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REACHABLE SHEAVES ON RIBBONS AND DEFORMATIONS OF
MODULI SPACES OF SHEAVES

JEAN–MARC DRÉZET

Resume. A primitive multiple curve is a Cohen-Macaulay irreducible projective curve Y that
can be locally embedded in a smooth surface, and such that C = Yred is smooth. In this case,
L = IC/I

2
C is a line bundle on C. If Y is of multiplicity 2, i.e. if I2C = 0, Y is called a ribbon.

If Y is a ribbon and h0(L−2) 6= 0, then Y can be deformed to smooth curves, but in general a
coherent sheaf on Y cannot be deformed in coherent sheaves on the smooth curves.

It has been proved in [11] that a ribbon with associated line bundle L such that
deg(L) = −d < 0 can be deformed to reduced curves having 2 irreducible components if L
can be written as

L = OC(−P1 − · · · − Pd) ,

where P1, · · · , Pd are distinct points of C. In this case we prove that quasi locally free sheaves
on Y can be deformed to torsion free sheaves on the reducible curves with two components. This
has some consequences on the structure and deformations of the moduli spaces of semi-stable
sheaves on Y .
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1. Introduction

A primitive multiple curve is an algebraic variety Y over C which is Cohen-Macaulay, such that
the induced reduced variety C = Yred is a smooth projective irreducible curve, and that every
closed point of Y has a neighbourhood that can be embedded in a smooth surface. These curves
have been defined and studied by C. Bănică and O. Forster in [1]. The simplest examples are
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2 JEAN–MARC DRÉZET

infinitesimal neighbourhoods of projective smooth curves embedded in a smooth surface (but
most primitive multiple curves cannot be globally embedded in smooth surfaces).
Let Y be a primitive multiple curve with associated reduced curve C, and suppose that Y 6= C.
Let IC be the ideal sheaf of C in Y . The multiplicity of Y is the smallest integer n such that
InC = 0. The sheaf L = IC/I

2
C is a line bundle on C, called the line bundle on C associated to

Y .
Primitive multiple curves of multiplicity 2 are called ribbons. They have been parametrised in
[2]. Primitive multiple curves of any multiplicity and the coherent sheaves on them have been
studied in [6], [5], [7] and [8].
The deformations of ribbons to smooth projective curves have been studied by M. González in
[16]: he proved a ribbon Y , with associated smooth curve C and associated line bundle L on
C is smoothable if h0(L−2) 6= 0.

1.1. Deformations to reduced reducible curves

Deformations of primitive multiple curves Y = Cn of any multiplicity n ≥ 2 to reduced curves
having multiple components which are smooth, intersecting transversally, have been studied in
[10]: we consider flat morphisms π : C→ S, where S is a smooth connected curve, for some
P ∈ S, CP is isomorphic to Y and for s 6= P , Cs is a curve with multiple components which
are smooth and intersect transversally. Then n is the maximal number of components of
such deformations of Y . In this case we say that the deformation is maximal, the number of
intersection points of two components is exactly − deg(L) and the genus of the components is
the one of C (these deformations are called maximal reducible deformations). If deg(L) = 0 we
call π a fragmented deformation. This case deg(L) = 0 has been completely treated in [10]: a
primitive multiple curve of multiplicity n can be deformed in disjoint unions of n smooth curves
if and only if IC is isomorphic to the trivial bundle on Cn−1. In [9] it has been proved that this
last condition is equivalent to the following: there exists a flat family of smooth curves C→ S,
parametrised by a smooth curve S, s0 ∈ S such that Cs0 = C, such that Y is isomorphic to the
n-th infinitesimal neighbourhood of C in C.
The problem of determining which primitive multiple curves of multiplicity n can be deformed
to reduced curves having exactly n components, allowing intersections of the components, is
more difficult. A necessary condition is h0(L∗) > 0. It has been proved in [11] that a ribbon
with associated line bundle L such that deg(L) = −d < 0 can be deformed to reduced curves
having 2 irreducible components if L can be written as

L = OC(−P1 − · · · − Pd) ,
where P1, · · · , Pd are distinct points of C.

1.2. Deformations of sheaves

Let Y be a ribbon, C = Yred, and L the associated line bundle on C. We suppose that L can
be written as

L = OC(−P1 − · · · − Pd) ,
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where P1, · · · , Pd are distinct points of C, or that L = OC . Let E be a coherent sheaf on Y .
Let p : E→ E|C be the restriction morphism and E1 = ker(p), which is concentrated on C.
We call R(E) = rk(E|C) + rk(E1) the generalised rank of E, and Deg(E) = deg(E|C) + deg(E1)
the generalised degree of E. It has been proved in [5] that there exist unique integers a, b ≥ 0
and a nonempty open subset U ⊂ C such that for every x ∈ U we have Ex ' aOY,x ⊕ bOC,x.
If this is true for every x ∈ C, E is called a quasi locally free sheaf, and this is the case if and
only if E|C and E1 are vector bundles on C.

Let S be a smooth connected curve, P ∈ S and ρ : X→ S a deformation of Y to smooth
curves, i.e. ρ is flat, ρ−1(P ) ' Y , and for every s ∈ S\{P}, Xs = ρ−1(s) is a smooth projective
irreducible curve. It is easy to see (using Hilbert polynomials with respect to an ample line
bundle on X) that if F is a coherent sheaf on X flat on S, then R(F|Y ) must be even. This
means that not all sheaves on Y can be deformed to sheaves on the smooth fibres. Moreover if
F|Y is locally free, deg(Fs) is even.

Now let π : C→ S be a maximal reducible deformation of Y : we have π−1(P ) ' Y , and for
every s ∈ S\{P}, Cs = π−1(s) is a reduced projective curve having 2 irreducible components,
smooth and intersecting transversally in − deg(L) points (see 6.1 for the precise definition).
Let E be a coherent sheaf on Y . We say that E is reachable (with respect to π) if there exists a
smooth connected curve S ′, P ′ ∈ S ′, a non constant morphism f : S ′ → S such that f(P ′) = P
and a coherent sheaf E on f ∗(C) = C×S S ′, flat on S ′, such that EP ′ ' E.

The main result of this paper is theorem 7.1.2

1.2.1. Theorem: Every quasi locally free sheaf on Y is reachable.

To prove this result we need to study the torsion free sheaves on reducible curves with several
components, and the moduli spaces of such semi-stable sheaves. Some work has been done on
this subject by M. Teixidor i Bigas in [26], [27], [28], [29], but only for vector bundles. We will
need here to consider sheaves which have not the same rank on all the components. We will
also use blowing-up of ribbons, which are also used in [3] in another context.

1.3. Motivation

1.3.1. Study of the non reduced structure of some moduli spaces of stable sheaves on Y –
Some coherent sheaves on projective varieties have a non reduced versal deformation space. In
particular, some moduli spaces of stable sheaves are non reduced.

We treat here the case of some sheaves on ribbons: the quasi locally free sheaves of rigid type
(see. 1.5 and 1.6 for more details). Let Y be a ribbon and π : C→ S a deformation of Y to
reduced curves with two components as in 1.1.

Let E be a stable quasi locally free sheaf of rigid type on Y . From [7], E belongs to an unique
irreducible component of the corresponding moduli space of stable sheaves. Let M be the open
subset of this component corresponding to quasi locally free sheaves of rigid type. It is proved
in [7] that Mreg is smooth, and that the tangent sheaf TM of M is locally free. Hence we
obtain a vector bundle TM/T (Mreg) on Mreg, its rank is h0(L∗).
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We find, using theorem 1.2.1, that E can be deformed in two distinct ways to sheaves on the
reduced curves. In particular M deforms to two components of the moduli spaces of sheaves
on the reduced curves, and M appears as the “limit” of varieties with two components, whence
the non reduced structure of M.

In [12] we show that this limit is responsible of a sub-line bundle L of TM/T (Mreg), and that
L is closely related to the deformation π.

1.3.2. Moduli spaces of vector bundles – If instead of a deformation of Y to reducible curves
on considers a deformation ρ : D→ S to smooth curves, among the quasi locally free sheaves
on Y only some of them can be deformed to sheaves on the smooth fibers Ds. For example if Y
can be deformed to reduced curves having 2 irreducible components, then it can be deformed
to smooth curves ([11], prop. 2.5.1), and it follows easily from theorem 1.2.1 that the vector
bundles on Y can be deformed to vector bundles on the smooth fibers. The moduli spaces of
stable vector bundles on Y (which are smooth) deform then to moduli spaces of vector bundles
on the smooth fibers Ds. It would then be possible to deduce properties of moduli spaces of
vector bundles on the smooth fibers from the study of the moduli spaces of stable bundles on
the special fiber Y . The study of the moduli spaces of stable bundles Y can also use that of
moduli spaces of more complicated sheaves as those of quasi locally free sheaves of rigid type
(if, as in [7] some proofs by induction are needed).

1.4. Moduli spaces of (semi-)stable sheaves on primitive reducible curves

1.4.1. Primitive reducible curves – (cf. 4-). A primitive reducible curve is an algebraic curve
X such that

– X is connected.
– The irreducible components of X are smooth projective curves.
– Any three irreducible components of X have no common point, and any two components
are transverse.

Suppose that X has two components D1, D2. Let E be a coherent sheaf on X. Then E is torsion
free if and only if there exist vector bundles Ei on Di, i = 1, 2, and for every x ∈ D1 ∩D2 a
vector space Wx and surjective maps fi,x : Ei,x → Wx, such that E is isomorphic to the kernel
of the surjective morphism of sheaves on X

E1 ⊕ E2

⊕
(f1,x,−f2,x)

//
⊕

x∈D1∩D2
Wx

(where Wx is the skyscraper sheaf concentrated on x with fibre Wx at this point). For i = 1, 2,
we have Ei = E|Di/Ti, where Ti is the torsion subsheaf. We call

τ(E) = (rk(E1), deg(E1), rk(E2), deg(E2))

the type of E. We have, for every x ∈ D1 ∩D2, dim(Wx) ≤ inf(rk(E1), rk(E2)). If for ev-
ery x ∈ D1 ∩D2, dim(Wx) = inf(rk(E1), rk(E2)), we say that E is linked. For example, if
rk(E1) = rk(E2), E is linked if and only if E is locally free. We prove in 4- that deforma-
tions of linked sheaves are linked, and that deg(E1) and deg(E2) (and hence also τ(E)) are
invariant by deformations. Moreover, any two linked sheaves with the same type can be put in
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a flat family of linked sheaves on X parametrised by an integral variety (theorem 4.3.3). We
prove also that every torsion free sheaf on X can be deformed to linked sheaves (theorem 4.3.9).

1.4.2. Moduli spaces of sheaves – Let OX(1) be an ample line bundle on X and H a polynomial
in one variable with rational coefficients. Let MX(H) be the moduli space of semi-stable
torsion free sheaves on X with Hilbert polynomial H with respect to OX(1). It follows from
1.4.1 that every irreducible component N of MX(H) has a dense open subset corresponding
to linked sheaves (having all the same type τ), and every semi-stable linked sheaf of type τ
defines a point of N. It follows that the components of MX(H) are indexed by the types of
the linked semi-stable sheaves of Hilbert polynomial H. We will denote by NX(r1, d1, r2, d2)
the component containing points corresponding to linked sheaves of type (r1, d1, r2, d2). We
prove that NX(r1, d1, r2, d2) is smooth at every point corresponding to a stable linked sheaf
E such that E1 and E2 are simple vector bundles (theorem 4.3.7). But in general, we have
Ext2

OX
(E,E) 6= {0}.

1.5. Moduli spaces of sheaves of rigid type on ribbons

Let Y be a ribbon, C = Yred and L the associated line bundle on C. A quasi locally free sheaf
E on Y is called of rigid type if it is locally free, or locally isomorphic to aOY ⊕ OC , for some
integer a ≥ 0. If E is of rigid type, then the deformations of E are also of rigid type, and
deg(E|C), deg(E1) are invariant by deformations. Moreover, any two quasi locally free sheaves
of rigid type with the same rk(E|C), deg(E|C), deg(E1) can be put in a flat family of rigid sheaves
with the same invariants parametrised by an integral variety (cf. [7]).

The semi-stability conditions on Y are the same for every choice of an ample line bundle on Y
(cf. 3-). The Hilbert polynomial of a coherent sheaf E on Y depends only on the two invariants
R(E) and Deg(E). Let MY (R,D) be the moduli space of semi-stable torsion free sheaves on
Y with generalised rank R and generalised degree D. Suppose that R = 2a+ 1 and d0, d1

are integers such that D = d0 + d1 + a. deg(L). Let N(R, d0, d1) denote the open irreducible
subset of MY (R,D) corresponding to stable sheaves of rigid type E such that deg(E|C) = d0 and
deg(E1 ⊗ L∗) = d1 (it is denoted by N(a, 1, d0, d1) in [7] and [8]). We give in [8] sufficient con-
ditions for the non-emptiness of N(R, d0, d1) (cf. 3.3.5). If it is non empty, then N(R, d0, d1)red
is smooth, and at the point corresponding to the stable sheaf E, its tangent space is canon-
ically isomorphic to H1(End(E)), whereas the tangent space of N(R, d0, d1) is isomorphic to
Ext1

OX
(E,E). The quotient

Ext1
OX

(E,E)/H1(End(E)) ' H0(Ext1(E,E))

is canonically isomorphic to H0(L∗) (cf. [5], cor. 6.2.2).

1.6. Relative moduli spaces of semi-stable sheaves

We use the notations of 1.2. Let E be a quasi locally free sheaf of rigid type on Y , locally
isomorphic to aOY ⊕ OC . Let π : C→ S be a maximal reducible deformation of Y . Then by
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the main result, in 1.2, E can be deformed to torsion free sheaves on the primitive reducible
curves Cs, s 6= P .

Let OC(1) be an ample line bundle on C. Then we have, for every s ∈ S\{P},
deg(OC1,s(1)) = deg(OC2,s(1)), and so the semi-stability of sheaves on the curves Cs does not
depend on the choice of OC(1). Let H be the Hilbert polynomial of E. Let

τ : M(C/S,H) −→ S

be the relative moduli space of sheaves on the fibres of π, so that for every closed point s ∈ S,
τ−1(s) is the moduli space MCs(H) of semi-stable sheaves on Cs with Hilbert polynomial H.

We have rk(E|C) = a+ 1 and rk(E1) = a. Let d0 = deg(E|C), d1 = deg(E1). Let S ′ be a smooth
connected curve, P ′ ∈ S ′, f : S ′ → S a non constant morphism such that f(P ′) = P and E a
coherent sheaf on f ∗(C) = C ×S S ′, flat on S ′, such that EP ′ ' E. We prove in proposition
6.4.5 that for t 6= P ′ in a suitable neighbourhood of P ′, Et is a linked sheaf such that, if
Ei = Et|Ci,f(t)/Ti (where Ti is the torsion subsheaf), then either

rk(E1) = a , deg(E1) = d1 , rk(E2) = a+ 1 , deg(E2) = d0 ,

or
rk(E2) = a , deg(E2) = d1 , rk(E1) = a+ 1 , deg(E1) = d0 .

In other words, in the moduli space M(C/S,H), N(2a+ 1, d0, d1) ⊂MY (H) is the ”limit” of
the only components NCs(a+ 1, d0, a, d1), NCs(a, d1, a+ 1, d0) of MCs(H), s 6= P . In particular
this explains (cf. 1.3) why N(2a+ 1, d0, d1) cannot be reduced.

1.7. The proof of the main theorem

We use the notations of 1.2. Let Z ⊂ C be the closure in C of the locus of the intersection points
of the components of π−1(s), s 6= P . It consists of d = − deg(L) smooth curves intersecting C
in distinct points P1, · · · , Pd such that L = OC(−P1 − · · · − Pd). The blowing-up D→ C of
Z is a fragmented deformation of the blowing up of P1, · · · , Pd in Y , which is a ribbon with
associated smooth curve C and associated line bundle OC . We first prove the theorem for D.
By studying the relations between sheaves on C and sheaves on D we can prove the theorem
for C.

1.8. Outline of the paper

Section 2 contains reminders of definitions and results, and some technical lemmas used in
the rest of the paper.

Section 3 contains mainly reminders of the main properties of coherent sheaves on ribbons,
with some useful lemmas.

Section 4 is devoted to the study of torsion free sheaves on primitive reducible curves (cf.
1.4). The results obtained here could probably be useful if one wants to study more precisely
the moduli spaces of sheaves on these curves, without restricting to the locally free ones.
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In Section 5 we consider the blowing-up of a finite number of points of a ribbon Y . It is again
a ribbon Ỹ . We study the relations between torsion free sheaves on Y and torsion free sheaves
on Ỹ .

In Section 6 we study the coherent sheaves E on C such that E|Y is a quasi locally free sheaf.

In Section 7 we prove the main theorem, using the results of the preceding sections.

Notations – If X is a smooth variety and D a divisor of X, OX(D) is the line bundle
associated to D, i.e. the dual of the ideal sheaf OX(−D) of D. If E is a coherent sheaf on X,
let E(D) = E⊗ OX(D).

– In this paper, an algebraic variety is a quasi-projective scheme over C.
– If X is an algebraic variety and Y ⊂ X a closed subvariety, let IY,X denote the ideal sheaf of
Y in X. If there is no ambiguity, we will denote it also by IY .

– if x ∈ X is a closed point, Cx will denote the skyscraper sheaf concentrated on x with fibre
C at x.

– if f : X→ S is a flat morphism of algebraic varieties, and f : T → S another morphism, we
shall sometimes use the notation f ∗(X) = X×S T .

2. Preliminaries

2.1. Relative moduli spaces of (semi-)stable sheaves

(cf. [21], [24])

Let X, S be algebraic varieties and X → S a flat projective morphism. Let σ : S ′ → S be an
S-variety. Let X ′ = X ×S S ′. A family of sheaves on X ′/S ′ is a coherent sheaf on X ×S S ′,
flat on S ′.

Let OX(1) be an ample line bundle onX andH a polynomial in one variable with rational coeffi-
cients. A family of semi-stable sheaves with Hilbert polynomialH onX ′/S ′ is a family of sheaves
E on X ′/S ′ such that for every closed point s′ ∈ S ′, the restriction Es′ of E to Xσ(s′) = X ′s′ is a
semi-stable sheaf with Hilbert polynomial H with respect to OXσ(s′)

(1) = OX(1)|Xσ(s′) . Accord-
ing to [24], there exists a moduli space

τ : M(X/S,H) −→ S

such that for every closed point s ∈ S, τ−1(s) = M(Xs, H) is the moduli space of semi-stable
sheaves on Xs with Hilbert polynomial H. To every family E of semi-stable sheaves with Hilbert
polynomial H on X ′/S ′, one associates a canonical morphism

fE : S ′ −→M(X/S,H)

such that for every s′ ∈ S ′, fE(s′) is the point of M(Xσ(s′), H) corresponding to Es′ . The
morphism τ needs not to be flat (cf. [19]).
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2.2. Restrictions of sheaves on hypersurfaces

Let X be a smooth algebraic variety, and Y , Z hypersurfaces such that Y ⊂ Z. Let Z = Y ∪ T ,
with T a minimal hypersurface. Then we have OX(−Z) ⊂ OX(−Y ). Let E be a vector bundle
on X. Then we have a commutative diagram with exact rows

0 // E // E(Y ) //
� _

��

E(Y )|Y

φE
��

0 // E // E(Z) // E(Z)|Z

2.2.1. Lemma: Let z ∈ Z. Then

im(φE) = IT,Z
[
E(Z)|Z

]
.

