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A GINZBURG-LANDAU MODEL WITH
TOPOLOGICALLY INDUCED FREE DISCONTINUITIES

MICHAEL GOLDMAN, BENOIT MERLET, AND VINCENT MILLOT

ABSTRACT. We study a variational model which combines features of the Ginzburg-Landau
model in 2D and of the Mumford-Shah functional. As in the classical Ginzburg-Landau theory,
a prescribed number of point vortices appear in the small energy regime; the model allows
for discontinuities, and the energy penalizes their length. The novel phenomenon here is that
the vortices have a fractional degree 1/m with m > 2 prescribed. Those vortices must be
connected by line discontinuities to form clusters of total integer degrees. The vortices and
line discontinuities are therefore coupled through a topological constraint. As in the Ginzburg-
Landau model, the energy is parameterized by a small length scale € > 0. We perform a complete
I'-convergence analysis of the model as € | 0 in the small energy regime. We then study the
structure of minimizers of the limit problem. In particular, we show that the line discontinuities
of a minimizer solve a variant of the Steiner problem. We finally prove that for small £ > 0, the

minimizers of the original problem have the same structure away from the limiting vortices.
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1. INTRODUCTION

The purpose of this article is to study the asymptotic behavior of a family of functionals combin-
ing aspects of both Ginzburg-Landau [BBH94, SS04] and Mumford-Shah [AFP00, Fus03, Lem16]
functionals in dimension two. Those extend the standard Ginzburg-Landau energy, and give rise to
the formation of vortex points connected by line defects in the small energy regime. Interestingly,
vortices and line defects are coupled through topological constraints.

To be more specific, let us introduce the mathematical context. We consider for m € N, m > 2,
the group of m-th roots of unity G,,, = {1, a,a? ... ,am’l} with a := €2/ We are interested
in maps taking values in the quotient space C/G,,. We identify C/G,, with the round cone

N = {(z,t)erR:t:|z|\/m2—1}QR3

by means of the map P : C — N defined as

(p(z), Mm) with p(z) := z

|Z‘m—l '

1 m
P(z) := -
The map P induces an isometry between C/G,, and N, and restricted to C \ {0} it defines a
covering map of N\ {0} of degree m. For a given open set Q and p > 1 we can thus say that
u € WHP(Q,C/G,,) if P(u) € WHP(Q,N) (where we say that a map v € WHP(Q,N) if v takes
values in A and v € W1P(Q, R?)).
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p(u;)/m
FIGURE 1. The cone N and the projection P. P(u;) = P(uz) = P(u3).

For a simply connected smooth bounded domain 2 C R? and a “small” parameter € > 0, the
standard Ginzburg-Landau energy over € of a vector valued W'2-map reads

1 1
E (u):= 3 /Q |Vu|? + 2—62(1 — |u)?)?*dx .

Here, the main functional under investigation is defined for u € SBV?(Q) satisfying the constraint
P(u) € WH2(Q; N) by

F2(u) == E.(P(u)) , +H"'(Ju), (1.1)
where J,, denotes the jump set of u (see [AFP00] and Section 2.3 below). We stress that FC extends
E., that is F2(u) = E.(u) whenever u € W12(Q2), which comes from the isometric character of P.

In the same way F? appears as a Mumford-Shah type functional since
1 1
FO(u) = f/ Vul> + - (1= [uf?)? da + HA (),
2 Ja 2e

where Vu denotes the absolutely continuous part of the measure Du. The constraint P(u) €
W12(Q; N) rephrases the fact that the functional is restricted to the class {u € SBV?(Q) :
ut/u= € G, on Ju}. In particular, only specific discontinuities in the orientation are allowed.
The case m = 2, which consists in identifying v and —u, is of special interest as it appears in many
physical models, see Section 1.2 below.

We also consider an Ambrosio-Tortorelli regularization of (1.1) where the jump set J,, is (for-
mally) replaced by the zero set {¢) ~ 0} of some scalar phase field function 1, and the length H*(.J,,)
by a suitable energy of 1. We introduce a second small parameter 1 and consider for u € L?(Q)
and ¢ € W12(Q;[0,1]) satisfying P(u) € WL2(Q;N) and uyp € WH2(Q), the functional

F(u,) = . (P) + 5 [ V0P + (1= )P do. (12)

Compared to the original Ambrosio-Tortorelli functional [AT90, AT92], u and % are only coupled
through the constraint uy) € W12(Q), and not in the functional itself. As for F?, the functional
F! extends E. in the sense that F(u,1) = E.(u) whenever u € W2(Q).

We aim to study low energy states (in particular minimizers) of the functionals F? and F” under
Dirichlet boundary conditions of the form u = g on 99 for a prescribed smooth g € C°>°(9€2; St).
Concerning F?, we work in the class G,(2) of maps satisfying P(u) = P(g) on Q. Then, we
penalize possible deviations from g on 02 by considering the modified energy

F? (u) := F2(u) + H' ({u # g} N 09Q) .

Notice that such a penalization is necessary in order to have lower semi-continuity of the functional
(see for instance [GMST79]). For the functional FY, we restrict ourselves to admissible pairs (u, )
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satisfying ui) = g and ¢ = 1 on 99, and write H4(2) the corresponding class. In this setting, the
functionals FC, and F7 still extend E. restricted to W,*(£2), so that
min F'. < min E. and min F7, < min E.. 1.3
G @) T T wia) Ho(@) 9 T wira) (1.3)
As in the classical Ginzburg-Landau theory [BBH94|, we assume that the winding number (or
degree) is strictly positive, i.e.,
d := deg(g,00) > 0.

In this way, g does not admit a continuous S'-valued extension to Q. This topological obstruction
is responsible for the formation of vortices (point singularities) in any configuration of small energy
E. as € — 0, and the minimum value of E. over ng is given by wd|loge| at first order. In view
of (1.3), creating discontinuities in the orientation may lead to configurations of smaller energy.
Indeed, direct constructions of competitors show that the minimum value of Fg g or F7is less than
24| log e| at first order, and thus (almost) minimizers must have line singularities (or ”diffuse” line
singularities for F), at least for ¢ (and 1) small enough.

1.1. Heuristics. The starting point is the identity

E.(P(w) = —5 2. (p(u)) + "= L B, (ip(u)).

Following the standard theory of the Ginzburg-Landau functional [BBH94, SS04], one may expect
that for configurations u of small energy, the leading term is #Es (p(u)), and that p(u) has
(classical) Ginzburg-Landau energy E. close to the one of the minimizers under the boundary
condition p(u) = p(g) on 9. Since p(g) = g™, its topological degree equals md, and p(u) should
have md distinct vortices of degree +1, i.e., md distinct points x, in © such that p(u)(zx) = 0 and

T —

p(u)(z) ~ ak| for e < |z — x| < 1 and some constant ay, € S!.

T — T
In terms of E., the energetic cost of each vortex is 7| log | at leading order, and therefore E, (P(u))

should be less than %d| loge|, again at leading order. This discussion led us to consider the energy
regimes

0 Ld n Ld
F;,(u) < p- |loge| +0O(1) and F(u,¢) < p- |loge| + O(1) (1.4)

for u € G4(Q) or (u, 1) € Hy(2), respectively. Once again, it corresponds to the energy regime of

md vortices of degree +1 in the variable p(u). By an elementary topological argument, one can
T—Tk
|z—zk|

see that any pre-image by p of must have at least one discontinuity line departing from xy,
and has a (formal) winding number around xj, equal to 1/m (in other words, the phase has a jump
of 2 /m around z). For this reason, any configuration u satisfying (1.4) must be discontinuous.
In the sharp interface case (1.1), we actually expect that each connected component of the jump
set J,, connects mk vortices for some k € {1,--- ,d}, since the winding number around any such
connected component must be an integer. A similar picture should hold in the diffuse case (1.2)
with .J,, replaced by the zero set {1 = 0}. The energy associated with discontinuities is their length
(or diffuse length), and there should be a competition between this term which favors clustered
vortices and the so-called renormalized energy from Ginzburg-Landau theory which is a repulsive

(logarithmic) point interaction.

1.2. Motivation. Our original motivation for studying the functionals (1.2) and (1.1) stemmed
from the analysis of the defect patterns observed in the so-called ripple or Pg/ phase in biological
membranes such as lipid bilayers [Sac95, BFLI1, LS07, LM93, RS83]. In this phase, which is
intermediate between the gel and the liquid phase, periodic corrugations are observed at the surface
of the membranes (see [RS83] for instance). Two different kinds of periodic sawtooth profiles are
observed. A symmetric one and an asymmetric one respectively called A and A/2—phases (see
Figure 2 for a schematic representation of a cross-section). In the asymmetric phase, only defects
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FIGURE 3. Creation of two vortices of degree 1/2.

of integer degree are allowed while in the symmetric phase half integer degree vortices are also
permitted. Since two vortices of degree 1/2 have an energetic cost of order 7|loge| (where ¢ is the
lengthscale of the vortex) while a vortex of degree 1 has a cost of order 7|logel, it is expected that
even in the regime where the A/2—phase is favored (which happens for nearly flat membranes),
a phase transition occurs around the defects with the nucleation of a small island of A—phase
leading to the formation of two vortices of degree 1/2 (see Figure 3). In the model proposed by
[BFLI1], the order parameter is given by f(y), where f is a fixed profile (corresponding to the
one on the right part of Figure 2) and ¢ is the phase modulation. Their functional corresponds to
F7n, for e =n, m =2 and u = Ve (so that u represents the local speed at which the profile f is
modulated). In [BFL91], the authors further argue that the constraint of u being a gradient can
be relaxed so that we recover completely our model.

We also point out that (1.1) and (1.2) have connections with many other models appearing in
the literature. As an example, we can mention the issue of orientability of Sobolev vector fields
into RP!, see [BZ11]. More generally, our functionals resemble the ones suggested recently to
model liquid crystals where both points and lines singularities appear, see [Bed16]. Similarly to
[BZ11], a central issue here is to find square roots (and more generally m—th roots) of W1lP-
functions into S! (see [IL17]), and this is intimately related to the question of lifting of Sobolev
functions into S, see [BBM00, Dem90, BMP05, Mer06, DI03].
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While completing this article, we have been aware of the work [BCLP16], where the authors
perform an analogous I'-convergence analysis for a discrete model, obtaining in the continuous limit
almost the same functional as ours. These authors were motivated by applications to liquid crystals,
micromagnetics, and crystal plasticity, and we refer to their introduction for more references on
the physical literature.

1.3. Main results. Our first main theorem is a I'-convergence result in the energy regime (1.4)
(we refer to [DM93, Bra02] for a complete exposition on I'-convergence theory). To describe the
limiting functional, we need to introduce the following objects. First, set Ay to be the family of
all atomic measures of the form p = 27 Z;":dl 0z, , for some md distinct points zy € 2. To p € Ay,
we associate the so-called canonical harmonic map v,, defined by

md .
A - Ap, =0 Q,
vu(x) = eW’u(‘T) H M with Pu m
i 1|37_3’3k| v, =g" on Q.

In turn, the renormalized energy W(u) can be defined as the finite part of the energy of v,, i.e.,

1
W(p) :=lim< - / Vv, |? dv — mmd|logr| ¢ |
rl0 | 2 Jo\B, ()

and we refer to (2.15) for its explicit expression.
We provide below a concise version of the I'-convergence result, complete statements can be
found in Theorem 3.1 and Theorem 3.2.

Theorem 1.1. The functionals {F?, — %d| logel|} and {FJ — %d| logel} (respectively restricted to
Gy(Q) and H,(Q)) T-converge in the strong L'-topology as € — 0 and n — 0 to the functional

1 1
Fo 4(u) := 53 /Q |Vo|? do + WW(M) +mdy,, + H' (Ju) + H' ({u # g} N 09Q)

defined for u € SBV (§;S') such that u™ = e'?v,, for some p € Aq and ¢ € WH2(Q) satisfying
e’? =1 on 0. The constant ~,,, referred to as core energy (see (3.1)), only depends on m.

We point out that there is of course a compactness result companion to Theorem 1.1. Namely,
if a sequence {u.} satisfies the energy bound (1.4), and is uniformly bounded in L (), then {u.}
converges up to a subsequence in L'(Q), and {p(u.)} converges (again up to a subsequence) in
the weak W1P-topology for every p < 2. As can be expected, the proof of Theorem 1.1 combines
ideas coming from the study of the Ginzburg-Landau functional [BBH94, SS04, CJ99, AP14,
LX99, JS02], together with ideas from free discontinuities problems [AFP00, Bra98, BCS07, AT92].
Concerning the compactness part, we have included complete proofs to provide a rather self-
contained exposition. Although some estimates (such as the W bound, see Lemma 2.12) are
certainly known to the Ginzburg-Landau community (see for instance [CJ99, 1LX99]), they have
never been used in the context of I'-convergence. The I'-lim inf inequality is a relatively standard
combination of techniques developed in [CJ99, AP14, BCS07], while the construction of recovery
sequences is a much more delicate issue. The main difficulty comes from the the constraint ™ =
ei“"vu, which prevents us to apply directly the existing approximation results by functions with
a smooth jump set, see e.g. [CT99, BCP96, DPFP17, BCG14]). Our approach uses a (new)
regularization technique (see Lemma 3.17) which is somehow reminiscent of [AT90] and could be
of independent interest. Another difficulty comes from the optimal profile problem defining the
core energy -,,. The underlying minimization problem involves the Ginzburg-Landau energy of
N-valued maps, and one has to find almost minimizers which can be lifted into C-valued maps in
SBV?, see Section 3.2.

The I'-convergence result applies to minimizers of either FEO gor B (whose existence is proven in
Theorems 2.7 & 2.8). It shows that they converge in L'(Q2) to a minimizer u of Fy 4. Our second
main result deals with the characterization of such minimizer u. It is based on the following
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observations. First, from the explicit form of Fy g4, it follows that ¢ = 0 in the representation

m

u™ = e"Pv,,. In particular, u can be characterized as a solution of the minimization problem

. 1 m
min {mQW(u) +H (Ju) + H ({u # g} N0Q) :ue SBV(Q;S"), u™ = v, for some pu € Ad} .
In turn, this later can be equivalently rewritten as

min min {T;W(;L) +H (Ju) + H' ({u# g} N0Q) :ue SBV(Q;8"), u™ = v#} .

HEAG

As a consequence, fixing p € Ay and solving
L() := min {Hl(Ju) +H ({u+#g}N0Q) :ue SBV(Q;8"), u™ = vu} :

we are left with a finite dimensional problem to recover the minimizers of Fp g.
Given u € Ay, we compare in Theorem 1.2 below the minimization problem L(p) with the
following variant of the Steiner problem (see e.g. [GP68]):

A(p) := min {Hl(F) : T C Q compact with spt u C T’
and every connected component ¥ satisfies Card(X Nspt u) € mN } .

We shall see that any minimizer I' of A(u) is made of at most d disjoint Steiner trees, i.e., connected
trees made of a finite union of segments meeting either at points of sptyu, or at triple junction
making a 120° angle. From now on, when talking about triple junctions we always implicitly
include this condition on the angles.

Our second main result is the following theorem, in which we assume ) to be convex (to avoid
issues at the boundary).

Theorem 1.2. Assume that  is convex. For every p € Aq, L(u) = A(p). Moreover, if u is a
minimizer for L(u), then its jump set J,, is a minimizer for A(u), v € C®(Q\ J.), and u = g
on 0. Vice-versa, if T is a minimizer for A(u), then there exists a minimizer u for L(u) such
that J, =1T.

To complete the picture, we shall give several examples illustrating the fact that the geometry
of minimizers for A(u) strongly depends on m, d, and the location of spt u. In the case m = 2, a
minimizer for A(u) is always given by a disjoint union of d segments connecting the points of spt i
(see Proposition 4.7). However, for m > 3 and d > 2, minimizers are not always the disjoint union
of d Steiner trees containing exactly m vortices (see Proposition 4.8 and Proposition 4.10).

In our third and last main result, we use the characterization of the minimizers of Fy 4 provided
by Theorem 1.2 to show that for € > 0 small enough, minimizers of FE0 4 have essentially the same
structure away from the limiting vortices.

Theorem 1.3. Assume that  is convexr. Let e, — 0, and let up be a minimizer of th’g over
Gy(). Assume that up, — u in L'(2) as h — oo for some minimizer u of Fy 4. Setting p =
curl j(u™), for every o > 0 small enough and every h large enough, the following holds:

(i) Ju, \ Bs(p) is a compact subset of Q\ B, (1) made of finitely many segments, meeting by
three at an angle of 120° (i.e., triple junctions).

(ii) up € C®(Q\ (Bs () U Jy,)) and uy, = g on OS).
In addition,
(iv) Jy, converges in the Hausdorff distance to J,,.

(v) un — uin CE_(Q\ J,) NCLA(Q\ ) for every k € N and a € (0,1).

loc
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In proving Theorem 1.3, we actually show a stronger result that we now briefly describe (see
Theorem 5.1, Remark 5.2, and Section 5.1). In each (sufficiently small) ball B,(z) C Q\ By (u)
and ¢ small enough, u. is bounded away from zero, and it can be decomposed as u. = ¢.w,
where ¢. € SBV?(B,(x)) and w, is minimizing the classical Ginzburg-Landau energy E. (-, B,.(z))
with respect to its own boundary condition (and as a consequence, w, is smooth). The proof
of this decomposition relies on the energy splitting discovered by Lassoued & Mironescu [LM99].
Combined with the classical Wente estimate [Wen69, BC84], it leads to a lower expansion of the
energy of the form

r(z)

for some constant « > 0 (see Proposition 5.11). Using suitable competitors, we deduce that ¢ is

FO(ue, B.(z)) > E.(w., B.(x)) + é (/B [Voe|” dz + aH' (Jy, N Br(a:))> ,

a Dirichlet minimizer the Mumford-Shah functional in B,.(z). Applying the calibration results of
[ABDMO03, Mor02], we infer that ¢. takes values into the finite set G, reducing the problem to a
minimal partition problem in B,.(z). The classical regularity results on two dimensional minimal
clusters then yields the announced geometry of the jump set.

The paper is organized as follows. Section 2 is devoted to a full set of preliminary results.
First, we present some fine properties of the BV -functions under investigation, and then we prove
existence of minimizers for F and FEO’ g- In a third part, we provide all the material and results
concerning the Ginzburg-Landau energy that we shall use. The I'-convergence result of Theorem
1.1 is the object of Section 3. In Section 4, we prove Theorem 1.2 and give the aforementioned
examples of A(y)-minimizers. In the last Section 5, we return to the analysis of minimizers of FQ g
and prove Theorem 1.3.

2. PRELIMINARIES

2.1. Conventions and notation. Throughout the paper we identify the complex plane C with R2.
We say that a property holds a.e. if it holds outside a set of Lebesgue measure zero.

e For a,b € R?, we write a A b := det(a, b);

e Fora € R? and M = (by,...,b,) € May,(R), we write

aANM:="aAby,...,aNb,) € R";

e For M € Mgy, (R), we write | M| := |tr(M tM)|*/?;

e For a = (a1,a2) € R? we let at = (—az,a;)

e for a set 2 C R?, we call v its external normal and 7 its tangent chosen so that (v,7) is a
direct basis (in particular v+ = 7 and 9 is oriented counterclockwise);

e The distributional derivative is denoted by D f;

e For v € R", we let 0, f := Df(v) be the partial derivative of f in the direction v and if
v = ¢ is a vector of the canonical basis of R™ then we simply write 0, f := O, f;

o Vf = (01fr)k, is the Jacobian matrix of the vector valued function f;

e For j = (ji1,j2), we denote by curl j := 01jo — 0aj1 the rotational of j;

e For A C R", we denote by B,.(A) the tubular neighborhood of A of radius r. For a measure
w, we simply write B, (u) := By.(spt p);

e In most of the paper, we work with  a given bounded open and simply connected set.
Nevertheless, since in sections 4 and 5 we will require that 2 is convex, we will repeat at
the beginning of each section the hypothesis we are making on 2;

e We shall not relabel subsequences if no confusion arises.

2.2. Finite subgroups of S! and isometric cones. Given an integer m > 2, we denote by G,
the subgroup of S' made of all m-th roots of unity, i.e.,

G,, = {1,a7 a2,...,am_1} with a := e2™/™
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We consider the quotient space C/G,, endowed with the canonical distance

dist ([z1], [22]) == min | |21 — 22| =

min |Z1 - ak22| 5
z1€[z1], 22€[22 -1

k=0,...,m

where [z] is the equivalence class of z € C. We note that C/G,, is isometrically embedded into
R? ~ C x R by means of the Lipschitz mapping P : C — R3 given by

(p(z)v IzI\/W) where p(z) : -

= 21

P(2) ::% -

In this way we identify C/G,, with the round cone of R?,
N :=P(C) = {(m,t) ERZXR:t=|z|v/m?— 1} :

and one has dist([21], [z2]) = dar(P(21), P(22)) for every 21, 22 € C, where d,r denotes the geodesic
distance on A induced by the Euclidean metric (in particular, |P(z)| = |z| for every z € C).
Similarly, S!/G,, coincides with the horizontal circle

S:={(z,t) EN:|z| =1/m,t = /1 -1/m?} =P(S").
Note that in the case m = 2, S ~ S /{%1} is the real projective line RP'. Finally, we point out
that P is smooth away from the origin, and since P is isometric,

|VP(2)v| = |v] for every v € R? and every z € C\ {0}, (2.1)

where VP(z) € M3x2(R) is the differential of P at z represented in real coordinates. Similarly,
we write Vp(z) € Mayo(R) for the differential of p at 2.

2.3. BV and SBV functions, weak Jacobians. Concerning functions of bounded variations,
their fine properties, and standard notations, we refer to [AFP00]. Let us briefly introduce the
main properties and definitions used in the paper. For an open subset  of R?, we first recall that
BV (Q,R9) is the space of functions of bounded variation in Q, i.e., functions u € L(Q, RY) for
which the distributional derivative Du is a finite (matrix valued) Radon measure on 2. We recall
that for a function u € BV (2, RY), we have the following decomposition

Du = Vudz + D’u + Du,
where
Diu:=(u" —u")@uv, H'LJ,. (2.2)
The functions u* denote the traces of u on the jump set J, which is a countably H!-rectifiable
set. Since all the properties we will consider are oblivious to modifications of .J,, on sets of zero H!
measure, we shall not distinguish between J,, and the singular set of v (usually denoted as S,,).
In particular, when J, is regular or a finite union of polygonal curves, we will also not distinguish

between J,, and its closure so that we shall often consider it as a compact set. Analogously, for sets
E of finite perimeter, i.e., such that yg € BV (Q), we simply denote by OF the reduced boundary.

