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Abstract

We consider a nonlinear parabolic problem with nonlinear dynamical boundary conditions of
pure-reactive type in a media perforated by periodically distributed holes of size . The novelty of
our work is to consider a nonlinear model where the nonlinearity also appears in the boundary. The
existence and uniqueness of solution is analyzed. Moreover, passing to the limit when e goes to zero,
a new nonlinear parabolic problem defined on a unified domain without holes with zero Dirichlet
boundary condition and with extra-terms coming from the influence of the nonlinear dynamical
boundary conditions is rigorously derived.
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1 Introduction and setting of the problem

Partial differential equations with dynamical boundary conditions have the main characteristic of in-
volving the time derivative of the unknown on the boundary of the domain. Its use dates back at least
to 1901 in the context of heat transfer in a solid in contact with a moving fluid. From the second half of
the 20th century until today, they have been studied in many disciplines (such as, diffusion phenomena
in thermodynamics, phase-transition phenomena in material science, climate science, control theory
and special flows in hydrodynamics).

Several approaches have been used for these problems in a periodically perforated domain, like Ho-
mogenization Theory. Many recent papers in the literature have treated the homogenization of elliptic
problems with nonlinear boundary conditions with prescribed growth. In particular, in Cioranescu et
al. [7], the authors apply the periodic unfolding method in perforated domains to a class of elliptic
problems with nonlinear conditions on the boundary of the holes. The homogenization of quasilinear
elliptic problems in periodically perforated domains with nonlinear Robin boundary conditions has
been considered in Cabarrubias and Donato [1], Chourabi and Donato [2, 3] and Donato et al. [10].

For linear parabolic problems with linear dynamical boundary conditions of pure-reactive type
in periodically perforated domains, the asymptotic behavior of the solution, when the size of the
perforations tends to zero, is studied in Timofte [15]. But to our knowledge, there does not seem to
be in the literature any study of the asymptotic behavior of the solution of nonlinear parabolic models
associated to nonlinear dynamical boundary conditions of pure-reactive type in periodically perforated
domains (up to the stochastic framework, see Wang and Duan [17]).

Let us introduce the model we will be involved with in this paper. Let 2 be a bounded connected
open set in RY (N > 2), with smooth enough boundary 9Q. Let Y = [0, 1]V be the representative cell
in RV and F an open subset of Y with smooth enough boundary OF, such that F C Y. We denote
Y*=Y\F.

For k € ZV, each cell Y. e = € k+eY issimilar to the unit cell Y rescaled to size € and Fj, . = e k+e I
is similar to F' rescaled to size e. We denote Yk’is =Y.\ Fie. We denote by F; the set of all the holes
contained in Q, i.e. F; = Upeg{Fj : Fk@ C Q}, where K := {k € Z"V : Y NQ# o}

Let Q. = Q\F.. By this construction, €. is a periodically perforated domain with holes of the same
size as the period.

We consider the following problem for a nonlinear reaction-diffusion equation with nonlinear dynam-
ical boundary conditions of pure-reactive type on the surface of the holes and zero Dirichlet condition
on the exterior boundary,

Oug

5 Aue + kue + f(ue) = h(z,t) in Q. x (0,7),
ou ou
8'718 +e€ 8; +eg(us) =ep(x,t) on IF. x (0,7), (L1)
ue(,0) = ud(z), for = € Q,
ue(z,0) = ¥2(x), for z € OFr,
ue =0, on 00 x (0,7),
where 77 is the outer normal to OF;, T > 0, and
k>0 ueL?Q), ¢°el?OF.), (1.2)



heL?(0,T;L (), peL?(0,T; Hy (), (1.3)
are given.