(recall that IT,Z is the ideal sheaf of T in Z)

Proof. Let f, g ∈ OX,z be equations of Y , T respectively. Then fg is an equation of Z. Then
OX(Y )z is the dual of OX(−Y )z = (f) ⊂ OX,z, and is generated by

(f) // OX,z

α.f � // α

Similarly, OX(Z)z is the dual of OX(−Z)z = (fg) ⊂ OX,z, and is generated by

(fg) // OX,z

α.fg � // α

It is clear that im(φOY ,z) = g.OX(Z)z. The lemma follows immediately. �

2.2.2. Lemma: Let E be a vector bundle on X and F a vector bundle on Y . Then there is
a canonical isomorphism

Ext1
OX

(F,E) ' Hom(F,E(Y )|Y ) .

Proof. We have Hom(F,E) = 0, hence, from the Ext spectral sequence (cf. [15], 7.3) it suffices
to prove that Ext1OX (F,E) ' Hom(F,E(Y )|Y ).
Let r = rk(F ). Locally we have a locally free resolution of F :

0 // E1
// E0

// F // 0

E0(−Y ) rOX

hence we have an exact sequence
0 −→ Hom(E0,E) −→ Hom(E0(−Y ),E) −→ Ext1OX (F,E) −→ 0 .

The result follows immediately. �
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2.3. A lemma on extensions

Let X be an algebraic variety, and A, B, C, D, E, coherent sheaves, such that we have a
commutative diagram with exact rows

0 // C //

α
��

E // D //

β
��

0

0 // A // E // B // 0

Suppose that α is injective, and let N = coker(α). Then we have a canonical isomorphism
ker(β) ' N . Let i : N → D be the inclusion.

Let q ≥ 0 be an integer and
δ : Hq(N) −→ Hq+1(C) , δ′ : Hq(D)→ Hq+1(C)

be the mappings coming from the exact sequences
0 −→ C −→ A −→ N −→ 0 and 0 −→ C −→ E −→ D −→ 0

respectively. The following lemma is easily proved (by using Čech cohomology):

2.3.1. Lemma: The following triangle is commutative

Hq(N)
δ //

Hq(i)

��

Hq+1(C)

Hq(D)

δ′

;;

2.4. Generalised elementary modifications of vector bundles on curves

(cf. [22])

Let C be a smooth algebraic curve, x ∈ C, E a vector bundle on C and N ⊂ Ex a linear sub-
space. IfW is a finite dimensional vector space, letWx denote the skyscraper sheaf concentrated
on x with fibre W at x. Let EN denote the kernel of the canonical morphism

E −→ (Ex/N)x .

It is a vector bundle. We call EN the elementary modification of E defined by N (elementary
modifications are well known for rank 2 vector bundles).

We can also define elementary deformations from a finite set of distinct points of C: x1, . . . , xn,
and for 1 ≤ i ≤ n, a linear subspace Ni ⊂ Exi . We obtain the vector bundle EN1,...,Nn , which
is also obtained by successive elementary transformations involving one point, i.e. we define
EN1,...,Ni inductively by the relation EN1,...,Ni+1

= (EN1,...,Ni)Ni+1
.
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2.4.1. Periodicity – We have E(−x) ⊂ EN , and E(−x) is itself an elementary modification of
EN . We have a canonical exact sequence

0 −→ E(−x) −→ EN −→ Nx −→ 0 .

The kernel of the induced map EN,x → N is canonically isomorphic to
E(−x)x/(N ⊗ OC(−x)x)). i.e we have

E(−x) = (EN)E(−x)x/(N⊗OC(−x)x)

(this can be seen for example by taking a local trivialisation of E).

2.4.2. Duality – We can see (Ex/N)∗ as a linear subspace of E∗x, and we have
(E∗)(Ex/N)∗ = (EN)∗(−x) .

2.5. The Ext spectral sequence

(cf. [15])
Let E, F be coherent sheaves on an algebraic variety X. Then there exists a spectral sequence
such that

Epq
2 = Hp(X,Extq(E,F)) =⇒ Extp+q(E,F) .

It follows that we have an exact sequence

0 // H1(X,Hom(E,F))
τ // Ext1

OX
(E,F) // H0(X,Ext1OX (E,F)) // H2(X,Hom(E,F)).

In particular, if H2(X,Hom(E,F)) = {0}, for example if dim(X) = 1, then we have an exact
sequence

0 // H1(X,Hom(E,F))
τ // Ext1

OX
(E,F) // H0(X,Ext1OX (E,F)) // 0.

The morphism τ can be described using Čech cohomology: let (Ui) be an open cover of X. Let
α ∈ H1(X,Hom(E,F)) corresponding to a cocycle (αij), where αij ∈ Hom(E|Uij ,F|Uij). Then
τ(α) corresponds to the extension 0→ F → G→ E→ 0, where G is obtained by gluing the

sheaves (F ⊕ E)|Ui with the automorphisms of (F ⊕ E)|Uij defined by the matrices
(
IF αij
0 IE

)
.

Let Y ⊂ X be a closed subvariety. Then if
(1) 0 −→ F −→ G −→ E −→ 0

is an extension coming from an element of im(τ), the restriction
(2) 0 −→ F|Y −→ G|Y −→ E|Y −→ 0

is exact, because locally on X, the equation (1) is split The map

H1(X,End(E)) −→ H1(X,End(E|Y ))

induced by the canonical morphism End(E)→ End(E|Y ) sends the element corresponding to
(2) to the one corresponding to (1).
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2.6. Infinitesimal deformations of coherent sheaves

2.6.1. Deformations of sheaves – Let X be a projective algebraic variety and E a coherent
sheaf on X. A deformation of E is a quadruplet D = (S, s0,E, α), where (S, s0) is the germ
of an analytic variety, E is a coherent sheaf on S ×X, flat on S, and α an isomorphism
Es0 ' E. If there is no risk of confusion, we also say that E is an infinitesimal deformation
of E. Let Z2 = spec(C|t]/(t2)). When S = Z2 and s0 is the closed point ∗ of Z2, we say that
D is an infinitesimal deformation of E. Isomorphisms of deformations of E are defined in
an obvious way. If f : (S ′, s′0)→ (S, s0) is a morphism of germs, the deformation f#(D) is
defined as well. A deformation D = (S, s0,E, α) is called semi-universal if for every deformation
D′ = (S ′, s′0,E

′, α′) of E, there exists a morphism f : (S ′, s′0)→ (S, s0) such that f#(D) ' D′,
and if the tangent map Ts′0S

′ → Ts0S is uniquely determined. There always exists a semi-
universal deformation of E (cf. [25], theorem I).

Let E be an infinitesimal deformation of E. Let pX denote the projection Z2 ×X → X. Then
there is a canonical exact sequence

0 −→ E −→ pX∗(E) −→ E −→ 0 ,

i.e. an extension of E by itself. In fact, by associating this extension to E one defines a
bijection between the set of isomorphism classes of infinitesimal deformations of E and the set
of isomorphism classes of extensions of E by itself, i.e. Ext1

OX
(E,E).

2.6.2. Kodaïra-Spencer morphism – Let D = (S, s0,E, α) be a deformation of E, and X(2)
s0 the

infinitesimal neighbourhood of order 2 of Xs0 = {s0} ×X in S ×X. Then we have an exact
sequence on X(2)

s0

0 −→ Ts0S ⊗ E −→ E/m2
sE = E|X(2)

s0

−→ E −→ 0 .

By taking the direct image by pX we obtain the exact sequence on X
0 −→ Ts0S ⊗ E −→ pX∗(E/m

2
sE) −→ E −→ 0 ,

hence a linear map
ωs0 : Ts0S −→ Ext1

OX
(E,E) ,

which is called the Kodaïra-Spencer morphism of E at s0.

We say that E is a complete deformation if ωs0 is surjective. IfD is a semi-universal deformation,
ωs0 is an isomorphism.

2.7. The Kodaïra-Spencer map for vector bundles on families of curves

2.7.1. Vector bundles on families of smooth curves – A family of smooth curves parametrised
by an algebraic variety U is a flat morphism ρ : X→ U such that for every closed point x ∈ U ,
Xx = ρ−1(x) is a smooth projective connected curve. If f : Y → U is a morphism of algebraic
varieties, f ∗(X) = X×U Y is a family of smooth curves parametrised by Y . If E is a vector
bundle on X, let f#(E) = p∗X(E) (where pX is the projection X×U Y → X).
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Let S be a smooth curve, s0 ∈ S, π : X→ S a flat family of smooth projective curves and
C = Xs0 = π−1(s0). When dealing with morphisms of smooth curves φ : T → S, we will always
assume that there is exactly one closed point of T over s0 (if φ is not constant and s0 ∈ im(φ),
it is always possible to remove from T some points in the finite set φ−1(s0)).

Let T , T ′ be smooth curves, t0 ∈ T , t′0 ∈ T ′, α : T → S, α′ : T ′ → S morphisms such that
α(t0) = s0, α′(t′0) = s0. Suppose that the tangent maps Tt0α : Tt0T → Ts0S,
Tt0α

′ : Tt′0T
′ → Ts0S are injective. Let Z = T ×S T ′, pT , pT ′ , β the projections Z → T ,

Z → T ′, Z → S respectively. Let Y = β∗(X). Let z0 = (t0, t
′
0) ∈ Z.

2.7.2. Semi-universal families – Let E be a vector bundle on C. There exists a smooth
connected variety R, a flat morphism η : R→ Z, a vector bundle E on η∗(Y) such that:

– There exists r0 ∈ Rz0 such that Er0 ' E.
– For every z ∈ Z, E|Rz×Xβ(z) is a complete deformation, i.e. for every r ∈ Rz, the Kodaïra-
Spencer map

ωr : (TRz)r −→ Ext1
OXβ(z)

(Er,Er)
is surjective.

– R has the following local universal property: for every z ∈ Z, every r ∈ Rz every
neighbourhood U of z, every vector bundle F on β−1(U) such that Fz ' Er, there
exists a neighbourhood U ′ ⊂ U of z and a morphism φ : U ′ → R such that φ(z) = r,
η ◦ φ = I and φ#(E) ' F.

(for example R can be constructed by using relative Quot schemes). A useful consequence of
the existence of R is that there exists a smooth curve S ′, s′0 ∈ S ′, a morphism φ : S ′ → S such
that φ(s′0) = s0, and a vector bundle E on φ∗(X) such that Es′0 ' E (one can take for S ′ an
appropriate curve in R through r0).

2.7.3. The Kodaïra-Spencer map – Let T , T ′ be smooth curves, t0 ∈ T , t′0 ∈ T ′, α : T → S,
α′ : T ′ → S morphisms such that α(t0) = s0, α′(t′0) = s0. Suppose that the tangent maps
Tt0α : Tt0T → Ts0S, Tt0α′ : Tt′0T

′ → Ts0S are injective. Let Z = T ×S T ′, pT , pT ′ , β the pro-
jections Z → T , Z → T ′, Z → S respectively. Let Y = β∗(X). Let z0 = (t0, t

′
0) ∈ Z. Let

E be a vector bundle on C, E a vector bundle on α∗(X), E′ a vector bundle on α′∗(X), such
that there are isomorphisms Es0 ' E, E′s0 ' E. We have two vector bundles p#

T (E), p#
T ′(E

′) on
β∗(X). There exist a neighbourhood U of z0 and morphisms f : U → R, f ′ : U → R such that
η ◦ f = η ◦ f ′ = I and f#(E) ' p#

T (E), f ′#(E) ' p#
T ′(E

′). We have
Tηr0 ◦ Tfz0 = Tηr0 ◦ Tf ′z0 = ITZz0 ,

hence im(Tfz0 − Tf ′z0) ⊂ TRz0,r0 . Now we define the linear map

ωE,E′ : TSs0 −→ Ext1
OC

(E,E)

by:
ωE,E′ = ωr0 ◦ (Tfz0 − Tf ′z0) ◦ (Tβz0)

−1.

It is easy to see that this definition is independent of the choice of R satisfying the above
properties.
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If X is the trivial family, i.e. X = C × S and T = T ′ = S, then there is a canonical choice for
E′: E0 = p∗C(E) (where pC : C × S → C is the projection). We can then define

ωE = ωE,E0 : TSs0 −→ Ext1
OC

(E,E) ,

This is the usual Kodaïra-Spencer morphism.

2.7.4. Other equivalent definition – It uses the properties of coherent sheaves on primitive
double curves (cf. 3). We assume for simplicity that T = T ′ = Z. Let mz0 ⊂ OZ,z0 be the
maximal ideal, and

Y = C(2) = π−1(spec(OS,s0/m
2
s0

)) = β−1(spec(OZ,z0/m
2
z0

))

the second infinitesimal neighbourhood of C in X or β∗(X), which is a primitive double curve
with associated smooth curve C and associated line bundle

IC/I
2
C ' TS∗s0 ⊗ OC ' OC .

(the isomorphism IC/I
2
C ' OC depends on the choice of a generator of Ts0S). We have an exact

sequence
0 −→ E ⊗ TZ∗z0 −→ E|Y −→ E −→ 0

(given by the canonical filtration of E|Y ). Let σE ∈ Ext1
OY

(E ⊗ TZ∗z0 , E) be the element
associated to this exact sequence. The associated morphism E ⊗ TZ∗z0 → E ⊗ TZ∗z0 (cf. 3.4)
is of course the identity. We define similarly σE′ ∈ Ext1

OY
(E ⊗ TZ∗z0 , E). Then we have

ωE,E′ = (σE − σE′) ◦ (Tβz0)
−1 .

2.7.5. Properties of the Kodaïra-Spencer map – Let W , W ′ be smooth curves, w0 ∈ W ,
w′0 ∈ W ′, λ : W → T , λ′ : W ′ → T ′ morphisms such that λ(w0) = t0 and λ′(w′0) = t′0, and such
that the tangent maps Tλw0 and Tλw′0 are isomorphisms. Then we have

ωλ#(E),λ′#(E′) = ωE,E′ .

2.7.6. Proposition: Let u be a non zero element of TSs0. Let σ ∈ Ext1
OC

(E,E). Then there
exists a smooth curve T, t0 ∈ T , a morphism α : T→ S such that α(t0) = s0, and a vector
bundle E on α∗(X) such that Et0 ' E and that

ωE,E(u) = σ .

Proof. It suffices to take appropriate curves in R. �
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3. Coherent sheaves on primitive double curves

3.1. Primitive double curves

(cf. [1], [2], [5], [6], [7], [8], [9], [13]).

Let C be a smooth connected projective curve. A multiple curve with support C is a Cohen-
Macaulay scheme Y such that Yred = C.

Let n be the smallest integer such that Y ⊂ C(n−1), C(k−1) being the k-th infinitesimal neigh-
bourhood of C, i.e. IC(k−1) = IkC . We have a filtration C = C1 ⊂ C2 ⊂ · · · ⊂ Cn = Y where
Ci is the biggest Cohen-Macaulay subscheme contained in Y ∩ C(i−1). We call n the multiplicity
of Y .

We say that Y is primitive if, for every closed point x of C, there exists a smooth surface S,
containing a neighbourhood of x in Y as a locally closed subvariety. In this case, L = IC/IC2

is a line bundle on C and we have ICi = IiC , ICi/ICi+1
= Li for 1 ≤ i < n. We call L the line

bundle on C associated to Y . Let P ∈ C. Then there exist elements z, x of mS,P (the maximal
ideal of OS,P ) whose images in mS,P/m

2
S,P form a basis, and such that for 1 ≤ i < n we have

ICi,P = (zi). The image of x in OC,P is then a generator of the maximal ideal.

The simplest case is when Y is contained in a smooth surface S. Suppose that Y has multiplicity
n. Let P ∈ C and f ∈ OS,P a local equation of C. Then we have ICi,P = (f i) for 1 < j ≤ n,
in particular IY,P = (fn), and L = OC(−C).

For any L ∈ Pic(C), the trivial primitive curve of multiplicity n, with induced smooth curve C
and associated line bundle L on C is the n-th infinitesimal neighbourhood of C, embedded by
the zero section in the dual bundle L∗, seen as a surface.

In this paper we are interested only in the case n = 2. Primitive multiple curves of multiplicity
2 are called primitive double curves or ribbons.

3.2. Canonical filtrations and invariants of coherent sheaves

Let Y be a ribbon, C = Yred, and L the associated line bundle on C. Let P ∈ C be a closed
point, z ∈ OY,P an equation of C and M a OY,P -module of finite type. Let E be a coherent
sheaf on Y . We denote by τE : E⊗ L→ E the canonical morphism.

3.2.1. First canonical filtration – The first canonical filtration of M is
{0} ⊂ G1(M) ⊂M

where G1(M) is the kernel of the canonical surjective morphism M →M ⊗OY,P OC,P . So we
have G1(M) = zM . We will note G0(M) = M/G1(M). The direct sum

Gr(M) = G1(M)⊕G0(M)

is a OC,P -module. The following properties are obvious:
– we have G1(M) = {0} if and only if M is a OC,P -module,
– a morphism of OY,P -modules sends the first canonical filtration of the first module to the one
of the second.
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We define similarly the first canonical filtration of E:
0 ⊂ G1(E) ⊂ E

where G1(E) is the kernel of the canonical surjective morphisms E→ E|C . We will note
G0(E) = E/G1(E) = E|C . We will also use the notation E1 = G1(E). Let

Gr(E) = G1(E)⊕G0(E) .

It is a OC-module. The following properties are obvious:
- we have G1(E) = ICE,
- we have G1(E) = 0 if and only if E is a sheaf on C,
- every morphism of coherent sheaves on Y sends the first canonical filtration of the first to
that of the second.

3.2.2. Second canonical filtration – The second canonical filtration of M is

0 ⊂ G(1)(M) ⊂M ,

with G(1)(M) =
{
u ∈M ; ziu = 0

}
. We have G1(M) ⊂ G(1)(M). We will note

G(2)(M) = M/G(1)(M). The direct sum

Gr2(M) = G(1)(M)⊕G(2)(M)

is a OC,P -module. Every morphism of OY,P -modules sends the second canonical filtration of the
first module to that of the second.

