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1 INTRODUCTION

The study of the dynamics of a body around the Earth began with the study of the
gravitation equation attributed to Newton and the three Kepler laws for the motion around
a spherical body. This motion is called keplerian motion. For space applications as the
station keeping of a geostationary satellite, this keplerian motion is not enough to describe
the spacecraft trajectory. Orbital disturbances have to be added in the description of the
motion, namely the fact that Earth is not a spherical body, that the Sun and the Moon
create a gravitational attraction on the spacecraft and that the Sun radiation pressure
change the spacecraft trajectory.

From the study of the keplerian dynamics and the orbital perturbations, a dynamical
model of the spacecraft is set up. The state vector can consist either in the cartesian
positions and velocities or the orbital elements. As for station keeping, the satellite stay in
the vicinity of its station keeping point, it is possible to linearize the dynamics with respect
to the gap between the actual position of the spacecraft and the station keeping one.

This document is organized as follows. The first section describes the physics of the ke-
plerian motion and the orbital perturbations disturbing this keplerian motion. The second
section focuses on the state representation of the spacecraft flying around the Earth on the
quasi-geostationary orbit. The following section derives the non linear and the linearized
equation of motion and the last section computed the linearized dynamics matrices for
each orbital perturbation.

2 ORBITAL MECHANICS

2.1 KEPLERIAN MOTION

In this section, the equations for the keplerian motion are recalled (see for instance the
references | |, [ ] ou | |) and some notations used through
this document are presented.

2.1.1 DYNAMICS EQUATIONS FOR THE KEPLERIAN MOTION

As a first approximation, the Earth can be considered as a spherical body. A spacecraft
flying in the gravitational field of the Earth undergoes a force whose expression is given by
the Newton gravitational law:

-t gm@msat 7?
Fg = —T;, (1)

with:

G the gravitational constant,

e mg the Earth mass,

e Mg, the satellite mass,

o 7 the Earth-satellite radius vector,

r the norm of this vector.



The standard geocentric gravitational parameter is defined by g = Gmg.

According to the Newton second law, the variation of the spacecraft momentum is equal
to the sum of the external forces. As the spacecraft mass is supposed to remain constant,
the equations of motion in the inertial geocentric frame supposed to be galilean (see the

Figure 8 page 46) are given by:
dﬂ _ _teT (2)

dt? Be rZ

This differential equation describes the motion of the spacecraft and of the Earth around
the center of mass of the system {Earth-spacecraft}. As the spacecraft mass is very small
with respect to the Earth mass, the Earth-spacecraft center of mass center of mass is
supposed to be the center of the Earth. Therefore, the Equation (2) describes the motion
of the spacecraft around the Earth.

2.1.2 KEPLERIAN TRAJECTORY

In order to solve the Equation (2), integrals of the motion are first derived. The specific
angular momentum is defined by:

-

h=7x1, (3)

and is constant. As the angular momentum is perpendicular to the position and veloc-
ity vectors, the plane defined by the initial position and the initial velocity is constant.
Therefore, the spacecraft trajectory lies in a plane.

The solution of the Equation (2) is a conic. With a polar parametrisation, the equation
of this conic is given by: ,
. a(l —e?) ’ ()
1+ ecos(v)
where a is the semi-major axis of the conic, e its eccentricity and v the angular parameter.
a and e describe the shape of this conic. In particular, e defines the conic type:

o if 0 < e < 1, the trajectory is an ellipse (or a circle in the case e = 0),
e if e =1, the conic is a parabola,
e if e > 1, the conic is an hyperbola.

The trajectory is bounded and the motion is periodic in the first case only. Therefore,
in the sequel, only trajectories with eccentricities strictly smaller than 1 will be studied.

The semi-minor axis b is also used and is defined by:
b=aV1—e’ (5)

In the case e < 1, the trajectory is closed and the orbital period is defined as:

T =2, —. (6)

2m )

Conversion formulas between the position and the velocities on one hand and the pa-
rameters defining the spacecraft trajectory on the other hand are given in the Appendix B
page 54.

The mean motion is defined as:



2.1.3 THE GEOSTATIONARY ORBIT

For spacecraft orbiting the Earth, the orbits are sorted in the following categories :

« Low Earth Orbits (LEO), for an altitude smaller than 800 km (a < 7178 km),

« Mid Earth Orbits (MEO), for an altitude between 800 km and 30 000 km (7178 km <
a < 36378 km),

o Geosynchronous Orbits, for which the orbital period of the spacecraft is equal to the
rotation period of the Earth,

o Geostationary Earth Orbits (GEO) for which the spacecraft stays over the same
point of the Earth. The GEO orbit is a particular geosynchronous orbit with a zero
inclination and a zero eccentricity.

The GEO semi-major axis can be computed thanks to the Equation (6):

1
M@Té 3
= . 8
o= () ®)
With the sidereal Earth rotation period 7; = 86164 s and the geocentric standard
gravitational parameter g = 3.986.10 m3/s?, it follows a = 42158 km.

2.2 ORBITAL PERTURBATIONS

The orbitals perturbations are all the forces, except the Earth gravitational one, that a
spacecraft undergoes. Among this forces, the references | N ]
and | ] introduce the following ones relevant for a spacecraft on a GEO orbit:

o the part of the Earth gravitational potential produced by the non spherical distribu-
tion of the mass,

o the Sun and and the Moon gravitational attractions,

 the solar radiation pressure: photons emitted by the Sun are absorbed and re-emitted
by the spacecraft, what induces a variation of its momentum.

The following subsections describe the modeling of the disturbing accelerations and
potentials for a spacecraft orbiting the Earth on a GEO orbit.

2.2.1 GRAVITATIONAL ATTRACTION OF A NON SPHERICAL EARTH

If the Earth is supposed to be a perfect sphere, the gravitational potential is expressed

as: u
E(Tv ¥, >‘) = _769 (9)
However, the Earth is not a spherical body. Therefore, adopting the expression given
in the reference | ], the gravitational potential is given by:
dm(TP790P,)\P) dm(TP,QOP,)\P)
g ot \ T 7)\ - g/ . = - / ; 10
PP t( $ ) Q(Terre) ||7" — 7“PH Q ( )

erre r2
(r )7’\/1— LcosA+ &

with 7 the vector from the Earth center to the potential computation point, 7p the vector
from the Earth center to a point of the Earth whose mass is dm and A the angle between
these two vectors (see Figure 1).



Figure 1: Angle A between the direction of the point in which the gravitational potential is
computed and the direction of the current integration point (scheme from | ).

Assuming that 5 < 1, the integrand can be expanded in series of Legendre polynomi-

als:
1

\/ 1 —"EcosA+ :i;
where P is the Legendre polynomial of degree [ given by:

:i(é)lﬂ(cos/\), (11)

1 di(z*-1) 1)7(21 — 2j)! :
P(x)= ———— 1=2j 12
@) = o 2ZZ 1—] (1 —2j)! (12)
The gravitational potential of a non spherical Earth is thus:
Eppot (1, Z Z ( ) P (sin ) {Cgm cos(mA) + Sy, sin(mA) |, (13)
=0 m=0
where the P, are the associated Legendre functions:
1 ﬂdl+TTL(l.2 - 1)l
Prm(z) = 2T“(1 — %)’ Qg (14)

and the C,, and S}, are the coefficients of the decomposition of the potential in spherical
harmonics.

The gravitational potential can be rewritten as the sum of the keplerian gravita-
tional potential and a disturbing gravitational potential (see for instance the references
[ ) ]). This potential is a func-
tion of the radlus the latitude and the longltude expanded on the spherical basis of the
associated Legendre functions:

Eppot(T, 9, A) = M—@ +Up(r, o, \)

re —|— —= Z Z ( ) P (sin ) [C’lm cos(mA) + Sy sin(mA)|. (15)

T 1Z0m=0

In some textbooks, the J; coefficients are used instead of the Cjy ones. These coefficients
are linked by J, = —Cjg.



2.2.2 SUN AND MOON DISTURBING GRAVITATIONAL POTENTIAL

The Sun and the Moon create a gravitational force acting on a spacecraft orbiting the
Earth. These attraction forces tend to change the spacecraft orbital plane due to the fact
that the Sun and the Moon orbital planes are inclined with respect to the Earth equator.
Thus these gravitational forces act on the orbital plane of the spacecraft.

Denoting:
el et pg the Sun and Moon gravitational parameters respectively,

s 7o et g the position vectors of the Sun and the Moon respectively in the geocentric
inertial reference frame, with r¢ and r¢ their norms (see Figure 2),

the acceleration acting on the spacecraft due to the gravitational attraction of the Sun and
the Moon is given by:

- Ho - To =T o Q=T q
ap, :—7"‘*’#@[_._,—14‘# = _ =13 .3 |> (16)
et s R T I | S R

and is usually expanded with the two first Legendre polynomials:

- ~ Ho Ho 3 — —\ = — /’l’@ 3 — —\ — -
ay o ™~ —FT + % [r%(r@ )T — T] + % %(r( P)Tq — r] ) (17)

Figure 2: Illustration des vecteurs 7%, et 7 .



The Sun and Moon gravitational attraction potential is derived from the Equation (16)
(see the reference | | and [ BE

¢ < 1 F-F@> ( 1 7T )
=Moo\ = = —H > TR ’
pol 17— 7 7%F)  "C\iFe =71 T/ IP

2y e o (2) R
€

ro 2 rq

The radiations emitted by the Sun create a pressure on the spacecraft because of the ab-
sorption and emission of photons. According to | Jand |
the mean solar power received per surface unit in the vicinity of the Earth is 1.4 1076 kW / m?”.
This solar power creates a mean pressure on a surface in the Earth-Sun direction P, =
4.56 107N /m”.

In order to compute the value of the force on the satellite from the pressure, it is
mandatory to know the area projected on the spacecraft-Sun direction. Several models
exist for the computation of this projected area. The most common one is the cannonball
model that model the spacecraft as a sphere (see the reference | 1)

~ Mo
Lic}

_|_

2.2.3 SUN RADIATION PRESSURE (SRP)

If S'is the projected area in the Earth-Sun direction, ¢ the radiation pressure coefficient,
55 the unit vector in the spacecraft-Sun direction and ¢ a parameter being 0 if the satellite
is in the shadow of the Earth and 1 otherwise, the acceleration created by the radiation

pressure is written as:
SPsc
Shaty @ (19)

asrp = 0

Neglecting the eclipses and assuming that the spacecraft-Sun and Earth-Sun directions
are almost the same, it is possible to define the pseudo-potential function for the Sun
radiation pressure:

SP@C

=0
m

gp7SRP<T, P )‘> ||F® - _’Hv (20>

More complex models exist (see | ] and the references therein)
and take into account the attitude of the spacecraft for instance for a more precise com-
putation of the effect of the radiation pressure.

2.2.4 SUMMARY

In the reference | |, the relative effects of the disturbing forces with respect
to the central gravitational force are compared for a LEO satellite and a GEO satellite.
These results are summarized in the Table 1. The J; effect is in both cases 100 times as
strong as the other disturbing effects. For GEO satellite, the atmospheric drag is completely
negligible.



Disturbing force ‘ LEO ‘ GEO

Central gravitational force 1 1
J2 effect 1072 107°
Non spherical potential (except J2) 10~ 1077
Sun and Moon attraction 1077~ 107° | 1077 ~ 1074
Sun radiation pressure 1078 ~ 1077 | 1078 ~ 1077
Atmospheric drag 1079 ~ 1077 0

Table 1: Comparison between orbital disturbing with respect to the central gravitational
force for a LEO and a GEO spacecraft.

3 STATE REPRESENTATION FOR THE SPACECRAFT
MOTION

Through this document, the system is a GEO spacecraft supposed to be a point mass
that evolves in the Earth gravitational field with the orbital disturbing forces introduced
in the previous section. Six parameters or generalized coordinates are mandatory for the
description of the satellite motion. These six parameters form the state vector of the
spacecraft. Several state representations can be used. In the sequel, the state vector is
written with the cartesian positions and velocities (cartesian parameters), then with the
classical or equinoctial orbital elements. The reference | | introduce other orbital
elements sets that can be used to describe the spacecraft motion.

3.1 CARTESIAN STATE REPRESENTATION

The positions and the velocities of the spacecraft in the geocentric inertial reference
frame as depicted in the Figure 8 page 46 are:

T
r = Yy = .QjﬁXG + yﬁYG + zﬁZga <21>
Z re
. d?“ x . . e
U= eri i v = Tux, + YUy, + 2Uz,. (22)
e z Re

The cartesian state vector reads thus as:

(23)

(
(
Lcart (t) = xE
(
(



3.2 ORBITAL ELEMENTS STATE REPRESENTATION

3.2.1 CLASSICAL ORBITAL ELEMENTS

In the case where the spacecraft flies in a central body gravitation field, the trajectory
is a conic. If the trajectory is closed, it is an ellipse or a circle. In that case, the trajectory
can be represented by the following parameters:

e two parameters for the shape of the ellipse:
¢ the semi-major axis a,
¢ the eccentricity e,
e three parameters for the orientation of the ellipse in space:
¢ the inclination ¢ of the orbit with respect to the ecliptic plane,

¢ the right ascension of the ascending node €2 : angle in the equatorial plane
between the vernal equinox and the intersection direction between the orbital
and the equatorial planes in the ascending direction,

¢ the perigee argument w : angle between the ascending node and the perigee,

e a parameter called anomaly describing the position of the spacecraft on its orbit
(time-varying parameter).

These six parameters are called classical orbital elements or keplerian orbital elements
(see for instance the reference | ]). The physical meaning of these orbital el-
ements is depicted on the Figure 3. The mean motion of the spacecraft on its orbit n is

usually associated to these parameters:
M

10
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Figure 3: Classical orbital elements

Three anomalies are classically handled in order to describe the spacecraft position on
its orbit:

e the true anomaly v,
o the eccentric anomaly FE,

e the mean anomaly M.

The true anomaly is the angle between the perigee direction and the direction of the
radius 7.
The eccentric anomaly is an angle defined as illustrated by the Figure 4. The sine,
cosine and tangent of the eccentric anomaly are related to the sine, consine and tangent of
the true anomaly thanks to the following relations:

sinvy1 — e2

sin B = ,
1+ ecosv
e + cosv

cosE = ——,
1+ecosv

an () = it (3)
n(—|)= n(—|).
iy T+e ™\3

11



Figure 4: True and eccentric anomalies

The mean anomaly corresponds to the position of a fictitious spacecraft with a constant
velocity on a circular orbit with a period equal to the one of the real spacecraft. The mean
anomaly satisfies thus the following equality:

M(t) = M(to) + n(t — to). (26)
The eccentric anomaly and the mean one are related through the Kepler equation:
E—esinE =M. (27)

This transcendental equation has no simple solutions. An approximated solution can be
computed with an iterative process (Newton method). In the case where the eccentricity
is small, the reference [Hull, 2003] gives a method for computing an approximate solution.
This method is described in the Appendix D page 68.