We also assume that the functions f and g € C' (R) are given, and satisfy that there exist exponents
p and ¢ such that

2<p<+4oo, f N=2 and 2§p§N2]_V2,ifN>2, (1.4)
2<g<+4o0, it N=2 and 2§q§N2]_V2,ifN>2, (1.5)

and constants a3 > 0, ag > 0, > 0, and [ > 0, such that
ay [slP =B < f(s)s<asls|P + B, forall seR, (1.6)
ar|s|— B <g(s)s < azls|?+ B, forall seR, (1.7)
(f(s) = f(r))(s—71) = =l(s—r)*, foralls,reR, (1.8)

and

(g(s) —g(r) (s—r) > —l(s—r)*, foralls,r €R. (1.9)

It is easy to see from (1.6) and (1.7) that there exists a constant C' > 0 such that
If(s)| < C (1 + |s|p*1) . lg(s) < C (1 + |s|q*1) , forall s € R. (1.10)

Let us denote

S S
F(s) = / f(r)dr and G(s):= / g(r)dr.
0 0
Then, there exist positive constants oy, o, and E such that
a1ls|P — B < F(s) < dalsP+5 VseR, (1.11)

and ~ B
ails|? =B <G(s) <asgls|?+ B VseR. (1.12)

Remark 1.1. If u. is regular enough, then a compatibility condition for problem (1.1) is that ¥°
must coincide with the restriction to OF: of ul, and therefore the fourth equation in (1.1) is omitted.
Nevertheless, this equation seems necessary for the concept of weak solution (see Definition 3.1).

In this paper, our main motivation is to study the asymptotic behavior, as ¢ — 0, of the solution
ue of (1.1). As we mentioned before, we only have references in the literature of this approach in the
stochastic context. In that sense, a particularly interesting situation is treated in Wang and Duan [17]
with the help of the two-scale convergence. There, the authors obtain the asymptotic behavior of the
solution of a stochastic partial differential equation with random dynamical boundary conditions, under
the restrictive assumption g(s) = s, i.e. the nonlinearity does not appear in the boundary. However, we
will obtain the asymptotic behavior of the solution of (1.1) where the nonlinearity also appears in the
boundary. We use the energy method of Tartar [14], which has been considered by many authors (see,
for instance, Cioranescu and Donato [4]) and the technique introduced by Vanninathan [16] for the
Steklov problem which transforms surface integrals into volume integrals. This technique was already



used as a main tool to homogenize the non homogeneous Neumann problem for the elliptic case by
Cioranescu and Donato [4].

In this sense, when € — 0, we have got a new nonlinear reaction-diffusion equation with constant
coefficient defined on Q x (0,7), with zero Dirichlet boundary condition on the boundary, and with a
constant extra-term in front of the derivative which comes from the well-balanced contribution of the
dynamical part of the boundary condition on the surface of the holes.

The structure of the paper is as follows. In Section 2, we give some notations which are used in
the paper. In Section 3, we give a weak formulation of the problem, the concept of weak solution,
and establish the existence and uniqueness of solution using the monotonicity method. Some a priori
estimates are rigorously stablished in Section 4. A compactness result, which is the main key when
we will pass to the limit later, is addressed in Section 5. In Section 6, the main goal of proving the
asymptotic behavior of the solution is finally established in Theorem 6.1.

2 Some notations

In this section, we give some notations which are used in the paper.
We denote by xq. the characteristic function of the domain €2..

We denote by (-, -)q. (respectively, (-, -)gr.) the inner product in L*(.) (respectively, in L*(dF)),
and by [-[q_ (respectively, |-|sr ) the associated norm. We also denote (-,-)q. the inner product in
(L ().

If r # 2, we will also denote (-,-)n. (respectively, (-,-)sr.) the duality product between LT/(QE)
and L"(Q.) (respectively, the duality product between L™ (JF.) and L"(9F.)). We will denote | - |,.q.
(respectively | - |, pr.) the norm in L"(€Q.) (respectively in L"(0F;)).

By |||, we denote the norm in H' (€.), which is associated to the inner product ((-,-))q. =
(V- V)a. + (). -

By || ||q..7 we denote the norm in L2(0, T; H'(.)). By | |rq. 1 (respectively ||.or. 1), we denote
the norm in L"(0,T; L"(92)) (respectively L"(0,T; L™ (OF%))).

We denote by 7o the trace operator u — u|gq,. The trace operator belongs to L(H(Q.), H/?(99.)),
and we will use ||7o|| to denote the norm of ~ in this space.