The space SBV (2, R?) is defined as the subspace of BV (2, R?) made of functions u satisfying
D¢y = 0. For a finite exponent p > 1, the subspace SBV?(2,R?) C SBV (2, RY) is defined as

SBVP(Q,RY) := {u € SBV(Q,RY) : Vu € LP(Q) and H!(J,) < oo} .

Remark 2.1 (pre-Jacobian). For a smooth function u, we define the pre-Jacobian of u as

Jju) :=u A Vu =2det(Vu),
which also writes j(u) = Re(iuVa) in complex notation. Notice that if u = pe®® for some smooth
functions p and @, then j(u) = p?>V#@ so that j(u) measures the variation of the phase. In particular,

if Q is simply connected and u takes values into S, then curl j(u) = 0 and we can write j(u) = V0,
hence recovering the phase 6.

To our purposes, we need to extend the notion of pre-Jacobian to BV -maps.
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Definition 2.2. For u € BV (), we define the pre-Jacobian of u to be the measurable vector field
ju) :=uAVu,
where Vu is the absolutely continuous part of Du. It belongs to L'() whenever u € L*°(Q) or
Vu € L*(Q) (since BV () is continuously embedded in L?(12)).
Lemma 2.3. Let u € BV(Q). Then V :=P(u) and v := p(u) are of bounded variation in 2, and
(1) V(z) e N for a.e. x € Q;
(1t) Jyv C Jyu;
(iii) (V*,V=,vv) = (P(u™),P(u™),v,) on Jv;
() P(ut(x)) = P(u(z)) for every x € J, \ Jv;
(v) |VV|=|Vu| a.e. in Q;
(vi) |DV| = |Dul;
(vii) j(v) =mj(u) a.e. in Q.
Proof. The fact that V € BV (Q; R?), as well as items (4), (ii), (iii), and (iv), is a direct consequence
of the 1-Lipschitz property of P, see [AFP00, proof of Theorem 3.96]. Moreover, |[DV| < |Dul.

It now remains to prove (v), (vi), and (vii). Recall that, by [AFP00, Proposition 3.92], we have
|Du|(Z,,) = 0 where

Zy={z€Q\ J,:u(z) =0}.
For k € N, we set
Ag={z € Q\ Jy: Ju(z)] > 1}, Ap={zeQ\J,:27F < |u(x)] < 27"},

so that Q\ Z, = Up Ay with a disjoint union. Then, for each k € N, we consider P}, € C'(C;R?)
such that Py (z) = P(z) whenever |z| > 27%. Using the chain-rule formula in BV (see [AFP0O,
Theorem 3.96]), for Pr(u) and the locality of the derivative of a BV function (see [AFP00, Re-
mark 3.93]), we readily obtain (v) and (vi).

To prove (vii), we first notice that for z € C\ {0} and X € R?, we have

p(z2) A (Vp(2)X)=mzAX.
Therefore, if x € 2\ Z,, is a Lebesgue point for Vu and VV, we have for each [ € {1,2},
o(z) A d(z) = plu()) A (Vp(u()dru(x)) = mu(e) A du(a).
and the proof is complete. O

Corollary 2.4. If u € BV (Q) is such that P(u) € WYP(Q; N) for some p > 1, then u € SBV(Q)
and Vu € LP(Q). Moreover, u™(z) # 0 for every x € J,,, and ut (x)/u™(z) € Gy, If, in addition,
lu| =& a.e. in Q for some § >0, then u € SBVP(Q) and |DIu| > dla— 1|HL J,.

Proof. The fact that v € SBV(Q) and Vu € LP(Q) is a direct consequence of (vi) and (v) in
Lemma 2.3, respectively. Next, assume that u*(z) = 0 for some x € J,. Then (i) in Lemma 2.3
yields v~ (x) = 0, so that ¢ J,. Hence u™ does not vanish on .J,. Moreover from (iv) in
Lemma 2.3, we directly infer that ut/u™ € G, \ {1} on J,,.
Finally, if [u| > 6 > 0 a.e. in Q, then |u*| > § on .J,. Therefore, for every z € .J, we have
lut (z) —u™ (z)] = Slu™(z)/u (x) — 1| > 5k_1mirgn_1 la® — 1| = 6la— 1],

Ly

and thus |D7u| > §la — 1|H!L J, by (2.2). In particular, H!(J,) < oo and u € SBV?(Q). O
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Definition 2.5 (weak Jacobian). For an open set  C R? and u € BV (Q2) such that j(u) € L1(),
the weak Jacobian of u is defined as the distributional curl in Q of the vector field j(u). It belongs
to (C5'(€2))*, and its action on a Lipschitz function ¢ € Cg'*(Q) that vanishes on the boundary is

(eurl (), ¢) = = [ i) V4odo.

Lemma 2.6. Assume that Q C R? is simply connected. Let uy,uz € SBV(;S!) be such that
p(ux) € WHL(Q;SY) for k =1,2. Then, the following properties are equivalent
(i) curl j(uy) = curl j(uz) in D'(Q);
(ii) there exist o € WHY(Q) and a Caccioppoli partition {Ex}7, of Q (see e.g. [AFP00,
Chapter 4, Section 4.4]) such that

= (Z akXEk> ei"”ul . (23)
k=1

In addition, if P(uy) = P(us2) and (i) holds, then ¢ is a multiple constant of 2w /m.

Proof. Define u := upi; € SBV(Q;S!) and v := p(u) € Wh1(€;S!). By Corollary 2.4, we have
H*(Jz) < co. Then Lemma 2.3, together with the fact that p(@) = p(u2)p(u1), leads to

3(0) = j(p(uz) p(u1) ) = j(p(uz2)) — j(p(u1)) = m(j(uz) — j(u)) -

If (i) holds, then curl j(v) = 0in D'(2). By [Dem90] (see also [BMPO05, Theorem 7]) there exists
© € WH1(Q) such that ¥ = ™. Consequently, p(e*u) = 1 and thus e=u € BV(Q;G,,),
so that e™°u = ZZ:OI a*yg, for some Caccioppoli partition {Ej}}"-,' of Q. This proves (2.3).
When p(u;) = p(us2), then ¥ = 1, and we infer that p(z) € 22Z for a.e. z € €. Since ¢ € WH1(Q)

we conclude that ¢ is constant.
If (i7) holds, then for each | € {1,2},

Orug = (Z a XEk> alul —l—z@lgoul) a.e. in Q.

Consequently, j(uz) = j(u1) + Vo a.e. in Q, and (i) follows. O

2.4. Energies, functional classes, and existence of minimizers. Throughout this section,
we assume that Q@ C R? is a smooth, bounded, and simply connected domain. For ¢ € {2,3} and
e > 0, we consider the Ginzburg-Landau functional E. : W2(Q; R?) — [0, 00) defined by

1
E.(u):= 3 |Vu|2 der + — (1 — |ul?)? dx

4¢2
For any Borel set A C 2, we let

1
E.(u,A) := 2/ |Vu|2d$+4 2/(1—|u‘2)2d$

We shall use the analogous notation for the localized version of most of the energies under consid-

eration.

For u € SBV?2(Q) such that v := p(u) = u™/u|™"1 € W12(Q), we have (by Lemma 2.3)

1 m? —1
B (P(w) = 5 E.(0) + ™ LB (ol) = Gulw). (2.4)
Equivalently, the functional G, : W12(2) — [0,00) can be defined by
G.(v) = /|Vv|2 (m? = 1)|VIel| do + 15 /(1—|v\2)2dx. (2.5)
For the phase field we consider the functionals I,, : W2(€2;[0,1]) — [0, 00) defined for n > 0 as

_n 2 i N2
L= [ IVePdet g [ 0-vPar.
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The classes of functions we are interested in are the following
H(Q) = {(u,z/J) € L2(Q) x W2(2;]0,1]) : P(w) € WH2(QN) and du € WL?(Q)} :
and
G(Q) = {u € SBV2(Q): P(u) € W“(Q;N)}.

Notice that in the definition of H((2), the condition yu € W2(£2) degenerates on the set {¢) = 0}
allowing for discontinuities of u. Typically, u may jump through lines where 1 vanishes and (since
P(u) does not jump) the jump satisfies formally the constraint P(u*) = P(u~) in the spirit of
Lemma 2.3 (iv).

On the classes H(£2) and G(Q), we define the functionals F7 : H(Q2) — [0,00) and F? : G(Q) —
[0,00) by

FM(u, ) = E.(P(u)) + I,(¥) and  F2(u) := E-(P(u)) + H'(Ju). (2.6)

Note that F? is a functional of the type “Mumford-Shah”. Indeed, by Lemma 2.3 we have
1 1
FO(u) = 7/ Vul? + (1= [u*)? do + H' (Ju) .-
2 Jo 2e

As already pointed out in the introduction, F!' can be seen as an “Ambrosio-Tortorelli” regular-
ization of FY (with a coupling between u and 1 in the class H(f2) rather than in the functional
itself).

We aim to minimize F? and F? under a given Dirichlet condition on the boundary. We fix
a smooth map g : 9Q ~ S' — S! of topological degree d > 0. Accordingly, we introduce the
subclasses

My (Q) = {(W/)) €H(Q):¢=1and u=gon asz} : (2.7)
and
G, (Q) = {u € G(Q) : P(u) = P(g) on BQ} .

Note that in G4(£2) we do not impose the condition u = g on 0. Instead we penalize deviations
from ¢ minimizing over G4(§2) the functional

F? (u) := F2(u) + H' ({u # g} N 09Q) (2.8)

in place of FV. As already mentioned in the introduction, this penalization is necessary to ensure
lower semi-continuity (since F?, is precisely the L'(Q)-relaxation of FY).

As a warm-up, let us prove that the functionals F" and FQ , admit minimizers.

Theorem 2.7. The functional F admits a minimizing pair (ue,¢¥e) in Hy(Q). In addition, any

such minimizer satisfies ||uc| g ) < 1.

Theorem 2.8. The functional Fgg has a minimizer ue in G4(Q?). In addition, any such minimizer
satisfies ||ue| o) < 1.

The proof of Theorem 2.7 rests on the following compactness result.
Proposition 2.9. Let Q be a bounded open subset of R?. Let {(un,¥n)}hen € H(Q) be such that
sup {”uhHLOO(Q) + VYl L2 + HV(P(Uh))HLz(Q)} <00
Then, there exist a subsequence and (u,v) € H(Q2) such that

(wh,whuh,P(uh)) — (z[),z/)u,P(u)) weakly in WH2(Q) .
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Proof. Set ¢p, := Ypup, Vi := P(up), and notice that P(¢p) = ¥, V;. Therefore,
V(P(én)) = YnVVih +Vip, @V}, .
By (2.1), [Vén| = |[V(P(¢1))] a.e. in ©, and since 0 < ¢, < 1, we infer that

/Q|V¢h|2d:c<2/9\VVh|2dm+2||uh||%w(Q)/Q\Vz/;h|2dx.

Hence {9}, {Vi}, and {¢p} are bounded in W12(Q2). Thus, we can find a subsequence such that
(Yn, &, Vi) — (¥, 6, V) weakly in W12(Q) and a.e. in Q, for some (¢, ¢, V) € WH2(Q;[0,1]) x
Wh2(Q) x Wh2(Q; V). On the one hand, since {uy} is bounded in L°°(£), the sequence {up(z)}
is bounded for a.e. = € €2, and we deduce that ¢(z) = limp Yp(x)up(z) = 0 for a.e. z € {¢p = 0}.
On the other hand, one has limjy up(z) = ¢(z)/¢¥(x) and V(x) = lim, Vi (z) = P(é(z)/¢(x)) for
a.e. x € {1 # 0}. Now, we define u € L*°(Q2) by setting

¢
ui= Xty T V)X (=0}
where o : N'— C is the “unrolling map” of the cone N, i.e.,
m|z|e??/™  for z = |z]e?? € C\ {0} with 6 € [0,27),
a(z,t) =
0 otherwise .
By construction, we have ¢ = ¢yu and V = P(u), and the proof is complete. O

Proof of Theorem 2.7. Let {(un,¥n)} € Hqy(2) be a minimizing sequence for F in H4(£2). Since
P(up) € WH2(Q; R?), we have |up,| € WH2(Q) and thus also [max(1, |uy|)] ™t € WH2(Q) N L>2(Q).
Since 1, = 1 and ¥puy, = g on 99, we have |uy| = 1 on 9Q and then also [max(1, |uy|)]™! =1 on

0f). Consequently, setting
o up,

= 2.9
max(1, |up|)’ (2:9)
we have ¢pu, € WH2(Q), ¥ptn = g on 99, and [T ||~ () < 1. Since also,
P P
P(uy) = (un)  _ (un) e Wh(Q;N), (2.10)

max(1, |upl)  max(1,|P(up)|)
we have (¢Yp, Up) € Hq(Q). Moreover, (2.10) implies that E.(P(uy)) < E:(P(uyp)) with equality if
and only if |P(up)| < 1
a.e. in ).

a.e. in Q (and since |P(up)| = |un|, equality holds if and only if |up| < 1

As a consequence, F(up,¥n) < FI(up,vr), and thus {(Un,v¥r)} is also a minimizing sequence
for F? in Hy(Q). Since [[tn| =) < 1, we can apply Proposition 2.9 to find a subsequence
such that (¢¥n, ¥ntn, P(Un)) — (¥, ¥eue, P(ue)) weakly in WH2(Q) for some (ue,.) € H()
with |[P(uc)| = |ue] € 1 ae. in Q. From the continuity of the trace operator, we deduce that
e = 1 and Y.u, = g on 01, that is (us,1¥.) € Hy(2). Finally, the functional F being clearly
lower semi-continuous with respect to the weak convergence in W12(Q), we conclude that (uc,1.)
minimizes F! over H4(2). Since the truncation argument above shows that any minimizer satisfies
the announced L*° bound, the proof is complete. O

Proof of Theorem 2.8. The truncation argument is identical to the one above so we may reduce
ourselves to the class of functions u satisfying |lu||p-~(o) < 1. Let {un} C G4(2) be a minimizing
sequence for F? .

We fix some ry > 0 small enough in such a way that

Q= {z € R : dist(z,Q) < ro} (2.11)

defines a smooth domain, and that the nearest point projection on 952, denoted by I, is well defined
and smooth in {z € R? : dist(z, 0Q2) < 2ro}. We extend each u;, to Q by setting uy,(z) = g(I(z))
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for z € Q\ Q. Then we have J,, NQ = (J,, NQ) U ({un # g} N ON), so that
F2(up, Q) = F, (up) + Cy

for a constant C, depending only on g, ro, and Q. Since |Vuy| = |V(P(uyp,))| by Lemma 2.3, we
deduce that {Vuy} is bounded in L2(€). Hence we can apply [AFP00, Theorem 4.7 & 4.8] to
find a subsequence such that uj — u. weakly* in BV () and a.e. in Q to some u. € SBV(Q).
From the a.e. convergence, we deduce that u.(z) = g(Il(z)) for = € Q\ Q. Then, still by [AFP00,

Theorem 4.7],

liminf H' (T, N Q) +H' ({un # g} N Q) = liminf H*(J,,, N Q)
h—o0 h—o0
>H (T, NQ) = H (T NQ) +H ({ue # 9} N0Q) . (2.12)

Since {P(up)} is bounded in W12(Q) and P(up,) — P(u.) a.e. in Q, we infer that P(up) — P(u.)
weakly in W2(Q). As a consequence, u. € G,(Q). Finally, the lower semi-continuity of E. with
respect to the weak W' ?-convergence, together with (2.12), leads to F? (uc) < liminf, F? (up).
Hence u, is a minimizer of F, in Gy(1). O

2.5. Asymptotic for the Ginzburg-Landau functional. The aim of this subsection is to recall
some classical facts about the asymptotic limit as € | 0 of low energy states for the Ginzburg-
Landau functional E.. In this section we still assume that Q@ C R? is a smooth, bounded, and
simply connected domain. Some of the material below can be found with greater details in [BBH94,
SS04, AP14] and the references therein. We start with the notion of renormalized energy originally
introduced in [BBH94].

2.5.1. The renormalized energy and canonical harmonic maps. Let us denote by Ay the set of all
finite positive measures p of the form

md
p=2mY b, (2.13)
k=1

for some md distinct points {z1,...,Zmqa} C Q.
Given p € Ayg, the canonical harmonic map v, : Q \ spt u — C associated to p is the map
defined by

md
— iu() T~ Tk 2.14
vu(z) =€ ]}:[inm, (2.14)

with
Ap, =0 inQ,
v, =g™ on 9N.

Note that ¢, is a smooth function in € uniquely determined up to constant multiple of 2. The
canonical map v, is a smooth harmonic map from Q \ spt x into S'. It satisfies

{divj(vu) =0

in D'(£2).
curl j(v,) =p

It turns out that v, € WP(Q) for every p € [1,2), but fails to be in W?(Q). However, the
Dirichlet energy of v, still have a well defined finite part called the renormalized energy given by
m md
9(g™)

1 m
W) = —leog|xk—x1|+§/an "A 57 ®, dH* —ﬂZRM(xk), (2.15)
k#l k=1




14 MICHAEL GOLDMAN, BENOIT MERLET, AND VINCENT MILLOT

where ®,, is the solution of

Ad,=p in Q,
09, 9(g™)
= g™ Q
o 7 4 or " o,
/ ®,dH' =0,
o0

and R, (x) := ®,(x) — >, log|x — x)|. Note that R, is an harmonic function in Q, smooth up
to 0€2. The function @, is related to the harmonic map v, through the relation

j(vu) = Vi, (2.16)
and W(p) is the finite part of the Dirichlet energy of v, in the sense that
1
lim 4 - / |Vo,|? dv — mmd|logr| p = W(u). (2.17)
0 (2 Ja\s, ()

2.5.2. Asymptotic for low energy states. We are now ready to state the following compactness
result, which is a slight improvement of [AP14, Th. 6.1]. The proof is postponed to the end of this

section.
Theorem 2.10. For a sequence €, | 0, let {vy} C quiy?(ﬂ) be such that {vy} is bounded in
L>(Q), and
E., (vp) < mmd|logen| + O(1) as h — . (2.18)

There exist a subsequence, a measure i € Aq, and a phase ¢ € W12(Q) such that

(i) v, = €“Pv, weakly in WHP(Q) for every p € [1,2);

(ii) vy, — v, weakly in Wﬁ)f (2 \ spt u);

(iii) e =1 on 08);

(i) for r >0 small enough,

lim inf {EE,L (vh, By (1)) — mmdlog ’"} >C,, (2.19)
h—00 En

for a constant C, independent of r, and

1 1
lim inf lim inf { / |Vop|? de — mmd| logr|} > - / |Vol? do +W(p).
\B, (1) 2 Ja

rl0 h—o0
Moreover, py := curl j(v,) € L' () converges to pu = curl j(e*?v,) in the weak* topology of
(Co™ ().

The proof of this theorem relies on the following two auxiliary results. In particular, Lemma 2.12
provides an a priori WP-bound for sequences of low Ginzburg-Landau energy. We believe that
Proposition 2.11 and Lemma 2.12 are already well known to experts (see in particular [CJ99,
Theorem 1.4.4]). Since we did not find clear statements and proofs in the existing literature, we

have decided to provide here (mostly) self-contained proofs.

Proposition 2.11. Let v € WH1(Q;SY) and pu € Ay be such that

curl j(v) =p inD'(Q),
v=g" on 02 .

Ifv e Wéf (Q\ spt ) and

1
liminf < = / |Vo|? dz — wmd|logr| 3 < o0, (2.20)
40 Q\Br (1)
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then v = €'?v,, for some p € WH2(Q) such that €’ =1 on OQ. In addition,

1 1
lim 7/ |Vv|? dz — mmd|logr| ¢ = f/ |Ve|? dz + W(p).
o | 2 Ja\B, () 2 Ja

Proof. The fact that v = e?v,, for some ¢ € Wh1(Q) with e? = 1 on 9 follows as in the proof
of Lemma 2.6. Moreover, v € W22(€2\ spt y; S1) yields ¢ € Wlf)f (Q\ spt u). Let us prove that in

loc

fact o € W12(Q). First notice that
IVo? = 15 (0)* = [Vel? + [i(v)* + 2V - j(v) = [Vl + Vo[ +2Ve - Vi, (2.21)
where the last identity follows from (2.16).
For each k € {1,...,md}, we set
Rﬁ(m) =@, (z) —log |z — x|,
so that Rﬁ is a smooth harmonic function in Q \ Uz, {x;}. Notice in particular that
0,®, = 37Rﬁ on 0B, (z).

Integrating by parts (2.21) in Q, := Q\ B,(x) with » > 0 small enough, leads to

md
/ |VU|2dx:/Q \V(p|2da:+/ﬂ \VUM|2dx+2Z/8 00, ®,, dH'
s r k=1

Q. B (xk)

md
:/ \V<p|2dx+/ \Vvu|2dx+22/ 00, Ry dH" . (2.22)
Qr Qr k=179

Bv(zk)

By the boundary trace theorem for BV functions [AFP00, Theorem 3.87], and the embedding of
Wt into L2,

1/2
1
/ |Lp|d7-l1§/ |V<p|+f|<p|dsc,<v/ Volds + / ol2dz]  —0. (2.23)
OB, (xk) Br(wk) T Br(wk) Br(zk) r=0

Using the smoothness of Rl’j near zj, we can combine (2.17), (2.20), (2.22), and (2.23) to deduce
that

/ |Vp|?de =0(1) asr—0.

s

Therefore p € W2(Q). Going back to (2.22), we subtract mmd|logr| from both sides of this
identity, and we let » — 0 to reach the conclusion. O

Lemma 2.12. For a sequence e, | 0, let {vp} C W;&?(Q,C) be such that {vy} is bounded in
L>(Q), (2.18) holds, and for which wy, = j(vy,) weakly* converges in (CS*(2))* to some measure
pu€ Ag as h — oco. Then {vy} is bounded in WP(Q) for every 1 < p < 2.

The proof of Lemma 2.12 rests on the so-called ‘ball construction” in [SS04, Theorem 4.1] that
we now recall.

Theorem 2.13 ([SS04]). For any « € (0, 1) there exists eg(a) > 0 such that, for any e € (0,£0(cx))
and any v € C®(Q) satisfying E.(v) < ¥~ L, the following holds for some universal constants c,
c1, and ca: for any T € [Co€a/2, 1) there exists a finite collection B, = {Bj}je.] of disjoint closed
balls such that

(i) r= Zj Tjs5

(i) setting Q. := {x € Q: dist(z,0Q) > e} and V7 :=Q. N (U; B;),

{JSEQE Jv(@)] — 1] 260‘/4} CVe,
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(111) setting d; = deg(v,0By) if B; C ., and d;j = 0 otherwise,

E.(v, V) > 7D, <10g Dr - cl) (2.24)
€
whenever D, := 3. |d;| # 0;
(iv) the following estimate holds
Ee(v)
. < . 2.25
62a| loge| (225)

Finally, if r1 < ra, then every ball of B, is contained in a ball of B,.,.