We define similarly the second canonical filtration of E:

0 ⊂ G(1)(E) ⊂ E , G(2)(E) = E/G(1)(E) .

We will also use the notation E(1) = G(1)(E). The direct sum

Gr2(E) = G(1)(E)⊕G(2)(E)

is a OC-module. We have G1(E) ⊂ G(1)(E), and every morphism of coherent sheaves on Y
sends the second canonical filtration of the first to that of the second.

3.2.3. Relations between the two filtrations - we have a canonical isomorphism

G1(E) ' G(2)(E)⊗ L .

The canonical morphism E⊗ L→ E induces two morphisms of sheaves on C:

λE =: G(2)(E)⊗ L −→ G(1)(E) , µE =: G0(E)⊗ L −→ G1(E) .

The first morphism of sheaves is injective, the second is surjective, and we have
ker(µE) ' coker(λE)⊗ L .

3.2.4. Characterisation of the canonical filtrations – (cf. lemma 3.4.3). Let
0 ⊂ E ⊂ E

be a filtration such that E is a sheaf on C. Then we have E ⊂ G(1)(E), and F = E/E is a
sheaf on C if and only if G1(E) ⊂ E. Suppose that G1(E) ⊂ E. Then the canonical morphism
τE induces φ : F ⊗ L→ E, and we have
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– E = G1(E) if and only if φ is surjective.
– E = G(1)(E) if and only φ is injective.

3.2.5. Invariants – The integer R(M) = rk(Gr(M)) is called the generalised rank of M .

The integer R(E) = rk(Gr(E)) is called the generalised rank of E. So we have R(E) = R(EP )
for every P in a nonempty open subset of C.

The integer Deg(E) = deg(Gr(E)) is called the generalised degree of E. The generalised rank
and degree of sheaves are deformation invariants.

If R(E) > 0, let µ(E) = Deg(E)/R(E). We call this rational number the slope of E.

Let 0→M ′ →M →M ′′ → 0 be an exact sequence of OY,P -modules of finite type. Then we
have R(M) = R(M ′) +R(M ′′) .

Let 0→ E→ F → G→ 0 be an exact sequence of coherent sheaves on Y . Then we have
R(F) = R(E) +R(G) , Deg(F) = Deg(E) + Deg(G).

If E is a coherent sheaf on Y , we have
χ(E) = Deg(E) +R(E)(1− g) ,

where g is the genus of C (Riemann-Roch theorem). It follows that if OY (1) is an ample line
bundle on Y , OC(1) = OY (1)|C and δ = deg(OC(1)), the Hilbert polynomial of E with respect
to OY (1) is given by

PE(m) = R(E)δm+ Deg(E) +R(E)(1− g) .

3.3. Quasi locally free sheaves – Reflexive sheaves

3.3.1. Torsion – Let M be a OY,P -module of finite type. Le torsion sub-module T (M) of M
consists of the elements u ofM such that there exists an integer p > 0 such that xpu = 0 (recall
that x ∈ OY,P is such that its image in OC,P is a generator of the maximal ideal). We say that
M is torsion free if T (M) = {0}.
Let E be a coherent sheaf on Y . The torsion subsheaf T (E) of E is the maximal subsheaf of E
with finite support. For every closed point P of C we have T (E)P = T (EP ). We say that E is
a torsion sheaf if E = T (E) , or equivalently, if its support is finite. We say that E is torsion
free if T (E) = 0.

The following conditions are equivalent:

(i) E is torsion free.
(ii) G(1)(E) is locally free.

Moreover, if E is torsion free, G(2)(E) is also locally free.

3.3.2. Quasi locally free sheaves – Let M be a OY,P -module of finite type. We say that M
is quasi free if there exist integers m1,m2 ≥ 0 such that M ' m1OC,P ⊕m2OY,P . These in-
tegers are uniquely determined. In this case we say that M is of type (m1,m2). We have
R(M) = m1 + 2m2.
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Let E be a coherent sheaf Y . We say that E is quasi locally free at a point P of C if there exists
a neighbourhood U of P and integers m1,m2 ≥ 0 such that for every Q ∈ U , EQ is quasi free of
type m1,m2. The integers m1,m2 are uniquely determined and depend only of E, and (m1,m2)
is called the type of E.
We say that E is quasi locally free if it is quasi locally free at every point of C.
The following conditions are equivalent:

(i) EP is quasi locally free at P .
(ii) G0(E) and G1(E) are free OC,P -modules.
(iii) coker(λE) and G0(E) are free OC,P -modules.

The following conditions are equivalent:

(i) E is quasi locally free.
(ii) G0(E) and G1(E) are locally free on C.
(iii) coker(λE) and G0(E) are locally free on C.

Assume that E is torsion free. Then λE is a morphism of vector bundles, which is an injective
morphism of sheaves, and E is quasi locally free if and only if λE is an injective morphism of
vector bundles.

3.3.3. Reflexive sheaves – Let P ∈ C and M be a OY,P -module of finite type. Let M∨ be the
dual of M : M∨ = Hom(M,OY,P ). If N is OC,P -module of finite type, we will denote N∗ the
dual of N : N∗ = Hom(N,OC,P ).
Let E be a coherent sheaf on Y . Let E∨ be the dual of E: E∨ = Hom(E,OY ). If E is a coherent
sheaf on C, we will denote by E∗ the dual of E: E∗ = Hom(E,OC). We have E∨ = E∗ ⊗ L.
We have G(1)(E∨) = G0(E)∗ ⊗ L. If E is quasi locally free we have

G1(E∨) = G1(E)∗ ⊗ L2 , G(2)(E∨) = G1(E)∗ ⊗ L .

The following properties are equivalent (cf. [5], [7]):

(i) E is reflexive.
(ii) E is torsion free.
(iii) We have Ext1OY (E,OY ) = 0 .

Moreover we have in this case ExtiOY (E,OY ) = 0 for every i ≥ 1.
It follows that if 0→ E→ F → G→ 0 is an exact sequence of coherent torsion free sheaves on
Y , the dual sequence 0→ G∨ → F∨ → E∨ → 0 is also exact.

3.3.4. Moduli spaces of semi-stable reflexive sheaves – A reflexive sheaf E is semi-stable (resp.
stable) (as per M. Maruyama [21] or C. Simpson [24]) if for every proper subsheaf F ⊂ E we
have

µ(F) ≤ µ(E) (resp. < ) .
As for smooth curves, the definition of semi-stability does not depend on the choice of an
ample line bundle on Y . If R > 0 and D are integers, we will denote by M(R,D) the moduli
space of semi-stable sheaves on Y of rank R and degree D, and by Ms(R,D) the open subset
corresponding to stable sheaves.
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3.3.5. Quasi locally free sheaves of rigid type – (cf. [7], [8]) A quasi locally free sheaf E on Y
is called of rigid type if it is locally free, or locally isomorphic to aOY ⊕ OC , for some integer
a ≥ 0. In the latter case, we have rk(E|C) = a+ 1 and rk(E1) = a. The deformations of quasi
locally free sheaves of rigid type are quasi locally free sheaves of rigid type, and a, deg(E1) and
deg(E|C) are invariant by deformation.
Let R = 2a+ 1 and d0, d1, D integers such that D = d0 + d1. The stable sheaves E of rigid type,
of rank R and such that deg(E1 ⊗ L∗) = d1 and deg(E|C) = d0 form an open subset N(R, d0, d1)
of an irreducible component of Ms(R,D). If N(R, d0, d1) is non empty, we have

dim(N(R, d0, d1)) = 1− a(a+ 1) deg(L) + (g − 1)(2a2 + 2a+ 1) .

In general N(R, d0, d1) is not reduced. The reduced subvariety N(R, d0, d1)red is smooth and its
tangent sheaf at the point corresponding to a sheaf F is canonically isomorphic to H1(End(F)).
We have also canonical isomorphisms

TN(R, d0, d1)F/TN(R, d0, d1)red,F ' H0(Ext1(F,F)) ' H0(L∗)

(for the last isomorphism see [5], cor. 6.2.2). It is known that N(R, d0, d1) is non empty if
ε

a+ 1
<

δ

a
<

ε− deg(L)

a+ 1
.

3.4. Properties and construction of coherent sheaves

If E is a vector bundle on C, there exists a vector bundle E of Y such that E|Y ' E ([5], th.
3.1.1). In particular there exists a line bundle L on Y such that L|C ' L. It follows that we
have a locally free resolution of E :

· · ·E⊗ L3 −→ E⊗ L2 −→ E⊗ L −→ E −→ E −→ 0 .

The following results follows easily:

3.4.1. Lemma: Let F be a coherent sheaf on C and G a vector bundle on C. Then we have,
for every integer i ≥ 0

ToriOY (F,OC) ' F ⊗ Li , Ext1OY (G,F ) ' Hom(G⊗ Li, F ) .

It follows that we have a canonical exact sequence

0 // Ext1
OC

(G,F )
i // Ext1

OY
(G,F ) // Hom(G⊗ L, F ) // 0 .

H1(Hom(G,F )) H0(Ext1OY (G,F ))

3.4.2. We can give an explicit construction of the morphism i in the preceding exact sequence,
using Čech cohomology: let (Ui) an open cover of C and α ∈ Ext1

OC
(G,F ), represented by

a cocycle (αij), where αij ∈ Hom(G|Uij , F|Uij). Let σ ∈ Ext1
OY

(G,F ), corresponding to an
extension

0 −→ F −→ E −→ G −→ 0 .



DEFORMATIONS OF MODULI SPACES 19

We can view αij as an endomorphism of E|Uij . Then σ + i(α) corresponds to the extension

0 −→ F −→ E′ −→ G −→ 0 ,

where E′ is the sheaf obtained by gluing the sheaves E|Uij using the automorphisms
I + αij ∈ Aut(E|Uij).

3.4.3. Lemma: Suppose that F is locally free. Let σ ∈ Ext1
OY

(G,F ), corresponding to an
extension

0 −→ F −→ E −→ G −→ 0 .

Then

1 – We have G = E|C and F = E1 if and only if θ(σ) is surjective. In this case E is quasi
locally free.

2 – We have G = E(2) and F = E(1) if and only θ(σ) is injective. In this case E is quasi locally
free if and only if θ(σ) is injective as a morphism of vector bundles.

Proof. 1- follows from the factorisation of the canonical morphism E|C ⊗ L→ E1

E|C ⊗ L // // G⊗ L // //

θ(σ)

""
E1
� � // F,

and 2- from the factorisation of θ(σ)

G⊗ L // // E/E(1) ⊗ L E1
� � // F.

�

3.4.4. Lemma: Let E be a vector bundle on Y , E a coherent sheaf on C, φ : E→ E a
surjective morphism and N = ker(φ). Then we have an exact sequence

0 // E ⊗ L // N|C // E|C // E // 0

and a canonical isomorphism
N|C/(E ⊗ L) ' N(2) .

Proof. The exact sequence follows from lemma 3.4.1. Consider the exact sequence

0 // N
i // E

p // E // 0 .

We have a canonical surjective morphism φ : N|C = N/N1 → N(2) = N/N(1). Let x ∈ C and
z ∈ OY,x and equation of C. Let u ∈ N|C,x, and u ∈ Nx over u. Then we have

i|C,x(u) = 0 ⇐⇒ ix(u) is a multiple of z
⇐⇒ z.ix(u) = ix(zu) = 0, because E is locally free
⇐⇒ zu = 0

⇐⇒ φx(u) = 0.

This proves the isomorphism of lemma 3.4.4. �
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3.4.5. Punctual thickening of vector bundles on C. Let D =
∑
i

miPi be a divisor on C, where

the Pi are distinct points and the mi positive integers. Let xi ∈ OC2,Pi be over a generator of
the maximal ideal of OC,Pi , and zi ∈ OC2,Pi a local equation of C. Let I[D] be the ideal sheaf
on C2 defined by: I[D]P = LP for P distinct of all the Pi, and I[D]Pi = (xmii zi) = xmii .LPi . It
depends only on D.

Let E be a vector bundle on C. According to [5], thm. 3.1.1, E can be extended to a vector
bundle E on C2. Let

E[D] = E/(E⊗ I[D]) .

We have a canonical quotient E[D]→ E which is an isomorphism ouside the Pi. It is easy
to see that the sheaf E[D] depends only of E and D, i.e. if E′ is another vector bundle on C2

extending E, then there exists an isomorphism (not unique)
E/(E⊗ I[D]) ' E′/(E′ ⊗ I[D])

inducing the identity on E. We have T (E[D]) =
∑

Ti, where Ti is the skyscraper sheaf
concentrated at Pi with fibre EPi/x

mi
i EPi at Pi (where EPi the fibre of the sheaf E at this

point). We have E[D]/T (E[D]) = E.

4. Coherent sheaves on primitive reducible curves

A primitive reducible curve is an algebraic curve X such that

– X is connected.
– The irreducible components of X are smooth projective curves.
– Any three irreducible components of X have no common point, and any two components
are transverse.

Let X be a primitive reducible curve, C the set of components of X, and I the set of intersection
points of the components of X.

4.1. reflexive sheaves

The following result is an easy consequence of [23], VII, VIII:

4.1.1. Proposition: Let E be a coherent sheaf on X. Then the following conditions are
equivalent:

(i) E is pure of dimension 1.
(ii) E is of depth 1.
(iii) E is locally free at every point of X belonging to only one component, and if a point

x belongs to two components D1, D2, then there exist integers a, a1, a2 ≥ 0 and an
isomorphism

Ex ' aOX,x ⊕ a1OD1,x ⊕ a2OD2,x .



DEFORMATIONS OF MODULI SPACES 21

(iv) E is torsion free, i.e. for every x ∈ X, every element of OX,x which is not a zero divisor
in OX,x is not a zero divisor in Ex.

(v) E is reflexive.

In particular, every torsion free coherent sheaf on X is reflexive.

4.1.2. Definition: Let E be a torsion free sheaf on X. For every D ∈ C, let ED = E|D/T
(where T is the torsion subsheaf of E|D). The sequence of pairs τ(E) = (rk(ED), deg(ED))D∈C
is called the type of E.

4.2. Structure and properties of torsion free sheaves

4.2.1. Local structure at intersection points – Let x ∈ X, belonging to two irreducible compo-
nents D1, D2. The ring OX,x can be identified with the ring of pairs (φ1, φ2) ∈ OD1,x × OD2,x

such that φ1(x) = φ2(x). For i = 1, 2, let ti ∈ ODi,x be a generator of the maximal ideal. We
will also denote by t1 (resp. t2) the element (t1, 0) (resp. (0, t2)) of OX,x. Let M be the
OX,x-module

M = (V ⊗ OX,x)⊕ (W1 ⊗ OD1,x)⊕ (W2 ⊗ OD2,x)

(where V , W1, W2 are finite dimensional C-vector spaces). Then End(M) consists of matricesα λ1t1 λ2t2
β1 µ1 0
β2 0 µ2


with α ∈ End(V ), λi ∈ L(Wi, V )⊗ ODi,x, βi ∈ L(V,Wi)⊗ ODi,x, µi ∈ End(Wi)⊗ ODi,x for
i = 1, 2. Such an endomorphism is invertible if and only if α, µ1 and µ2 are invertible, if
and only if their images in End(V ), End(W1), End(W2) respectively are invertible. It is easy
to see that the sub-module

N = (V ⊗mx)⊕ (W1 ⊗ OD1,x)⊕ (W2 ⊗ OD2,x)

is invariant by all the endomorphisms of M . The module M can be identified with the OX,x-
module of

(u1, u2, v1, v2) ∈ (V ⊗ OD1,x)⊕ (V ⊗ OD2,x)⊕ (W1 ⊗ OD1,x)⊕ (W2 ⊗ OD2,x)

such that the images of u1, u2 in V are the same.
It follows easily that if U is a neighbourhood of x which contains only one multiple point and
meets only the components through x, then the reflexive sheaves E on U are obtained in the
following way: take two vector bundles, E1 on D1 ∩ U , E2 on D2 ∩ U respectively, a C-vector
space W and surjective linear maps

fi : Ei,x −→ W , i = 1, 2 .

Then E = E1 on D1\{x}, E = E2 on D2\{x}, and
Ex = {(φ1, φ2) ∈ E1(x)× E2(x) ; f1(φ1(x)) = f2(φ2(x))} ,

(where Ei(x) is the module of sections of Ei defined in a neighbourhood on x). We have
Ei = E|Di∩U/Ti ,
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where Ti is the torsion subsheaf of E|Di∩U . We have
Ex ' (W ⊗ OX,x)⊕ (ker(f1)⊗ OD1,x)⊕ (ker(f2)⊗ OD2,x) .

The sheaf E is locally free if and only if f1 and f2 are isomorphisms.

We have an exact sequence

0 // E // E1 ⊕ E2
p // W // 0,

where W denotes the skyscraper sheaf concentrated on x with fibre W at x, and p is given at
x by

(f1,−f2) : E1,x ⊕ E2,x −→ W .

4.2.2. Another way of constructing sheaves – We keep the notations of 4.2.1. Let
H ⊂ E1,x × E2,x be a linear subspace. We define a reflexive sheaf E on U by:

– E = E1 on D1\{x}, and E = E2 on D2\{x},
– Ex = {(φ1, φ2) ∈ E1(x)× E2(x) ; (φ1(x), φ2(x)) ∈ H} .

Let H1 ⊂ E1,x and H2 ⊂ E2,x be the minimal linear subspaces such that H ⊂ H1 ×H2, and
W = (H1 ×H2)/H. Let τ1 : H1 = H1 × {0} → W , τ2 : H2 = {0} ×H2 → W be the restric-
tions of the quotient map. Let E ′1 = (E1)H1 , E ′2 = (E2)H2 (cf. 2.4). We have then canonical
maps λ1 : E ′1,x → H1, λ2 : E ′2,x → H2. Let

f1 : τ1 ◦ λ1 : E ′1,x → W , f2 : τ2 ◦ λ2 : E ′2,x → W .

Then the two linear maps f1, f2 are surjective, and E is the reflexive sheaf constructed from
E ′1, E ′2, f1, f2 by the method of 4.2.1.

4.2.3. Example: sheaves of homomorphisms – Let Fi, Gi, i = 1, 2, be vector bundles on Di ∩ U .
Let V , W be vector spaces, and

fi : Fi,x −→ V , gi : Gi,x −→ W

surjective maps. Let F (resp. G) be the reflexive sheaf on U defined by F1, F2, f1,
f2 (resp. G1, G2, g1, g2). We will describe the sheaf Hom(F,G). Of course we have
Hom(F,G) = Hom(Fi, Gi) on Di\{x}. From the definitions of F, G it is easy to see that

Hom(F,G)x = {(µ1, µ2) ∈ Hom(F1, G1)(x)×Hom(F2, G2)(x) ; (µ1(x), µ2(x)) ∈ H} ,
where H ⊂ L(F1,x, G1,x)× L(F2,x, G2,x) is the linear subspace consisting of (α1, α2) such that
for every (u1, u2) ∈ F1,x × F2,x such that f1(u1) = f2(u2), we have also g1(α1(u1)) = g2(α2(u2)).
If follows that Hom(F,G) is reflexive.