We will use || - |sn. to denote the norm in H'/2(9Q.), which is given by [|¢|lan. = inf{||v]q. :
Y0(v) = ¢}. We remember that with this norm, H'/2(9€.) is a Hilbert space.

Finally, we denote by H}(€:) and Hj(09), for r > 0, the standard Sobolev spaces which are
closed subspaces of H"(€).) and H"(052.), respectively, and the subscript 92 means that, respectively,
traces or functions in 9€)., vanish on this part of the boundary of €2, i.e.

Hjq(92:) ={v e H () : v(v) = 0 on 092},

and
Hjya(09:) = {v e H(0) : v =0 on 90Q}.

Let us notice that, in fact, we can consider an element of H'/2(9F.) as an element of H g{f (092%).



Analogously, for r > 2, we denote
L56(0€) :={v € L"(0€) : v =0 on 0Q}.
Let us notice that, in fact, we can consider the given 10 as an element of L%Q(OQs).

Let us consider the space
H, = LP (Q.) x LY, (09:), Vp>2,
with the natural inner product ((v,®), (w,®))n, = (v,w)q. + (¢, ¥)sr., which in particular induces
the norm |(-,-)|g, given by
| (v,0) [7r, = [vla. +elélpr. (v,0) € Hy.

For the sake of clarity, we shall omit to write explicitly the index p if p = 2, so we denote by H the

Hilbert space
H:=L? () x L&, (09.).

Let us also consider the space
V= {(v,'yo(v)) v € Hiq (Qg)}

We note that V; is a closed vector subspace of H}q (€2) X Hgéz (092), and therefore, with the norm
Iy, given by o 2
10,20 @)y, = llvllo, + o) lpr ,  (v,70(v)) € Vi,

V1 is a Hilbert space.

In what follows, we shall denote by C' different constants which are independent of .

3 Existence and uniqueness of solution

We state in this section a result on the existence and uniqueness of solution of problem (1.1). Instead
of working directly with our equation, we will apply a general result which is a slight modification of
Theorem 1.4, Chapter 2 in Lions [12].

In the sequel, we assume that
|(ul, 92| < C. (3.13)

Definition 3.1. A weak solution of (1.1) is a pair of functions (ue, 1), satisfying

ue € C([0,T]; L*(Q:)), e € C([0,T); L3¢(89:)),  for all T > 0, (3.14)
ue € L*(0,T; Hiq(Q)) N LP(0,T; LP(S2)),  for all T > 0, (3.15)
e € L0, T; HYZ(09.)) N LA(0, T; L3 (09.)),  for all T >0, (3.16)
Yo(ue(t)) = ve(t), ae t€(0,T], (3.17)
3 (). 000, + & & (0. 200))or + (Vue(t), Voo, + w(u=(2). v)e,

+(f(ue(®), v)0. + £ (9(=(1)), 20(v)or. = (h(t), v)a. + = (p(t), 70 (v))ar. (3.18)

in D'(0,T), for all v € Hio(Q:) N LP(2) such that yo(v) € L, (082 ),
us(0) = ud, and 4:(0) = 9. (3.19)



Remark 3.2. In view of Theorem 3 in Chapter 5 subsection 5.9.2 in Fvans [11], it is not difficult
to prove that it (ue,v:) satisfies (3.15)-(3.18), then (us,v:) satisfies (3.14). The function 1. is the
L%, (092:)-continuous version of yo(us) (see (3.23)—(3.25) below).

We have the following result.

Theorem 3.3. Under the assumptions (1.2)—(1.9), there exists a unique solution (us,:) of the problem
(1.1). Moreover, this solution satisfies the energy equality

2 (elt), veO)) + Ve (O, + wlue (D3,

+(f(ue(®); ue ()0 + e (9(¥e(t), Ye(t))or
= (h(t),uc(t))o. +e(p(t), ¥e(t))or., a-e t€(0,T). (3.20)

Proof. The proof of this result is standard. For the sake of completeness, we give a sketch of a proof.