Proof of Lemma 2.12. Since (2 is a smooth bounded domain and g is smooth, any map in ngf ()N
L> () can be (strongly) approximated in the W12-sense by a sequence in {v € C®(Q) : v =
g™ on 081} which also remains bounded in L (). Hence, we can assume v, € C°°(2) for each h.
Recall that p writes u = 27 ZZfl 8z, Setting

1 . . .
09 := 7 min {1,mkm dist(z, 89),%16? |xp — xl|} ,

we may assume without loss of generality that op = 1. We choose o = 1/2 in Theorem 2.13 (this
choice of « is arbitrary). By (2.18), we have E, (vp) < 5}:1/2 for e;, small enough, and we can
therefore apply Theorem 2.13 to vy.
We claim that for ej sufficiently small,
D, > md for every r € [COE}LM, 1/6]. (2.26)

Let us introduce the modified function

~ ) [un] vp
Vp = mm{ll/s,l m GWl’z(Q).

Noticing that

i) = min { e s i),

(1= /%) TonP?

and setting i, := curl j(vy), we estimate

1 1
||ﬁh - Mh”(co,l(g))* = sup / <min{ I } —_ 1) j(vh) . Vl(bdx
/8\2° 2
’ 161101 gy, <192 (1—¢,/%)" lvnl

1 1
S/ min{ ; }—1 |7 (vn)|dzx
af - L(1=g/f) ol
1/8 .
< e lion)ll sy = 0. (2.27)

where in the last step we have used that since j(vp) = vp A Vuy,

(2.18
i wa)llzr@) S vl @I Vonlle @) S llonllze@ B ?(vn) < llonllpe ()| logen] /2.
Given r € [coa,ll/4, 1/6], we set
Ao ={te[1/2,1=71]: 0B, (u) NV =0} .

By item (i) in Theorem 2.13, we have |AS*| > 1/2 — 2r > 1/6. Then, for each k = 1,...,md, we
define a function ¢ € C%'(Q) compactly supported in Q by setting

Cr(2) ;:/ X acn (t) dt .

in(1,|z—zk|) "

Notice that [[Gk[|co.1() < 2. Since fip — p in (Cg' ()" by (2.27), we have [[in — pl o1 0y <
/12 for ep, small enough. Consequently, by definition of oy and for €, small,

(s Cr) = (e, Cr) — 2| fin — MH(CS’I(Q))* > 27m|ASH -7 /6 > 7/6,



A G.L. MODEL WITH TOPOLOGICALLY INDUCED FREE DISCONTINUITIES 17

for each k = 1,...,md. Moreover, using that for t € AS» and x € OB¢(zy), v, = ‘Z—h, we have
ml

1
n = - ] 5 . 1 €T = eh ] 6 . 1
(Fins ) = /Bmﬂ( Ve = [ </83t(1k)J( ») - dH ) at

:/ / j <Uh) crdHY ) dt = 27r/ deg(vh,aBt(xk)) dt,
Al \JoB:(ar) |vn ASh

and we conclude that for e, sufficiently small (independently of r),
/ deg(vn, 0By (wi)) dt > 1/12 for each k=1,...,md.
Ak

Hence, for each k = 1,...,md, there exists a radius pf € A" such that deg(vh,é'Bp;}2 (:z:k)) #£0
whenever ¢ is small enough (independently of 7). In turn, it implies the existence, for each
k=1,...,md, of an element B (r) € B, such that Bf(r) C B (zr) € Qe and deg (v, 0Bf(r)) #
0, whenever ¢, is small. By the very definition of D,, we infer that (2.26) holds for e, small
(independently of r).

Combining (2.18) and (2.25), we deduce that D, < C for some constant C' independent of ¢,
and r. Then, (2.24) yields for p, small enough,

E., (v, VM) = mmdlog (r> —C foreveryre [0052/4, 1/6],
Ehn

where C is still a constant independent of r and ej,. In view of (2.18), we thus have
E., (vp, Q\ V") < mmd|logr| + C  for every r € [005;/4, 1/6]. (2.28)

Now we define on the set {|vy| > 0} the map vy, := vy /|vp|. Given r € [0052/4,1/12}, we have
|lon] — 1| < 5;/8 on Vo \ Ver and we can apply [SS04, Proposition 4.2] to deduce that for e,

sufficiently small (independently of ),

md
1 . 1 ~
7/ |V, |? do > E f/ |VO,|? de > mmdlog 2.
2 V;:L \V:h b1 2 BE (QT)\VTE}L

Therefore, if ¢, is small, using that
[Von|? = [V]vpl* + [va|*[VOR]? > [on[*|VOR[*;

we obtain
1

1 ~
5/ |Vop|? dz > f/ lon 2| VO, do > ﬂ'mdlogQ—Ce}ll/S, (2.29)
Vo \VTh 2 Vo b\

for some constant C independent of 7 and £5. Then set for j € N, r; := 277 /6 and define
Jp = max{j EN:r; > cos,ll/4}.

Using the fact that V7" C V", estimate (2.28) leads to
Tn—1

1
Z §/Eh . |Vop|? dz < Ex, (vh, @\ ij’;) < (ﬂ'mdlogQ)Jh +C. (2.30)
j=0 VeV

r Tj+1

Since Jp, = O(|logey|), we infer from (2.29) and (2.30) that

/ |Vop|? de < C(l—l—JhE,lL/B) <C forevery j=0,...,J, — 1, (2.31)
Vir\VIR

F) j+1

for a constant C' independent of &y,.
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Finally, fix an arbitrary p € [1,2). Noticing that [V,7/| = O(r3), we estimate by means
of (2.28), (2.31), and Holder’s inequality,

Jp—1
/ |vvh|1’dx</ Vo, |P dz + Z/ \Von|P da
NS Q\Vrgt k=0 7 Vi \Vii

Jp—1 p/2 O

2—p 2
<C(1+ )7 (/VE,L\VE,L Vo] dx) S
k=0 5 Vi

for some constant C' independent of ¢;, (and p). Since,

p/2 _,
/ Vo [P dz < Cr5 P (/ Vvh|2da:> < Cep " |logen?/2 < C
Vih Q

TJh

we conclude that {v} is indeed bounded in W1?(Q). O

Proof of Theorem 2.10. In view of (2.18), we can apply [AP14, Theorem 6.1] to find a subsequence
such that gy, = p weakly* in (C5'' (Q))* for some measure p = 27 Z:;dl 0z, € Aq. Moreover, for a
radius r satisfying

1
0<r<og:= 1 min {1,mkindist(xk,8(2),ri1;rll |xg — :cl|} ,

estimate (2.19) holds by [AP14, Theorem 4.1]. Consequently,
E., (vn,Q\ B, (p)) < mmd|logr| + C, (2.32)

for a constant C independent of r and €p,. As a consequence of (2.32), we can extract a further
subsequence such that v, — vy weakly in W,\%(Q \ spt u1) for some vy € W,22(\ spt u; S). By

lower semi-continuity we have

liminf E,, (vs, 2\ By (n)) > 1 / |Vg|? da . (2.33)
Q\ B ()

h—o0 2

In addition, from the continuity of the trace operator we deduce that vy = ¢ on 0f2. Thanks
to Lemma 2.12, {v,} is also bounded in W1P(Q) for every 1 < p < 2 so that v, — vy weakly in
WLP(Q) for every p € [1,2). From this convergence, we easily derive

ins€) = = [ (o) -Cde — = [ o) VG do = (eurl j(u0). €
Q — Q

for every ¢ € D(Q2), and thus curl j(vg) = p in D'(2). Combining (2.32) with (2.33) yields

1
lim sup f/ |Vol? de — mmd|logr| 3 < 0.
rio | 2 Ja\B.(n

Hence, we are now in position to apply Proposition 2.11 to conclude that vy = ei“’vﬂ for some
© € WH2(Q) satisfying €!* = 1 on 9Q, and the proof is complete. O

3. THE I'-CONVERGENCE RESULTS
In this section, our main objective is to determine the I'-limit of the functional F defined

in (2.6) as | 0 and ¢ | 0. We introduce ﬁs" s LY Q) x LY(Q2) — (—o00,00] given as

d
~€7](u7¢) :: an(u,i/))*%ﬂogd if (’U/”l][})EHg(Q)7

o0 otherwise,

where FJ and the class Hy(Q2) are defined in (2.6),(2.7) respectively. Throughout this section
Q C R? denotes a smooth, bounded, and simply connected domain.
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In a first part, we shall prove that the domain of the I'-limit is determined by the class of
functions

Ly(Q) := {u € SBV(;Sh) : u™ = e"?v,, for some pu € Ay
and ¢ € W'2(Q) satisfying e’ = 1 on 8(2} ,

where Ay is the family of measures defined in (2.13), and v, is the canonical harmonic map
associated to p through (2.14). We emphasize that £,(Q) C SBVP(Q;S') for every p € [1,2) by
Corollary 2.4. In turn, the I'-limit is given by the functional Fy 4 : £,(£2) — R defined by

Fog(u) = Eo(u) + H' (J,) + H' ({u # g} N 09Q),

where we have set for u™ =: e*?v,,

1 1
Ey(u) := o] /Q |Ve|? do + WW(“) + mdy,, .

In the expression above, 7, is a structural constant which is usually interpreted as the core energy
of a singularity. In our context, it is defined as

R—o0

Yo i= lim min{El(w,BR) - %logR cw € WH(Br; N,

2|
Existence and finiteness of this limit follows from a classical comparison argument (see Lemma 3.9,
and [BBH94, Lemma IIL.1]). We also note that the value of Fj4(u) only depends on u and
not on a particular representation u™ = e“?v,. Indeed, one always has p = curl j(u™) and
Vel = [V(Tu™)].

To properly state the I'-convergence result, it is now convenient to introduce fo : LY(Q) x
LY (Q) — (—o00, 0] given by

w(z) = l(i, vm? — 1) on 833} . (3.1)

Fog(u) ifuely(Q)andyp =1,

00 otherwise.

ﬁo(u, P) = {

Theorem 3.1. Let e, | 0 and ny | 0 be arbitrary sequences. The sequence of functionals {ﬁg’:}
T'-converges in the strong [Ll(Q)]Z-topology to Fy as h — co. More precisely:

(1) If {(un,¥n)} C Hg(Q), {urn} is bounded in L>=(2), and sup,, f‘ghh (up,¥n) < 0o, then there
ezist a subsequence and u € L,(Q) with u™ =: e*¥v,, such that (up,¥n) — (u, 1) in L1 (),
vp = plup) — u™ weakly in WP(Q) for every p < 2 and weakly in W22(Q \ spt ),
and the measures py, = curl j(vy) weakly* converge to p = curl j(u™) in the (Cy (Q))*
topology.

(i) Under the conclusions of (i),

lim inf {E (P(un)) — %‘ﬂ 10g5h|} > Eo(u), (3.2)
and
liminf Iy, (1n) > H' (Ju) + H' ({u # g} 109). (3.3)

Moreover, if Fy(u,1) = lim, ﬁgg (un, ) < 0o, then p(up) — u™ strongly in WHP(Q) for
every p < 2 and strongly in WI})CQ (2 \ spt p),
1

i e (P, 0\ B 9) = 5.

/ IV(u™)|>dz  for every r >0, (3.4)
Q\Br (1)
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and
Jim 1, () = H' (Ju) + H ({u # g} N 09Q). (3.5)

(111) For every u € L4(Q), there exists a sequence {(un, ¥n)} C Hq(Q) such that up = g on 09,
(un,¥n) = (u, 1) in LY(Q), p(up) — u™ strongly in WHP(Q) for every p < 2 and strongly

in VVlif (Q\ spt i), and satisfying
i {52, () - Ztogenl} = Eotu). (36)
Tim L, (4) = W (1) + 1 ({u# g} 19) (37)

We can proceed analogously with the sharp interface functionals Fgg defined in (2.8), and
introduce FO : L(Q) — (—o0, 0] and Fy : L} (€2) — (—00, 00| defined as
~ ng(u)—LdllogEI if ueGy(Q), - Fog(u) ifue Ly(Q),
Fo(u) := ’ m Fo(u) := '
00 otherwise 00 otherwise.

Theorem 3.2. Let €, | 0 be an arbitrary sequence. The sequence of functionals {ﬁ T-

0
~ €h }heN
converges in the strong L*(2)-topology to Fy as h — co. More precisely:

(i) If {un} C G4(Q), {un} is bounded in L>(S2), and sup, ﬁsoh (up) < o0, then there ezist a
subsequence and u € L4(Q) with u™ =: €*?v, such that up, — u in L (Q), vy, := p(up) =
u™ weakly in WP (Q) for every p < 2 and weakly in I/Vli)c2 (2\ spt 1), and the measures
pi = curl j(vy,) weakly* converge to p = curl j(u™) in the (Co' (Q))* topology.

(i) If {un} C G4(R) is such that up, — u in L'(2), then

lim inf ﬁfb (un) = Fo(u). (3.8)
h— o0 '
Moreover, if Fo(u) = limy, ﬁgoh(uh) < oo, then p(up) — u™ strongly in WHP(Q) for
every p < 2 and strongly in I/Vlif(ﬁ \ spt ), identity (3.4) holds, and for every open set
A CR? such that H'(J, N (2N OA)) + H' ({u # g} NOQNIA) =0,

lim H'(J,, N(QNA)) +H ({un # g} N 02N A)

h—o0

=H' (J.N(QNA) +H ({u#g}no2NA). (3.9

(iii) For every u € L4(), there exists a sequence {up} C G4(Q) such that up, — u in L*()
and

lim FO (up) = Fy(u). (3.10)

h—o0

As a standard consequence of these I'-convergence results, we have the following corollaries
concerning the minimizers of F! and Fg 4+ Whose existence was proved in Theorems 2.7 & 2.8
respectively (together with the uniform L*°-bound allowing for compactness).

Corollary 3.3. Let e, | 0 and ny, | 0 be arbitrary sequences. For each h € N, let (up,vn) be a
minimizer of FI* in Hg(2). There exists a subsequence and a map u minimizing Fo 4 over Lg($)
such that (up,¥n) — (u, 1) in LY (), p(up) — u™ strongly in WHP(Q) for every p < 2 and strongly
in Wéf (2\ spt u) where p := curl j(u™). In addition,

d
F2 (un, ¥n) = ~~|log 2| + Fog(u) +0(1) as h— oo.

Corollary 3.4. Let €, | 0 be an arbitrary sequence. For each h € N, let up, be a minimizer of
Fgoh’g in Gg(2). There exists a subsequence and a map w minimizing Fy 4 over Lq(2) such that
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up — u in LY(Q), plup) — u™ strongly in WHP(Q) for every p < 2 and strongly in Wli)f (2\ spt i)
where p = curl j(u™). In addition,

wd
Ff}“g(uh) = E' logep| + Fog(u) +0o(1) ash— .

Remark 3.5. From the definition of Fy 4, any minimizer u of Fy 4 over £4(f2) satisfies u™ = v,
where p := curl j(u™) (i.e., in any representation u™ = ewvu, the phase ¢ is a constant multiple
of 2). As a consequence,

Fo4(u) = %W(u) +mdry,, + H' (o) + 7 ({u # g} N 0Q) .

The rest of this section if devoted to the proofs of Theorems 3.1 & 3.2. Starting with Theo-
rem 3.1, compactness, I-liminf, and I'-limsup parts are proved in Subsections 3.1, 3.3, and 3.4
respectively. The proof of Theorem 3.2 is the object of Subsection 3.5.

3.1. Proof of Theorem 3.1 (i): Compactness.

Proposition 3.6. Let ¢;, | 0 and ny, | 0 be arbitrary sequences. Let {(upn,¥n)} C Hqy(Q) be such
that {up} s bounded in L>°(Q), and

md
stlip {thh(uh,wh) - E\ log€h|} < 00. (3.11)

Then, there exist a subsequence and u € L4(Q) with u™ =: ewvu such that
(i) (un,n) — (u,1) strongly in L*(Q);
(ii) vy, == p(up) — u™ weakly in WP(Q) for every p € [1,2);
(iti) vy, — u™ weakly in I/Vﬁ)f (2 \ spt p)
Moreover, pj, := curl j(v,) € LY(Q) converges to u = curl j(u™) in the weak* topology of (Co* (Q))*.

The proposition above partially rests on the following preliminary lemma.

Lemma 3.7. Let {(un,¥n)} € H(Q) be such that ¥, — 1 a.e. in Q. Assume that for some
pe (1,2,

sup {||Uh|\L°°(Q) + 1¥n — Ulzz@ IVYnllrz ) + HvP(uh)HLP(Q)} < 00.
Then there exist a subsequence and u € SBVP(Q) such that P(u) € WYP(Q;N), up — u strongly
in L' (Q), and P(up) — P(u) weakly in WP (Q).

Proof. By assumption and Cauchy-Schwarz inequality, we have

/Q(l )|Vl de < €

for some constant C independent of h. According to the co-area formula (see [AFP00, Theo-
rem 3.40]),

3/4

/(1_¢h)|vwh|dx=/ (1 - OH (Ofn < £} N Q) dt>/ (1= O)yH (0{wn < t} N Q) dt.
Q 0

1/4

Therefore, we can find a level ¢, € (1/4,3/4) such that
1
/(1 )|Vl de > TH (OF,NQ), with By = {n < fa}.
Q

Notice that |Ep| — 0 since 95, — 1 a.e. in .
Let us now define

ﬂh = (1 - XEh)’u,h.
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With our choice of E},, we have that (1— xg,)/¢n € SBVP(Q)N L>(Q). Since ¢pu, € WH2(Q)N
L>(Q), we deduce that up = (Ypup)(l — xg,)/tn € SBVP(2) N L>(Q) with Jz, C OE. Since
P(up) = (1 — xg, )P(us) € SBV(Q; R3), we infer that
[Vap| = |V(P(an)| = (1 = xz,)|V(P(un)| < [V(P(up))| ace. in Q.
Consequently,
sup {l@nll =) + IVanllro) +H' (Ja,)} < 0. (3.12)

Now select a subsequence such that P(up) — w weakly in WHP(Q). In view of (3.12), we can
apply Ambrosio’s compactness theorem in SBV (see e.g. [AFP00, Theorem 4.8 & Remark 4.9]) to
find a further subsequence such that @, — u strongly in L'(Q) for some u € SBV?(Q) N L>=(Q).
Then,

lun —ullzr@) < lun —ullzr@) + llunllLe (@) Enl ,— 0.

Since P is 1-Lipschitz, we have ||P(up) — P(u)|[11(q) < [|ur — ul[L1(q), and thus w = P(u). O

Proof of Proposition 3.6. Let us first recall (2.4), that is E., (P(un)) = Ge, (vn) with v := p(un).
In view of (2.4), assumption (3.11) implies

E., (vy) < mmd|logey| + C, (3.13)
that is (2.18) holds. In turn, we deduce from (3.11) that

1
Jon = Wiz Vonlizy < § [ 1VenPdat 5 [ (1= nde = 1,0 < C.

for a constant C independent of 7. Clearly, it implies that i, — 1 a.e. €2, at least for a suitable
subsequence. We are thus in position to apply first Theorem 2.10 to {v}, and then Lemma 3.7 to
{(up,n)} to conclude the proof. O

Remark 3.8. We emphasize that, in addition to the conclusions of Proposition 3.6, assump-
tion (3.11) implies supy, I, (¥n) < oo.

3.2. Optimal profiles and the constant «,,. In this subsection, we first study the core energy
associated with one vortex in the Ginzburg-Landau energies {E.}. We consider for R > 0 and
€ > 0, the minimum value

Ym (g, R) := min {Eg(mBR) — % logg cw € WH(Bg; N,

|2

In view of identity (2.5) defining the functional G, the value =,,(¢, R) can be written as

w(z) = i<i7 vm?2 — 1) on 8BR} . (3.14)

Ym (g, R) = min {GE(U,BR) - %logg cv € WH(BR), v(z) = Z on BBR} .

||
Notice that, by homogeneity,
Ym(& R) = ym(1, R/e) = ym(R/e). (3.15)

We start by proving that v,, admits a limit as R — co. This will be needed for the lower bounds
(3.2) and (3.8).

Lemma 3.9. The function R — ~,,(R) is non increasing and the limit
Y = lim v, (R) (3.16)
R—o0

is finite.
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Proof. The proof of this lemma closely follows the proof of [BBH94, Lemma III.1]. Let us first
show that ~,, is non increasing. Let 0 < R; < Rg, and consider an admissible competitor w for the
minimization problem defining 7, (R1). We extend w by 0-homogeneity in the annulus Bg, \ Bg,,
ie., w(z) = w(Ryz/|x]) for x € Bg, \ Br,. By construction w € W2(Bg,; ), and it is an
admissible competitor for v,,(Rz2). Elementary computations then yield
Ey(w, Br,) = Ey1(w; Br,) + %log % .
Hence, v, (R2) < E1(w; Br,) — 755 log Ry. Taking the infimum with respect to w yields vy, (Rz2) <
Ym(R1), so that 7, is indeed non increasing. Next, for an arbitrary w € W2(By; N) satisfy-
ing w(z) = (1/m)(x,v/m? — 1) on 9By, we have w = (1/m)(v,vVm? — 1|v|) with v € W'?(By)
satisfying v(z) = « on 9B;. Consequently, for € > 0 we have
E.(w,By) = G-(v,By) > %Es(v,Bl) > 1og§ -C,

for some universal constant C' by [BBH94]. In view of (3.15), we infer that v,,(1/¢) is bounded
from below, and thus ~,,, > —oc. O

The following lemma and its subsequent corollary will allow us to construct a recovery sequence
close to the vortices.

Lemma 3.10. For every v € WY2(By) satisfying v(x) = x on 0By, there exists a sequence
{ur} € SBV?(By) such that
(i) p(ux) € WH2(By) and p(uy)(x) = x in a neighborhood of OBy ;
(i1) Ju, C Xk where Xy is a smooth simple curve (i.e., a smooth image of [0,1]) contained in
Bi:
(iii) p(ug) — v strongly in WH2(By).