A state vector is created with the classical orbital elements:

ZL’COE(t) = (28)

=& D=0 2

lv(t) ou E(t) ou M(t)]

12



and in the sequel, we will use the mean anomaly M as the time-varying parameter. The
state vector is thus:

ICOE(t) = (29)

& 0= 0 2

M(t)]

Conversion formulas between the cartesian parameters and the classical orbital elements
can be found in the Appendix B page 54.

3.2.2 ELEMENTS ORBITAUX EQUINOXIAUX

Two singular cases may arise with the classical orbital elements:

e when the orbit is circular, the eccentricity is zero and the perigee argument w is not
defined (because the perigee is not defined),

e when the orbit lies in the equatorial plane, the inclination is zero and the right
ascension of the ascending node is not defined (because the ascending node is not
defined).

In order to overcome these difficulties, the equinoctial orbital elements are introduced:
a

e, = ecos(w + Q)
e, = esin(w + Q)

i, = tan(i/2) cos(Q2) (30)
iy = tan(i/2) sin(§2)
equinoctial anomaly

(e, ey) is called the eccentricity vector and (i,,4,) the inclination vector.

In the references | | and | |, the equinoctial orbital elements are

defined with switched e, and e, as well as switched 7, and i,. Moreover, the inclination
vector is sometimes defined using alternative forms:

{zm = sm(2/2) c'os(Q), or {zx = sm(z) CF)S(Q), (31)
iy = sin(i/2) sin(€2), i, = sin(i) sin(2).

The anomalies for the equinoctial elements are usually called longitudes (see |
for instance): true longitude L, mean longitude [ and eccentric longitude K. For clarity
reasons and in order not to mix these anomalies with the geographical longitude, the
time-varying parameters are renamed and written as:

e true longitude : L — true equinoctial anomaly : vo =0 +w+v,

e mean longitude : [ — mean equinoctial anomaly : Mg =Q+w+ M,
e cccentric longitude : K — eccentric equinoctial anomaly : Eg = Q+w + E.

13
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Three other angular time-varying parameter called true longitude /,o, mean longitude
lyre and eccentric longitude (gg are defined by:

lbo=04w+r—-—0=15—0,
KM@:Q—FW—}‘M—@:MQ—@, (32)
€E@:Q+w+E—@:EQ—@.

O(t) is the right ascension of the Greenwich meridian and is defined by the Equation
(129), page 48.

We choose to replace the sixth parameter of the equinoctial orbital elements state vector
by the mean longitude [j;o in order to form the following state vector:

a
6.'17
€y
Iy

ZL’EOE<t) = (33)

Ly

Cne(t)]

The anomalies defined in this section are summarized in the Table 2.

True equinoctial anomaly vo =Q+w+v
Mean equinoctial anomaly Mo=Q+w+M
Eccentric equinoctial anomaly | g = Q+w + E
Geographical longitude A

True longitude lo =19 —0
Mean longitude o = Mg —©
Eccentric longitude lpeo = Eg — ©

Table 2: Equinoctial anomalies and longitudes.

4 FREE EVOLUTION EQUATIONS

The previous sections described the environmental disturbing forces acting on the space-
craft and the state vector that will be used for the description of the motion. In this section,
the dynamics equations will be derived for a satellite undergoing the Earth central gravi-
tational attraction as well as the disturbing forces: the non spherical Earth gravitational
field, the Sun and the Moon gravitational forces and the force from the sun radiation pres-
sure. The acceleration created by the spacecraft thrusters is not taken into account in this
section.

14



4.1 KEPLERIAN MOTION

When the Earth central gravitational attraction force is acting on the spacecraft, the
non linear dynamics equation reads:

dT )
JR— — /l)
dt ’
dv " T (34)
T T THe .
dt | |72
It can be rewritten as:
Y
z
4 T
Lcar —Hg
| e (35)
i Y
—He
N
z
Mo
NGRS

With the classical orbital elements, the anomaly is the only time-varying parameter.
The evolution of the systems is thus given by:

drcor
dt

S OO OO

The keplerian dynamics can be also expressed using the equinoctial orbital elements.
Using the transformation between the classical orbital elements and the equinoctial ones
TroE = TroE(TcoE, t), the keplerian dynamics reads:

drzgor  Orpordrcor  Orcor

dt N 8JICOE dt B ot ’
_ Ozpopdrcop " (37)
N 6xCOE dt m
= K($EOE) — wr,
with o
0
0
0
wr = 0 s (38)
0
| We




3$E0E

and the jacobian transformation matrix between the classical and the equinoctial
LCOE
orbital elements:
1 0 0 0 1
0 Ca —ey; —¢, 0
er +ep Y Y
0 ——— 0 e € 0
+e
0rroR € Y
= (1442 442 . 39
drcoe |0 0 (2””29) —i, 0 0 (39)
2\/iz + 1
. .2 .2
0 BUTLTG)
0 0 0 1 1 1]

The dynamics equation for the equinoctial state vector reads thus:

0
0
dz 0
§OE = 0 = K(ZBEQE) — WwT. (40)
t
0
He
LV a3 OJ@_

4.2 NON KEPLERIAN MOTION

The non keplerian motion refers to the motion of the spacecraft taking into account all
the disturbing forces described in the section 2.2.

4.2.1 OSCULATING ORBITS

When disturbing forces act on the spacecraft, the transformation between the cartesian
positions and velocities and the classical orbital elements is time-dependent. At each time,
a set of orbital elements can be defined. These elements are thus time-varying and are called
osculating orbital elements, defining an osculating trajectory. This trajectory is the one the
satellite would follow if the orbital disturbances were instantly removed. The osculating
ellipse is thus tangent to the spacecraft trajectory, but their curvature are different.

The state vectors in terms of the classical or equinoctial orbital elements is thus:

[a(t) ] [ a(t) ]
e(t) ex(t)
_ @) _ | e(®)
xCOE<t> = Q(t) et J]EOE(t) = Zm<t> (41)
w(?) iy (t)
| M(t)] e ()]
The aim of this section is to derive the dynamics equation:
dx .
a: f(xaapat)7 (42)

16



with @, the disturbing accelerations, i.e. the accelerations produced by the forces except
the Earth central gravitational one. All these disturbing forces are deriving from a potential
function. Therefore:

dx
e f(z, &), (43)
where &, is the disturbing potential.
With the Lagrange perturbation technique (see the reference | ]), it is

possible to derive the dynamics equation for the state vector expressed in terms of the
orbital elements with respect to the perturbing potential, assuming that the perturbations
are small with respect to the central acceleration term.

4.2.2 LAGRANGE EQUATIONS

The Lagrange equation expresses the evolution of the state vector written with or-
bital elements for a spacecraft undergoing small perturbations deriving from a potential.
Expressing this gradient with respect to the orbital elements, it comes:

a, = ( %, )T. (44)

0rcor

The motion equation is thus rewritten as:

dzcor
dt

0&, ) | (45)

= K(zcor) + Leor(zcor, t) <(3wco
E

where the first term is the keplerian part and the second term is the effect of the disturbing
forces.

Lcoke(zcog, t) is the Lagrange matrix defined in the reference | ] by:

Leog(zcor, t) =

[0 0 0 0 0 -2
00 0 0 e e
1 cos @
0 0 0 na2v1—e?sini _naQ\/lfe2 sin ¢ 0 46
0 0 —_—t 0 0 0 (46)
— na2\/1f62 sind
0 - naQE na? \/i(ise22 sini 0 0 0
T 0 0 0 0 ]

The equation of motion (45) is then transformed in order to express the evolution of
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the state vector in terms of the equinoctial orbital elements:

deOE <3$EOE> dzcop Ozcor
ot '’

O 08, \"
= K(xgog) — wr + < EOE) Leor(zcor, t) ( P )

0rcor

OTCoR 0rcor
Drmos 98, Owpor"
. ) . . 47
8xEOE> <3$EOE>T< 0, )T
= K(z —wr + L z 't
(TEOE) — wr ( Droon coe(ZcoE, t) Doon OTEoR

o0&
= K(xgor) — wr + Lror(TroE, t) <8x Z )
EOE

The Lagrange matrix with the equinoctial orbital elements is:

ox ox T
Lrog(zroR, t) = <8x222> Leor(zcor, t) <3$222> . (48)

The Lagrange matrix transformed with the equinoctial orbital elements is computed
with the jacobian matrix of the transformation between the classical and the equinoctial
orbital elements (39) and the transformations of the section 3.2.2. Denoting p = 1+142 + zZ

and recalling:

K
n= )
a

b=avl1—e? (49)
e? = ei + 632;7

the Lagrange matrix reads:

Lrog(zgror, t) =

[ 2
0 0 0 0 0 -
na
0 0 i €ylzP €ylyD ez
na? 2nab  2nab  na*(a+0b)
0 b 0 €xlzD CxlyD eyb
nad 2nab  2nab na*(a+0b)| (50)
0GP Cala] 0 P’ 4
2nab 2nab ) 4nab 2nab
0 _eylyp €xlyP p 0 iyp
2nab 2nab 4dnab ‘ 2nab
Lna  na*(a+0b) na*(a+0b) 2nab  2nab |

In the sequel, the equinoctial orbital elements will be used. Therefore, the index EOE
will be omitted and the dynamics equation reads:
dreall.
dt

=K(z)—wr+ Y. Lzt <a;xp> = fr(x,t). (51)

perturbation @

The fr function encompass the Earth central acceleration term as well as the orbital
disturbances.
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4.3 LINEARIZED EVOLUTION EQUATION

In the case of station keeping, the spacecraft has to stay in the vicinity of the station
keeping position. Hence, the distance between the spacecraft and the station keeping point
is very small with respect to the distance to the center of the Earth. It is thus possible
to linearized the spacecraft dynamics with respect to the ideal trajectory of the station
keeping point evolving on the geostationary orbit.

4.3.1 LINEARIZATION POINT

The nominal station keeping position is a point defined by the state vector:

Qs
0
0
R
0

e, sk

(52)

Tsk =

with ag, = 42165.765 km and {je,m, the station keeping mean longitude. This point is
a fictitious point on a geostationary orbit and evolves following an unperturbed keplerian
orbit:

dkepﬂf
dt |, (53)
= 0 by hypothesis.

t’tsk =

The gap between the station keeping position and the spacecraft position is written:
Ar =2 — Ty, (54)

Azx(t) is at each time the gap between the fictitious position of a point that would evolve
on a geostationary unperturbed keplerian orbit and the real position of the spacecraft
following the equation of motion:

drealm
dt

We assume that this gap is small enough, so that it is possible to develop the dynamics
equation at the order 1 in Ax.

T =

(55)

4.3.2 DERIVATIVE OF THE STATE VECTOR AT ORDER 1

The dynamics of the gap between the real orbit and the fictive one linearized with
respect to Az is computed as:

dAz B drealy  dkery

At dt |,
B drealx
S dt
drealx o drealx
= A
at |, 8x< dr )Hk v
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— fulrw )+ o (ulalt) 1) Aa (50

T=Tsk

Identifying:

A = - (aletn)| (572)

D(t) = fL(xmlh t): (57b)

it is possible to recover the time-varying linear system:

dAx
e [A(t)|Az + D(t). (58)

5 COMPUTATION OF THE MATRICES FOR THE LIN-
EARIZED DYNAMICS

This section aims at computing the A(t) and D(t) matrices for each of the disturbing
forces described in Section 2.2 according to the formulas given by the Equation (57). As
the motion has been linearized, the matrix A(t) and the vector D(t) can be decomposed
in a keplerian and a disturbing parts:

A(t) = Ak (t) + A(t), (59a)
D(t) = Dg(t) + D(t). (59h)

Moreover, the term corresponding to the orbital disturbances is further decomposed in
one term for each perturbation:

A(t) = As(t) + Ao (t) + Ag (t) + Asrp(t), (60a)

D(t) = Dg(t) + Do (t) + D¢ (t) + Dsgp(t), (60D)

where Ag and Dy denote the effect of the non spherical Earth gravitational potential, A
and Dy, the effect of the gravitational attraction of the Sun, A@ and D( the gravitational
attraction of the Moon, and Aggp and Dsgp the effect of the Sun radiation pressure.

The physical parameters needed for the numerical computation of dynamics are sum-
marized in the Appendix E page 73.

5.1 KEPLERIAN PART

The non linear keplerian equation of motion is given by the Equation (40). Linearizing
this equation according to the formulas given by the Equation (57) leads to:

0 0 0

, (61a)

o O O O
S O O oo o
S OO o oo
S O OO oo
o O O OO




Dr(t) = (61D)

O OO OO

He
3 W
L aSk -

5.2 NON KEPLERIAN EARTH GRAVITATIONAL PART

5.2.1 INTRODUCTION

As stated in the section 2.2.1, the gravitational potential of a non spherical Earth
can be expanded in spherical harmonics. The potential is first expressed in terms of the
geographical position (radius, latitude and longitude). This geographical position is then
converted in the cartesian position in the geocentric inertial reference frame, and finally in
the equinoctial orbital elements.

Following the process written in the reference [ |, the Earth gravitational
potential & is expressed in terms of the radius, latitude and longitude of the spacecraft
up to the degree and order 3 as:

R2
8@ = MG;TS@ CZO (3 sin2 ® — 1)

pel?

