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Black Holes in Loop Quantum Gravity
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Universit de Toulon, CNRS, UMR 7332, 13288 Marseille, France.

This is a review of the results on black hole physics in the framework of loop quantum gravity.
The key feature underlying the results is the discreteness of geometric quantities at the Planck scale
predicted by this approach to quantum gravity. Quantum discreteness follows directly from the
canonical quantization prescription when applied to the action of general relativity that is suitable
for the coupling of gravity with gauge fields and specially with fermions. Planckian discreteness and
causal considerations provide the basic structure for the understanding of the thermal properties of
black holes close to equilibrium. Discreteness also provides a fresh new look at more (at the mo-
ment) speculative issues such as those concerning the fate of information in black hole evaporation.
The hypothesis of discreteness leads also to interesting phenomenology with possible observational
consequences. The theory of loop quantum gravity is a developing program. This review reports its
achievements and open questions in a pedagogical manner with an emphasis on quantum aspects of
black hole physics.

I. INTRODUCTION

Loop quantum gravity (LQG) is an approach to a background independent quantization of the gravitational in-
teraction based on the non-perturbative canonical quantization of general relativity. In this framework space-time
geometry itself is a dynamical variable that has to be suitably quantized and described in the absence of any back-
ground reference geometry. The proposal is still in progress and many important questions remain open. All the
same, there are results providing a solid picture of what the quantum nature of space-time at the fundamental scale
could be like. One of these key results is that space-time geometric operators acquire discrete spectra: states of the
gravitational degrees of freedom can be spanned in terms of spin-network states each of which admits the interpre-
tation of an eigenstate of geometry which is discrete and atomistic at the fundamental level [33, 34, 257]. Quantum
space is made of polymer-like excitations of quantum geometry where one dimensional fluxes of quantised area connect
at nodes carrying quantum numbers of volume. The dynamical rules of evolution for these states are also discrete
[234]. Locality and topology are replaced by the relational notions of connectivity of the underlying network of space
quanta. In this framework, the continuum spacetime formulation of general relativity and quantum field theory is
seen as the low energy limit of a fundamentally discrete and combinatorial entity.

A large body of results in the concrete physical situation defined by quantum aspects of black hole physics have been
produced in recent years. This article aims at presenting these recent developments in an organic and pedagogical way.
The theory of black holes that follows from the LQG underlying model is still incomplete, partly due to the technical
difficulties in defining the notion of black holes in the quantum realm, partly because of the intrinsic difficulties
associated with the definition of the dynamics and the low energy limit of the fundamental theory. Nevertheless, the
theory indicates a solid conceptual perspective that produces promising insights into the nature of quantum gravity
in general. This is an account of a research program in progress.

The approach that we will describe can seem quite peculiar from (what sometimes can appear as) the main stream
of thought in the holographic tumult of the high energy community. However, we will see, the perspective that
arises from our analysis is actually quite conservative and presents many analogies with the behaviour of standard
physical systems. The tension with other more popular approaches resides in the complete lack of compliance with any
fundamental notion of holographic principle [94]. Despite this, it can be shown that the theory of black holes stemming
from LQG is indeed consistent with the black hole phenomenology derived from semiclassical analysis (we could call
this an emergent weak holography). Thus, the picture of LQG is very different from the bulk-boundary-duality type
of quantum gravity scenario proposed by the ADS-CFT correspondence [210]. We will see that the alternative offered
by the LQG treatment may present important advantages in avoiding certain inconsistencies in the description of
gravitational collapse and subsequent black hole evaporation.

The article will also review the theoretical basis leading to the prediction of discreteness of quantum geometry by
LQG. In Section II we will briefly review the construction of the phase space of general relativity starting form an
action and variables that satisfy a criterion of naturality once some general principles are stressed. We will see that
the roots of discreteness of quantum geometry are found in Heisenberg’s uncertainty relations for geometric quantities.
The inclusion of black holes in terms of boundaries satisfying suitable boundary conditions will be described in Section
III. The quantisation of the volume and area operators will be sketched in Section III E. In Section IV we will apply
the formalism to the problem of computing black hole entropy. In Section V we will discuss the problem of the fate
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of information in black hole evaporation, and some phenomenological ideas with possible observational consequences
that are motivated by the discussion of information loss.

Throughout this paper there might be sections that seem too technical for a general reader not necessarily interested
in all the mathematical details. Equations are written to guide the argumentation and, for general readers, are
important only in this sense. Once equations are written they call for technical precision (important for those that
might be interested in detailed derivations); however, in spite of their apparent complexity due to the presence of
indices and other tensorial operations that are often necessary in the presentation of field theoretical notions in the
context of general relativity, their message should be transparent when ignoring these details. The reader more
interested in the conceptual line should read these equations without paying too much of attention to the details of
the index structure and concentrate rather on their algebraic form. This is specially so for the construction of the
phase space of general relativity; Section III (very important for us as it implies the Poisson non-commutativity of
geometry behind quantum discreteness). Classical mechanics is briefly described in its symplectic formulation at the
beginning so that all the equations that follow, and are important for gravity, can be interpreted by analogy with
these initial equations. Geometric units (GN = c = 1) are used in discussions so that energy, mass, and time are all
measured in the same units as legth.

A. Black hole thermodynamics: an invitation to quantum gravity

Black holes are remarkable solutions of general relativity describing the classical aspects of the late stages of
gravitational collapse. Their existence in our nearby universe is by now supported by a great amount of observational
evidence [219]. When isolated, these systems become very simple as seen by late and distant observers. Once the
initial very dynamical phase of collapse has passed (according to physical expectation and the validity of the ‘no-hair
theorem’1) the system settles down to a stationary situation completely described by a member of the Kerr-Newman
family. These are solutions of Einstein’s equations coupled with electromagnetism representing a stationary and
axisymetric black hole characterised by three parameters only: its mass M , its the angular momentum J , and its
electromagnetic charge Q.

The fact that the final state of gravitational collapse is described by only a few macroscopic parameters, inde-
pendently of the details of the initial conditions leading to the collapse, is perhaps the first reminiscence of their
thermodynamical nature of black holes. As we will review here, there is a vast degeneracy of configurations (mi-
crostates) that can lead to a same final stationary macroscopic state, and the nature of these microstates becomes
manifest only when quantum gravity effects are considered. Another classical indication of the thermodynamical
nature of black holes (BHs) emerged from the limitations on amount of energy that could be gained from interactions
with BHs in thought experiments such as the Penrose mechanism [227] and the phenomenon of BH superradiance
[273]; its field theoretical analog. Later it became clear that such limitations where special instances of the very
general Hawking’s area theorem [177] stating that for natural energy conditions (satisfied by classical matter fields)
the area a of a black hole horizon can only increase in any physical process. This is the so-called second law of black
hole mechanics which reads:

δa ≥ 0. (1)

This brings in the irreversibility proper of thermodynamical systems to the context of black hole physics and motivated
Bekenstein [56, 59] to associate to BHs a notion of entropy proportional so their area. Classically, black holes also
satisfy the so-called first law of BH mechanics [49] which is an energy balance equation relating different nearby
stationary BH spacetimes according to

δM =
κ

8π
δa︸ ︷︷ ︸

heat?

+ΩδJ + ΦδQ, (2)

where Ω is the angular velocity of the horizon, Φ is the horizon electric potential, and κ is the surface gravity which
plays the role of a temperature in the analogy with thermodynamics. The surface gravity, defined only in equilibrium,

1 The no-hair theorem is a collection of results by Hawking, Israel, Carter and others implying that a stationary (axisymmetric) black
hole solution of Einstein’s equations coupled with Maxwell fields must be Kerr-Newman [105, 188, 189]. Some aspects of this result
remain without complete proof and some authors refer to is at the no-hair conjecture (for more details see [121] and references therein).
The physical relevance of Einstein-Maxwell resides in the fact that gravity and electromagnetism are the only long range interactions.
Other forces might be relevant for the description of the matter dynamics during collapse but play no role in describing the final result
where matter has already crossed the BH horizon.
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can be related to an intrinsic local geometric quantity associated with the BH horizon; it takes a constant value on
the horizon depending only on the macroscopic parameters M,Q and J (for the simplest non-rotating and uncharged
BH κ = 1/(4M)). The homogeneity of κ on the horizon is called the zeroth law of BH mechanics. The other intensive
parameters Ω and Φ are also functions of M,Q and J only (their explicit expression can be found for instance in
[291]).

With the exception of the horizon area a, all the quantities appearing in the first law have an unambiguous physical
meaning for asymptotic inertial observers at rest at infinity: M is the total mass defined in terms of the Hamiltonian
generating time translation for these observers, J is the generator of rotations around the BH symmetry axis, etc. The
quantity Φ is the electrostatic potential difference between the horizon and infinity, Ω is the angular velocity of the
horizon as seen from infinity, and κ (if extrapolated from the non-rotating case) is the acceleration of the stationary
observers as they approach the horizon as seen from infinity [291]. It is possible however to translate the first law in
terms of physical quantities measures by quasi-local observers close to the BH horizon [154]. This clarifies the role of
the horizon and its near spacetime geometry as the genuine thermodynamical system.

The realization that black holes can indeed be considered (in the semiclassical regime) as thermodynamical systems
came with the discovery of black hole radiation. In the mid 70’s Hawking considered the scattering of a quantum test
field on a space time background geometry representing gravitational collapse of a compact source [178]. Assuming
that very early observers far away from the source prepare the field in the vacuum state, he showed that—after the
very dynamical phase of gravitational collapse has ended and the space time settles down to a geometry well described
by that of a stationary black hole—late and faraway observers in the future (see Figure 1) measure an afterglow of
particles of the test field coming from the horizon with a temperature

T =
κ~
2π
. (3)

For the case Schwarzschild BH (Q = J = 0), the radiation temperature is T = ~/(8πM). As black holes radiate
the immediate conclusion is that they must evaporate through the (quantum phenomenon of) emission of Hawking
radiation. This expectation is confirmed by the study of the the expectation value of the energy-momentum tensor in
the corresponding quantum state that shows that there is a net flux of energy out of the BH horizon (see for instance
[77, 226] and references therein). The quantum energy-momentum tensor violates the energy conditions assumed in
Hawkings area theorem and allows the violations of (1): the horizon can shrink. The calculation of Hawking assumes
the field to be a test field and thus neglects by construction the back reaction of such radiation. However, it provides
a good approximation for the description of black holes that are sufficiently large in order for the radiated power to
be arbitrarily small.

This result together with the validity of the first and second laws imply that semiclassical black holes should be
associated an entropy (here referred to as Bekenstein-Hawking entropy) given by

SH =
a

4`2p
+ S0 (4)

where `p =
√
~GN/c3 is the Planck scale, S0 is an integration constant that cannot be fixed by the sole use of

the first law. In fact, as in any thermodynamical system, entropy cannot be determined by sole thermodynamical
considerations. Entropy can either be measured in an experimental setup (this was the initial way in which the concept
was introduced) or calculated from basic degrees of freedom using statistical mechanical methods once a model for
these fundamental building blocks of the system is available. Remarkably, the functional dependence of the entropy
of a BH on the area was argued by Bekenstein first on statistical mechanical terms [59].

In this way thermodynamics shows once more its profound insights into the physics of more fundamental degrees
of freedom behind macroscopic variables. In this case by shedding light on the nature of the quantum gravitational
building blocks of spacetime geometry. As in standard systems, the first law for BHs implies that—when considering
energy changes due to the action of macroscopic variables (e.g. work done by changing the volume)—there is a part
of the energy that goes into the microscopic molecular chaos (i.e. heat). Thus the first law describing the physics of
steam machines and internal combustion engines of the nineteenth century reveals the existence of the microscopic
physics of molecules and atoms. Moreover, it is by trying to construct a consistent description of the thermodynamics
of photons that Planck made the founding postulate of quantum mechanics [242] (more explicit in Einstein [136]) that
radiation too is made of fundamental building blocks called photons. Similarly, in the present context, equation
(2) is a clear physical indication that the smooth spacetime geometry description of the gravitational
field must be replaced by some more fundamental atomistic picture. In this way, black holes offer a
privileged window for learning about quantum gravity.

Mathematically, even though the thermodynamical nature of semiclassical black holes is a robust prediction of the
combination of general relativity and quantum field theory as a first approximation of quantum gravity, the precise
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FIG. 1: Spacetime representing gravitational collapse (time direction upwards). The matter of a compact objet (dotted lines)
collapses and forms a singularity inside a black hole event horizon: a region where classical general relativity breaks down.
The system settles down to a stationary black hole spacetime for late observers (δt � M). An outgoing light wave-front is
shown separating the early (very dynamical) phase from the late (equilibrium) phase. Late stationary observers can “see” only
a shell-like region of the matter and spacetime outside the black hole with a volume on a Cauchy surface Σ (representing an
instant around the collapsing moment) that is exponentially squeezed in the outward direction. The system of interest (grey
shell-like region) for these observers is effectively 2-dimensional! Light cones are shown to make manifest the main features of
the causal structure.

expression for the entropy of black holes is a question that can only be answered within the framework of quantum
gravity. This is a central question for any proposal of a quantum gravity theory.

B. Weak Holography

A surprising property of the Bekenstein-Hawking entropy of a black hole is that it is proportional to the area a of the
event horizon instead of scaling linearly with some three-dimensional volumetric measure of the systems size. The fact
that black hole entropy scales as in a lower dimensional system together with the discovery of bounds on the entropy of
compact objects (conjectured via the analysis of thought experiments involving black holes and conventional objects;
see [57, 58, 61, 211, 286]) has led an important part of the quantum gravity community to believe in the so-called
holographic principle [94]. In its crudest form the principle states that the classical physical world should admit a
fundamental description in terms of a hologram on a lower dimensional screen. This is a view that the ADS-CFT
formulation of string theory incarnates [210].

In LQG we do not see any convincing evidence for the need for such a radical principle, and subscribe to some
weaker notion that has been described as weak holography [269]. The reason for this view is that all the apparently
puzzling properties of black holes and their interactions with external agents appear to be completely consistent
once the following two ingredient are combined: discreteness at Planckian scales, and compatibility with the causal
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structure predicted by general relativity in the continuum limit. Both ingredients are expected features in LQG. The
holographic principle plays no role in the construction of the theory.

Causality is one of the keys for understanding the system at hand. This can be clearly illustrated in an intuitive
manner with the help of the spacetime representation of gravitational collapse shown in Figure 1. Concretely, consider
a BH of mass M and an external observer that becomes a stationary observer2 in the asymptotic future when its proper
time becomes large, τ � M , when measured starting at some arbitrary instant around the moment of collapse. In
Figure 1 this is defined by a Cauchy surface Σ placed around the region where the horizon settles down to a stationary
one. Due to the presence of the event horizon (itself an outgoing light-like surface trapped with zero radial expansion
in the stationary region), an outgoing light wave-front leaving the collapsing matter, outside but close to the event
horizon, remains close to the event horizon for a long “time” (more precisely for long values of an affine parameter
along the outward-pointing null geodesics) until it finally escapes the strong gravitational region towards infinity (see
Figure 1). This implies that, in order for the wave front to reach the observer at late times τ �M , it must have left
the collapsing body from a proper distance ` to the horizon at instant Σ that scales as ` ≈ M exp(−τ/(8M)) (as a
simple calculation in the spherically symmetric case would show). In other words, the portion of the collapsing body
“seen” by a late observer—for whom the spacetime looks stationary and hence the laws of BH mechanics apply—
corresponds to an exponentially-thin hyper annulus given by the region contained between the surface at constant
proper distance ` from the horizon and the horizon itself.

The previous exponential relationship implies that ` becomes quickly smaller than `p for late proper time τ of the
external observer. However, we cannot trust the classical expression for ` all the way down to transplanckian scales.
If we think of these fluctuations as affecting the position of the outgoing wave-front from the boundary of the hyper
annulus, then uncertainty in its position sets a natural lower bound for ` of the order of Planck’s length ` ≈ `p. Thus
the volume outside the BH that the very late outside observer can actually see is given by

v = a`p. (5)

We know the system radiates and it is in a close-to-thermal equilibrium state (at least for large BH masses M in
Planck units). Statistical mechanical arguments based on equipartition of probability for volumetric fundamental bits
imply that the systems entropy should scale linearly with V in Planck units from which we get that

S ≈ v

`3p
=

a

`2p
, (6)

which is in agreement the Bekenstein-Hawking area entropy law and based on a completely standard statistical
mechanical rationale with no need to invoking an hypothetical holographic principle.

One could objet to the above argument that standard statistical mechanical reasoning also suggests that the entropy
should grow linearly with the energy of the system. Remarkably, it turns out that energy and area are proportional
to each other when one considers the system described above. Useful notions of energy are scarce in general relativity
due to its necessary link to a time translational symmetry that is not always available in arbitrary gravitational
configurations [275]. When the black hole spacetime is asymptotically flat then there are standard definitions of its
total energy content such as the ADM mass [15], or the Bondi mass [92], when the spacetime is stationary there is also
the Komar mass [195]. For the Kerr-Newman BHs (the most general stationary BH solutions classically expected to
represent the end result of gravitational collapse) the previous three notions coincide and correspond to the quantity
called M in (2). However, non of these energy notions are appropriate for describing the system at hand as they are
global notions referring to the energy content of the entire spacetime. For stationary black holes one can show [154],
using perturbation theory and Einstein’s equations, that exchanges of energy (as defined by local stationary observers)
with the system, defined as the annulus around the horizon mentioned above, are directly related to changes of its
area according to the simple law

δE =
δa

8π`
, (7)

where δE is the standard notion of energy content of the matter falling into BH for local stationary observers, i.e.,
the one that a calorimeter held stationary close to the horizon would register if captured by the devise. This implies
that the natural measure of the internal energy E of the system of interest behaves linearly with the area E ∝ a.

2 A stationary observer is an observer at constant r, θ, and φ in a Kerr-Newman spacetime in Boyer-Lindquist coordinates [291]. More
generally, is an observer whose 4-velocity is parallel to a timelike Killing field for a stationary spacetime.
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Once the appropiate local notion of energy is invoked the apparent tension between the area scaling of the entropy
and standard thermodynamics disappears.

In addition to the area-scaling of BH entropy, the holographic hypothesis is said to be supported by entropy bounds
for weakly gravitating systems. These bounds where originally proposed by Bekenstein [61] who studied suitable
thought experiments designed to test the validity of the so-called generalized second law [60] of thermodynamics in
situations where black holes would be fed with regular matter. Covariant versions of these bounds were constructed by
Bousso [93]. However, recent results [95, 106] strongly suggest that these bounds, when defined in a precise manner,
turn out to be valid in the context of standard quantum field theory semiclassically coupled to gravity. Thus their
validity in the setting of a theory that is by no means holographic (in the sense of the holographic principle [94])
confirms that these bounds cannot be used as physical evidence for the alluded fundamental principle of quantum
gravity. Holographic-like behaviour is simply there in standard physics when the situation is befitting.

Finally, the generalized second law (GSL) states that the total entropy defined by the Bekenstein-Hawking BH
entropy plus the entropy of the external matter can only increase in any physical process. As the BH entropy is
expected to arise from standard statistical mechanical considerations, which are not different at the fundamental
level from those leading to the definition of the entropy of the rest of matter fields, it is widely accepted that the
GSL must hold. As in standard statistical mechanics, the second law is hard to prove rigorously (mainly due to the
difficulty in defining entropy of matter fields precisely). Nevertheless, versions of the GSL constructed in terms of
geometric notions of matter entropy (e.g. entanglement entropy, mutual information, etc.) exist [296] and capture
a physical meaning that is closely related to the GSL formulated in terms of the standard coarse graining definition
of entropy. As in the case of entropy bounds, these proofs rely only on the validity of general relativity, quantum
field theory, and the semiclassical formulation where the gravitational field couples to the expectation value of the
stress-energy-momentum tensor. Once more no holographic principle needs to be invoked, the GSL (used to motivate
holography) is just valid for standard 3+1 dimensional theories carrying genuine bulk degrees of freedom.

In conclusion, the black hole system is effectively a 2+1 dimensional system when analyzed by external stationary
(and therefore late) observers. The dimension transversal to the horizon is exponentially squeezed by the redshift
effect near the horizon and the system becomes effectively 2-dimensional. Consequently, according to a view that
enjoys some consensus in the LQG community, there is no need for fundamental screens and fundamental holographic
ideas when considering the statistical mechanical origin of the Bekenstein-Hawking area entropy law or any of the
black hole phenomenology associated with thought experiments involving interactions with matter and fields in the
semiclassical regime. Black holes are special and their thermal properties are encoded in a lower dimensional system:
their horizon. Holography, in this weaker sense, is not a fundamental property of quantum gravity but simply a
property of BHs (and suitable null surfaces); simply a special behaviour of a very special situation.