Proof. Step 1. Since the function ¥ : z — v(x) — & belongs to Wy ?(By), for each k € N we can
find ¢, € C2°(By) such that || — ¢pllw1.2(s,) < 27", Implicitly, we extend ¢, by 0 outside B.
Then, we select a sequence of radii {ry} C (3/4,1) such that r, — 1 as k — oo, and spt ¢y, C B,,.
By Morse-Sard Theorem, we can find {cx} C C with |cx| < (1 — 7%)? such that ¢ is a regular
value of the mapping = — z + ¢ (x) for each k € N. Next, we consider for each k € N a cut-off
function x; € C*°(R?;[0,1)) satisfying yx(z) = 1 for || < ry, xx(z) =0 for |x] > (14 74)/2, and
(1 = 7r)|Vxk| < C for a constant C' independent of k. Now we define the smooth function

() ==z + or(z) — cexr(z),
which satisfies vi(x) = z in a neighborhood of 9B;. We estimate
ok = vllwie(s) <17 = Srllwres,) + lexllxullwies) <27+ C(1 =)
Therefore vy — v strongly in W12(B;) as k — oo.

Step 2. Let us fix an index k € N. To complete the proof, we shall produce a map uy, € SBV?(B;)
such that p(uy) = vy and J,, is contained in a closed and smooth simple curve. First notice that
our choice of ¢; and the fact that ¢, = 0 on B; \ B,, imply that

lvg| = 7 — |ek| = 11/16  in By \ By, ,

so that {v;, = 0} = {vx = 0} N B,, = {z + ¢x(x) = ¢t} N B,, is a finite set. Hence we can
find a smooth simple curve ¥ contained in Bj such that ¥, N OBy = {ax,bx} with ay, by the
distinct endpoints of X, X meets 0By orthogonally at aj and by, and {vy = 0} C 3. In this
way, By \ S = AL U A2 where A} and A7 are disjoint simply connected open sets with Lipschitz
boundary. Since v does not vanish in each Ai, it admits a smooth m-th square root ui in each
Ai, which is continuous up to aAi. We define

up(z) = ul(z) ifxe Al
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It is then elementary to check that u;, € SBV?(Bj). By construction, items (i), (ii), and (iii)
hold. O

Corollary 3.11. Let €5 | 0 be an arbitrary sequence. There exist {up} € SBV?(By) N L>(Q)
with |Jup|| =) < 1, and a sequence of smooth simple curves {$,} C By such that J,, C X for
every h € N, p(up) € WH2(Q), p(up)(x) = x in a neighborhood of By, and

. T

lim {Eeh (P(up), B1) — W' log5h|} =9,

h—o00

Proof. Let us fix an arbitrary h € N. Consider w;, € W12(By, N) a solution of the minimization
problem (3.14) defining ~,,(en, 1) (existence easily follows from the direct method of calculus of
variations), and write wy, = (1/m)(vp, |vn|v/m2 — 1) with v, € W2(B;). We apply Lemma 3.10
to vy, to produce a sequence {u} and curves {3;}. The convergence property (ii) in Lemma 3.10
implies that E., (P(uk)) — E., (wy) as k — oco. Hence, we can find k, € N such that, setting
up = ug, and Xp := X, , one has Jy, C ¥, and E, (P(ﬂh)) < E., (wp) + ep. Setting uyp, =
up/ max (1, [uy|), we observe that u, € SBV?(By), |lup|pe@) < 1, and J,, C Jg, C S, As
in (2.10) we have p(up) = p(@s)/ max (1,|p(us)|), and we infer that p(us) € WH2(Q), p(up)(z) = x
in a neighborhood of 0B, and

Ym(en, 1) < Ee, (P(un)) < E, (P(un)) < Ee, (wn) + e
Since E., (wg) = Ym(en,1) = v,, as h — oo by (3.15) and Lemma 3.9, the conclusion follows. [

To close this section, we characterize the optimal one dimensional profile related to the energy I,,.
This will be important to go from a recovery sequence for the sharp interface functional FEO7 g toa
recovery sequence of the diffuse interface functional F7.

Lemma 3.12. For every n > 0,
1
min { 110 () := ﬂ/ |1//(s)|2ds+—/ (1—1(s))2ds : %(0) =0} =1.
! 2 Jr 2n Jr
The minimum is uniquely achieved by 1y (s) := 1, (s/n) with . (s) =1 — e~ I5l.

Proof. By rescaling, we may assume without loss of generality that n = 1. Write
1
d(t) == (1 —|t))?/2 :/ (1-s)ds.
Il
Let 1 : R — R be such that ¥(0) = 0 and I{1”(¢)) < oco. First, notice that the condition
I1P () < oo implies that lim, 4o % (s) = 1. Then, by Cauchy-Schwarz and Young inequalities,
we have

1D —(s)| [¢'(s)| ds =
1 <w>>/R|1 B(s)| 1/ ()] /

— 00

0 oo
|(<I>oq/;)’|ds—|—/0 [(@ov)|ds > 2(®(0) - ®(1)) =1.

We have equality in the above chain of inequalities if and only if [¢'| = |1 — ¢|. Using ¢(0) =0
and the condition [ [¢'|? ds < oo leads to the optimal profile v,. O

3.3. Proof of Theorem 3.1 (ii): The I'-liminf inequality.
Proposition 3.13. Let ¢, | 0 and ny, | 0 be arbitrary sequences. If {(un,¥n)} C Hqy(2) is such
that (up,¥n) — (u, ) in LY(Q), then
Fo(u, ) < liminf F2 (up, ) - (3.17)
h— o0
In addition,
(i) if the liminf is finite, then u € L4(Q), ¥ =1, and (3.2)-(3.3) hold;

(ii) if equality holds and the liminf is a finite limit, then p(up) converges to u™ =: €™y,
strongly in W'P(Q) for every p < 2 and strongly in W,"*(Q \ spt 1), and (3.4)-(3.5) hold.

loc
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Proof. Without loss of generality, we may assume that

lim inf F27 (up, ) = lim F2 (un, gn) < oo (3.18)

We may also assume that [[up|[z~(q) < 1. Indeed, on the first hand (3.18) clearly implies that
|u| = 1. On the other hand, the truncation argument used in the proof of Theorem 2.7 shows that
replacing uy, by U, given by (2.9) does not increase the energy. Moreover,

[un = unll L) < llunl = UL < llun —ulli), (3.19)

so that @, — u in L'(Q). Hence (up,y) can be replaced by (i, ¥n).
Next, we apply Theorem 3.6 to extract a further subsequence to obtain all the conclusions of
that theorem. As a consequence, 1 = 1 and u € L,(Q) with «™ = e'?v,,. We have to show that

Fog(u) < lim F7 (up, ) - (3.20)
h— 00
We shall prove this inequality in several steps.
Step 1. We first claim that (3.3) holds. Notice that by Remark 3.8, supy, I, (Y1) < co. We consider
the larger domain 2 defined in (2.11), as
Q:= {z € R? : dist(z,Q) <o},

for 7o small enough and we recall that the nearest point projection II on 9N is well defined
and smooth in Q\ Q. We extend (up,4,) and u to € by setting for z € Q\ Q, ¢p(z) = 1,
up(z) = g(Il(z)), and u(z) = g(Il(z)). Then, it is elementary to check that (us,vy) € H() and
u € SBVP(Q) for every p < 2. In addition, P(uj,) — P(u) weakly in W1?(Q) for every p < 2, and

1
La—wivinlae < [ 1vonPaes o [ (- de =L@ <C

Next, consider some arbitrary § € (0,1/2). Arguing as in the proof of Proposition 3.7,

1-6
/5 (1= tyH (0{wn < t} N Q) dt < I, (¥n),
so that we can find a level ¢, € (§,1 — §) such that
72(5H1(8Eh N ﬁ) < Inh (’@/Jh) with Ej := {wh < th}. (321)

Notice that Ej, C Q, and |Ep,| — 0 since 1, — 1 in L1(€Q).
Fix some p € (1,2). Defining
up = (1= xE,)un,
we argue as in the proof of Proposition 3.7 to show that u;, € SBVP(Q) NL> (ﬁ) with Jz, € O0Fj,
and that %, — u in L*(€). Moreover, |Vii,| < |V(P(up))| ae. in Q, so that {Vi,} is bounded in
L?(©2). By [BCS07, Theorem 1], we have

20 - ~
hmlnf{ / Viin|P d + —H (0E, N Q) } > 5[ Vil do + (1 — 20)H! (Ju N ) |
Q
and thus )
HY(J,NQ) < lim inf - H' (D, N Q) +C6.
—00

Inserting this inequality in (3.21) and letting ¢ | 0, we conclude that

lim inf I, (¢¥5) > H(J, N Q).

h— o0
Since u = golIl in ©\ ©, we have J, C Q, and thus ! (J, N Q) = H!(J, NQ) + H? ({u # g} N oY),
and inequality (3.3) follows.

Step 2. We now prove the lower bound (3.2). Note that putting (3.2) and (3.3) together leads
0 (3.20). First, we recall that (3.18) implies (2.18) with vp, := p(up) (by means of (2.4)). Then
the proof of (3.2) follows very closely the ones of [AP14, Theorem 5.3] and [CJ99, Lemma 4.1.1]
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for the classical Ginzburg-Landau functional. We provide a quite detailed proof for the reader’s
convenience. Write p = 2 Z;n:dl xr, and choose o > 0 in such a way that the balls B, (zx) are
contained inside ) and are pairwise disjoint. Set
K:= {va : C\ {0} — S* defined as w(z) zaﬁ T € Sl} .
z
For each k € {1,...,md}, our aim is to prove that either v is Wl2-close to K on 0B, (x}), or it
has “large” energy. We define for ¢ € (0,0] and w € WH2(B; \ By2),

di(w, K) := min {[|w — vllwizB\B,,,) 1V E K}.

It is proven in [AP14] that for a given 6 € (0, 1), there exists a constant ¢s > 0 independent of ¢
such that the condition liminfy, d;(vp (- + zx), K) > § implies

1
liminf — |Vop|? de > mlog2 + ¢5 . (3.22)
h=roo 2 ) Bi(21)\Bi/2 (1)
Now let L € N be such that
Lcs 1 9 1 wd C,
52 W/QIWPI dz + —5W(u) +mdy,, — ——logo — —,

where ¢ is the constant from (3.22), and C, is the constant from (2.19). Forl € {1,..., L} we write
Ci(xg) := Bor-i,(k) \ Ba-i,(zx). By the weak Wﬁ)’f(ﬁ\sptu) convergence of v, to u™ = v,
we have for each k and [,

1 1
liminff/ |Vop|? do > 7/ IVeo|? + |Vv,|* dz > Tlog2. (3.23)
Ci(zy) 2 1 (g

h—o0

We now have to distinguish two different cases.

Case 1: For h large enough, and for each 1 < I < L, there exists at least one k; € {1,...,md} such
that dgi-i4(up(- + zk,), ) = 0. Then, we estimate

wd 1 d
EEh (P(uh)) - E‘ 10g5h| = EEE;I (Uh) - E' IOg Eh'

L md

1 1 1 )
> E{Eﬂz(vh,Bg—Lg(M)) — mdm| logshl} to3 ZZ 5/0 [Vop|* dx .

=1 k=1 1(zk)
Taking the liminf in h, and combining (2.19), (3.22), and (3.23) yields

d d Cy L
lim inf {Esh (P(un)) — %\ log€h|} > % log% + o + W(?rdmlogQ + ¢s)

h—o0

o
m m

nd
= —logo +
m

1

2 2m?2

1
/ V| do + WW(’”) + md~y,, (3.24)
Q

and thus (3.2) holds.

Case 2: For a subsequence there exists | € {1,..., L} such that, setting 7 := 21’Zo, dz(up (- +
x), K) < 0 for every k € {1,...,md}. Let us prove that for £, small enough,
wd T

Ge, (vn, B#(p)) — oy log - > mdym(en, o) — C50, (3.25)
where, here and below, C denotes a nonnegative number depending on @ but not on h or 4. To
establish this inequality, we shall modify vy, in Bz(p) without increasing the energy too much, and
in such a way that it is admissible for (3.16). We can proceed on each ball Bz(z}) separately, and
we may assume without loss of generality that z = 0. Up to a rotation, we can even assume that

/ Vo, — V()" de < 6°, (3.26)
B7\Bz /2
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where 6(x) denotes the argument of =/|z|. As (2.18) holds, we infer from (2.19) in Theorem 2.10

that

1
/ Vol + = (1 - [on])? de < Cs.
Bsz/4\Bz/2 €h

Therefore, for every h we can find 7, € [¢/2,37/4] for which

1
/ |V’Uh|2+*2(1*|’l}h‘2)2d7‘[1 gCg,
0B5,, €h

and

/ Vo, — V(e)[* dH! < C62.
0Bs,
From (3.28) we first derive

/ |V |2 dHt = / |V, — V(e) + V(e”)|2 dH?
OB5 0Bs3,

“h

145 | |
<=2 Von — V(E@)[? an' + (1 +5)/ V()
0 Joms, 0Bs,
2T 2T
< Crd+ —(146) < Cod 4+ —.
Op Op,

Next, by a scaling argument, one obtains

1
||| — 1H%x(aBr) S C’Eh/ |Vul?> + = (1 — [uf?)? dH'
8B, h
for every g5, <r and u € W2(dB,). Hence, (3.27) yields

2
[lvn] = U= (aB,,) < C%E;L/ .

| 2

(3.27)

(3.28)

dH?

(3.29)

(3.30)

We can thus write vy, = phew" on 9Bz, . Moreover, we have deg(vy, 0Bz, ) = 1 by (3.28), so that

0n, — 0 can be chosen to be single valued. Let us extend pp and 6p by zero homogeneity outside

Bg, . For ¢j, small enough, we set 65, := o, + 6;/2, and we define v, in B, as
vp () in Bz, ,
op(z) = 5, _ -5 ,
(22 20 o g,
Oh — Oh Op — Oh

From (3.27) and (3.30) we infer that
Ge,,(Bn, Bs,, \ Bs,) < O/ ”.

In turn, (3.29) and (3.30) yield, for €;, small enough,

2
/ IVTL|2 dHE < Cd + =2 .
dBs, Oh

We now are left to define v, in Bz \ Bs,. We define for x € Bz \ Bs,,,

(2 o Tl lel =2

Hh(:r) = 97

T — o0y 0 —0Op

(3.31)

(3.32)

i.e., the linear interpolation between 0 (z) and 6(z). Setting vy (z) := ein() ipn Bz \ Bs,, it can

be proven by means of (3.32) and elementary computations (see [CJ99, Lemma 4.1.1]) that

/ V|2 do < 27 log — + Cé .
B#\Bs,, Th
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Combining this last inequality with (3.31), we first derive
Gsh (Uh) BF) = GEh (;l\jha BF) + G&‘h (Uh7 BF \ th) - GEh (5}13 BE \ BEh)

- 1 - -
> G, (0n, Bs) + ﬁ/ [Vou|* — [VO|* dz — Ge,, (Un, Bs, \ Bz,)

+\Bs,,

~ 1
2 G&‘h(vhng) + W </

From (3.26) we then obtain

/ |Vvh|2 dz > / |V(6i0)|2 dx +/ |Vvh — V(ew)|2 dx
Bz\Bs,, Bz\Bs,), Bz\Bs,,

1/2
-2 / |V(ei9)’2 dx /
Bz\Bs, Bz\B

> 27r10gAi —C59,
Oh

7\Bs),

|V, |? do — 27 log ;;) — C5(6 + 52/2) )

1/2
|Voy, — V(em)|2 daz)

h

and we deduce that for ¢, small enough,
Ge, (vn, B) 2 Ge, (0, B5) — C5(6 + 83}1L/2) .

By the definition of v,,(¢,7) (see (3.14)), we conclude that for e;, small,
™ lod _ 1/92
Ge), (vn, B5) — s} log . 2 Ym(en,0) — C5(6 + Eh/ ),

which proves (3.25).
We can now complete the proof of (3.2). Indeed, by (3.25) and the convergence of vp, towards
¢, in the weak W,\?(Q \ sptu) topology,

h—o0

d
lim inf {Gah (vp) — %\ log€h|}
o md _ md T
= hhn_1>1nf Ge, (vn, 2\ Bz(n)) — E| loga| + G, (v, Bs(p)) — — log —

d
> liminf {Ggh (vn, 2\ Bz(p)) — 7T—| log0|} +md lim =,,(en,7) — C5d
h— o0 m h—o0
1 |V (e™v,)|* dx — Ld\ log@| + md~y,, — C56, (3.33)
~2m? Java g m "

where the last inequality follows from (3.15) and Lemma 3.9. In view of Proposition 2.11, letting
first 6 | 0 and then o | 0 leads to (3.2).

Step 3. In order to complete the proof, let us show that if equality holds in (3.17), then (3.4)
and (3.5) hold. Note that (3.4) rewrites as

1

Jim Ge, (o, Q\ Br (1) = 2m? Jo\ B, (1)

IV (e"v,)|>dz Vr >0, (3.34)
which, combined with the weak convergence of {vp} in W&)CQ (2 \ spt p) to e*?v,, classically leads
. . 1.2/5
to its strong convergence in W7 (€2 \ spt p).
From (3.2) and (3.3) we first infer that
Jim Iy, (1on) = H' (Ju) +H ({u # g} N09Q),
and

. wd 1 1
lim {Geh(vh) - E' 1035h|} = omz /Q Ve|? da + WW(N) +mdy,, .

h—o0
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In view of (3.24), Case 2 in Step 2 above must hold. We argue by contradiction assuming that (3.34)
does not hold. Then we can find a subsequence, og > 0, and 19 > 0 such that

1 .
liminf G Q\ B, > V(e*v, )2 d )
im in en (vn, 2\ By (1) 573 /Q\BUO(N) (e"v,)[? dz + 1o

By lower semi-continuity of the Dirichlet energy, the same inequality holds for every o € (0, 09).
Then, for o and ¢ small enough, we have by (3.33),

1 9 1 md
— — W = 1li - —1
sz LIVl do b W) 4 iy, = fim { G (on) = 72 1oz
1

; d
Sl A MG Dl "% log | + mdv,, — b+ 1.,
(11

where 7 is determined from o as in Case 2 above. Using Proposition 2.11 again, we let § — 0 and
then o0 — 0 to reach a contradiction.

To conclude, it only remains to prove that v, — e*#v,, strongly in W1?() for every p < 2. Fix
an arbitrary p € (1,2). Since {|Vv,|P} is bounded in L(Q), we can extract a further subsequence
such that |[Vo,|P — [V(e*?v,,)|P + v, weakly* as measures for some non negative finite measure v,
on €. From the strong convergence of vy, in Wi)cz (Q\ spt ), we infer that sptv, C sptu. Since
{Vu,} is also bounded in L(Q) for every ¢ € (p,2), we have by Holder’s inequality

v,.(Q) < lim inf/ |V P de < Cr?3=P/D  for every 7 > 0 and ¢ € (p,2) .
Br (1)

h—o00

Letting 7 | 0 we deduce that v, = 0 which together with the weak convergence in WP (Q) of vy,
towards e’?v,, concludes the proof. O

3.4. Proof of Theorem 3.1 (i): Construction of recovery sequences. In this section we
prove the I'—limsup inequality.

Proposition 3.14. Let ¢, | 0 and 1, | 0 be arbitrary sequences. For every u € L4(2) with
u™ =: e"?v,,, there exists a sequence {(un,¥n)} C Hy() such that {up} € SBV?(Q), and
(Z) (uha th) - (U, 1) Strongly in L1 (Q);
(ii) p(up) — u™ strongly in Wlif (2 \ spt ) and WHP(Q) for every p < 2;
(#ii) (3.6) and (3.7) hold.

Moreover, we can choose uy, such that

lim H'(Ju,) = H'(Ju) + H' ({u # g} N 0Q). (3.35)

h—o0

The proof of Proposition 3.14 relies on a suitable approximation procedure showing that maps
in £4(92) having a compact jump set lying at a positive distance from the boundary are dense
in energy. This is the purpose of the following section. The proof of Proposition 3.14 is then
performed in Section 3.4.2.

3.4.1. Some density results.

Lemma 3.15. Let u € L,(Q) with u™ =: ¢¥v, and p = 21 31" 6, For every § > 0, there

exists ux € L4(Q) and constants &1, ,&ma € St such that
(i) dist(J,,,0Q) > 0, u, = g on 9Q, and curl j(ul") = u;
.. m T — Tk
i) ul(z) =
(i) 0 (5) = G
(iii) ||u — u«| L1y < 9 and Eo(u.) < Eo(u) +0;
(iv) H'(Ju,) < H(Ju) + H ({u # g} N OQ) + 6.

K

in a neighborhood of xy, for each k € {1,--- ,md};
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Remark 3.16. If one considers d | 0 and {u,} C L£4(£2) the corresponding sequence provided by
Lemma 3.15, then uj* — u™ strongly in Wr(Q) for every p < 2. Indeed, writing up' = eiek Uy,
item (4i) implies the strong convergence of {Vyy} in L%(Q), which in turn yields the strong
convergence of {u"} in WP(Q).

Proof of Lemma 8.15. Step 1. We start by modifying u in such a way that (), (i), and (iv) hold.
We proceed as follows. We consider the larger domain Q defined in (2.11), and we recall that the
nearest point projection IT on 99 is well defined and smooth in {z : dist(z,9Q) < 2r¢}. Denote
by do : R? — R the signed distance to 09, i.e., dg(z) := dist(x, Q) for z € R?\ Q, and dg(z) =
—dist(z,00) for z € Q. Note that dg is smooth in {z : dist(z,0Q) < 2ro}. Next we consider a
smooth vector field X € C’s"(ﬁ \ spt u; R?) satisfying X = Vdq in {z : dist(z,0Q) < r9/2}, and
we fix o € (0,70/2) such that spt X € ©\ By(u). We denote by {¢;}ier the integral flow on R2
generated by X. Then spt(¢; — id) C Q \ B, (u) for every t € R, so that {¢;};cr defines a one
parameter family of smooth diffeomorphisms from Q\ By (1) onto Q\ B (1).

We extend u to € by setting u(z) := g((z)) for z € Q\ Q. Then we set u; := u o ¢y, and we
consider the restriction of u; to Q. By construction, for every ¢t > 0 we have us € L4(Q2), us = g
on 90, uy = u in B,(p), and dist(J,,,d) > 0. Moreover, as ¢ | 0, we have u; — u weakly™* in
BV (Q), Vu; — Vu strongly in L?(Q\ B,(u)), and

HY(Ju,) = H Y (Jo) + H ({u # g} N0Q) .

Given § > 0, we can then choose ¢ > 0 small enough so that u; satisfies (i), (), and (i) of
Lemma 3.15.

Step 2. To complete the proof, we shall modify further u; in B, (p) to achieve property (ii). Fix
o' € (0,0) such that 20’ < min{|zy —2y| : 1 < k < | < md}. From the specific form of v,
(see (2.14)), for each k € {1,--- ,dm} there exists ¥, € W12(B,(zy)) such that

u™(x) = emn(@) LTk for x € By () -

|z — x|
For p > 0 and 0 € [0,27) we set g, (pe'?) := pe??/™ and define Vg () := qm((z — zx)/|x — x1])
for © € By/(xy). Since curl j(¥7') = p = curl j(u™) in B, (x)) and p(dx) = p(u), we can invoke
Lemma 2.6 to infer that there exists u, € SBV (B, (zk), Gy,) such that

u = ﬁkﬂke“/’k in BUI (xk) .