2
+—3 ©3 cos psin g (C'21 cos A + Spp sin /\)
r

U@Ré 2 .
+ —53cos” p (022 cos(2X) + Sag sin 2)\>
r

R3
+ ,u;B 4@ Csgsin @ (5 sin® ¢ — 3) (62)
,

M@Rzé .2
+ o cosgp(l5 sin® ¢ — 3) <C’31 cos \ + Sglsin,\)

R? . .
+ MeiA ©15sin @ cos? ¢ (032 cos(2\) + Sso sin 2)\>

M@Rgé 3 .
+ ——15cos @(ng cos(3\) + Ss3 sin 3)\> ,
,

with Rg the radius of the Earth and Cj, and 5, the coefficient of the Earth gravita-
tional spherical harmonics. Values for these coefficients can be found for instance in the
table D-1 of the reference | ]. Using the conversion formulas (130) between
the geographical position and the position in the geocentric inertial reference frame, the
gravitational potential of the Earth is written as:

Eo = Eq,c2 + Ep,021 + Ea 521 + Eq,022 + Ea 522
+ &30 + Ev.031 + Ea.931 + Ea.032 + Ea.532 + Es.033 + Ea,533, (63)

with:

faR%Coy 22° — a2 — 3

2 JETgET 2

Ea,020 = (64a)
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2(x cos© + ysin ©
E.021 = 3o RECa ( T 23_ 5 ) (64b)
Vi +y?+z
2(ycos© — zsin ©
€ 521 = 3o 5 S v T 1 2+ 22 : (64c)
Vi +y? +z
22 20) + 2 in 20
Ep con = 3#@339022 (x Y )C(;S( 2) + 2935?; sin , (64d)
’ VBT
2 — 9?)sin(20) + 2xy cos(20
5@,522 — BMGBR?‘;SZQ (y Yy ) 2( )2 22 ( ) ’ (64@)
VI Yy + 2
R3 Cs0 2(222 — 322 — 3y?
Ea,050 = 2T ( :g ) (64f)
2 /2 + y2 + »2
P _ poR2 Ca1 (1222 — 32 — 3y?)(x cos © + ysin O) (64g)
®,C31 5 TR T 227 ) g
c _ poRE S31 (1222 — 32 — 3y?)(y cos© — xsin O) (641)
®,531 9 —12 T y2 - 227 )
Y 20) + 2 in(20
Ep,o32 = 15M@R§’5032Z[($ Y )cozs( 2)+ ;;y sin( )]7 (64)
’ Vit +y? + 2
2 2%)sin(20) + 2 20
Eo,532 = 15#@3%5322[@ ©)sin(20) ¥ x7y cos( )], (64j)
NCES e
zcos O + ysin ©)[z? + y? — 4(y cos © — zsin ©)?
Ea,033 = 15M@R%033< !/ ) = Y = (2y7 ) ], (64k)
VIt t+y -+ =z
— rsi 2, .2 02
Euss — 1510 B3 S (ycos©® — xsin ©)[x* 4+ y* — 4(x cos O + ysin ©)7] . (641)

VEZF

Using the conversion formulas (216) between the cartesian position in the geocentric
inertial reference frame and the equinoctial orbital elements, the Earth gravitational po-
tential is expressed in terms of the equinoctial orbital elements.

In the potential &g, the contributions of each harmonic are summed together. Therefore,
by linearity of the derivation, the matrix Ag(t) and the vector Dg(t) for the overall Earth
gravitational potential are the sum of the linearization of each component of the spherical
expansion. In the next subsections, the matrix Ag and the vector Dy for each harmonic
are derived. In the sequel, the following notations will be used:

k(t) = lye + O(t), ksk(t) = Ly sk + O(1),
¢ = cos K(t), S, = sin k(t),

Cpo sk = COS Kgr(t), Sp,sk = Si kg (1),

Cor.sk = COS(2K (1)), Sok.sk = SIN(2kgx(t)),
Coro = cos(k(t) + O(t)), Swre = sin(k(t) + O(t)),
Cont20 = CcOS(2k(t) +20(t)), Sonio0 = sin(2k(t) + 20(t)), (65)
o5k = €OS Lo ks S¢.sk = sin e sk,

Car sk = €08(20nre sk), Sar,sk = Sin(20ne sk),
caosk = c08(30pro sk), s30.sk = sin(3lpe k),
o0 = €0s(20(t)), Sae = sin(20(t)),

c3e = cos(30(t)), S30 = sin(30(1)).
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5.2.2 COEFFICIENT Cyg
The Cyy term of the Earth potential is:

5@,020 -

with Qo =

420 (3 sin? p — 1)
r3

222 — 2% — 2

RS

(14 exce + eysi)? |(i2 + 2

)2+ 2i2(6¢2 — 5

)+ 2i2(1 = 6c2) + 1 + 2Acusyini, |

a3(l —e2 —

pa RZ, Cao

2

2P+ 2+ i2)?

The Equation (57) leads to the dynamic matrix:

with:

and:

A@7020 = 2

0
AEB C20
Q20 A% 020
Qg V Halsk 0
0
AEB C20
A 218,@516
@D, c20 — 2 ;
A@ c20 — 217
Aea 20 = —0a51Cx sk Sk sk
A Sgaskcn,sk
2
A@ c20 — 6a5k(1 + Sn,sk)’
A 39a5k35,sk
®,020 — 9 ;
A@ c20 = 6a5k8/€ sk

A@ c20 — GGSkCN,Sk‘SI{,Sk7

A@ c20 — 3asksn,sk;

Dg co0 =

A@ C20 AEB C20 0 0 0
23
AEB C20 A@,CQO 0 0 A@ C20
33 36
A@ C20 AGB C20 49 40 A@,CQO
5
0 ASGZJZCQO A?,CQO 0
O 63 AEB,C20 A@ C20 0
A@ C20 A@ C20 0 0 O
A 210575]@
@, c20 — 2 ’
2
A@ c20 = —0a;, 5k sk,
32 2
A@,C?O - 60'8]“3(1 + Cn,sk)7
2
A@ 020 = 00,Cr sk,
33
A ®,020 — 6askcﬁ skSk,sk»
AEB c20 — 6askcn skSk, sk
A@ c20 = 6a8kcl-: sk
A 090 = —3skCr sk
_ 0 -
Bsn,sk
Qo0 3cn,sk
3
Tsn/ Heaplsk 0
0
. 6]
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5.2.3 COEFFICIENT Cy;
The (5 term of the Earth potential is:

I Q2 . A
®,021 = 3 COS ( SIN (Y COS A,

z(xcos® + ysin ©)

[T 220 ]
(14 €40k + €8x )? (iyCr — 12Sk)
ad(1—e2 —e2)3(1 +i2 +i2)?

X [c,ﬁ@(ii - zi) + 28, 10lzly + COS(EM@)] ,

= Q91

= 20621

with Q91 — 3,&@Ré021.
The Equation (57) leads to the dynamic matrix:

[0 0 0 Ao Ao 0 ]
0 0 0 AZ oo AY o 0
Ag oo = B 49 49 40 Aaon Aoon 4O (71)
7 Ao/ P sk Agal,cm A%Cﬂ AéezCQI 0 0 A?Zcm ’
A on AZcn Azcm GE 650 AZ on
L0 0 0 Agen Ageca 0|
41 7Cn,skcé,sk
Agon = 4 (72a)
7SH,skCZ,sk

AZ oo = 4 (72b)
3UskCh g Cosk

AZen = g (72¢)
3k Cr, sk Sk, skCt, sk

Aem = ——5 (72d)
3askcn,sksn,skcé,sk

AT e = 5 ) (72e)
30k S2 g Co sk

Ao = Yy (72f)

Al co1 = 4aZ, cos(2kg — ©), (72g)

A o1 = —6as? Co sk, (72h)

A%{Cﬂ = 6askcn,sk8/£,skcé,sk7 (721)

Ag;,CQI = 13asksn,skc€,sk:a (72J)

Ag’,om = 4a?, sin(2k4, — O), (72Kk)

Ages,CQI = 6ask’cn,5ksm,skc&sk7 (721)

Agas,cm = _6askci,skcé,sk7 (72m)

A?es,cm = _lgask‘cmskcﬁ,ska (72I1)

ask Sin(2kg, — O)

Aon = —— 5 ) (720)
sk, cos(2Kg, — O)

Ao = 2 ; (72p)
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and:

0
0
~ 21Cy sk 0
DEB,CQl = 3
20 /Halsk, | Cr,sk
Sk, sk
L 0]

5.2.4 COEFFICIENT Sy;
The S5; term of the Earth potential is:

e o P  osin X
H,521 — F COS Y SIN Y SIN A,

2(ycos© — xsin ©)

= a1
Nk
24, (14 s + €y85) (iyCh — 12Sk)

a*(1—el —eg)?(1 417 +i3)?
X [swr0(i2 = i2) + 2nr0iriy + sin(lye)]

with 621 = SM@RéSQL
The Equation (57) leads to the dynamic matrix:

r 14 15
0 0 0 A@4,521 AZ o1
2 25
0 0 0 AEB,SZI AEB,SZI
Agsm = __Pn 4? 49 0 Aga4,szl A%E),Sﬂ
) 4 43
A/ Ko sk A%Sm A%Sﬂ A%Sﬂ 0 0
A@,SQl A@,SQl A@,SZl 0 0
64 65
0 0 0 AEB,SQl AEB,SQl
A4 . 7Cﬁ,sk5£,sk
@,521 - 4 Y
A51 . 75H,sk56,sk
637521 - 4 Y
2
42 3askCy sk St,sk
®,521 — 9 )
A52 o 3askcn,sksn,sksf,sk
@,521 - 2 Y
43 Baskcn,sksn,sksé,sk
A _
@7521 - 2 Y
2
P 3askS;; sk Se.sk
@7521 - 2 Y
14 _ 2 :
Ag 591 = dag, sin(2ke, — O),
24 2
A@,S21 = —00as Sy sk S0,k

34

A@,SZl - 6askcn,sk5n,sk5€,sk7
64

Ag 591 = 1305k Sk sk S0 sk

15 2
Ag so1 = —4ag, cos(2kg, — O),
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25
A@7521 = 6askcn,sk3ﬁ,sk3€,sk7 (761

)
A‘é’ism = _6a5kci,sk8€,sk> (76m)
Aga5,521 = _130Jskcn,sk3€,sk; (76n)
agp COS(2K g, — O)
Aso1 = 5 ; (760)
agp Sin(2kg, — O)
A 521 = 7 ; (76p)
and: ) )
0
0
o B215¢,5k 0
D =3 — 77
®.521 QCLgk,/ILL@OJsk Ci,sk ( )
Sk,sk
U

5.2.5 COEFFICIENT C9
The (5 term of the Earth potential is:

869,522

) 2
=5 cos pcos(2N),

(22 — y?) o0 + 27YS20
NeEar e
(14 excx + ey8,)°

T E 2 — 2P+ 2+ i2)

= Q92

4 .4 .2 .9 .o ) ) .o
X [02%29(—@% — 4, + 6134,) + (482w 20001y — 2¢20) (1, — 1) — Cavsk — 432@%%} ,

(78)
with QOlgg = 3M@R3‘9022.
The Equation (57) leads to the dynamic matrix:

34%1,022 /%92»022 Aéez,cm 0 0 AéeZcm_

A%cm A%022 A%CQQ 0 0 A%cm
Ag oo = Q22 Az AZcan Ao 4? 4? A% 02 (79)

’ agy, vV Helsk 0 0 0 A%CZQ Aga5,022 0 ’
6? 69 6:9 AZ oo Ago 6(?

(Ag e Agco Ao 0 0 Ag 2]

Al oan = =105 sk, (80a)
215/{,514:026,516
Ay — st (s00)
2lcn,skc2ﬁ,sk

Agal,czz =5 (80c)
AE 02 = —6a3, [n.ske20(665 o — 1) + 252000,0(2 = 36 )] (80¢)
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AZ 3y = G, [A020Cr sk sk (32 3 — 2) + s20(— 120k + 142 o — 1)), (80f)
Agég,cm = —6ag (1 + ¢ ) Cat, by (80g)
39as1C
A%Q’CQQ _ askc2,skc2l,sk7 (SOh)
AL gy = —6a2, [23,6,%52@(303% — 2) + 2005k (6¢7 o — 5)} : (801)
AT op = 6a.(1 + 57 ) Cor sk (807)
Ag’icm = —Qg [4cn7sks,ﬁsk02@(30i)sk —1)+ 82@(—12Ci75k + 10018,g + 1)} , (80k)
39 o
A%S,CQQ _ askSQ,skc%,sk7 (801)
Agcm = _2askcn,sk Sin(’ﬂsk - 2@)7 (SOm)
A% og = —205kSp sk SIN (K — 20), (80n)
AL 099 = —2051Cp sk COS (g, — 26), (800)
AL 99 = — 2055k 5k COS(Kigr, — 20), (80p)
A cnr = 85 Cat,sh (80q)
Age(i,CQQ = 3ag {2826857514(36%7% -1+ czecﬁ,sk(6civsk — 5)} , (80r)
A%6,022 = 3a5k [CQGSK,sk(6ci,sk — 1) + 282@C,€75k(2 — Sci,sk)} s (808)
AL con = 12051590 51 (80t)
and: ] )
4820 5k sk
35/{,sk62€,sk‘
I Q22 —3C,skC20,sk
D = P 81
SOR T3 Jimaw |0 (81)
0
—6c2s, sk

5.2.6 COEFFICIENT Sy
The S5 term of the Earth potential is:

Eo,522
= By cos? pcos(2)),

3 (22 — y?) cos(20) + 2zy sin 20
= P22 )

R,

_3 (14 epc + €y85)°

Za3(1 — €2 — e2)3(1 + 42 + i2)?

.4 .4 .2 .9 .o ) .2 .o
X {32%2@(—% — i, + 61,4,) + (dCoxt20isly — 2520) (i — 1,) — Cor ok + 402@zxzy] ,
(82)

with 622 = 3M@Ré522.
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The Equation (57) leads to the dynamic matrix:

and:

rall 12 13 16 ]
A@,SQQ A@,SQQ A@,SQQ 0 0 A@,SQQ
21 22 23 26
A%,SQQ AgﬂjSQQ A%SQQ 0 0 AEB,SQQ
36
AEB S22 — 7522 A@,SQQ AEB,SQQ AEB,SQQ 49 48 A@,SQQ
) 4 Y
s/ He sk 0 0 0 Agaism A%522 0
6? 69 6?()) A@,SQQ AEB,SQQ 0
66
[ Ag 522 Ag.soe Ag o 0 0 Ag 520
11
Ag 599 = 10¢20 sk,
A21 - 218N,Sk82€,sk
@7522 - 2 Y
FE 21¢s sk S20,5k
@®,522 — )
2
61
A@ySQQ = _2132€,sk7
12 _ 2 2 2
AEB,S22 - _6a’sk [55,8k82@<60n,3k - 1) + 202@05,8k(3cﬁ,sk - 2)] g
A2 ) = —ag |4 3¢ 2 12¢} 14¢? 1
®,522 — — sk C"inkS’@SkSQ@( Cr,sk — ) + 02@( Cr,sk — Ck sk + ) )
32 _ 2
AL 20 = =605 (1 + ¢ ) S20,585
A62 o Bg@skcn,skSQE,sk
@7522 - 2 ?
13 _ 2 2 2
AEB,S22 - _6a’sk [28&5]402@(361{,516 - 1) + 52905,8’6(5 - GCn,sk)] g

23 _ 2
AZ 522 = Basi(1 + 5, 1) S20,55

33 2 4 2
A@,SQQ = Qsk {4Cn,sk3/~c,sk52@<3cmsk - 1) + 029(120&3143 — 1ocn,sk — 1)} ,
Bg&sksn,sksﬁ,sk
2 )
®,522 — UskCr sk COS(I{Sk - ),

63 _
A@,SQQ -

54

A@,SQQ = 2ask5n,sk COS(HSk — 2@),
45 .