II. THE CLASSICAL BASIS OF LOOP QUANTUM GRAVITY

In this section we briefly review the main features of the classical theory and the parametrisation of its phase space
that defines the starting point for the quantisation program of LQG. The main message of this section is that the action
of general relativity when formulated in terms of first order variables (which are suitable for the implementation of the
non perturbative quantisation program of LQG) imposes non trivial canonical commutation relations for geometric
quantities. The consequence of this is that suitable geometric observables have discrete spectra in the quantum theory.

A. Where to start? The choice of the basic fields and action principle

The starting point is the choice of the fundamental field variables in terms of which one describes the dynamics
of gravity. In the original formulation one uses the metric tensor gab (encoding the spacetime geometry) and its
dynamics is described by the Einstein-Hilbert action [137]

S[gab] =
1

2κ

∫ √
|g|R(gab)dx

4, (8)

where κ = 8πGc−4, g is the determinant of the metric (dv =
√
|g|dx4 is simply the spacetime volume element), and

R(gab) is the Ricci scalar: the ‘trace’ R = gµρgνσRµνρσ of the Riemann curvature tensor Rabcd where gab is the inverse
metric (gµνgµσ = δνσ). The vacuum Einstein’s equations are

Rac = 0, (9)
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where Rac = gµνRaµcν is the Ricci tensor (we are using here abstract index notation, latin indices denote abstract
spacetime indices, greek letters coordinate indices; see [291]). Even though the Ricci scalar (or scalar curvature) has
a very simple geometric meaning, its dependence on the dynamical field gab is quite complicated, namely

R(gab) = gµρ
[
∂νΓνµρ − ∂µΓννρ + ΓαµρΓ

ν
να − ΓανρΓ

ν
µα

]
, (10)

where

Γρµν =
1

2
gρσ [∂µgνσ + ∂νgµσ − ∂σgµν ] (11)

are the Christoffel symbols. Thus, despite the simple geometric meaning of the Einstein-Hilbert action, the Lagrangian
of general relativity is quite complicated in terms of metric variables. The algebraic structure of the action can be
simplified (in the so-called Palatini formulation) by declaring the Christoffel symbols as independent variables. Such
modification goes in a good direction; however, there is another, more important, disadvantage of the present choice
of variables in the Eintein-Hilbert action or the Palatini modification: one cannot couple fermion fields to gravity
described in this form (we come back to this point below).

Another disadvantage of the choice of the metric gab as a basic variable is the huge (naively infinite) dimensionality
of the space of actions that are related to the Einstein-Hilbert action via the renormalization group flow. According to
the Wilsonian perspective [301] there is an intrinsic uncertainty in the selection of an action principle due to the flow
in the space of action principles induced by the integration of quantum fluctuations at scales that are not relevant for
the physics of interest. In this sense there is an ambiguity in naming the action principle of a theory: the set of suitable
action principles is only limited by the field and symmetry content of the theory. In the case of general relativity
in metric variables this corresponds to all possible general covariant functionals of gab. This set is characterized by
infinitely many coupling constants, concretely

S[gab] =
1

2κ

∫ √
|g|
(
R+ Λ + α1R

2 + α2R
3 + · · ·+ β1RµνασR

µνασ · · ·
)
dx4, (12)

where only some representative terms have been written with couplings α1, α2, · · · , β1, β2, · · · , etc. If all the infinite
dimensional set of couplings defining the above family of metric variable actions would be relevant then it would
be impossible to decide what the correct starting point for canonical quantization would be and quantum gravity
predictability would be compromised. It is possible, however, that the renormalization group flow selects a final
dimensional space in this infinite dimensional world of metric gravity actions [299]. Such possibility, known as the
asymptotic safety scenario, is under present active exploration [220].

The necessity of having an action principle that is suitable for the coupling with fermions leads to the type of
variables that define the starting point for quantization in LQG. As we will see below the new variables allow
for the introduction of natural extended observables which transform covariantly under diffeomorphism, and lead to
algebraically simpler action principles (simpler field equations) in a space of actions whose dimensionality is drastically
reduced: for pure gravity the space of actions is finite dimensional.

1. The first order formalism

In order to couple fermions to general relativity one needs variables where a local action of the rotation group
(and more generally Lorentz transformations) is defined. This is naturally achieved by describing the spacetime
geometry in terms of an orthonormal frame instead of a metric. Local Lorentz transformations are realized as the
set of transformations relating different orthonormal frames. This subsection might seem a bit technical for those
that are not familiar with the formalism. Those readers should go through the equations without paying too much of
attention to the index structure. The intended message of this part is the algebraic simplicity of the new formulation
in comparison the previous one.

Concretely one can introduce an orthonormal frame field defined by four co-vectors eIa (with the index I = 0, · · · , 3;
a and other latin indices denote spacetime indices) and write the spacetime metric as a composite object

gab = −e0
ae

0
b + e1

ae
1
b + e2

ae
2
b + e3

ae
3
b

= eIae
J
b ηIJ , (13)

where in the second line the internal Minkowski metric ηIJ = diag(−1, 1, 1, 1) is explicitly written. In the familiar three
dimensional space there are infinitely many frame-fields related by local rotations; in the present four dimensional
Lorentzian setting the choice of an orthonormal frame is also ambiguous. Indeed the previous (defining) equation is
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invariant under Lorentz transformations: both e and ẽ are solutions with eIa → ẽIa = ΛIJe
J
a which we will write in

matrix notation as

ea → ẽa = Λea, (14)

where ΛIJ satisfies ηKM = ηIJΛIKΛJM . The physics cannot fix such freedom in the choice of a tetrad; this new
symmetry is an additional gauge symmetry of general relativity when formulated in these variables. As in any gauge
theory, derivatives of covariant fields require the introduction of the notion of a connection ωIJ = −ωJI (a one-form
called the Lorentz connection in this case) defining the covariant derivative. More precisely, if λI is an object with

internal index transforming covariantly λ→ λ̃ = Λλ under a Lorentz transformation ΛIJ then its covariant (exterior)
derivative, defined by

dωλ
I = dλI + ωIJ ∧ λJ , (15)

also transforms covariantly because ωABa transforms inhomogeneusly under internal Lorentz transformations (14),
namely

ω → ω̃ = ΛωΛ−1 + ΛdΛ−1. (16)

Thus, the Lorentz connection ωIJ is an additional field that is necessary in the tetrad formulation to define derivatives
in a context where frames can be locally changed by a local Lorentz transformation. In a suitable sense the Lorentz
connection plays a role that is similar to that of the Christoffel symbol of the metric formulation. When the gravity
field equations are satisfied, this connection is fixed in terms of derivatives of the tetrad field by equations that
resemble equation (11).

In terms of eI and ωIJ the action principle of gravity drastically simplifies becoming

S[eAa , ω
AB
a ] =

1

2κ

∫
εIJKLe

I ∧ eJ ∧ FKL(ω), (17)

where FABab the curvature of the connection ωABa ; a two-form valued in the Lie algebra of the Lorentz group with a
simple dependence on the connection given by

FAB = dωAB + ωAM ∧ ω B
M . (18)

The curvature transforms covariantly under a local Lorentz transformation F → ΛFΛ−1. The internal Levi-Civita
symbol εABCD—a totally antisymmetric internal tensor such that ε0123 = 1—is invariant under the simultanneus
action of the Lorentz group on its four entries. The action is in this way invariant under the Lorentz gauge trans-
formations (14) and (16). Equations (14) and (16) define the (internal) Lorentz gauge transformations of the basic
fields entering the action. Nevertheless, the gauge transformations (14) and (16) need not be listed in addition to
(17); the very field equations stemming from the action know about these symmetries. This is specially explicit in the
Hamiltonian formulation where gauge symmetries are in direct correspondence with constraints (restrictions among
the phase space fields) which in turn are the canonical generators of gauge transformations. These constraints (gen-
erators of gauge transformations) are part of the field equations [126] (see also [183]). We will write them explicitly
in Section II C.

In addition to internal Lorentz transformations the action (17) is invariant under diffeomorphisms (general covari-
ance). At the technical level this comes from the fact that the action (17) is the integral of a 4-form (a completely
antisymmetric tensor with 4 contravariant indices): under coordinate transformation xµ → yµ(x) fields transform as
tensors

eJµdx
µ = eJµ

∂xµ

∂yα
dyα

ωJKµ dxµ = ωJKµ
∂xµ

∂yα
dyα, (19)

while the integral remains unchanged as the 4-form transforms precisely by multiplication by the Jacobian
∣∣∣∂xµ∂yα

∣∣∣.
Once more such symmetry will be dictated to us by the equations of motion coming from the action if not explicitly

taken into account. This is in fact how Einstein himself was confronted with general covariance: his equations
would seem to violate determinism as certain field components would not be entirely determined by the evolution
equations. After some struggling with (what became to be know as) the hole argument he realized that the action (12)
implied that coordinates have no physical meaning and that only coordinate independent statements (diffeomorphism
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invariant in modern jargon) contain physical information (see [255] for a modern account). In the present case, these
are functions of the basic fields e and ω invariant under the transformations (19) in addition to (14) and (16).

The equations of motion coming from (17) follow from δeS = 0 and δωS = 0 respectively

εIJKLe
J ∧ F (ω)KL = 0 (20)

dω(eI ∧ eJ) = 0. (21)

Notice their algebraic simplicity. If the tetrad field is invertible (which basically means that a non degenerate metric
can be constructed from it according to (13)) then the previous equations are equivalent to Einstein’s equation (9).
However, the field equations, as well as the action (17) continue to make sense for degenerate tetrads. For example the
no-geometry state e = 0—diffeomorphism invariant vacuum—solves the equations and makes perfect sense in terms
of the new variables.

In this way, guided by the necessity of coupling gravity with fermions, the first order variables and the action (17)
introduce a paradigm shift that will be crucial in the quantum theory: the space of solutions (elements of the phase
space of the theory (17)) contain degenerate configurations. These configurations are pregeometric in the sense of
Wheeler [217] and will play a central role in the state space of LQG. Even when these are not important for the
description of classical gravitational phenomena they are expected to dominate the physics at the deep Planckian
regime. We will see in what follows that these pre-geometric configurations (in the form of quantum excitations) are
responsible for the quantum gravitational phenomena associated to black holes (BHs); ranging from their thermal
behavior, the relationship of their entropy with their area, to a possible natural explanation the information loss
paradox.

Another striking property of the tetrad formulation is the radical reduction of the space of actions (formally3

expected to be probed by the renormalization group flow. Concretely, if one restricts to the pure gravitational sector
the most general action that is compatible with the field content of (17) and its symmetries has only 6 different terms.
Indeed all possible gauge invariant 4-forms that can be constructed out of the tetrad eI and the Lorentz connection
ωIJ are

S[eAa , ω
AB
a ] =

1

2κ

∫ Einstein︷ ︸︸ ︷
εIJKLe

I ∧ eJ ∧ FKL(ω) +

Cosmological Constant︷ ︸︸ ︷
Λ εIJKLe

I ∧ eJ ∧ eK ∧ eL +

Holst︷ ︸︸ ︷
α1 eI ∧ eJ ∧ F IJ(ω) (22)

+ α2 (dωe
I ∧ dωeI − eI ∧ eJ ∧ F IJ(ω))︸ ︷︷ ︸

Nieh−Yan

+α3 F (ω)IJ ∧ F IJ(ω)︸ ︷︷ ︸
Pontrjagin

+α4 εIJKLF (ω)IJ ∧ FKL(ω)︸ ︷︷ ︸
Euler

,

where dωe
I is the covariant exterior derivative of eI and α1 · · ·α4 are coupling constants. For non-degenerate tetrads

Einstein’s field equations follow from the previous action independently of the values of the α’s: the additional terms
are called topological invariants describing global properties of the field configurations in spacetime. The α1-term is
called the Holst term [184], the α2-term is the Nieh-Yan invariant, the α3-term is the Pontryagin invariant, and the
α4-term is the Euler invariant. Inspite of not changing the equation of motion these terms can actually be interpreted
as producing canonical transformations in the phase space of gravity 4. In such a context the so-called Immirzi
parameter [187] corresponds to the combination [251]

γ ≡ 1

(α1 + 2α2)
. (23)

The parameter γ will be particularly important in what follows.

2. Extended variables

General covariance is the distinctive feature of general relativity and we have recalled how this is explicitly encoded
in the action principles for gravity. The central difficulty of quantum gravity is how generalize what we have learnt

3 The renormalization group flow in first order variables cannot be defined in terms of the usual background field perturbation techniques.
The problem is that no well-defined gauge fixing for diffeomorphisms is know around the natural degenerate background e = 0. If
instead a non degenerate background is used then arbitrary terms can be generated by the symmetry breaking that it introduces (see
[259] for an example in Yang-Mills context, and [123] for a discussion in the gravitational case).

4 In the presence of Fermions γ controls the strength of an emergent four-fermion interaction [146, 215, 238].
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S

FIG. 2: First order variables can be naturally associated with extended variables behaving covariantly under diffeomorphisms.
The exterior product e∧ e of frame fields can be naturally smeared on two dimensional surfaces; equation (24). The connection
can be integrated along a one dimensional path to produce a group element defining parallel transport; this object is called the
holonomy and in given in (25). The first 2d extended object plays the role of ‘momentum’ conjugate to the holonomy in the
path integral regularisation of gravity provided by the spin foam representation.

about quantum field theory (in the description of other interactions) in order to understand the generally covariant
physics of gravity. In general relativity, measurable quantities cannot be defined with the help of coordinates or any
non dynamical background as both concepts stop carrying any physical meaning. Localisation of spacetime events
is possible only in a relational manner where some degrees of freedom are related to others to produce a generally
covariant observable: one that is well defined independently of the coordinates we choose to label events.

In the classical theory these observables are always non-local. Localisation in general relativity is always done in a
relational fashion using the notion of test observers. Test observers are key in the spacetime interpretation of general
relativity; the observables that follow from them are always non local in spacetime. An illustrating example is the
case of two free test observers with world lines—geodesics in the spacetime—that meet at some event A, then separate
and meet again at an event B. The proper time τAB measured by one of the observers between these two events is
a genuine coordinate independent quantity but is non-local. Another example is the definition of a black hole event
horizon which separates those observers that can in principle escape out to infinity from those that cannot: test
photons are used to define the horizon in a coordinate independent fashion. All observables are non-local in general
relativity.

These thoughts led to the idea that extended variables might be best suited for the definition of a quantum theory
of gravity. Even when the motivations are sometimes different non local objects are also central in other approaches
such as strings, branes [243], twistor theory [228], or causal sets [91].

An advantage of the new variables in (17) over the metric variables in (12) is that they allow for the introduction
of natural quantities associated to extended subsets (submanifolds) of the spacetime. These quantities are the fluxes
of e ∧ e and the holonomies of the Lorentz connection ω. More precisely the fluxes are

E(α, S) ≡
∫
S

αIJe
I ∧ eJ , (24)

where αIJ is a smearing field and S is a two-dimensional surface. The holonomy assigns an element Λ(`, ω) of the
Lorentz group to any one dimensional path in spacetime, by the rule

Λ(`, ω) ≡ P exp−
∫
`

ω, (25)

where P exp denotes the path ordered exponential. None of these extended variables are diffeomorphism invariant;
however, they transform in a very simple way under coordinate transformations: the action of a diffeomorphism on
them amounts to the deformation of the surface S and the path ` by the action of the diffeomorphism on spacetime
points. This behaviour makes these extended variables suitable for the construction of covariant non local operators
for the quantum theory. These extended variables are represented in Figure 2.

The above non-local variables are the basic building blocks in the attempts of giving a meaning to the path integral
definition of quantum gravity based on action (17). Such research direction is known as the spin foam approach
[231, 233, 234]. Even though some applications of spin foams to black holes are available; most of the developments
have been achieved in the canonical (or Hamiltonian) formulation. We will see in what follows that the above type
of extended variables are also available in the Hamilatonian formulation, but for that we have to briefly describe the
phase space structure of general relativity when written in first order variables.

B. First step towards the quantum theory: the Hamiltonian formulation

We need to study the Hamiltonian formulation of gravity formulated in terms of (22). In particular we are interested
in obtaining the Poisson brackets between suitable basic variables in terms of which we shall parametrize the phase
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space of the theory. These Poisson brackets will become the canonical commutation relations in the quantum theory
that are responsible for the discreteness of geometric quantities in LQG. In this way, the origin of the Planckian
discreteness of geometry is easily seen from the Hamiltonian analysis. We only need to recall a shortcut for the
construction of the canonical variables in mechanics, due to the simplicity of the action of gravity in the first order
formalism we will be able to derive, via simple algebraic steps, the from of the Poisson brackets for gravity and foresee
the seeds of discreteness.

1. The covariant phase space formulation in a nut-shell

There is a direct way for obtaining the phase space structure of a field theory from the action principle. The method
is easily illustrated by a simple mechanical system with a single degree of freedom and Lagrangian L(q, q̇). Under
general variations the action changes according to

δS =

2∫
1

[
∂L

∂q
− d

dt

(
∂L

∂q̇

)]
︸ ︷︷ ︸

e.o.m.

δqdt+
∂L

∂q̇
δq

∣∣∣∣2
1︸ ︷︷ ︸

pδq

, (26)

where the boundary term comes from the integration by parts that is necessary to arrive at the equations of motion in
the first term. The previous equation contains important information encoded in the type of variations δq(t) and its
boundary conditions (Figure 3). If δq(t) is arbitrary for intermediate times but it vanishes at the boundary instants
1 and 2, then δS = 0 for those variations gives the equations of motion. If instead δq(t) are variations defined by
infinitesimal differences between solutions of the equations of motion—not necessarily vanishing at the boundary
times—, then the first term in (26) vanishes and δS = pδq|21. These boundary contributions to the on-shell variation
of the action tell us what the phase space structure of the system is, i.e., what the momentum p conjugate to q is. In
this simple example such method for obtaining the momentum conjugate to q might seem excessive as in this case we
already know the recipe p = ∂L/∂q̇; however, it often shows to be the simplest and most direct method when dealing
with generally covariant field theories such as the one defined by our action (17). We will use this method to directly
access the Poisson commutation relations of geometric variables in gravity.

1

2

1

2

2′

δS ≡ pδq

FIG. 3: The action contains information about both the equations of motion and the phase space structure. Stationarity of
the action under variations that vanish at the initial and final point give the equations of motion (left panel). Changes of the
action under on-shell variations (solutions of the e.o.m.) encode the phase space structure (right panel). These two features of
the action are stated in equation (26) that shows the form of a general variation.

On a slightly more technical level, the boundary term Θ(δ) ≡ pδq is called the symplectic potential and is a
function of δ in the sense that it depends on the specific form of the on shell variation at the boundary—where δ
denotes the infinitesimal difference between two solutions, it can be seen as a vector with components δ ≡ (δq, δp).
From the symplectic potential Θ(δ) one can obtain the symplectic form Ω(δ, δ′) by an additional independent variation
δ′ according to

Ω(δ, δ′) ≡ δΘ(δ′)− δ′Θ(δ) = δp δ′q − δ′p δq, (27)

i.e., the on-shell antisymetrized variation (exterior field derivative) of the symplectic potential gives the symplectic
form. In one simple step, the on-shell antisymetrized variation of the action leads (from (26)) to the conservation of
the symplectic form

0 = (δδ′ − δ′δ)S = Ω(δ, δ′)|2 − Ω(δ, δ′)|1, (28)
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and its corollary: Liouville’s theorem on the conservation of phase space volume 5. All these, standard properties of
the phase space of a dynamical system with finitely many degrees of freedom carry over to the field theories with
several mathematical subtleties that are not important here. This is the great power of the covariant phase space
formalism (see [25, 120, 202] for further reading).

The symplectic form carries the information about the phase space structure of the system: it defines the dynami-
cally invariant phase space volume measure (Liouville’s theorem) and the Poisson brackets of observables (the starting
point for quantization). The previous relation between the symplectic form and the symplectic potential also says that
Θ(δ)→ Θ(δ) + δµ for some function µ does not change the symplectic structure as δδ′µ− δ′δ µ = 0. The possibility of
changing the symplectic potential by the addition of the variation of a function µ can be shown to encode the notion
of canonical transformations.

2. Implementation in gravity

Now we are ready to apply the previous techniques to the case of interest. In order to simplify the following analysis
we set Λ, α2, α3 and α4 to zero in (22) and get the simpler (Holst) action

S =
1

2κ

∫
(εIJKL +

1

γ
ηIKηJL)

(
eI ∧ eJ ∧ FKL(ω)

)
, (29)

which defines our starting point. The result is not affected if we drop this assumption but the proof becomes more
technical [122, 251]. Following our recipe, in analogy with (26), we simply need to consider the most general variation
of (29) in order to obtain the phase space structure of general relativity in first order variables. As discussed before
it will be important to express

α1 =
1

γ
(30)

as γ—the Barbero-Immirzi parameter—will play a central role in what follows. Replacing in (26) and varying we
obtain

δS =
1

2κ

∫
(εIJKL +

1

γ
ηIKηJL)

(
2δeI ∧ eJ ∧ FKL(ω) + eI ∧ eJ ∧ δFKL(ω)

)
. (31)

The first term does not involve variations of derivatives of the fundamental fields, while the second term does. In fact
a well know property of the field strength of a gauge theory is that δFKL(ω) = dω(δωIJ) which directly follows from
(18). Using this and defining

pIJKL ≡ (εIJKL +
1

γ
ηIKηJL), (32)

we get to the result by integrations by parts as explicitly shown in the following three lines:

δS =
1

2κ

∫
M

2pIJKLδe
I ∧ eJ ∧ FKL(ω) + pIJKLe

I ∧ eJ ∧ dω(δωKL)

=
1

2κ

∫
M

2pIJKLδe
I ∧ eJ ∧ FKL(ω)− pIJKLdω(eI ∧ eJ) ∧ δωKL + d([pIJKLe

I ∧ eJ ] ∧ δωKL)

=
1

2κ

∫
M

2pIJKLδe
I ∧ eJ ∧ FKL(ω)− pIJKLdω(eI ∧ eJ) ∧ δωKL︸ ︷︷ ︸

e.o.m.