We now fix a cut-off function x € C2°(By, [0,1]) such that, x = 1 in By /5, and we set xi,,(z) :=
x((xz — xy)/r) for r > 0. We define for k € {1,--- ,md} and r € (0,07),

g () := Uk (2) 9% () exp (il/}k(l') + ixk,,a(x)(ik’r - wk(x))> for x € B,/ (zk),

where 1), ,. denotes the mean value
— 1
P T::—/ Yp(x) de.
k, wr B, (zk)

By construction, we have

r—x
UZ?T(JI) - fk,rik for x € BT./Q(xk) ,

|2 — x|

with &, = exp(im@k,T), and uy , = u = u; in By (zg) \ By (zx). Finally, we set
ugr(z) ifx € By(xg),
Uy () 1=
ug(x) if x € Q\ By ().

By means of Poincaré’s inequality (and Step 1), it is standard to check that for r small enough,
uy complies to all the requirements of the lemma. O

Now we show that we can substitute to u, a mapping uy with a compact jump set.
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Lemma 3.17. Let u, € L4(2) be such that dist(J,,,00) > 0. For every § > 0, there exist
ug € Lg(Q), a compact set K C Q, and o > 0 such that
(i) Il fu*HLl(m <6 =l and H'(Juy \ Ju.) =
(ii) HY(KATy,) =
(iti) H' (K N B (x )) > 1r/2 for every x € K and every r € (0,0).

Proof. Step 1. Given a parameter A > 1, we consider the class of maps
o = {u € L) u™ =u™, H(Ju\ Ju.) = o} :

and the functional Ay : & — [0, 00) defined by
Ax(u) == H'(J) + /\/ |u — u.|? da .
Q

We claim that Ay admits at least one minimizer uy € . Indeed, |Vu| = |V(P(u,)| = |Vu,|
for every u € o, so that {Vu : u € &/} is bounded in LP(Q) for every p < 2. Obviously, if
{ur} C & is a minimizing sequence, then Aj(uy) is bounded. By the compactness theorem for
SBYV functions [AFP00, Theorem 4.7 & 4.8, and Remark 4.9], we can find uy € SBV(f2) and a
subsequence such that u, — uy in L'(Q) and a.e. in Q, and satisfying Ay (uy) < liminfy, Ay (uz).
From the pointwise convergence we infer that uy is S'-valued, and u§* = u”". Moreover, the
sequence of positive measures {H! L_.J,, } weakly* converges towards H! L_J,, . Since H! L J,, <
H L J,,, we have H' L J,, (U) < liminfy H' L J,, (U) < H'L J,, (U) for every open set U C Q.
By outer regularity, we deduce that H'L J,, < H'L J,,. Hence uy € &, and thus u, is a
minimizer of Ay.

Noticing that Ay (uy) < Ax(ux) and H!(Jy,) < H(Ju,), we now deduce that uy — u, in L*(Q)
as A — oo. Given 0 > 0, we choose X large enough so that (i) holds with uy := ux. To complete
the proof, we have to find a compact set K and ¢ > 0 such that (i) and (44) hold. This is the
purpose of the next steps.

Step 2. Write curl j(u*) =: p =27« Ezldl 21, and set
0 ;= min (8)\ dist(J,, ,09), mln {lag — @] : 1<k <1< md}) .

We claim that for H'-a.e. x € Ju,, there holds

H' (Ju, N By(z)) =1 for every r € (0,0). (3.36)
Let us first recall that for H!'-a.e. z € Juy s

H'(Ju, N B(z)) >0 for every r € (0,0). (3.37)

Hence, it is enough to establish (3.36) at every x € .J,,, \spt p such that (3.37) holds. Let us fix such
a point x and without loss of generality let us assume zy = 0. Setting oy := min (a, dist(0, sptu)),
we shall distinguish the two cases r € (0,0¢] and r € (09,0).

Case 1: v € (0,00]. Since By, C Q\ sptp and uf® = ul, we have curl j(uy) = 0 in Z'(By,,) by
Lemma 2.3. Applying Lemma 2.6 in the ball B, (with u; =1 and us = uy), we obtain a function
¢ € WH(B,,) and a Caccioppoli partition { E;}7""," of the ball B,, such that

m—1
= ZakXEk e in By, .
k=0

Since p € WH1(B,,), we have
m—1
Juy N By = U OE;, up to an H'-null set,
k=0
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where OE), denotes the reduced boundary of Ej, in B,,. Moreover (see [AFP00, Remark 4.22]),
1 m—1 .
H'(Ju, N By) =3 Z H(OE, N B,) for every r € (0,09). (3.38)
k=0

Before going any further, let us recall a slicing property of sets of finite perimeter (see e.g.
[AFP00, Chapter 3, Section 3.11] for further details). For a Borel set E C R?, we first denote by
E?! the (Borel) set of points of density 1 for E, i.e.,

ENB
E! :{y€R2:11m|2p(y)|1}.
pl0 mp
For 7 > 0, we write E, := E'N0dB,, and we consider F,. as a subset of B, (in particular, dE, and
int(F,) denote the relative boundary and relative interior of E, in 0B, respectively). If E C R?
has a finite perimeter, then for a.e. r > 0 the following properties hold:

OE,. is finite and is equal to 0F N 0B, . (3.39)
We point out that since {E}} is a Caccioppoli partition of B,,, by [AFP00, Theorem 4.17]
m—1 m—1
= U EfuU U OB, up to an H'-null set. (3.40)
k=0 k=0

For almost all radii » € (0, 09), (3.39) holds for each Ey, k € {0,...,m — 1}. We claim that for

such radii
m—1

> H(0E,N0OB,) > 1. (3.41)
k=0
To prove (3.41), let us fix such a r and assume by contradiction that

OFE, N OB, = d(Ey), =0 for every k € {0,---,m —1}.

Then each (E}), is either equal to OB, or empty, in particular H!(E, N dB,.) € {0,27r}. Since
HY(OELNOB,) = 0 for each k by (3.39), we infer from (3.40) that H'(Ex, NOB,.) = 2mr for exactly
one index k, € {0,...,m — 1}. Consequently, every point of 9B, is a point of density 1 for F,,
and of density 0 for Fy with k # k.. We then introduce the competitor

u:=a"e" inB,, u:=uy inQ\B,.

By construction Jz \ B, = Ju, \ B, and J;z N B, = (), so that @ is an admissible competitor. By
optimality of uy, we have Ax(uw) > Ax(uy). Using that

[t — v |* = g — wal?® = ([0 — | + |y — wa]) ([T — wal® = Jug — ua]) < 40— uy

since || = |u«| = |ug| = 1), we compute
#

0 gAA(ﬂ)—AA(uﬁ):)\/ 17— wal? — Jug — wa|? de — H'(Ju, N B,)
B,

< 4>\/ i — gl dz — ' (Ju, N B,)
B,

m—1
=4\ [1—a"* By B, - ZH (0Ex N By)
kk, k=0
1 1
< 5}; {16)\|EkﬂBT| _—y (6EkﬂBr)}.

Since HY(OExNOB,.) = 0 and (Ex)'NIB, = ) for k # k,, we infer that Ej N B, has finite perimeter
and O(FEx N B,.) = 0E N B, for k # k,. Therefore,

> {16AE B~ H (0(E N By)) > 0.
ktk,
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By the (two dimensional) isoperimetric inequality, we have

\Ey, N By < /B V|Ex N By < g’Hl(a(Ek N B,)),

so that

8\ —1) Y H'(A(ExN B,)) > 0.
kk,
Since r < o < (8)\) 71, the prefactor above is negative, and we deduce that H!(9(E;, N B,.)) = 0 for
each k # k.. As a consequence B, C E,ir, so that uy = uw. In particular, ’;'-ll(Ju,j N B,) = 0 which
contradicts (3.37), and (3.41) is proved.
By (3.41), we can now infer from the coarea formula (see [Magl2, Theorem I1.7.7] for instance)
that r € (0, 0]

m—1 m—1 . rm—1
> H'Y(0E,NB,) > Z/ Ho(aEkﬁaBt)dt:/ > HU(OE,NOBy)dt > 1.
k=0 k=0 "0 0 k=0

Combining this inequality with (3.38) yields (3.36) for every r € (0, og].
Case 2: r € (09,0). In this case, we must have oy < o, so that o¢ = dist(0,spt 1) and B, N
spt i # 0. Our choice of o then implies that B, Nspt u is reduced to a singleton, i.e., there exists
ko € {0,...,m — 1} such that B, Nspt u = {xk, }. Moreover, xx, € 0By, .

By the definition of £4(€2) and the slicing properties of BV -functions (see e.g. [AFP00, Chap-
ter 3, Section 3.11] for details), for a.e. r € (0¢, ) we have spt uNIB, = @, the trace u, := Us 15,
belongs to SBV?(0B,;S!), and J,, = Ju, N OB, is finite. We claim that for every such r,

HO(J,,) = 1. (3.42)

Indeed, let 7 be such a radius and assume by contradiction that J,, = (. Then u, € WH2(9B,., S!)
and thus u, is continuous. In addition, the trace (u™), := uganT belongs to W12(9B,,S!) and it
satisfies (uy"), = (u,)™. Hence the topological degree £ of (uy"), is equal to m times the topological
degree of u,. Moreover, we have uf*(x) = " (z — x,)/|z — x1,| in B, for some ¢ € W'?(B,)
satisfying ¥|gp, € W?(0B,). Hence £ = 1 which contradicts £ € mZ, and (3.42) is proved.

By (3.42), we can infer again from the coarea formula that

H' (Ju, N (B \ Boy)) > / HO(Jy, NOBy) dt = / HO(J,,)dt =1 — o for every r € (0g,0).

Since H'(Ju, N Bo,) > 0g by Case 1, we deduce that
Hl(Juu NB,) = 7—[1(Juti N (B \ BUO)) + ”;’-ll(Jun N By,) = (r—og)+o09 =1 forevery r € (0g,0),

and (3.36) is proved for every r € (09, o).
Step 3. We define

K:={zeQ: ’Hl(Juu N By (x)) > r for every r € (0,0)} .

By definition, K is closed and since dist(.J,,,08) > 0, it is a compact subset of 2. On the one
hand, we can deduce from Step 2 that H'(J,, \ K) = 0. On the other hand,

. HY(Ju, N By(2))
lim ——==

=0 for H'-ae. z€Q\J,
rl0 r

$

see e.g. [AFP00, Sect. 2.9, Theorem 2.56 and (2.42)]. In particular, H*(K'\ J,,) = 0, and therefore
HYKAT,,) =0. O
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3.4.2. Proof of Proposition 3.14.

Proof. Thanks to Lemma 3.15, Remark 3.16, and Lemma 3.17 and a diagonal argument, it is
enough to make the construction for a map u € £,(Q2) with u™ =: e*¥v, and p = 27 Z;n:dl 03, and
such that there exists ¢ > 0 and a compact set K C ) such that

(a) dist(Jy,00) = 20 and u = g on 9%

(b) dist(spt p, 0Q) > 20 and |z — x| > 20 for k #

(¢) u™(z) = & (z — J;k)/|33 — x| in each B, (xy) for some & € St;

(&) HU(KD,) =

() dist(K,09Q) > 20 and H'(K N B,(z)) > r for every z € K and r € (0,0).

By a further diagonal argument, it is enough to fix 6 > 0 and construct a sequence {(up, )} C

Hg such that {un} € Gy(Q) N L=(Q) with [Jup ||y < 1, (un,¥n) = (u,1) in LY() as h — oo,
p(up) — u™ strongly in WHP(Q) for every p < 2, and

lim sup {Eeh (P(up)) — 71-—d| log5h|} < Eo(u) + 46, (3.43)
h— o0 m
limsup H' (Ju,) < H'(J), (3.44)
h—o0
limsup I, (¥5) < (1 + O)H (Ju) - (3.45)
h— 00

First, by Corollary 3.11 we can find € € (0,1), w € SBV?(B1) N L>(By) with |[@] e (p,) < 1, and
a closed smooth curve ¥ C Bj such that p(u)(z) = z in a neighborhood of dB;, J; C ¥, and

- T 1 1)
E.(P(a), B1) — ngg <UYm + oyl

Then, for each k € {1,...,md} we select ¢ € S! such that ¢ = &, and we set for ¢, € (0, 0¢),
u(x) if € Q\ B., (1),
Gt (S(@ =) if2€ Baye(or), k{1 dm}.

By construction, we have u; € G4(2) N L>(Q2) with [[up| ) <1 (since |u| = 1), and

up(x) :=

|un — U”LI(Q) < 27de(5h/5)2 — 0.
h—o0
For p < 2, we estimate

Ip(un) = u™ [lwne) S 1™ lwroge., o) + (E€0/2) 2 PIIp@) lwr sy ,— 0.

Next, changing variables, we have for each k € {1,...,md},
~ 7r 1 1)
Ee, (P(un); Be je(r)) = E<(P(@); Br) < —log — + v + — .
Consequently,
wd 1 wd €
Esh (P(uh)) - E IOg a < Eeh (P(u)a Q \ Bah/a(u)) - E IOg a + md’)’m +4

1

d
= IV (u™)? do — 71-—logi—I—md'ym—i—é,
2m* Jonb., . () moen

and (3.43) follows from Proposition 2.11.
By construction, we have
Ju, CKp:=KU (bpt,u + = (831 U E)) up to an H!-null set,

so that
€
HY(J,,) < HY(K) + md?h(27r +HY(D)).
Since HY(K) = H!(J.), (3.44) follows letting h — oo in the inequality above.
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To produce the sequence {i}, we argue in a way similar to [AT90, Sec. 5]. We start by
introducing a family of smooth profiles approximating the optimal profile ¢, (s) = 1 — e~ !*! from
Lemma 3.12. For A > 0 we define )y : [0,00) — [0,1] as

1—exp (—)\t> ift <A,
Ya(t) = At

1 otherwise .

Notice that 1 — 5 and ¢, are supported on [0, A]. Setting ej(t) = (1#3\(75))2 +(1- @b)\(t))2,
elementary computations yield

A—00

A
N ::/ ex(t)dt — 1.
0
Hence we can find A > 0 such that sy <14 6. Setting dp(x) := dist(z, K}), we define ¢, as

V(@) == (dh(z)> .

Th

The function v, is Lipschitz continuous and for e, € (0,0¢) we have dist(Kp,082) > o so that
¥, = 1 on 9 whenever n;, € (0,0/)). Since up, € WH2(Q\ K}) and 1, = 0 on K}, we infer that

(uh,i/)h) S Hg(Q).
To estimate I, (vp,), we first notice that dj is 1-Lipschitz. This leads to

I, () < R /Q ex (dh(m)/nh) dx = e ex (dh(x)/nh) dx .

h 21 21 Kn+Bxn,

We use Fubini’s theorem to obtain

A A
/ ex(dn(@)/mn) dz = — / ( / 0 dt) dr = — / e ()| Kn + Bun, | dt
Kp+Bay, Kpn+Baxn, dn(2)/nn 0

Noticing that €/, (¢) < 0 and

€
‘Kh + Bﬂlh| < |K + Btmz| +md‘?h(8Bl U E) + Btnh

)

we derive
K+ B A (OB UX B
Mdtfmd/ ey EOBE E Benl gy a2 (3.06)
0

A
I, (Yn gf/ tel\ (¢
mn) 0 A0 2tny, 20

By the Ahlfors regularity assumption on K stated in (e), we have (see e.g. [AFP00, Theorem 2.104])

. |K+ B, 1
lim — = K).
rlﬁ)l 2r HEK)
Hence, by dominated convergence
A
Jim I = —’H,l(K)/ teh(t) dt = sy M (Ju) < (1+ OH'(J.). (3.47)
1—r 00 0
We now claim that
lim JZ =0. (3.48)
h—o0

To prove (3.48) we may argue on subsequences if necessary. We distinguish the two complementary
cases limy, (e, /np) < oo and limy (e, /nr) = oo. If limy (e, /np) < 00, then we estimate for ¢ € (0, \)

Eh
?(831 U E) -+ Btﬂh

< |Bt7]h+5h/5| S t277}21 + (5h/5)2 < C)\zﬂ?“

so that J? = O(ny) as h — co. We now assume that limy,(e,/n,) = oo, and we write for ¢ > 0,

=(0B1UY) + B, | _ (ﬁ) |(0B1 UX) + Biey, /e,

2tny, € 2tenn /en
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By smoothness of 0B; and ¥, we have

. (0B UX) + B,
lim =
rl0 2r

HY(OB,UY),

and we conclude that J? = O(ep,) as h — oo. In both cases (3.48) holds true.
Eventually, putting together (3.46), (3.47), and (3.48) leads to (3.45). O

3.5. Proof of Theorem 3.2. The proof of Theorem 3.2 is very similar to the proof of Theorem
3.1 but we include a sketch of proof for the reader’s convenience. It is divided as usual into three
parts: compactness, the I'-lim inf inequality, and the construction of recovery sequences. Concern-
ing recovery sequences, we note that they are actually provided by Proposition 3.14 since (3.6)
and (3.35) clearly lead to (3.10). We proceed with the proof of points (i) and (ii) of the theorem.

Compactness, proof of (i). For the compactness part, we argue as in the proof of Proposition 3.6
and apply in particular Theorem 2.10. We can argue in particular that {Vuy} is bounded in LP()
and that H'(J,, ) is bounded. Therefore, since we also know that [|up || (q) is bounded, we may
apply [AFP00, Theorem 4.8] to conclude the proof as in Theorem 2.8. O

The T-liminf inequality, proof of (ii). Without loss of generality, we can assume that

. . 0 _
i nt e (m) =)

im ﬁsoh(uh) < 00.

— 00

Moreover, the truncation argument in the proof of Theorem 2.8 together with (3.19) shows that
up, can be replaced by uy, defined in (2.9). Hence we can also assume that [[up[ (o) < 1, and the
proof of (i) above applies. In particular vy := p(up) satisfies (2.18), and we reproduce verbatim
the proof of Theorem 3.1 to show that (3.2) holds.

Moreover, up to extending wj and u to a larger domain Q as in the proof of Theorem 2.8, we
may assume that H({up # g} NOQ) = H({u # g} N 9N) = 0. We consider the sequence of non
negative finite measures on )

Vp (= Hll_(Juth) .
Since v,,(Q2) = HY(J,,) is bounded, we can extract a further subsequence such that v, — v,
weakly™ as measures for some non negative finite measure v, on Q. Since sptv, C Q, we have
spt v, € Q and v, (Q) — v.(Q).
We claim that

ve > H'L(J,NQ). (3.49)
Before proving (3.49), we observe that it implies
lim H'(Jy,) = lim v, (Q) = 1. (Q) > H(J,) = H' (J.), (3.50)
h—o0 ) h— o0

which, combined with (3.2), leads to (3.8).

To prove (3.49), we fix an open set A C Q. Consider an arbitrary compact set K C A, and
choose another open set B such that K C B C B C A. By the proof of (i) above, we can
apply [AFP00, Theorem 4.7] in the open set B to derive

ve(A) > v (B) > lihminf vp(B) = lihminf’Hl(Juh NB)>HY(J,NB).
—00 —00
Hence v, (A) > H'(J, N K), and by inner regularity it implies that v,(A) > H!'(J, N A). By outer

regularity, we conclude that (3.49) holds.
Let us now assume that Fy(u) = limy, F2(up,). In view of (3.2) and (3.50), we have

h—o0

. d 1 1
lim {Gghwh) - 1ogsh|} = 53 | Vel da W)+ miy, (351)

and

ve(Q) = lim H'(J,,) = H ' (J.). (3.52)
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From (3.51), we can argue exactly as in the proof of Proposition 3.13, Step 3, to deduce that
vp, — u™ strongly in W1P(Q) for every p < 2 and strongly in Wlf)f (©\spt 1), and that (3.4) holds.

Then, we infer from (3.49) and (3.52) that v, = H'L J,. As a consequence, if A C R? is an open
set such that v,(0A) = 0, then

HY (T, N A) = v (A) = lim v, (A) = H(Jy, NA),

h—o0

which proves (3.9) since v, (9A) = H(J, N DA). O

4. THE LIMITING PROBLEM

The aim of this section is to study minimizers over £,(€2) of the limiting functional Fy 4. To
avoid some technical issues (at the boundary), we shall assume for simplicity that € is a smooth
bounded convex set.

By Remark 3.5 and Lemma 2.3, minimizers of Fy 4 over L£4(2) coincide with solutions of

min{rrlﬂw(“) +H' (Ju) +H ({u# g} N0Q) :ue SBV(QSY),

pi=mecurl j(u) € Ay and u"™ = Uu} . (4.0)
In turn, (4.1) amounts to solve for each p € Ag,
L() := min {Hl(Ju) +H ({u#g}NdQ) ue SBV(Q,SY), u™ = @#} , (4.2)

and then minimize —zW(-) + L(-) over Ay which is a finite dimensional optimization problem.
Let us however point out that since on the one hand Steiner type problems are usually very hard
to solve and since on the other hand, the minimization of W can be rarely explicitly done (see
[ILROO]), this finite dimensional problem does not seem easy to handle.

For the rest of this section we fix a measure u € Ay, and focus on problem (4.2). First,
we notice that existence of minimizers in (4.2) follows as in the proof of Lemma 3.17 (Step 1)
since |Vv,| € LP(Q) for every p < 2 and |Vu| = L|Vuv,| for any admissible competitor u (see
Lemma 2.3). We will prove that minimizers of (4.2) are related to a variant of the Steiner problem
that we now describe.

Write p =: 27 Z;nzdl 0z, , and recall that the z;’s are distinct points of the domain Q. We let

A(p) := min {’Hl(F) : sptp C T,
and for every connected component 3 of I', Card(X Nspt ) € mN}. (4.3)

Notice that since we can always remove connected components which do not contain any vortex xy,
we can reduce the above minimization problem to sets I' with the property that every connected
component contains a positive number of vortices. Of course, this implies that I' has at most d
connected components. Each of these connected components ¥ is a competitor for the Steiner
problem related to spty N 3. This shows that minimizers of (4.3) exist and are made of (at most
d) Steiner trees i.e. finite union of segments meeting only at the vortices or at triple junctions (see
[Mor94, Prop. 2.2]).

Definition 4.1. A compact set I is said to be a A(y)-minimizer if it solves (4.3).