A@,S22 = _2askcm,sk Sln(lisk — 2@)7
55 o .

A@,SQQ - _2ask3n,sk Sln(lisk — 2@),

16 2
A@,sm = 8ask32f,sk7

Agj,szg = 3a. [262@3,@,319(362751c — 1) + s20Cu k(5 — 602,516)} ,

36 2 2
Ag 590 = —3asp |:82@C,€73k<6cmsk —1)+ 262@<3C,{73k - 2)} ,
66
Ag 590 = —12a41.020 s
_4C2€,skask
351@,sk52€,sk
b o p22 —3Cr, k520, k
@822 = 3 —— 0
ask V HapQsk
0
_632€,sk
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5.2.7 COEFFICIENT Csg

The (59 term of the Earth potential is:
Ea,030
= @C’ sin o[ 5sin® o — 3
= 4 30 2 2 )
2(22% — 32% — 3y?)

=a
V= (86)
_ g0 (14 s + €y85) (iyCh — 128k)

al(1—e2 — e2)i(1 + 2 + 2)°
X [3(:2 4 i2)? + 2i2(3 — 10c2) + 2i2(10¢2 — T) + 3 + 400, 8xiaiy |,

R3C
with Q30 = w
The Equation (57) leads to the dynamic matrix:
0 0 0 Aé;j,oso A§2030 0 ]
0 0 0 A%C:SO A%CSO 0
Ag,c30 = - 49 49 4:9 Aocm Ascu 46(3) ) (87)
7 /P sk Agal,czao A%CSO A%Ci’)o 0 0 A?écgo
Az oso Az oz Az oso 69 62 AL e30
0 0 0 Ag o0 Adeso 0 |
270,@3;{;
AG.c0 = 1 (88a)
278,.;,511C
AZc30 = 1 (88Db)
Agogo = —6@3160%7%, (88¢)
AZB%CZ&O - _6askcn,sksn,ska (88(1)
Ag;C?,O = _6&skcn,sk3ﬁ,sk7 (888)
A?eg,czao = _6asksi,sk7 (88f)
Aéa%c:m = —12a3,Cp 51, (88¢g)
AZ ez = 240457 o (88h)
A%%C?)O = _24askcﬁ,sk5n,ska (881)
AZ 50 = —51askS sk, (88j)
AR g0 = — 120355k (88k)
Age?CZSO = _24askcn,sk3mska (881)
AR c30 = 24a4.C5 g, (88m)
AL 030 = 5lagkCy sk, (88n)
3ask5/£,sk:
Az = 5 (880)
3askcn,sk
AZBG,C?,O =TT 5 (88p)
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and:

DGB,C?)O =

5.2.8 COEFFICIENT Cj;
The C3; term of the Earth potential is:

Ea.031
31

0

0

3azo 0
203,/ Tl sk, | Crsk
Sk,sk
L 0]

= a—4 cos gp<15 sin? ©— 3) cos A,
T
(1222 — 322 — 3y?)(z cos © + ysin O)

= 031

N ’

(14 exc + ey8,)*

= —3&31

a*(l —e2 — 65)4(1

+i2 )

X |:CK;+®<Z'§ — Z?2J> + 28,€+@Z'x2'y + COS(ﬁM@)}

x [(i2 4 i7)7 + 2i2(10¢2 — 9) + 2i2(1 — 102) + 1 + 40¢x 5,y |,

M@R% U1

with Q31 = 3 9

The Equation (57) leads to the dynamic matrix:

= Q31
A@,C?)l - 5

A1
Agel,czal
At
Agal,ozzl
A 1
AZ e
Aen
ASB2,031
AZ et
Ageg,czﬂ

33
AEB,C:SI

Qg \Y4 Halsk 0

r A1l 12 13
Agpesn Asest Agem 0 0
21 22 23
AZom AT AScs 0 0
31 32 33
Agem AT Azces 4? 40
5
0 0 A@4,C31 A@,C:ﬂ
5 55
60 69 630 AEB,C?)I A@,Ciﬂ
1 X
_A®,C31 AEB,C’31 A@,C31 0 0
= 2lag,Se sk,
= 54Sn,skcé,sk7
= _5465,5760&8167
= 10805,316,
= —24a?, sin(2k4, — O),
2 .
= 3ag; [5575k<246,€78k — 1) + 24c,, g sin @] ,
2
= 12ask(30&8k —+ 2)65751€7
= 102askcﬁ,skcé,sk7

= 24a%, cos(2k, — O),

= 12a3k(3c

= 3ask [SZ,S

2
K,k 5)6575’67

k(2462 g + 1) + 240, 4 sin O]
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63
Ag 031 = 10204154 skCe sk
44 .
Ag c31 = =3 Cr sk [10C, sk 50,56 + 115in O]
54 .
AL 031 = —3skSk sk (105, sk Se.sk + sin O]

45
AL 31 = 30k Cr sk [10C, sk Co sk + cOS O]

55
AL 031 = —3askSksk [1084 sk 50,56 — 11 cos O)]
16 2
A@,csl = —06ag,Cr sk,
26
Aoz = —12a4 cos(2kg, — ©),
36 :
A@C31 = —12a4 sin(2k4 — ©),
66
A@,Cgl = _24ask52,sk7
and: i i
_63€,skask
_1255,skcf,sk
b B Q31 12¢; skCo sk
Ui/ P sk
0
24C€,sk

5.2.9 COEFFICIENT S3;
The S3; term of the Earth potential is:

Ea,531
*@cos 15sin? o — 3 ) cos \
= T cosp(15sin® ¢ ,
(1222 — 32 — 3y?)(z cos © + ysin O)
- /631 7 b
VT2
(14 excn + €y8,)*
:_353141 2 2)4(1 &+ 42 + 42)3
CL( _ex_ey)( +2x+zy)

X [snto(i2 = i2) + 2cx eisiy — sin(lare)]

)

Y

x |(i2 4 i7)" + 2i2(10¢ — 9) + 2i2(1 — 10¢2) + 1 + 40¢x 8,y |,

R3S
The Equation (57) leads to the dynamic matrix:

_Aé}i,Si%l Aéez,sm Agsm 0

A%’S?’l A%SSI A%SSl 0

A@ 931 = L A@,S:ﬂ A@,S:ﬂ A@,S:ﬂ 49
’ agk VHa sk 0 0 0 AEB,SSl
0 0 0 Ag’;{sm

_A?elsm A?e2,531 Agg’sm 0

AL o31 = —21agk S0k,

21
A@’Sgl = 54511,314:5@,3167

31

45
AEB,SSl

55
A@,S?;l

(93)

(94)

(96a)
(96D)



AT 531 = —54Ck kSt sk, (96¢)
AZ s31 = 10857k, (96d)
AL g31 = 2402, cos(2kg, — ©), (96e)
Ag’sgl = —3aq [647514(24018,g — 1) — 24¢,; 1 cOs @} , (96f)
A2 651 = 120.4(3¢] o + 250,08, (96g)
AL 631 = 1020,45C sk St sk (96h)
A 531 = 243, sin(2kg — ©), (961)
AT g1 = 1204 (3¢5, g — 5)Stohs (96;)
A g3 = —3as [Ce,sk(24ci,3k + 1) — 24¢,; o cos @} , (96k)
A%B,531 = 1020415, sk St sk (961)
Agﬁs:’,l = 3askcn,sk [100n,skzcﬂsk — 11cos @] ) (96m)
A?eél,sm = =31 Sk [108, 5150 5% + cOs O, (96n)
Ag;s:’,l = 3askcn,sk [1ocn,skz3&sk — sin @] ) (960)
AZ;SSl = Sasksn,sk [1055,sk02,sk — 11sin @] s (96p)
AéBG,S?»l = —6a%, 505k, (96q)
AR 451 = —12a4,sin(2ky, — O), (961)
AR 431 = 1204 cos(2k, — O), (96s)
AL 531 = 24asice s, (96t)
and:
6C€,ska5k
_125n,sk38,3k
~ 12¢,. oS0
Dg 531 = # ’Ok bk (97)
g, V Mo sk
0
243&5}3
5.2.10 COEFFICIENT (5
The Csy term of the Earth potential is:
Eo,c32
Q3 . 2
= —-sin ¢ cos” @ cos(2A
1 sincos” p cos(2A), (98)
z[(2? — y?) cos(20) + 2zy sin(20)]
- o2 T2 5 o2 ’
Vs +y +z
with 632 = 15N@R%532
The Equation (57) leads to the dynamic matrix:
0 0 0 A§£032 A§2032 U
0 0 0 A%CBQ A%mz 0
i 32 0 0 0 A A 0
A - s ®,C32 ®,C32 : 99
B %/ sk qu)ai,cz%z A§B2,032 A;éz,cm 0 0 A;:);chz (99)
As oz Az oz Azon 0 0 A 03
0 0 0 Alcs APz 0|
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I,k 520,k

Ao = T (100a)
951{,sk52€,sk
AP oo = — Rtk (100b)
AL (30 = 2056C) 205k (100c)
Agaz,cgz = 205k Cr, sk Sk, 5k C24, sk (100d)
Agicgz = 2askcm,sk5fi,sk$2£,ska (1006)
Agag,cw = QGSkSi,skS%,ska (100f)
Aéic:n = 4a§k [202@5578k(3ci,sk - 1)+ 52®Cn,sk(5 - 60?;,514)} ) (100g)
Agé,o?,z = _8ask5i,sk52é,sk7 (100h)
Ag;l,032 = 8ask’cn,sksm,sk52£,sk’a (1001)
Ag;,CBQ = 17asksli,sk52é,sk7 (100])
AR gy = —4a2 [s208,5k(6¢ o — 1) + 20200 sk (3¢ — 2)] (100k)
Aggg),032 = 8askcn,sk3/~t,sk32€,ska (1001)
AL cap = —8askCl 1525k (100m)
Ag;cgz = _17askcn,sk32€,ska (1OOH>
Qg
AZ o = 7k [S2®Sm,sk(66i,sk — 1) + 2000 5k(3¢2 o — 2)} : (1000)
Qg
Aga();cw = [202@35,%(301% - 1)+ 32@Cn,sk(5 - 6Ci,sk)] ) (100p)
and: ) )
0
0
= (32520, sk 0
D = 101
®,032 2a§k1 /U sk Ci,sk ( )
Sk, sk
L 0 |
5.2.11 COEFFICIENT S39
The S39 term of the Earth potential is:
Eqp,532
_ 32 . 2
=~ sinypcos psin(2)), (102)

z[(y* — 2?) sin(20) + 2y cos(20)]

= B32 ’
VTP

with 632 = 15M@R%032
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The Equation (57) leads to the dynamic matrix:

000 Al AR, 0]
0 0 0 A%sm A?Zs:n 0
i D32 0 0 0 A A 0
A g9 = ®,532 ®,532 ’ 103
2 aik\/ Helsk Ag‘%"%? Agez,s:m Age;),sw 0 0 AgeZs:aQ ( )
Ag g3 Az g A s 68 6? A% 532
0 0 0 Af g3 Ag g3 0 |
A4l o 9¢s,skCat,sk 104
©,52 =~ 4 (104a)
9 K,S S
A gy = -t Rk, (104b)
Ag,ssz = 2a$kci,sk62€,sk7 (104c)
Aga275'32 = ZGSkCN,SkSH,SkC2e,Sk7 (104(1)
AG 530 = 203k Cr kS sk Cat sk (104e)
Aga%sw = ZGSkSZ,skCQE,ska (104f)
Aé}%832 = 4a§k [282@8H,8k<3ci,sk -1+ C2@Cn,sk(6ci,sk - 5)} ) (104g)
Az];l,sw = _8ask3i75kc2€,sk7 (104h)
A%%S& = 8askcm,sksn,sk02£,sk, (1041)
A?ésm = 17as15k sk C20,5k (104j)
%5,532 = 4a?, [02@5,{7816(6&,5,C — 1) + 2500¢4 (2 — BCi,sk)} , (104k)
AéB,SSQ = 8askcn,sksn,5kc2ﬁ,sk7 (1041)
A%E),sgz = _8askci73kc2€,sk7 (104m)
Aga5,s32 = —1TaskCr sk Cot sk, (104n)
Qs
AL Gy = 7’“ |c205,5k(6¢% o — 1) + 25200 ak(2 — 3¢ 1), (1040)
a
A = =5 [ 252050, = 1) + a0 (6% 1 = 5)] (104p)
and: ] )
0
0
= B32C20,sk 0
D =0 — 105
®,532 20’?1& /U Qsk CK,S]C ( )
Sk, sk
L 0
5.2.12 COEFFICIENT (3
The ('35 term of the Earth potential is:
Ea,033
Q33 3
= —= cos” p cos(3)),
i 0 peostiN (106)

(2 cos © + ysin ©)[z% + y* — 4(y cos © — xsin ©)?]