We can suppose that we have decompositions into direct sums Fi = (V ⊕ Ai)⊗ ODi∩U ,
Gi = (W ⊕Bi)⊗ ODi∩U , in such a way that fi (resp. gi) is the projection to V (resp. W ).

We can then write linear maps αi : Fi,x → Gi,x as matrices
(
φi Mi

Ni Pi

)
. It is then easy to see

that H consists of pairs (α1, α2) such that M1 = 0, M2 = 0, φ1 = φ2. The minimal subspaces
Hi ⊂ L(Fi,x, Gi,x) such that H ⊂ H1 ×H2 are then clearly

Hi = {αi ∈ L(Fi,x, Gi,x) ; αi(ker(fi)) ⊂ ker(gi)} ,
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and (H1 ×H2)/H is canonically isomorphic to L(V,W ). The linear maps
γi : Hom(Fi, Gi)Hi,x −→ L(V,W ) are as follows:

γi : Hom(Fi, Gi)Hi,x
// // Hi

ρi // L(V,W )

where ρi associates to α : Fi,x → Gi,x the induced map V = Fi,x/ ker(fi)→ W = Gi,x/ ker(gi).
The reflexive sheaf Hom(F,G) is then defined (using the method of 4.2.1) by the vector bundles
Hom(Fi, Gi)Hi on Di, and the linear maps γi.

4.2.4. Lemma: We have, for i = 1, 2 and integers j ≥ 0, k ≥ 1

– Ext2j+1
OX,x

(OD1,x,OD2,x) ' C, Ext2k
OX,x

(OD1,x,OD2,x) = 0 .
– Ext2j+1

OX,x
(ODi,x,ODi,x) = 0, Ext2k

OX,x
(ODi,x,ODi,x) ' C .

– Tor2j+1
OX,x

(ODi,x,ODi,x) ' C, Tor2k
OX,x

(ODi,x,ODi,x) = 0 .
– Tor2j+1

OX,x
(OD1,x,OD2,x) = 0, Tor2k

OX,x
(OD1,x,OD2,x) ' C .

Proof. We use a locally free resolution of OD1,x:

· · ·OX,x
t1 // OX,x

t2 // OX,x
// OD1,x

// 0 .

Hence Ext1
OX,x

(OD1,x,OD2,x) is isomorphic to the middle cohomology of the complex

OD2,x
t2 // OD2,x

t1=0 // OD2,x .

The result follows immediately. The other equalities are proved in the same way. �

4.2.5. Relative version of lemma 4.2.4 – A similar proof shows that if S is an algebraic variety
and s ∈ S, then we have, for i = 1, 2 and integers j ≥ 0, k ≥ 1

Ext2j+1
OX×S,(x,s)

(OD1,x⊗OS,s,OD2,x⊗OS,s) ' OS,s , Ext2k
OX×S,(x,s)

(OD1,x⊗OS,s,OD2,x⊗OS,s) = 0 ,

Ext2j+1
OX×S,(x,s)

(ODi,x⊗OS,s,ODi,x⊗OS,s) = 0 , Ext2k
OX×S,(x,s)

(ODi,x⊗OS,s,ODi,x⊗OS,s) ' OS,s .

and the same as in lemma 4.2.4 for the Tor.

4.2.6. Linked sheaves – We keep the notations of 4.2.1. Let r = dim(W ), r1 = rk(E1),
r2 = rk(E2). Then we have r ≤ inf(r1, r2), rk(Ex) = r1 + r2 − r. The sheaf E is called linked at
x if r = inf(r1, r2), the maximal possible value (so one could say that the most unlinked sheaf
is E1 ⊕ E2). Suppose that E is linked at x. For i = 1, 2, we have Ei = E|Di/Ti (where Ti is the
torsion subsheaf of E|Di). Suppose that r2 ≥ r1. Then T2 = 0 and T1 ' Cx ⊗ Cr1−r2 (where Cx

is the torsion sheaf concentrated on x with fibre C at that point).

A torsion free sheaf F on X is called linked if is linked at every intersection point of any two
irreducible components of X.

4.2.7. Extensions of vector bundles on two components – Let V1, V2 be finite dimensional vector
spaces. From lemma 4.2.4, we have a canonical isomorphism
(3) Ext1

OX,x
(OD1,x ⊗ V1,OD2,x ⊗ V2) ' L(V1, V2) .
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Let φ ∈ L(V1, V2). We now give an explicit description of the extension
0 −→ OD2,x ⊗ V2 −→M −→ OD1,x ⊗ V1 −→ 0

corresponding to φ. We have an exact sequence

0 // OD2,x ⊗ V1

(t2,φ)
// (OX,x ⊗ V1)⊕ (OD2,x ⊗ V2) // M // 0

(cf. [4], 4–), and
M = (im(φ)⊗ OX,x)⊕ (ker(φ)⊗ OD1,x)⊕ (coker(φ)⊗ OD2,x) .

The module M can be the fibre of some linked torsion free sheaf if and only φ has maximal
rank, i.e. is injective or surjective.

For vector bundles on D1 ∪D2 ⊂ X we need more canonical isomorphisms. Let D = D1 ∩D2.
We use the obvious locally free resolution of OD1

· · ·L3
// L2

// OX
// OD1

// 0 ,

where L2 is a line bundle on D1 ∪D2 with L2|D2 = OD2(−D), L2|D1 = OD1 , and L3 is a line
bundle on D1 ∪D2 with L3|D1 = OD1(−D), L3|D2 = OD2 . In this way we obtain, if E1, E2 are
vector bundles on D1, D2 respectively, a canonical isomorphism

(4) Ext1
OD1∪D2

(E1, E2) =
⊕
x∈D

L(E1(−x)x, E2,x) .

Now we make the link between this description of extensions and the construction of 4.2.1. Let
E1, E2 be vector bundles on D1, D2 respectively. We want to describe torsion free sheaves E

on D1 ∪D2 such that E|Di/Ti = Ei for i = 1, 2 (where Ti denotes the torsion subsheaf). As in
in 4.2.1, E is defined by vector spaces W x, x ∈ D, and surjective maps
(5) fx1 : E1,x −→ W x , fx2 : E2,x −→ W x .

Let Nx
1 = ker(fx1 ), Nx

2 = ker(fx2 ) for x ∈ D, i = 1, 2. We have an exact sequence

(6) 0 −→
(
E2

)
(Nx

2 )x∈D1∩D2

−→ E −→ E1 −→ 0

(cf. 2.4 for the definition of
(
E2

)
(Nx

2 )x∈D1∩D2

). The corresponding linear map (3) for every x ∈ D
is as follows:

(E1(−x))x
fx1 // W x ⊗ OX(−x)x = E2(−x)x/N

x
2 ⊗ OX(−x)x

� � // (E2)(Nx
2 ),x

(the last inclusion coming also from 2.4).

We have also a canonical exact sequence

0 // E // E1 ⊕ E2
p //
⊕

x∈DW
x // 0

where Wx denotes the skyscraper sheaf concentrated on x with fibre Wx at x, and p is given at
x by

(fx1 ,−fx2 ) : E1,x ⊕ E2,x −→ W x .

This can of course be generalised to torsion free sheaves on the whole of X: recall that C
denotes the set of components of X and I the set of intersection points. Let F be a torsion free
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sheaf on X, and for every D ∈ C, FD = F|D/TD (where TD is the torsion subsheaf). Then we
have an exact sequence

(7) 0 −→ F −→
⊕
D∈C

FD −→
⊕
P∈I

(CP ⊗WP ) −→ 0 ,

where for each P ∈ I, WP is a vector space. If F is linked, such a P belongs to two components
X1, X2, and WP = FXi,x, where i is such that rk(Fi) = inf(rk(F1), rk(F2)).

4.2.8. Duality – To simplify the notations, we suppose in the rest of 4.2 that X has two
components D1, D2 (it is easy to generalise the following results to the case where X has more
than two components). Recall that D = D1 ∩D2. If E is a coherent sheaf on X, let E∨ denote
its dual. If E1 is a vector bundle on D1 we have

E∨1 ' E∗1(−D) .

We keep the notations of 4.2.7. For i = 1, 2, let Qx
i = Ei,x/N

x
i . From equation (6) we deduce

the exact sequence

0 −→ E∗1(−D) −→ E∨ −→
[(
E2

)
(Nx

2 )x∈D

]∗
(−D) −→ 0

(cf. 2.4). According to 2.4.2, we have[(
E2

)
(Nx

2 )x∈D

]∗
(−D) = (E∗2)(Qx2

∗)x∈D .

It follows that if Gi = E∨|Di/Ti, i = 1, 2, then we have

Gi = (E∗i )(Qxi
∗)x∈D .

The corresponding maps (5) are of course

fx∗i : Gi,x =
[
(E∗i )(Qxi

∗)

]
−→ (Ei,x/N

x
i )∗ = W ∗

x .

4.2.9. Tensor products – Let E, E′ be torsion free sheaves on X = D1 ∪D2. Let Ei = E|Di/Ti,
E ′i = E′|Di/T

′
i for i = 1, 2, where Ti, T ′i denote the torsion subsheaves, and ri = rk(Ei),

r′i = rk(E ′i). For every x ∈ D, let
fx1 : E1,x −→ W x , fx2 : E2,x −→ W x , f ′1

x
: E ′1,x −→ W ′x , f ′2

x
: E ′2,x −→ W ′x

be surjective linear maps that define E and E′ at x (cf. 4.2.7).

4.2.10. Proposition: Suppose that E and E′ are linked and that (r1 − r2)(r′1 − r′2) ≥ 0. Then
E⊗ E′ is torsion free and linked, and we have (E⊗ E′)|Di/Ti ' Ei ⊗ E ′i for i = 1, 2 (where Ti
is the torsion subsheaf), and for every x ∈ D, E⊗ E′ is defined at x by the linear maps

fx1 ⊗ f ′1
x

: E1,x ⊗ E ′1,x −→ Wx ⊗W ′
x , fx2 ⊗ f ′2

x
: E2,x ⊗ E ′2,x −→ Wx ⊗W ′

x .

Proof. The condition (r1 − r2)(r′1 − r′2) ≥ 0 implies that for every x ∈ D

– if r1 ≥ r2, then there exist integers a, b, a′, b′ such that
Ex ' aOD1,x ⊕ bOX,x , E′x ' a′OD1,x ⊕ b′OX,x ,
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– if r1 < r2, then there exist integers a, b, a′, b′ such that
Ex ' aOD2,x ⊕ bOX,x , E′x ' a′OD2,x ⊕ b′OX,x .

This condition is necessary, otherwise E⊗ E′ would not be torsion free, because OD1,x ⊗ OD2,x

is the torsion sheaf concentrated on x with fibre C.
Let F be the linked sheaf defined by E1 ⊗ E ′1, E2 ⊗ E ′2 and the preceding maps. Then there
is an obvious morphism E⊗ E′ → F. Using local decompositions of E, E′ in direct sums (as
indicated in the beginning of the proof) it is easy to see that it is an isomorphism. �

4.2.11. Computation of Ext1
OX

(E,E) – Let E be a linked torsion free sheaf on X = D1 ∪D2.
According to 4.2.8 and 4.2.9, the sheaf E⊗ E∨ is defined by the vector bundles
Ei ⊗ (E∗i )((Ei,x/Nx

i )∗), and the maps fxi ⊗ fx∗i (recall that Nx
i = ker(fxi )).

According to 4.2.3, the sheaf End(E) is defined by the vector bundles End(Ei)(Hx
i ) and the maps

γxi : End(Ei)(Hx
i ),x → End(W x), where for every x ∈ D = D1 ∩D2,

Hx
i = {α ∈ End(Ei,x);α(ker(fxi )) ⊂ ker(fxi )}.

Since E is linked, we can assume that r1 ≤ r2. In this case we have Nx
1 = {0} for every x ∈ D,

and
E1 ⊗ (E∗1)(Qx1

∗) = End(E1)(Hx
1 ) = End(E1) ,

and only the vector bundles on D2 can differ. We have two canonical commutative diagrams
with exact rows and columns

0

��

0

��

⊕
x∈D

End(Nx
2 )

��

0 // E2 ⊗ (E∗2)(Qx2
∗)

//

��

End(E2) //
⊕
x∈D

L(N2x, E2,x)

��

// 0

0 // End(E2)(Hx
2 )

//

��

End(E2) //
⊕
x∈D

L(Nx
2 , Q

x
2) //

��

0

⊕
x∈D

End(Nx
2 )

��

0

0
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0

��

0

��
0 // E∨ ⊗ E //

��

End(E1)⊕ (E2 ⊗ (E∗2)(Qx2
∗)) //

��

⊕
x∈D

End(E1,x) // 0

0 // End(E) //

��

End(E1)⊕ End(E2)(Hx
2 )

//

��

⊕
x∈D

End(E1,x) // 0

⊕
x∈D

End(Nx
2 )

��

⊕
x∈D

End(Nx
2 )

��
0 0

It follows that

4.2.12. Proposition: Suppose that E1 and E2 are simple. Then there is a vector space HE

and canonical exact sequences

0 −→
(⊕
x∈D

End(E1,x)
)
/C −→ HE −→

⊕
x∈D

L(Nx
2 , Q

x
2) −→ 0 ,

0 −→ HE −→ Ext1
OX

(E,E) −→ Ext1
OD1

(E1, E1)⊕ Ext1
OD2

(E2, E2) −→ 0 .

In particular dim(Ext1
OX

(E,E)) depends only on r1, r2, dim(Ext1
OD1

(E1, E1)) and
dim(Ext1

OD2
(E2, E2)).

Proof. From lemma 4.2.4 we have Ext1OX (E,E) = 0, hence Ext1
OX

(E,E) ' H1(End(E)).

The identity morphism E2 → E2 is also a section of End(E2)(Hx
2 ), hence it follows from the

preceding diagram that we have an exact sequence

0 −→
(⊕
x∈D

End(E1,x)
)
/C −→ H1(End(E)) −→ Ext1

OD1
(E1, E1)⊕H1(End(E2)(Hx

2 )) −→ 0 .

From the diagram before we deduce the exact sequence

0 −→
⊕
x∈D

L(Nx
2 , Q

x
2) −→ H1(End(E2)(Hx

2 )) −→ Ext1
OD2

(E2, E2) −→ 0 .

The result follows immediately. �
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4.3. Deformations of linked sheaves

4.3.1. Local structure of families of linked sheaves – We keep the notations of 4.2. Let Z be
an algebraic variety and z0 a closed point of Z. Let F be a coherent sheaf on U × Z, flat on Z,
and such that F = Fz0 is a reflexive linked sheaf on U .

4.3.2. Lemma: There exists a neighbourhood Z0 of z0 in Z such that for every closed point
z ∈ Z0, Fz is a linked torsion free sheaf on X.

Proof. According to [20], prop. 2.1, the deformations of torsion free sheaves are torsion free.
The fact that Fz is linked for z in a neighbourhood Z0 of z0 follows then easily from the
semicontinuity of the rank of the fibres of coherent sheaves, since the rank of torsion free
sheaves on X at the intersection points is minimal precisely when the sheaves are linked. �

From now on, we assume that Z0 = Z. Let ri = rk(F|Di) and suppose that r2 ≥ r1. Then
F2 = F|Z×D2 is a vector bundle on Z ×D2 ∩ U (because it is locally free of rank r2 on
D2 ∩ (U\{x})× Z and also on {x} × Z). Similarly the kernel F′1 of the restriction morphism
F→ FD2×Z is a vector bundle on Z ×D1. According to lemma 4.2.4 and 4.2.5, for every z ∈ Z
we have

Fz,x ' r1OX×Z,(x,z) ⊕ (r2 − r1)OD2×Z,(x,z) .

Hence if T1 is the torsion subsheaf of F|Z×D1 , then F1 = F|Z×D1/T1 is a vector bundle on
Z ×D1, and we have a canonical isomorphism F′1 = F1 ⊗ p∗X(OX(−x)) (where pX is the pro-
jection Z ×X → X).

4.3.3. Theorem: 1 – Suppose that Z is connected. Let U be a coherent sheaf on X × Z, flat
on Z, and such that for every closed point z ∈ Z, Uz is a reflexive linked sheaf on Z. Let D ∈ C.
Let TD be the torsion subsheaf of U|Z×D and UD = U|Z×D/TD. Then UD is a vector bundle on
Z ×D. If z ∈ Z is a closed point, then UD,z = Uz|D/T (where T is the torsion subsheaf of
Uz|D). In particular deg(UD,z) is independent of z. So the type of Uz in independent of z.

2 – Conversely, let E, F be linked torsion free sheaves on X, such that τ(E) = τ(F) (cf.
4.1.2). Then there exist an integral variety Y , a flat family V of linked torsion free sheaves on
X parametrised by Y , and two closed points s, t ∈ Y such that Vs ' E and Vt ' F.

Proof. 1 follows immediately from the discussion after lemma 4.3.2. To prove 2 we remark
first that we have exact sequences

0 −→ E −→
⊕
D∈C

ED −→
⊕
P∈I

(CP ⊗WP ) −→ 0 ,

0 −→ F −→
⊕
D∈C

FD −→
⊕
P∈I

(CP ⊗WP ) −→ 0 ,

(cf. (7)) with the same vector spaces WP , where for every D ∈ C, ED = E|D/TE,D and
FD = F|D/TF,D (TE,D, TF,D are the torsion subsheaves). For every D ∈ C, since ED and FD have
the same rank and degree, there exist an integral variety YD, a vector bundle VD on D × YD
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and two closed points sS, tD ∈ YD such that VD,sD ' ED and VD,tD ' FD. Let Y =
∏

D∈C YD,
and

B = pX∗(Hom(
⊕
D∈C

p#
D(VD),

⊕
P∈I

p∗P (CP ⊗WP )) ,

(where pX , pD, pP are the appropriate projections), which is a vector bundle on Y. For every
y = (yD)D∈C ∈ Y, By = Hom(

⊕
D∈C

VD,yD ,
⊕
P∈I

CP ⊗WP ). Now it suffices to take for Y the open

subset B0 of B of surjective morphisms and for V the kernel of the obvious universal surjective
morphism on X × B0

π#(
⊕
D∈C

p#
D(VD)) −→ π#(

⊕
P∈I

p∗P (CP ⊗WP ))

(where π is the projection B0 → Y). �

4.3.4. The description of the local structure of U implies also that the exact sequence (7) can
be globalised:

0 −→ U −→
⊕
D∈C

UD −→
⊕
x∈I

px∗(Wx) −→ 0 ,

where C is the set of components of X, I is the set of intersection points, and for each x ∈ I,Wx

is a vector bundle on Z and px is the inclusion {x} × Z → X × Z. More precisely, x belongs to
two componentsD1, D2, andWx = UDi|{x}×Z , where i is such that rk(Ui) = inf(rk(U1), rk(U2)).

