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STATISTICS OF THE VORONOI CELL PERIMETER IN LARGE
BI-POINTED MAPS

EMMANUEL GUITTER

ABSTRACT. We study the statistics of the Voronoi cell perimeter in large bi-pointed
planar quadrangulations. Such maps have two marked vertices at a fixed given distance
2s and their Voronoi cell perimeter is simply the length of the frontier which separates
vertices closer to one marked vertex than to the other. We characterize the statistics of
this perimeter as a function of s for maps with a large given volume N both in the scaling
limit where s scales as N1/4, in which case the Voronoi cell perimeter scales as N/2, and
in the local limit where s remains finite, in which case the perimeter scales as s2 for large
s. The obtained laws are universal and are characteristics of the Brownian map and the
Brownian plane respectively.

1. INTRODUCTION

The statistics of planar maps, which are graphs embedded in the sphere considered up to
continuous deformations, has raised much attention over the years and its study gave rise to
a myriad of combinatorial results which describe these mathematical objects at the discrete
level, as well as of probabilistic results which characterize their universal continuous limits
such as, depending on the underlying scaling regime, the Brownian map or the Brownian
plane. Among refined descriptions of planar maps is the characterization of their Voronoi
cells which, for maps with a number of distinguished marked vertices, are the domains which,
using the natural graph distance, regroup vertices according to which marked vertex they
are closer to. The simplest realization of Voronoi cells is for bi-pointed maps, i.e. maps with
exactly two marked distinct and distinguished vertices, say v, and wvs, in which case the
map is naturally split into two connected complementary domains gathering vertices closer
to vy than to vy and conversely. A natural question is then to characterize the statistics of
these two Voronoi cells in an ensemble where, say the total volume (equal for instance to the
number N of faces) of the map is fixed. A first result was obtained in [6] where the law for
the proportion ¢ of the total volume N (0 < ¢ < 1) spanned by one of the cells was obtained
exactly in the limit of large N. It was found that this law is uniform between 0 and 1,
proving a particular instance of some more general conjecture by Chapuy for Voronoi cells
within maps of fixed genus [5]. Another result concerned the characterization of Voronoi
cells for bi-pointed maps where the graph distance d(vi,vq) is also fixed [7]. In the limit
where N — oo and d(v1, v2) is kept finite, it was shown that exactly one of the two cells has
an infinite volume, while the other remains finite. The universal law for this finite Voronoi
cell volume in the limit of large d(vy,v2) was derived in [7].

In this paper, we address another question about bi-pointed maps by looking at their
Voronoi cell perimeter, which is the length L of the frontier which separates the two Voronoi
cells. We again consider the ensemble of bi-pointed maps with a fixed volume N and a fixed
distance d(v1, v2). Explicit universal expressions are obtained for the Voronoi cell perimeter
statistics in the following two regimes for which N — oo: (1) the so-called scaling limit where
d(vy,v2) scales as N'/4, and (2) the so called local limit where d(v;,v2) remains finite. In case
(1), whose behavior characterizes the so-called Brownian map, the Voronoi cell perimeter
scales as N'/2 and an explicit universal law is derived for the properly rescaled perimeter
L/N'/2. In case (2), whose behavior for large d(v;,vy) characterizes the so-called Brownian
plane, a universal non-trivial law is obtained if we now rescale the perimeter L by d(v1,v2)?.
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2 EMMANUEL GUITTER

The paper is organized as follows: we first discuss in Section 2 the maps under study
and give a precise definition of their Voronoi cell perimeter, whose statistics is encoded in
some appropriate generating function (Section 2.1). To this generating function is naturally
associated some scaling function, introduced in Section 2.2, whose determination is the key
of our study as it may be used to encode the N — oo limit of the Voronoi cell perimeter
statistics. Section 3 is devoted to the computation of this scaling function thanks to a series of
differential equations (Section 3.1) solved successively in Sections 3.2 and 3.3. The net result
is an explicit expression for the desired scaling function which is then used in Sections 4 and 5
to address the Voronoi cell perimeter statistics in detail. Section 4 deals with the scaling limit
(1) introduced above. Section 4.1 explains in all generality how to obtain expected values
characterizing the Voronoi cell perimeter in this regime directly from the scaling function
while Section 4.2 presents the corresponding explicit formulas and plots. Section 5 deals
with the local limit (2): here again, we first explain in Section 5.1 the general formalism
which connects the local limit statistics to the already computed scaling function. This is
then used in Section 5.2 to provide a number of laws, which we make explicit and/or plot
for illustration. We present our conclusions in Section 6 while some technical intermediate
computations are discussed in Appendix A.

2. BI-POINTED MAPS AND VORONOI CELL PERIMETER

2.1. Generating functions. This paper deals with the statistics of bi-pointed planar quad-
rangulations, which are planar maps whose all faces have degree 4, with two marked distinct
vertices, distinguished as v; and vy, at some even graph distance from each other. Such
maps are naturally split into two Voronoi cells, which are complementary connected do-
mains gathering vertices which are closer to one marked vertex than to the other. A precise
definition of the Voronoi cells is given by the Miermont bijection [8] which provides a one-
to-one correspondence between the above defined bi-pointed planar quadrangulations and
so-called planar iso-labelled two-face maps (i-1.2.f.m). Those are planar maps with exactly
two faces, distinguished as f; and fo, and whose vertices carry positive integer labels. The
labels are required to satisfy the following three constraints:

(L1) labels on adjacent vertices differ by 0 or +1;
(L2) the minimum label for the set of vertices incident to f; is 1;
(L3) the minimum label for the set of vertices incident to fa is 1.