= (33

NEEEy
34

9



with Q33 = 15M@Ré033
The Equation (57) leads to the dynamic matrix:

A;elcsg A%csz AéeZCS:K 0 0 Aéez,czza_

Agal,c:s:a A%c:sg A%Oszs 0 0 A%ogg
Ag o35 = 33 Abcss AT ATcos 0 0 Az oss (107)

’ aﬁk V Ha sk 0 0 0 Ag;cgs Ag,csza 0 ’
0 0 0 AZcss AZcss 0

(A% css AZcss AToss 0 0 AL o33
AL 033 = —21830 6k, (108a
A?&,C:&s = — 185, skC30,sk; (108b
A?el,c33 = 186H,Sk‘c3é,8k) (108C
AG 33 = —36C30,61, (108d
AL o3 = 8al, [26390,1,3165&516(86%78,6 — 3) + sz0(—16¢; ,, + 14c2 1)} , (108e

3asp

A2, = 20k [c305k,4k(32¢% o — 28¢2 4 + 1) + o anszo( =326k o +44c% o, — 1))], (108f
Ag’icgﬁ = 4dag, [3393,@%(120,@5/1‘C + 5Ci,sk -2)+ c;gec,@sk(120251~C — Cisk — 6)} , (108g
A?QQC?,S = 34askcn,sk036,ska (108h

AP o3 = —8a2, [233@% skSrsk (8¢ o — B) + c30(16¢) , — 18¢7 41 + 3)} : (108i

)
)
)
)
)
)
)
)
)
AZ pgs = Aags [s305%,5k (1264 5 — 2362 4 +5) + socu (1261 4 — 29¢2 4 +15)] . (108))
AP 033 = 3ag [03@8,{,%(—320&% + 206 o, + 1) + cusr530(320, 4 — 36¢5 4 + 5))] , (108k)
)
)
)
)
)
)
)
)
)

Aga?),cs:s = —34ask Sy, skC30,5k (1081
Adl os3 = —3agkCr s SN (2K, — 30), (108m
A% g5 = —3askSn ok SIN (265 — 30), (108n
AL 033 = —3kCr sk, COS(2K, — 30), (1080
A (g3 = — Bk s O8(2655 — 30), (108p
AR ss = —18a3,Cat, (108q
A (5 = 4a 25300k, akw ok (8C2 g — B) + cs0 (1668 4 — 18¢2 , +3)] (108r
AR g5 = A0 [ 20300k akw ok (862 g — B) + s30(— 1601 4 + 14¢7 5 — 1)] | (108s
A o3 = 24ags3 sk (108t
and: ] )
6530,5k sk
) . _?’ggskczésk
Dg,c33 = agk\/% otk (109)
0
—8¢30,k
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5.2.13 COEFFICIENT S33
The S33 term of the Earth potential is:

Eo,533
o 533 3
=7 cos @ cos(3A), (110)
zcos O + ysin ©)[x? + y* — 4(y cos © — xsin ©)?
B
= M33 )
N
with 633 = 15#@}%%333
The Equation (57) leads to the dynamic matrix:
Al APy AP, 00 ARG
A%s:s:% A%s:s:% A%s33 0 0 A%S%
A — P33 A@,S33 A@,S33 A@,S33 0 0 A@7533 (111)
5 aik\/ He sk 0 0 0 Aé4533 Aé5533 0 7
0 0 0 Ay, AP 0
o 6 o 0,533 o533 -
(A 533 Ag sz AL s 0 0 A 533

Aéal,sgg = 2lcsg siasr, ( )
AZ 533 = 18555305k (112b)
A% 435 = 18Ce sk Ct,sk» ( )
AY 535 = —36530,5k, (112d)
Aé92,533 = 8a%, [23390n,sk3msk(8cz,sk —3)+ 63@(160i7sk - 14Ci,sk + 8)} ; ( )
AZ gg3 = Baak |S305k k(3268 g, — 282 4 + 1) + Curcao(32ch o, — 44ck 4 +11)], (112f)
A%Q,S:a?, = dagy, [C3®3n,sk(120i,sk + 5Ci,sk —2)+ 33®Cn,sk(_120i,sk + Ci,sk + 6)} ; ( )
AL 33 = 34054 C 5k 5305k (112h)

)

)

A g5 = 82, 2300k akSw ok (8¢ o — B) + s30(— 164 4 + 18¢2 4 — 3)] | (112
(

K,sk

K,sk

AZ g5 = dag [cso5x, k(1264 g — 2362 o + 5) + Cso5mak(—12¢2 g, +20¢2 = 15)], (112;

3a,
AB oy = Tk [5305,5k (=328 g5 + 202 4 + 1) + CxarCso(—32k o + 362 4 — 5))]

)
A s33 = — 3405k 51530,k (1121)
Al 433 = —3agCu sk OS24, — 30), (112m)
A% 433 = =30k Sk sk COS(2Kg; — 30), (112n)
AL 33 = 3k Cr e SN (2K, — 30), (1120)
AR 433 = s Sy sk SN (265, — 30), (112p)
AR 33 = —18aZ;530,51, (112q)
Aggsgg = —4dag, {2036c,(hsks,.ggsk(80%73,C —5)+ 33@(—160i75k + 186%7816 — 3)} , (112r)
A?e(j,ssz*. = 4agy, [233@%7%3,{7%(80?{’% —-3)+ 03@(160i7sk — 14ci,sk + 1)} , (112s)
AL 33 = 24053051, (112t)
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and:

653e,sk
_4asksn,sk83&sk
~ B33 451,Cre 51530,k
Dg 533 = Py 0 (113)
s/ Halsk
0
8k S30, 5k

5.3 SUN AND MOON GRAVITATIONAL ATTRACTIONS

As presented the Section 2.2.2) the gravitational potential of the Sun and the Moon
atraction is often expanded in Legendre polynomials (see for instance the thesis [Losa, 2007]).
For the derivation of the linearized matrix, we choose not to make this approximation and
to use the exact expression of the potential. The expression of the relative dynamics
matrices derived in this subsection are valid for any disturbing body whose gravitational
potential acts on the spacecraft orbiting the Earth on the GEO orbit. For this study, these
disturbing bodies are only the Sun and the Moon.

5.3.1 SUN AND MOON POSITIONS

The positions of the Sun and the Moon are involved in their gravitational poten-
tial. The ephemeris have been retrieved from the NASA JPL’s Horizons System (see
[Giorgini and JPL Solar System Dynamics Group, 2005]). The Figures 5 and 6 display the
Sun and Moon cartesian position in the geocentric inertial reference frame from January
1%, 2034 to January 15, 2039.

161 T

1.4+ s

1.2 5 [

positions (km)
(=]
T
L

-0.8

—1.2

—1.4F 4

_16 Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il
0 100 200 300 400 500 600 700 800 900 1,0001,1001,2001,3001,4001,5001,6001,7001,8001,9002,000

time (days)

Figure 5: Cartesian position of the Sun in the geocentric inertial reference frame from
January 1%, 2034 to January 1¢, 2039.
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Figure 6: Cartesian position of the Moon in the geocentric inertial reference frame from
January 1%, 2034 to January 15, 2039.

The radial position of these bodies are written:

7’P:||77P!|=\/$%+y123+z123 forP=0or P=C. (114)

The notations presented in the Equation (65) are still valid here. The distance between
the station keeping point (in the equatorial plane) and the disturbing bodies is written:

rop = \/xép +Yip + 2p, (115)

with:
zap(t) = xp(t) — aq, cos K, with P— & or P — (116)
Yar(t) = yp(t) — as sin kg, ’

and illustrated on the Figure 7.

5.3.2 RELATIVE DYNAMICS MATRICES

The gravitational potential of the Sun and the Moon are expressed in terms of the
cartesian position of the sapcecraft and of the disturbing body in the geocentric inertial
reference frame. As the chosen state vector is made of the equinoctial orbital elements, the
cartesian position is transformed into the equinoctial orbital elements thanks to the formu-
las given by the Equation (216). The positions of the Sun and the Moon are interpolated
with the values from the Horizon ephemeris generator.

The matrices A and fl@ are written:

1 Qs [ 744 .
Ap = pp, /ﬁ [A;LZL_M& . with P = ® or P = (. (117)
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(l;k

\ Crre sk

Figure 7: Illustration of xgp and ygp for P=® or P = (.

The expressions for each coeflicient are:

1 2a rps — ypcC
11 sk PSk,sk — YPCxk sk
Ap =3 <$@P5H,sk - y@PCn,sk‘) 3 5 - 3 5 (118&)
™ Tgp p
A21 o Sk, sk 1 TpPCk,sk + YoPSk,sk — 2ask + 1 T pCyg sk + YpSk,sk
P Y 3 5 3
Ask 2 Tep 2 rp
2
TePCr,sk T Yo PSk,sk
—3a5k< ik 3 ik ) , (118b)
Top
431 Crsk lxgpcr sk + YorSksk — 205, 1 TpCy sk + YPSk sk
- 9 3 Ty 3
2
T PCr,sk T Yo PSk,sk
+3ask( ik 5 ik ) , (1180)
Tep
Cr sk 2 1 1 LapC + s
41 K,sk <P ®PCr,sk T YoPSk,sk
Ap — 74 = — 3 + 6(lsk 5 3 (118(1)
sk |[Tgp TP Top
Seskip | 1 1 TgpCh sk + YoPSk,sk
51 K,S DPCk,s () K,S
Ap — 74 = T 3 + 6a5k 5 3 (1188)
A61 o L PCxk, sk + YoPSk,sk — 2ask B T pCx, sk + YpPSk, sk
P r3 73
&P P
2
TppPCr sk T YoPSk,sk
1 90, Ter s — k)" (118f)
Tap

39



A12 — 2 TopSok,sk — YoPCok,sk
D - sk | —

+ TpSak,sk — YPCak,sk
T'3 7,.3
OP P
(e pSk.sk — YoPCrsk)(TapCrsk + YorSk.sk)
_BG/Sch,Sk 5 s (118g)
Tep
A22 — ¢ s 2(-7:EBPCn,sk + yEBPsn,sk) — Ok . TopSk,sk — YpPCk,sk
p — YK,sk9K,sk 7“3 27“3
oP oP
+ _4Cn,sksn,sk(xpcn,sk + yPSH,sk) + TpSk,sk — YPCxk,sk
3
rp
(I@Pcn,sk + y@PSm,sk)z
+ BCn,sksn,sk 5 5 (118h>
Top
2 2 2
g2 285 (TapCu sk + YapSnsk) + AskCr g 2 (TpCr,sk + YPSk,sk)
A = - 3C Ak
D 3 K,sk™'S 5
Top Top
2 TppCk,sk + Yo PSk,sk .
K,sk 3 ’ (1181)
’ 2rp
1 Cosk?P 1 1 T pCh sk + YoPSk,sk .
Ap —= 2 3 + 73 - Sask 5 9 (118-]>
Tep TP Top
Crk,skSk,sk<P 1 1 Ly pCk,sk + Yo PSk,sk
A% = — — — 3ay, , (118k)
P 2 7,3 T3 T5
oP P oP
A62 o _B(xeapcn,sk + yEBPsn,sk) + 4ask §$Pcn,sk + YpSk,sk
p = Crsk 3 9 3
oP P
2
TppCk,sk + Yo PSk,sk
6, ! Sl (1181)
Top
A13 — _9g _xEBPCQH,sk + YpPS2k,sk + TpSak,sk — YPCaxk,sk
P sk r3 3
®P P
(e pSk.sk — YopCrsk)(TapCrsk + Yo PSk.sk)
+3askcn,sk 5 5 (118m)
Top
2 2 2
2 2 (@erCush + Yorsusk) * AskSian g0 (TPChsk T YPSesh)
= — 3 + 3¢, o1 Qsk =
p 7’: b 70
eP oP
TgpC + S
2 ®PCk, sk Yo PSk,sk
— Sk.sk 3 ’ (118H)
p
A33 - ¢ s Q(xGBPCn,sk + y@Psn,sk> — Qg _ ToPSk,sk — YpPCk, sk
p K,8k°K,sk 7n3 27“3
oP oP
4Cn,sksn7sk(l‘Pcn,sk + yPSn,sk) + TpSk,sk — YPCx, sk
3
2rp
(xGBPCH,sk + y@PS/i,sk)2
+ SCH,SkSH,Sk 5 5 (1180)
Top
Cro.sk Sk sk? 1 1 TppCrsk T S
43 Kk,sk9k,sk~P PPCk,sk Yo PSk,sk
AP = + — — 3ag : (118p)
p 2 r3 r3 P
oP P ®OP
2
8% 2 1 1 TepCrsk T S
,sk~P PPCk,sk Yo PSk,sk
AP = _DesRER O © 34, (118q)
14 2 3 3 5 )
Tgp TP Tep
A63 o _B(xGBPC/{,Sk’ + yEBPsn,sk) + 4ask §$Pcn,sk + YpSk,sk
p = Sksk 3 9 3
oP P
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A14

A24

A34

A44

A54

A64

A15

A25

A35

A45

A55

A65

A16

A26

A36

A46

A56 —

p

(TapCrsk + YarSk

k)’

—6a5k 5
Top
Ck,sk Ck,sk
—4askZP — 3 + 3 +
Top T'p
1
2
22pSg g | 53— — —3 T 3ask
Tgp Tp
1
_2ZPS/{,S]€CH,S]{? 7“3

1
-3
op TP
Ygpp + Qs Sk, sk Yyp
sk 3 - 73
Tgp rp
Yyp Yyp
“Sksk | T3 T
Tgp TP
1
Bsﬁ,skzp
op TP
Sk,sk Sk,sk
—4a5k2p 3 + 3
T T
P P
1 1

2ZPSn,skcn,sk _7”3 + 3

+ 3ask

1
—7.374'73—4&;~C

- 3ask’cn,sk

xEBPSn,sk - yEBPCﬁ,sk

3ask3n,3k 5

Tap
LpPCxk,sk + YpPSk,sk

5 )
Tep

Lo pPChk,sk + YpPSk,sk

5
Top
2
3ask sn,sk Zp

5
TEBP

2
3a5k Sk,sk?p

5 )
T@P

T pPCk,sk + Yo PSk,sk

s 5
Tap

TppPSk,sk — YoPCk,sk

5
Top

— 3a3k

xEBPCn,sk + Ypp SH,S]C

5

P Tp Top

1
op TP

Ip Ip
Cr,sk | — 3 3 5

LpPCxk, sk + Yo PSk, sk

2
Rk | T3 + — — 3ask = ,

Top

2
3aSkICH,Sk?ZP

Y

Tap TP Tap

Sk,sk

1

3Cn,skZP 3 3 + 4ask

Tgp TP

Top + Ak Cp sk Trp
—— 3. T3t /3 |
T r T
er P P

Lo pPCk,sk + Y¢PSk,sk + agp

2
3a5k CI{,Sk Zp

TpPCk,sk + YgoPSk,sk

5
Tap
T pCyg sk + YpPSk,sk

2a4; | — 3
7"®P
(e pSk.sk — YopCr

3

k)’

+3ask 5
Tgp

Y

T pCo, sk + YPS2k,sk

TopPCak,sk + Yo PS2k,sk +

3
Tap

3

(x@PSH,Sk - yEBPcn,sk)(x@Pcn,sk + y@Psn,sk)

+ 3ask Sk,sk

5
Tap

TpSok,sk — YPCoxk, sk

_:L‘@PSQH,S/{I — Yo PCox, sk +

3
Top

3
Tp

('r@PSIi,Sk - y@PCK,Sk)(x@PCIi,Sk‘ + yEBPSK,sk)

+ 3askcﬁ,sk

zZp Sk, sk

Sk, sk
2 rs + r3
®P P

zZp Ck,sk Ck,sk
2 | 13 + rs
oP P

+ 3a,

- 3askcn,sk

5
Top

ToPSk,sk — YpPCk, sk

5
Top

Tpp SH,Sk - y@Pcn,sk
kCr, sk 5
Top

41

)

Y

(118r)
(118s)
(118t)
(118u)
(118v)
(118w)
(118x)
(118y)
(1182)
(118aa)
(118ab)
(118ac)

(118ad)

(118ae)

(118af)

(118ag)
(118ah)

(118ai)



3

A66 —9 ToppSk,sk — YoPCk,sk T pCy, sk + YpSk,sk
2 r3 + r
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for P=®or P=C(.
The vectors D, and D( are written:
- Qg ~ . .
Dp = up k[ }3]71 . with P=0or P=C(. (119)
po b i=he
The expressions for each coefficient are:
D}lj _ 2a'sk TopPSk,sk 3_ yEBPCm,sk7 (120&)
Tep
~ 1 1
DP = _Sn,sk(xGBPCn,sk + y@PSIi,sk) TT - 7“73 5 (120b)
OP P
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DP - C&,sk(Q:EBPCK,sk + y@PSn,sk) 3 T 3> (120C>
Tep TP
~ Cr,skZP 1 1
D} ==& —_—— 120d
" 2 [T%P 7’%] 7 ( )
~ Spskzp | 1 1
D} =" —_— = 120
" 2 L"%P 7"?3] 7 (120¢)
~ 6 1 1
DP = 2(I@PC,€’51€ + y@PS,¢7sk) 3 — 3 |- (120f)
Tgp TP

5.4 SOLAR RADIATION PRESSURE

With the notations used for the previous computations of the linearized dynamics, the
SRP pseudo-potential function defined in the Section 2.2.3 is written as:

SSRP = Oé\/(.CEQ — fl?)2 + (y@ - y)2 + (Z ® —2)2, (121)

with a = 9P52¢ (see the definition of these quantities in the Section 2.2.3). The Sun
cartesian position in the geocentric inertial reference frame is interpolated with the data
retrieved from the Horizon ephemeris system and the cartesian position pf the spacecraft
is transformed into the osculating equinoctial orbital elements with the formulas given by
the Equation 216.