First, we prove that V) is densely embedded in H. In fact, if we consider (w, ¢) € H such that
(v,w)a, +e(0(v),P)ar. =0, forall v e H}g, (Q),

in particular, we have
(v,w)g, =0, forallve Hj(Q),

and therefore w = 0. Consequently,

(v0(v), #)or. =0, for all v € H}, (Q.),

and then, as Hég (09Q2) = 70 (H3q (€)) is dense in L2, (99Q), we have that ¢ = 0.

Now, on the space V; we define a continuous symmetric linear operator Ay : V3 — V| given by
(A1((v,7%0(v))), (w,70(w))) = (Vo, Vw)a, + £(v,w)a., Yo,w € Hjg (L) (3:21)
We observe that A; is coercive. In fact, we have

(A1 ((0,7()) (v,70(0)))) = min{L,x} [[o]g,

1 2
= min {1, £} ||v]]
14 {loll? e

2
— - min {1, x} o]
L+ [lol® )

i L0 (o) (3.22)

v

for all v € Hj ().

Let us denote



From (1.10) one deduces that A; : V; — V/, for i = 2,3.
Observe also that by (1.3),

heL*0,T;H) c L*(0,T; V) .

With this notation, and denoting V = N?_, Vi, p1 = 2, p2 = p, p3 = q, U= = (ue,?:), one has that
(3.14)—(3.19) is equivalent to

3
i. € C([0,T); H), ii. €[ )LP(0,T;V;), forall T >0, (3.23)
=1
3
(i)' (t) + > Ai(ii=(t)) = h(t) in D'(0,T;V"), (3.24)
i=1
i (0) = (ud, ?). (3.25)

Applying a slight modification of [12, Ch.2,Th.1.4], it is not difficult to see that problem (3.23)-
(3.25) has a unique solution. Moreover, . satisfies the energy equality

3
%%]ﬁa(t)ﬁ{ + > (A(@:(1)), @ (1)s = (B(t), (1) ace. t € (0,T),
=1

where (-, ), denotes the duality product between V' and V;.
This last equality turns out to be just (3.20). O

Remark 3.4. The assumption k > 0 is not necessary for the existence and uniqueness of weak solution
to (1.1).

4 A priori estimates

Let us begin with a variant of the Trace Theorem in 2..

Lemma 4.1. There exists a positive constant C' independent of €, such that
@) or, < C (lolhg, +IVulg, ), 1<p <o, (4.26)
for any v € WIP(Q,), v =0 on 0.

Proof. For any function v(y) € WHP(Y*)N, using the Trace Theorem (see Chapter 5, Section 5.5,
Theorem 1 in Evans [11], for more details), we have for every k € ZV

[ mwrag e ([ wras [ wia), 1spes g
S(F+k) Y*+k Y* otk

where the constant C' depends only on p and Y.



By the change of variable

y=". doly) == Vdo(x), 0,=ca. (1.28)

we rescale (4.27) from Y* + k to YV}’ and from F' + k to Fj.. This yields that, for any function
v(x) € Wl’p(kaE)N, one has

5/ [vo(v)[Pdo(x) < C / |v\pdx+ep/ IVolPdz |,
OFy e Yy, vy,

with the same constant C' as in (4.27). Summing the inequalities, for every k € K, gives the desired
result (4.26).

O

Let us obtain some a priori estimates for u,.

Lemma 4.2. Under the assumptions (1.2)-(1.9) and (3.13), there exists a constant C independent of
e, such that the solution u. of the problem (1.1) satisfies

lucllq.r < C. (4.29)

Proof. By (3.20) and taking into account (1.6), (1.7) and (3.22), we have

. 2min {1, x}
7 (uc0), we@)l) + T+l

+201([ue(t)] 0, + € [Ve()lgor.)
< 28(1Q:| + e [0F) + MO, + e lpt) 3, + lus(D]E, +e (D) 3r.. (4.30)

(eI, + 1=z

where |Q.| and |0F;| denote the measure of €. and OF;, respectively.
Integrating (4.30) between 0 and ¢t and using (1.3), we obtain

2min {1,x} [
L+ [l* Jo

t
204 / (ue(s)[2 g, + & [e(s)[2 o )ds

(s (8), 6o (6)) % + (lues) 13, + (), ) ds
T
< 2000l + <08 + 000l + [ (B, +< o)) ds (4.31)
" /0 (ue(s), e (s)) 3y ds.