As it appears in the Miermont bijection, the vertices of the i-1.2.f.m are in one-to-one corre-
spondence with the unmarked (i.e. other than v; and vs) vertices in the associated bi-pointed
quadrangulation and their label corresponds precisely to their graph distance in the quad-
rangulation to the closest marked vertex vy or vy. Moreover, vertices incident to f1 (resp.
f2) in the i-1.2.f.m correspond to vertices closer to vy than to v (resp. closer to vy than to
v1) in the quadrangulation. As a consequence, we define the Voronoi cells of the bi-pointed
quadrangulation as the two domains spanned by f; and fo respectively upon drawing the
i-1.2.f.m and the associated quadrangulation on top of each other (see figure|[l)). Each face of
the quadrangulation is actually traversed by exactly one edge of the i-1.2.f.m. These edges
form a simple closed loop L separating the two faces fi; and fs, together with a number of
subtrees attached to the vertices of £, on both sides of the loop. Subtree edges of either side
correspond to faces in the bi-pointed quadrangulation which lie within a single Voronof cell,
while loop edges correspond instead to faces covered by both cells. The length L (=number
of edges) of the loop L is called the Voronoi cell perimeter as it is a natural measure of the
size of the boundary between the two cells.

In this paper, we shall study the statistics of L for maps with a fized value d(vi,ve) = 2s
(s > 1) of the graph distance between the two marked vertices v1 and vy. In the associated
i-1.2.f.m language, this distance is fixed via the following fourth requirement:

(L) the minimum label for the set of vertices incident to £ is s.
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FIGURE 1. An example of planar bi-pointed quadrangulation (thin black
edges) whose two marked vertices v; and vo are at even distance 2s (here
s = 2). Each vertex is labelled by its distance to the closest marked vertex vy
or va. Applying the Miermont bijection transforms the quadrangulation into
an i-1.2.f.m (thick blue edges) whose two faces f; and fy define two Voronoi
cells (here the Voronoi cell corresponding to fo has been filled with light
blue). The Voronoi cell perimeter L is the length of the loop £ separating
the two faces of the i-1.2.fm (i.e. the boundary length of the light blue
domain, here L = 3).

left part:
labelszgl—s \ g
A\

spine: labels > 0

right part:
labels > 1—t

FIGURE 2. A schematic picture of a l.c. enumerated by X; (g, z), see text.

For a fixed graph distance d(v1,v2) = 2s, we may keep a control on both the volume
N (= number of faces) of the planar bi-pointed quadrangulations and on their Voronoi cell
perimeter L by considering their generating function Fy(g, z) with a weight g%V 2. Via the
Miermont bijection, Fs(g, z) is also the generating function of i-1.2.f.m satisfying (L4) with
a weight g” 2”, where F is the number of edges of the i-1.2.f.m and L the length of the loop
L.

As explained in [6] in a slightly different context, the generating function Fs(g,z) is
closely related to some other generating function, X +(g,z), of properly weighted labelled
chains (l.c), which are planar one-face maps whose vertices carry integer labels and with
two distinct (and distinguished) marked vertices w; and ws. The unique shortest path in
the map going from w; to wo forms what is called the spine of the map. Apart from its
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spine, the map consists of (possibly empty) subtrees attached to the left and to the right of
each internal spine vertex and at the marked vertices wy and wy (see figure [2). Given two
positive integers s and ¢, X, ; = X, (g, 2) is the generating function of planar l.c subject to
the following constraints:

(¢1) labels on adjacent vertices differ by 0 or +1;

(¢2) w; and wy have label 0. The minimum label for spine vertices is 0. Spine edges receive
a weight g z;

(¢3) the minimum label for vertices of the left part, formed by the subtree attached to w-
and all the subtrees attached to the left of any internal spine vertex (with the spine
oriented from wy to wy), is larger than or equal to 1 — s. The edges of all these subtrees
receive a weight g;

(¢4) the minimum label for vertices of the right part, formed by the subtree attached to ws
and all the subtrees attached to the right of any internal spine vertex, is larger than or
equal to 1 —t. The edges of all these subtrees receive a weight g;

For convenience, X ; includes a first additional term 1 and, for s,t > 0, we set X, o = Xo; =
XO,O = 1.

By some appropriate decomposition of the i-1.2.f.m, it is then easy to relate Fy(g,z) to
Xs.1(g,2) (see [6] for a detailed description of the decomposition) via:

Xs,s(ga Z)X5717571(97 Z))
XS—175(97Z)X575—1(.9’Z) 7

where A; denotes the finite difference operator (Asf(s) = f(s) — f(s — 1)). In brief, the
above relation is obtained by first shifting all the labels of the i-1.2.f.m by —s so that the
minimum label on the loop £ becomes 0 and the minimum label within f; becomes 1 — s,
as well as the minimum label within f,. One then releases the constraints by demanding
that the minimum label within f; be > 1 — s and that within fy be > 1 — ¢ for some ¢ not
necessarily equal to s. The loop of the obtained two-face map forms (by cutting it at each
loop vertex labelled 0) a cyclic sequence of particular 1.c with no internal spine vertex labelled
0. Since linear (i.e. non-cyclic) sequences of such l.c are precisely enumerated by X, .(g, z),
the desired cyclic sequences are easily seen to be enumerated by log(X; (g, 2)). Applying
the finite difference operator Ay restores the constraint that the minimum label within f; is
exactly 1 — s, and similarly, the finite difference operator A; restores the constraint that the
minimum label within f; is exactly 1 — ¢, which eventually equals the desired value 1 — s by
setting t = s.

It is therefore sufficient to obtain an expression for X; (g, z) to determine the desired
Fs(g,%). The generating function X, .(g,z) itself is fully determined by its relation with
the generating function Rs(g) for so called well-abelled treesﬂ(accounting for the subtrees
attached to the spine), namely (see [6]):

(2) Xs1(9,2) =1+ g2 Rs(9)Re(9) Xs.(9,2) (1 + g2 Re1(9) Re11(9) Xs41,641(9, 2))

for s,t > 0. As for the generating function R;(g) itself (which depends on g only), its explicit
expression is well-known and takes the parametric form [4]:

(1) Fulg,2) = (AsAlog(Xs (g, 2))) L:S = log <

1+ 4z + 22 (1_xs)(1_xs+3) 1+ x4+ 22
3 RS — f = - aia .
(3) (9) L+az+a2 (1—ast)(1—z5+2) or g x(l Tz 1 22)2

Here x varies in the range 0 < & < 1 so that g varies in the range 0 < g < 1/12 (ensuring a
proper convergence of the generating function at hand). From the explicit form and the
equations and , we may in principle determine X (g, 2) and Fs(g,z). For instance,

ITo be precise, Rs(g) enumerates planted trees with vertices labeled by integers satisfying (1), with root
vertex labelled by 0 and with all labels > 1 — s. Each edge of the tree gets a weight g.
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for z = 1, the solution of reads

(1—22)(1 — 251 (1 — 2T (1 — 25H+3)
(1 —2)(1 — ast3)(1 — 2t+3) (1 — pstt+1)

1) Xoulg1) =

so that

L p2543) (1 _ 425)2
(5) Fi(g,1) = log{ (1 ) (1 ) } .