+

∫
∂M

1

2κ
[pIJKLe

I ∧ eJ ] ∧ δωKL︸ ︷︷ ︸
pδq

, (33)

where in the first line we substituted δFKL(ω) = dω(δωIJ) in the second term and then integrated by parts. In the
first term (the bulk integral) of the last line we recognise the field equations (20) while the second term (the boundary
integral) tells us that PKL ≡ −2κ−1pIJKLe

I ∧eJ is the momentum density conjugate to the Lorentz connection ωKL.
In the Language of the symplectic potential we have

Θ(δ) =

∫
Σ

1

2κ
[pIJKLe

I ∧ eJ ] ∧ δωKL, (34)

5 In the case of N degrees of freedom the volume form in phase space is vol ≡ − 1
2N
∧N Ω .
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where Σ is a spacelike hypersurface (one of the two components of the boundary ∂M in Figure 4) representing the
analog of an instant.

Σ1

Σ2

Σ1

H1

Σ2

H2

∆

FIG. 4: Left panel: Foliation of a spacetime region M without internal boundaries. The space-like hyper surfaces Σ1 and Σ2

(Cauchy hypersurfaces) are the analog of instants 1 and 2 in our mechanical analog depicted in Figure 3. Right panel: Such
space-like surfaces (where the gravitational field at a given instant is represented) can have a boundary H = ∂Σ. Black holes in
loop quantum gravity are treated as a boundary where fields satisfy suitable boundary conditions; the so-called isolated horizon
boundary condition.

However, there is a problem: there are 18 independent components in the ωIJa (6 independent internal configurations
of the antisymetric IJ-indices times 3 values of the a-index for the three space coordinates of the spacial boundary Σ)
while, naively, the same amount of component are present in the P IJab only 12 are independent as they are all function
of eIa! This can be stated by saying that the P IJab ’s must satisfy constraints. These constraints (which in the literature
a known as the simplicity constraints) complicate the identification of the genuine phase space variables and must be
taken care of. There are two prescriptions for doing this, one is to solve them in some way before going on, the other
is the Dirac modification of the Poisson brackets [126]. In the present case it will be the easiest to simply solve these
constraints by introducing a gauge fixing of the gauge freedom (14).

Σ

e1

e2

e0

FIG. 5: Time-gauge and simplicity constraints: The mismatch between the number of independent components of
PKL ≡ (2κ)−1εIJKLe

I ∧ eJ and the configuration variable ωIJ implies constraints among the P IJ ’s; the so-called simplicity
constraints. These constraints can be solved by restricting the Lorentz gauge symmetry (14) to the SO(3) subgroup defined by
the condition that e0 is normal to the time slices Σ. This gauge choice implies that, as an induced covectors on Σ, e0 = 0 and
so the P ij with i, j = 1, 2, 3 are all vanishing. The only non trivial components entering the symplectic potential are then the
nine P i0—which are functionals of the nine ei and hence independent—and the conjugate nine ωi0. As the mismatch in the
number of components has been resolved, no additional constraints on the phase space variables remain in the time gauge.

The idea is to reduce the Lorentz symmetry in (14) by demanding the co-vector e0 (which defines the time axis of
the frame field; the only timeline member of the tetrad) to be perpendicular to the time slices Σ, or equivalently to
be aligned with the unit normal n to Σ, namely

e0
a = na. (35)

This reduces the Lorentz gauge freedom to the rotation sub-group of the Lorentz group that leave invariant the normal
to Σ; we denote this SU(2) ⊂ SL(2,C) 6. This partial gauge fixing is known as the time-gauge, see Figure 5. Such

6 At this stage the rationale would imply that the original gauge group is SO+(3, 1), the proper orthochronous Lorentz group with SO(3)
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choice is very natural in the Hamiltonian formulation of gravity where the slicing of spacetime in terms of space-like
hypersurfaces is already available. The time-gauge amounts to adjusting the time axis in our frame field to the one
that is singled out by the foliation.

The previous gauge fixing solves the problem of the mismatch of the number of independent components in the
momenta as defined in (34). If we explicitly separate the 0 from the i = 1, 2, 3 internal indices then the symplectic
potential (34) becomes

Θ(δ) =
1

κ

∫
Σ

(
ε0jkle

0 ∧ ej ∧ δωkl +
1

γ
e0 ∧ ei ∧ δω0i

)
− 1

κ

∫
Σ

(
ε0jkle

j ∧ ek ∧ δωl0 +
1

γ
ei ∧ ej ∧ δωij

)
= − 1

γκ

∫
Σ

[εjkle
j ∧ ek] ∧ δ (γωl0 + εlmnωmn)︸ ︷︷ ︸

Ashtekar-Barbero connection

= − 1

γκ

∫
Σ

[εjkle
j ∧ ek] ∧ δAl, (36)

where the first term in the first line vanishes because e0 is normal to the space slice Σ (it has no space components due
to (35) or more precisely its pull back to Σ vanishes). In the second line we used that ε0ijk = εijk, simple algebraic
properties of εijk, and we have factored out γ−1. In the third line we have defined a new configuration variable

Ai ≡ γωi0 + εijkωjk︸ ︷︷ ︸
Holst

, (37)

which transforms as a gauge connection under the SU(2) gauge symmetry that remains after the imposition of the
time-gauge and is called the Ashtekar-Barbero connection. Now we have 9 Aia configuration variables for the 9
conjugate momenta εjkle

j ∧ ek depending of the 9 components of eia. The strategy of the gauge fixing has worked as
there are no additional constraints on momentum variables. Recall our previous discussion on how important it was
for the framework to have a connection formulation. For that the factor in front of the second term in the definition
of Ai must be precisely 1; this is why one obtains a factor γ−1 in front of the symplectic potential.

From now on we adopt the more compact notation

Ei = εijke
j ∧ ek, (38)

and write (36) as

Θ(δ) = − 1

γκ

∫
Σ

Ei ∧ δAi. (39)

Notice that the term that makes the connection Ai transform as a connection is the second term in (37) (the first
transforms as a vector under an SU(2) rotation) which actually comes directly form the contribution of the Holst
terms in (22) to the symplectic potential (as mentioned above there is also a contribution to this term coming from the
Nieh-Yan invariant in (22)). Further analysis shows that ωik is not free; indeed part of the field equations—equation
(21)—imply Cartan’s first structure equation

dei + ωik ∧ ek = 0, (40)

whose solution is a unique function of the triad ei and we denote ωij = ω(e)ij .
The symplectic structure that follows from the recipe (27) and the symplectic potential (36)

Ω(δ, δ′) =
1

2κγ

∫
Σ

δAi ∧ δ′Ei − δ′Ai ∧ δEi, (41)

The associated Poisson brackets relations are

{Ei(x), Ej(y)} = 0

{Ai(x), Aj(y)} = 0

{Ei(x), Aj(y), } = κγ ε(3)δijδ(3)(x, y), (42)

the subgroup obtained via the time gauge. However, for applications including fermions and other features that become clear in the
quantum theory it is more convenient to work with the universal coverings SL(2,C) and SU(2).
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where ε(3)δ(3)(x, y) is the Dirac delta distribution with the usual properties that are familiar in the non gravitational
context when integrated against text functions with the additional feature of being defined on arbitrary coordinates
7. The phase space structure of gravity in connection variables is exactly that of a non-Abelian SU(2) Yang-Mills
theory. This combined with background independence will lead to the discreteness of geometric observables in the
quantum theory as we will soon show 8.

3. An alternative derivation: the importance of being in 3 + 1 dimensions

But before let us make a little detour that emphasises the importance of the dimensionality of spacetime in the
present treatment. There is a peculiar feature of three dimensional space playing a central role in the existence of the
E and A canonical variables. If we had started from the simplest action (17), namely

S =
1

2κ

∫
εIJKL

(
eI ∧ eJ ∧ FKL(ω)

)
(43)

then the symplectic potential would have resulted in

Θ(δ) =

∫
Σ

1

2κ
[pIJKLe

I ∧ eJ ] ∧ δωKL, (44)

which after the time-gauge fixing would have become

Θ(δ) = − 1

κ

∫
Σ

εjkle
j ∧ ek ∧ δωi0 (45)

which tells us that Ei = εijke
j ∧ ek and ωi0 are canonical pairs. However, non of these variables transforms as a

connection under the remaining SU(2) gauge symmetry.
The SU(2) connection formulation found in the previous subsection can be recovered via a canonical transformation

thanks to a remarkable property of the geometry of frame fields in three dimensions. Given a frame field (which in
3d corresponds to our field eia) there is a unique solution of the Cartan first structure equation (47) (recall that this
equation comes from the field equation (21)) that we call the spin connection ωij(e). This is true in any dimension d
with the range of index i, j = 1, · · · , d. The antisymmetry of the connection in ij implies that there are dc = d(d−1)/2
independent internal components. The case d = 3 is special because only in this case one has dc = d: the connection
has exactly the right amount of components to be added to an object that transforms as a vector under the action of
the frame rotation group (SU(2) in this case). Indeed for d = 3 we can express this algebraic property by encoding
the components of the connection ωij in terms of an object with only one internal index (like a vector) using the
Levi-Civita internal tensor, namely

ωi(e) ≡ εijkωjk(e); (46)

which can be inverted to give ωij(e) ≡ εijkωk(e). Now in three dimensions only, and in terms of this definition, we
can write the Cartan equation (47) as

dei + εijkωj(e) ∧ ek = 0. (47)

and, most importantly for what follows, taking the variation of Cartan equation and then computing the wedge
product with ei on gets

d(δei) ∧ ei + εijkδωj(e) ∧ ek ∧ ei + εijkωj(e) ∧ δek ∧ ei = 0. (48)

using (47) to rewrite the third term, and renaming dummy indices, one gets a key result for the foundations of LQG,
namely that

εijkei ∧ ej ∧ δωk(e) = d(δei ∧ ei). (49)

7 More precicely, ε
(3)

abc is a three form Levi-Civita density. Its tensor structure matches the one of the left hand side where we have the

(one-form) connection Aia times the (two form) Ejab. We have dropped tensor indices to improve readability.
8 If one drops the Einstein term in (22) the theory becomes topological (with no local propagating degrees of freedom), but still admits

the (E,A) phase space parametrization [206].
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We can use the previous identity to now manipulate (45) and get

Θ(δ) = − 1

κ

∫
Σ

εjkle
j ∧ ek ∧ δωi0

= − 1

γκ

∫
Σ

εjkle
j ∧ ek ∧ δ

(
γωi0 + ωi(e)

)
+

1

γκ

∫
Σ

εjkle
j ∧ ek ∧ δωi(e)︸ ︷︷ ︸∫
∂Σ

δei∧ei

, (50)

where we have introduce the Immirzi parameter by adding and substracting a term proportional to the left hand side
of (49). Assuming that Σ is compact the last term in the previous expression vanishes due to (49) and we get

Θ(δ) = − 1

κ

∫
Σ

Ei ∧ δAi (51)

in agreement with the previous derivation (39). If ∂Σ 6= 0 then the last term contributes to the symplectic structure
with a boundary term; this will be important in the presence of a BH in Section III C. A canonical transformation
available in 3 + 1 dimensions is the way by which we find the Yang-Mills like parametrisation of the phase space of
gravity (the Immirzi parameter labels a one parameter family of these).

Some general comments: as it becomes clear from the previous discussion the construction of the phase space of
connection variables presented here works naturally only in 3 + 1 dimensions. There is another possible canonical
transformation which leads to the analog of the θ parameter in QCD; its effects on the phase space structure and
black holes is studied in [250]. Connection variables are also natural in 2 + 1 dimension where the absence of the
simplicity constraints implies that one does not need to introduce the time gauge and can keep manifest Lorentz
invariance. It is possible to avoid the time gauge and keep Lorentz invariance in the 3 + 1 dimensional setting at
the price of having non commutative connections due to the contributions of the simplicity constraints to the Dirac
brackets [8, 9]. Because of this, the quantisation program has not been rigorously realised in this case (see [10] for an
heuristic approach). The connection parametrisation of higher dimensional gravity is possible but more complicated
(due to the presence of simplicity constraints) as has been shown in [81, 82, 84]. For a discussion of its quantisation
see [83, 85]. The formalism has been generalised in order to include supergravity in [79, 80, 86, 87]. The calculation
of BH entropy in higher dimensions has been studied in [297].

C. Constraints: the Hamiltonian form of Einstein’s equations

We have seen how the covariant phase space formulation offers a direct road to obtaining the phase space structure
of general relativity. The Poisson brackets we have obtained in (42) are key in understanding the prediction of
Planckian discreteness of geometry (we postpone this discussion to Section III). However, for simplicity we have not
discussed in any details the dynamical equation of gravity in the Hamiltonian framework. It is possible to show (for
more details see for instance [230]) that Einsteins equations split into the following three constraints on the initial
field configuration (E,A) given on a slice Σ, and the Hamiltonian evolution equation for these data. The constraints
are

Gi(E,A) = dAE
i = 0, (52)

Vd(E,A) = εabcEab · Fcd = 0 (53)

S(E,A) =
(Eab × Ede)√

det(E)
· Fcf εabcεdef + · · · = 0, (54)

which are called the Gauss constraint, the diffeomorphism constraint, and the scalar constraint (there is an additional
term in the last expression that we have omitted for simplicity, the full expression can be found in [36]). The · and ×
denotes the scalar and the exterior product in the internal space. For any quantity O(A,E) (this includes in particular

the phase space variables A and E) its evolution is given by the canonical equation Ȯ = {O,H[α, ~N,M ]} with the
Hamiltonian

H[α, ~N,M ] ≡
∫

Σ

αiG
i +NaVa +MS, (55)
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where the fields α, ~N , and M are completely arbitrary in their space and time dependence; the freedom is associated

with coordinate invariance of gravity (encoded in the four free fields ~N , and M) and the additional SU(2) internal
gauge symmetry of the first order formulation in the time gauge. Time evolution is therefore not uniquely defined but
all different spacetimes and fields reproduced from one particular initial data satisfying the constraints via (55) can
be shown to solve Einsteins equations and be related to each other via a diffeomorphims (coordinate transformation)
and gauge transformations. A moment of reflection shows that an initial data (A,E) (i.e., solving the constraints) and

(A+δA,E+δE) such that δA = {A,H[α, ~N,M ]} and δE = {E,H[α, ~N,M ]} lead to solutions which are related by a
diffeomorphism and gauge transformations. The interpretation of this fact is that (A,E) and (A+δA,E+δE) are the
very same data in different gauges. Thus, the Hamiltonian generates both time evolution and gauge transformations
in a generally covariant theory [126]. Notice also that the Hamiltonian vanishes identically on solutions.

The Gauss constraint (52) is specially important. In our gravity context it follows from the covariant field equation
(21) but on a more general basis it has a completely geometric origin: it arises from the presence of the underlying
SU(2) gauge symmetry (what remains of the original Lorentz symmetry after the time gauge-fixing (35)). Equation
(52) is the strict analog of the Gauss law of electromagnetism and Yang-Mills theory. It can be shown that the
smeared version

G[α] ≡
∫

Σ

αidAE
i, (56)

generates (via Hamilton’s equations) SU(2) gauge transformations of the basic variables and hence of any phase space
quantity. Explicitly:

δαA = {A,G[α]} = −dAα
δαE = {E,G[α]} = [α,E]. (57)

These transformations are the generalization of the gauge transformations of electromagnetism to the non-Abelian
case. The Gauss law and the transformations it generates are strictly the same as those of an SU(2) Yang-Mills
theory. The phase space parametrization in terms of a non-Abelian electric field E (with a geometric interpretation
in this case) and its conjugate SU(2) connection also mimics the natural phase space parametrization of an SU(2)
Yang-Mills phase space. This are key features of the variables that follow naturally form (22); they have central
importance in the construction of the non-perturbative techniques used to define LQG.

In the presence of boundaries some subtleties arise when considering the gauge transformations generated by (56).
We will return to this important point in Section III D 2.

III. QUANTUM GEOMETRY: THE HORIZON AND THE OUTSIDE

In this Section we analyse further the commutation relations we found in (42). On the one hand we will see
what kind of commutation relations they imply for geometric observables on the boundary (that can represent a BH
horizon), on the other hand we will also derive commutation relations for geometric observables inside (in the bulk).
We sketch the quantisation of the observables and present the basics of the theory quantum geometry on which LQG
is based. We also review the basic facts about the isolated horizon boundary condition [19] representing black holes
in the formalism.

A. Modeling a black hole horizon in equilibrium: the Phase space of an Isolated Horizon

As discussed in Section I B, the physics of BHs in equilibrium as seen by external, late stationary observers is the
physics of an infinitesimal hyper annulus around the horizon with a width that tends exponentially to zero with the
proper time of the external observers and becomes quickly shorter than the Planck length. This suggests that the
entity encoding the relevant degrees of freedom for the description of the statistical mechanical nature of BH entropy
is the 2 + 1 dimensional null hyper-surface defining the BH horizon. With the prospect of quantizing the later degrees
of freedom in the canonical framework where LQG techniques have been developed, it is necessary to rethink the
Hamiltonian formulation of general relativity in the presence of a null boundary with suitable boundary conditions
incorporating the physical notion of a BH horizon in equilibrium. This has led to the development of the so-called
isolated horizon (IH) formalism which we briefly describe below (see [30] for a specific review).

The definition of the phase space of gravity (as for any field theory) needs special care when boundaries are
present. For illustration consider the two situations depicted in figure 3: (assuming that the spacetimes of interest are
asymptotically flat) on the left panel there is only a boundary at infinity, while on the left panel the presence of the
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black hole is modelled by an additional internal null boundary ∆. In the presence of such null or time-like boundaries
the local conservation of the symplectic structure (encoding the basic Poisson brackets structure of the field theory)
does not suffice to grant the conservation of the symplectic structure from one initial Cauchy surface Σ1 to a later one
Σ2. This is due to the fact that non trivial degrees of freedom excited when specified on Σ1 can in turn excite those
on the timelike or null boundaries of spacetime without being registered on Σ2. Physically, energy can be carried in or
out of the system via the boundaries. This implies that generically there is non trivial symplectic flux leaking across
the timelike of null components of the boundary of the spacetime region of interest and hence a lack of conservation
of the symplectic form defined on spacelike sections like Σ. The field theory defined on a bounded region is naturally
that of an open system.

With suitable restrictions of the behaviour of fields on the boundaries one can recover a closed-system field theoretical
model (i.e. with a conserved symplectic structure) which can represent physically interesting situations. When these
boundaries are at infinity the conservation of the symplectic structure follows from the vanishing of the sympletic
flux across the boundary at infinity due to suitable fall off conditions on solutions of the field equations (defining
asymptotically flat spacetimes). In the presence of the internal boundary ∆ (see figure 3) boundary conditions must
be specified in order to: on the one hand capture the geometry and other degrees of freedom on the boundary in the
desired regime (stationary black holes in our case), and, on the other hand, grant the vanishing of the symplectic flux
across ∆. If these two conditions are satisfied then one can view the system as a close hamiltonian system with a
conserved symplectic structure, and thus contemplate its possible quantization.

In order to achieve this goal the definition of isolated horizons declares the boundary ∆ to be a null surface with the
same topology of that corresponding to a stationary BH horizon, namely ∆ = S2 × R, and then (appart from some
technical subtleties) fixes the part of the geometry and matter fields that can be freely specified on such a characteristic
surface to match those of the corresponding stationary BH horizon, i.e., those of the Kerr-Newman family. Among
other properties, isolated horizons admit a preferred slicing in terms of spheres S2 with an intrinsic geometry that
is ‘time’ independent in the sense that it does not depend on the S2 spheres corresponding to the intersection of
the spacelike hypersurfaces Σ with ∆. This implies that the area and shape of the horizon are time independent
and forbids, by consistency with Einstein’s equation, the flux of matter fields and gravitational radiation across the
boundary. The definition of isolated horizons is independent of coordinates preserving the slicing, and admits a
formulation which does not break SU(2) gauge transformations [140–142]. For that reason fields on the boundary ∆
are only fixed up to these two gauge symmetries, hence the boundary condition allows for field variations which are
only pure gauge on ∆ (a combination of tangent diffeomorphisms and SU(2) gauge transformations). The definition
of isolated horizons admits null horizons with local distortion [28]. The number of degrees of freedom specifying this
distortion is infinite and can be encoded in multipole moments [27]. These cases are thought to represent BH horizons
in equilibrium with exterior matter distributions causing the distortion due to tidal effects.

