Q(pj,R}), and iterates if necessary.

6. First illustration
The reference problem and the output of interest are the same
as in the previous example. The output of interest takes the value
=41910".

Using the notations introduced in (12), one can define an upper
bound of the local error denoted Ao,:
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Fig. 7. The quadratic behavior of the upper and lower bounds; the calculated values

en(n.i=1).

[0t + Ol — Otex| < At

This bounding can be applied directly to the exact value of the out-
put of interest, leading to its extremum:

Olex = (Ot =+ Olp) + Aoty
Let us introduce the nondimensional error measure:

Ao = A%
" oty + ot

Table 1 shows the evolution of the bounds for different values of
parameters (#, 4). First, one can observe the significant role played
by the sign of parameter /. This can be explained by considering
the stress direction. The zone of interest is located in a bending
zone. In particular, one can extract the range of each component
of the stress field in that zone:

~0.26 < Oy < 0.84;

< 110 < oy < 1.74 and
< 0.39.

~0.06 < 61,

The prestress extractor in the zone of interest takes the values:
A=1: 00sphm=0,
i=-1: 56’2,’1.){){ = O,

063shyy =025 and 065,y =0,
0635y =—0.25 and 06y pyy = 0.

Remark 6. On this example (Table 1), for negative values of
parameter /, the behavior of the mirror problem is elastic and
corresponding bounds are not sharp. For positive values of
parameter /, the best values of the parameter are chosen to
optimize the bounds.

Remark 7. Parameters 77 and 1’ were chosen by means of a qua-
dratic fitting method. Near the optimum values, €y, has qua-
dratic behavior, as illustrated in Fig. 7. In this figure, the lower
and upper bounds were plotted using a constant extraction param-
eter 4 equal to 1. The calculated points are represented by dia-
monds and a quadratic interpolation of €,(1, 4 = 1) is also shown.
In practice, based on this behavior, we implemented a procedure
which enables the optimum parameters to be calculated inexpen-
sively. Usually, only five computations are necessary to obtain an
optimum parameter o~ or o*.

Remark 8. In practice, the properties of the mirror problem are
similar to those of the adjoint problem, its equivalent in the linear
case. The method we presented here had been previously imple-
mented in the case of linear problems, for which the bounds can
be calculated explicitly by means of the dissipation error. This
has already be done for viscoelasticity [27,17,18,28] and for
dynamics [20,29]. In the linear case, it was shown that the more

—e€ A=1
Ufh(na )

0,30
0,25 4
0,20
0,15
0,10
0,05

0,00 T T
0,0 0,2 0,4 0,6
n

are represented by diamonds and the solid lines are quadratic interpolations of

upper bound: ¢y = 0.965s
a” a” =0.08
at =0.30
at lower bound: ¢y = 0.850s
a- =0.06
+
0 i T at =0.24

Fig. 8. The parameters of a(t) and the values chosen for each bound.

accurate the resolution of the adjoint problem, the tighter the
bounds. We showed that the same property also holds in the non-
linear case.

7. A proposal for improvement and conclusion

By analogy with the approach of [27], one could introduce a
weighting function a(t). Indeed, the temporal evolution of the glo-
bal term introduced in the bounding procedure (see (23)) is quite
homogeneous. Conversely, the behavior of the quantity which is
associated with the error in the output of interest is local in time.
If one introduces a function a(t) in order to balance the global
quantities, the bounding relation becomes

- T . . u
AClex — 0ty) < 1 { max { / {;1 -Tr {(é; —€p1)00, — (67 —&h)éép_,,} }dt
NJa | €sHer®™ | Jo

~[Hao( [ {efio o -]}
+21—TTr[(a'* — oK (6" 70,,)]> }dt}}dv. (36)

The choice of a piecewise constant a(t) leads to a new associ-
ated central problem which is similar to the previous one. The res-
olution of this problem could be obtained through an extension of
the geometric approach. This function a(t) must be such that the
evolution of the associated global term is comparable with that
of the local term. We chose a simple piecewise constant function
whose two values a; and a, are inspired by the quadratic behavior
of the bounds, as in Fig. 8.