(1—a2-1) (1 — x25+2)2

For arbitrary z however, we have not been able to obtain such explicit expressions for
Xs.t(g,2) or Fs(g,z) and we therefore have no prediction on the statistics of Voronoi cell
perimeters for a finite volume N of the quadrangulation. Fortunately, as explained in de-
tails in the next section, all the above generating functions have appropriate scaling limits
whose knowledge will allow us to characterize the statistics of Voronoi cell perimeters in
quadrangulations with a large or infinite volume N.

Before turning to scaling functions, let us end this section by looking, now for arbitrary
z, at the limit

Xoo,oo(9,2) = lim Xg4(g,2) .

s,t—00

It is easily obtained from as the solution of

xZ i
XOOOO b) :1 7')(0000 b) 1 7XOOOO bl b
0. =1 2 e X 008) (15 s X (009))

which tends to 1 when g — 0, namely

(1+xz+2?) (1+x+x2—zx—\/(1+x+x2—zm)2 — 422 z2)

212 22
with the same parametrization of g as in . Note that Xoo,00(g,2) is well defined for
0<2z<(1+x+22)/(3x), hence for 0 < z < 1 in the whole range 0 < ¢ < 1/12 (0 <z < 1).

(6) XOO,OO(97Z) =

2.2. Scaling functions. The generating functions Rs(g), Xs+(g,2) and Fs(g, z) are singu-
lar when g and z tend simultaneously toward their critical value 1/12 and 1 respectively.
The corresponding singularities are encoded in scaling functions, as defined below, whose
knowledge will allow us to describe the statistics of Voronofi cell perimeters in quadrangula-
tions whose volume N is large. A non trivial scaling regime is obtained by letting ¢ and z
approach their critical values as

_ 1 at 4 _ 2
(7 gG(a,e)_u< 366>, z=Z(Ne)=1— e
with € — 0, and letting simultaneously s and ¢ become large as
S T
s$=—, t=—,
€ €

with a, A\, S and T finite positive reals. From , we have for instance the expansion
a? (1 +10e=25 + 6_2“5)
3(1— e*‘lS)2 .

(8) Ris/e|(Gla,e)) =2+7(S,a) 4+ 0(e) r(S,a) = —

Expanding at second order in €, we have similarly
XLS/CJ,LT/EJ (G(G,, 6)7 Z()‘v 6)) =3+ JI(S, T7 a, )‘) €+ 0(62) )

where the scaling function x(5, T, a, A) is solution of the non-linear partial differential equa-
tion

@) 2(x(8,T,a,\)* +6(9s2(S, T, a, ) + dra(S, T, a, \)) + 27(r(S, a) + (T, a)) = 54X
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(with the short-hand notations dg = 9/9S and dr = 9/9T). For instance, from the explicitly
expression at z=1 (i.e. A =0), we immediately deduce

6a (e—aS + e—al _ 3€—a(S+T) 4 e—2a(S+T))
(1 —ea9) (1 —eaT) (1 — e*a(SJFT)) ’

x(S,T,a,0) = —3a—

which, as easily checked, satisfies @D when A = 0.
Finally, eq. (1)) implies that

FI_S/EJ (G(a,€), Z(N,€)) = F(S,a,7) e+ 0(64)

(10) 1
where F(S,a,\) = 3 0s0rx(S,T,a,\) .

The next section is devoted to the actual computation of the scaling function F(S,a, A). We
will then show in the following sections how to use this result to address the question of the
Voronoi cell perimeter statistics in large maps.

3. COMPUTATION OF THE SCALING FUNCTION F(S,a, \)

3.1. Differential equations. We have not been able to solve the equation @D, as such,
when A # 0 and therefore have no explicit expression for x(S,T,a,\) for arbitrary A\ and
for independent S and T'. Such a formula is however not necessary to compute F(S5,a, \) as
we may instead recourse to a sequence of two ordinary differential equations, both inherited
from @D, which determine successively the following two quantities:

Y(Sv a, A) = J?(S, Ta a, A)|T:S )

11
(11) H(S,a,\) = 0s0rx(S,T,a,\)|r=s .

Note that these quantities depend on a single “distance parameter” S instead of two (since
we always eventually fix T'= S). Note also that the knowledge of H(S, a, ) is exactly what
we look for since, from , we have

F(S,a,)) = %H(S, a\) .

Since LY (S,a,\) = (8s2(S,T,a,\) + Orx(S,T,a,\))|r=s, we immediately deduce from
@ the following differential equation for Y (S, a, \):

d
(12)  2(Y(S,a,N)* + 6-5Y (S.a.)) + 54r(S,a) = 547 .
This equation, with appropriate boundary conditions, will allow us to compute Y (S, a, \)
explicitly.

Similarly, differentiating @ with respect to S and T and then setting T' = S, we deduce

2
(13)  4Y(S,a,A) H(S,a,\) + (dY(S, a, )\)> + 6iH(S, a,\) =0,
dsS dS
where we used the identity dsx(S,T,a,\)|r=s = 0raz(S,T,a,\)|r=s = 2-LY(S,a,)), ob-
vious by symmetryﬂ Knowing Y'(S,a, A), this equation will determine H(S,a, ) by some
appropriate choice of boundary conditions.
Let us now solve the two equations and successively.