By Lemma 4.1 with p = 2, we can deduce

elo®or. < C (Ip®6, +£*Vo®)5,) < Cllo®)I15,

which together with (1.3) gives
g 2 2
/O (1h(s)[3, + & |p(s)[2. ) ds < C. (4.32)

8



On the other hand, the number of holes is given by

€2
N(E)=—=(1 1
(5) (2€>N( +0( ))7
then using the change of variable (4.28), we can deduce
N-1 c
|OF.| = N(¢)|0F; | = N(e)e™ |0F| < —

And since || < |92, we have that

|| +e|0F| < C. (4.33)

Taking into account (3.13), (4.32)-(4.33) in (4.31) and applying Gronwall Lemma, in particular we
obtain that there exists a positive constant C' such that

|(ue(t), v()|E < C, (4.34)
for all t € (0, 7).
Now, taking into account (3.13), (4.32)-(4.34) in (4.31), we get (4.29). O

Now, if we want to take the inner product in (1.1) with u., we need that u. € L*(0,T; H}(Q:)) N
Lr(0,T; LP(Q:)) with yo(ul) € L9(0,T; L), (Q:)). However, we do not have it for our weak solution.
Therefore, we use the Galerkin method and the following lemma in order to prove, rigorously, new a
priori estimates for u..

Lemma 4.3 (Lemma 11.2 in Robinson [13]). Let X,Y be Banach spaces such that X is reflexive, and
the inclusion X C'Y is compact. Assume that {u,,} is uniformly bounded in L*°(0,T; X),

ess sup |lum(t)||x <C,
te[0,T]

and that w, — u weakly in L*(0,T; X), then

ess sup |lu(t)||x <C.
te[0,T)

Furthermore, if w € C([0,T];Y), then u(t) € X for allt € [0,T] and

sup |[lu(t)[[x < C.
t€[0,T]

Let us observe that the space H),(Q:) x H, ;g(@Qe) is compactly imbedded in H, and therefore,
for the symmetric and coercive linear continuous operator A; : Vi — V/, where A; is given by (3.21),
there exists a non-decreasing sequence 0 < A\; < Ay < ... of eigenvalues associated to the operator
Ay with limj_,o, A\j = 00, and there exists a Hilbert basis of H, {(w;,v(w;)) : j > 1}C D(A;), with
span{(w;j,yo(w;)) : j > 1} densely embedded in Vi, such that

A1 ((wj,70(w;))) = Aj(wj, yo(ws)) Vj=>1.



Remark 4.4. It can be proved that if p = q > 2, then span{(w;,vo(w;)) : j > 1} is densely embedded
in Vi N Hp.

Taking into account the above facts, we denote by

(ué,m(t)7 70(u€7m(t>)) = (ué,m(t; 07 ugv 1/’5)7 70(u€,m<t; O’ uga wg)))

the Galerkin approximation of the solution (ue(t;0,u2, 92), vo(ue(t;0,u?,12))) to (1.1) for each integer
m > 1, which is given by

(ue,m (t)a Yo (us,m (t))) = Z 5Emj (t) (wj7 Y0 (wj))? (4'35)

and is the solution of

@ (e an(8). B0t (1)), (wj, v0(wi)))a + (Ar((uem(t) Y0(uem(t)))), (w, v0(w;)))

dt
+(f (uem(t)), wi)a. +(g(v0(uem(t))), 0(w5))or.
= (h(t), wj)o. +e(p(t),r0(wi))or, J=1,...,m, (4.36)

with initial data
(ttem (0), 70 (ue,m (0)) = (w1 Y0 (4 1)), (4.37)
where
Oemyj () = (uem (), wj)a. + (Yo(tem(t)); Y0(wj))or.,
and (u?,,,70(ul,,)) € span{(w;j,v0(w;)) : j = 1,...,m} converge (when m — oo) to (ul,9?) in a
suitable sense which will be specified below.