With this definition of a(t), the bounding results were:

op + oy = 4.07 x 107 and Ao =27.31%.

The work presented in this paper is based on the general method
introduced in [15,16] for the calculation of strict error bounds of
outputs of interest in quasi-static or dynamic problems involving
any elastic-(visco) plastic material under small-displacement and
convexity assumptions. Applications of this theoretical approach
had been previously presented for viscoelastic materials [27,20].



This work is a first attempt at using this general framework to
derive guaranteed error bounds for plasticity problems. This pro-
posed method was found to be promising. It could be improved
[17,18,20] by refining the calculation of the mirror problem in or-
der to obtain more accurate bounds. Finally, it could be extend to
nonlinear quantity of interest, such as the maximum Von Mises
equivalent stress or the cumulated plastic strain. For linear prob-
lems including viscoelastic ones such a result has already been ob-
tained introducing Dirac distributions for the extractors.

Appendix A. Analysis of the functional of the central problem

This appendix focuses on some technical points relative to the
central problem. The analysis relies on the decomposition of func-
tional ¢ into several parts /1, ¢, and /5. These terms are then studied
separately. The study is done in the very interesting case where the
6 terms A are small.

A.1. Analysis of term I;(p*,R")

. * k. 3 6-
L R)=—|R - e+ DA

2u-(T-1)
+p* - <O'D‘h +Aop + 5&D‘h> H

?
+ Aép - 5ép,h>

Pﬂbn(aDh) E

+R - W“’mmép) PaD,h(é_p,h)>

pn+
0" - (160 + Pay, (A0) + Pay, (061 ).

¢1(p*,R") can also be written as

e N
L R)=-5. (A1)
where
2
N =& (epn + 2%t Q)+ - (oo +R)|
A i . 2
(R (Bn + 5225+ Poy, (Q)) + 5 - (looall +R))
D= HR (ep.h +W+ Q) -H"* : (O'D,h +R)H
(R (bn + 5274 + P, (Q)) + 5" - (ol + R)).
The numerator N is equal to
* 2
N=({R - P, Q) +pP,,R),
which is equivalent to
N R* L A U:D:D.h(Ao-D) Sxmp L A
= © Py, (M) + 2 T-71) +D' P, (Adp)
™ 2
+|P'Pg,, (08,) — R - Pén_h(Aép,h)D : (A2)
Using (A.15), one gets:
. e
P Py, (00,) =R - Py (0€,1)
[ |
~Ap* - Py (6,) — AR - Py (9€,p)- (A3)

Therefore, ¢;(p*,R") is very small. The FE solution ¢; (ps,Ry) gives a
very good approximation of its value. This is what we use in prac-
tice, even though it would not be difficult to use the exact term
él (p’f ) R*)
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A.2. Analysis of the central problem when the § terms equal zero

The central problem consists in minimizing —r(p*, R*) over Q"
with
(P R)=t(p",R) +63(R)+R - p*+64:€pp

R (Br-+Poy, (A&) ) = (164 +Poy, (AG)) - B =1 (5, R')
+03(R") +A6p: Aéy— (Ry— || Gpnl]) : €pn+ AR - AP
+ (Ry—||op,h|) -p* — Ap*Pqs,, (AGD) — AR Py, (A€p)
>0
Term ¢3;, which represents an elastic energy, is small. Over [0;T],
there are two main possibilities:
(i()p">0 and R = |lop;
(ii)pr=0 and R, =

(A4)

then, /5 is positive.
llap.nll + O(e(llopnll))-

In the latter case of (A.5), ¢; can be written as:

(A5)

Ri — 1604l . (lopll — I160al)°

2u- T-1)  4p- (T-1)

_ e Il = 1604l Ry = 051 (Ry = 1G]]
2u - (T—1) 2u - (T—1)

(lop]l — l16041)°

4T 1)

& = (AR + Ry — lop1) -

T (A6)

The positive part of ¢(p*,R") corresponds to a negative contribution
to the error. Then, ¢ leads to
Ap = 0(e),

AR = O(¢) (A7)

and, therefore, to a value of ¥ which is O(¢€?).
A.3. Analysis of the central problem when the A terms equal zero