The local nature of the boundary condition implies a certain ambiguity in the characterisation of time evolution
right at the boundary. For stationary black holes the normal is uniquely fixed by requiring it to correspond to the
Killing fields whose normalization are fixed by demanding that they generate the symmetries of inertial observers at
infinity. Such relationship between symmetries at infinity (which are generated from the Hamiltonian perspective by
mass M and angular momentum J) and the symmetry of the horizon along the null normal ` is the central ingredient
in the validity of the first law (2). In the case of isolated horizons such link is lost due to the very local nature of the
definition. A direct technical consequence of that is that one can no longer fix the null normal to the horizon `IH by
simple global symmetry requirements and so the null generator `IH is defined only up to multiplication by a constant.
This ambiguity has important consequences for the first law of BH mechanics which we discussed below.

B. The laws of isolated horizons

The restrictions on the boundary condition that are mentioned above capture the essential features of BH horizons
in geometric terms. Despite the limitations described at the end of the previous section it has been shown that
isolated horizons satisfy similar mechanical laws as BH horizons [20–23]. The first step is to define the notion of
surface gravity κIH which is achieved by the conditions that define a weakly isolated horizon. A slight strengthening
of these conditions leads to the notion of isolated horizons for which the only freedom that remains resides in the
value of a constant rescaling of the null normal `IH mentioned before. Surface gravity is defined via the intrinsic
equation `aIH∇a`bIH = κIH`

b
IH. Thus, the scaling ambiguity in `aIH implies that the surface gravity κIH is up defined up

multiplication by a constant as well. Nevertheless, one can show (as for stationary BHs) that κIH is indeed a constant
on the horizon even when these are not necessarily spherically symmetric. This is known as the zeroth law of black
hole mechanics in analogy with the zeroth law of thermodynamics stating that temperature is uniform in a body at
thermal equilibrium.

Despite the fact that the definition of isolated horizons does not allow for the flow of matter across the null surface
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representing the BH horizon, it is possible to prove the validity of the first law for isolated horizon (i.e. a balance
law analogous to (2)). The way around is the integrability conditions that follow from requiring the existence of a
consistent time evolution. Time evolution in general relativity is defined by a timelike vector field (a time flow). When
considering time evolution in the canonical framework the flow is generated via Hamilton’s equations by a suitable
Hamiltonian. In general relativity this Hamiltonian has non trivial contributions (i.e. not vanishing when Einsteins
equations are satisfied) only coming from the boundaries 9. Consistency of the time evolution demands the boundary
contribution to the Hamiltonian coming from the BH horizon to depend on other boundary charges—the area of the
horizon a, angular momentum J (which exists when the isolated horizon is axisymmetric [22]), and possibly other
matter charges such as the electromagnetic charge Q—in a way that is encoded in a differential relation that amounts
for the first law. Explicitly,

dEIH =
κIH

8π
da+ ΩIHdJ + ΦIHdQ, (58)

where ΩIH and ΦIH are the angular velocity and electromagnetic potential of the isolated horizon respectively. All
intensive quantities are defined up to a constant rescaling inheriting the freedom of the choice of the null normal `IH.
This freedom precludes the integration of the previous relation to get a unique ‘state function’ EIH(a, J,Q). As a
consequence there is an infinite family of energy notions for an isolated horizons; one need extra structure in order to
extract physics form the previous form of the first law. We will get back to this important point in Section IV B. For
an extensive review on properties of isolated and dynamical horizons see [29, 30]. Isolated horizons have been defined
in 2 + 1 [42] and higher dimensions [88, 196, 205].

C. Pre-quantum geometry I: Poisson brackets of geometric quantities on the Horizon

It turns out that under the restrictions imposed by the isolated horizon boundary conditionthe symplectic flux
across the boundary defining the black hole horizon ∆ is not zero but is given by the integral of a total differential;
hence, it can be written as integrals on the boundary ∂∆. These boundary fluxes can be absorbed in the definition
of the symplectic structure of a closed system (i.e. conserved). Concretely, the symplectic structure (41) acquires a
boundary term encoding the presence of the internal boundary with its isolated horizon degrees of freedom

Ω(δ, δ′) =
1

2κγ

∫
Σ

δAi ∧ δ′Ei − δ′Ai ∧ δEi,

+
1

κγ

∫
H⊂∂Σ

δei ∧ δ′ei, (59)

where H = ∆ ∪ Σ is a cross section of the isolated horizon (see right panel in Figure 4). This boundary term comes
from the last term in (50). Thus, in addition to the Poisson brackets (42) for the bulk basic variables, the boundary
term in the symplectic structure implies the following boundary fields commutation relations:

{eia(x), ejb(y)} = κγ δijε(2)

ab δ
(2)(x, y) s (60)

where ε(2)

ab is the 2d Levi-Civita density. Recall that the e-fields encode the metric information, so the previous
equation (which we have shown to come directly from the gravity action (22)) anticipates the non-commutativity of
the boundary horizon geometry in the quantum theory. More explicitly, if we consider the two dimensional induced
metric tensor g(2)

ab ≡ eiae
j
bδij on ∂Σ the commutation relations that follow from (60) are

{g(2)

ab (x), g(2)

cd (y)} = κγ
(
g(2)

ac (x)ε(2)

bd + g(2)

bc (x)ε(2)

ad + g(2)

ad (x)ε(2)

bc + g(2)

bc (x)ε(2)

ad

)
δ(2)(x, y). (61)

The previous equation predicts quantum fuzziness of the geometry of the BH horizon (not all the components of the
metric can be determined simultaneously due to Heisenberg uncertainty principle).

For later application it is instructive to consider the bi-vectors

EiB = εijke
j ∧ ek, (62)

9 The vanishing of the Hamiltonian density in the bulk—a direct consequence of Einstein’s equations—is rooted in general covariance.
Due to the absence of any preferred time notion evolution is pure gauge in a generally covariant field theory. Boundary conditions break
general covariance by introducing additional structure such as the inertial time flow at infinity or the particular choice of the null normal
at the isolated horizon. A consequence of this is the appearance of boundary contributions to the Hamiltonian (see for instance [291];
appendix E).
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where EiB carries a subindex that stands for boundary to distinguish it from the analogous looking object (38) defined
in terms of bulk fields instead (recall discussion on extended variables in Section II A 2). A straightforward calculation
shows that (60) implies

{EiB(x), EjB(y)} = κγ εijkE
k
B(x) δ(2)(x, y), (63)

which is remarkably simple: it corresponds to the algebra of angular momentum generators in standard mechanics.
By introducing the smeared version

EB(α) ≡
∫
H

αiE
i
B , (64)

for an arbitrary smearing field αi then we can express the previous commutation relations as

{EB(α), EB(β)} = κγEB([α, β]), (65)

where [α, β]k ≡ εijkαiβj . In the quantum theory this will lead to the discreteness of the BH horizon area spectrum10.
It is possible to generalise the construction in order to describe higher dimensional BHs [88].

1. The gauge theory way: Chern-Simons formulation

Non rotating BHs in equilibrium can be modelled by the isolated horizon boundary condition. When one assumes
the horizon to be spherically symmetric one finds that the curvature of the Ashtekar-Barbero connection in the bulk
is related to the ‘electric’ fields on the horizon as

aH
2π

F i(A) = EiB , (66)

where aH is the area of the horizon (taken as non dynamical parameter characterizing the isolated horizon), and we
assume Ki = 0 which corresponds to the time-symmetric slicing where the analysis of Section IV B holds 11. As
shown in [142], the constraint (66) amounts for the imposition of both diffeomorphism and the Gauss constraint at
the boundary, i.e. it is in a precise sense the analog of (53) and (52) together. Because of the boundary condition, no
scalar constraint (54) needs to be imposed. All the boundary dynamics is coded by (66).

Using the previous equation, and under the assumption that fields satisfy the IH boundary conditions conditions
described in Section III A, the boundary contribution to symplectic structure (59) can be rewritten in terms of the
Ashtekar-Barbero connection on the boundary as

− aH
2πκγ

∫
∂Σ

δAi ∧ δ′Ai. (67)

This implies that (on the boundary) the Ashtekar-Barbero connection does not commute with itself, namely

{Aia(x), Ajb(y)} =
2πκγ

aH
δijε(2)δ(2)(x, y) . (68)

The previous Poisson structure corresponds to that of an SU(2) Chern-Simons theory with level k = aH/(2πγ). It
can be shown that in this framework equation (66) is a constraint that completes the Gauss constraint (52) in the
presence of a boundary: via Hamiltons equation it is the generator of boundary gauge transformations [142] (the
relation between EB and the generators of internal gauge transformations will be clarified further in Section III D 2).

Thus, the classical degrees of freedom on an isolated horizon can be described dynamically by a Chern-Simons
theory. Historically, the Chern-Simons formulation of isolated horizons was first found in its U(1) gauge fixed form
in [16, 17]. However, the U(1) gauge fixed theory in the quantum theory when one tries to impose the gauge fixed
version of (66). The obstacle is that the classical gauge fixing becomes incompatible with Heisenberg’s uncertainty
principle due to the commutation relations (63). This difficulty is circumvented in the SU(2) formulation which was

10 Similar commutation relations have been proposed via an independent argument in [278].
11 The quasilocal treatment leading to the area Hamiltonian was not available when the first derivation of the CS formulation was proposed

[142]. A different slicing was then used which lead a factor aH/(π(1− γ2)) on the l.h.s of (66).
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put forward later [141, 142]. The formulation was extended to static BHs with distorsion in [237]. There are other
parametrizations of the phase space of isolated horizons in the literature establishing a link with BF theories [108];
see for instance [249, 298].

Rotating black holes do not satisfy the boundary condition (66) [263]. Technical difficulties related to the action of
diffeomorphisms also arise. For a discussion of these issues and a proposed model [155]. Isolated horizons which are
not spherically symmetric and not rotating can be mapped to new variables so that the analog of (66) (in the U(1)
gauge) is satisfied [28, 55]. For simplicity we will concentrate on spherically symmetric black holes in this article.

D. Pre-quantum geometry II: Poisson brackets of geometric quantities in the bulk

Here we show how the Poisson non-commutativity of the geometric variables on a boundary is not a peculiar feature
of boundary variables but a generic property of metric observables which remains valid in the bulk. This leads to
the non commutativity of the associated quantum operators in LQG and to its main prediction: the fundamental
discreteness of the eigenvalues of geometry. This prediction is central for the description of the quantum properties
of black holes in this approach to quantum gravity.

1. Fluxes: the building block of quantum geometry

Given an arbitrary surface S in space Σ one can define the following classical object which we call the flux of
(geometry) E—in analogy with the equivalent quantity in electromagnetism or Yang-Mills theory—by the following
expression

E(S, α) ≡
∫
S

αiE
i, (69)

where the smearing field αi is assumed to have compact support in Σ. This quantity is central in the construction
of quantum operators capturing geometric notions in LQG. It is an extended variable (as discussed in Section II A 2)
which, through its non locality, allows for the necessary point-splitting regularization of non linear observables in the
quantum theory 12. Among the simplest geometric observables one has the area of a surface S, which can be shown
to be given by

a(S) =

∫
S

√
Exy · Exy dxdy, (70)

where · denotes the contraction of internal indices (inner product in the internal space) of the E’s and x, y are local
coordinates on S. The fact that area is given by the previous expression is a simple consequence of the definition (38)
and the relationship of the triad e with the metric. Similarly, one can define the volume of a region R ∈ Σ as

v(R) =

∫
R

√
Exy · (Eyz × Ezx) dxdydz. (71)

Both of which are potentially UV-divergent in the quantum theory due to the fact that they involve the multiplication
of operator-valued distributions at the same space point. The statement, that we give here without a proof, is that
the quantum operators â(S) and v̂(R) for arbitrary surfaces S and arbitrary regions R can be defined on the Hilbert
space of LQG as functionals of the fluxes (69) for families of regulating surfaces which are removed via a suitable
limiting procedure (for details see [33, 34]). In this way the fluxes (64)—which arise naturally in the context of the
boundary geometry—are also very important when defined in the bulk in terms of an arbitrary 2-surface S ⊂ Σ. We
will see in what follows that the bulk fluxes also satisfy commutation relations of the type (65).

12 When applying the canonical quantization recipe, the basic variables E and A mut be promoted to suitable operators acting in a Hilbert
space. Because of the distributional nature of the Poisson brackets (42), these operators make sense as distributions as well. Products of
these operators at a same point are mathematically ill-defined and lead to the UV divergencies that plague quantum field theories. The
extended variables used in LQG are natural regulating structures that resolve this mathematical problem in the definition of (non-linear)
geometric observables.
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2. Non-commutativity of fluxes; the heart of Planckian discreteness

Here we show that the Poisson brackets among fluxes (69) reproduce the algebra of angular momentum generators
at every single point on the surface. Here we also show how the appearance of the rotation algebra is related to the
SU(2) gauge transformations generated by the Gauss law. Such non commutativity might seem at first paradoxical
from the fact that the Ei Poisson commute according to (42). The apparent tension is resolved when one appropriately
takes into account the Gauss law (52) and studies carefully the mathematical subtlelties associated with computing
the Poisson bracket of an observable smeared on a 2-dimensional surface surface—as (69)—in the context of the field
theory on 3 + 1 dimensions. This subtlety has been dealt with in at least two related ways some time ago [26, 145].
Here we follow a simpler and more geometric account recently introduced in [107]. We present it in what follows for
the interested reader.

Without loss of generality we assume S to be a close surface—if the 2-surface S does not close we can extend it to a
new surface S′ in some arbitrary way in the region outside the support of α to have it closed so that E(S, α) = E(S′, α).
Using Stokes theorem we can write (69) as a 3-dimensional integral in the interior of S

E(S, α) =

∫
int[S]

d(αiE
i) =

∫
int[S]

(dAαi)E
i + αi(dAE

i)

≈
∫

int[S]

(dAαi) ∧ Ei, (72)

where in the second line the symbol ≈ reminds us that we have used the Gauss law (52). More precisely, this implies
that the Poisson bracket of any gauge invariant observable13 and E(S, α), and Poisson bracket of the same observable
and the expression of the right hand side of ≈ coincide. In other words, when considering gauge invariant quantities
≈ amounts to an = sign.

It is only at this point—after writing the fluxes in terms of a 3 dimensional smearing of local fields—that we can
use the Poisson brackets (42) (whose meaning is a distribution in three dimensions as the Dirac delta functions in
(42) explicitly show). But now the new expression of the fluxes (72) explicitly depends on the connection Ai via the
covariant derivative dA. This is the reason at the origin of the non trivial Poisson bracket between fluxes. Direct
evaluation of the Poisson brackets using (42) yields

{E(S, α), E(S, β)} ≈
∫ ∫

dx3dy3
{
dαi ∧ Ei + εijkA

j ∧ αk ∧ Ei, dβl ∧ El + εlmnA
m ∧ βn ∧ El

}
≈
∫ ∫

dx3dy3
{
dαi ∧ Ei, εlmnAm ∧ βn ∧ El

}
+
{
εijkA

j ∧ αk ∧ Ei, dβl ∧ El
}

+
{
εijkA

j ∧ αk ∧ Ei, εlmnAm ∧ βn ∧ El
}

≈ κγ
∫
dx3εijkdα

i ∧ βj ∧ Ek + εijkα
i ∧ dβj ∧ Ek + · · ·

≈ κγ
∫
dx3dA([α, β])k ∧ Ek

≈ κγE[[α, β], S],

where [α, β]k ≡ εkijα
iβk, and in the third line we have omitted the explicit computation of the third term of the

second line as this one can be guessed from the fact that the result must be gauge invariant. This leads to the sought
result: the non commutativity of the fluxes that is at the heart of the discreteness of geometric kinematical observables
in LQG. Namely:

{E(S, α), E(S, β)} ≈ κγE[[α, β], S]. (73)

We recover in this way in the bulk for the smeared fluxes the same result found in (65) for the boundary. The
observables ei and the Poisson brackets (60) and (61) are not known to be available in the bulk of space Σ. However,
recent results [148] indicate that there might be a way to extending their to the interior of the space. This could have
very important consequences as it would allow for the definition of a new set of observables that could, one the one
hand, lead to a natural geometrization of matter degrees of freedom, and, on the other hand, reduce some quantization
ambiguities in the definition of the dynamics of LQG. We will comment on these developments in Section VII.

13 A quantity is gauge invariant if O(E,A) = O(E+ δE,A+ δA) with δ’s given by (57) which is equivalent to saying that O(E,A) Poisson
commutes with the Gauss generator (56).
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E. Quantum geometry

We are now ready to sketch the construction of the quantum theory. LQG was born from the convergence of two
main set of ideas: the old ideas about background independence formulated by Dirac, Wheeler, DeWitt and Misner
in the context of Hamiltonian general relativity, and the observation by Wilson, Migdal, among others, that Wilson
loops are natural variables in the non perturbative formulation of gauge theories. The relevance of these two ideas
is manifest if one formulates classical gravity in terms of the variables that we introduced in Section II B that render
the some of the equations of general relativity similar to those of standard electromagnetism or Yang-Mills theory
(Section II C).

What is the physical meaning of the new variables? The triplet of vector potentials Ai have an interpretation

that is similar to that of ~A in electromagnetism: they encode the ‘Aharonov-Bohm phase’ acquired by matter when
parallel transported along a path γ in space—affecting all forms of matter due to the universality of gravity. Unlike
in electromagnetism, here the ‘phase’ is replaced by an element of SU(2) associated to the action of a real rotation in
space on the displaced spinor. This is mathematically encoded in the Wilson loop (related to the circulation of the
magnetic fields Bi) along the loop γ according to

Wγ [A] = P exp

∫
γ

τiA
i
a

dxa

ds
ds ∈ SU(2), (74)

where P denotes the path-ordered-exponential14, τ i are the generators of SU(2), and s is an arbitrary parameter along
along γ. This expression is the SU(2) counterpart of the natural extended variables (25) mentioned in Section II A 2
before the introduction of the time gauge. In this analogy, the electric fields Ei have a novel physical interpretation:
they encode (as reviewed in the previous sections) the geometry of 3-dimensional space, and define in particular the
area surfaces and volume of regions according to (70) and (71).

The quantization is performed following the canonical approach, i.e., promoting the phase space variables to self
adjoint operators in a Hilbert space H satisfying the canonical commutation relations according to the rule { , } →
−i/~[ , ]. As there is no background structure the notion of particle, as basic excitations of a vacuum representing a
state of minimal energy, does not exist. However, there is a natural vacuum |0〉 associated to the state of no geometry
or vanishing electric field, i.e.

Ei|0〉 = 0. (75)

This state represents a very degenerate quantum geometry where the area of any surface and the volume of any region
vanishes. Distances are not naturally defined (some ambiguities affect its definition [67, 279]); however, all definitions
coincide in the statement that the distance between any pair of points is zero in the state |0〉. The operator Wγ [A],
the quantum version of (74), acts on the vacuum by creating a one-dimensional flux tube of electric field along γ.
These fundamental Faraday lines represent the building blocks of a notion of quantum geometry.

Only those excitations given by closed Wilson lines of quantized electric field are allowed by quantum Einstein’s
equations, i.e., loop states. This is due to the Gauss constraint (52) (divergence of the electric field must vanish)
that follows directly the equations of motion coming from (22); Section II C. Therefore, Faraday lines must always
close and form loops. The construction of the Hilbert space of quantum gravity is thus started by considering the
set of arbitrary multiple-loop states, which can be used to represent (as emphasized by Wilson in the context of
standard gauge theories) the set of gauge invariant functionals of Ai. Multiple-loop states can be combined to form
an orthonormal basis of the Hilbert space of gravity. The elements of this basis are labelled by: a closed graph in space,
a collection of spins—unitary irreducible representation of SU(2)—assigned to its edges, and a collection of discrete
quantum numbers assigned to intersections. As a consequence of (52) the rules of addition of angular momentum
must be satisfied at intersections: the total flux of electric field at a node is zero. They are called spin-network states.

Spin network states are eigenstates of geometry as it follows from the rigorous quantization of the notion of area and
volume (given by equations (70—71)). In LQG the area of a surface can only take discrete values in units of Planck
scale! More precisely, given a surface S and a spin-network state with edges intersecting the surface (at punctures
labelled by the dummy index p below) with spins j1, j2 · · · then one has

a(S)|j1, j2 · · · 〉 =

(
8πγ`2p

∑
p

√
jp(jp + 1)

)
|j1, j2 · · · 〉 (76)

14 The path ordered exponential is necessary do to the non commutativity of the matrices τ i.



24

where we have labelled the spin-network state with the relevant spins only (further details identifying the state,
which are not relevant for the area eigenvalue, are not explicitly written for notational simplicity). A particularly
important application of this formula is the computation of the eigenvalues of the area of a black hole horizon. A
graphical representation of the situation is presented in Figure 7: links in the figure can be interpreted as flux lines of
quantum area depending on their colouring by spins. Similarly, the spectrum of the volume operator V (R) is discrete
and associated to the presence of spin network intersections inside the region R (nodes in Figure 7 represent volume
quanta).