4.3.5. Construction of complete families – Let E be a linked torsion free sheaf on X,
ED = E|D/TD for D ∈ C (where TD is the torsion subsheaf), rD = rk(ED). Then there ex-
ists a complete deformation ED of ED parametrised by a smooth irreducible variety ZD: it is
defined by a vector bundle of D × ZD and a closed point zD ∈ ZD such that ED ' ED,zD , with
the following local universal property: for every flat family F of sheaves on D parametrised
by an algebraic variety Y , and y ∈ Y such that Fy ' ED, there exists a neighbourhood Y0

of y and a morphism f : Y0 → ZD such that f(y) = zD and that there is an isomorphism
f#(ED) ' F|D×Y0 compatible with the isomorphisms Fy ' ED, ED ' ED,zD . This deformation
can be constructed for example using Quot schemes. Now let Z =

∏
D∈C ZD and pD the projec-

tions Z → ZD. For every intersection point x, let Dx
1 , D

x
2 be the components through x, such

that rk(EDx1 ) ≤ rk(EDx2 ). Let Fx be the vector bundle on Z with fibre at (zD) equal to

Fx = L(EDx2 ,(x,zDx2 ),EDx1 ,(x,zDx1 )) ,

and F =
⊕

x∈I Fx. Let F0 ⊂ F be the open subset corresponding to surjective morphisms, and
q : F0 → Z the projection. Let G be the torsion sheaf on X ×Z

G =
⊕
x∈I

p#
Dx1

(EDx1 |{x}×ZDx1 ) ,

i.e. for every (zD) ∈ Z, G(zD) is the torsion sheaf on X

G(zD) =
⊕
x∈I

EDx1 ,(x,zD) ⊗ Cx .
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Then we have a canonical surjective morphism of sheaves on X × F0

Φ :
⊕
D∈C

q#(p#
D(ED)) −→ q#(G) .

Let z = (zD)D∈C ∈ Z, φ = (φx)x∈I ∈ F0 over z, so φx is a surjective map
EDx2 ,(x,zDx2 ) → EDx1 ,(x,zDx1 ). For x ∈ I, Φ at (x, φ) is the linear map which is

(−I, φx) : EDx1 ,(x,zDx1 ) ⊕ EDx2 ,(x,zDx2 ) −→ EDx1 ,(x,zDx1 )

on the two summands EDx1 ,(x,zDx1 ), EDx2 ,(x,zDx2 ), and zero on the others. Let E = ker(Φ).

It follows then easily from 4.3.4 that E has the following local universal property: under the
hypotheses of theorem 4.3.3, if z ∈ Z is a closed point such that Uz ' E, there exists a neigh-
bourhood Z0 of z and a morphism f : Z0 → F0 such that UX×Z0 ' f#(E).

4.3.6. Properties of stable linked sheaves – Let OX(1) be an ample line bundle on X. For every
polynomial P in one variable and rational coefficients, let MX(P ) denote the moduli space of
sheaves on X, stable with respect to OX(1) and with Hilbert polynomial P .

4.3.7. Theorem: Let E be a linked reflexive sheaf on X and P its Hilbert polynomial.
Suppose that E is stable with respect to OX(1), and that the restrictions of E to the irreducible
components of X modulo torsion are simple vector bundles. Then MX(P ) is smooth at the
point corresponding to E.

Proof. We use the construction of MX(P ) as a good quotient of an open subset R of a Quot
scheme (cd [21], [24]) by a reductive group G. The quotient morphism π : R→MX(P ) is
associated to the universal sheaf E on X ×R. Let R` be the G-invariant open subset of points
y of R such that Ey is linked. According to 4.3.5, π can be locally factorised, at any point y
of R`, through a smooth variety: π : R→ F0 →MX(P ). It follows that π(R`) is contained in
MX(P )red, hence π(R`) is integral.

At any point z of MX(P ) corresponding to a stable sheaf E, the tangent space of MX(P ) at z
is canonically isomorphic to Ext1

OX
(E,E). According to proposition 4.2.12 and theorem 4.3.3,

if E is linked, then the dimension of this space depends only on P , hence is constant. It follows
that π(R`) is smooth. �

4.3.8. Remark: Let E be a linked torsion free sheaf on X. Then we have
H0(Ext2OX (E,E)) ⊂ Ext2

OX
(E,E). It follows from lemma 4.2.4 that if E is not locally free then

Ext2
OX

(E,E) 6= {0}.

4.3.9. Theorem: Every torsion free sheaf on X can be deformed to linked torsion free sheaves.

Proof. Let F be a torsion free sheaf. We will use the exact sequence (7):

0 // F //
⊕

D∈C FD
φ //
⊕

P∈I(CP ⊗WP ) // 0 .

For each intersection point x ∈ I, belonging to the components D1, D2 ∈ C, φx is non zero only
on FD1 ⊕ FD2 , and comes from two surjective maps FD1,x → Wx, FD2,x → Wx. And F is linked
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at x if and only dim(Wx) = inf(rk(FD1), rk(FD2)). Let N1 ⊂ FD1,x be a linear subspace, and
E = (FD1)N1 (cf. 2.4). Let A1 = N1 ⊗ OX(x)x. Then we have an exact sequence

0 −→ FD1 −→ E(x) −→ Cx ⊗ A1 −→ 0 ,

associated to σ ∈ Ext1
OX

(Cx ⊗ A1,FD1). Let σ′ ∈ Ext1
OX

(Cx ⊗ A1,Wx) be the image of σ
by φ, and 0→ Cx ⊗Wx →M −→ Cx ⊗ A1 → 0 the associated extension, so that we have a
commutative diagram with exact rows

0

��

0

��
0 // G // FD1 ⊕ FD2

��

φ // Cx ⊗Wx
//

��

0

0 // G // E(x)⊕ FD2
//

��

M //

��

0

Cx ⊗ A1

��

Cx ⊗ A1

��
0 0

where the sheaf G is identical to F in a neighbourhood of x. The sheaf M is concentrated on x
if and only if OX(−x)M = 0, if and only if OX(−x)E(x) ⊂ G. We have OX(−x)E(x) ⊂ FD1

and the image of OX(−x)E(x) in FD1,x is precisely N1. Hence M is concentrated on x if and
only if N1 ⊂ ker(φx|FD1,x

). So it is possible to choose N1 such that M is concentrated on x and
of dimension inf(rk(FD1), rk(FD2)). If we make such a modification at every x ∈ I, we obtain
an exact sequence

0 // F //
⊕

D∈CED
//
⊕

P∈I(CP ⊗ VP ) // 0 ,

where for every D ∈ C, ED is a vector bundle on D, and for every x ∈ I, Vx is a vector space
of dimension inf(rk(ED1), rk(ED2)). Now we consider the flat family of kernels of surjective
morphisms ⊕

D∈C

ED −→
⊕
P∈I

(CP ⊗ VP ) .

This family contains F and its generic sheaf is linked. �

4.3.10. Remark: In the preceding proof it would be possible to use more generally pairs of
subspaces N1, N2, with Ni ⊂ FDi,x. In this case we would obtain vector bundles ED with the
same ranks as the ones of the theorem but not necessarily the same degrees.
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4.4. Moduli spaces of semi-stable sheaves

4.4.1. Polarisations – An ample line bundle OX(1) on X is defined by

– for every D ∈ C, a line bundle OD(1) of positive degree δD on D,
– for every intersection point x ∈ I, belonging to the components D1 and D2, an isomor-
phism OD1(1)x ' OD2(1)x.

Let F be a torsion free sheaf. Consider the exact sequence (7):

0 // F //
⊕

D∈C FD
φ //
⊕

P∈I(CP ⊗WP ) // 0 ,

(recall that for every component D ∈ C, FD = F|D/TD, where TD is the torsion subsheaf). For
every D ∈ C and P ∈ I, let gD be the genus of D and

rD = rk(FD) , dD = deg(FD) , hP = dim(WP ) .

Then the Hilbert polynomial of F corresponding to OX(1) is:

(8) PF(m) =

(∑
D∈C

rDδD

)
.m+

∑
D∈C

(rD(1− gD) + dD)−
∑
P∈I

hP .

4.4.2. We will be mainly interested in the following case: X has only two components D1, D2,
of the same genus g, intersecting in d points. We will also suppose that δD1 = δD2 = δ. We
have then

PF(m) = (rD1 + rD2)δm+ (rD1 + rD2)(1− g) + dD1 + dD2 −
∑
P∈I

hP .

If F is a linked sheaf, we have hP = inf(rD1 , rD2) for every P ∈ I, hence
PF(m) = (rD1 + rD2)δm+ (rD1 + rD2)(1− g) + dD1 + dD2 − d. inf(rD1 , rD2) .

It follows that PF depends only on rD1 + rD2 and dD1 + dD2 − d. inf(rD1 , rD2).

4.4.3. Components of the moduli spaces of sheaves – Recall that MX(P ) denotes the moduli
space of sheaves on X, stable with respect to OX(1) and with Hilbert polynomial P . According
to theorems 4.3.3 and 4.3.9

– Every component of MX(P ) contains points corresponding to linked sheaves.
– If E is a linked sheaf corresponding to a point in a component N of MX(P ), for every
linked sheaf D corresponding to a point of N, we have τ(F) = τ(E).

– If E, F are stable linked sheaves of Hilbert polynomial P such that τ(F) = τ(E), then
their corresponding points in MX(P ) belong to the same irreducible component.

It follows that the components of MX(P ) are indexed by the types of the linked sheaves that
they contain.

Using theorem 4.3.7 and the same method as in the proof of theorem 4.3.9, it is easy to prove
that every component ofMX(P ) containing points corresponding to stable sheaves is generically
smooth.

In the particular case of 4.4.2, P depends only on two parameters R andD: if E is a linked semi-
stable sheaf of Hilbert polynomial P , let ri = rk(E|Di/Ti) (where Ti is the torsion subsheaf).
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Then R = rD1 + rD2 , D = dD1 + dD2 − d. inf(rD1 , rD2). We have seen that if MX(P ) is non
empty, then there exist linked semi-stable sheaves of Hilbert polynomial P , so we can use the
following notation: MX(R,D) = MX(P ).

If R and D are fixed, the components of MX(R,D) depend also on two parameters: r and
ε. If it contains the point corresponding to E, take r = rD1 and ε = dD1 . We will denote this
component by NX(R,D, r, ε).

5. Coherent sheaves on blowing-ups of ribbons

5.1. Blowing-ups of ribbons

(cf. [2], 1-, [6], 5.4).

Let Y a primitive double curve with associated smooth curve C and associated line bundle L.
Let D be a divisor on C and

φ : Ỹ −→ Y

the blowing-up of Y along D. Then Ỹ is a primitive double curve with associated smooth curve
C and associated line bundle L(D).

If E is a vector bundle on Y , then φ∗(E) is a vector bundle on Ỹ , and we have φ∗(E)|C = E|C .
On the other hand, we have

φ∗(E)1 ' E1(D) = E|C ⊗ L(D) .

Let P be a point of D, with multiplicity m. Let x ∈ OY,P be over a generator of the maximal
ideal of OC,P and z ∈ OY,P an equation of C. Then there is a canonical isomorphism

OỸ ,P ' OY,P

[ z
xm

]
,

where OY,P

[ z
xm

]
is the subring generated by OY,P and

z

xm
in the localisation OY,P

[
1

x

]
. It

follows easily that we have

5.1.1. Lemma: Let E be a vector bundle on C. Then we have

φ∗(E) ' E[D] .

(cf. 3.4.5). Let F be a vector bundle on Y , and F = F|C. Let f : E → F be a mor-
phism, equivalent to a morphism E → F ⊗ L. Then the morphism E → F ⊗ L(D) induced
by φ∗(f) : φ∗(E)→ φ∗(F) is the composition

E
f−→ F ⊗ L −→ F ⊗ L(D) ,

where the morphism on the right comes from the canonical section of OC(D).
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5.2. Inverse images of quasi-locally free sheaves

Let E be a quasi locally free sheaf on Y , and

0 −→ K −→ E
p−→ E −→ 0

an exact sequence, where K and E are vector bundles on C. Then we have a canonical exact
sequence

0 −→ E1 −→ K −→ N −→ 0 ,

where N is the kernel of the canonical surjective morphism E|C 7→ E. Let σ be the element of
Ext1

OC
(N,E1) associated to this exact sequence. Let

Ẽ = φ∗(E)/T (φ∗(E)) .

5.2.1. Theorem: We have (Ẽ)|C ' E|C, (Ẽ)1 ' E1(D), and an exact sequence

0 −→ K̃ −→ Ẽ
p̃−→ E −→ 0 ,

where K̃ is the vector bundle on C defined by the exact sequence

0 −→ E1(D) −→ K̃ −→ N −→ 0

associated to the element of Ext1
OC

(N,E1(D)) image of σ by the morphism

Ext1
OC

(N,E1) −→ Ext1
OC

(N,E1(D))

induced by the canonical section of OC(D).

Proof. Let U ⊂ C be a non-empty open subset, UY (resp UỸ ) the corresponding open subset
of Y (resp. Ỹ ), such that E is split as

E|UY ' E⊕ F ,

where E is locally free on UY , and E is locally free on U . Then we have

φ∗(E)|U
Ỹ
' φ∗(E)⊕ F [D ∩ U ] and Ẽ|U

Ỹ
' φ∗(E)⊕ F .

It follows that (Ẽ|U
Ỹ

)|U ' E|U ' E|U ⊕ F , the first isomorphism being independent of the split-
ting E|UY ' E⊕ F . It follows that (Ẽ)|C ' E|C . We have also (Ẽ)1|U

Ỹ
' E1|UY (D) = E1(D),

the first isomorphism being independent of the splitting E|UY ' E⊕ F . It follows that
(Ẽ)1 ' E1(D).

Let pC : E|C → E be the morphism induced by p. The fact that K is concentrated on C is
equivalent to ker(pC) ⊂ p(E(1)). On U this means that N|U = ker(pC|U) ⊂ F . The morphism
p̃C : Ẽ|C → E induced by p̃ being the same as pC , we see that ker(p̃) is concentrated on C. We
have in fact

K|U = (E|C ⊗ L|U)⊕N|U , K̃|U = (E|C ⊗ L(D)|U)⊕N|U .
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It is easy to check that the obvious commutative diagram

E1|U K|U

0 // E|C ⊗ L|U //
� _

��

(E|C ⊗ L|U)⊕N|U //
� _

��

N|U // 0

0 // E|C ⊗ L(D)|U // (E|C ⊗ L(D)|U)⊕N|U // N|U // 0

E1(D)|U K̃|U

is independent of the splitting E|UY ' E⊕ F . Hence all these diagrams can be glued to define
this one on C

0 // E1
//

� _

��

K //
� _

��

N // 0

0 // E1(D) // K̃ // N // 0

This implies the last statement of the theorem by [4], prop. 4.3.2. �

Recall that we have an exact sequence

0 // Ext1
OC

(E,K)
i // Ext1

OY
(E,K)

θ // Hom(E ⊗ L,K) −→ 0

(cf. 3.4). On Ỹ we have an exact sequence

0 // Ext1
OC

(E, K̃)
ĩ // Ext1

O
Ỹ

(E, K̃)
θ̃ // Hom(E ⊗ L(D), K̃) −→ 0.

Let 0→ K → E→ E → 0 be an exact sequence on Y , and η ∈ Ext1
OY

(E,K) corresponding
to it. The morphism θ(η) can be written as a composition

E ⊗ L τ // E1
� � // K.

Let η̃ ∈ Ext1
O
Ỹ

(E, K̃) corresponding to the first exact sequence of theorem 5.2.1. Then θ̃(η̃)

is the composition

E ⊗ L(D)
τ⊗IOC (D)

// E1(D) �
� // K̃.

5.2.2. The case of the first canonical filtration – We consider the exact sequence on Y
0 −→ E1 −→ E −→ E|C −→ 0 ,

(i.e. we suppose that K = E1 and E = E|C) and η ∈ Ext1
OY

(E,K) corresponding to it. In this
case we have N = 0, hence K̃ = E1(D) = K(D), we have an exact sequence on Ỹ

0 −→ K(D) −→ Ẽ −→ Ẽ|C = E|C −→ 0

and θ̃(η̃) = θ(η)⊗ IOC(D).
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Now consider extensions
0 −→ K −→ E

p−→ E −→ 0

corresponding to η ∈ Ext1
OY

(E,K) such that θ(η) : E ⊗ L→ K is surjective. Accord-
ing to lemma 3.4.3 this condition is equivalent to the fact that K = E1 and E = E|C . Let
Surj(E ⊗ L,K) denote the set of surjective morphisms E ⊗ L→ K.

Let 0→ K → E→ E → 0 be an extension, corresponding to η ∈ Ext1
OY

(E,K) such that
θ(η) is surjective. Let E ′ ⊂ E be a subbundle such that the restriction E ′ ⊗ L→ K of θ(η)
is surjective. Let η′ ∈ Ext1

OY
(E ′, K) be induced by η, and 0→ K → E′ → E ′ → 0 the

corresponding exact sequence. Then the associated morphism E ′ ⊗ L→ K is the restriction of
θ(η), and we have a commutative diagram on Y

0 // K // E′ //
� _

��

E ′ //
� _

��

0

0 // K // E // E // 0

Similarly let K � K ′′ be a quotient bundle of K. Let η′′ ∈ Ext1
OY

(E,K ′′) be induced by η,
and 0→ K ′′ → E′′ → E → 0 the corresponding exact sequence. The associated morphism
E ⊗ L→ K ′′ is the composition

E ⊗ L
θ(η)
// K // // K ′′,

hence it is surjective, and we have a commutative diagram

0 // K //

����

E //

����

E // 0

0 // K ′′ // E′′ // E // 0

5.2.3. Lemma: 1 – We have a commutative diagram on Ỹ

0 // K(D) // Ẽ′ //
� _

��

E ′ //
� _

��

0

0 // K(D) // Ẽ // E // 0

(where the two horizontal sequences are implied by theorem 5.2.1).

2 – We have a commutative diagram on Ỹ

0 // K(D) //

����

Ẽ //

����

E // 0

0 // K ′′(D) // Ẽ′′ // E // 0

(where the two horizontal sequences are implied by theorem 5.2.1).