2We indeed clearly have X, +(g,2) = Xt,s(g, 2), hence z(S,T,a,\) = z(T, S, a, \).
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3.2. Solution of . The non-linear differential equation is of the Riccati type and
is therefore easily transformed, by setting

(14)  Y(S,a,)) = 3i log (V(S, a, )\)) ,

ds
into a second order homogeneous linear differential equation
d2
EV(S, a,\) +3(r(S,a) = A)V(S,a,\) =0.

The solution of this equation is easily found to be

(15)  V(S,a,\) =V(5,A) witho=¢* and A=/1+ 2—2\

where V (o, A) is solution of

2
o %‘7(07 A) + 02%?(0—, A) = <A2 + (11_20;)2> V(s A),
hence given by
Vo
oy
Wi(o, A) = 4A3(1 — 0)® +124%(1 — 0)*(1 + o) + A(1 — 0)(11 + 380 + 110?)

+3(1+0)(1+80+0?).

Vo, A) = oA W(o,A) —ao 4 W(o, -4)) ,

Note that, apart from the global arbitrary multiplicative constant V which is unimportant
as it drops out in , this solution involves some unknown constant « which needs to be
fixed. To this end, we recall that, for s and ¢ tending to oo, X +(g, 2) tends to Xoo,00(g, 2)
given by @ In particular, we have the expansion

Xoo.oo(Glay€), Z(N€)) =3 — 3V a% 43X e + O(€?)
from which we deduce

Y (S,a,\) e -3va?+3Xx=-3aA
—o0

for a > 0. Sending S — oo for a > 0 amounts to letting o — 0. From (14)), we must therefore
ensure

a= i‘7(0,14)—)—3@14 = =2 d~aA
V(O’, A) do o—0 V(U, A) do o—0

Since W (o, A) has a finite limit when o — 0, and since A > 0, this latter requirement is
fulfilled only for o = 0 (in all the other cases, the limit is —A instead). This fixes the value
of the parameter « to be 0, while we may set Vy = 1 without loss of generality, so that we
eventually get the expression
oA W(a, A)

(1—-0)® ~
W(o,A) =4A4%(1 — 0)® + 124%(1 — 0)?*(1 + o) + A(1 — 0)(11 + 380 + 110?)

+3(1+0)(1+ 80 +?)

‘7(0, A) =
(16)

and, from ,

Y(S,a,)) =aY(0,A) witho=e and A= \/1—#% ,
a

A7) Fiod) e -3—" g A = _g4_35_ V@A)
Y (o, A) 3‘7(07A)dav(,14) 3436 T

Ulo,A) =2A4%(1 — 0)? + 5A(1 — 0)(1 4+ o) + 3(1 + 30 + 0?)
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and W (A, o) as in (16).

3.3. Solution of . Given Y (S, a, A), the solution of the linear first order equation
is given by the general formula

_2 a 1 [ d 2 5 YT g
H(S,a,3) = ¢ 3 Jo ¢ (Ted {H<So,a,A)—6/ aT (=Y (T a,0)) ef Joo Y ’A)}
S

0

for some arbitrary Sy > 0. Here the value of H(Sp,a,\) is some integration constant which
may a priori be chosen arbitrarily. As we shall see below, it will be fixed in our case by the
requirement that H (S, a, A) has the desired large S behavior. It is straightforward from
that

Iy an _ (VSo,a N’
V(S,a,\)
with V/(S,a, ) as in egs. and . We may therefore write the solution of as

H(S,a\) = — L (V(So,a, \))? H(S a/\)—l/flT VT, a,0) -2 v(T,a,0) 2
REANUZET DI . TR e g U A

which, upon changing again variables by setting

H(S,a,\) = a®> H(o,A) witho=e" and A = \/1—&—%
a

and upon using egs. and (17)), rewrites explicitly
- _ 6 2A 2 o
H(J,A) _ (]. CT) . o) (W(UOaGA)) H(O’o,A)+/ dTM(T,A) 7
024 (W (o, A)) (1—00) o
216 02411 (P(0, A))?
(1—0)10 (W(e,A)*

Plo )= (Wi - o)) 2 (20l )

=8A45(1 - 0)°(1 + o) +4A*(1 — 0)*(11 + 200 + 116?)
+2A4%(1 — 0)*(1 + 0)(47 + 860 + 470?)

+ A%(1 — 0)2(97 + 3860 + 59402 + 3860° + 970*)
+6A(1 — o) (1 +0)(8+ 330 + 680% + 330> + 80*)
+9(1 + 60 +270% + 320° 4 270* + 60° + 0%) ,

0

M(o,A) =

where 0y = e~*%. Remarkably enough, the function M (o, A) above has an explicit primitive
(in o) given by:

12 540, Q(o, A)
Olo.4) = g5 o™ { (1—0)W (o, A)

— A(A—1)(A% —1)(4A% —1)(4A% = 9) o F1 (1,24 + 2,24 + 3, a)}

where o F7(1,2A + 2,2A + 3,0) is a simple hypergeometric function

O_’I’L

n>0
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and where (o, A) a polynomial of degree 11 in o given by

(19) Zqz A11 1 _ U)ll—i
with

q(0) =64, q(0)=32(4+70), g(0)=280(-3+ 130)

q3(0) = 48 ( 12+ 30 +390% —170%) ,  qu(0) = 12(17 — 2780 + 4000* — 900° — 650*)
q5(0) = 6(980 + 13650 + 42402 + 13740° — 8760 + 1090°)
q6(0) = (35363 + 888570 + 7543207 + 456980° — 19650* — 27150° + 125005°)
q7(0) = (100336 + 2791720 + 37716302 + 2676880° + 1187860 — 123600° + 26110° + 24407)
qs(0) = 2(74901 + 2206670 + 3950670 + 3881370 + 2229470 + 770610° — 289505°

+ 135507 — 2400°)

qo(0) = 3(40659 + 1222800 + 2873970 + 3509400° + 2848730 4 1263220° + 377010°
+ 72407 4 2060° — 10207)

qi0(0) = 9(5673 + 165950 + 5192602 + 831800 + 839300 + 506780° + 178700° + 499457
+ 1550 + 507 — 65%)

q11(0) = 27(315 + 8400 + 346502 + 95760° + 65100 + 98640° 4 31500° + 10000
+2790% + ¢'0) .