The matrix Aggp is written:

Aenn — oy |2k [ jid
Asrp = o L [APRSL:L...,G, j=1,..6 (122)

The expressions for each coefficient are:

(ZooSk,sk — YooC,sk) [32’% + Tao (3T askCrsk) + Yoo (3yo — asksn,skﬂ

Apgs = — . . (123a)
U=Yo!
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Alzalﬁs: ,k[@@ sk T Yoo Sk,sk k+(®® ,ka@e ,k)]’ (123b)
Teo 2agy, T&o
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The vector DSRP is written:
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7

Ak

2]

The expressions for each coefficient are:
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APPENDIX

A REFERENCE FRAMES

A.1 GEOCENTRIC INERTIAL REFERENCE FRAME

The reference frame for the cartesian positions and velocities is the Geocentric Inertial
Reference Frame. A definition of this reference frame can be found in | ]
named Geocentric Equatorial Coordinate System or Earth Center Inertial. The origin is
located at the center of the Earth and the axis are defined by:

o the axis (G, Uz, ) in the direction of the Earth North pole,

 the axis (G,ux,) in the direction of the intersection between the equatorial plane
and the ecliptic plane (vernal equinox),

o the axis (G, Uy, ) completes the basis,

and are illustrated on the Figure 8. The reference frame (G, tx,, Uy, Uz,) is denoted R
and the associated basis Bg.

Al . —
Soleil T Uz,
¢ I > Rotation de la Terre

Terre

Plan de I'équateur >y,

iix.,
Point vernal

Figure 8: Geocentric inertial reference frame

A point in space is represented by its three cartesian coordinates z, y and z or its
three spherical coordinates r, a (right ascension) and ¢ (declination). The transformations
between the cartesian and spherical coordinates are illustrated on the Figure 9 and given
by:

x = 1rcosdcosa, (126a)
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y = rcosdsinq, (126b)

z = rsind. (126¢)
The inverse relationships are:
r= 1\ a2 + 222, (127a)
o = atan Q) ; (127b)
x

(
§ = atan (ﬁ) : (127¢)

where « is chosen such that a € [-90°,90°] for z > 0 and « € [90°,270°] for z < 0.

Az

Plan équatorial

Figure 9: Right ascension o and declination ¢ of a point in space

A.2 ROTATING GEOCENTRIC REFERENCE FRAME

The rotating geocentric reference frame is named by the reference [Vallado, 1997] Earth
Centered Earth Fixed reference frame. This is a reference frame whose origin is located at
the center of the Earth and whose axis are defined by:

e an axis in the direction of the Earth North pole,
e an axis in the direction of the Greenwich meridian,
e an axis that completes the basis.

This reference frame is illustrated on the Figure 10.
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1en de Greenwich

UXq

Figure 10: Rotating Geocentric Reference Frame

In this reference frame, a point is defined by its radius r, its geographical longitude A
and its geographical latitude ¢ such that:

A=a—0(), (128a)
¢ =0. (128b)

O(t) is the right ascension of the Greenwich meridian (angle between the axis (G, tx,,)
of the Figure 8 and the Greewich meridian). It is thus the Earth rotation angle at time
t and is sometimes called sidereal time. Assuming that the Earth rotation rate wg is
constant, ©(t) verifies:

O(t) = O(ty) + wa(t — to). (129)

If [z y 2]7 denotes the position of a spacecraft in the geocentric inertial reference frame,
its radius, latitude and longitude are computed with the following conversion formulas:

r= ety (130a)

xcos O(t) + ysin O(t)
1
Vo o)

COS\ =

(130c)

(130d)

sing = . (130e)



A.3 LOCAL ORBITAL FRAME

It is possible to define a coordinates system linked to the position of the spacecraft on
its orbit. This reference frame is labeled RT'N or RSW as in | ]. The axis are
defined by:

e the axis uy is in the direction of the angular momentum ﬁ,
o the axis ug is in the direction Earth-spacecraft,
e the axis 17 completes the basis,

and are illustrated on the Figure 11. The reference frame (5, ug, Ur, uy) is denoted Ror,
and the associated basis Bor..

Az,

Uxe

Figure 11: Local orbital frame

The local orbital frame is defined from the inertial geocentric reference frame thanks
to three rotations (see the Figure 12):

« rotation about the axis (G, z,) with an angle (2,
e rotation about the axis (G, i,,) with an angle 1,
« rotation about the axis (G, u) with an angle w + v,

where 4, is a unit vector in the direction of the intersection between the equatorial plan
and the orbital plane, and i, is a unit vector perpendicular to the orbit plane. The Figure
13 depicts these rotations in three dimensions and the Figure 14 the associated plane
rotations.

If & is a vector whose coordinates are:

Ox

(131)

Qy

Il

9
<

g, Ba
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Plan équatorial

Uy,
,":7“
4 2 Un,
uXG
Plan orbital
Figure 12: Local orbital frame.
in the geocentric inertial frame and:
0-7'
G=|o| (132)
Tt] Bor,
in the local orbital frame, the coordinates transformation is given by:
o [cosQ —sinQ 0] [1 0 0 cos(w+v) —sin(w+v) 0] [o,
oyl = |sinQ cosQ 0] [0 cosi —sini| |sin(w+v) cos(w+v) 0| |oy :
0] 0 0 1|1 |0 sini cost 0 0 1| | o 5
G OL
[cos (w + v) cosQ — cosi sin (w + ) sin Q)
= |cos (w+v) sin Q + cosi sin (w + v) cos 2
i sini sin (w + v)
—cosi cos (w+v) sinQ —sin (w+ ) cosQ  sini sinQ) | [o,
cosi cos (w4 v) cos§) —sin (w4 v) sin{)  —sini cos Q| |oy
sini cos (w + v) oS i o] g,
(133)

It is also possible to define a local orbital frame from the trajectory tangent vector and
the angular momentum vector, denoted NT'W. When the orbit is circular, the RT'N and
NTW are the same.
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Figure 13: Three dimensions rotation between the geocentric inertial reference frame and
the local orbital frame.

UYG

®—»
u Za

Figure 14: Planar rotations between the geocentric inertial reference frame and the local

orbital frame.
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A.4 EQUINOCTIAL REFERENCE FRAME

The equinoctial reference frame Brgx = (U, Uy, U,) is defined by:
« a rotation of the geocentric inertial reference frame about the axis (G, iz, ) with an
angle €,
« arotation about the new (G, ) axis (pointing in the ascending node direction) with
an angle 1,
« a rotation about the axis (G, 1) with an angle —€,
and is denoted Rpqx = (G, Up, Uy, Uy).
The Figure 15 shows the equinoctial reference frame, the Figure 16 the three dimen-
sional rotation and the Figure 17 the planar rotations for the transformations between the
geocentric inertial reference frame and the equinoctial reference frame.

Plan équatorial

Plan orbital

Figure 15: Equinoctial reference frame.

If & is a vector whose coordinates are:
o
g=|oy , (134)
0] g,
in the inertial geocentric reference frame and:

Op

7= |o, : (135)
Th Brqgx

in the equinoctial reference frame, the transformations are written:
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Figure 16: Three dimensions rotation between the geocentric reference frame and the

equinoctial reference frame.

Uy,

S
3

Figure 17: Planar rotations between the geocentric reference frame and the equinoctial

reference frame.
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o [ cos sinQ 0] [1 O 0 cosQ —sinQ 0] [o,
oy = |—sinQ cosQ 0| [0 cos¢ —sine| [sin€) cosQ 0] |0, ,
0] gy . 0 0 1] 10 sin: cosz 0 0 1| |on Brox
[ cosisin?Q + cos?Q cosQ sinQ (1 —cosi) —sini sinQ] [o,
= |cosQ sinQ (1 —cosi) sin?Q+cosicos?Q  sini cosQ | |o,
| sin 7 sin €2 —sini cos ) COs ¢ Th] Bpo
(136)

B CONVERSION FORMULAS WITH THE CLASSICAL
ORBITAL ELEMENTS

This section presents the conversion formulas between the cartesian positions and veloc-
ities of a spacecraft given in the inertial geocentric reference frame and the classical orbital
elements. This formulas are derived from | 1 [ ] and [ ].

The position vector is:

, (137)

and its norm is:

r=\/2?+y*+ 22 (138)

. T
T=7=|y| |, (139)
zZ Be
v =22+ %+ 22 (140)

B.1 KEPLERIAN MOTION INTEGRALS

From the keplerian motion dynamics equation, some motion integrals can be derived.

The velocity vector is:

and its norm is:

The specific angular momentum:
h=7rxv= |zt —xz = |hy , (141)
R Ra

is constant and its norm is:

h = /h? +2 +h2,
Y (142)

=y =202 + (o — 22) + (g — )2
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The specific angular momentum is perpendicular to the position and the velocities of
the spacecraft and is a constant vector. Therefore, the spacecraft trajectory lies in a plane

called orbital plane. The unit vector perpendicular to this plane is:
1 ha
h , (143)

U, = —F———
N RN N

The total energy conservation gives the following equation:
po vt op
- _ B (144)
2a 2 r
(145)

The eccentricity vector is defined by:
U X

L

and is in the direction Earth-perigee. . is the unit vector in this direction. the norm e of

S
<13y

€=

the eccentricity vector is the eccentricity of the ellipse.

B.2 ANOMALIES TRANSFORMATIONS

Le calcul de I'anomalie excentrique a partir de la I’anomalie vraie est effectué selon

The eccentric anomaly is computed from the true on with the following relationships:
(146a)

_ sin vv/1 — €2
sinf = ——————
1+ ecosv
cos B = M, (146b)
1+ ecosv
E 1—ce v
t — ) = t — . 146
an(z) \/1+ean(2) (146c)
The Equations (146) are inverted as:
sin Bv1 — €2
ny = —————— 147
Sy ecosE—1 "7 (1472)
e —cos
_ ~ 147b
cosv ecosE —1’ ( )
(147c)

an(5) = i (5)
an 9 = 1_e an 5 .

The mean anomaly is computed through the Kepler equation

M=F —esin F.

95
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B.3 COMPUTATION OF THE ORBITAL ELEMENTS FROM THE
CARTESIAN POSITIONS AND VELOCITIES
The equation (144) leads to:

= ) 149
a 2 i.? +y2 +2’2 ( )

/—$2+y2+2’2_ 1

The equation (145) leads to:

. L\ 2 . N\ 2 . L\ 2
e=¢<z+h$y_hyx> +(y+hz$_h””z> +<x+hyz—hzy>, (150)
r L r L r i

and the vector #, is the unit vector in the direction of €.

L’inclinaison est I'angle entre le plan de 1’équateur et le plan de l'orbite, ou encore
I'angle entre le vecteur moment cinétique et le vecteur @z, En notant ), le vecteur uni-
taire perpendiculaire au plan de l'orbite, c’est-a-dire dans la direction du vecteur moment
cinétique ﬁ, il vient :

the inclination os the angle between the equator and the orbital planes, as well as the
angle between the angular momentum and the uz, vectors. Denoting #j, the unit vector
in the angular momentum direction perpendicular to the orbital plane, the cosine of the
inclination is:

L h

COSt = Uy, - Up = —. (151)

h
As i € [0, 7], the Equation (151) can be inverted as:

h
i = arccos (;) (152)

The angle € is the angle between the direction (G, ix,) and the direction of the vector
17, intersection of the orbital and the equatorial planes. 7 verifies thus:

o _hy

n=1Uz, Xxh=| hy , (153)

0 Re

with the unit vector:

i T

Uy = —— = hy ) (154)
EIVEET
The cosine of 2 is: h

cos ) = Ux, - Uy, = ———te (155)

As Q € [0, 27], sin Q2 has to be computed in order to recover the value of 2. Defining:

—h
1 X
G =iy X il = e | —hy| 156
Za h% T h§ 0 Yy ( )
Ba



as depicted on the Figures 13 and 14, the sine of the right ascension of the ascending node
hy
(157)

is:
sinQ = —UX, Uy = —F/——
G m
,/h% —i—hi

As w is the angle between 77 et €, it comes

—h, (%Jr hz;‘v—hm,é> + hy, (%_'_ hythzy>
COSW = U - Uy, = £ - (158)
e\/hy + hy”
As w € [0, 27], sinw has to be computed. With the definition of iy
ﬁf = ﬁh X ﬁe, (159)
depicted on the Figures 13 and 14, sinw is computed as
sinw = 1, - ﬁv
hy g — hy x) <y hzx'—hgc,é')]
A B et
he,/h2 +h2 ( [ ( H r K (160)
—h, hyy — hyd
e (e B o Ce ) )
1 r [
The local orbital frame (iR, U, iy) is defined such that
. T
R—=
”
iz = i, (161)
. I

The true anomalie v is the angle between the vector € and the vector @r. From this, it

is possible to write:

cosz/:ﬁe-ﬁjy:g:ﬁe-z
;
. . . . . . 162)
1 h,z—h, h,i — hy h,y—h (
_ 1 [x<w+zﬂy>+y<y+ﬂfz>+z<z+ywﬂ>]
er T ] T 7 T u

, L Lo (s o L. T
smyz—ue-uT:—ue-<uZ><uR):—ue-<h><),
r

1 hy %z —h.y
— l(h - hzy) (‘” L1 y) + (hzx— hzz> (

" rhe r I r

hyy — hy i

(=) (24 2
r [

From the value of v computed through the Equations (162) and (163), the eccentric
anomaly is computed with the Equation (146) and the mean anomaly through the Kepler