Remark 4.2. Since we assumed that  is convex, any A(u)-minimizer I' is contained in the
convex hull of spt u. More precisely, since projecting on convex sets reduces distances, if ¥ is a
connected component of I') then ¥ is contained in the convex hull of ¥ N spt u. Since ¥ is a tree,
we also infer the following property: if C C ¥ is an open segment, such that C Nsptu = @), then
¥\ C is made of two connected components A and B satisfying Card(A Nspt p) ¢ mN \ {0} and
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Card(B Nsptu) € mN \ {0}. Otherwise, I\ C would be an admissible competitor for A(u) with
strictly lower length, contradicting minimality.

We are now ready to prove the main result of this section, which states that the jump set of

any minimizer of (4.2) is a A(u)—minimizer.

Theorem 4.3. Assume that Q is a smooth, bounded, and convex open set. For every p € Aq, it
holds

L(p) = Aln). (4.4)

Moreover, if u is a minimizer of L(), then J, is a A(p)-minimizer, u € C°(Q\ J.), and u = g

on O0. Vice-versa, if T is a A(p)-minimizer, then there exists u minimizing L(p) with J, =T.
Proof. Step 1. Let u = 2w Z;cnzdl 0z, be fixed. We first prove that
L) < Ap)-

Consider I a A(u)-minimizer. Treating each connected component of I' separately, we may assume
without loss of generality that I' is connected. Since R? \ I is connected, we can find a smooth
injective curve with arc-length parameterization v : [0, 00) — R? satisfying v1(0) = 21, [y1(¢)| —
00 as t = oo, and 71(0,00) NT = (. Setting D; := 71((0,00)), we orient D; according to its
parameterization 7; (i.e., in the direction of increasing ¢’s). Since R?\ D is simply connected, we
can find a smooth map ¢ : R?\ D; — R which is smooth up to D; from both sides, has a constant
(oriented, pointwise defined) jump across D; equal to 27, and such that €*1(*) = (z —z1)/|z —z1].
We then set u; := ei1/™,

Since T' is a tree, for each k € {2,...,md} there is a unique injective polygonal curve 7 :
[0,1] — T such that v4(0) = z) and v, (1) = x1. Setting Dy := v,((0,1)), we orient Dy, according
to the curve v,. Notice that for k # [, the orientation of Dy coincides with the orientation of D;
on D N D;. Moreover, one has I' = Uk}gﬁk by minimality of I". As a consequence, I" inherits the
orientation induced by the Dy’s.

Since R?\ (D1 U Dy) is simply connected, we can find a smooth map ¢, : R*\ (D; UDy) — R,
smooth up to Dy U Dy, from both sides, with a constant (oriented) jump across D; U Dy, equal to
2, and such that e’#+(*) = (x — 23)/|x — xx|. We consider

i md
ur = exp (m %ﬂrZ@kD )
k=1

where ¢,, is the map defined in (2.14). By construction, we have ur € SBV(Q;S') and u® = v,,

i.e., up is an admissible competitor for L(u). In addition, ur is smooth outside I' U D;. Since
% >k ¥k has a constant jump equal to 27d across Dy, we infer that up is actually smooth in Q\T,
and u = a’g on 99 for some j € {0,...,m — 1}. Replacing ur by a~Jur if necessary, we can
assume that ur = g on 9Q. Now consider an arbitrary point « € T\ spt 4. By Remark 4.2, the
number of z’s before x, according to the orientation of I, is not a multiple of m. This shows that
the jump of L >k ¢k across I' at x is not a multiple of 27, and consequently x € J,.. Therefore

m

Jup =T, and L(p) < Hl(Jur) = A(p).
Step 2. We now prove that
L(p) = Ap). (4.5)

Let us consider an arbitrary minimizer u of L(u), and assume without loss of generality that 0 € €.
We shall first prove in this step that

u=gon dQ, and dist(J,,00N) > 0. (4.6)

To show that (4.6) holds, we consider I" a A(u)-minimizer, and ur the map constructed in Step

1. We extend u and ur to R? by setting u(z) = g o lI(z) and ur(x) = go l(z) for x € R?\ Q,

where II denotes the orthogonal projection on the convex set Q. Then, J; C Q, Jz. C I, and
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HY(Jz) = H'(Ju) + H' ({u # g}). We can thus from now on identify u (respectively ur) and u
(respectively ur). We define

w = u/ur .
Since u™ = v, = u, we have w € SBVioc(R%* G;,) with w = 1 in R? \ Q and we can find a

Caccioppoli partition {Ek}’,zl:_ol of R? such that

m—1
w = akXEk 5
k=0
with B, CQ for k=1,...,m, and R?\ Q C Ejy. Since ur is smooth in Q \ T, we deduce that
m—1
J.N(R?*\T) = U OEx\T up to an H'-null set . (4.7)
k=0

Let K be the convex envelope of spt . The set K is then a closed polygonal subset of 2. By
an elementary geometric construction, we can find a strictly convex open set w with C'-boundary
satisfying K C w and w C €2, and such that the Hausdorff distance between K and @ is arbitrarily
small. Given such w, we consider the mapping ® : R* — R? defined by ®(z) := 3(z + IL,(2)),
where II,, denotes the orthogonal projection on @. Then ® is a (global) C'!-diffeomorphism of R?
satisfying ®(x) = x for every = € @.

Consider now the sets Ej, := ®(E},) for k=1,...,m—1, so that {Ek};”:})l defines a Caccioppoli
partition of R2. As a consequence, the map

m—1

~ . k

U= a XEk ur
k=0

is an admissible competitor for L(x). By the chain rule formula for BV-functions and (4.7), we
have Jz \w = ®(J, \@) and J; Nw = J, Nw. The minimality of u together with the area formula
(see [AFP00, Theorem 2.91]) then leads to

Hl(Ju\w)g’Hl(Ja\w)g/]\|V<I>|d’}-ll. (4.8)

Our assumption on w implies that |V®(z)| < 1 — ¢, dist(z,©) for every x € Q and some constant
¢, > 0 depending only on w and €. Inserting this estimate in (4.8) shows that H!(J, \ @) = 0,
which clearly implies (4.6).

Step 3. In this final step we show (4.5). Let us fix an arbitrary ball Ba,(y) € Q \ spt p. Since v,
is smooth in Bs,(y), we can find a smooth function ¢ on B, (y) such that v, = €' in B,.(y). The
map u, := e*?/™ is then smooth on B,(y), and satisfies u™ = v, in B,(y). Arguing as above, it
implies that any competitor ucomp for L(u) can be written as

m
Ucomp = (Z akXFk> u, in Br(y),
k=0

for some Caccioppoli partition {Fk};c":_ol of B,.(y), and

m—1
Juteomp N Br(y) = |J 0Fc N Br(y) up to an H'-null set .
k=0
In addition,
m—1
1
H (Juorny N Br(y)) = 5 > H' (0F: N B.(y)). (4.9)

k=0

As a consequence, the minimizer u of L(x1) that we consider can be written as u = (Y, a"xpg, )ux,
for some Caccioppoli partition {FEj}7""' of B,(y) minimizing the right-hand side of (4.9). By
classical results on minimal planar clusters (see for instance [CLM15, Theorem 5.2]), UrdExN B, (y)
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is locally a finite union of segments meeting at triple junctions. Since wu, is smooth in B, (y), it
implies that J, N B, /2(y) = Uxr0Ex N B, 2(y), and u € C°(B,/2(y) \ Ju).

We are now ready to prove that J, is a A(p)-minimizer. Let us fix for a moment ¢ > 0
such that B,(zx) N By(z;) = 0 for k # [, and B,(u) € Q. By the discussion above, u €
C(Q\ (JuU B, 2(1))), and Jy, \ By/a(p) is a finite union of segments. Hence, J, U B, () is a
compact subset of . Since .J,, U B, (u) converges to .J, Uspt uu as ¢ — 0 in the Hausdorff distance,
we infer from Blaschke’s theorem that J, U spt u is a compact subset of 2. Moreover, we have
Ju 2 sptpu since u™ = v,. Therefore J, is a compact subset of 2, and u € C*(Q\ J,). To
complete the proof, it now only remains to prove that any connected component of J, contains a
multiple of m vortices (possibly equal to zero). Indeed, this would lead to L(u) = H(J,) = A(u),
and (4.5) would be proven. Furthermore, by Step 1, we would also obtain that J,, is a minimizer
of A(p).

Let us consider ¥ a connected component of J,, and A C Q a connected smooth open neighbor-
hood of ¥ such that (J, \Z)NA = 0. We may write A = Ag\ UL)_; A,, where the A,, are connected
and simply connected smooth open sets satisfying A,, C Ag for n =1,..., N, and A,, are pairwise
disjoint. Since v, and u are smooth on 04, forn =0,..., N, and u"™ = v,,,

deg(v,, 04,) = mdeg(u, 0A,) € mN

and thus
N

Card(X N spt p) = deg(v,, 0Ag) — Z deg(v,, 04,) € mN,
n=1

concluding the proof. 0

Remark 4.4. The proof of Theorem 4.3 shows that every L(u)-minimizer u is smooth on both sides
of J, away from spt y. More precisely, one can find a radius 7 > 0 such that if B,.(z) C Q\ spt u,
then B, (z) \ J, is made of at most three connected sets and v, = € in B, (z) for some smooth
function ¢. In each connected region of B,.(x)\J,, we have u = a*¢?/™ for some k € {0,...,m—1}.

Remark 4.5. When ( is simply connected but not convex, (4.4) still holds true if one adds the
condition T' C Q for the admissible sets for A(u). For minimizers, the set T' N 9 can then be
non-empty. The proof would follow the same lines as in the convex case using boundary regularity
of minimizers for the constrained Steiner and constrained minimal cluster problems.

Remark 4.6. Given a reference map w, which is an admissible competitor for L(u), we have
seen that any other competitor v can be written as u = (22:01 akfyp, )Ju, for some Caccioppoli
partition {Ek};c":_ol of Q. This allows to rephrase the minimization problem defining L(x) as an
optimal partition problem. Notice however that H'(J,) does not coincide in general with the
boundary length of the partition plus H'(J,,) since possible cancellations have to be taken into
account (see Figure 4).

4.1. Structure of A(y)-minimizers. We now move on to the study of the A(u)-minimizers.
In the case m = 2, it reduces to a variant of the classical minimal connection problem (see for
instance [BCL86]). We recall that if P := {py,...,ps} and Q := {q1,...,q4} are two sets of given
points in R?, then the length of a minimal connection between P and @ is defined as

d

malnkz:l 1Pk — Qo) 5

where the minimum runs over all permutations o of {1,...,d}.

Proposition 4.7. Assume that m = 2. Let p € Ag and T be a A(u)-minimizer. Then, T is made
of exactly d disjoint segments I'1,--- , Ty, and each Ty, Nspt p contains exactly two points {pg, qi}-
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FIGURE 4. Cancellations in the case m =2 (Ey = E, Ey = Q\ E).

In particular, Ty = [pk, qi] for each k, and H*(T) is the length of a minimal connection between
P= {p17"' 7pd} andQ = {n17"' aqd}-

Proof. Let T" be a A(p)-minimizer, and let us prove that every connected component I'y of T
contains exactly two points of spt y. It would obviously imply that each I'y is a segment, and that
H1(T) is the length of minimal connection by the definition (4.3) of A(u).

To prove the claim, we start with the following observation. By Theorem 4.3, we can find a map
u achieving L(u) and such that J, = I'. Then, consider an arbitrary open ball Ba,(z) C Q\ spt p.
Since v, = u? is smooth in that ball and deg(v,,dBs,(r)) = 0, we can find u, € C*(Ba,.(x);S)
such that u? = v,. Arguing as in the proof of Theorem 4.3, we infer that u = (xg — Xpe)us in
B, () for some set E having a minimizing perimeter in B,(z). By minimality, 0F N B, j5(x) =
Ju N Byja(x) = T'N B, ja(w) is smooth, and thus I' N B,./5(x) does not contain triple junctions.
Hence T is a finite union of segments, only intersecting at points of spt u.

Let us now consider I'y a connected component of I'. Assume by contradiction that there is a
point & € T'yNspt p such that J > 2 segments meet at = (if J = 1 for every point of I'y, Nspt p, then
there is nothing to prove). For j € {1,...,J}, let C; := [z, y;] be the segments in I'y, departing
from z. Denote by n; the number of points in sptpu belonging to the connected component of
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FiGURE 5. Construction of a competitor.

Ty \ {z} containing C; \ {z}. Notice that each n; must be odd (otherwise one could remove
the corresponding segment C; from T', thus contradicting minimality). Moreover, the cardinal of
spt uNTy is even, and since it is equal to 1+ Z;-]=1 n;, we deduce that J is odd. Hence J > 3, and
among the segments Cj, at least two of them are not collinear. Assume without loss of generality
that C7 and C5 are not collinear. Then we can replace C; and Cs by the segment [y7, y2] to obtain
a competitor with strictly lower length than I" (see Figure 5), which again contradicts minimality.
This establishes that J = 1, and concludes the proof. O

The case m > 3 is more involved, and it is no longer true that any A(u)-minimizer is a disjoint
union of d Steiner trees.

Proposition 4.8. Assume that d € {2,3,4} and m > d + 1. There exists u € Aq such that every
A(p)-minimizer is connected.

Proof. For clarity reason, we shall start by giving full details of the proof for d = 2 and m = 3. We
will then explain how to extend this construction to the other cases. Let Y7, Y5, and Y3 be three
equidistant points on the unit circle. The unique solution to the Steiner problem for connecting
these three points is given by the triple junction ¥. Given ¢ < 1, let {z1,...,2¢} be such that
(see Figure 6)

|z1 = Y1| = |22 = V1| = |23 — Ya| = |24 — V2| = |25 — V3| = |26 — V3| = €.

Consider the measure p. := 27 22:1 0z, , and let Iz be a A(pe )-minimizer. Set ¥, to be the union
of ¥ with the segments connecting each x; to the closest Y;. By minimality,

HYT.) < HY(Z.) < HY(D) + 6. (4.10)

If T is not connected, then it is has two connected components I'! and I'2, each of them containing
exactly three points among the z;’s. Then, at least one of the pairs {1, 22}, {x3, x4} and {x5,z6},
intersects both I'l and I'?, say {x1,72}. Up to a subsequence, we have that each 'Y converges to
a connected set I'* with I' := I'' UT'? admissible for the Steiner problem related to Y7, Y5 and Ys.
Therefore, by (4.10)

HY(D) > hmigml(ra) >HYT) > HY(D).
E—r
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it Zo Ty ()

FIGURE 6. An example of a connected minimizer with six vortices of degree 1/3.

Hence, the above inequalities are actually equalities and since
liminf #'(T'.) = HY(T'Y) + HY(I?),
e—0

we have H!(T' UT?) = HY(T!) + H1(I'?) so that T'' and I'? only intersect at Y;. We have thus
obtained a connected graph I' containing Y7, Y5 and Y3 but for which the degree of Y; is two. Since
Y is the only minimizer of the Steiner problem for (Y7, Ys,Y3),

HID) > H (%),

contradicting (4.10) for ¢ small enough.

FIGURE 7. Minimizers of the Steiner problem for the vertices of the square on the
left and of the regular pentagon on the right.

If now m > 3, we can repeat the same construction placing m — 1 points close to Y7, m — 1 close to
Y5 and two close to Y3 to construct an example where the minimizer is connected for 2m points.
For d = 3,4 and m = d + 1, the construction is similar to the case d = 2. For this we
let (Y1,...,Y,) be the vertices of a regular m—gone' inscribed in the unit circle and consider
(z1,...,Tmd) points such that for every k € [1,m], there are exactly d of these points at distance

IThat is a square if m = 4 and a pentagon if m = 5.
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¢ from Y. Let ¥ be the minimizer of the Steiner problem for (Y73,...,Y,,). Then, as for the case
d=2,
A(p) < HY(Z) + mde . (4.11)

As above, let T'c be a minimizer for A(u) and assume that it is not connected. Let T'. be the set
made of I'. and the union of the segments joining the points x; to the nearest Y. Since every
connected component of I'. contains a multiple of m points among the points x;, it must also be
the same for the connected components of fs. However, at the same time, it should also be a
multiple of m — 1 since each Y}, is connected to the m — 1 closest points x;. Therefore, fg must
be connected. Letting ¢ — 0, we obtain a set T which is admissible for the Steiner problem for
(Y1,...,Y,,) but for which at least one of the points Y has degree at least two. Since all the points
Y}, have degree one for the minimizer of the Steiner problem for the m—gone with m = 4,5 (see for
instance [DHW87] and Figure 7), we reach a contradiction with (4.11). The extension to d = 4,5
and m > d + 1 is obtained as before by placing m — 1 points z; at distance ¢ from d points Y} and
d points z; at distance € from the last Y. O

Remark 4.9. For m > 6, the solution of the Steiner problem for the vertices of a regular m—gone
is known to be the m—gone itself minus one of its side [DHW87]. For this reason our construction
does not work for d > 5. It would be interesting to understand if it is possible to find another
construction which works for every d € N.

In light of Proposition 4.8, one could conjecture that the maximum number of points that a
A(p)-minimizer can carry is equal to m(m — 1). However, as the following example shows, this is
again not the case.

Proposition 4.10. Assume that m = d = 3. There exists u € Aq such that every A(u)-minimizer
s connected.

Proof. The idea is to iterate the construction made above (see Figure 8). Let 1 > ¢ > §. We first
fix the points (Y7, Y2, Y3) as before and then choose the points (X7, X2, X3, X4) so that

|IXi — Y| =|Xo — V1| =|X5 - Y3 =Xy - Y| =¢,

and that all the angles are of 120°. Let (z1,...,zs) be such that each X}, is at distance ¢ of exactly
two x;’s and let finally zg = Y3. Let I' be a minimizer of the corresponding A(u). As above, by
comparing with a connected competitor, it holds

H'(T) < 3+4e+86. (4.12)

If T' is not connected, then it can have either two or three connected components. Arguing as
above, we see that the connected component containing g must also contain at least one of the
vortices close to Y7, say x1 and one of the vortices close to Y5 say xg. Let I'; be this connected
component. If I has three connected components, then each of them must contain exactly three
points. Up to relabeling, this means that I's contains x5, x3 and x4 and I's contains x5, z¢ and 7.
Letting X1 be the triple junction connecting xg, X7 and X3 (see Figure 8), we obtain that,

HUT) = HY(D)) + | X1 — Xo| + | X3 — X4| +O(5).

A simple computation gives |X; — Xo| = | X3 — X4| = V3¢ and H'(31) = 3 + € so that H*(T) >
34 (1+2v/3)e — O(4), which contradicts (4.12) for § and & small enough. The cases when ¥; must
be the triple junction connecting X5, xg and X3 or X;, xg and X3 can be treated analogously.

If now I' is made of only two components, then I'y must contain six points and the other
connected component I'y must contain the remaining three points. Without loss of generality, we
can assume that {1, x2, x5, 24, 28,9} CT'y and {x5, 2z, 7} C I's. Let Yo be the optimal Steiner
tree connecting X7, Xo w9 and X4 (see Figure 9). We then have

HYUD) = HY(D2) + | X4 — X3 — O(6) .
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g

Ty T3

FIGURE 8. An example of a connected minimizer with nine vortices of degree 1/3.

FIGURE 9. The set Xs.

In order to compute H'(X2), we notice that since at first order, it must have length 3, it must
have at least one triple junction. If it has only one, then we are basically back to the situation of
Figure 8. Otherwise, it has exactly two triple junctions and we can obtain H!(X3) by constructing
the two equilateral triangles X;X2S7 and X 2952 (see Figure 9) and computing the distance
515 (see [Pol78]). After some computations using for instance complex numbers, we find that
H(22) =3+ e+ o(e) so that

5
HYD) >3+ (2 + \/§> e+o(e) —0O(9),
contradicting (4.12) again. O

Remark 4.11. In light of these examples, it would be interesting to understand what is the
maximal number of vortices which can be carried by a single tree, given m > 3.

5. STRUCTURE OF MINIMIZERS AT SMALL ¢ > 0

The aim of this final section is to use the structure of the minimizers of the limiting functional
Fy,4 given by Theorem 4.3 to prove that minimizers of F807 , have the same structure for ¢ > 0
small enough. In turn, this gives an improved convergence result for minimizers as € | 0 (compare
to Corollary 3.4). Since we will use some tools developed for the analysis of the Mumford-Shah
functional, we will only focus on the sharp interface functional Fg g+ It would be interesting to
understand if similar results can be obtained for the “phase field approximation” F!.
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As in the previous section, we shall assume that 2 is a convex domain. The main results of
this section can be summarized in the following theorem. We recall that the L'-convergence of
minimizers of FEO}“ , towards minimizers of Fp 4 is given by Corollary 3.4.

Theorem 5.1. Let e, — 0, and let uy, be a minimizer of Fgohg over G4(Q). Assume that up — u
in LY (Q) as h — oo for some minimizer u of Fy 4. Setting p := curl j(u™), for every o > 0 small
enough, and every h large enough, the following holds:

(i) Ju, \ Bs() is a compact subset of Q\ By (1) made of finitely many segments, meeting at
triple junctions.

(it) up € C®(Q\ (Bo () U Jy,)) and uy, = g on OS2
(11i) If By(x) C Q\Bo (1), then there exists o, € BV (B, (x); Gp,) such that up/¢p € C(By(x)).

In addition,

(iv) Ju, converges in the Hausdorff distance to J,.

() up, — u in CE(Q\ J,) N CLY(Q\ Ju) for every k € N and a € (0,1).

loc
(vi) If By(x) C Q\ Bos(1), then there exists ¢ € BV (B, (x); Gy) such that un/dn — u/d in
CE _(B,(z)) for every k € N.

Remark 5.2. In the proof of Theorem 5.1, we are actually going to prove a stronger result on the
structure of wuy, (see Section 5.1). As a consequence, it solves in 2\ B, () the Ginzburg-Landau
system with free discontinuities

1 .

—Aup = (1= [un[)un 0 Q\ (Bo (1) U ),
h

()™ = ()™ on Ju, \ By (1) ,

Up =4 on 0N).

Remark 5.3. As a consequence of items (iii) and (vi) above, we have p(uy) € C*°(Q\ B, (u)) for
h large enough, and p(up) — u™ in CF (Q\ B, (1)) N CH*(Q\ B, (p)).

Remark 5.4. In the case m = 2, J, is made of d disjoint segments connecting points of spt p,

see Proposition 4.7. In particular, J, contains no triple junctions. Concerning the minimizer uy
of F?