Knowing C(o, A), we may thus write

]’_}(0_’ A) _ (1 —U)G {U(%A (W(UO,A>>2 ﬁ(007A) -i-C(U,A) —C(Uo,A)} ,

024 (W (a, A))? (1 —00)"

leaving us with the determination of the free integration constant H (oo, A) = H(So, a, \)/a.
From its combinatorial interpretation, Fs(g,z) is expected to vanish at large s (see for
instance when z = 1) and so is thus F(S,a,\) = (1/3)H(S,a,\) at large S. Sending
S — oo amounts (for a > 0) to let ¢ — 0, in which case we find

C(0, A) = 0?4 (108 (A+1)(24+3)%02 + 0(03)) .

Demanding that H(S,a,A) — 0 at large S forces us to choose the (so far arbitrary) value
~ 2A 2 ~
H(0g, A) such that % H(og, A) — C(09, A) = 0 in order to avoid a divergence of

H(o,A) as 024 when ¢ — 0. This leads to the final expressio
~ (1= )% C(o,A)

H(o,A) = oA (W (o, A))Q
_12 , Qo 4)
(20) =35 {(1 — 0)3 (W(a, A))°

— A(A—1)(A% —1)(4A4% —1)(4A4% - 9) (1—0)" 5 oFi (1,244 2,24 + 3,0)}

(W(o, 4))
with W (A, o) as in and Q(o, A) as in above. The desired scaling function F (S, a, \)
is then obtained directly via

1 .~
(21) ]-"(S,a,)\):gcﬁH(U,A), o=e %, A= 1+Q

3At small o, we then have the expansion H (o, A) = (Auri)o(872ix+1)2 +0 (03).
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p
N\

— 00

FIGURE 3. The contour integral over g used to extract the coefficient g
of, say Fs(g,z). In the g plane, the contour around 0 is deformed so as to
surround the cut of Fy(g, z) for real g > 1/12. By setting g = G(a, N~1/4),
the excursion around the cut corresponds in the a* variable to a path around
the negative real axis which makes a back and forth excursion from and to
—oo in the limit N — oco. In the a plane, the corresponding path C is made
of two straight lines at 45° from the real axis, oriented as shown from and
to infinity.

4. LARGE MAPS IN THE SCALING LIMIT

4.1. Quadrangulations with a large fixed volume. Fixing the value N of the volume
of the quadrangulations amounts to extracting the coefficient g’V of the various generating
functions. For instance, the number of bi-pointed planar quadrangulations of fixed volume
N and with a fixed distance 2s between the marked vertices is directly given by

[9"]Fs(g,1) -
As for the statistics of the Voronoi cell perimeter L within bi-pointed quadrangulations of
fixed volume N and fixed distance 2s between the marked vertices, it is fully characterized
by considering the expected value EN7S(ZL) of z” in this ensemble, for 0 < z < 1. This
expectation is directly given by the simple ratio

(9] Fs(g, 2)

[9N]Fs(g,1)

In practice, extracting the coefficient ¢ may be performed via a contour integral over g
around 0, which may then be transformed into an integral over the variable a such that

1= (o) =55 (1-g5x)

The integral over a runs on some contour Cpy, which, at large N, eventually tends to some
simple contour C made of two straight lines at 45° from the real axis, as displayed in figure
Bl

The scaling limit corresponds to let N tend to infinity while looking at distances 2s of
order N'/4. This is achieved by setting s = S N'/4 where S is kept finite, in which case we
have for instance, for z = 1:

(22)  En(2F) =

1 dg
Vs o) 9:1) = 5= § 5 Pl e 1)
1 12V —da a3 1

o —— Flg | (Gla, N714),1)
2r N Jo, 9 (1—3841\,)1\“_1 |sn1/4| (a )

1 12V —daa® o
~ e % F (S, a,0
NSeo 2im N7/4/C g ¢*F(5a0)
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where we have used the expansion (at z =1, i.e. at A = 0) with e = 1/N1/4, Dividin
the quantity FLSN1/4J (g,1) x N'/*dS by the large N asymptotic numbelQN/(4ﬁN3/2)
of bi-pointed quadrangulations having their two marked vertices at (arbitrary) even distance
from each other leads to the probability p(S)dS that two marked vertices chosen uniformly
at random at some even distance from each other in a quadrangulation of large volume N
have their half-distance between S N'/4 and (S + dS) N'/4. The quantity p(S) is nothing
but the so-called distance density profile of the Brownian map, obtained here in the context
of bi-pointed quadrangulations, and is thus given by

2 —daa® .4
”(‘”‘ﬁ/c 2 F (S,0,0)

- 157?/00 ot dtet’ {f (S,(l —i)\/?E,o) —f(S,(l +i)¢?§,0)}

(23)

upon changing variable and parametrizing the contour C by setting a = (1 F1)v/3t, with ¢
real and positive.
We may compute in a similar way the quantity

[gN]FLS N1/ (g’ Z(A’N_M)) e % glc\lf%Fl_SNl/ﬂ (97 Z(\, N—1/4))

T 9ir
L 127 ~dad’ 1 —1/4 —1/4
T %r N 9 v sl Ry (G(a,N "y, Z(\, N /))
en (1 - 36N)

1 12N —daa®
~ o[ T99 )
Noo 2im N7/4/C g ¢ F (5

Using Z (A, N*1/4)L ~ e ALINYZ g large N, we deduce, after normalization, that

—A L/N1/2) - p(S,A)

3

(24) EN, |sn1/4| (6

p(S,\) = 157?/000 2tdte {F (S,(1-)V3LA) = F (S.(1+)V3E ) |

and p(S) = p(S,0) as in above. In the scaling limit, a non-trivial law is therefore
obtained for the rescaled perimeter L/N'/2. Let us now examine this law in more details.