Proof. We will prove only 1- (2- is analogous). The exact sequences on Y are coming from the
first canonical filtrations, and the exact sequences of lemma 5.2.3 too. Hence the existence of
the diagram comes from the functoriality of the canonical filtrations. The fact that the vertical
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morphisms are equality on the left and inclusions on the middle and the right can be seen by
taking local descriptions of Ẽ′ and Ẽ as in theorem 5.2.1. �

5.2.4. Theorem: Suppose that Surj(E ⊗ L,K) 6= ∅. Then there exists a linear map

ν : Ext1
OY

(E,K) −→ Ext1
O
Ỹ

(E,K(D))

such that

1 – For every η ∈ Ext1
OY

(E,K) such that θ(η) is surjective, if 0→ K → E→ E → 0 is
the exact sequence corresponding to η, then 0→ K(D)→ Ẽ→ E → 0 is the exact sequence
corresponding to ν(η).

2 – We have a commutative diagram

0 // Ext1
OC

(E,K)
i //

α

��

Ext1
OY

(E,K)
θ //

ν

��

Hom(E ⊗ L,K) −→ 0

0 // Ext1
OC

(E,K(D))
ĩ // Ext1

O
Ỹ

(E,K(D))
θ̃ // Hom(E ⊗ L(D), K(D)) −→ 0

(where α is induced by the canonical section of OC(D)).

Proof. We can already define ν on the open subset of Ext1
OY

(E,K) of elements η such that θ(η)
is surjective. We will prove that it can be extended to a linear map.

Let n ≥ 2 be an integer and η1, . . . , ηn ∈ Ext1
OY

(E,K) such that θ(η1), . . . , θ(ηn) are surjective,
as well as θ(η1 + · · ·+ ηn). For 1 ≤ i ≤ n let

0 −→ K −→ Ei −→ E −→ 0

be the exact sequence corresponding to ηi. We have a commutative diagram on Y with exact
horizontal sequences

0 // K ⊕ · · · ⊕K //

f
����

E1 ⊕ · · · ⊕ En //

����

E ⊕ · · · ⊕ E // 0

0 // K // F // E ⊕ · · · ⊕ E // 0

0 // K // E //
?�

OO

E //
?�

j

OO

0

We can view Ext1
OY

(E ⊕ · · · ⊕ E,K ⊕ · · · ⊕K) as the space of n× n-matrices with coeffi-
cients in Ext1

OY
(E,K). The exact sequence at the top is associated to the matrix with zero

terms outside the diagonal, and with i-th diagonal term ηi. It is also the direct sum of all
the exact sequences 0→ K → Ei → E → 0. The middle exact sequence is associated to
(η1, . . . , ηn) ∈ Ext1

OY
(E ⊕ · · · ⊕ E,K). The exact sequence down corresponds to η1 + · · ·+ ηn.

The morphisms f and j are the identity on each factor.

We will how see how this diagram is transformed on Ỹ (using theorem 5.2.1). The
first transformed exact sequence will obviously be the direct sum of the exact sequences
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0→ K(D)→ Ẽi → E → 0. According to lemma 5.2.3 the whole transformed diagram is as
follows

0 // K(D)⊕ · · · ⊕K(D) //

f̃
����

Ẽ1 ⊕ · · · ⊕ Ẽn //

����

E ⊕ · · · ⊕ E // 0

0 // K(D) // F̃ // E ⊕ · · · ⊕ E // 0

0 // K(D) // Ẽ //
?�

OO

E //
?�

j̃

OO

0

The morphisms f̃ and j̃ are the identity on each factor. It follows from this diagram that the
exact sequence 0→ K(D)→ Ẽ→ F → 0 corresponds to ν(η1) + · · · ν(ηn). Hence we have

ν(η1 + · · ·+ ηn) = ν(η1) + · · ·+ ν(ηn) .

Let η ∈ Ext1
OY

(E,K) such that θ(η) is surjective, and

0 −→ K −→ E
p−→ E −→ 0

the associated exact sequence. Let λ ∈ C∗. Then λη corresponds to the exact sequence

0 −→ K −→ E
1
λ
p
−→ E −→ 0 .

It follows easily that ν(λη) = λν(η).

Now let (η1, . . . , ηn) be a basis of Ext1
OY

(E,K) such that for 1 ≤ i ≤ n, θ(ηi) is surjective. We
can now define coherently ν on the whole of Ext1

OY
(E,K) by

ν(λ1η1 + · · ·+ λnηn) = λ1ν(η1) + · · ·+ λnν(ηn) .

This proves 1-.

It is clear that the right square of the diagram of 2- is commutative, and we have to show
that the left square is commutative. We will use 3.4.2. Let η ∈ Ext1

OY
(E,K) such that θ(η) is

surjective, and 0→ K → E→ E → 0 the corresponding extension.

The sheaf E can be constructed using trivialisations as in the proof of 5.2.1: for every P ∈ C
there exists a neighbourhood U of P such that on the corresponding open subset UY of Y we
have E|UY ' E⊕ F , where E is a vector bundle on Y and F a vector bundle on C. So E can
be constructed by gluing sheaves of type E⊕ F . The gluing are isomorphisms

f : E⊕ F '−→ E′ ⊕ F ′ ,
where E, E′ are vector bundles on UY , F , F ′ are vector bundles on U . Note that we have
E1 = E′1 = KU , hence E|U = E′|U = (K ⊗ L∗)|U , and EU = E|U ⊕ F = E′|U ⊕ F ′. Suppose that
on UY , U is defined by an equation z ∈ OY (UY ). The isomorphism f is defined by a matrix(

1 + za zb
c d

)
where a ∈ End(K|U), b ∈ Hom(F,K|U), c ∈ Hom(K|U , F

′), d ∈ Hom(F, F ′). Let

u ∈ Ext1
OC

(E,K). According to 3.4.2, the sheaf E′ defined by η + i(u) can be constructed by the

same trivialisations as E, but with gluings defined by matrices of type
(

1 + z(a+ a′) z(b+ b′)
c d

)
with a′ ∈ End(K|U), b′ ∈ Hom(F,K|U), (a′, b′) representing an element of Hom(E|U , K|U). The
pairs (a′, b′) (for various open subsets U covering C) make a cocycle representing u.
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Now, according to lemma 5.1.1, the sheaf Ẽ is obtained by gluing the sheaves φ∗(E)⊕ F on
UỸ (the open subset of Ỹ corresponding to U), using the isomorphisms f̃ defined the matrices(

1 + zsa zsb
c d

)
, where s is the canonical section of OC(D). Similarly Ẽ′ is defined by the

matrices
(

1 + zs(a+ a′) zs(b+ b′)
c d

)
. It follows that ν(η + i(u)) = ν(η) + u′, where u′ is

defined by a cocycle of pairs of type (sa′, sb′), i.e. we have u′ = α(u). �

5.3. The dual construction

If instead of 5.2.2 we use the second canonical filtration of a quasi locally free sheaf E:

0 −→ E(1) −→ E −→ E/E(1) = E1 ⊗ L∗ −→ 0 ,

to describe the sheaf Ẽ using theorem 5.2.1, we find that the sheaf K̃ does not depend only on
E1 ⊗ L∗ and E(1). We have an exact sequence 0→ E1(D)→ K̃ → N → 0, where N and the
extension may vary even if E1 ⊗ L∗ and E(1) remain constant.

To use the second canonical filtration, one can consider the following sheaf on Ỹ associated to
E:

Ê =
(
Ẽ∨
)∨

(cf. 3.3.3). We have the exact sequence

0 −→ (E1 ⊗ L∗)∨ = E∗1 ⊗ L2 −→ E∨ −→ E(1)∨ = E(1)∗ ⊗ L −→ 0 ,

corresponding to the first canonical filtration of E∨. We have then the exact sequences on Ỹ :

0 −→ E∗1 ⊗ L2(D) −→ Ẽ∨ −→ E(1)∗ ⊗ L −→ 0 ,

corresponding to the first canonical filtration of Ẽ∨, and

0 −→ E(1)(D) −→ Ê −→ E1 ⊗ L∗ −→ 0 ,

corresponding to the second canonical filtration of Ê.

Now consider extensions
0 −→ K −→ E

p−→ E −→ 0

corresponding to η ∈ Ext1
OY

(E,K) such that θ(η) : E ⊗ L→ K is injective (as a morphism
of vector bundles). According to lemma 3.4.3 this condition is equivalent to the fact that E

is quasi locally free, K = E(1) and E = E1 ⊗ L∗. Let Inj(E ⊗ L,K) denote the set of injective
morphisms of vector bundles E ⊗ L→ K. The following result is similar to theorem 5.2.4 and
can be proved in the same way:

5.3.1. Theorem: Suppose that Inj(E ⊗ L,K) 6= ∅. Then there exists a linear map

ν ′ : Ext1
OY

(E,K) −→ Ext1
O
Ỹ

(E,K(D))

such that
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1 – For every η ∈ Ext1
OY

(E,K) such that the morphism of vector bundles θ(η) is
injective, if 0→ K → E→ E → 0 is the exact sequence corresponding to η, then
0→ K(D)→ Ê→ E → 0 is the exact sequence corresponding to ν(η).

2 – We have a commutative diagram

0 // Ext1
OC

(E,K)
i //

α

��

Ext1
OY

(E,K)
θ //

ν′

��

Hom(E ⊗ L,K) −→ 0

0 // Ext1
OC

(E,K(D))
ĩ // Ext1

O
Ỹ

(E,K(D))
θ̃ // Hom(E ⊗ L(D), K(D)) −→ 0

(where α is induced by the canonical section of OC(D)).

If K = E ⊗ L, then of course ν = ν ′, and in this case the injective (or surjective) morphisms
correspond to locally free E.

6. Coherent sheaves on reducible deformations of primitive double curves

6.1. Preliminaries

(cf. [10], [11])

Let C be a projective irreducible smooth curve and Y = C2 a primitive double curve, with
underlying smooth curve C, and associated line bundle L on C. Let S be a smooth curve,
P ∈ S and π : C→ S a maximal reducible deformation of Y (cf. [10]). This means that

(i) C is a reduced algebraic variety with two irreducible components C1,C2.
(ii) We have π−1(P ) = Y . So we can view C as a curve in C.
(iii) For i = 1, 2, let πi : Ci → S be the restriction of π. Then π−1

i (P ) = C and πi is a
flat family of smooth irreducible projective curves.

(iv) For every z ∈ S\{P}, the components C1,z,C2,z of Cz meet transversally.

For every z ∈ S\{P}, C1,z and C2,z meet in exactly − deg(L) points. If deg(L) = 0, then π (or
C) is called a fragmented deformation.

Let Z ⊂ C be the closure in C of the locus of the intersection points of the components of π−1(z),
z 6= P . Since S is a curve, Z is a curve of C1 and C2. It intersects C in a finite number of points.
If x ∈ C, let rx be the number of branches of Z at x and sx the sum of the multiplicities of the
intersections of these branches with C.

Let t ∈ OS,P be a generator of the maximal ideal. We will also denote π∗t by π and π∗i t by πi.
So we have π = (π1, π2) ∈ OC(−C).

6.1.1. Theorem: (cf. [11], th. 3.1.1) Let x ∈ C. Then

1 – There exists an unique integer p > 0 such that IC,x/〈(π1, π2)〉 is generated by the image of
(πp1λ1, 0), for some λ1 ∈ OC1,x not divisible by π1. This integer does not depend on x.
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2 – λ1 is unique up to multiplication by an invertible element of OC1,x, and (πp1λ1, 0) is a
generator of the ideal IC1,C,x of C1 in C.

3 – Let mx be the multiplicity of λ1|C ∈ OC,x. Then we have mx > 0 if and only if x ∈ Z ∩ C,
and in this case we have mx = rx = sx, and the branches of Z at x intersect transversally with
C. Moreover

L ' OC(−
∑
x∈Z∩C

rxx) ' IZ∩C,C .

4 – There exists λ2 ∈ OC2,x not divisible by π2, such that IC,x/〈(π1, π2)〉 is generated by the
image of (0, πp2λ2), and λ2 unique up to multiplication by an invertible element of OC2,x.

In the preceding theorem, it is even possible to choose λ1, λ2 such that (λ1, λ2) ∈ OC,x ([11],
corollary 3.1.2). The ideal sheaf of Z in C1 (resp. C2) at x is generated by λ1 (resp. λ2).

Let
Z0 = C1 ∩ C2 ⊂ C .

We have then (Z0)red = Z ∪ C. The ideal sheaf L1 = IZ0,C1 (resp. L2 = IZ0,C2) of Z0 in C1

(resp. C2) at x is generated by λ1π
p
1 (resp. λ2π

p
2). Hence L1 (resp. L2) is a line bundle on C1

(resp. C2). The ideal sheaf IZ,C1 (resp. IZ,C2) of Z in C1 (resp. C2) is canonically isomorphic to
L1 (resp. L2). The p-th infinitesimal neighbourhoods of C in C1, C2 (generated respectively by
πp1 and πp2) are canonically isomorphic, we will denote them by C(p). We have also a canonical
isomorphism L1|C(p) ' L2|C(p) , and L1|C ' L2|C ' L. It is also possible, by replacing S with a
smaller neighbourhood of P , to assume that L1|Z0 ' L2|Z0 . Let L = L1|Z0 = L2|Z0 .

We have IC1,C = L2 and IC2,C = L1.

Let α ∈ OC1,x. Then there exists β ∈ OC2,x such that (α, β) ∈ OC,x. By associating the class of
β to that of α we obtain an isomorphism of rings

Φx : OC1,x/(λ1π
p
1) −→ OC2,x/(λ1π

p
2)

(the two are of course isomorphic to OZ0,x), and we have Φx(π1) = π2.

6.1.2. The associated fragmented deformation – The preceding isomorphism Φx induces an
isomorphism

Ψx : OC1,x/(π
p
1) −→ OC2,x/(π

p
2) .

These isomorphisms define a fragmented deformation ρ : D→ S with the same components C1,
C2 (which meet only along C in D), and we have a canonical surjective morphism η : D→ C,
induced by the obvious inclusion OC ⊂ OD. So we have

OC,x = {(α, β) ∈ OC1,x × OC2,x ; α ≡ β mod λ1π
p
1}

and
OD,x = {(α, β) ∈ OC1,x × OC2,x ; α ≡ β mod πp1}

6.1.3. Lemma: The primitive double curve ρ−1(P ) is the blowing up of
Z ∩ C =

∑
x∈Z∩C

rxx ⊂ Y .
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Proof. Let C ′2 = ρ−1(P ). It is clear that the morphism induced by ρ, C ′2 → Y , is an isomorphism
between the open subsets corresponding to C\C ∩ Z. Let x ∈ C\C ∩ Z. Let λ1 ∈ OC1,x be a
generator of the ideal of Z in C1. Then the maximal ideal of OC′2,x

(resp. OY,x) is generated by
the image z′ of (πp1λ1, 0) (resp. by the image z of (πp1, 0)). If t ∈ OC1,x is over a generator of the
maximal ideal of OC,x, then we have λ1 = αtrx , for some invertible α ∈ OC1,x. It follows easily
that there is a canonical isomorphism

OC′2,x
' OY,x

[ z
tm

]
,

where OY,x

[ z
zm

]
is the subring generated by OY,z and

z

tm
in the localisation OY,x

[
1

t

]
. This

proves the lemma (cf. 5.1). �

6.1.4. Proposition: The morphism η : D→ C is the blowing-up of Z.

Proof. It suffices to prove that η satisfies the universal property of blowing-ups: if X is an alge-
braic variety and f : X → C is a morphism such that the ideal sheaf f−1(IZ,C)OX is invertible,
then there is a unique morphism g : X → D such that f = η ◦ g. The problem is local, we
need only to prove that for every x ∈ X, there exists a neighbourhood U of x such that f|U
can be factorised through D, and this factorisation is unique. This is obvious if f(x) ∈ C\Z,
and well known if f(x) ∈ Z\C. Suppose that f(x) ∈ Z ∩ C. For i = 1, 2, let λi ∈ OCi,x be a
generator of the ideal of Z in Ci, such that (λ1, λ2) ∈ OC,x. Then IZ,C,x is generated by (λ1, λ2)
and (πp1λ1, 0). Let γ ∈ (f−1(IZ,C)OX)x be a generator, it is not a zero divisor. Then there exist
a, b ∈ OX,x such that

γ = a.f ∗(λ1, λ2) + b.f ∗(πp1λ1, 0) .

There exist β1, β2 ∈ OX,x such that
f ∗(πp1λ1, 0) = β1γ , f ∗(0, πp2λ2) = β2γ .

Since (πp1λ1, 0)(0, πp2λ2) = 0, we have β1β2γ
2 = 0, hence β1β2 = 0. Hence β1(x) = 0 or

β2(x) = 0. We can suppose that β1(x) = 0. We have
(1− β1b)f

∗(πp1λ1, 0) = β1a.f
∗(λ1, λ2) .

But 1− β1b is invertible, let ρ =
β1a

1− β1b
. We have then

(9) f ∗(πp1λ1, 0) = ρ.f ∗(λ1, λ2)

and we can suppose that γ = f ∗(λ1, λ2), i.e. a = 1 and b = 0. Now we describe the fac-
torisation of f ∗ at x. According to 6.1.2, OD,f(x) is generated by OC,f(x) and (πp1, 0). Since
(πp1λ1, 0) = (πp1, 0)(λ1, λ2), the equation (9) suggests that we must take f ∗(πp1, 0) = ρ. This
will define uniquely the extension of f ∗ provided that we show that there is no ambiguity in
this definition, that is if Q is a polynomial in one variable with coefficients in OC,f(x) such
that Q((πp1, 0)) = 0 in OD,f(x), then Q(ρ) = 0 in OX,x. Let m be the degree of Q. Then
(λ1, λ2)mQ((πp1, 0)) ∈ OC,x. We have

f ∗ ((λ1, λ2)mQ((πp1, 0))) = 0 = f ∗(λ1, λ2)mQ(ρ) ,

and since f ∗(λ1, λ2) is not a zero divisor, we have Q(ρ) = 0. �
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6.1.5. The relative case – Let S ′ be a smooth connected curve and P ′ ∈ S ′. Let f : S ′ → S be
a non constant morphism such that f(P ′) = P , and suppose that f−1(P ) = {P ′} (which can
be done by shrinking S ′). Then f ∗(C) = C×S S ′ → S ′ is again a maximal deformation of Y .
The integer p remains the same if and only if the tangent map of f at P is not zero.

6.2. Coherent sheaves on reducible deformations

We use the notations of 6.1, and we suppose that L can be written as
L = OC(−P1 − · · · − Pd) ,

where P1, · · · , Pd are distinct points of C, or that L = OC .