As v € [0, 27], sinv has to be computed:
h,& — hy 2
v ZZ) (163)

Equation.
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B.4 COMPUTATION OF THE CARTESIAN POSITIONS AND VE-
LOCITIES FROM THE CLASSICAL ORBITAL ELEMENTS

B.4.1 COMPUTATION OF THE POSITION

In the local orbital frame, the position vector components read:

.
F=1{0l . (164)
0

Bor

Applying the rotation formula (133), it follows:

x cos (w + v) cos () — cos (i) sin (w + v) sin ()
= |y =71 |cos (w + v) sin (Q) + cos (i) sin (w + v) cos () : (165)
2]z, sin (7) sin (w + v) e

Replacing r by its expression in terms of the classical orbital elements, the cartesian
position components in the geocentric inertial reference frame are:

— m (cos (w4 v) cos () — cos (7) sin (w + v) sin (2)) (166a)
— fl(—i—le_c;)y (cos (w4 v) sin () + cos (7) sin (w + v) cos () (166Db)
Ca(l—-e€*)
=1t ecoss (sin (7) sin (w + 1)) (166¢)

B.4.2 COMPUTATION OF THE VELOCITY

The velocity in the inertial geocentric reference frame is computed by derivating the
position on the inertial geocentric reference frame:

d
7= 1 (167)
|,

The total time derivative is decomposed in the partial derivatives with respect to the
orbital elements:

L or or. or. 8FQ or — or. 168
U—%G—F%G—‘—az—i—aig +%w+%l/ ( )

Or, les éléments orbitaux classiques définissent une ellipse osculatrice, ¢’est-a-dire I'ellipse
que le satellite suivrait dans le cas ou les perturbations disparaissaient instantanément.
Ainsi, les éléments orbitaux ci-dessus sont a considérer dans le cas képlérien, et seul v est
a dérivée temporelle non-nulle. On peut alors réécrire :

As the orbital elements define an osculating ellipse that is tangent to the trajectory, the
velocity of the spacecraft on its real trajectory is the velocity of the spacecraft if it would
fly on the osculating ellipse. Therefor, the classical elements are to be considered in the
keplerian case, and all the elements have a zero time derivative except the anomaly:

or
8uy’

U=

(169)
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with the time derivative of the true anomaly given by the reference |:

pa (1 —e?) (14 e cos (1/))2.

T (170)

Therefore, the cartesian velocity in the inertial geocentric reference frame is given by:

= a(lﬁeQ) [(e sinvsin(w + v) + (1 + ecosv) cos(w + V)) sin {2 cos i
+ ((1 + ecosv)sin(w + v) — esin v cos(w + y)) (171a)
= a(llieQ) ((1 + ecosv)sin(w + v) + esinvsin(w + 1/)) cos 2
- ((1 + ecosv)cos(w + v) + esinvsin(w + 1/)) cosQcosi| (171b)
2 = (1M2) [e sinvsin(w + v)sini + (1 4+ ecosv)cos(w + v)sin z} (171c)
a(l—e

C CONVERSION FORMULAS WITH THE EQUINOC-
TIAL ORBITAL ELEMENTS

C.1 DEFINITION OF THE EQUINOCTIAL ORBITAL ELEMENTS
FROM THE CLASSICAL ONES

La définition des éléments orbitaux équinoxiaux présentée dans la section 3.2.2 page 13
est rappelée ici : The definition of the equinoctial orbital elements is recalled here:

e, = ecos(w + )
e, = esin(w + Q)
i, = tan(i/2) cos(Q2)
iy, = tan(i/2) sin($2)

equinoctial anomaly

(172)

Three anomalies are used
 true equinoctial anomaly: vg =Q+w+ v ;
« mean equinoctial anomaly: Mg = Q +w + M ;

 eccentric equinoctial anomaly: Eg =Q+w + E
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C.2 COMPUTATION OF THE CLASSICAL ORBITAL ELEMENTS
FROM THE EQUINOCTIAL ONES

The eccentricity is computed as the norm of the eccentricity vector:

e=,/e2 +el. (173)

The definition of the inclination vector leads to:

tan <2> =i+, (174)
Hence:
1 — tan? (% 1—i2— 42
cosi = (2> = T (175)
1 + tan? (%) 1443 4175
and:
2tan (% 2,/i2 + 42
mi= 2 G) 254G 176
1—i—tan2 (%) 1+Z:):+Zy
As i € [0, 7], the inclination reads:
1— 2 — 2
) = — Y 177
i arccos<1+i%+i§> (177)

The right ascension of the ascending node is computed from the eccentricity vector:

cos ) = 271’, (178a)
N
sinQ = ¥ (178b)
N
If the inclination is zero, i, and i, are also zero and (2 is not defined.
It comes from the eccentricity vector:
cos(Q +w) = 6750, (179a)
Ver+e;
sin(Q2 4+ w) = L, (179b)
€+ el
then with trigonometric expansions:
cos ) cosw —sinQ2sinw = 6750, (180a)
Ver+e;
sin 2 cosw + cos sinw = —— (180b)

e+ 673.
The system (180) of unknowns cosw and sinw has only one solution because the deter-
minant is cos? {2 + sin? Q = 1. The solution is:

ez cos €2 + e, sin 2 Exly + €yly
2 | .2 )2 2 ;2 1 52
\ézt ey \/ex+ey iy T 1
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COSW =

(181a)




eycos ) —e,sinf) Cyly — Exly

sinw = = —. (181b)
\Vex+ ez \/eg—f-eg iz + 2
If the eccentricity is zero, e, and e, are also zero and w is not defined.
Expanding the definition of the true equinoctial anomaly leads to:
cosvg = cos(2 + w) cos v — sin(Q + w) sin v,
€ _ ey
= ———=5sinv — ——=-cos v, 182a
ez + ez ez + ez ( )
sinvg = sin(2 + w) cos v + cos(2 + w) sin v,
e €z .
= —%— cosv + ———sinwv. (182b)
ez + e’ ez + e’

Hence, if the eccentricity is not zero:

e, Cos Vg + e, sin v,
cosy = — ey C (183a)

/o2 2
ez T ¢

€, SN Vg — €, Cos Vg
€+ el

If the eccentricity is zero but the inclination is not zero, it is possible to define the
position of the spacecraft on its orbit by the angle w + v. The definition of the true
equinoctial anomaly leads to:

sinv =

(183b)

cos Vg = cos Q cos(w + v) — sin Qsin(w + v),

S cos(w+v) — sin(w + v), (184a)

72 72 12 72
iz Ty 1zt 1

sin vg = sin Q cos(w + v) + cos Q sin(w + v),

= cos(w +v) + L sin(w + v). (184b)
(184c¢)
The solution of this system is:
cos(w + 1) = zxcosyg—i—z?sml/Q’ (185a)
sin(w +v) = te SIMVQ 7 1y COSVQ (185b)

P
1z + 1

Doing the same calculations with the mean and the eccentric anomalies leads to:

ez cos llg + e, sin g

cos B = : (186a)
ez + e2
»sin Bg — E,
sin { = P EQ R R (186b)
ez +e;
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15 cos Big + 1, sin Fg

cos(w+ F) = ,
W) JiE+i
sin(w + E) = i1z 8in B — 1y COSEQ.

:

2 4 52
1z + 1y

ez cos Mg + e, sin Mg

cosM = )
€+ el
e, sin My — e, cos M,
sin M = = Q@ Y Q.
Ve +e;
15 cos Mo + 1, sin M,
cos(w + M) = = Qv @
z%—l—zg
1, sin Moy — 1, cos M,
sin(w + M) = = Q g <
i3+ 12

Using the Equation (183) in the Equation (146) leads to:

€y COSVQ + €y 8in g

e
[o2 1 o2 2, 2 -
s ex—i-ey' _ ez T e, + ez cosvg + ey sinvg
€z COS Vg + e, SIn v, 2 2 ; ’
14 e& QT ¢ Q@ Je2+e2(l+e,cosvg+eysinyg)
ez + ez
€y Sinvg — €, cos v,
- Qz y2 Q\/l_e%_eg - 2 _ 2
. Je:+el (ex8invg — ey cosvg)y /1 — €2 — e2
sin B = =

| 4+ f2o08ve + ey sinvg V€2 +ei(1+ezcosvg + ey sinvg)

Ver+e:
Identifying cos E' et sin E' with the (186), it follows:

2 2 :
€z T €, T €, CoSVg + €y sinrg

ez cos Eg + e, sin B =

1 +e,cosvg+eysinvg

(exsinvg — e, cosvg), /1 — €2 — €2

1+ ez cosvg +eysinyg

ez sin Bg — e, cos Eg =

)

(187a)

(187h)

(188a)

(188b)

(189a)

(189D)

(190a)

(190b)

(191a)

(191b)

Y

(192a)

and:
. € (ei + ez + e, cosvg + ey sin l/Q) —ey(exsinvg —eycosvg)/1 —e2 —e2
cos Eg =
@ (€2 +e2)(1+ e, cosvg + ey sinvg)
. ez(essinvg — e, cosvg),/1 —e2 —e2 + ¢, (ei + €7 + e, cosvg + e, sin I/Q)
sin Eg = :

(€2 +e2)(1 + ey cosvg + ey sinvg)

62

(192b)



Using the Equation (186) in the Equation (147) leads to:

ex cos lig + e, sin B
e J—
vea+ez €2+ e2 — e, cos Eg — e, sin Eg (193)
= a

cosv = ~ = ’
eew cos Eqg + e, sin Eq 1 m(ex cos Eg +eysin Eg — 1)
e sin B — e, cos Eg Jise
—e
m (exsin Eg — e, cos Eg)y/1 — €2 — €2
siny = — =— . (193b)

o G €08 L +eysin Eq \/ €2+ e2(es cos Eg + ey sin Eg — 1)

Ver +e;
Identifying cos v and sin v with the equation (183), it follows:

2 | .2 -
e, +e, —egcos Eg — ey sin Eq

ez cos Vg + ey sinvg = : (194a)

ez cos g + e, sin Eg — 1

(e sin Eg — e, cos Eg), /1 — €2 — €2
© v L (194b)

e;cos Eg +e,sin Eg — 1 ’

€y SIN Vg — €, CosVg = —

and:
€ (ei + € — ey cos Eg — e, sin EQ) + ey(exsin Eg — e, cos Eg) /1 — €2 — e2
cos Vg =
v (e2 +e2)(ey cos Eg + ey sin Eg — 1) ’
(195a)
. —eg(exsin Eq — ey cos Eg) /1 — €2 —e2 + ¢, (ei + e} — ey cos Eg — ey sin EQ)
sinvg = :

(€2 +e2)(ey cos Eg + e, sin Eg — 1)
(195b)

The mean equinoctial anomaly is computed from the eccentric one through the Kepler
equation expressed by means of the equinoctial orbital elements:

Eg+eycos Eg — e, sin Eg = M. (196)

C.3 CONVERSION FROM THE CARTESIAN POSITION AND VE-
LOCITY TO THE EQUINOCTIAL ORBITAL ELEMENTS

As for the classical orbital elements, the Equation (144) gives the semi-major axis as:

1
“= 2 Pt 2 (197)

VETETE | u

The Equation (136) gave the transformation between the coordinates in the equinoctial
and the inertial geocentric reference frames in terms of the classical orbital elements. Using
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the definition of the equinoctial orbital elements, the transformation (136) is rewritten as:

oy ) 1442 — 2 i1, —2i, op

o =———— | 204 1 —d2 442 21, o 198

o 1+ +15 2. o 22| o 9
21 gg Y T T Y h Brgox

This transformation matrix gives the coordinates of the equinoctial basis in the inertial
geocentric one. In particular:

—2i
1 Yy
iy =——— | 2, : 199
"2 12| (199)
G

which allows to write the coordinates of the vector 4, in the inertial geocentric reference
frame:

—2i,
- Uy, = —— 200
uhz Uh U’XG 1 +ZC2C +Z§’ ( a’)
21
=y Uy, = ———r 200b
1 — 42 — 42
S S Y 200
Up, Up - Uz, 11 Z?E T 212/ ( C)
With the Equation 199, the inclination vector is computed as:
; uhy hy
= = 201
Uy T (201a)
. Up, hm
- _ T 201b
ty 1+ up, h,+h’ (201b)
where h is the norm of the vector h.
With the Equation (198), the basis vectors are written:
r -9 -9
) I A
p = 7 e 215@ , (202a)
— Zy 15,
) . 2igiy
L 2% 1B
G

Combining the Figures 14 and 17, ) + w appears to be the angle between the vectors
U, and . on one hand and %, and 4y on the other hand (see the Figure 18).

Hence:
cos( 4+ w) = U, - Uy, sin( +w) = U, - U, (203a)

and the components of the eccentricity vector are:

ey = €l - Uy = € U, (204a)

ey = €l - Uy = €+ Uy, (204b)
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&l

1

=

Figure 18: Rotations planes dans le plan orbital autour du vecteur .

and:

. ! (o mEena\ (B w
e 1+ ¢ hi hy ; r 1 (h, +h)?  (h,+h)?

ARy
oh, (2 4 tei=hyd hyh, (L4 hei=hez
€ ) el G ) (205a)
h.+h (hs + h)?

. 1 l (y_i_hzz'v—hx,é) (1 h2 h2 )
v h2 2 |\ - 5 — 5
1 + (hz+h)2 + (hz+h)2 r H (hz + h) (hz + h)

_|_

2h (§+w) 2h,h (%+ hyz'*hzy>
: h, + h# B y(hz + h)Qu ] (205Db)

+

From the Figure 18, the true anomaly appears to be vg = {2 4w + v the angle between
the vectors ), and g on one hand, and @, and u@r on the other hand. Therefore:

cosvg = Up - Up, (206a)
sinvg = g - Uy, (206b)
and:
cos Vg = 1 lx (1 + hy M )
" (1 + (hz}fhﬁ + (hz’fh)Q) (et h)* - (he )7

 2hez | 2hshyy
h.+h " (h.+h)

2] , (207a)
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) 1 l (1 h; h2 >
sinvg = — g y(1- _ 2
r (1+ g + sz (h. + )2 (h. +h)
+ 2hyZ thhyx
hz + h (hz + h)2

] . (207b)

C.4 CONVERSION FROM THE EQUINOCTIAL ORBITAL ELE-
MENTS TO CARTESIAN POSITION AND VELOCITY

The transformation of the equinoctial orbital elements to the cartesian position and
velocity in the inertial geocentric reference frame uses the expression of the position vector
in the equinoctial frame and the rotation matrix 1306.

The radius is expressed in terms of the equinoctial orbital elements as (see the reference

[ :

a(l—el —e?)