More precisely, as mentioned before gauge invariance implies that the quantum numbers of the fluxes associated to
the different spin-network links converging at a node must add up to zero. This condition admits an unambiguous
interpretation of nodes as quantum states of a convex polyedron. This interpretation is based on a theorem by
Minkowski on discrete Euclidean geometry [216] (see Figure 6). The properties of the quantum shape of polyedra has
been studied numerically via a variational algorithm [71]. In figure 7 we represent a spin-network state including a
black hole as a boundary (see below for the description of the boundary (horizon) quantum state). There are three
and four valent nodes in the bulk. According to Minkowski theorem four-valent nodes represent quantum tetrahedra
where the areas of the four triangles are defined by the area eigenvalues depending on the spins j; three-valent nodes
are degenerate (zero-volume and purely quantum) excitations.

FIG. 6: Minkowski theorem provides an unambiguous picture of the shape associated to a quantum state of spin-network nodes
(atoms of space): it correspond to that of a convex polyhedron (not necessarily regular as in the picture) where individual
faces represent the quanta of area carried by dual spin-network edges. With the exception of the four-valent case (the quantum
tetrahedron on the left), the shape of the polytope depends on the value of these quanta in a global manner [71] (a generic case
is represented on the right. The dual spin-network edges are not represented for simplicity). In the Chern-Simon formulation
of the black hole horizon this interpretation is also available for the horizon; however, unlike for the spin-network nodes, its
physical validity is less clear as Minkowski’s reconstruction works by an embedding in flat Euclidean space. Nevertheless,
the picture still provides a simple intuitive visualisation of the horizon quantum states whose dual picture (the spin-network
representation) is given in Figure 7.

The discovery of the discrete nature of geometry at the fundamental level has profound physical implications. In
fact even before solving the quantum dynamics of the theory one can already answer important physical questions.
The most representative example (and early success of LQG) is the computation of black hole entropy from first
principles.

Another profound potential implication of discreteness concerns the UV divergences that plague standard QFT’s. It
is well known that in standard QFT the UV problem finds its origin in the difficulties associated to the quantization of
product of fields at the same point (representing interactions). A first hint of the regulating role of gravity is provided
by the fact that, despite of their non-linearity in Ei, area and volume are quantized without the appearance of any
UV divergences. This is expected to provide a universal regulating physical cut-off to the fundamental description of
fields in LQG (see important discussion in Section VI).

Before the imposition of the vector constraint (53) two spin network differing by a tiny modification of their graphs
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are orthogonal states!—that would seem to make the theory intractable as the Hilbert space would be too large. This
is where the crucial role background independence starts becoming apparent as the vector constraint—although is
not self-evident—implies that only the information in spin network states up to smooth deformations is physically
relevant. Physical states are given by equivalence classes of spin networks under smooth deformations: these states
are called abstract spin networks [31, 32].

Abstract spin network states represent a quantum state of the geometry of space in a fully combinatorial manner.
They can be viewed as a collection of ‘atoms’ of volume (given by the quanta carried by intersections) interconnected by
edges carrying quanta of area of the interface between adjacent atoms. This is the essence of background independence:
the spin network states do not live on any pre-established space, they define space themselves. The details of the way
we represent them on a three dimensional ‘drawing board’ do not carry physical information. The degrees of freedom
of gravity are in the combinatorial information encoded in the collection of quantum numbers of the basic atoms and
their connectivity.

Finally the full non linearity of the dynamics gravity is encoded in the quantum scalar constraint (54). Quantization
of this operator has been shown to be available [281, 282]; however, the process suffers from ambiguities [232]. These
ambiguities are expected to be reduced if strong anomaly freeness conditions are imposed based on the requirement
that the constraint algebra is satisfied in a suitable sense (for a modern discussion of this important problem see [200]
and references therein).

F. Quantum isolated horizons

In the presence of a boundary representing a black hole a given spin-network state intersects the boundary at
punctures, Figure 7. These punctures are themselves excitations in the Hilbert space of the boundary Chern-Simons
theory in the isolated horizon model of black holes. The Hilbert space of isolated horizons is the tensor product
HH ⊗ Hout where the two factors denote the Hilbert space of the horizon (spanned by puncture-states) and the
Hilbert space of the outside bulk (spanned by spin networks) respectively. At punctures the quantum version of (66)
must be imposed. This constraint takes the fom(aH

2π
F i(A)⊗ 1− 1⊗ Ei

)
|ψ〉H |ψ〉out = 0, (77)

where |ψ〉H ∈ HH and |ψ〉out ∈ Hout. It can be shown that |ψ〉out breaks individually the SU(2) gauge invariance
when the transformation acts non trivially on the horizon [107]. It is precisely the addition of the Chern-Simons
boundary degrees of freedom and the imposition of (77) which restores the gauge symmetry broken from the point of
view of the bulk by the presence of the boundary [142]. The Chern-Simons boundary degrees of freedom can be seen
in this sense as would-be-gauge excitations [66, 103]. The representation of a generic state is given in Figure 7.

G. The continuum limit

A key feature of LQG is the prediction of fundamental discreteness at the Planck scale. States of the gravitational
degrees of freedom are spanned in terms of spin-network states (polymer-like excitations of quantum geometry) each of
which admits the interpretation of an eigenstate of geometry which is discrete and atomistic at the fundamental level
[33, 34, 257]. This feature is the trademark of the theory; on a rigorous basis it has been shown that the representation
of the basic algebra of geometric observables as operators in a Hilbert space—containing a ‘vacuum’ or ‘no-geometry’
state (75) which is diffeomorphism invariant and hence for which all geometric eigenvalues vanish—is unique [203]. In
this picture flat Minkowski space-time must be viewed as a highly exited state of the ‘no-geometry’ state (75), where
the quantum space-time building blocks are brought together to produce the (locally) flat arena where other particles
interact. Thus, there is no a priori notion of space-time unless a particular state is chosen in the Hilbert space. Loop
quantum gravity is a concrete implementation of such non-perturbative canonical quantization of gravity [255, 284].
Even though important questions remain open, there are robust results exhibiting features which one might expect
to be sufficiently generic to remain in a consistent complete picture.

There has been an important activity in trying to construct semiclassical states in the framework. At the canonical
level efforts have concentrated in the definition of coherent states of quantum geometry [71, 149, 207, 260, 283] repre-
senting a given classical configuration. The relationship between the fundamental spin-network state representation of
quantum gravity and the Fock state representation of QFTs has been explored in [35, 39, 117, 266]. Recently, emphasis
has been given to the constructions of states that reproduce the short distance correlations of quantum field theory
[72, 73]. These results provide useful insights on the nature of the low energy limit of LQG. Clear understanding is
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FIG. 7: Quantum states of the bulk space-geometry are represented by spin network states. Spin network states are given
by graph-like excitations with one dimensional lines representing quantized flux-lines of the SU(2) electric field Ei whose
‘intensity’ E2 is directly related to the geometric notion of area (see equation (70) and the quantum version (76)). Therefore,
one dimensional lines can be interpreted as carrying quantized units of transversal area. Similarly, nodes carry quantum numbers
of volume. Black holes are described by boundaries satisfying the isolated horizon boundary condition. The bulk state induces
a boundary state which is given by a collection of point-like excitations (punctures) which carry quanta of boundary-area. To
avoid overloading the figure with details, we have only explicitly labelled with the corresponding half-integers three particular
links. At nodes, gauge invariance is encoded in the validity of the Gauss law (52) which requires the net flux of electric field to
vanish. This condition restricts spin labels to those satisfying the rules of addition of angular momentum in standard quantum
mechanics. Spin-networks were originally proposed by Penrose as a network defined by spinning particles colliding at nodes in
an ambient space. He showed that they encoded the geometry of 3-dimensional Euclidean space combinatorially [229]. Graph
states are defined modulo diffeomorphisms (graph deformations) preserving the boundary, i.e. tangent to the boundary.

still missing mainly because the dynamical aspect of the question—understanding the solution space of (54)—is still
under poor control.

However, the view that arises from the above studies is that smooth geometry should emerge from the underlying
discrete fundamental structures via the introduction of coarse observers that are insensitive to the details of the UV
underlying structures. One expects that renormalization group techniques should be essential in such context (see
[127] and references therein). The problem remains a hard one as one needs to recover a continuum limit from the
underlying purely combinatorial Wheeler’s pre-geometric picture [217]. The task is complicated further in that the
usual tools—applied to more standard situations where continuity arises from fundamentally discrete basic elements
(e.g. condensed matter systems or lattice regularisations of QFTs)—cannot be directly imported to the context where
no background geometry is available.

Consequently, a given classical space-time cannot directly correspond to a unique quantum state in the fundamental
theory: generically, there will be infinitely many different quantum states satisfying the coarse graining criterion
defined by a single classical geometry. For instance, there is no state in the LQG Hilbert space that corresponds to
Minkowski space-time. Flat spacetime is expected to emerge from the contributions of a large ensemble of states all
of which look flat from the coarse grained perspective. Because coarse grained observers are insensitive to Planckian
details (quantum pre-geometric defects), flat space-time might be more naturally associated with a density matrix in
LQG than to any particular pure state [14, 208]. The bulk entropy associated to such mix-state would be non trivial
in the sense that it would carry a non trivial entropy density (this will be important in Section V).

Unfortunately, due to the difficulties associated with describing the low energy limit of LQG, one cannot give a
precise description of the exact nature of the pre-geometric defects that might survive in a state defining a background
semiclassical geometry. Nevertheless, there are a variety of structures at the Planck scale that do not seem to play an
important role in the construction of the continuum semiclassical space-time, yet they are expected to arise in strong
coupling dynamical processes as no selection rule forbids them. For instance one has close loops and embedded knots
which are the simplest solutions to all the quantum constraint-equations including (54) [256]. As geometric excitations
they are degenerate and carry area but no volume quantum numbers. More generally the semiclassical weave states
in LQG can contain local degenerate contributions such as trivalent spin-network nodes or other configurations with
vanishing volume quanta. On the dynamical side the vertex amplitude of spin foams [139] is known not to impose
some of the metricity constraints stronly. This allows for the possibility of pre-geometric structures to survive [272]
in the semiclassical limit. From the canonical perspective the quantum Hamiltonian constraint seem to invariably



27

produce such pre-geometric defects at the Planck scale. Finally, there is the q-bit degeneracy of the volume eigenvalues
[34, 71, 280]: each non-zero eigen-space of the volume of a spin-network node is two dimensional. This local two-fold
degeneracy can, by itself, be the source of a non trivial bulk entropy (a recent study of bulk entropy for a volume
coarse graining see [44]).

All this indicates that the emerging picture in an approach as LQG is very different from the bulk-boundary-duality
type of quantum gravity scenarios such as the one proposed by ADS-CFT correspondence scenarios [210]. In LQG
the notion of smooth space-time has a capacity for infinite bulk entropy . Such non holographic behaviour at the
fundamental level might seem (to some) at odds with the belief in the so-called holographic principle as a basic pillar
of quantum gravity [94]. However, further scrutiny shows that, despite its non-holographic nature, the predictions of
LQG are completely consistent with the phenomenology motivating holography.

This is basically because, in the physical situations where holographic behaviour arises, bulk entropy only contributes
as an irrelevant overall constant. A clear example of this is the validity of covariant entropy bounds satisfied by relative
(entanglement) entropy [95]. Relative entropy of a state ρ is defined with respect to a reference quantum state (a
‘vacuum’ state) ρ0 as

Sρ0(ρ) = −Tr[ρ log ρ] + Tr[ρ0 log ρ0]. (78)

While giving non trivial information about excitations of the ‘vacuum’ in the mean field approximation (where a
space-time background makes sense) such covariant entropy bounds do not constraint the number of fundamental
degrees of freedom of quantum geometry. More precisely, the bulk Planckian entropy, being a constant, just cancels
out in the subtraction that regularises Sρ0(ρ). The point here is that on the basis of the insights of LQG on the
nature of the fundamental quantum geometry excitations, the holographic principle is degraded from its status of
fundamental principle to a low energy property of quantum fields on curved space-times. This is the perspective that
follows from the LQG statistical mechanical account of black hole entropy (see [235] for a description in terms of
entanglement and a discussion along the lines of the present paper and [125, 143] for recent reviews). In this way
the framework of LQG, without being fundamentally ‘holographic’, can accommodate the holographic phenomenon
when it is valid. The holographic behaviour is a characteristic of suitable systems (black holes, isolated horizons, null
surfaces, etc.) but not a fundamental property of the theory.

Specialising to ensemble of states that all ‘look like’ Minkowski space-time for suitably defined coarse grained
observers we notice that their members must differ by hidden degrees of freedom from the viewpoint of those low
energy observers. In particular they would all agree on stating that all the states (even though different at the
fundamental scale) have zero ADM (or Bondi) energy. We have seen above that in the particular case of LQG a
whole variety of pre-geometric structures, that are well characterized in the strong coupling regime, are potential local
defects that—as they do not affect the flatness of the geometry of the semiclassical state—would carry no energy
in the usual sense of the concept. These Planckian defects in the fabric of space-time are hidden to the low energy
observers but represent genuine degrees of freedom to which other degrees of freedom can correlate to (this plays a
key role in a recently introduced perspective for addressing the information puzzle in black hole evaporation, Section
V A, as well as in natural mechanism for the generation of a cosmological constant, Section VI A). In this respect one
might draw an analogy with frustrated systems in condense matter that do not satisfy the third law as they carry a
non trivial residual entropy [209, 218] for states describing the continuum limit in LQG.

IV. BLACK HOLE ENTROPY IN LQG

We are now ready to present one of the central results about black holes in LQG: the computation of black hole
entropy using statistical mechanical methods applied to the microscopic states of the horizon as predicted by quantum
geometry. As just discussed, a given macroscopic smooth geometry is expected to arise from the coarse graining of
the underlying discrete states of LQG. This point of view is the one taken in the computation of BH entropy: for a
given (spherically symmetric) isolated horizon one counts the degeneracy of fundamental states satisfying the coarse
graining condition that the macroscopic area is aH .

A. Direct counting

The discreteness of the area operator (76) predicted by LQG and the previous discussion on the nature of the
continuum limit in LQG suggests an obvious definition of the statistical mechanical entropy of a BH in the theory.
The microcanonical entropy

S ≡ log(N ) (79)
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where N is the number of geometry states of the BH horizon such that

a− ε ≤ 8πγ`2p

N∑
i=1

√
ji(ji + 1) ≤ a+ ε, (80)

where a is the macroscopic area of the BH and ε a macroscopic coarse graining scale that does not enter the leading
order contribution to the entropy as in standard statistical systems.

Initial estimates of the entropy where based on bounding the number of states [16, 197, 253] which immediately led
to indications that the entropy would be proportional to the area. The first rigorous countings (valid in the large BH
limit) where proposed in [130, 214]. An alternative and very simple approach was given in [165]. These counting led
to an entropy

S =
γ0

γ

a

8π`2p
(81)

where γ0 = 0, 274 · · · 15 is a numerical factor determined numerically by the solution of a transcendental equation that
we will discuss below (equation (92)). This result was interpreted as a constrain on the value of the Immirzi parameter
from semiclassical consistency. More precisely, consistency with the Bekenstein-Hawking value of the entropy of a
black hole (which means consistency with classical general relativity coupled semiclassically with quantum fields)
requires

γ = γ0. (82)

Sophisticated and very powerful mathematical techniques based on number theory were developed [2, 3, 264, 265]
for understanding in great detail the combinatorial counting problem at hand. Indeed an exact formula for the
entropy can be constructed from this approach (other methods exploiting the connection with conformal field theories
were studied [4, 138]). These developments were motivated on the one hand by the interest in the computation of
logarithmic corrections to the entropy which could allow comparison and contrast with other approaches. On the
other hand, numerical investigations of the state counting of small (Planck size) black holes revealed a surprising
regular step structure for the entropy [118, 119], i.e. a fine structure of steps around the linear behaviour (81). This
was initially thought it could survive the semiclassical limit (large BH limit) and so lead to strong deviations from the
standard expectations for Hawking radiation [63, 64] (a strong signature of quantum gravity or an inconsistency with
the semiclassical picture). The underlying mathematical reasons for this effect was understood thanks to the newly
developed number theoretical techniques [47]. It became also clear that such fine structure had no physical relevance
in the semiclassical regime as it was just a peculiarity of the area density of states for small black holes that does not
survive in the thermodynamic limit [48].

The problem of computing the entropy of the black hole was greatly simplified by the appeal to a suitable Hamil-
tonian of the system. Such Hamiltonian is singled out by the notion of time flow defining the stationarity that is
inherent to the notion of equilibrium. In what follows we explain how this idea can indeed be implemented. This
complements the isolated horizon quasilocal definition of the phase space of idealized black holes (Section III) with
the additional structure implying that they are in equilibrium with their immediate vicinity.

B. The effective area Hamiltonian from local observers

The indeterminacy, mentioned in Section III B, of the quantities appearing in the first law for isolated horizon was
due to the impossibility of finding a preferred normalization of the null generators at the horizon. Such freedom
precludes the definition of a unique time evolution at the horizon and hence of a preferred notion of energy entering
the first law. In the case of stationary black holes a preferred time evolution (and energy notion) is provided by the
existence of a global time translational symmetry represented by a timelike killing field whose normalization is fixed

15 The gauge fixed U(1) Chern-Simons formulation allowed for two different counting prescriptions which led to different values of γ0;
the other possibility gave γ0 = 0, 237 · · · . This ambiguity disappears in the SU(2) (un gauge fixed) formulation. See Section III C 1
for references. If for some physical mechanism [135] forces punctures to be labelled by the adjoint representation j = 1 only, then
γ0 = log(3)/(2π

√
2). Such value of γ0 has been argued to be singled out from a heuristic version of Bohr correspondence and quasinormal

modes of spherical BHs [132]. This idea (which does not seem to generalized to the rotating BH in any simple way) has not become
more solid since its appearance, and is mostly regarded as a strange coincidence.
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at infinity by demanding that it coincides inertial observers at rest. This global structure is absent in the isolated
horizon formulation and seems at first to compromise the possibility of introducing a physical notion of energy and a
standard statistical mechanical account of the BH thermal behaviour.

However, we have argued in Section I B that only the immediate vicinity of the BH horizon plays an important
role in the thermodynamical description of the black hole system. It should be possible to eliminate the above
indeterminacy in the first law by assuming that the near horizon geometry only is in equilibrium without assuming
stationarity of the entire spacetime outside the black hole. Indeed, if the local geometry is stationary one can shift the
emphasis from observers at infinity to a suitable family of stationary nearby local observers (the local characterization
of stationarity in the framework of isolated horizons see [204]). As discussed below, these local observers provide the
necessary additional structure to recover a preferred energy notion, and a thermodynamical first law. Remarkably, the
new (quasi-local) first law and the associated notion of energy are extremely simple and well adapted to the structure
of LQG.

The key assumption is that the near horizon geometry is isometric to that of a Kerr-Newman BHs16. A family
of stationary observers O located right outside the horizon at a small proper distance ` �

√
A is defined by those

following the integral curves of the Killing vector field

χ = ξ + Ωψ = ∂t + Ω ∂φ, (83)

where ξ and ψ are the Killing fields associated with the stationarity and axisymmetry of Kerr-Newman spacetime
respectively, while Ω is the horizon angular velocity (the Killing field χ is timelike outside and close to the horizon).
The four-velocity of O is given by

ua =
χa

‖χ‖ . (84)

It follows from this that O are uniformly accelerated with an acceleration a = `−1 + o(`) in the normal direction.
These observers are the unique stationary ones that coincide with the locally non-rotating observers [292] or ZAMOs
[285] as `→ 0. As a result, their angular momentum is not exactly zero, but o(`). Thus O are at rest with respect to
the horizon which makes them the preferred observers for studying thermodynamical issues from a local perspective.

It is possible to show that the usual first law (2) translates into a much simpler relation among quasilocal physical
quantities associated with O [153, 154]. As long as the spacetime geometry is well approximated by the Kerr Newman
BH geometry in the local outer region between the BH horizon and the world-sheet of local observers at proper
distance `, and, in the leading order approximation for `/

√
a� 1, the following local first law holds

δE =
κ

8π
δa, (85)

where δE =
∫
W
Tµνu

µdW ν = ‖χ‖−1
∫
W
Tµνχ

µdW ν represents the flow of energy across the world-sheet W defined
by the local observers, and κ ≡ κ/(‖χ‖). This is the standard physical energy measured by the local observers; the
amount of heat that a calorimeter would register if the falling matter is captured instead of let go into the black hole.
The above result follows from the conservation law ∇a(Tabχ

b) = 0 that allows one to write δE as the flux of Tabχ
b

across the horizon. This, in turn, can be related to changes in its area using Einsteins equations and perturbation
theory (more precisely the optical Raychaudhuri equations) [154].