.9’ T
connecting components of B, (p).

it implies that (for h large enough), the set .J,, \ B, (1) is made of d disjoint segments

Remark 5.5. Let us notice that in the case deg(g,9€?) = 0, Theorem 5.1 shows that for € small
enough, the minimizer of Fg o 1s unique and smooth, i.e. there is no jump set, and it coincides with
the unique minimizer of E. over W;-*(Q) (see [YZ96]). For the classical Mumford-Shah functional,
similar results were obtained using calibration methods [ABDMO3] (see also [Fus03, Th. 3.1] for a
simple proof originally due to Chambolle).

Remark 5.6. Theorem 5.1 does not provide regularity results near spt u. Nevertheless, repeating
verbatim the proof of [BL14, Theorem 3.1], one can prove that for every ¢ > 0 and every minimizer
u of F?,, the jump set is essentially closed, that is #'(J, \ J,) = 0. Since Q@ C R?, the proof of
this result only requires the simplest forms of [BL14, Lemma 2.3 & Lemma 2.4].

Remark 5.7. It would be interesting to study the behavior of the minimizers uy close to the
vortices, i.e., in B,(p). One could expect that there is only one point in each component of
B, (u) where uy, vanishes, and that the jump set of wy, is a union of Steiner trees connecting those
zeroes in the spirit of the A(p) minimization problem. In this direction, a first step may consist in
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understanding the optimal profile problem

’Y#z(&R) = min{Ea(P(u)7BR) +H(J, N BR) — %bg? :
u € G(Br), P(u)(z) = %(é, M) on 8BR} .

Considering a solution u of this problem, one may ask if |u| is radial, increasing, vanishing at the
origin, and if J, is just a segment joining the origin to the boundary. It seems to be a difficult
question since it combines both issues related to the presence of an expected singularity in the
jump set in the spirit of the so called crack tip (see for instance [Dav05]) for the Mumford-Shah
functional, with the fact that P(u) should have the same regularity as minimizing harmonic maps
with values into the singular cone A/. Such harmonic maps satisfy non standard elliptic equations,
and are usually more singular than minimizing harmonic maps with values into a smooth target
[GS92, Ling9, HL93, AHL17]2.

5.1. Sketch of the proof of Theorem 5.1. Before starting the proof of Theorem 5.1, let us
explain the strategy. Away from spty, the limiting function v, is smooth. Therefore, if we consider
a small enough ball B, (x) outside B, (i), then the oscillation of v, on this ball is very small. By
the strong convergence in W'2(B,.(x)) of vj, to v, (recall Theorem 3.2), this will still be true for
vy, on OB,.(z) (actually, on dB,, () for some p; ~ 7). Hence?, we can find g, € W12(9B,(z))
such that p(gp) = v, on OB, (x). Considering wy, a solution of the Ginzburg-Landau equation

{ —Aw;, = Eh%(l—|wh|2)wh in B(z)

5.1
wp = gn in0B.(z), (5-1)

we aim at proving that in B,.(z), up = (ZZ:Ol akXE};z) wy, where the E¥ are pairwise disjoint and
satisfy (up to a relabeling)
(i) if B.(z) N J, = 0, then EY = B,.(z) i.e. up, = wy, in B.(z);
(ii) if By (x)NJy is a segment then up, = (X o +ak(1—xE2))wh for some k # 0 with OE)N B, (z)
a segment;
(iii) if By(2z)NJy contains a triple point then u, = (xgo +ak1XE:1 +ak2xE}2l)wh with 0 < k1 <
ko <m —1and OE) U 8E,]fl U 8E’,§2 a triple junction in B, (x).
In order to show that indeed wuj; is of this form, a powerful tool that we introduce in the next
section is the Lassoued-Mironescu decomposition argument [LM99] which allows to conveniently
split the energy into a Ginzburg-Landau term and a Mumford-Shah type energy.

5.2. Ginzburg-Landau minimizers and energy splitting. In this section, we consider a radius
r > 0, a sequence &, — 0, and a sequence of boundary conditions {g,} € WH2(dB,.) N L*>°(dB,)
satisfying
lgnllL=(0By) <1, (5.2)
1
/ 10-gn)? + — (1 — lgn|?)? dH' < C, (5.3)
dB, €h
for some constant C' > 0 independent of €;,. We further assume that
gn — g« uniformly on 0B, as h — o0, (5.4)
for some g, € W12(9B,;S') satisfying
deg(gs,0B,) =0. (5.5)
2quoting [Lin89]: ”Unfortunately, the equations satisfied by s and u are so bad that no existing result can be
applied “.

3Notice that actually, some care is needed in the choice of g; to guarantee that no jump is created at the

boundary.



48 MICHAEL GOLDMAN, BENOIT MERLET, AND VINCENT MILLOT

From this last assumption, we can write g, = e+ for some harmonic function Py € Wl’Q(BT)
(which is unique up to a constant multiple of 27). As in [BBH93], the map

w, = e € W*(B,;S')

is the unique solution of the minimization problem

min /|Vw|2dx. (5.6)
Wy (B,381) J B,

We are now interested in the minimization problem

min  E, (w,By). (5.7)

weWy;?(By)

We recall that minimizers of (5.7) are in particular solutions of (5.1). We shall make an essential use
of the following proposition. It constitutes a slight extension of [BBH93, Theorem 2] to the case of a
boundary condition which merely belongs to W2(9B,.). Since the estimates obtained in [BBH93,
Theorem 2] only depend on the W12(dB,.) bounds satisfied by g, the proof of Proposition 5.8
readily follows from [BBH93, Theorem 2] together with an approximation argument (to regularize
the boundary condition).

Proposition 5.8. Assume that (5.2), (5.3), (5.4), and (5.5) hold. There exists {wy} C W12(B,)N
C°(B,) N C>(B,) such that wy, solves (5.7), and

wp, — w,  strongly in WH%(B,),
lwp| = 1 uniformly in B, ,
Wy — Wy N C’ff)C(BT) for every k € N.

For the rest of this subsection, we still denote by wy, a solution of (5.7) obtained from Proposition5.8.
We continue with a very useful energy decomposition, originally introduced in [LM99].

Lemma 5.9. Let u € G(B,) N L*°(B,) be such that p(u) = p(gn) on dB,. For e, small enough,
we have u = wp@ for some ¢ € G(B,.) N L>®(B,.) satisfying p(¢) =1 on 9B,

|wp|*

By (P, B,) = Eey . B+ 5 [ PIVl 4 (1 6+ i (p(6) ) d, (59

2

r

and H'(J, N B,) = H'(J, N B,.).

Proof. By Proposition 5.8, we have |wy,|? > 1/2 for &5 small enough. Setting ¢ := u/wy,, we have
¢ € SBV%(B,) N L>=(B,) and P(¢) € W12(B,), thus ¢ € G(B,) N L>=(B,). Since |wy|? and |¢|?
belong to W2(B,.), by chain rule we have

1 . . .
Vul* = [P [Vwnl* + [w* VS + 5V (I61) - V(|wnl?) +25(¢) - j(wn) ae. in B,.
Recalling that mj(¢) = j(p(¢)) (see Lemma 2.3), and since |¢|? = |p(¢)|?, we obtain

Ve = [ Ip@) PVl + s PITOR + 5T (p(@)P) - Vi) + i (0l0) - i(n) do.

' (5.9)
Testing equation (5.1) with |p(¢)|?wy, € W12(B,), we derive

| P + 59 (p(@)F) - V(wn ) de

r

1
_ auwh-whd’}-[l—i—/ L0 o) el p(e) P de,  (5.10)
9B, B, €h
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where the first integral in the right hand side is understood in the W—1/22 — W1/2.2 sense. Here
we have also used the fact [p(¢)|?> = 1 on 9B, (so that |p(¢)|?w, = wy, on dB,.). Testing now (5.1)
with wy, yields
dywy, - wp, dH = / |V, |* — iz(l — |wn|?)|wp|? d .
4B, B, €h
Putting together this identity with (5.9) and (5.10) leads to

2 1 22 g 2 2 2, 2. o
[ (=l e = [T IV 4 5 (0() - n)
11
# 2 [0 PR = (0 = nf?+ (1= s P Plp(@) | .

In view of the algebraic identity

1 1 4
5(1 —a*h?)? — (1 —a*)a® + (1 — a®)a’h? = 5(1 —a*)? + %(1 —b?)?  fora,b>0,

we have obtained

1 1
5/3 |Vul? + ?(1 — [u*)?dx = E., (wp, B,)
r h

1 4 9
+ 9 /Bw {|wh|2|v¢|2 + 1;:% (1-— |¢|2)2 + a](p(¢)) J(wh)} do .

Finally, since w;, € W12(B,) we have J, N B, = JsN B, (up to an H!-null set), and the conclusion
follows. O

We now use Lemma 5.9 to derive a a lower bound on the energy. In particular, we want to be
able to control the last term in (5.8), which is the purpose of the following lemma.

Lemma 5.10. Assume that

/ |Vwy|? dr <6, (5.11)
B,
and
1— 212 1/2
r1/2 (/ \3Tgh|2 + ( 2|€g2h‘ ) d’H1> <4, (5.12)
B, h

for some constant 6 > 0. Then there exists a universal constant C, > 0 such that
[ (@) itw)ds
B,

for every ® € WY2(B,.) satisfying ® =1 on 0B,..

< 0*5/ VO d
B,

Proof. Rescaling variables we may assume that r = 1. Arguing by approximation as in Proposi-
tion 5.8, we may assume that wy is smooth.

First, using equation (5.1) we derive that div j(wp) = w, A Awy, = 0. By Hodge decomposition,
we can find a smooth scalar function H such that j(wy,) = VX H. Notice that H is defined up to
an additive constant that we shall fix later on.

By approximation, we may assume that the test function ® is smooth. Since ® is constant
on 0By, the vector field j(®) satisfies j=(®) - v =0 on dB;. Since curl j(®) = 2det VO,

/Blj(tb) - j(wn) da = —/Bl JN®) . VHdr = —/ 2H det(VP) d .

B

We may now estimate

/ J(®) - j(wn) dz
B

< / H|| VP dr < ||H| 1~ () / VP de,
B1 Bl
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and we are left to prove that ||H || (p,) is controlled by §. We consider the function H; solving

AH; =2det(Vwy) in By,
{Hl =0 on JB1,
and set Hy := H — Hy. Then, Hs is harmonic in B since
AH, = —divj* (wp,) — 2det(Vwy,) = curl j(wp,) — 2det(Vwy) = 0.
In addition,
0,Hy=0,H=—v-j(w,) ondBy. (5.13)

Thanks to Wente’s estimate (see [Wen69] or [BC84, Lemma A.1]), there exists a universal constant
Cy > 0 such that

[HillLoe () < Cu/B |Vwp|? dz < Cyd .
1
Moreover, by the maximum principle,

inf H, = inf H, and sup Hy =sup H».
B, OBy By 0By

We now fix the additive constant for H so that supp, Hz + infp, Ha = 0. This yields
1 1
Hs||poo(py = = |sup Hy — inf Ho| < = 0, Hs| dH?!.
ol = 5 st = it 12| < 5 [ oot

Recalling that |wp| < 1, we have by (5.13) |0, Ha| < |wp||0vwr| < |O,wp], so that by Cauchy-

Schwarz inequality,
o 1/2
| Hall 1o (By) < I (/ 8,,wh|2d7-ll> .
8B,

Let us now recall that the Pohozaev identity applied to equation (5.1) (see e.g. [SS04, (5.2)]) leads
to 2\2 212
1- 1—
[ AR [ g+ L
By €h 9B, 2ej,
Hence,

_ 212
/ |0y w|? dH* </ |0, wp |* + % dH*,
9B OB, 23

which then implies

o (1 — |wp|?)? Y2 (512) /27
HHQHLoc(Bl) < T (/ |8—,—wh|2+22d7-[1> < T(S
9B, €h

The conclusion now follows with C, := Cy + V27 /4. O

Combining Lemma 5.9 and Lemma 5.10 yields the following lower bound for the energy.

Proposition 5.11. Let C, be the constant given by Proposition 5.10, and let 6 > 0 be such that
C.6 < 15 For ey small enough, if wy, satisfies (5.11) and (5.12), then

1
F%(u, B,) > E., (wn, B,) + 3 / |Vé|> dr +H' (T, N B,) (5.14)
B,

for every u € G(B,)NL>(B,) satisfying p(u) = p(gn) on IB,, where ¢ := u/wy, € G(B,)NL>(B,).

Proof. By Proposition 5.8 and Lemma 5.9, identity (5.8) holds and |wp|? > 1/2 for &, small
enough. Applying Lemma 5.10 with ® := p(¢), we derive that

1 1 1
E.,(P(u).B,) > E-, (wn. B,) + + / VP + Lo (1 [g2)? de — —— / Vp(9) d
1)y 12 8m? g,

By Lemma 2.3 we have

1
o [ 1T dr < [ vR@)Pdr= [ 9ofdr,
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and the conclusion follows. O

Remark 5.12. Under the assumptions of Proposition 5.11, we can obtain that the minimizer of
(5.7) is unique. Indeed, any solution wy, of (5.7) satisfies ||wy||z(p,) < 1 by minimality. Applying
(5.14) to wy, then yields

~ 1
E., (Wn, By) 2 E., (wh, B.) + g/ |V¢|2 dzx
B,

with ¢ := wp,/wy,. Since E., (Wp, B,) = E., (wp, By), we deduce that ¢ = 1, that is wp = wp. A
similar idea was used in [FM13] to prove uniqueness results, extending those from [YZ96].

5.3. Proof of Theorem 5.1. This section is devoted to the proof of Theorem 5.1. We fix a
sequence ¢, — 0, and minimizers u; of Fgoh’g over G,(£2). We assume that u, — u strongly in
L'(Q)) as h — oo, where u is a minimizer of Fy, over £4(2). We recall that by Theorem 3.2
vp = p(up) — u™ strongly in WHP(Q) for every p < 2 and in W,.*(Q \ spt ), where p :=
curl j(u™) € Ay. According to Section 4, the compact set I' := J, C Q is a A(p)-minimizer in
the sense of Definition 4.1, and thus a union of at most d Steiner trees. We denote by T' C ) the
(finite) set of Steiner points of I"\ spt u, i.e., the triple junctions of I" away from spt u. We finally
recall that u € C*(Q\T), u = g on 9, and that u™ = v, € C>(2\ spt p).
Writing spt pp =: {z1,...,Zma} and T := {y1,...,yq}, we now fix o9 > 0 satisfying

1
op < 5 min { r]?;lérll |xe — 2] ,rl?;lérll lye — yi| , dist(T, 99) , dist (T, spt ,u)} ,

and we set for o € (0, 09),
Ko = Vvl @\B, 1)) - (5.15)

Moreover we fix the positive constant ¢ to be

§ :=min {1/(4y/7m),1/(16mC.)} ,
C, being the constant given by Proposition 5.10. For o € (0, 0¢), we finally set
. (O )
To 1= mln{ﬁ, 8\/7?7[(0} .
Theorem 5.1 is a consequence of a covering argument combined with Proposition 5.13, Proposi-
tion 5.16 and Proposition 5.18 which respectively give the structure of u, away from I', close to T’
but away from the triple junctions and at the triple junctions.

5.3.1. Smoothness and convergence away from T.

Proposition 5.13. Let o € (0,00). For h large enough, u, € W, *(Q\ By(T')) and uj, minimizes
E., (-,Q\ B, (")) under its own boundary condition. In addition, u, € C*°(Q\ B, (T)) and uj, — u
in CH*(Q\ B,(T)) and CE_(Q\ B,(T)) for every a € (0,1) and k € N.

loc

The proof of Proposition 5.13 is a direct consequence of Lemma 5.14 and Lemma 5.15 below,
together with a suitable covering argument.

Lemma 5.14. For o € (0,09), let 7 € (0,7,) and xog € Q be such that Ba.(z9) C Q\ By (T).
For h large enough, up, € WY2(B,.(x0)), and uj, minimizes E., (-, B.(x0)) under its own boundary
condition. In addition, u, € C°*°(B,(xo)) and u, — u in CF (B, (z0)) for every k € N.

Proof. Step 1. Without loss of generality, we may assume that o = 0. Set

1
Th ::/ \Vop, — Vo2 + |op, — v, [? dz + 5 / (1 — |up|?)? de.
BZT 28h BQT

By Theorem 3.2 and Corollary 3.4, 75, — 0 as h — oo. Since I' N By, = (), (3.9) shows that
H'(Ju, N Bay) < g (5.16)
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for h large enough. From now on, we assume that (5.16) holds.
By the coarea formula (see [Magl2, Theorem I1.7.7]), we have

2r

HO(Jy, NOBy)dt < H*(Ju, N Bay) <

3
N3

Setting
Ay = {t € (r,2r): Jy, NOB; = @},
we deduce that H'(Ap) > r/2. Notice that u, 0B, € W12(9By) for a.e. t € Ay,. Since

1
/ / \Vop, — Vo2 + Jon — v > + == (1 — [ua|?)? dH| dt <y,
A, Lo, 2ep?

we can find a radius p, € Ay, such that u,L9B,, € W'*(9B,,; C) and
2 2 1 22 1 20h
|Vup, — Vo, |= + |vn, — vy +272(17 lup|®)dH™ < —. (5.17)
aBPh Eh T
By definition of p, |Vup| < |Vug| and thus

/{)B Vun|? dH! < /B Vo dH! < 2/ Von — Vo2 dHE + 4mpn [ Vo, |2 5,
Ph

OB

Ph Ph

4
<y SarK2
.

which leads to

1/2
1
oy (/ wh|2+2€h2(1uh|2)2d7¢1> <6 (5.18)

By,

for h large enough since pp < 2r,.

Step 2. We select a subsequence such that p, — p € [r,2r]. Define gp(x) := up(ppx) for x € 0B;.
Then g5, € WH2(9B1) N L*>°(By) satisfies |gx| < 1, and

1 1/2
(/ |0-gn|* + ez (1= |gh|2)2d7-l1> <4, (5.19)
B4 €h
where &, := ep/pn. Extracting a further subsequence if necessary, we may thus assume that

gn — g« uniformly of dB; for some g, € W2(9By;St). Estimate (5.17) yields
g7 (z) = lim p(gp)(x) = lim vp(prx) = vu(pzr) VYo € 0B;. (5.20)
h—o0 h—o0

Since deg(vy,0B,) = 0, we deduce that deg(g.,0B1) = 0. We are now in position to apply
Proposition 5.8 to produce minimizers wy, of Ez, (-, B1) over W;}?(Bl). Then wy, — w, strongly
in W12(B;) where w, is the unique solution of (5.6). We claim that

w'(z) = vu(px) Vo e By.

Indeed, recalling (2.14), v, (px) = €™¥»(®) for x € By and a smooth harmonic function 1, (which

is unique up to a constant multiple of 27). Moreover, w, = e+ for some harmonic function

0. € WH2(By). In view of (5.20), we have mep, = 1, + 2k on dB; for some constant k € N. By

uniqueness of the harmonic extension, we infer that mey, = v, + 2k7 in By, and the claim follows.
As a consequence of this last identity, we deduce that

1 Anr?KZ 6
/ |Vw, |? de = —/ |Vv,|? do < T 2o < 2,
B m2 BP;L m2

Since wy, — w, strongly in W12(By), we thus have for h large enough

[\]

/ |Vwy|? de < 6. (5.21)
B1
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Step 3. Let us define wy () := wy(x/pn), and consider the competitor u;, € G4(£2) given by

R up, nQ\B,,,
Up = =N
Wy, in By, .

By minimality we have FY,  (us) < F2 (tp), and since Jy, N OB, =0, we deduce that

€h,9 €h,

Ff?h (uh7 Bph) < EE;L (ﬂ}\hv BP;L) .
Setting up (x) := up(ppr) and rescaling variables, we obtain
Ez, (P(un), Br) + pnH' (Ja, N B1) < Ez, (wn, B1). (5.22)

In view of (5.19) and (5.21) (and our choice of §), we can apply Lemma 5.9 and Proposition 5.11
to derive that

Ez, (P(un), B1) + pnH'(Ja, N B1) = Ez, (wp, B1) + %/B IVon|* dx + pnH' (Js, N B1)  (5.23)

1
for h large enough, where ¢y, := up, /wy, satisfies ¢, = 1 on 9B;. Putting (5.22) and (5.23) together
leads to fBl |Von|?de = 0= H(J4, N Bi), and thus ¢, = 1. In other words, Uy, = wy, for h large
enough.

Scaling back to the original variables (and recalling that u, — u in L(Q)), we conclude from
Proposition 5.8 that for h large enough, u;, minimizes E., (-, B,.) in W2(B,.) under its own bound-
ary condition, u, € C*°(B,.) and uj, — u in Cf _(B,) for every k € N. Since the limit is unique, we
deduce that these facts actually hold for the full sequence (and not only for a subsequence). O

The next lemma is devoted to smoothness and convergence of uy, near the boundary of €. Since
01 is assumed to be smooth, we can find a radius ro > 0 such that

HY NN B, (x)) <3r Vre (0,rq), Vo € Q. (5.24)

For the sake of variety, in the proof below, we do not use the energy splitting argument. Notice
that, either way, it could be possible to adapt this alternative argument to prove Lemma 5.14, or
to adapt the energy splitting approach to treat boundary points.

Lemma 5.15. For o € (0,0¢), let r € (0,min{r,,rq}) and o € Q. For h large enough,
up, € WH2(By(20) N Q) with up, = g on QN B,.(z0) and up, minimizes E., (-, B.(x¢) N Q) under
its own boundary conditions. In addition, u, € C°°(B,(z0) N Q) and up, — u in C’llo’co‘(Br(xo) nQ)
and CF (B, (x0) N Q) for every a € (0,1) and k € N.

loc

Proof. Without loss of generality, we may assume that zg = 0. As in the proof of Proposition 5.14,
it is enough to find py, € (r,2r) such that (5.18) holds (with 0B,, N in place of 0B,,), Ju, N
(B,, NQ) =0 (so that up, € WH2(B,, NQ)), and up, = g on QN B,,,
for any w € W2(B,, ), one can consider the competitor iy, € G4() given by U, = w in B,, N9,

and Uy, = uy in Q\ B, . By minimality, F?, (us) < FY, ,(Uy), which then leads to

for h large enough. Indeed,

E., (up, B,, N Q) = F? (up, By, NQ) < F2 (w,B,, NQ) = E., (w; B, NQ).

Hence uj, minimizes E., (-, B,,) in W'2(B,, N ) under its own boundary condition. Then the
remaining conclusions follow from [BBH93] (see also [BBH94, Theorem A.3]) together with the
fact that uj, — u in LY(Q).