4.2. Explicit expressions and plots. Inserting the explicit expression of F(S,a, )
into allows to write p(S,)\) as a simple integral over ¢ which may be evaluated nu-
merically. Note that for S and A real positive, p(S,\) is actually real. Dividing p(S, )
by p(S) = p(S,0) allows us, from , to then evaluate the large N limit of the quantity

—AL/N'/?
EN7 |sN1/e) \© /

in figure[4 and, by definition, lies between 0 and 1. Let us now characterize it in more details
via a number of more explicit expressions. Expanding F(5,a, \) at first order in A, we get

as a function of S and A. This quantity is plotted for illustration

F(S,a,A) = F(S,a,0) + A x g]—"(S,a,O)+O(/\2) ,

B
2 3.2 1 2
F(Sa0) = 20T eas
(1-0?)
2JT(S, a,0) = _ao® (385 — 1890 + 15407 + 540° — 110" — 90°) .
oA 70(1 —0)(1 +0)*

41n FLS N1/4| (g,1), the half-distance is fixed at some precise integer value close to S N1/4. Letting instead
the half-distance vary between S N1/4 and (S+4dS) N1/4 requires considering the quantity FLS N1/4] (g,1) %

NY/44s.
5See for instance [6] for a derivation of this asymptotic number.
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. _ 1/2
Jim By g ()

FIGURE 4. A plot of the large N limit of E, s N4l (e*)‘L/Nl/2> as a
function of S and A, as given by .

p(S) u(S)
1.2 0.8
1
0.6
0.8
0.6 0.4
0.4
0.2
0.2
0.5 1 1.5 2 0.5 1 1.5 2
S S

FIGURE 5. Plots of p(S) and u(S), as given by and respectively.

From the explicit expression of F (S, a,0), we may write via a rather explicit expression
for p(S) in the form of an integral over ¢. Introducing the short hand notations

ch = cosh(V3tS) , sh=sinh(v/3tS), co=rcos(v3tS), si=sin(v/3t9),

we find

_ § > 5/26—t2 1
(2,05()5) —\/;/0 dt 24t —(c02 ~ ey X
{ch sh ((2002—1) (002+ch2—1) —1)—|—co si ((20h2—1) (c02+ch2—1) —1) }

This function is plotted in figure[5]and the above formula matches already known expressions
in the literature [4] for the distance density profile of the Brownian map. We have in
particular the small S behavior

m$:§§+mﬁy
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Jm By g (L/N'?)

0.8

! 1 2 3 )

FIGURE 6. A plot of the large N limit of E, |5 N/ (L/Nl/Q)7 as given

by 77. We also indicated its limiting small S linear behavior,
as given by (28)), and its large S power law behavior, as given by .

More interesting is the linear term in A\: expanding eq. at first order in A yields indeed

( ) EN, |_SN1/4J (L/Nl/z) N:;oo zgg;
26 .
u(s) = %/0 o dtet" {;;f (S, (1- i)\/?E,o) + a%f (S, (1+1)V3t, o)} :

From the above expression for %]—" (S,a,0), we arrive at the following expression (with the
same short hand notations as before):

< 4
w(S) =4/ 3 / dt £t3/2€_t2 {16 (co—si)(ch—sh) — 9 (co® —2cosi—si?)(ch? —2ch sh+sh?)
T Jo

(27) si—sh si? —2sish—sh? si* —4si® sh— 6si2 sh? +4si sh3+sh?
co—ch (co+ch)2 (co+ch)? '

The function p(S) is plotted in figure[5|while the large N expectation Ey. s N/ | (L/N1/2) =
11(S)/p(S) is represented in figure[6] At small S, we have the behavior

1(S) = 11701\/} (Z) S* 4+ 0(5%)

so that

(28) By sy (LINY?) o~ fiﬁﬁf (Z) §+0(5%) -

This limiting behavior is plotted in figure [f] Returning to unscaled variables L and s, it
means that we have the large N behavior

399 [3_/9
(29) Exs(L) o~ ey (4) sx NY4 for1 <« s< NV,
(o)
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Ey 5 N1/4] (1_6 / )’

1
S

»(N) S +0(8?)

_ 1/2
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S), a simple saddle point estimate of the

1
S
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which emphasizes the small S linear behavior (30).

FIGURE 7. A plot of the large N limit of

More generally, we find by expanding F(S,a,\) at small S the linear behavior:

—XL/N'/?
By sy (1)

/dtte*t
0

This behavior is emphasized in figure ﬂ upon plotting

3
2T

133
400

(30)

as a function of S and .

As for the large S behavior of p(S) and pu
corresponding contour integrals (in the a variable) shows that

~ 48 x 91/635/6 g5/3 6—3(

S—o00

p(S)
1(S)

22 x V6Se”

~
S—o0

so that we get the large S behavior

1/2
EN,|_SN1/4J (L/N/

(31)

This limiting behavior is plotted in figure [6]

INFINITE MAPS: FROM SCALING FUNCTIONS TO THE LOCAL LIMIT

5.
5.1. Extracting the local 1

again to bi-pointed planar quadrangulations with a fixed volume N and a fixed distance 2s
between the two marked points, but in a regime where we now take the limit N — oo while
keeping s finite. It is now a general statement that we may describe properties of the local
limit when s, although remaining finite, becomes large in terms of the scaling functions that

we already computed. Let us discuss this statement in more details.
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The generating function Fy(g, z) is singular when g tends to its critical value 1/12. For
g — 1/127, we have an expansion of the fornﬁ

(32)  Fulg,2) =D fi(s,2) (1 —12¢9)"
i>0
involving half-integer powers of (1 — 12 g), and with f;1(s, z) = 0.
Using the identification (1 — 12¢)Y? = (a/v/6)?€? whenever g = G(a, €), we may then
connect the scaling function (S, a, A) to the above expansion and write

.1
f(S,a,)\) = 251(1) Z’,Fls/ﬂ (G(a,e),Z()\,e))

=i - (%) A, (18)e), Z(0, )

with G(a,€) and Z(A,€) as in (7). Now Z(,€) depends only on the product Ae? so that
fi (|S/€] , Z(\, €)) depends on only two variables S/e and €2, or equivalently on S/e and
(S/€)? x Ae? = X S%. The existence of a non-trivial finite limit when ¢ — 0 implies that

@) s 200 5, (2) w0

e—0

for ¢ # 1. Plugging back this expression in F(S,a, \), we then have the direct identification

F(Sa0) =3 (\%)ﬁ S%3 5, (A8 & F (S,a7 %) -y (%)2 523 (1)

i>0 i>0

with ¢; = 0. We may therefore read the functions ¢;(7) from the expansion in S of
F(S,a,7/5?%) via

(34  ilr) = (ﬁ) s r (s o) = 187 F (5.6, 5 )

where we eventually set a = v/6 since ¢;(7) does not depend on a.