Two important remarks are in order: First, there is no need to normalize the Killing generator χ in any particular
way. The calculation leading to (85) is invariant under the rescaling χ → αχ for α a non vanishing constant. This
means that the argument is truly local and should be valid for more general black holes with a Killing horizon that
are not necessarily asymptotically flat. This rescaling invariance of the Killing generator corresponds precisely to
the similar arbitrariness of the generators of IHs as described in Section III B. The fact that equation (85) does not
depend on this ambiguity implies that the local first law makes sense in the context of the IH phase space as long
as one applies it to those solutions that are isometric to stationary black hole solutions in the thin layer of width `
outside the horizon. The semiclassical input is fully compatible with the notion of IHs.

Second, the local surface gravity κ̄ is universal κ̄ = `−1 in its leading order behaviour for `/
√
a � 1. This is not

surprising and simply reflects the fact that in the limit
√
a → ∞, with ` held fixed, the near horizon geometry in

the thin layer outside the horizon becomes isometric to the corresponding thin slab of Minkowski spacetime outside
a Rindler horizon: the quantity κ̄ is the acceleration of the stationary observers in this regime. Therefore, the local

16 Such assumption is physically reasonable due to the implications of the no-hair theorem. At the quantum level one is demanding the
semiclassical state of the BH to be picked around this solution.
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surface gravity loses all memory of the macroscopic parameters that define the stationary black hole. This implies
that, up to a constant which one sets to zero, equation (85) can be integrated, thus providing an effective notion of
horizon energy

E =
a

8πGN `
, (86)

where GN is Newton’s constant. Such energy notion is precisely the one to be used in statistical mechanical consid-
erations by local observers. Similar energy formulae have been obtained in the Hamiltonian formulation of general
relativity with boundary conditions imposing the presence of a stationary bifurcate horizon [104]. The area as the
macroscopic variable defining the ensemble has been previously [198] used in the context of BH models in loop quan-
tum gravity. The new aspect revealed by the previous equation is its physical interpretation as energy for the local
observers.

In application of this quasilocal notion of energy to quantum gravity one assumes that the quantum state of the
bulk geometry in the local neigborhood of width ` outside the (isolated) horizon is well picked around a classical
solution whose near horizon geometry is that of a stationary black hole. The thermodynamical properties of quantum
IHs satisfying such near horizon condition can be described using standard statistical mechanical methods with the
effective Hamiltonian that follows from equation (86) and the LQG area spectrum (76), namely

Ĥ|j1, j2 · · · 〉 =

(
γ
`2Pl

2GN`

∑
p

√
jp(jp + 1)

)
|j1, j2 · · · 〉 (87)

where jp are positive half-integer spins of the p-th puncture and `p =
√
G~ is the fundamental Planck length associated

with the value gravitational coupling G in the deep Planckian regime. The analysis that follows can be performed in
both the microcanonical ensemble or in the canonical ensemble; ensemble equivalence is granted in this case because
the system is simply given by a set of non interacting units with discrete energy levels.

C. Pure quantum geometry calculation

In this section we compute black hole entropy first in the microcanonical ensemble following a simplified (physicist)
version [164, 165] As the canonical ensemble becomes available with the notion of Hamiltonian (87), we will also derive
the results in the canonical ensemble framework. The treatment in terms of the grand canonical ensemble as well as
the equivalence of the three ensembles has been shown [167].

Denote by sj the number of punctures of the horizon labelled by the spin j (see Figure 7). The number of states
associated with a distribution of distinguishable punctures {sj}∞j= 1

2

is

n({sj}) =

∞∏
j= 1

2

N !

sj !
(2j + 1)sj , (88)

where N ≡∑j sj is the total number of punctures. The leading term of the microcanonical entropy can be associated

with S = log(n({s̄j})), where s̄j are the solutions of the variational condition

δ log(n({s̄j})) + 2πγ0δC({s̄j}) = 0 (89)

where γ0 (the 2π factor is introduced for later convenience) is a Lagrange multipliers for the constraint

C({sj}) =
∑
j

√
j(j + 1)sj −

a

8πγ`2p
= 0. (90)

In words, s̄j is the configuration maximazing log(n({sj})) for fixed macroscopic area a. A simple calculation shows
that the solution to the variational problem (89) is

s̄j
N

= (2j + 1) exp(−2πγ0

√
j(j + 1)), (91)

from which it follows, by summing over j, that

1 =
∑
j

(2j + 1) exp(−2πγ0

√
j(j + 1)). (92)
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Numerical evaluation of the previous condition yields γ0 = 0.274 · · · . It also follows from (91), and the evaluation of
S = log(n({s̄j})), that

S =
γ0

γ

a

4`2p
(93)

as anticipated in (81). In what sense the previous result constrains the value of the Immirzi parameter γ? One can
calculate the temperature of the system using the thermodynamical relation

1

T
=

∂S

∂E

∣∣∣∣
N

=
GNγ0

Gγ
2π`, (94)

where E is the energy (86) measured by quasilocal observers. Semiclassical consistency of quantum field theory with
gravity in the near horizon geometry requires the inverse temperature to be given by Unruh’s value T−1 = 2π`. This
leads to the following restriction involving γ0 the Immirzi parameter γ, G, and GN , namely

γ0 = γ
G

GN
, (95)

from which it follows (when replacing it back in (93)) that

S =
a

4~GN
. (96)

Due to quantum effects Newton’s constant is expected to flow from the IR regime to the deep Planckian one. On the
one hand, the UV value of the gravitational coupling is defined in terms of the fundamental quantum of area predicted
by LQG. On the other hand, the low energy value GN appears in the Bekentein-Hawking entropy formula [192]. The
semiclassical input that enters the derivation of the entropy through the assumption of (86) is the ingredient that
bridges the two regimes in the present case.

1. Freeing the value of γ by introducing a chemical potential for punctures

An interesting possibility is to allow for punctures to have a non trivial chemical potential. Due to the existence
of an area gap (depending on the Immirzi parameter) adding or removing a puncture from the state of the horizon is
analogous to exchanging a particle carrying non zero energy (86) with the system. At the present stage of development
of the theory (with incomplete understanding of the continuum limit) one can investigate the possibility that the
number of punctures N of the black hole state represent an additional conserved quantity (a genre of quantum hair)
for semiclassical black holes. The consequence of such generalization is that the Immirzi parameter need non longer
be fixed to a particular value: in addition to fixing the value of the area gap, the Immirzi parameter controls the value
of the puncture’s chemical potential [167].

The derivation follows closely the previous one. The difference is that one needs to add a new constraint

C ′(sj}) =
∑
j

sj −N = 0, (97)

with an additional Lagrange multiplier that we call σ. The new extremum condition now only fixes a relationship
between σ and γ0 which takes the form

σ(γ) = log[
∑
j

(2j + 1)e
−2πγ G

GN

√
j(j+1)

] (98)

once (95) is used. The entropy becomes

S =
a

4`2p
+ σ(γ)N. (99)

The first term in the entropy formula is the expected Bekenstein-Hawking entropy while the second is a new contri-
bution to the entropy which depends on the value of the Immirzi parameter γ. This new contribution comes from the
punctures non-trivial chemical potential which is given by

µ̄ = −T ∂S

∂N

∣∣∣∣
E

= − `2p
2π`

σ(γ) (100)
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where one is again evaluating the equation at the Unruh temperature T = ~/(2π`).
The above derivation can be done in the framework of the canonical and grandcanonical ensembles. From the

technical perspective it would have been simpler to do it using one of those ensembles. In particular basic formulae
allow for the calculation of the energy fluctuations which at the Unruh temperature are such that (∆E)2/〈E〉2 =
O(1/N). The specific heat at TU is C = Nγ2

0d
2σ/dγ2 which is positive. This implies that, as a thermodynamic system,

the IH is locally stable. The specific heat tends to zero in the large γ limit for fixed N and diverges as ~ → 0. The
three ensembles give equivalent results [167].

The entropy result (99) might seem at first sight in conflict with, what we could call, the geometric first law (2)
(geometric because it is implied directly by Einsteins equations). However, when translating things back to observers
at infinity, the present statistical mechanical treatment implies the following thermodynamical first law

δM =
κ~
2π
δS + ΩδJ + ΦδQ+ µδN, (101)

where µ = −`2pκσ(γ)/(2π) (the redshifted version of µ̄). It is now immediate to check that the exotic chemical potential
term in (101) cancels the term proportional to the number of punctures in the entropy formula (99). Therefore, the
above balance equation is just exactly the same as (2). As in the seminal argument by Jacobson [191] the validity
of semiclassical consistency discussed here for general accelerated observers in arbitrary local neighbourhoods implies
the validity of Einsteins equations [270].

D. Changing statistics to include matter

In the previous sections only pure geometric excitations have been taken into account. However, from the local
observers perspective matter fields are highly exited close to the horizon. More precisely, the quantum state of all
non-geometric excitations is seen as a highly excited state at inverse temperature β = 2π`/`2p. This is a necessary
condition on the UV structure of the quantum state so that it just looks like the vacuum state for freely falling
observers (at scales smaller than the size of the BH). This is related to the regularity condition of the quantum
state granting that the expectation value of the energy momentum tensor is well defined [294]: a statement about
the two-point correlation function called the Hadamard condition that is intimately related to the UV behaviour of
entanglement across the horizon. This has been used to argue [276] that quasilocal stationary observers close to the
horizon would find that the number of matter degrees of freedom contributing to the entropy grows exponentially
with the horizon area according to

D ∝ exp(λa/(~GN )), (102)

where λ is an unspecified dimensionless constant that cannot be determined (within the context of quantum field the-
ory) due to two related issues: On the one hand UV divergences of standard QFT introduce regularization ambiguities
affecting the value of λ; on the other hand, the value of λ depends on the number of species of fields considered. The
degeneracy of states corresponds to the number of matter degrees of freedom that are entangled across the horizon
[271].

All this implies that matter degrees of freedom might play an important role in the entropy computation, as for each
and every state of the quantum geometry considered in the previous section there is a large degeneracy in the matter
sector that has been neglected in the counting. Can one take this aspect into account in LQG? At first the question
seems a difficult one because of the lack of a complete understanding of the matter sector in the theory. For instance,
because λ in (102) depends on the number of species one would seem to need a complete unified understanding of
the matter sector to be able to begin answering this question. However, further analysis shows [166] that the discrete
nature quantum geometry combined with the assumption of the regularity of the quantum state of matter fields
across the horizon (embodied in the form of the degeneracy of states (102) for an undetermined λ) plus the additional
assumption of indistinguishability of puncture exitations is sufficient to recover Bekenstein-Hawking entropy.

In the treatments mentioned so far punctures were considered distinguishable 17. Let us see here what indistin-
guishability would change. Instead of the microcanonical ensemble, we use now the grand canonical ensemble as this
will considerably shorten the derivations (keep in mind that all ensembles are equivalent). Thus we start from the
canonical partition function which for a system of non interactive punctures is Q(β,N) = q(β)N/N ! where the N !

17 In the pure gravity U(1) Chern-Simons formulation the necessity of distinguishability of punctures follows from a technical point in the
quantization [17].
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in the denominator is the Gibbs factor that effectively enforces indistinguishability, and the one-puncture partition
function q(β) is given by

q(β) =

∞∑
j= 1

2

dj exp(−~βγ0

`

√
j(j + 1)), (103)

where dj is the degeneracy of the spin j state (for instance dj = (2j + 1) as in the SU(2) Chern-Simons treatment)
and γ0 is given by (95). The grand canonical partition function is

Z (β, z) =

∞∑
N=1

zNq(β)N

N !
= exp(zq(β)). (104)

From the equations of state E = −∂β log(Z ), and N = z∂z log(Z ) one gets

a

8πGN `
= −z∂βq(β)

N = zq(β) = log(Z ). (105)

In thermal equilibrium at the Unruh temperature one has β = 2π`~−1 and the ` dependence disappears from the
previous equations. However, for dj that grow at most polynomially in j, the BH area predicted by the equation is
just Planckian and the number of punctures N of order one [166]. Therefore, indistinguishability with degeneracies
dj of the kind we find in the pure geometry models of Section IV C is ruled out because it cannot acommodate BHs
that are large in Planck units.

If instead we assume that matter degrees of freedom contribute to the degeneracy factor then regularity of the
quantum state of matter near the horizon takes the form (102) which in the quantum geometry language translates

into D[{sj}] =
∏
j dj with dj = exp(λ8πγ0

√
j(j + 1)). For simplicity lets take

√
j(j + 1) ≈ j + 1/2 [144]. We also

introduce two dimensionless variables δβ and δh and write β = βU(1 + δβ)—where βU = 2π`/~—and λ = (1− δh)/4.
A direct calculation of the geometric series that follows from (103) yields

q(β) =
exp(−πγ0δ(β))

exp(πγ0δ(β))− 1
, (106)

where δ(β) = δh + δβ . The equations of state (105) now predict large semiclassical BHs as follows: for large a/(~GN )
and by setting β = 2π`~−1 in (105) one can determine δh ≡ δ(2π`~−1) as a function of a and z. The result is

δh = 2
√
GN~z/(πγ0a) � 1. In other words semiclassical consistency implies that the additional degrees of freedom

producing the degeneracy (102) must saturate the holographic bound [166], i.e. we get

λ =
1

4
(107)

up to quantum corrections. The entropy is given by the formula S = βE − log(z)N + log(Z ) which upon evaluation
yields

S =
a

4GN~
− 1

2
(log(z)− 1)

(
za

πγ`2p

) 1
2

(108)

This gives the Bekenstein-Hawking entropy to leading order plus quantum corrections. If one sets the chemical
potential of the punctures to zero (as for photons or gravitons) then these corrections remain. One can get rid of
the corrections by setting the chemical potential µ = TU . Such possibility is intriguing, yet the physical meaning of
such a choice is not clear at this stage. The thermal state of the system is dominated by large spins as the mean spin

〈j〉 = a/(N`2p) grows like
√
a/`2p. The conclusions of this subsection hold for arbitrary puncture statistics. This is to

be expected because the system behaves as if it were at a very high effective temperature (the Unruh temperature is
the precise analog of the Hagedorn temperature [174] of particle physics). A similar result can be obtained by using
Bosonic or Fermionic statistics for the punctures [166]. The leading term remains the same, only corrections change.
In the case of Bosons the square root correction can be understood as coming from the Hardy-Ramanujan formula
giving the asymptotic form of the number of partitions of an integer a in LQG Planck units [43].
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E. Bosonic statistics and the correspondence with the continuum limit

The partition function for Bosonic statistics and for z = 1 is specially interesting because it produces an expression
of the partition function that coincides with the formal continuum path integral partition function [166]. Explicitly,
from (103) and (104) it follows that

Z (β) =

∞∏
j= 1

2

∑
sj

exp(2π`− β)
aj

8π`GN
, (109)

where aj = 8πγ`2p
√
j(j + 1) are the area eigenvalues, and we have assumed for simplicity λ = 1/4 in (102), namely

dj = exp(aj/(4GN~)). There is a well known relationship between the statistical mechanical partition function and
the Euclidean path integral on a flat background. One has that

Zsc(β) =

∫
Dφ exp{−S[φ]} (110)

where field configurations are taken to be periodic in Euclidean time with period β. Such expression can be formally
extended to the gravitational context at least in the treatment of stationary black holes. One starts from the formal
analog of the previous expression and immediately uses the stationary phase approximation to make sense of it on
the background of a stationary black hole. Namely

Zsc(β) =

∫
DgDφ exp{−S[g, φ]}

≈ exp{−S[gcl, 0]}
∫
Dη exp

[
−
∫
dxdyη(x)

(
δ2L

δη(x)δη(y)

)
η(y)

]
(111)

where the first term depends entirely on the classical BH solution gcl while the second term represents the path
integral over fluctuation fields, both of the metric as well as the matter, that we here schematically denote by η. For
local field theories δη(x)δη(y)L = δ(x, y)�gc where �gc is a the Laplace like operator (possible gauge symmetries, in
particular diffeomorphisms must be gauge fixed to make sense of such formula).

In the analytic continuation one sends the Killing parameter t → −iτ and the space time tube-like region outside
the horizon up to the local stationary observers at distance ` inherits a positive definite Euclidean metric (for rotating
black holes this is true only to first order in ` [150]). The S2 ×R representing the black hole horizon shrinks down to
a single S2 in the euclidean and the time translation orbits become compact rotations around the Euclidean horizon
with 0 ≤ τ ≤ β. The tube-like region becomes D×S2 where D is a disk in the plane orthogonal to and centred at the
Euclidean horizon with proper radius 0 ≤ R ≤ ` (in the Euclidean case the BH horizon shrinks to a point, represented
here by the center of D). Recall the Einstein-Hilbert action

S[gcl, 0] =
1

8πGN

∫
D×S2

√
g R+ boundary terms (112)

On shell the bulk term in the previous integral would seem at first to vanish. However, when β 6= 2π`, the geometry
has a conical singularity at the centre of the disk and R contributes with a Dirac delta distribution multiplied by the
factor (2π`− β). Using the Gibbons-Hawking prescription boundary terms [169, 302] one can see that they cancel to
leading order in `. A direct calculation gives the semi-classical free energy

− S[gcl, 0] = log(Zcl) = (2π`− β)
a

8πGN `
. (113)

Replacing (113) in (111) and comparing with the form the partition function (109) we conclude that the inclusion
of the holographic degeneracy (102) plus the assumption of Bosonic statistics for punctures makes the results of
section IV D compatible with the continuous formal treatment of the Euclidean path integral. Equation (109) is thus
compatible with the continuum limit.

F. Logarithmic corrections

The equation of state E = −∂β log(Zcl) reproduces the quasilocal energy (86). The entropy is S = βE + log(Z) =
A/(4`2p) when evaluated at the inverse Unruh temperature βU = 2π`. Notice that in the quasi-local framework
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used here, entropy grows linearly with energy (instead of quadratically as in the usual Hawking treatment). This
means that the usual ill behaviour of the canonical ensemble of the standard global formulation [179] is cured by the
quasilocal treatment. Quantum corrections to the entropy come from the fluctuation factor which can formally be
expressed in terms of the determinant of a second order local (elliptic) differential operator �gcl

F =

∫
Dη exp

[
−
∫
dxη(x)�gclη(x)

]
= [det(�gcl)]

− 1
2 . (114)

The determinant can be computed from the identity (the heat kernel expansion)

log [det(�gcl)] =

∫ ∞
ε2

ds

s
Tr [exp(−s�gcl)] , (115)

where ε is a UV cut-off needed to regularize the integral. We will assume here that it is proportional to `p. In the
last equality we have used the heat kernel expansion in d dimensions

Tr [exp(−s�gcl)] = (4πs)−
d
2

∞∑
n=0

ans
n
2 , (116)

where the coefficients an are given by integrals in D × S2 of local quantities.
At first sight the terms an with n ≤ 2 produce potential important corrections to BH entropy. All of these suffer

from regularisation ambiguities with the exception of the term a2 which leads to logarithmic corrections. Moreover,
contributions coming from a0 and a1 can be shown to contribute to the renormalization of various couplings in the
underlying Lagrangian [268]; for instance a0 contributes to the cosmological constant renormalization. True loop
corrections are then encoded in the logarithmic term a2 and for that reason it has received great attention in the
literature (see [268] and references therein). Another reason is that its form is regularisation independent. According
to [48] there are no logarithmic corrections in the SU(2) pure geometric model once the appropriate smoothing is used
(canonical ensemble). From this we conclude that the only possible source of logarithmic corrections in the SU(2)
case must come from the non-geometric degrees of freedom that produce the so called matter degeneracy that plays
a central role in Section IV D. A possible way to compute these corrections is to compute the heat kernel coefficient
a2 for a given matter model. This is the approach taken in reference [268]. One can argue [166] that logarithmic
corrections in the one-loop effective action are directly reflected as logarithmic corrections in the LQG BH entropy.

G. Holographic degeneracy from LQG

The key assumption that led to the results of Section IV D was that matter degeneracy satisfies (102) which was
motivated by the regularity Hadamard condition on the vacuum state in the vicinity of the horizon. Can one actually
predict such degeneracy directly from the fundamental nature of quantum geometry? Even when a complete model of
matter at the Planck scale would seem necessary to answer this question there are indications that the fundamental
structure of LQG might indeed allow for such degeneracy when coupling with matter fields. Notice that according to
IV E this question might be directly related to the question of the continuum limit III G.