6.2.1. Locally free resolutions – For every x ∈ Z ∩ C, let (λ1x, λ2x) ∈ OC,x such that
IC,x/〈(π1, π2)〉 is generated by the image of (πp1λ1, 0), and also by the image of (0, πp2λ2). If
x ∈ C\(Z ∩ C), let (λ1x, λ2x) = (1, 1).
Let D the ideal sheaf on C such that

– D = OC on C\(Z ∩ C),
– For every x ∈ Z ∩ C, Dx = ((λ1x, λ2x)).

The sheaf D is well defined (because Z ∩ C is finite) and locally free. But it depends of the
choice of (λ1x, λ2x) (x ∈ Z ∩ C).
We have a canonical morphism

r1 : D −→ OC

such that im(r1) = IC2 , which, for every x ∈ C, sends (α, β) ∈ Dx to (πp1α, 0). And similarly,
we have a canonical morphism

r2 : D −→ OC ,

with image IC1 .

It is easy to see that we have exact sequences

(10) . . .D3
r1⊗ID2 // D2 r2⊗ID // D r1 // OC

// OC2
// 0 ,

(11) . . .D3
r2⊗ID2 // D2 r1⊗ID // D r2 // OC

// OC1
// 0 ,

i.e. locally free resolutions of OC1 and OC2 . It follows immediately that

6.2.2. Corollary: For i = 1, 2, we have Ext1OC
(OCi ,OC) = 0 and Tor1

OC
(OC1 ,OC2) = 0 .

6.2.3. Lemma: Let x ∈ C, and M a torsion free OCi,x-module (i = 1 or 2). Then for j ≥ 1,
we have TorjOC,x

(OY,x,M) = 0.

Proof. This follows immediately from the free resolution of OY

0 // OC
π // OC

// OY
// 0 .

�
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6.2.4. Extensions of vector bundles – Let Ei, i = 1, 2, be a vector bundle on Ci. We are
interested in extensions on C

(12) 0 −→ E1 −→ E −→ E2 −→ 0

(of course the case of extensions 0→ E2 → E→ E1 → 0 is analogous). The sheaf E is then
flat on S.

6.2.5. Proposition: There are canonical isomorphisms

Ext1OC
(E2, E1) ' Hom(E2|Z0 ,L∗1|Z0

⊗ E1|Z0) , Ext1
OC

(E2, E1) ' Hom(E2|Z0 ,L∗ ⊗ E1|Z0) .

Proof. The first equality is an easy consequence of (10). The second follows from the Ext
spectral sequence ([15], 7.3) and the fact that Hom(E2, E1) = 0. �

Consider an extension (12), corresponding to σ ∈ Hom(E2|Z0 ,L∗1|Z0
⊗ E1|Z0). Then according

to lemma 6.2.3 we have an exact sequence
0 −→ E1|C −→ E|Y −→ E2|C −→ 0

Recall that we have a canonical exact sequence

0 // Ext1
OC

(E2|C , E1|C)
i // Ext1

OY
(E2|C , E1|C)

θ // Hom(E2|C ⊗ L,E1|C) // 0.

6.2.6. Lemma: There are canonical morphisms

τ : Ext1
OC

(E2, E1) −→ Ext1
OY

(E2|C , E1|C) , τ : Ext1OC
(E2, E1) −→ Ext1OY (E2|C , E1|C) ,

τ associating to the extension 0→ E1 → E→ E2 → 0 the extension
0→ E1|C → E|Y → E2|C → 0.

Proof. Let OC(1) be an ample line bundle on C. There exists a vector bundle F0 on C such
that Ext1

OC
(F0, E1) = {0}, Ext1

OY
(F0|Y , E1|C) = {0} and such that there exists a surjective

morphism f0 : F0 → E2 (we can take F0 of the form F0 = OC(−n)⊗ Ck, for suitable k and n).
Let N0 = ker(f0), so we have an exact sequence

0 −→ N0 −→ F0 −→ E2 −→ 0 .

It follows from lemma 6.2.3 that this sequence restricted to Y is exact:
0 −→ N0|Y −→ F0|Y −→ E2|C −→ 0 .

Hence we have a commutative diagram with exact rows:

Hom(F0, E1) //

��

Hom(N0, E1) //

��

Ext1
OC

(E2, E1) // 0

Hom(F0|Y , E1|C) // Hom(N0|Y , E1|C) // Ext1
OY

(E2|C , E1|C) // 0

where the vertical arrows are the canonical morphisms. The morphism τ is then deduced
immediately, and it is easy to see that it does not depend on f0. The existence of τ can be
proved in the same way. �
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We have a commutative diagram

(13) Ext1
OC

(E2, E1)

τ

��

H0(Ext1OY (E2|C , E1|C)) = Hom(E2|Z0 ,L∗1|Z0
⊗ E1|Z0)

r

��

Ext1
OY

(E2|C , E1|C)
θ // H0(Ext1OY (E2|C , E1|C)) = Hom(E2|C ⊗ L,E1|C)

where r : Hom(E2|Z0 ,L∗1|Z0
⊗ E1|Z0)→ Hom(E2|C ⊗ L,E1|C) is the restriction to C.

6.2.7. Duality – If F is a coherent sheaf on C, we will denote its dual Hom(F,OC) by F∨, and if
F is a coherent sheaf on Ci, its dual on Ci will be denoted by F ∗. Note that, when we consider
F as a sheaf on C, we have

F∨ = F ∗ ⊗ Li .

According to corollary 6.2.2, we have an exact sequence on C

0 −→ E∗2 ⊗ L2 −→ E∨ −→ E∗1 ⊗ L1 −→ 0 .

It follows from proposition 6.2.5 that we have a canonical isomorphism
Ext1

OC
(E∗1 ⊗ L1, E

∗
2 ⊗ L2) ' Ext1

OC
(E2, E1) .

Of course, the elements of Ext1
OC

(E2, E1) corresponding to the exact sequence (12) and its dual
are the same.

6.2.8. Polarisations – Let OC(1) be an ample line bundle on C. As usually, if Z ⊂ C is a
subvariety, we will denote by OZ(1) the restriction of OC(1) to Z. For every s ∈ S\{P}, let D1,
D2 be the irreducible components of Cs. Let d = deg(OC(1)). Then since C belongs to the
two families of curves C1, C2, we have

deg(OD1(1)) = d = deg(OD2(1)) .

Let E be a coherent sheaf on C, flat on S. Suppose that for every s ∈ S, Es is torsion free. For
i = 1, 2, let Es,i = Es|Di/Ti, where Ti is the torsion subsheaf. Then Es,i is a vector bundle on
Di. Let ri = rk(Es,i) and di = deg(Es,i). From 4.2 we have an exact sequence

0 −→ Es −→ Es,1 ⊕ Es,2 −→
⊕

x∈D1∩D2

OCs,x ⊗Wx −→ 0 ,

where for every x ∈ D1 ∩D2, Wx is a finite dimensional vector space. Then we have (cf. 4.4.2)

PEs(m) = (r1 + r2)dm+ (r1 + r2)(1− g) + d1 + d2 −
∑

x∈D1∩D2

dim(Wx) .

On the other hand, we have (cf. 3.2.5)
PE|Y (m) = R(E|Y )dm+R(E|Y )(1− g) + Deg(E|Y ) .

Since PEs = PE|Y , we have

R(E|Y ) = r1 + r2 , Deg(E|Y ) = d1 + d2 −
∑

x∈D1∩D2

dim(Wx) .
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6.3. Coherent sheaves on fragmented deformations

We keep the notations of 6.2. If deg(L) = 0, we say that π : C→ C is a fragmented deformation
of Y . Hence for every s ∈ S\{P}, Cs = π−1(s) is the disjoint union on C1,s and C2,s. In this
case we have L = OC .

Suppose that π is a fragmented deformation and that p = 1. In this case C is simple, it is the
gluing of C1 and C2 along C, i.e. for every x ∈ C we have

OC,x =
{

(φ1, φ2) ∈ OC1,x × OC2,x ; φ1|C = φ2|C
}
.

We have Z0 = C, hence the diagram (13)is

Ext1
OC

(E2, E1)

τ

��

Hom(E2|C , E1|C)

Ext1
OY

(E2|C , E1|C)
θ // Hom(E2|C , E1|C)

It follows that

6.3.1. Proposition: Given f : E2|C → E1|C, there exists only one extension on Y

0 −→ E1|C −→ F −→ E2|C −→ 0

corresponding to σ ∈ Ext1
OY

(E2|C , E1|C) such that θ(σ) = f , and which is the restriction to Y
on an extension (12) on C.

6.3.2. The case of vector bundles – The sheaf E is locally free if and only f is an isomorphism.
In this case E is obtained by gluing E1 and E2 along E1|C ' E2|C , so it is unique.

6.4. Regular sheaves on reducible deformations

6.4.1. Definition: A coherent sheaf E on C is called regular if it is locally free on C\Z0, and
if for every x ∈ Z0 there exists a neighbourhood of x in C, a vector bundle E on U , i ∈ {1, 2},
and a vector bundle F on U ∩ Ci, such that E|U ' E⊕ F .

6.4.2. Lemma: In the preceding definition, i, and the ranks of E and F are unique.

Proof. Suppose that E|U ' E′ ⊕ F ′, with E′ locally free on U and F ′ a vector bundle on

U ∩ Cj. The induced isomorphism E⊕ F → E′ ⊕ F ′ is defined by a matrix
(
A B
C D

)
. We

have B|Z0 = 0, hence A|Z0 and D|Z0 are isomorphisms. The result follows immediately. �

6.4.3. Proposition: Let E be a coherent sheaf on C. Then the following assertions are
equivalent:

(i) E is regular (with i = 1 in definition 6.4.1).
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(ii) There exists an exact sequence 0→ E2 → E→ E1 → 0, where for j = 1, 2, Ej is a vec-
tor bundle on Cj, such that the associated morphism E1|Z0 → L∗ ⊗ E2|Z0 is surjective on a
neighbourhood of C.

(iii) There exists an exact sequence 0→ E1 → E→ E2 → 0, where for j = 1, 2, Ej is a vec-
tor bundle on Cj, such that the associated morphism E2|Z0 → L∗ ⊗ E1|Z0 is injective (as a
morphism of vector bundles) on a neighbourhood of C.

We have a similar result by taking i = 2 in definition 6.4.1.

Proof. Suppose that (i) is true. Let x ∈ Z0 and U a neighbourhood of x such that E|U ' E⊕ F ,
with E locally free on U and F a vector bundle on U ∩ C1. Then we have E|U∩C1 ' E|U∩C1 ⊕ F .
Hence E1 = E|C1 is a vector bundle on C1. The kernel of the restriction morphism E→ E|C1 is
E⊗ L2, which is a vector bundle on U ∩ C2. Hence the kernel E2 of the restriction morphism
E→ E1 is a vector bundle on C2. On U , the associated morphism E1|Z0 → L∗ ⊗ E2|Z0 is the
projection

E|U∩Z0 ⊕ F|U∩Z0 −→ E|U∩Z0 ,

hence it is surjective. This proves (ii). The proof of (iii) is similar, in this case E2 is EC2

quotiented by its torsion subsheaf.

Suppose that (ii) is true. Let Let x ∈ Z0 and U a neighbourhood of x such that E1|U∩C1 , E2|U∩C2

and L|Z0∩U are trivial, say E1|U∩C1 ' OU∩C1 ⊗ Cr1 , E2|U∩C2 ' OU∩C2 ⊗ Cr2 . We can also assume
that the associated surjective morphism E1|Z0∩U → L∗ ⊗ E2|Z0∩U is the projection

OU∩Z0 ⊗ Cr1 = (OU∩Z0 ⊗ Cr1−r2)⊕ (OU∩Z0 ⊗ Cr2) −→ OU∩Z0 ⊗ Cr2 .

The extension corresponding to this morphism (cf. prop. 6.2.5) is the direct sum of
0 −→ OU∩C2 ⊗ Cr2 −→ OU ⊗ Cr2 −→ OU∩C1 ⊗ Cr2 −→ 0

and
0 −→ 0 −→ OU∩C1 ⊗ Cr1−r2 −→ OU∩C1 ⊗ Cr1−r2 −→ 0 ,

hence E|U ' (OU ⊗ Cr2)⊕ (OU∩C1 ⊗ Cr1−r2), and (i) is proved. The proof that (iii) implies (i)
is similar. �

6.4.4. Geometric construction of regular sheaves on fragmented deformations – We suppose
now that C is a fragmented deformation as in 6.3, with p = 1. Let Ei, i = 1, 2, a vector bundle
on Ci, and φ : E∗1|C → E∗2|C an injective morphism of vector bundles. Viewing E∗1 and E∗2 as
algebraic varieties, let Y be the variety obtained by gluing E∗1|C ⊂ E∗1 and the corresponding
subbundle of E∗2|C ⊂ E∗2 . The existence of Y is easily seen for example by using théorème 5.4 of
[14]. We have a canonical projection ρ : Y → C, whose fibres are vector spaces. Let E be the
sheaf of OC-modules defined by: for every open subset U ⊂ C, E(U) is the subset of OY (ρ−1(U))
of regular maps which are linear on the fibres of ρ. By considering open subsets on which E1

and E2 are trivial, it is easy to see that E is a regular sheaf, and that we have an exact sequence
0 −→ E1 −→ E −→ E2 −→ 0

associated with the surjective morphism tφ : E2|C → E1|C .

6.4.5. Proposition: Let E be a coherent sheaf on C, flat on S. Suppose that for every s ∈ S,
Es is torsion free, and that E|Y is quasi locally free of rigid type (cf. 3.3.5). Then E is regular.
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Proof. We will suppose that E|Y is locally isomorphic to aOY ⊕ OC for some integer a ≥ 0
(the case where E|Y is locally free is similar and easier). Let s ∈ S\{P}, D1, D2 the irreducible
components of Cs, and for i = 1, 2, Fi = Es|Di/Ti (where Ti is the torsion subsheaf), it is a vector
bundle on Di. Let ri = rk(Fi). Then from 6.2.8 we have

R(E|Y ) = 2a+ 1 = r1 + r2 .

For every x ∈ C, we have rk(E|Y,x) = a+ 1. By semi-continuity of the rank, we have r1 ≤ a+ 1
and r2 ≤ a+ 1. If follows that r1 = a, r2 = a+ 1 or r1 = a+ 1, r2 = a. We can suppose that
we are in the first case.

Let Z1 ⊂ Z be an irreducible component. It is a smooth irreducible curve meeting C in one point
z. We have rk(EY,z) = a+ 1, hence for a general point z′ ∈ Z1, we have rk(E|Z1,z′) ≤ a+ 1.
Suppose that π(z′) = s 6= P . Then from 4-, there exist integers a1 ≥ 0, a2 ≥ 0, b ≥ 0 such that

Es,z′ ' a1OD1,z′ ⊕ a2OD2,z′ ⊕ bOCs,z′ .

Hence we have a1 + a2 + b = rk(E|Z1,z′) ≤ a+ 1, a1 + b = r1 = a, a2 + b = r2 = a+ 1. It fol-
lows that a1 = 0. Hence Es is linked at z′. So we can suppose that there exists a neighbourhood
U of P in S such that for every s ∈ S\{P}, Es is linked. From now on, we suppose that U = S.

The sheaf E2 = EC2 is of rank a+ 1 at every point of C2, hence it is a vector bundle on C2. Let
E1 be the kernel of the restriction morphism E→ E2. It is a torsion free sheaf concentrated
on C1. From lemma 6.2.3, we have an exact sequence

0 −→ E1|C −→ E|Y −→ E2|C −→ 0 .

Hence we have E2|C = EC and E1|C = (E|Y )1. In particular E1|C is of rank a on C, as on C1\C.
It follows that E1 is a vector bundle on C1. The morphism E2|Z0 → L∗ ⊗ E1|Z0 corresponding
to the exact sequence 0→ E1 → E→ E2 → 0 is surjective, hence E is regular by proposition
6.4.3. �

6.5. Regular sheaves and blowing-ups

We keep the notations of 6.2, and we suppose that p = 1.

We now consider the associated fragmented deformation ρ : D→ S (cf. 6.1.2). Recall that the
canonical morphism η : D→ C is the blowing-up of Z. If C ′2 = ρ−1(P ), the induced morphism
C ′2 → Y is the blowing-up of Z ∩ C.

Let E be a regular sheaf on C, T (η∗(E)) the torsion subsheaf of η∗(E), and

Ẽ = η∗(E)/T (η∗(E)) .

6.5.1. Proposition: Let E be a regular sheaf on C, and 0→ E2 → E→ E1 → 0 an exact
sequence, where Ei is a vector bundle on Ci, for i = 1, 2, such that the associated morphism
λ : E1|Z0 → L∗ ⊗ E2|Z0 is surjective. Then we have an exact sequence on D

0 −→ E2 ⊗ L∗2 −→ Ẽ −→ E1 −→ 0

such that the associated morphism E1|C → E2|C ⊗ L∗ is the restriction of λ.
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Proof. The proof is easy, using the description of ρ in 6.1.2 and the local description of E given
in the proof of proposition 6.4.3. �

It is clear that the dual sheaf E∨ is also regular. Let

Ê =
(
Ẽ∨
)∨

.

The proof of the following result is similar to that of proposition 6.5.1:

6.5.2. Proposition: Let E be a regular sheaf on C, and 0→ E2 → E→ E1 → 0 an exact
sequence, where Ei is a vector bundle on Ci, for i = 1, 2, such that the associated morphism of
vector bundles λ : E1|Z0 → L∗ ⊗ E2|Z0 is injective. Then we have an exact sequence on D

0 −→ E2 ⊗ L∗2 −→ Ê −→ E1 −→ 0

such that the associated morphism E1|C → E2|C ⊗ L∗ is the restriction of λ.

6.6. Deformations of regular sheaves on fragmented deformations

We keep the notations of 6.5. Let E, E′ be regular sheaves on D. We suppose that there are
exact sequences

0 −→ F −→ E −→ E −→ 0 , 0 −→ F −→ E′ −→ E ′ −→ 0 ,

where F is a vector bundle on E2, E, E ′ are vector bundles on C1 such that E|C = E ′|C = E0.
We can then define the Kodaïra-Spencer morphism

ωE,E′ : TSP −→ Ext1
OC

(E0, E0)

(cf. 2.7). We suppose also that the two morphisms E|C → F|C , E ′|C → F|C associated to these
exact sequences are the same and surjective, there are denoted by φ : E0 → F|C .

Let
0 −→ F|C −→ E|C′2 −→ E0 −→ 0 , 0 −→ F|C −→ E′|C′2

−→ E0 −→ 0

be the restrictions of the preceding exact sequences, and σ, σ′ ∈ Ext1
OC′2

(E0, F|C) the corre-
sponding elements. Let τ ∈ TSP be the element corresponding to the isomorphism IC,C′2 ' OC .
Let

0 // Ext1
OC

(E0, F|C)
ι // Ext1

OC′2
(E0, F|C)

θ // Hom(E0, F|C) // 0

be the canonical exact sequence (cf. 3.4). Let

φ : Ext1
OC

(E0, E0) −→ Ext1
OC

(E0, F|C)

be the map induced by φ.