We select the radius p, by repeating the Fubini type argument used in Step 1 of the proof of
Proposition 5.14. The main additional point is to select pp so that uj belongs to WL?(aB,,h nQ)
with u, = g on 0B,, N 0. This is possible via the coarea formula since (3.9) implies that for h
large enough

H' (Juy, N Bar N Q) + H ({up, # g} N 02N Bay,) <

N3
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By our choice of pj,, the map g;, defined by gy, := uy, in B,, NS}, and gy, := g in B,,, N2, belongs
to Wh2(9(B,, NQ)). In view of (5.18), for h large enough we have |g,| > 1/2 on 9(B,, NQ), and

1/2
osc  gn < (HA(B,, NQ))"* (/ |8Tgh2d’H1>
o(

(B, NQY) By, NQ)

0,9 dH" + /

8B, NQ

1/2
|Vuh2d?{1>

@/ﬂ(/

B, N0Q
(5.15),(5.24)&(5.18) 1/2
< V27 pn (30 K2 + 6%/ pn) /
< Vo (67“2K3 +4%) Yz
1

< —.
= om

Rotating coordinates in the image if necessary, we may assume that ¢, (0) = 1, which in turn yields

1
p(gn(2)) =1/ <5 Yo €0(B,, NQ). (5.25)
We claim that
min G.,(v,B,, NQ) = min E., (u,B,, NQ). (5.26)
UEWI’I(:h)(B’JhﬂQ) uewaﬁ,z(Bpth)

Before proving this claim, let us show how (5.26) leads to the conclusion. By minimality of uy,
(and our choice of py,), we have

. . 0
min E.,(u,B,, NQ) = nin F;, (u,B,, NQ)
u€Wy,”(By, NQ2) uEW,,”(By, N2)

> FD, (u, By, 092) + H! ({u# g1} N 0(B,, n€) }

min { s
u€Gy, (Bp, NQ) '

= GEh(Uh7BPh n Q) + Hl(‘]uh N (Bph N Q))
+H' ({un # g} N (02N B,,))

> | Inin G, (v,B,, NQ).
ueWpigh)(Bph nQ)

Then, (5.26) implies that all the inequalities above are in fact equalities and as a consequence
H (Ju, N (B, NQ)) +H ({un # g} N (02N B,,)) =0.

Hence J,, N (B,, NQ) is empty, and up, = g on 0NN B,,,.
In view of the above chain of inequalities, to prove (5.26) it is enough to show that

min G.,(v,B,, NQ) > min E., (u,B,, NQ). (5.27)
veWS(’;‘;h)(BF,h nQ) weWh?(B,, NQ)

We consider 7 a minimizer of the left-hand side. To establish (5.27), it is enough to construct
w e W, *(B,, NQ) satisfying p(@) = © since, in this case, Ge, (T, By, NQ) = E, (4, By, NQ). Let
IT : C — C the map defined by II(z) := |Re(z)| + ilm(z). By (5.25) we have II(p(gn)) = p(gn)
and II(7) € W;(’fjh)(Bph N Q). In addition, G, (II(v), B,, N Q) = G, (v,, B,, N ). Replacing v
by II(?) if necessary, we may thus assume that the real part of v is nonnegative in B,, N Q. Now,
let us introduce the map q : C N {Re(z) > 0} — C defined by q(z) = |z[e?/™ for z = |z|e?
with 6 € [—7/2,7/2]. Then, q is Lipschitz continuous left inverse of p. In view of (5.25) we have
a(p(gn)) = gn, and as a consequence U := q(7) € W,,?(B,, NQ) with p(u) = 7. O
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5.3.2. Smoothness and convergence away from triple junctions. We continue our asymptotic anal-
ysis by considering the local behavior of uj near I', but away from T U spt p. In the statement
below, we understand the convergence of half spaces in the sense of local Hausdorff convergence.
Let us write

Cm =1 —al?.

Proposition 5.16. For o € (0,09), let r € (0, min{r,, ¢, /32}) and xg € T'\ B, (T Uspt u). For h
large enough, there exist a half space Hp, and k € {1,...,m —1} such that up, =: (xu, —|—akXHﬁ)wh
with wy, € WY2(B,.(z0)), and wy, minimizes E., (-, By(x0)) under its own boundary conditions. In
addition, wy, € C*®(By(z0)), Hn — H for some half space H satisfying O0H N By (z¢) = I'N By(z0),
and w, — (xg +a Fxge)u in CL (B, (x0)) for every £ € N.

loc

Proof. Step 1. Once again we may assume that xo = 0. We follow the strategy used in the proof
of Lemma 5.14 considering

1
9 2 2\2
o= [V = Vot o =P ot o [ (= e — 0.

57 57

By Theorem 3.2 and Corollary 3.4 we have (3.9), and thus H*(J,, N Bs,.) — HY(I' N Bs,.) = 10r.
As a consequence, H(J,, N Bs,) < 117 for h large enough, which in turn leads to

5r
HO(Jy, NOBy)dt < H'(Ju, N Bs,) < 11r. (5.28)

Setting
Ap = AQUALUAZ with Ak .= {t € (r,5r) : HO(Ju, N OB,) = k} ,

we infer from (5.28) that H!(A,) > r/3 for h large enough. Notice that u, € W12(9B,) for a.e.
t € A), and uy, € SBV?(0B,) for a.e. t € A} U A7.

We claim that H'(AY) < r/6 for h large enough. Indeed, assume by contradiction that H'(A%) >
r/6 for some subsequence. Then, we could apply the proof of Lemma 5.14 (choosing a good radius
pn € A(,)L) to infer that u, is smooth in B, for h large enough, and thus that J,, N B, = 0.
However (3.9) tells us that H!(J,, N B;) — 2r as h — oo, a contradiction. We have thus proved
that H'(A} U A2) > r/6 for h large enough. Now we claim that for h even larger, we have
H'(A}) < r/12. By contradiction again, assume that H'(A}) > r/12 for some subsequence.
Then, we can find a good radius p;, € A} such that uj, € SBV?(9B,,) and

(1 — |up?)?dH* <

12
% . (5.29)

2 2

/ (Vo= Vol o =
By our choice of py, there is a single point =, € 9B, such that up, € W2(0B,, \ {z}). Rescaling
variables if necessary, we may assume without too much loss of generality that the radius pp, = p
is independent of h. By (5.29), v;, — v, uniformly on 0B,. As a consequence, |uy| = |vp| > 1/2
on dB,, and deg(vy,,0B,) = 0 for h large enough. In particular, we can write u, = |uy|e’®"
on 9B, \ {z} for some @, € WH2(dB,, \ {zn}). Let ¢F be the traces of ¢j, at x;. Since
vy, = |uple™™?n € WH2(9B,), we have m(p) — ;) = 2rdeg (v, 0B,) = 0. Hence ¢; = ¢; , which
yields ¢, € W%(9B,,). We obtain that u, € W?(dB,,) contradicting our choice p € Aj}.

We may now assume that h is sufficiently large so that H!'(A}) > r/12. Arguing as in the
proof of Lemma 5.14, we select a good radius p,, € A? so that u, € SBV?2(dB,,) and (5.18)
holds together with (5.29). Here again we shall assume for simplicity p, = p is independent of h
(otherwise we rescale variables as in the proof of Lemma 5.14). We write {zp,yn} := Ju, N OB,,
and then C} and C} the two (open) arcs in B, joining zj, and yj,. As above, we infer from (5.29)
that |up| = |vp| > 1/2 on 0B, and deg(vy,,0B,) = 0 for h large enough. Since u;, € WI’Q(C;»‘) for
j = 1,2, we deduce that there exist ¢}, € W1h2(Cl) such that uy = |uh\ei9"{t on C!'. Denote by ot
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the trace of 90{; at xp, and cp{L’Q the trace of goi at yp,. Since v, € WH2(9B,), and vy, = \uh|eimﬂpi
on C}', we obtain the relation

m(ppt —pt) =2k} and m(pp” —¢,”) = 27k}

for some k', kI € Z\ {0}. Define kj, € {1,...,m — 1} to be such that a*» = e2mks/m and consider

the map
Up, in C{L s
gn =

a~Fry;, in Ch.

By construction we have p(gn) = v;, and g, € WH2(0B, \ {z,}). However, since deg(vp,,dB,) = 0,
we can argue as above (when proving that H'(4}) < r/12) to show that g, € W?(9B,). In
addition, (5.18) yields

1/2

1— 2\2

p'/? (/ |0-gn|* + % d?-l1> <. (5.30)
h

,
We also notice that |gal/L~(p,) < 1 since [up| < 1.

Step 2. Define Hj, to be the half space containing C* and such that x,,y; € OHj). We claim that
kn =k e {l,...,m—1}is independent of h for h sufficiently large, that H, — H for some half space
H such that T NdB, = 0H N dB,, and that g, — g, uniformly on 9B, where g, € W'%(9B,;S!)
is given by

w  indB,NH,
gy = { d (5.31)

a*u indB,\ H.

First observe that lim inf}, |2, —yx| > 0. Indeed, if for some subsequence we have |z —y,| — 0, then
either x, — 0in L'(9B,) or xge — 0in L'(9B,). Assume that xze — 0 in L'(0B,) (the other
case being analogous). From Proposition 5.13, we infer that up — u in LI(GBP), so that g — u
in LY(8B,). In view of (5.30), we deduce that u belongs to W12(9B,), a contradiction. Next, by
Proposition 5.13 again, u, — u in C{ (0B, \ T'), which now implies that {z;,yn} — ' N 9B, as
h — co. Writing I' N B, =: {z,, ¥}, we may assume that x5 — z, and ys — y,. In the same way,
we may assume that C}' — C; where C; is an arc of 0B, joining x, and y,. This clearly implies
that H, — H where H is the half space containing C; and such that z,,y, € 0H. In view of
Remark 4.4, there exists a unique k € {1,...,m — 1} such that the map defined in (5.31) belongs
to W12(dB,). Combining this fact with (5.30) and the convergence of uy;, toward u in L'(0B,),
we deduce that gn, — g, uniformly in 0B,, and that kj, = k for h large enough.

Since gi* = u™ = v, on 0B, and deg(v,,0B,) = 0, we derive that deg(g.,0B,) = 0. We
can now apply Proposition 5.8 to produce minimizers wy, of E., (-, B,) over Wy.?(B,). Then
wy, — wy strongly in W12(B;) where w, is the unique solution of (5.6). Arguing as in the proof
of Lemma 5.14 (Step 2), we obtain that w]* = v, in B,, which leads for h large enough to

/ |Vwp|? de < 6. (5.32)
B

Step 3. Consider the competitor 4y, € G,(£2) given by
=R Up, in Q\ B,,
Up ‘= & .
(X, +a%xmg)wn in B,.

By minimality we have F?, (us) < FY, ,

(up), and since Jy, N 0B, = {xp, yrn}, we deduce that

Fsoh(uh’BP) < Feoh(ahvBﬂ) = Ef‘:h(wh7BP> + Ly, (5'33)
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where Ly, := |z, — yn|. Since p(up) = p(gn) on 0B, and in view of (5.30) and (5.32) (and our
choice of 0), we can apply Lemma 5.9 and Proposition 5.11 to derive that

1
th(uh’Bﬂ) > E‘Sh(whvBP)Jr g/ |v¢h|2 dI+H1(‘]¢7h mBP)v (5'34)
BP

where ¢p, 1= up/wy, satisfies ¢p, = xm, + akXH’LL- on 0B, (and thus p(¢n) = 1 on 0B,). Putting
(5.33) and (5.34) together leads to

1
Ly > g/ \Von|* dz + H (T, N B,). (5.35)
BP

Let us now prove that
H (Jy, N B,) = Ly, (5.36)

Up to a rotation, we assume that xp = (a,t) and yp, = (b,t) with b —a = L;. For s € (a,b), we
write V; := {s} x R. Now, assume by contradiction that H'(Js, N B,) = L, —~ for some v > 0.
Then we infer from the coarea formula [Magl2, Theorem IL.7.7] that

b
L, —v=H"(Jy, NB,) > / HO(Jg, N B, N Vy)ds. (5.37)

Set A, = {s € (a,b) : Jy, N B, NV, = (Z)}, and recall that ¢, € WY2(B, N V) for a.e. s € Ay,
From (5.37) we deduce that Hl(ﬁh) > v. Since, ¢p = xm, + akXHﬁ on 9B, we have ¢, =1 on
Ch NV, and ¢, = a¥ on Ch NV, for a.e. s € (a,b). Therefore,

|1 — ak|? - Cm

5 2 1or for a.e. s € (a,b).

/ |07 |* dH' >
B,NV;

Integrating with respect to s (and recalling that r < ¢,,/80) yields

1

1
§ [ WoPde e w0 B 25 [ [ oo antdo s Ln -y
8 /s, 8 JA, JB,nV.

C
> L (ﬂ—l) > Ly,
T V> Lh

which contradicts (5.35).

By combining (5.35) and (5.36) we deduce that |[Vp(¢p)| < m|Vép| =0in B,. Since p(¢p) =1
on 9B, we conclude that p(¢,) =1 in B,. In other words, ¢;, takes values in G,,. Hence, there
is a Caccioppoli partition {E); };-n;Ol of B, such that

m—1
én = E alxg; -
Jj=0

Recalling [AFPO00, Section 4.4], we have

m—1

1
Ly = H'(Jo, N By) = H'(OEo N B,) + 5 > HYOE;NOE/NB,). (5.38)

Using that xg, = xm, on 0B,, we have that H'(0Ey, N B,) > Lj, with equality if and only if
Ey = Hy, N B,. Therefore Ey = Hy, N B, and the sum on the right-hand side of (5.38) vanishes.
Since xg, = xmg on 0B,, we conclude that Ey = Hj N B, and E; = 0 for 7 & {0,k}. In other
words, ¢n = xm, + akXHﬁ in B,, and thus up, = (x&, + akXH’cl)wh in B,,.

To conclude, we observe that wy, = (xm, + a’kXH;)uh. Since u, — w in LY(Q) and Hy, — H,

Proposition 5.8 tells us that wy, = (xm, + a *xme)u in Cf (B,) for every ¢ € N. O

loc

Remark 5.17. In order to prove (5.36) one could also use a calibration argument (see [ABDMO03,
Mor02]). However since our proof is elementary, we have decided to keep it this way.
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5.3.3. Smoothness and convergence near triple junctions. We now focus on the behavior of u;, near
the points of T, i.e., triple junctions. It will be convenient to describe a triple junction in the
following way. First write for j = 0,1,2, Y, := {z € C\ {0} : arg(2) € (2j7/3,2(j + 1)7/3)}.
We say that an ordered triplet of open sets (Y°, Y1, Y?) is a triple junction if there are zo € C
and 0 € [0,27) such that Y7 = x¢ + eiﬁ’Yr{Jf for j = 0,1,2. Then, we say that xg is the center of
the triple junction (Y°, Y Y?2). In the statement below, we understand the convergence of triple
junctions in the sense of local Hausdorff convergence.

Proposition 5.18. For o € (0,09), let r € (0, min{r,, ¢, /128}) and xg € T. For h large enough,
there exist a triple junction (Y,),Y;},Y}?) and distinct ki,ka € {1,...,m — 1} such that u, =:
(xvo + aklxyhl + akzxyhz)wh with wy, € WY2(B,.(20)), and wy, minimizes E., (-, By(z0)) under its
own boundary conditions. In addition, w, € C*(B,(z0)), (Y2, Y}, V;2) = (YO, Y1, Y?) for some
triple junction satisfying U;0Y7 N B,.(x¢) =T N By(z0), and wy, — (thq + a_klxy}g + a_kQXYhz)u
in Cf.(By(x0)) for every £ € N.

Proof. Step 1. Without loss of generality, we may assume that zg = 0. From Remark 4.4, we infer
that there exist a triple junction (Y9 Y Y?) centered in 0 and distinct kq,ke € {1,...,m — 1}
such that the map (xyo +a =¥ xy1 +a~*2yy2)u is smooth in By, and U;0Y7 N By, = I' N Ba,.
Since the values of k1 and ks play no role we will assume that k1 = 1 and ko = 2 to keep notation
simpler. We write {a} := 9Y2NaY°NIB,, {b} :=0Y°NOY'NIB,, and {c} :== Y NIY2NIB,.

Choosing a sufficiently small radius 0 < k < r/2, we can apply Proposition 5.16 in the balls
B (a), Bax(b), and Ba,(c), and infer that there exist half spaces Hy, H}, and H? such that
HY N Bay(a) = Y°N By (a), HE N Ba(b) — Y N Bay(b), H? N Bay(c) = Y? N Bay(c), and

(xmo +a 2 x(mo)e)un = (xyo +a xy2)u  in Cfi.(Bax(a)), (5.39)
(X(mye + aflei)uh — (xyo +a txy1)u in CF_(Ba (b)), (5.40)
(a*IX(lez)c + a*QXH’%)uh — (a 'xy1 +a 2xy2)u  in OF (Bak(c)). (5.41)

In view of Proposition 5.13, we deduce that for h large enough, J,, N (By1x \ Br_x) is made of
three (disjoint) segments, each of them intersecting 0B; almost orthogonally (in particular at a
single point) for every ¢t € (r —k, 7+ k). As a consequence, for h large enough the open set (B, \
Bi,—4) \ Ju, has three connected components 227 Z}L, and ZEL satisfying ZZ — (Braw \ Br_r)NY7.
Combining (5.39)-(5.40)-(5.41) with Proposition 5.16, we derive that

(xzo +a "Xz +a2xz2)un — (xyo +a ' xy1 +a 2xy2)u in Cfo(Bris \ Brs).

Step 2. Arguing as the proof of Lemma 5.14 (Step 1), we find a good radius p, € (r, 7+ £/2) such
that (5.18) holds (for h even larger). Rescaling variables if necessary, we may assume without too
much loss of generality that p, = p is independent of h. To simplify, we will further assume that
actually p = r. Setting

gn = (xzo +a 'xz +a xz2)un € CF(9B,),

estimate (5.30) holds, ||gn||z(p,) < 1, and g — g« := (Xxyo +a 'xy1 +a ?xy2)u uniformly on
0B,.. Once again, since g;* = v, we have deg(g.,0B,) = 0. Then, we apply Proposition 5.8 to
produce minimizers wy, of E., (-, B,) over W ?(B,), and w;, — w, strongly in W'?(B,) where
w, is the unique solution of (5.6). Again, as in the proof of Lemma 5.14 (Step 2), we obtain that

w}* = v, in B,., which leads to (5.32) for h large enough.

Step 3. By Step 1, we have J,, NOB, = {xp, yn, zn} for h large enough, with z,, — a, y, — b, and
zp, — c¢. For h large enough, we can then find a triple junction (Y)?,V}},Y;?) (which might not be
centered at the origin) such that {z),} = Y2 NOYL NOB,, {yn} = Y NOY,} NOB,, and {2} :=
Y,1NdY,2NIB,.. Obviously, Y,f — Y7 as h — oo. Notice also that g;, = (Xvp +a_1xyh}+a_2xyhg)uh
on 0B,.



A G.L. MODEL WITH TOPOLOGICALLY INDUCED FREE DISCONTINUITIES 59

Next, we consider the competitor u;, € G4(£2) given by

R U, in Q\ B,,
Up = .
(Xyo +axyy +a’xyz)w, in B,.

By minimality we have Fsoh’ g(uh < FEO}“ 9

) (up), and since J,, N OB, = {Tn, Yn, 2n}, we deduce that
F? (up, By) < F2 (tn, B;) = Ex, (wp, B;) + H' (Y, N B,), (5.42)

where we have set Y}, := U]@Y}f. Once again p(up) = p(gn) on 9B, and by (5.30) and (5.32), we
can apply Lemma 5.9 and Proposition 5.11 to derive that (5.34) holds, where ¢y, := up, /wy, satisfies
bn = Xyp +aklxyhl + a’“?thz on 0B, (and p(¢p) =1 on 9B,). Combining (5.34) with (5.42) leads
to

8
Our choice of r (small compare to ¢,,,) allows us to use the calibration in [Mor02, Example 5.4]

HY (Y,NB,) > 1/ |V |* dx +H (T, N B,). (5.43)
B,

(with @ = 16) to deduce that for h large enough the map Xyo +axys + azxyhz is a Dirichlet
minimizer of the Mumford-Shah functional  [Mor02, Definition 3.1)]. As a consequence,
1
G \Von|? de +H (Jy, N B,) = H (YL N B,). (5.44)
B,

Putting together (5.43) and (5.44) yields

/ |Vén?de =0 and H'(Jy, NB,) =H (YLNB,).

7

Arguing as in the proof of Proposition 5.16 (Step 3), we deduce that
m—1
¢h = Z akXEk
k=0
for a Caccioppoli partition {Ek}’,f:_ol of B, satisfying

EoN (B, \B,_x)=2Z'nB,, EyN(B,\B,_x)=Z'NB,, BExN (B, \B,_) = Z8 N B,, (5.45)

and Ey C B,_, for k ¢ {0,1,2}.
Let us now consider an arbitrary Caccioppoli partition {Fk}’,?:_ol of B, such that each FyAFE}
is compactly contained in B,, and define the competitor u;, € G4(Q2) by

in Q Br ’ m—1
up = n in 2 with ¢ := E akxpk .
Qb’LUh in B’r‘ ) k=0

By minimality F? (up) < F2, (@), which leads as before to

H (Jy, N B) <HY (JyNB,).

As in the proof of Theorem 4.3 (Step 3), it implies that {Ek}}::()l is a minimal partition of B,.,
so that Jy, N B, = Uy0E) N B, is locally a finite union of segments (see [CLM15, Theorem 5.2]).
Since we already know that Jy, is made of three segments in a neighborhood of 8B, , we conclude
that UpdF), N B, is made of finitely many segments with Up0Ey, N OB, = {zn,yn, z1}° . In view of
(5.45), we have {xp,yn} C 0EpN B,, and the connected component of dEy N B, containing xj, is a
polygonal curve joining xp to yp. Similarly, FEs N B, contains a polygonal curve connecting zp, to
zp. Set T', to be the union of these two curves. Then T'y, is a connected set containing {zp, yn, 21 },
and contained in Jy, N B,. Since Y, N B, is the unique solution of the Steiner problem relative
to the points {x, yn, 21}, we have

HY (Y, N B,) =H(Jy, NB,) =HY(TL) = H (YN B,),
4Even though the calibrations defined in [Mor02] (see also [ABDMO03]) are given for centered triple junctions, we

can consider restrictions to B, of calibrations defined on a larger ball centered at the center of Yy,.
5Here and in the rest of the proof, by an abuse of notation we identify 0Ey N By and 0F N By.
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and it follows that Jy, N B, =T, N B, = Y}, N B,.. From (5.45) we conclude that

On = Xy +axy; +a’xyz,

that is up = (Xy}O +axy; + aQthz)wh in B,.
Since u, — w in L*(Q) and Y/ — Y7, Proposition 5.8 implies that wy, — (xyo +a 'xy1 +
a~2xy2)u in Cf .(B,) for every k € N, and the proof is complete. O
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