The exact holographic behaviour of the degeneracy of the area spectrum has been obtained from the analytic
continuation of the dimension of the boundary Chern-Simons theory by sending the spins ji → is − 1/2 with s ∈
R+[65, 152, 163, 176]. The new continuous labels correspond to SU(1, 1) unitary representations that solve the
SL(2,C) self(antiself)-duality constraints Li±Ki = 0 (see [234]), which in addition comply with the necessary reality
condition E · E ≥ 0 for the fields Eai [152]. All this suggests that the holographic behaviour postulated in (102)
with λ = 1/4 would naturally follow from the definition of LQG in terms of self(antiself)-dual variables, i.e. γ = ±i.
The same holographic behaviour of the number of degrees of freedom available at the horizon surface is found from
a conformal field theoretical perspective for γ = ±i [168]. A relationship between the termal nature of BH horizons
and self dual variables seems also valid according to similar analytic continuation arguments [248]. The analytic
continuation technique has also been applied in the context of lower dimensional BHs [151]. However, these results
are at the moment only indications on an interesting behaviour. A clear understanding of the quantum theory in
terms of complex Ashtekar variables is desirable on these grounds but unfortunately still missing.

Recent investigation of the action of diffeomorphisms on boundaries [147, 148, 168] revealed the existence of po-
tentially new degrees of freedom associated to broken residual diffeomorphism around the defects defined by the spin
network punctures (as in Figure 7). The associated generators are shown to satisfy a Virasoro algebra with central
charge c = 3. Such CFT degrees of freedom could naturally account for the Bekenstein-Hawking area law and provide
a microscopic explanation of (107) . The central feature that makes this possible in principle is the fact that the
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central charge of the CFT describing boundary degrees of freedom is proportional to the number of punctures that
itself grows with the BH area. This is a feature that resembles in spirit previous descriptions [100–103]. However,
an important advantage of the present treatment is the precise identification of the underlying microscopic degrees of
freedom. Preliminary results (based on the use of the Cardy formula) indicate that the correct value of BH entropy
could be obtained without the need of tuning the Immirzi parameter to any special value.

It is worth mentioning here the approaches where a holographic degeneracy of the BH density of states arises
naturally form symmetry considerations in transverse ‘r-t plane’ of the near horizon geometry [99–102, 133, 134]. A
clear connection or synthesis between these seemingly dual ideas remains open (see [248] for a hint of a possible link).

Finally, in the related group field theory approach (GFT) to quantum gravity [221, 222] the continuum limit is
approached via the notion of condensate states (Bosonic statistics plays here a central role [171]). The problem of
calculating black hole entropy has been explored in [223].

H. Entanglement entropy perturbations and black hole entropy

Starting from a pure state |0〉〈0| (“vacuum state”) in QFT one can define a reduced density matrix ρ = Trin(|0〉〈0|)
by taking the trace over the degrees of freedom inside the BH horizon. The entanglement entropy is defined as
Sent[ρ] = −Tr(ρ log(ρ)). In four dimensions [271] the leading order term of entanglement entropy in standard QFT
goes like

Sent = λ
a

ε2
+ corrections (117)

where ε is an UV cut-off, and λ is left undetermined in the standard QFT calculation due to UV divergences and
associated ambiguities (recall discussion in Section IV D). An important one is that λ is proportional to the number of
fields considered; this is known as the species problem. These ambiguities seem to disappear if one studies perturbations
of (117) when gravitational effects are taken into account [69, 75]. The analysis is done in the context of perturbations
of the vacuum state in Minkowski spacetime as seen by accelerated Rindler observers. Entanglement entropy is defined
by tracing out degrees of freedom outside the Rindler wedge. Such system reflects some of the physics of stationary
black holes in the infinite area limit. A key property [294] is that,

ρ =
exp(−2π

∫
Σ
T̂µνχ

µdΣν)

Tr[exp(−2π
∫

Σ
T̂µνχµdΣν)]

, (118)

where Σ is any Cauchy surface of the Rindler wedge. If one considers a perturbation of the vaccum state δρ then
the first interesting fact is that the (relative entropy) δSent = Sent[ρ + δρ] − Sent[ρ] is UV finite and hence free of
regularization ambiguities [106]. The second property that follows formally (see below) from (118) is that

δSent = 2πTr(

∫
Σ

δ〈Tµν〉χµdΣν). (119)

Now from semiclassical Eintein’s equations ∇µδ〈Tµν〉 = 0, this (together with the global properties of the Rindler
wedge) implies that one can replace the Cauchy surface Σ by the Rindler horizon H in the previous equation. As in
the calculation leading to (85) one can use the Raychaudhuri equation (i.e. semiclassical Eintein’s equations) to relate
the flux of δ〈Tµν〉 across the Rindler horizon to changes in its area. The result is that δSent = δA

4GN~ independently

of the number of species. The argument can be generalized to static black holes [235] where a preferred vacuum
state exists (the Hartle-Hawking state). In this case the perturbation can send energy out to infinity as well, and the
resulting balance equation is

δSent =
δa

4GN~
+ δS∞, (120)

where δS∞ = δE/TH , and δE is the energy flow at I + ∪ i+. Changes of entanglement entropy match changes of
Hawking entropy plus an entropy flow to infinity. These results shed light on the way the species problem could be
resolved in quantum gravity. The key point being that a is dynamical in gravity and thus grows with the number of
gravitating fields. However, as the concept of relative entropy used here is insensitive to the UV degrees of freedom,
one key question is whether the present idea can be extrapolated to the Planck scale (for some results in this direction
see [76, 109, 110]). Another important limitation of the previous analysis is that property (119) is only valid in a very
restrictive sense (see for example [78]). Indeed, as shown in [290] generic variations involving for instance coherent
states will violate (119). Thus this remains a formal remark pointing in an interesting direction that deserves further
attention.



37

I. Entanglement entropy vs. statistical mechanical entropy

One can argue that the perspective that BH entropy should be accounted for in terms of entanglement entropy [90]
(for a review see [271]) and the statistical mechanical derivation presented sofar are indeed equivalent in a suitable
sense [235]. The basic reason for such equivalence resides in the microscopic structure predicted by LQG [68, 74, 109].
In our context, the appearance of the UV divergence in (117) tells us that the leading contribution to Sent must come
from the UV structure of LQG close to the boundary separating the two regions. Consider a basis of the subspace of
the horizon Hilbert space characterised by condition (80), and assume the discrete index a labels the elements of its
basis. Consider the state

|Ψ〉 =
∑
a

αa |ψaint〉 |ψaext〉, (121)

where |ψaint〉 and |ψaext〉 denote physical states compatible with the IH boundary data a, and describing the interior
and the exterior state of matter and geometry of the BH respectively. The assumption that such states exist is a basic
input of Section III F. In the form of the equation above we are assuming that correlations between the outside and the
inside at Planckian scales are mediated by the spin-network links puncturing the separating boundary. This encodes
the idea that vacuum correlations are ultra-local at the Planck scale. The proper understanding of the solutions of
(54) might reveal a richer entanglement across the horizon (the exploration of this important question is underway
[73]). This assumption is implicit in the recent treatments [68] based on the analysis of a single quantum of area
correlation and it is related to the (Planckian) Hadamard condition as defined in [109]. We also assume states to be
normalized as follows: 〈ψaext|ψaext〉 = 1, 〈ψaint|ψaint〉 = 1, and 〈Ψ|Ψ〉 = 1. The reduced density matrix obtain from the
pure state by tracing over the interior observables is

ρext =
∑
a

pa|ψaext〉〈ψaext|, (122)

with pa = |αa|2. It follows from this that the entropy Sext ≡ −Tr[ρext log(ρext)] is bounded by micro-canonical entropy
of the ensemble as discussed in Section IV C. If instead one starts from a mixed state encoding an homogeneous
statistical mixture of quantum states compatible with (80), then the reduced density matrix leads to an entropy that
matches the microcanonical one [235]. Such equipartition of probability is a standard assumption in the statistical
mechanical description of standard systems in equilibrium. It is interesting to contemplate the possibility of arguing
for its validity from a more fundamental level using the ideas of typicality [245].

J. Hawking radiation

The derivation of Hawking radiation from first principles in LQG remains an open problem, this is partly due to the
difficulty associated with the definition of semiclassical states approximating space-time backgrounds. Only heuristic
models based on simple analogies exist at the moment [181]. Without a detailed account of the emission process it
is still possible to obtain information from a spectroscopical approach (first applied to BHs in [62, 198]) that uses
as an input the details of the area spectrum in addition to some semiclassical assumptions [50, 51]. The status of
the question has improved with the definition and quantisation of spherical symmetric models [158, 160, 161]. The
approach resembles the hybrid quantisation techniques used in loop quantum cosmology [5, 40]. More precisely, the
quantum spherical background space-time is defined using LQG techniques, whereas perturbations, accounting for
Hawking radiation, are described by a quantum test field (defined by means of a Fock Hilbert space).

A fundamental microscopic account of the evaporation in detail would require dynamical considerations where the
solutions of (54) describing a semiclassical BH state will have to enter. For an attempt to include dynamics in the
present framework see [246]; and [247] for a related model of evaporation.

V. INSIGHTS INTO THE HARD PROBLEM: BLACK HOLE QUANTUM DYNAMICS

A. The information loss problem

Classically black holes are causal sinks. According to classical general relativity anything crossing a BH event
horizon—Figure 1, notice light cone structure—is constrained by the causal structure of spacetime to end up at the
singularity, which in the classical theory is regarded as an endpoint of spacetime. When quantum effects are considered
the situation changes as black holes evaporate through Hawking radiation. On the one hand, the classical notion of
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FIG. 8: A Cauchy surface Σ′ sufficiently to the future of the gravitational collapse: A key feature of the BH interior is that
the singularity is a space like surface, e.g. in the spherically symmetric case this means that the r =constant surfaces are
spacelike. The light cones are tilted towards the singularity inside the BH. This means that a Cauchy surface Σ′ representing
an instant of the BH spacetime sufficiently to the future contains a large volumetric extension inside the BH region. This volume
would be unbounded if BHs did not evaporate (we could push Σ′ arbitrarily to the future to make its extension inside the BH
grow without limits). In the figure the portion of Σ′ inside the BH is represented by the dotted lines going down around the
high curvature region. One can show that the volume inside measured at the latest possible instant where curvatures remain
sub-Planckian (notice that moving Σ′ to the future implies getting closer to the singularity inside the horizon) is greater than
a lowe bound that goes like (M/Mp)

α`3p with α > 3 and hence diverges in the ~→ 0 limit.

singularity is expected to be described by Planckian scale new physics and so the question of what is the dynamical
fate of what falls into this region is expected to have a well defined description. On the other hand, this high curvature
region, initially hidden by the BH event horizon, could become eventually visible to outside observers at the end of
evaporation or remain forever causally disconnected from the outside region. As these questions concern the physics
in the Planckian regime, these questions can only be settled in the framework of a full theory of quantum gravity.
Semiclassical considerations meet their end.

According to the Hawking effect a black hole in isolation slowly lowers its initial mass M by the emission of
radiation which is very well approximated by thermal radiation (at least while the curvature at the horizon is far
from Planckian, or equivalently, while the mass of the BH is much larger than mp). During this semiclassical-era of
evaporation—which lasts an extremely long time τevap ≈ M3 in Planck units 18—the black hole also works as an

18 In more graphical terms

τevap ≈ 1054
M3

M3
�
τuniv.

where M� is the solar mass and τuniv is the age of the universe.
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information sink. According to classical gravity and quantum field theory on curved spacetimes, whatever falls into
the BH becomes causally disconnected from the outside at least for times τ ≤ τevap. Evolution of the quantum state
of matter fields from one instant defined by a Cauchy surface Σ (see Figure 8) to another defined by a Cauchy surface
Σ′ in its future (embedded in the lower than Planckian curvature region) is unitary. For the spacetime regions which
can be well approximated by classical gravity there is part of the Cauchy surfaces Σ′ that is trapped inside the BH
and whose future is the classical singularity. As Σ′ is pushed towards the future, the portion inside the BH grows (for
instance in terms of its volume) as it approaches more and more the singularity (see dotted portion of Σ′ in Figure
8).

It is easier to emphasize one aspect of the information lost paradox by concentrating only on the Hawking radiation
produced by the BH during its history, and thus neglecting for simplicity of the analysis all the other things that have
fell into the BH during its long life (in particular those that led to its formation in the first place). Hawking particles
are created by the gravitational tidal interaction of the BH geometry with the vacuum state |0〉 of matter fields. This
state can be expressed as a pure state density matrix |0〉〈0|. It can be precisely shown that when a particle is created
by this interaction and send out to the outside, another correlated excitation falls into the singularity [178, 186, 293].
It is because these correlated excitations that fell into the BH cannot affect any local experiment outside that an
outside observer can trace them out and in this way get a mixed state

ρTBH
= TrBH[|0〉〈0|]. (123)

The previous mixed state is thermal state with Hawking temperature TBH to an extremely good accuracy while the
BH is large in Planck units (the trace is taken at a given instant defined by a Cauchy surface Σ). Yet the overall
state of matter, when we do not ignore the fallen correlated excitations, is a pure state! The question of the fate of
information in BH physics can then be stated in terms of the question of whether the quantum state of the system
after complete evaporation of the BH is again a pure state (the initially lost correlations emerge somehow from the
ashes of the end result of evaporation) or the state remains mixed and the information carried by the excitations
that fell into the BH are forever lost. If the second scenario is realized then the unitarity of the description of the
gravitational collapse and subsequent evaporation would be compromised. This in itself would seem to have very
little practical importance for local physics considering the time scales involved for BHs with macroscopic masses.
But it could lead to an in principle detectable phenomenology in contexts where small BHs could be created in large
numbers classically (such as for primordial BHs in cosmology) or by quantum fluctuations (yet in this case deviations
from the semiclassical expectation could become important). Finally, the consideration of such purely theoretical
questions can lead to new perspectives possibly useful for understanding the theory we seek.

How much information has fallen into the BH at the end of evaporation? The answer really depends on the entire
history of the BH. As an extreme example one could think of feeding a BH with matter continuously to compensate
for the energy loss via Hawking radiation. In this way a BH can have a lifetime as large as wanted and thus can
swallow an unlimited amount of information (independently of its apparent size as seen from the outside). Thus the
answer would be infinite in this case. One could think of the opposite scenario where the BH is created quickly by
gravitational collapse and left unperturbed in isolation until it completely evaporates. In this case we would expect
that it has absorbed at least all the information that would be necessary to purify the hawking radiation that has
been emitted during its evaporation process. Assuming that this process is close to stationary for the most part of
the history of the BH and using the generalized second law of thermodynamics one expects the information lost to
be of the order of the initial Bekenstein-Hawking entropy SBH = a0/(4`

2
p).

The volume inside the BH right before hitting the singularity is huge when calculated at an ultimate instant defined
by a constant curvature slice before the radius of curvature becomes Planckian inside the BH. At that instant the area
of the BH as seen from the outside is Planckian. Nevertheless its internal volume defined by this spacelike slice can
be as large as the the volume of a ball with a radius R ≈ 106 × (M/M�)Runiv where Runiv denotes the radius of the
observable universe (for discussion of the volume inside a BH see [111, 112]). Such trapped volume is not bounded in
any way by the area of the BH, for instance it can be made as big as desired by feeding the black hole with matter
to compensate for its evaporation as in the situation evoked before where an unlimited amount of information would
be absorbed by the BH. This is not surprising as in a curved geometry the volume of a region is not bounded in any
way by the apparent size of the region from the outside (the black hole area for instance); in the present case this
corresponds to Wheelers bag of gold scenario [300].

Hawking 1976 [180] formulation of the information paradox can be stated in the questions: is the information falling
into the BH region forever lost? or can it be recovered at the end of BH evaporation? It is clear that the answer
to these questions is tight to the fate of the causal structure of spacetime across the BH singularity, and is therefore
a quantum gravity question. These questions will only be clarified when a solid understanding of the Planckian
dynamics becomes available. The central interest of Hawking’s information paradox is the theoretical challenge it
represents; it tells us that one cannot ignore the physics of the singularity.

The following scenarios represent some of the main ideas that have been put forward during the last 4 decades:
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FIG. 9: The left panel shows the situation as initially pictured by Hawking: a Hawking particle b and its partner a, created
from the vacuum by the interaction with the gravitational field when the black hole can still be considered semiclassical are
maximally correlated. The in-falling particle a enters the strong quantum fluctuation region (the would-be-singularity of classical
gravity) and the information it carries is lost behind the horizon forever for outside observers. The right panel illustrates the
remnant scenario: the information carried by particle a remains in a quantum gravity region that becomes a remnant after
the horizon shrinks via Hawking evaporation to Planckian size and disappears. The information either remains forever inside
a stable remnant, or is recovered via the emission of ultra-soft radiation ā in a astronomically huge time of the order of M4 in
Planck units.

1. Black holes are information sinks: A simple possibility is that even when the singularity is replaced by its
consistent Planckian description one finds that the excitations that are correlated with the outside can never
interact again with it and remain in some quantum gravity sense forever causally disconnected from the outside.
There are two possibilities evoked in the literature: The first possibility is that lost information could end
entangled in a pre-geometric quantum substrate (where large quantum fluctuations [18] prevent any description
in terms of geometry); this would be described as a singularity from the point of view of spacetime physics in
which case the place where informations ends could be seen as a boundary of spacetime description [295]. The
second is that to the future of the singularity (a region of large quantum fluctuations at the Planck scale) a new
spacetime description becomes available but that the newly born spacetime regions remain causally disconnected
from the BH outside: a baby universe [156, 157].

2. Information is stored in a long-lasting remnant:

A concrete proposal consists of assuming that a remnant of a mass of the order of Planck mass at the end of the
Hawking evaporation can carry the missing information [6, 170]. As the final phase of evaporation lies outside
of the regime of applicability of the semiclassical analysis such hypothesis is in principle possible. Notice that
this might be indistinguishable from the outside from the baby universe possibility if no information is allowed
to come out of this remnant. The Planckian size remnant will look as a point-like particle to outside observers.

In order to purify the state of fields in the future, the remnant must have a huge number of internal degrees of
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freedom which correlate with those of the radiation emitted during evaporation in addition to those related to
the formation history of the BH. If one traces out these degrees of freedom one has a mixed state that represents
well the physics of local observers in the future right before the end of evaporation. The entropy of such mixed
state is expected to be at least as big as the one of the initial black hole SBH(M) before Hawking evaporation
starts being important. The value of SBH(M) is a lower bound of the number of such internal states, which,
as pointed out above, it can be virtually infinite depending of the past history of the BH. If this particle like
object admits a description in terms of an effective field theory (which in itself is not so clear [185]) this huge
internal degeneracy would lead to an (unobserved) very large pair production rate in standard particle physics
situations. One can contemplate the possibility that these remnants could decay via emission of soft photons
carrying the missing information back to the outside. However, as the energy available for this is of the order of
Mp, remnants would have to be very long lived (with lifetimes of the order of M4/M4

p tp [70]) in order to evacuate
all the internal information in electromagnetic, gravitational or any other field-like radiation. Hence, they would
basically behave as stable particles and one would run into the previous difficulties with large pair creation rates.
The possibility that such remnants can lead to finite rate production despite of the large degeneracy of their
spectrum has been suggested [45, 46]. More discussion of remnants and references see [185]. Some aspects of
the previous two scenarios is illustrated in Figure 9.

3. Information is recovered in Hawking radiation:

Another proposed scenario for purification of the final state of black hole evaporation consist of postulating that
information comes out with the Hawking radiation. This view has been advocated by ’t Hooft in [277] and raised
to a postulate by Susskind et al. [274] where one declares that “there exists a unitary S-matrix which describes
the evolution from infalling matter to outgoing Hawking-like radiation”. See also Page [225]. Such view cannot
accommodate with the spacetime causal structure representing the BH within the framework of quantum field
theory on curved spacetimes (see light cones in Figure 8). New physics at low energy scales is invoked to
justify that information of the in-falling modes is somehow ‘registered’ at the BH horizon and sent back out to
infinity. More precisely, if standard QFT on a curved space-time is assumed to be a valid approximation when
the curvature around the black hole horizon is low (for large BHs) then no information on the in-falling modes
can leak out the horizon without violating causality. Yet, as argued by Page [224], in order for unitarity to
hold such leaking of information must be important when the BH is still large and semiclassical (at Page time
corresponding to the time when the BH has evaporated about half of its initial area a). Some peculiar quantum
gravity effect must take place at the BH horizon. Further tensions arise when trying to describe the physics from
the point of view of freely falling observers who (according to the equivalence principle) should not feel anything
special when crossing the BH horizon. In particular, they must find all the information that fell through the
horizon right inside. Thus, there is a troublesome doubling of information in this scenario: a so-called principle
of complementarity is evoked in trying to address these issues [274]. Hence, the above postulate implies that
quantum gravity effects would be important where they are not expected to be opening the door for paradoxical
situations with theoretically convoluted proposed resolutions.

The existence of such puzzling large quantum gravity effects in the present scenario was made manifest by the
analysis of [11, 96] where it is explicitly shown that (assuming the validity of semiclassical QFT in the vicinity
of a large BH) one cannot have information go out of a large BH and across its horizon without a catastrophic
violation of the equivalence principle at the BH horizon!