6.6.1. Proposition: We have σ′ − σ = ι
(
φ(ωE,E′(τ))

)
.
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Proof. We will use Čech cohomology. According to 6.4, there exists an open cover (Ui)i∈I of a
neighbourhood of C in D such that for every i ∈ I we have isomorphisms

E|Ui
λi

((
Vi ⊕Wi

E′|Ui

λ′i
77

where Vi, Wi are trivial vector bundles on Ui, Ui ∩ C1 respectively. We can suppose that the
induced isomorphisms (Vi ⊕Wi)|C ' EC and (Vi ⊕Wi)|C ' E ′C are the same, as well as the
two Fi|Ui ' Vi ⊗ IC1 . Now let

θij = λj ◦ λ−1
i , θ′ij = λ′j ◦ λ

′−1
i : (Vi ⊕Wi)|Uij → (Vj ⊕Wj)|Uij ,

represented respectively by matrices

Mij =

(
Aij Bij

Cij Dij

)
and M ′

ij =

(
A′ij B′ij
C ′ij D′ij

)
.

We can write
A′ij = Aij + αij ,

where
αij : Vi|Uij∩C1 → (π1, 0)Vj|Uij = (π1)Vj|Uij∩C1 ,

and the two matrices restricted to C are the same. Now we have induced trivialisations of E
and E ′: µi : EUi → Vi|C1 ⊕ Fi, µ′i : E′Ui → Vi|C1 ⊕ Fi, such that

νij = µj ◦ µ−1
i , ν ′ij = µ′j ◦ µ

′−1
i : Vi|Uij∩C1 ⊕Wi|Uij → Vj|Uij∩C1 ⊕Wj|Uij

are represented by the matrices Mij|C1 and M ′
ij|C1

respectively. It follows that Cij, C ′ij are
multiples of π1, and that Dij, D′ij are of the form Dij = I + π1δij, D′ij = I + π1δ

′
ij. We have

then on C ′2
(Mij −M ′

ij)|C′2 =

(
αij|C′2 (Bij −B′ij)|C′2

0 0

)
and a similar formula for (Mij −M ′

ij)|C .

The result follows then easily from the interpretation in 2.7.4 of the Kodaïra-Spencer morphism
and from 3.4.2. �

We suppose that there are exact sequences
0 −→ F −→ E −→ E −→ 0 , 0 −→ F ′ −→ E′ −→ E −→ 0 ,

where E is a vector bundle on E1, F , F ′ are vector bundles on C2 such that F|C = F ′|C = F0.
We can then define the Kodaïra-Spencer morphism

ωE,E′ : TSP −→ Ext1
OC

(E,E) .



DEFORMATIONS OF MODULI SPACES 51

We suppose also that the two morphisms E|C → F|C , E|C → F ′|C associated to these exact
sequences are the same and surjective, there are denoted by ψ : E|C → F0. Let

0 −→ F0 −→ E|C′2 −→ E|C −→ 0 , 0 −→ F0 −→ E′|C′2
−→ E|C −→ 0

be the restrictions of the preceding exact sequences, and ρ, ρ′ ∈ Ext1
OC′2

(E|C , F0) the corre-
sponding elements. Let

0 // Ext1
OC

(E|C , F0)
κ // Ext1

OC′2
(E|C , F0)

ζ // Hom(E|C , F0) // 0

be the canonical exact sequence (cf. 3.4). Let

ψ̃ : Ext1
OC

(F0, F0) −→ Ext1
OC

(E|C , F0)

be the map induced by ψ. The following result is similar to proposition 6.6.1

6.6.2. Proposition: We have ρ′ − ρ = κ
(
ψ̃(ωF,F ′(τ))

)
.

6.6.3. Corollary: Let E be a quasi locally free sheaf on Y . Then there exist a smooth curve
T , t0 ∈ T , a non constant morphism α : T → S such that α(t0) = P , and a regular sheaf E
on α∗(D) such that E|Y ' E. It is possible to choose E satisfying conditions (ii) or (iii) of
proposition 6.4.3.

Proof. We will construct E satisfying (ii) (the case of (iii) is similar). We consider the first
canonical filtration of E (cf. 3.2):

0 −→ E1 −→ E −→ E0 −→ 0 ,

and the associated σ ∈ Ext1
OY

(E0,E1) and surjective morphism f : E0 → E1. According to
2.7.2 there exist smooth curves T 0, T 1, and for i = 0, 1, ti0 ∈ T i, morphisms φi : T i → S such
that φi(ti0) = P , and vector bundles Fi on φ∗i (Ci+1) such that Fi,ti0 ' Ei. Let Z = T 0 ×S T 1,
p0, p1, q the projections Z → T 0, Z → T 1, Z → S respectively. According to proposition 6.3.1,
there exists a unique extension on q∗(D)

0 −→ p∗1(F1) −→ F −→ p∗0(F0) −→ 0

corresponding to f . We have an exact sequence
0 −→ E1 −→ F|Y −→ E0 −→ 0 ,

associated to σ′ ∈ Ext1
OY

(E0,E1) (here Y is the fibre of q∗(D)→ Z over (t00, t
1
0)). Recall the

exact sequence

0 // Ext1
OC

(E0,E1)
ι // Ext1

OY
(E0,E1)

θ // Hom(E0,E1) // 0

(cf. 3.4). We have θ(σ) = θ(σ′), hence σ′′ = σ − σ′ ∈ Ext1
OC

(E0,E1).

Since f is surjective, the induced map
ρ : Ext1

OC
(E0,E0) −→ Ext1

OC
(E0,E1)

is surjective. Let µ ∈ Ext1
OC

(E0,E0) such that ρ(µ) = σ′′.
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According to proposition 2.7.6, there exists a smooth curve T , t0 ∈ T , a morphism β : T → Z
such that β(t0) = (t00, t

1
0), and a vector bundle U on β∗(q∗(C2)) such that U|C ' E0 and

ωβ#(p∗0(F0)),U = µ. Let α = q ◦ β : T → S. We now consider the extension on α∗(D)

0 −→ β∗(p∗1(F1)) −→ V −→ U −→ 0 .

It follows from proposition 6.6.1 that its restriction to Y
0 −→ E1 −→ U|Y −→ E0 −→ 0

is associated to σ. �

7. Maximal reducible deformations and limit sheaves

Let C be a projective irreducible smooth curve and Y = C2 a primitive double curve, with
underlying smooth curve C, and associated line bundle L on C. Let S be a smooth affine
curve, P ∈ S and π : C→ S a maximal reducible deformation of Y . We keep the notations
of 6-.

7.1. Reachable sheaves

7.1.1. Definition: A coherent sheaf E on Y is called reachable (with respect to π) if there
exists a smooth curve S ′, P ′ ∈ S ′, a non constant morphism f : S ′ → S such that f(P ′) = P
and a coherent sheaf E on f ∗(C), flat on S ′, such that EP ′ ' E.

The rest of section 7 is devoted to the proof of the

7.1.2. Theorem: Every quasi locally free sheaf on Y is reachable.

Note that by corollary 6.6.3 the theorem is true on D.

7.2. Sheaves concentrated on C

Let Ei, i = 1, 2, be a vector bundle on Ci. If 0→ E1 → E→ E2 → 0 is an exact sequence, the
restriction to Y
(14) 0 −→ E1|Y = E1|C −→ E|Y −→ E2|Y = E2|C −→ 0

is also exact.
Recall that L∗ has a canonical section s (defined by theorem 6.1.1, 3). Let

λL : Ext1
OC

(E2|C , E1|C) −→ Ext1
OC

(E2|C ⊗ L,E1|C)

be the induced linear map. The rest of 7.2 is dedicated to the proof of
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7.2.1. Proposition: Let

(15) 0 −→ E1|C −→ E −→ E2|C −→ 0

be an extension on C, associated to σ ∈ Ext1
OC

(E2|C , E1|C). Then there exists an extension
0→ E1 → E→ E2 → 0 on C such that E|Y is concentrated on C and that (14) is isomorphic
to (15) if and only if λL(σ) = 0.

Let OC(1) be an ample line bundle on C. It X ⊂ C is a closed subvariety, let OX(1) = OC(1)|X .

Let n0 be an integer such that for every n ≥ n0, E2(n) is generated by its global sections and
H1(E1(n)) = H1(E1|C(n)) = H1(E1(n)(−C)) = {0}. Suppose that n ≥ n0. Let k = h0(E2(n)).
Then the morphism (of sheaves on C)

τ : kOC(−n) = OC(−n)⊗H0(E2(n)) −→ E2

induced by the evaluation morphism is surjective. Let N = ker(τ). Using the fact that

Hom(E2, E1) = Ext1
OC

(kOC(−n), E1) = {0} ,
we deduce from the exact sequence
(16) 0 −→ N −→ kOC(−n) −→ E2 −→ 0

this one
0 −→ Hom(kOC(−n), E1) −→ Hom(N, E1) −→ Ext1

OC
(E2, E1) −→ 0 .

According to lemma 6.2.3, the restriction of (16) to Y

0 −→ N|Y
ε−→ kOY (−n) −→ E2|C −→ 0

is also exact, and induces a surjective map
γ : Hom(N|Y , E1|C) −→ Ext1

OY
(E2|C , E1|C) .

Let σ ∈ Ext1
OY

(E2|C , E1|C), φ ∈ Hom(N|Y , E1|C) such that γ(φ) = σ, and
0 −→ E1|C −→ E −→ E2|C −→ 0

the extension (on Y ) corresponding to σ. Then E is isomorphic to the cokernel of the injective
morphism

(ε, φ) : N|Y −→ kOY (−n)⊕ E1|C .

7.2.2. Lemma: The sheaf E is concentrated on C if and only if φ vanishes on (N|Y )(1).

Proof. Let x ∈ C, z ∈ OY,x an equation of C. Then we have z.kOY (−n)x ⊂ N|Y,x, and Ex is a
OC,x-module if and only if zEx = 0, if and only if for every (u, e) ∈ kOY (−n)x × E1|C,x, we have
z(u, e) = (zu, 0) ∈ im(εx, φx), i.e. if and only if there exists ν ∈ N|Y,x such that εx(ν) = zu
and φx(ν) = 0. We have

εx(ν) is a multiple of z ⇐⇒ zεx(ν) = 0

⇐⇒ εx(zν) = 0

⇐⇒ zν = 0

⇐⇒ ν ∈ (N|Y )(1)
x .

Lemma 7.2.2 follows immediately. �
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According to lemma 3.4.4, we have an exact sequence

0 // N|Y /(N|Y )(1) // kOC(−n)
ρ // E2|C // 0.

N|C/
(
(N|Y )(1)/(N|Y )1)

Let
U = N|Y /(N|Y )(1) = N|C/

(
(N|Y )(1)/(N|Y )1) = ker(ρ) .

Then it follows from lemma 7.2.2 that:

7.2.3. E is concentrated on C if and only if φ can be factorised through U .
We have a canonical surjection β : Hom(U,E1|C)→ Ext1

OC
(E1|C , E2|C), and for every

φ ∈ Hom(U,E1|C), if 0→ E1|C → E → E2|C → 0 is the extension on C associated to β(φ),
then E is isomorphic to the cokernel of the injective morphism

(i, φ) : U −→ nOC(−n)⊕ E1|C

(where i is the inclusion).

Let N1 the kernel of the surjective composite morphism

kOC1(−n)
τ1 // E2|C1 = E2|Z0

// E2|Z

(cf. 6.1), with τ1 = τ|C1 . Since Tor1
OC1

(OC , E2|Z) = {0}, we have an exact sequence

0 −→ N1|C = N|C −→ kOC(−n) −→ E2|Z∩C −→ 0 ,

and a commutative diagram with exact rows and columns

(17) 0

��
0

��

E2|C ⊗ L

��
0 // U //

��

kOC(−n) // E2|C //

��

0

0 // N1|C //

��

kOC(−n) // E2|Z∩C //

��

0

E2|C ⊗ L

��

0

0

Let
(18) 0 −→ E1 −→ E −→ E2 −→ 0

be an extension on C, associated to σ ∈ Ext1
OC

(E2, E1). Recall that

Ext1
OC

(E2, E1) ' Ext1
OC1

(E2|Z0 , E1) ' Hom(E2|Z0 , E1(Z0)|Z0)
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(cf. 6.1). The exact sequence (18) restricts to an exact sequence on Y
0 −→ E1|Y −→ E|Y −→ E2|Y −→ 0 .

Let σ0 ∈ Ext1(E2|C , E1|C) be the associated element. Recall that we have a canonical exact
sequence

0 −→ Ext1
OC

(E2|C , E1|C)
i−→ Ext1(E2|C , E1|C)

θ−→ Hom(E2|C ⊗ L,E1|C) −→ 0

(cf. 3.4). We have a canonical obvious map
θ1 : Hom(E2|Z0 , E1(Z0)|kz0) −→ Hom(E2|C ⊗ L,E1|C) ,

and θ1(σ) = θ(σ0).

We have a commutative diagram with exact rows

(19) 0 // N|C1
//

� _

��

kOC1(−n) // E2|Z0
//

����

0

0 // N1
// kOC1(−n) // E2|Z // 0

(the exactness of the first row comes from corollary 6.2.2),

From (19) and lemma 2.2.2 we deduce the commutative diagram with exact rows

Hom(N1, E1) //
� _

��

Ext1
OC1

(E2|Z, E1) = Hom(E2|Z, E1(Z)|Z) //
� _

Ψ

��

0

Hom(N|C1 , E1) // Ext1
OC1

(E2|Z0 , E1) = Hom(E2|Z0 , E1(Z0)|Z0) // 0

From lemma 2.2.1, the image of Ψ is exactly the space of morphisms of vector bundles vanishing
on C. It follows that:

7.2.4. The extensions (7) such that EY is concentrated on C arise from the morphisms N→ E1

that can be factorised through N1.
Let φ : N→ N1

α−→ E1 be such a morphism. Then the morphism U → E1|C restriction of α
can be used to define the extension 0→ E1|C → EY → E2|C → 0 (cf. 7.2.3).
We have a commutative diagram

Hom(kOC(−n), E1|C) //
� _

��

Hom(U,E1|C) // // Ext1
OC

(E2|C , E1|C)

λL
��

Hom(N1|C , E1|C) // Hom(U,E1|C)
µ // Ext1

OC
(E2|C ⊗ L,E1|C),

where the two rows come from (17) and are exact. The commutativity of the right square
follows from lemma 2.3.1. It follows that: a morphism α : U → E1|C can be extended to N1|C
if and only if γ(µ(α)) = 0.

7.2.5. Lemma: The restriction morphism

λ : Hom(N1, E1) −→ Hom(N1|C , E1|C)

is surjective.
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Proof. Let T = Z ∩ C. From the exact sequences
0→ N1 → kOC1(−n)→ E2|Z → 0 , 0→ N1|C → kOC(−n)→ E2|T → 0

We deduce the commutative diagram with exact rows

Ext1
OC1

(E2|Z, E1)

0 // Hom(kOC1(−n), E1) //

f

��

Hom(N1, E1) //

g

��

Hom(E2|Z, E1(Z)|Z) //

h
��

0

0 // Hom(kOC(−n), E1|C) // Hom(N1|C , E1|C) // Hom(E2|T , (E1|C)(T )|T ) // 0

Ext1
OC

(E2|Z∩C , E1|C)

The map f is surjective because H1(E1(n)(−C)) = {0}, and h is also surjective because Z is
made of disjoint affine curves. Hence g is surjective. �

Proof of proposition 7.2.1. Suppose that the extension 0→ E1 → E→ E2 → 0 on C exists.
Then according to 7.2.4 we have λL(σ) = 0. This follows also from proposition 6.3.1.

Conversely, suppose that λL(σ) = 0. Let φ ∈ Hom(U,E1|C) over σ (cf. 7.2.3). Then according
to 7.2.4, φ can be extended to φ : N1|C → U . From lemma 7.2.5, there exists Φ ∈ Hom(N1, E1)

restriction to φ on C. This φ defines the extension 0→ E1 → E→ E2 → 0 on C. �

7.3. Proof of theorem 7.1.2

Let E be a quasi locally free sheaf on Y and
(20) 0 −→ E1 −→ E −→ E0 −→ 0

the exact sequence coming from its first canonical filtration, corresponding to
σ ∈ Ext1

OY
(E0,E1). Let f : E0 ⊗ L→ E1 be the associated surjective morphism. Let ρ : D→ C

be the blowing-up of Z, inducing φ : Ŷ = C ′2 → Y , the blowing-up of Z ∩ C in Y (cf. 6.5). We
have then an exact sequence on Ŷ

(21) 0 −→ E1 ⊗ L∗ −→ Ẽ −→ E0 −→ 0

corresponding to the first canonical filtration of Ẽ (cf. 5). Using corollary 6.6.3 it is possible to
find a smooth curve T , t0 ∈ T , a morphism α : T → C such that α(t0) = P , and vector bundles
Fi on α∗(Ci), i = 1, 2, such that

F2|C ' E1 ⊗ L∗ , F1|C ' E0 ,

and an exact sequence
(22) 0 −→ F2 −→ E −→ F1 −→ 0
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on α∗(D) restricting to (21) on Ŷ . It is possible to extend f to a surjective morphism
f : F1|Z0 → F2|Z0 , corresponding to an extension
(23) 0 −→ F2 ⊗ L −→ U −→ F1 −→ 0

on α∗(C) (cf. proposition 6.2.5). Then by proposition 6.5.1, (22) is the exact sequence

0 −→ F2 −→ Ũ −→ F1 −→ 0

arising from (23) by blowing-up (cf. 6.5). The restriction of (23) to Y is an exact sequence
0 −→ E1 −→ E′ −→ E0 −→ 0

corresponding to σ′ ∈ Ext1
OY

(E0,E1), and such that the associated morphism E0 ⊗ L→ E1 is
f . We have

σ − σ′ ∈ Ext1
OC

(E0,E1) .

Let
λ : Ext1

OC
(E0,E1) −→ Ext1

OC
(E0,E1 ⊗ L∗)

be the map induced by the inclusion L ⊂ OC . Then we have σ − σ′ ∈ ker(λ), from theorem
5.2.4. From proposition 7.2.1, it is possible to find an extension on α∗(C)

0 −→ F2 −→ Ṽ −→ F1 −→ 0

such that its restriction to Y
0 −→ E1 −→ V|Y −→ E0 −→ 0

is in fact concentrated on C and corresponds to σ − σ′. Let g : F1|Z0 → F2|Z0 corresponding to
g. Then the extension

0 −→ F2 −→ Ṽ −→ F1 −→ 0

restricts to (20) on Y .
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