"~ 1+4e,cosvg+ e, sinvg’

(208)

This expression of r uses the true equinoctial anomaly. As the sixth parameter of
the state vector is the mean longitude one, it is mandatory to transform vg in {ye. To
this end, the Kepler equation expressed in equinoctial orbital elements is solved with the
approximated method of the Appendix D:

vo =Q+w+r,
=Q+w+ M+ 2esin(M),

209
= Mg + 2esin(M), (209)
= lyro + O + 2esin(M).
At the order 0 in eccentricity:
cosvg = cos Mg = cos(lpye + O), (210a)
sin vg = sin Mg = sin({ye + ©), (210b)
and the radius reads then:
1— 2 2
;o il-e—¢) . (211)
1+ e, cos({po + O) + e, sin(fyo + O)
The radius is expressed by means of the eccentric equinoctial anomaly as:
r=a(l —e;cos Eg — e, sin Eg), (212)
According to the Figure 18:
g = cos(Q + w + v)i, + sin(Q + w + v) iy, (213)
= cos({pe0 + ©)u, + sin(lpe + O)i,.
Therefore :
lye +O)
a(l —e2 — eg) cos(Lare
F= a : sin({y0 + © ) 214
1+ e, cos({pyo + O) + ey sin(fyo + O) ( Méa ) (214)
Brqx
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The coordinates of the position vector in the equinoctial reference frame are transformed
in the inertial geocentric one with the rotation matrix (198), what leads to:

=y
Il
ISIINS I

Bg
a(l—el —e) 1
 1+eycos(lyre +©) +eysin(lye + 0) 1 4 i2 42
142 — i 21y —2i, cos({ye + O)
< | 2, 11—+ 2, sin(Caro + O) ,
21y —21, 1 —42 — 42 0

z Yy BEQX

(215)

and thus:

{a(l _e? eg)} {(1 + 42 = i2) cos(lare + O) + 2iyiy sin(Lye + @)}

z = , (216a)

{1 + e, cos(fyre + ©) + ey sin(fpe + @)} {1 +ia2 + zﬂ

[a(l —e2 — eg)} {%xiy cos(lye + ©) + (1 — a2 +i2) sin(Lye + @)}

y= . (216b)

{1 + e, cos(Upe + ©) + ey sin(lpe + @)] {1 + 12 + 42

[a(l —el—el)

Z =
[1 + e, cos(lpre + ©) + ey sin(fpro + @)] [1 +i42 + zg]

{2@'@, cos(lyre + O) — 21, sin(lye + @)}

(216¢)

The velocity in the inertial geocentric reference frame is computed by derivation of the
position in the inertial reference frame:

d
F= — (217)
dt,

The total time derivative is decomposed in the partial derivatives with respect to the
equinoctial orbital elements:

L_or or L oF  or. oF 0F d(lye +6) 218
YT 0d" T e, T e, T 00, T 05, O(te +©) At
However {010 = Mg, the velocity reads:
L_or or o or or o or 219
T 0d" T e, " T e, 00, 0, oMy @

Following the argumentation developed for the computation of the velocity with the
classical orbital elements, the velocity is computed as:

or .
oMy @

U=

(220)
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with

a3

(221)

Hence :

I a(l —el —e7)

3 2
“ [1 + e, cos(lyre + ©) + ey sin(fpe + @)] {1 +i2 + zz]

X ([— (1—1—2'926—7;5) sin({pre+0)+2i,i, COS(KM@—F@)} {H—em cos(lro+0)+ey sin(éM@jL@)}

_ [ey cos({pre +O) — ey sin(lpo + @)} [(1 442 — ZZ) cos(Cpre + O) + 20,1, sin(Cyro + @)D ,

(222a)

E a(l-& - )
Y=1—3
"

5
1+ e, cos(fye + O) + ey sin(fye + @)] {1 + 42 + zi]
X (

_ {ey cos(Care +0) — e sin(Cae +@)} {(1 — 2 42) sin(Lyre + ©) + 2iyiy cos(Caro +@)D ,

(1—i2+12) cos(re +©) — 2igiy sin(lare + @)} {1 + e, cos(Cyro+O) + ey sin(fyo + @)}

(222D)

0 a(l—el —e)

3 2
{1 + ep cos(faro + ) + ¢y sin(faro + @)] [1 b2y zg]

4

- [ey cos(lpe + O) — exsin(fpe + @)] { — 21, sin(lpe + O) + 24, cos(lpye + @)D :

a3

— 2y cos({ye + ©) — 20y sin(lye + @)} [1 + e, cos(lyre + ©) + ey sin(fpe + @)}

(222¢)

D APPROXIMATION METHODS FOR SOLVING THE
KEPLER EQUATION

With the state space representation using the orbital elements, the sixth parameter
is one of the three anomalies: the true one v, the mean one M or the eccentric one FE.
Through this document, the mean anomaly is used for the simplicity of its time derivative.
However, the Lagrange matrix is usually expressed in terms of the true anomaly. It is
therefore mandatory to compute the former from the latter. This can be done in two ways:
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o solving the Kepler equation:
E —esinE =M, (223)

in order to compute F from M and computing v with the formula:

l+e E
= 2arct tan — | ; 224
v arcan( . anz), (224)

e solving the Kepler equation directly in true anomaly:

1— 1—
2 arctan “tan 2 | — esin |2arctan “tan 2 || = M. (225)
1+e 2 1+e 2

As the Kepler equation can not be solved analytically, approximations techniques have
to be used. The following sections present some of these techniques.

D.1 NEWTON ALGORITHM

D.1.1 KEPLER EQUATION EXPRESSED IN E

The Newton algorithm is an iterative method aimed at finding an approximation of the
zero of the equation:

f(x) =0, (226)
from a first guess of the solution xy. A sequence of zeros (x,),en converging towards the

solution 7 is built. Each approximate solution x,; is computed from the previous one x,,
according to:

il = Tp — . 227
Tnt1 =T F(zn) (227)
In the case of the Kepler equation expressed in F, the algorithm reads:
E,—esink, — M
E,..=E,— (228)

1—ecoskE,,

Once F is found, v is computed with the Equation (224).

A way to make the algorithm faster is to choose a starting point close to the actual
solution. In the reference | ], a choice for the starting point is proposed. If
the function f is monotonic on the interval [z1, 5] such that f(x;)f(z2) <0, then a good
starting point may the the intersection between the abscissa axis and the line passing

through (1, f(21)) and (22, f(22)).

For the Kepler equation, the function f : F — E — esin E — M is increasing, and
[ | suggests the following evaluation points:

f(M)=—esinM <0, VM € [0, 7],
f(M+e)=-e(l—sin(M+e)) >0, VM.
The initial point is thus the intersection with the abscissa line (for M € [0, 7]):

esin M
1—sin(M+ FE)+sin M

Eo=M + (229)
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D.1.2 KEPLER EQUATION EXPRESSED IN v

The Kepler equation expressed in v can be solved directly with the Newton algorithm
using the functions:

f(v) = 2arct € an in |2arct L€ an ” M (230a)
v) = 2arctan tang | —esin | Zarctan | 4 ;o—tan , a
l1—e v ﬁ 1+tan2>
— e
f'(v) =[1-—ecos |2arctan 1+€tan§ . 1+1_€t Vi (230b)
1+e an 2
and :
S () (231)

n

D.2 HULL'S METHOD
D.2.1 WITH THE EQUATIONS (223) AND (224)

The Equation (223) is a transcendental equation with e as a small parameter as the
orbit is almost a geostationary one. the reference | | proposes a technique to solve
the Kepler equation.

Considering the funcion:
f:(E;e)— f(E;e)=E —esinE — M, (232)

the equation to be solved is:
f(Ese) =0, (233)
for ¥ as unknown and e close to zero. The solution F, of this equation is a function of e.
As e is close to 0, the solution can be expanded power of e:
1 2
E* = E() + E1€ + §E2€
= FEy+ AFE.

(234)

The function f(E;e) = f(FEy+ AE;e) is then expanded with respect to (Ep;0) up to
the order 2. The following notations will be used in the sequel:

of(F;e
f(EOa 0) — f’ <ae)|(Eo;O) — f67
of(E;e) P f(E;e)
87E|(E0;0) — fEa T|(EO;O) — fee>
D?f(E;e) O?f(E;e)
W’(EO;O) — fEE, W’(EO;O) — fer,
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f(E;e) = f(Ey + AEje),
1 1
= [+ [RAE + fee+ 5 fupAE +  fe€® + foneAE, (235)

1 1 1
=f+fe (E1€ + 2E2€2> + fee + ifEEE%€2 + 5]06662 + feEE1€2.

Identifying the coefficients for each order of e leads to the following equations:

/=0,
JeEL + fe =0, (236)

1 1 1
ifEEZ + ifEEE% + §fee + ferEq = 0.

Solving this previous system leads to:

Ey= M,
E; = sin(M), (237)
Ey =sin(2M),
and then: .
Evai = M +esin M + 562 sin(2M). (238)

From this point, the Equation (224) gives v.

D.2.2 WITH THE EQUATION (225)

The Hull’s method is applied to compute an approximate solution of the transcendental
Equation (225). The handled function is:

F(vie) = 2arct L€ an in |2 arct a2 — e (239)
v,e) = zarctan 1+€ an2 € Sin arctan 1+e an2 .

With similar developments as (245), the true anomaly reads:
. 5 o .
v=DM+2esin M + 3¢ sin(2M). (240)

D.2.3 KEPLER EQUATION WITH EQUINOCTIAL ORBITAL ELEMENTS

The Kepler equation in terms of the equinoctial orbital elements reads:

Eq +eycos Eg — e, sin Eg = (e + O(1). (241)

For a quasi-circular orbit, the eccentricity is very small and this transcendental equation
can be solved in E¢g with the Hull’s method applied to the function:

[ (Eg;es, ey) — f(Eg;ex ey) = Eg+e,cos Eg — e, sin Eg — e + O(1). (242)
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The solution Eg, of the equation:

f(Eg;es ey) =0, (243)
with Ey unknown and e, and e, small can be expanded in power series of e, and e,:
Eq,=Eq,+ E E ! 2 g, 24 E
Qs — Qo + QzCz + dey + 5 Quzba + 5 nyey + Qxyemeya (244)

= Eg, + AEq.

[(Eq; e, ey) = [(Eqy+AEq; ey, ey) is then expanded with respect to (Eg,;0,0) up to
the order 2. For clarity reasons, the following notations will be used:

f(EQO;Oa 0) — f7

Of(Eg; ey, e
O/ (Eqi e, ey) PR

e,

Of(Eq; s, €y) Of (Eq; ex, ey)
—(%y ’(EQO;O,O) — fey, T’(EQO;O,O) — fEQ,
0*f(Eq; ex, ey) O f(Eq; ex,ey)

aeg ‘(EQ();O,O) — fezez7 865 ‘(EQO;O,O) — feyeya
0*f(Eq; €z, €y) 0?f(Eq; ex, ey)

aE% ‘(EQOS(],O) — fEQEQ7 aemaey ’(EQO;O,O) — feleya
0 f(Eqg; e, ¢y) P f(Eq; ex, ey)

. — Je s ; — Je :
aexaEQ ‘(EQ07070) f zEQ 8eyaEQ |(EQ0,070) f yEQ

f(EQ; €z ey) = f(EQo + AEQ; €, ey)a
- f + fEQAEQ + femez + fey€y+
1 1 1
+ §fEQEQAEC?2 + §fezezei + Qfeyeyef/
+ fEQezAEQex + fEQeyAEQey + fezeyezeya

1 1
- f + fEQ (EQ:BBI + Edey + 5 mee?c + §Eny622/ + EQ:}:yel’ey) + fezex + feyey

1 1 1
+ §fEQEQ (EQiei + Edez + QEQxEdexey) + ifememei + §fey6y ei
+ fEgen (EQxex + Edey) ex + fEqe, (EQxex + Edey) ey + fere,Caby-
(245)

Identifying the coefficients of the several orders of e, and e, so that the Equation (243)
holds leads to the following system:

=0,
fEQEQx+fez :07
fEQEQy+fey =0,

1 1 1 246
ifEQEQm + §fEQEQEQi + §fezez + fEge. Fq, = 0, (246)

1 1 1
§fEQEny + ifEQEQEQz + §feyey + fEQEyEQy =0,
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Solving this system leads to:

Eqy = tue +O(1),

Eq, = sin({ye + O(t)),

Eq, = —cos(lye + O(t)),

Eq,, = cos(fye + O(1)) sin(fye + O(1)),
Eq,, = —cos(lye + O(1)) sin({me + O(1)),
Eq,, = cos*({ye + O(t)) — sin*((ye + O(1)).

(247)

Hence, the eccentric equinoctial anomaly is expressed in terms of the mean longitude
as:

Eqg =lye +O(t) + e, sin(fye + O(t)) — ey cos(fpye + O(1))

+ sin (W) (€2 — 63) + cos <€M®—g®(t)> esey. (248)

At the order 0 in e, and e,, we get:

cos Eg = cos({pre + O(1)), (249a)
sin Eg = sin({pe + O(1)). (249b)

E PHYSICAL PARAMETERS

This appendix gives numerical values for the physical parameters involved for the com-
putation of the orbit of a geostationary satellite. In the sequel, the unit d stands for "day".

The physical and orbital parameters of the Earth are:

« geocentric gravitational parameter: pg = 3.986 10° km?/s? = 2.9755 10'® km?*/d?,
« rotation rate: wg = 7.2921 107° rad/s = 6.3004 rad/d,

o radius: 6378.137 km

o coefficient of the spherical decomposition of the Earth gravitational field: see the
Table 3 (these values have been taken from the reference | )]

o sidereal angle O(¢): using the computation algorithm from | |, for Jan-
uary 15%, 2034, the value of the sidereal angle is: ©¢ = 1.7579 rad. If ¢ denotes the
elapsed time since January 15°, 2034, the sidereal angle at time ¢ is computed as:

o geostationary semi-major axis: ag, = 42165.8 km.

The gravitational parameter of the Sun is:

o = 1.32712 10* km?/s* = 9.9069 10*° km®/d>. (250)

The gravitational parameter of the Moon is:

pg = 4.9028 10" km®/s* = 3.6599 10'* km®/d*. (251)
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degree [ order m ‘ Cim Sim

2 0 —1.083 1073 X
—2.414 1071 1.543 107
1.574107%  —9.038 1077

2.532 107 X

2.191 10°¢ 2.687 1077
3.089 1077  —2.115 107"
1.006 107 1.972 1077

W W W W | NN
WO N

Table 3: Cy,, and Sj,, coefficients for the spherical harmonics decomposition of the Earth
gravitational potential (values taken from | ]). The x means that for order 0,
the Sy coefficient does not exist.
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