A cartoon description of the phenomenon can be given with the help of Fig. 10 as follows. According to the
formalism of QFT on curved space-times the UV structure of the two-point correlation functions is universal
for well behaved (Hadamard) states. Physically, this implies that the state of fields looks like ‘vacuum’ to freely
falling observers crossing the horizon with detectors sensitive to wavelengths much shorter that the BH size.
In the context of the Hawking effect this implies that a pair of particles a and b created at the horizon by
the interaction of the field with the background geometry must be maximally correlated [212]. The statement
that the final state of the Hawking radiation is pure (and thus that information has sneaked out of the horizon
during the evaporation process) necessitates the existence of non trivial correlations between the early radiation
(particle c in Fig. 10) and late radiation (particle b) 19. But correlations between c and b are forbidden by the
fact that a and b are maximally correlated. This is due to the so-called monogamy of entanglement in quantum

19 The analogy with the cooling of a hot body in standard situations is often drawn. An initially hot body can be described by a pure
state. While it cools down it emits radiation that looks close to thermal at any particular time. Unitarity implies (among other things)
that the early radiation be correlated with the late one to maintain the purity of the state. Such view is misleading when applied to
BHs because it disregards the causal structure.
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FIG. 10: According to quantum field theory the pair of particles a and b are created from the vacuum in a maximally entangled
state [212, 287]. Monogamy of entanglement [114] precludes the possibility of having a non trivial entanglementent between
the early Hawking radiation c and the late Hawking radiation b. Therefore, according to standard quantum field theory (which
should be valid for macroscopic black holes) information cannot come out with the Hawking radiation during the semiclassical
phase. This invalidates the heuristics of the Page curve [224, 225]. Moreover, if one postulates deviations from maximal
entanglement between a and b at later times, in order to allow for non trivial correlations between c and b, then a divergence
of the energy momentum tensor develops at the location of the black hole horizon [11, 96].

mechanics [114]. Relaxing correlations between a and b implies a deviation from the notion of ‘vacuum’ at the
point where a and b are created. This perturbation leads to a divergence of the energy-momentum tensor at
the horizon in the past due to its unlimited blue-shift along the horizon towards the past: a ‘firewall’ detectable
by freely falling observers. If one is not ready to accept such flagrant violation of the equivalence principle one
must admit the inviability of the complementarity scenario.

4. Information is degraded via decoherence with Planckian degrees of freedom:

This is a natural proposal where the fundamental discreteness of quantum geometry at the Planck scales plays a
central role in understanding the puzzle of information. The information loss is viewed as a simple phenomenon
of decoherence with the quantum gravity substratum reflected in an increase of the von Neumann entropy
describing the state of Hawking radiation. This perspective puts in equal footing the apparent lost of information
in the BH context with the degrading of information taking place in the more familiar situations described by
standard thermodynamics and captured by the second law.

The second law of thermodynamics is not a fundamental principle in physics but rather a statement about the
(illusory) apparent asymmetry of time evolution when sufficiently complicated systems are put in special initial
conditions and later described statistically in terms of coarse physical variables that are unable to discern all
the details of the fundamental system. The idea is easily illustrated in classical mechanics. On the one hand,
Liouville’s theorem implies that the support of the phase space distribution of the system spans a volume that
is time independent; on the other hand, the shape of the support is not restricted by the theorem. An initially
simple distribution supported in a ball in Γ will (in suitably complicated systems) evolve into a more and more
intricate shape whose apparent phase space volume, when measured with a devise of resolution lower than that
of the details of the actual distribution, will grow with time. In a practical sense, the second law implies that
information is degraded (yet not lost) in time when encoded in coarse variables. The words in a newspaper are
gone when the newspaper is burned but the information they carry continue to be encoded in the correlation
among microscopic molecular degrees of freedom that become unavailable in practice.

At the quantum level information can be degraded in addition due to decoherence through the entanglement with
degrees of freedom that are not accessible to the observer [193]. In fact this view leads to a beautiful statement
of the foundations of statistical mechanics and sets the fundamental basis for thermodynamics [193, 245]. It is
the view of the author that this perspective offers the possibility of a simple solution of the information loss
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paradox in the context of a quantum gravity theory where spacetime geometry is granular or discrete at the
fundamental level [236].

We have seen that BHs behave like thermodynamical systems. The validity of the laws of BH mechanics and
their strict relationship with thermodynamics points to an underlying fundamental description where spacetime
is made of discrete granular structures. Without adhering to any particular approach to quantum gravity, the
solid theoretical evidence coming from general relativity and quantum field theory on curved spacetimes strongly
suggest that BH Horizons are made of Planckian size building blocks: they carry and entropy given by A/4 in
Planck units and satisfy the generalized second law (total entropy of matter plus BH entropy can only increase).
In the framework of LQG we have seen in Section IV that it is precisely the huge multiplicity microscospic
quantum states of the BH geometry that can account for its thermal properties. Such microscopic degeneracy
of states is also expected in the description of the continuum limit in LQG as argued in Section III G. If these
expectations are correct then the information puzzle must be understood in terms that are basically equivalent
to those valid in familiar situations. Information is not lost in BH evaporation but degraded in correlations with
these underlying ‘atoms’ of geometry at Planck scale. In this scenario BH evaporation is represented by Figure
11 and will be presented in more detail in Section V B.

B. Information loss resolutions suggested by LQG

The means for the resolution of the information puzzle, advocated here, can be formulated in the context of the
scenario proposed by Ashtekar and Bojowald (AB) in [24]. The central idea in the latter paper is that the key to the
puzzle of information resides in understanding the fate of the classical would-be-singularity in quantum gravity. This
view has enjoyed from a steady consensus in the non perturbative quantum gravity literature [185].

The scenario was initially motivated by the observed validity of the unitary evolution across the initial big-bang
singularity in symmetry reduced models in the context of loop quantum cosmology [89] (see [40] and references therein
for a modern account). Similar singularity avoidance results due to the underlying discreteness of LQG have been
reported recently in the context of spherically symmetric black hole models [159, 162] (see also [267]). The consistency
of the AB paradigm is supported by the analysis of [41] in two dimensional CGHS black holes [98] where still some
assumptions about the validity of quantum dynamics across the singularity are made. Numerical investigations of the
CGHS model in the mean field approximation [37, 38] strongly suggest the global causal picture proposed in the AB
paradigm as well.

The spacetime of the AB framework is represented in Figure 11. Hypothetical observers falling into the black
hole unavoidably meet the would be singularity. Quantum gravity evolution in the Planckian region takes us across
the singularity to the future where the BH has evaporated. In the AB proposal the space-time may rapidly become
semiclassical so that our test observer emerges into a flat space-time future above the would-be-singularity where
spacetime is close to a flat spacetime (because all of the mass sourcing gravity has been radiated away to infinity via
Hawking radiation). The region where it emerges is in causal contact with the outside. From the view point of an
external observer the black hole slowly evaporates until it becomes Planckian. At this final stage the semiclassical
approximation fails, curvature at the black hole horizon becomes Planckian and external observers become sensitive to
the strong quantum gravitational effects which are responsible for the resolutions of the classical would-be-singularity.
In practical terms this means that external observers become in causal contact with the strong quantum gravity region
and the singularity becomes naked for them.

In this framework there is a natural resolution of the question of the fate of information. The full quantum dynamics
is unitary when evolving from Σ to Σ′ (see Figure 11). The correlations in a Hawking pair a− b created in the vicinity
of the BH horizon (Figure 11) are maintained by the evolution. The field excitation a falls into the Planckian region
where it interacts with the fundamental discrete spacetime foam structure and gets imprinted into the Planckian
fabric in what we call ā. Correlations that make the state pure are not lost, at the end of evaporation the quanta b
in the Hawking radiation are entangled with Planckian degrees of freedom ā which cannot be encoded in a smooth
description of the late physics. These degrees of freedom are associated with a large degeneracy of the flat Minkowski
spacetime expects to arise from the continuum limit of LQG via coarse graining: ā is a defect in the fundamental
structure not detectable for the low energy probes for whom the spacetime seems smooth. The granular structure
predicted by LQG can realise the idea of decoherence without dissipation evoked in [288, 289]. The account of the
fate of information in the context of BHs evaporation would, in this scenario, be very similar to what one believes it
happens when burning the newspaper. After burning, the articles in the newspaper remains written in the correlations
of the gas molecules diffusing in the atmosphere. After evaporation the information initially available for low energy
probes in the initial data that lead to the gravitational collapse is encoded in the correlations with Planckian degrees
of freedom which are harder to access. Information gets degraded but not lost: the ‘fire’ of the singularity is a place
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FIG. 11: Possible scenario for unitarity in loop quantum gravity. Correlations between a Hawking particle b and its partner a,
created from the vacuum by the interaction with the gravitational field when the black hole can still be considered semiclassical,
are not lost. The in-falling particle enters the strong quantum fluctuation region (the would-be-singularity of classical gravity)
and interacts with the microscopic quantum granular structure of the spacetime geometry; the quantum geometry of Section
III. The correlations between a and b are not lost they are transferred to Planckian degrees of freedom denoted by ā in the
strong quantum region. They become in principle accessible after the BH has completely evaporated. The Hawking radiation is
purified by correlations with these Planckian micro-states which cannot be described in terms of the usual matter excitations.
Information is not lost but simply degraded; just as when burning a news paper the information in the text becomes inaccessible
in practice as it has been transferred to correlations between the molecules of gas produced by the combustion.

where the initially low energy smooth physics excitations are forced, by the gravitational collapse, to interact with
the Planckian fabric where a new variety of degrees of freedom are exited.

The viewpoint developed in considering the question of information in quantum gravity leads to some phenomeno-
logical proposals that we briefly describe in what follows.

VI. DISCRETENESS AND LORENTZ INVARIANCE

A central assumption behind all the results and perspectives discussed in this article is the compatibility of the
prediction of loop quantum gravity of a fundamental discreteness of quantum geometry at the Planck scale with
the continuum description of general relativity. As emphasized before the problem of the continuum limit of LQG
remains to a large extend open partly due to the technical difficulties in reconstructing the continuum from the
purely combinatorial structures of quantum geometry, but also due to the difficulties associated with the description
of dynamics in the framework (spacetime is a dynamical question involving the solutions of (54)).

A problem that immediately comes to mind is the apparent tension between discreteness and the Lorentz invariance
(LI) of the continuum low energy description. Is the notion of a minimum length compatible with Lorentz invariance?
The apparent tension was initially taken as an opportunity for quantum gravity phenomenology as such a conflict
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would immediately lead to observable effects (see [213] and references therein). Given the lack of clear understanding
of the continuum limit, it was initially assumed that the discreteness of quantum gravity would select a preferred
rest frame breaking LI ‘only’ at the deep Planckian regime. However, it was later shown [115, 116, 240, 244] that
such naive violation of LI would not be compatible with standard QFT at familiar energy scales: violations of LI at
Planck scale would generically get amplified via radiative corrections and thus ‘percolate’ from the Planck scale to
low energy scales producing effects that would be of the same order of magnitude as the phenomenology predicted by
the standard model of particle physics. This is in sharp conflict with observations.

These results indicate that discreteness in quantum gravity does not admit a naive interpretation as some granular
structure similar to molecules or atoms in a lattice. Compatibility with LI requires a more subtle relation expected to
be clarified via the precise understanding of the continuum limit and the solutions of the scalar constraint (54) (the
quantum nature of such discreteness is probably one aspect of its elusive nature [258]). The key point seems dynamical
physical discreteness should be associated to gauge invariant quantities commuting with the scalar constraint. Let us
illustrate this with the simpler case of the area operator which is not a gauge invariant observable (a Dirac observable)
unless further structure is provided. In the case of the BH models considered here the area of the event horizon is
a gauge invariant notion (thanks to the restrictions imposed by the isolated horizon boundary condition) and its
discreteness is justified. Notice also that only normal Lorentz transformations preserve the boundary condition and
for such the area is an invariant notion.

The apparent tension of the discreteness as predicted by our calculations in Section III in view of the expected LI
at low energies can be attenuated with general dynamical considerations as well. Unfortunately, unlike the argument
for BHs we just gave, in the general situation the discussion will remain at a more heuristic level until more control
on the dynamical question is gained. However, we can be precise if we use the concrete scenario provided by models
where time-reparametrization invariance (the gauge symmetry associated to (54)) is eliminated by the use dust or
other suitable (massive) matter degrees of freedom as a physical gauge fixing [97, 129, 172, 173]. Discreteness of
geometry at the Planck scale realizes in relational observables [252, 254] like area and volume of regions in the rest
frame of matter degrees of freedom. Compatibility, with Lorentz invariance comes from the fact that the discreteness
of geometric observables is associated with such preferred ‘observers’ selected by the gauge fixing degrees of freedom.
In these models the Planck length enters in a way that is similar to the mass m of a field in relativistic field theory.
The presence of a scale does not break Lorentz symmetry because the meaning of m is that of the rest-mass of the
associated particle (it means a definite scale in a special reference frame). Similarly, the discreteness of geometry in
the deparametrized context has a meaning in a reference frame determined by the physical degrees of freedom. These
models are simplistic in that the matter ‘rulers’ that provide the gauge fixing that eliminates ((54)) are not properly
quantized but it illustrates clearly the way in which the apparent tension between discreteness and Lorentz-FitzGerald
contraction could be resolved.

Waiting for a more detailed understanding we also mention that, in the context of applications to black holes,
discreteness of the geometry of null surfaces (themselves a LI object) is the key feature behind the results we have
discussed. Another important point concerning BHs is that the results presented here would all be preserved (only
with a possible modification of the the value of γ0 in (82)) as long as a non trivial area gap remains (the area spectrum
can be continuous as long a there is a minimum non-vanishing area eigenstate [152, 166]). In the context of spin foams
[261] (which provides the framework for understanding the continuum limit dynamically) there are indications that
the area gap is a LI feature of quantum geometry 20. Although in such case the physical interpretation in the previous
terms seems elusive.

A. Phenomenology

The discussion of black hole issues in quantum gravity suggests interesting avenues for phenomenology based on the
possible observational implications of Planckian discreteness. Some years ago there was an initial surge of interest in
quantum gravitational effects associated with violations of Lorentz invariance mediated by effects associated with a
preferred frame where discreteness would realize [7, 12, 13]. However, it has by now become quite clear that this idea
faces severe problems. From the direct observational side one can conclude that, if that kind of effects exist at all, they
must be far more suppressed than initially expected [1, 190]. From the theoretical side these effects are forbidden by
the no-go argument of [116]. However, this result has created a great puzzle: in what way space-time Planckian scale
discreteness (as predicted by LQG) could actually be realized in consistency with the observed Lorentz invariance?

20 There is for instance the presence of the area gap in the covariantly derived area operator [10], and the persistence of the gap in the LI
definition of the area operator in self dual variables [152]. See also [128] for a general discussion on dynamics versus discreteness.
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Reference [116] rules out the direct and naive atomistic view of a spacetime made of pieces stuck together in some
sort of space-lattice, but it does not offer a clear answer to the question. The answer must come from the dynamical
understanding of the theory (the solution of (54)) and the construction of physical observables.

A related idea that avoids this no-go argument is that spacetime discreteness can lead to violations of conservation
of the energy momentum of matter fields when idealized as propagating in the continuum (no violation of lorentz
invariance in the previous naive sense is necessary; see for instance [131, 241]). The idea is that discreteness would
naturally lead to “energy diffusion” form the low energy field theoretical degrees of freedom to the micro-Planckian
structure of spacetime. Such diffusion is generically unavoidable if the decoherence scenario evoked in Section V B is
realized. Therefore, this phenomenological idea is partly motivated by our considerations of the information puzzle
in BH evaporation.

Violations of energy momentum conservation are incompatible with Einstein’s equations; however, in the context
of cosmology, unimodular gravity can be shown to be a good effective description of violations that respect the
cosmological principle [194]. In that case, the effect of the energy leakage is the appearance of a term in Einstein’s
equations satisfying the dark energy equation of state with contributions that are of the order of magnitude of
the observed cosmological constant. Dimensional analysis, together with the natural hypothesis that Planckian
discreteness would primarily manifest in interactions with massive matter (see Section VI) in a way that is best
captured by the scalar curvature R (vanishing via Eintein’s equation for conformally invariant massless matter), lead
to the emergence of a cosmological constant in agreement with observations without fine tuning [239]. These results
are new and poorly understood from the perspective of a fundamental theory of quantum gravity. Nevertheless, they
are encouraging and present a fresh view on the dark energy problem that seems promising.

Finally, another phenomenological aspect that follows from the discussion of BHs in LQG is the suggestion that
quantum effects in gravitational collapse might be stronger than those predicted by the semiclassical framework that
leads to Hawking evaporation. These hypothetical strong quantum gravity effects would be important in regions of low
curvatures near the event horizon and could actually dominate at some stage of the black hole collapse. The models
are motivated by heuristic considerations based on bouncing cosmologies in LQG [262] and later refined in [175, 262].
The initially proposed spacetimes suffer of certain instabilities [70, 124]. In these scenarios black holes would explode
in time scales of order M2 (in Planck units) [113] and, as argued, they might lead to precise observational signatures
[52–54].

VII. FUTURE DIRECTIONS AND DISCUSSION

At present there is no complete understanding of that unified framework of quantum mechanics and gravity that
we call quantum gravity. Several theoretical approaches exist with their advantages and disadvantages depending on
the judgement of what physical phenomena are the most relevant guiding principles. Loop quantum gravity is not an
exception to such assertion. Important implications of the formalism remain unclear such as the (dynamical) question
of the continuum limit or that of the nature of matter at the fundamental scale. In such context, black hole physics is
a challenge and an opportunity where phenomenology, firmly rooted in predictions of general relativity and quantum
field theory on curved spacetimes, guides our steps for the construction of a consistent theory. In this sense Black
holes are cosmic microscopes of the fundamental structure of space and time. They hide the key for solving the puzzle
of quantum gravity.

In this article we have reviewed the main achievements of the formalism of loop quantum gravity when applied
to black holes. The central feature behind all these results is the discreteness of geometry at the Planck scale that
follows directly (as explained in Section III) from the canonical uncertainty relations of gravity in the first order
variables. We argued that there is a finite dimensional ensemble of possible gravitational actions in these variables,
Section II A, and that the Immirzi parameter arises from the associated coupling constants. In the quantum theory
the Poisson non-commutativity of geometric variables implies the discreteness of area and volume whose eigenvalues
are modulated by the Immirzi parameter γ (see for instance equation (76)). The parameter γ is thought of as labelling
inequivalent quantizations.

We have seen that the approach succeeds in explaining the proportionality of black hole entropy with its horizon
area without the need of invoking holographic ideas at the fundamental level. Consistency with the low energy
semiclassical limit requires a very definite value of the proportionality constant between area and entropy. Two
competing perspectives coexist at present. On the one hand, there is the view (motivated by the formalism of
quantum isolated horizons) that only geometry degeneracy must contribute to the entropy, Section IV A. In this case
semiclassical consistency is achieved by fixing the value of the Immirzi parameter as in equation (82). On the other
hand, if matter degrees of freedom are taken into account and punctures are assumed to be indistinguishable, we
have seen, Section IV D, that it is possible to achieve semiclassical consistency for arbitrary values of the Immirzi
parameter (γ only appears in subheading quantum corrections to the entropy). Moreover, if in addition Boson
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statistics is postulated for punctures then correspondence with the continuum limit holds; Section IV E.
At present there is no consensus on which of the previous alternative views is more appropriate. The second

perspective is more challenging as it demands deeper understanding of the of the nature of matter degrees of freedom
at the Planck scale. This is a difficult yet potentially promising direction where the properties of black holes can teach
us about some aspects of matter coupling of LQG at high energies. In Section IV G we mention some ideas which can
be considered first steps in this direction.

We have seen in this article that black holes are modelled in terms of boundaries and the imposition of boundary
conditions at the classical level. This approach is natural in the semiclassical context where black holes are large in
Planck units and thus radiate so little that can be idealised as stationary. Quantum aspects are explored via canonical
quantization of the phase space to general relativity restricted by these boundary conditions. In the dynamical regime
black holes are more elusive notions. Indeed it is likely that the very notion of black hole (as a trapped region)
makes no sense in the full quantum gravity regime (recall discussion in Section V). We have also discussed how some
of the most puzzling issues such as the emergence of the Lorentz invariant continuum, or the fate of information in
gravitational collapse requires the full dynamical description of the evaporation process and, what classically would be
regarded as, the BH singularity. At present one can argue for possible scenarios on the basis of general features such
as discreteness of geometry at the Planck scale. However, the precise treatment of these hard questions necessitate
full control of the quantum theory and its dynamics at the Planck scale. There is active research on basically two
fronts trying to address the dynamical question: the spin foam approach towards the path integral representation of
LQG [234], and the canonical Dirac program of regularisation and quantisation of the quantum Einsteins equations
[182, 199, 201]. In the near future, perhaps the reader will contribute with new insights into these pressing questions.
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