Returning to the local limit, we expect that, for NV — oo and for finite s, the Voronoi cell
perimeter L will remain finite. Moreover, as we shall see, L scales as s? at large s in the
sense that the limiting expected value

O,(w) = lim En, (e—wL/sz)
N—o0

has a non-trivial limit when s — oo. Let us indeed see how to estimate ®4(w) at large s
from the above correspondence. From , we have

g™ Fs (g,e‘“/52)
P, (w) = lim
N>oco  [gN]Fs(g,1)
with a leading singularity of Fs(g,z) when g — 1/127 corresponding to the ¢ = 3 term
in since the 7 = 0 and i = 2 terms are regular and the ¢ = 1 term is missing. This
immediately yields the large N estimate
3 12N (5,2)

N—oo 4 \/’TTNS/sz 5

[gV]Fs(g, 2)

61t is easily checked by expanding in powers of (1 —12g)1/4 that X5 (g, z) has an expansion which
involves only even powers of (1—12 g)'/4, i.e. half-integer powers of (1—12 g), with moreover no term of order
(1-12 g)1/2. This property implies immediately a similar property for Fs(g, z) = AsA¢log(Xs,t(g, 2))|t=s-
The fact that f1(s,2) = 0 may also be understood by noting that fi(s,1) = 0, as easily checked from the
explicit expression , and that 0 < [gV]Fs(g,2) < [gNV]Fs(g,1) for 0 < z < 1. Having a non-vanishing value
of the leading singularity coefficient fi(s, z) when 0 < z < 1 would indeed contradict this latter bound as it
would imply that [gVV]Fs(g, ) grows faster than [¢V]Fs(g,1) at large N.
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from which we deduce the identity
3 (S, 6*“’/52)
O(w)=——"—""=.

fB(Sa 1)

Its large s behavior may be obtained as follows: setting A = w/S? and € = S/s in , with
€ — 0 when S is fixed and s — oo, we have, for i = 3,

fo (5, 2(w/S2,5/8)) v sheslw) = s°[S°)F (S.V6, 55 )

from (34). At large s, Z(w/S?, S/s) ~ e=“/s" and we arrive immediately at the desired
asymptotic expression

S (56 )
swoe [S3]F(S,1/6,0)

in terms of the scaling function F(S,a, A) only.

(35)  Ps(w)

5.2. Explicit expressions and plots. From the explicit expression 7, it is a rather
straightforward exercise to expand F (S7 V6,w/ Sz) in powers of S and to extract its S3
coefficient. The only non-trivial part of the exercise comes from the hypergeometric function
which enters the formula for H (0, A). Tts expansion is discussed in details in Appendix
A and gives rise to terms involving the exponential integral function Fi(r) defined by

o0 dt
El(r)z/ ?e*t.

The net result of the small S expansiorﬂ is the following fully explicit expression:
97 (5.6, 5) = 50 i (g +060° 20 e Ex6n)) + a= 15
M(q) = 5+ 15¢ + 18¢* + 9¢* ,
Q(q) = 1925 + 5775q + 6930¢> + 3465¢> + 2700¢° + 2754¢" + 972¢° |
A(q) = 14000000 + 110394375¢ + 394807500¢° + 8411850004¢° 4 1180872000¢*
+1137241620¢° + 754502040¢° + 334611972¢" + 89532864¢°
+ 3093876¢° — 17740944¢'° — 17688456¢'1 — 8817984¢'2 — 1889568¢™° .

For w — 0, this expression tends to 16/7 so that we obtain eventually the desired result

- 1 A(q) 3 64 _ v

This function is plotted in figure [§] for illustration. At large w, it has the expansion

(37) 1imq>s(w)=1\/§i LAV +391+0( ! )

5300 47732 16 wh/2 16 wd w7/2

At small w, its expansion reads

4 171
3893 Vw + 13 w+0 (w3/2 log(w)) :

lim @, (w) =1 —
(38) im ®4(w) 260

500 3200

TAs expected, the small S expansion of F (5’, \/é,w/S2) involves only odd powers of S, starts with a

term of order 1/53, has no term of order 1/S so that the next term is of order S, followed by the desired
term of order S3.
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SIL)IEIO Oy (LU)

FIGURE 8. A plot of the function ®4(w) at large s, as given by .

1 2 3 4 g

FIGURE 9. A plot of the function probability density P4(¢) at large s, as
obtained by a numerical inverse Laplace transform of ®4(w). Its large ¢ and
small ¢ behaviors are given by and respectively.