In this case, the central problem consists in minimizing
—7(p*,R*) over Q" with

(P R) = 0(p",R") + (R) + R - P + |60l pn fp*uao,hu
~R - ph—P" - Pay,(8Gps) + R - mwe n)
+P"  Payn(96p1) — |604]|-Pay, (9€ .h>+Ap*6R

— AR'3p, = (1(p",R") + 3(R) + AR'AP" + (Ry — || ol )p"

s . 2
+ Ap*((th - Pﬂ'n.h ((3QDI1)) + AR (PO'Dh( ph) B)

[
+ (Ry = (|6 1[1)Psy, (9€)-

The analysis of I5 is similar to that of Paragraph A.2. One can also
I l I l
note that Py, ( ph) ~ 5ph >0 and Pg,, (9 ph) op, = O(€'). Let us

analyze the term

(A8)

= (Ru — 604D + B (9Ry — Pay, (684)) — Pr(oR, — Pay, (965,))
for the two main patterns
¢ (Ry —llopall) >0 and p, =0
= (Ry — |80l + Ry — Py, (365" (A9)

Since the perturbation R,

[0;T).

Therefore, in this case, r = 0(€?).
* (Rn = lloppll) =0

—P,,,(66p,) is small, w is positive over



@ = (Ry — ||6p4l| + OR, — Pay, (0651)) P* — Pr(R,

>0

— Pa,, (38p))- (A.10)
Consequently, (Ap*, AR") ~ O(€') Then, = AP (3R, — Pay, (38p,)).
This term is still small and is O(€'(Ps,, (365 ,)%))-

A.4. Orders of magnitude of the A and  terms

A terms Since they represent an error from the reference prob-
lem, the A terms are intrinsically very small quantities. One can
also write:

A ~0(€) - [|opal],

llopll

A& ~ 0(€) - T2k (A11)

If the behavior is elastic (i.e. |6p || — Ry < 0), the second expres-
sion becomes

llopll
2uT

A€, ~o(€) -

& terms The § terms require a more detailed analysis. By con-
struction, the mirror solution based on the two extractors is de-
fined as a perturbation. Parameter /. is what enables this
property to be verified. In practicg one chooses 4 such that each
component of §6s (respectively 5éx) is about 10* times smaller
than @y, (respectively €). Therefore, éo is relatively small:

d6 = O(€') = o(ay).

Furthermore, the ¢ terms inherently satisfy the constitutive relation
B. Therefore, one has:

N | . N ] Gpp + 06p .
o€y = (Pph+6p) - —————€ A12
p (ph p) ”JD_h +OJDH p,h ( )
with 55(||0-D,h +06p|| — (Rn +JR)) =0
5R|T = SUP{HGD,h\Tf‘E’ —+ (50’[}‘1/” — Rh‘T*‘E’a 0}
U<t
Consequently:
n " Opj + 00p < Gpp + 06p Oph )
0€yp =0 : e -, A13
» =P oy + s05] P \laon + a0l Tlooal) (A 13)
which leads to:
| | n ,
P, (0€p) = 0p+o(€'), (A.14)
20 (08) = L (56p) + 0(€), (A15)

- ”o.D,h” Oph

and oR; = sup{ ot || — R o + Py, (660) + O(¢'),0}. (A.16)
T<T

Moreover, with regard to (pj,Rs), one can identify two main pat-
terns over [0; T]:
® Ry —|[opnll > o(€.|apnll, |60p]]) and Ry — [l@ps| >0; pn =0,

€ - |lopal

T . k 7||56P||>

The portion of [0; T] where the FE solution is not described by either
of the two patterns is very small. Then, one has:

o Ri—llooall =0 py> o( (A17)

11

o 56, =0 for Ry—|opa] >0,

o Py, (06,) — 0P = o(e’@) for Ry — ||opa] = 0. (A18)

24

For the second pattern, the plastic strain can be expressed as
op = supT/g{HP,,Dh(éa'DW) + O(e/)H,O}, which leads to small
quantities.

In the general case, the A terms are often small. Although the
mirror problem is applicable to any type of extractor, it is usually
better to work with small quantities. In this case, the choice of
parameter /. enables this property to be always satisfied.
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