In particular, due to the y/w singular term, the expected value of L/s? in the local limit,
given by

d
. 2y @
N B (L/s7) = dwcps(w)’
is infinite for large s. This is consistent with the estimate of the scaling limit which
states that

399 /3 9 N1/4
En s (L/SQ) Nl 160\/;F (4> X S for 1 < s < N4

and therefore implies that Ey s (L/s?) diverges as N¥/4 when N — oo at fixed finite (al-
though large) s.
The inverse Laplace transform (with respect to w) of ®4(w) is nothing but the probability
density Ps(¢) for the quantity
L
5

w=0

14

V)

It has a non-trivial limit at large s, which may be evaluated numerically from the explicit
expression via some appropriate inverse Laplace transform numerical tool [T} 2, [3]. The
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resulting plot is shown in figure @ For large ¢, we read from the small w behavior that

. 4380 [3 1
(39)  lim Pu(0) ,~ o5 \/;W ‘

It particular, this behavior implies that all the positive moments of this law are infinite. For
small ¢, we read from the large w behavior that

@0 R0 5,5y

6. CONCLUSION

In this paper, we presented a number of exact laws for the Voronoi cell perimeter in
large bi-pointed quadrangulations, both in the scaling and in the local limit. Even though
the explicit expressions of these laws, when available, are quite involved, these formulas
are expected to be universal and characteristic of the Brownian map (scaling limit) or the
Brownian plane (local limit at large distance). In other words, the very same expressions
would be obtained in the same regimes, up to some possible global rescalings (depending
on the precise definition of distances, lengths and volumes), for all families of map in the
universality class of the so-called pure gravity, including in particular maps with faces of
arbitrary but bounded degrees.

In the local limit N — oo and s finite, it was shown in [7] that exactly one of the two
Voronoi cells becomes infinite while the other remains finite with a volume V' of order s*.
The Voronoi cell perimeter L, which scales as s2, is thus the length of the frontier between a
finite and an infinite cell. It is interesting to note that we found here that all the moments
of the law for L/s? are infinite, in the same way as it was found in [7] that all the moments
of the law for V/s* diverge.

Note finally that, if we do not fix the distance between the two marked vertices, we expect
at large N that the typical distance will be of order N'/4 and we can therefore use the results
of the scaling limit to state that the expected value of the Voronoi cell perimeter in large bi-
pointed quadrangulations having their two marked vertices at arbitrary even distance from
each other will be asymptotically equal to YN'/2 with

/ ds i —12\[.
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APPENDIX A. EXPANSION OF THE HYPERGEOMETRIC FUNCTION oF%(1,2A+2,2A+3,0)

We are interested in computing the small S expansion of F(S,v/6,w/S?) up to order S3.
To this end, we need from and the small S expansion of the quantity

E(S,w) = 2F1(1,2A+2,2A+ 3,0) with o = e~ V05 andA:,/l—i—zS2

A first naive approach would consist in first expanding the term of order o™ in oF (1,24 +

2,2A+3,0), as read in , for A =+/14 w/(252), namely

2A+2 n n(2 +n)

—1- S s?
n+24+2 V2w + 2w +
and in summing over n to get the small S expansion
1 1 o 1 30 —o0?

2F1(1,2A—|—272A—|—370'): S2_|_ .

—o Vo 0-0r > "2 a=op
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Setting then, in a second step, o = eV6S and expanding at small S, we deduce

41)  E(S,w) = <\/165+>¢127; (6{9+>+21w <3\/165+)+

where it is apparent that all the terms of the expansion contribute in fact to the same leading
order 1/S. This naive approach therefore fails and a proper resummation is required. To
perform this resummation and properly get the desired small S expansion, we may instead
rely on the differential equation satisfied by oF3(1,24 4+ 2,24 4 3,0), namely

d 2A +2
0 2Fi(1,24 42,244 3,0) + 24 +2) 2P (1,24 + 2,24+ 3,0) - = T2 .
o

— 0

which immediately translates into the following equation for Z(S,w):

\ 1+ 505 +1
(42) EE(S w)+28£E(S w)— 26 (\/EJr 1> E(S,w)+2\/€i¢ —0.

S S 0w oS

From the previous discussion, Z(S,w) is expected to have a small S leading term of order
1/S, in which case all the different terms in the differential equation above are precisely of
the same order 1/52. Writing therefore

2(8,w) = €1 (2v30) 7+0( ),

where the multiplicative factors were introduced for convenience, and expanding (42)) to
leading order 1/5? at small S yields the following differential equation for £_1(r):
d

67 Jf_l(r) —6(1+r)é1(r)+r=0,

easily solved into
1
Ea(r)y=kre + 5 re" Ey(r),

where k is some arbitrary constant and F1(r) the exponential integral function

El(T)E/ %e‘t.

When w — 0o, we have clearly Z(S,w) — 1/(1 — e~ V85) = 1/(v/65) + O(1) so that £_;(r)
must have a ﬁmte large r limit equal to 1/6. The existence of this finite limit at large r fixes
the integration constant k to & = 0, so that

E1(r) = %r@r Eq(r) .

Note that, from the “naive” analysis, we expect moreover the following large r expansion,

read from :

gl(r):é<1—i+;+o(7}3>) .

These expansion is indeed recovered from the general property
e~ " P p| e "
E = — —— 4+ 0| .
=T 2o (%)
p=0

To get the desired expansion of F(S,v/6,w/S?) up to order S it is easily checked from
and that the small S expansion of Z(S,w) must be push up to order S°. We therefore
write

2(S, w) Z@(?W) (S/v/6)' + O(S°) .

i=—1
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Expanding (42]) to increasing orders in S gives rise to a sequence of differential equations

for the successive functions &;(r), ¢ = 0,1,...,5 which are easily solved, one after the other,
leading to
1
&) =5 (10 +r) e Bi(r) - 3) |
1
&(r) = o (24 (143r+71%) e Ey(r) — (47 + 23r)> ,

&(r) = 7%(87“ (64 6r+7%) e Ey(r) — (17 + 40r + 87“2)) ,
£3(r) = T‘; (480 (=3 +3r + 2102 + 100° + 1Y) " By (r)

— (—2034 + 62467 + 432312 + 4811"3)) ,
&u(r) = 55% (327 (=30 + 307 + 5502 + 151 + 1) € B (r)

— (=518 — 367 + 134312 + 4483 + 327«4)) :

&(r) = 359T5 (2688(45 — 457 — 135r% + 1507 + 120r* + 217° + 75) e” B (r)

— (154608 — 3932401 + 1776001 + 2714681 + 5375514 + 2687r5)) .

This provides the desired small S expansion of Z(S,w) which, inserted in 7, yields
the wanted expansion of F(S,+/6,w/S?) up to order S°.

(1]
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