Lemma 4.5. Suppose that in addition to the assumptions (1.2)—(1.9), we have p = q > 2. Then,
for any initial condition (ug,wg) € Vi N Hy, there exists a constant C' independent of €, such that the
solution uc of the problem (1.1) satisfies

sup |us(t)|lq, < C. (4.38)
te[0,T]

Proof. Let (u,¢?) € Vi N H, For all m > 1, by Remark 4.4, there exists (ul,,,y0(ul,,)) €
spanf{(wj, yo(w;)) = 1 < j < m}, such that {(u2,,,v0(ul,,))} converges to (u2,¢) in V; and in
H,,. Then, in particular we know that there exists a constant C' such that

1w s Y0 (U2 ) < €y (U s Y0 (4 1)1, < C. (4.39)

For each integer m > 1, we consider the sequence {(ue m (t),v0(ue,m(t)))} defined by (4.35)-(4.37) with
these initial data.

!

tm; 0 (4.36), and summing from j =1 to m, we obtain

Multiplying by the derivative §

[ (Ul (), 70 (Ul (D)) | + %%((Al((ua,m(t% Y0(uem(t)))), (te,m(t), 10 (uem(t)))))

+(f (eym (), u ()2 + €(9(Y0(uem (1)), Y0 (UL i (£))oF.
= (h(),ul n(®)a. +£(p(t), Y0(ul 1 (t)))oF.

10



We observe that p
(F e (O, = 35 [ Fluem(®)de

and

(900t ) 0l (ODor. = G [ G0laem(t)ior(o)

Then, we deduce

081,200 DD+ 5 (A1 (ot (8, 3t (1)), Gt (8, 3t (1))

1 1 1 1
< SIOR + Sl + 3 oOBn, + e5l0(im ),
d d
4 / Fluem®)dz — % [ G0(uem(t)))do ().
dt Q. dt OF.

Integrating now between 0 and ¢, taking into account the definition of A; and (3.22), and using (1.11)
and (1.12), we obtain that

min{1, k}

t
ul (8),7v0(ul,,(5)))|%ds +
102000 () s + T

20|t (£), 0 (t,ma (D))
T
< max{L, w} (20 ) I3, + /0 ()[R, + lo(s) 3, ds

+200| (4, Yo (ud )y, +4B(192| + €|OF]), (4.40)

1 Ctte (), 70 (1t (£))) 13

for all t € (0,7).

Taking into account (4.39) and using (4.32)-(4.33) in (4.40), we have proved that the sequence
{(te,m>0(te,m))} is bounded in C([0,T]; V1 N Hyp), and {(u ,,,v0(ul )} is bounded in L?(0,T; H),
for all T > 0.

If we work with the truncated Galerkin equations (4.35)-(4.37) instead of the full PDE, we note that
the calculations of the proof of Lemma 4.2 can be following identically to show that {(ue m,v0(tuem))}
is bounded in L2(0,7; V1), for all T > 0.

Moreover, taking into account the uniqueness of solution to (1.1) and using Aubin-Lions compact-
ness lemma (e.g., cf. Lions [12]), it is not difficult to conclude that the sequence {(uc m, Y0(uem))} con-
verges weakly in L2(0,T; V7) to the solution (ue,Yo(ue)) to (1.1). Since the inclusion H(Q.) C L?(£)
is compact and u. € C([0,T]; L*(Q.)), it follows using Lemma 4.3 that the estimate (4.38) is proved.

O
Lemma 4.6. Under the assumptions in Lemma 4.5, assume that f, g € CY(R), h € W12(0,T; L*(Q))

and p € W12(0,T; HL(RY)), then there exists a constant C' independent of €, such that the solution u.
of the problem (1.1) satisfies

[utllg, < C. (4.41)
Proof. We first note that under the conditions imposed we have that

f'(s) > —I, g(s)>—1 VseR. (4.42)

11



As we are assuming that f, g € C}(R), h € WEh(R; L?(2)) and p € Wb 2(R H}(9)), we can differentiate

loc loc
with respect to time in (4.36), and then, multiplying by the derivative 5am] and summing from j =1

to m, we obtain

| (ul i (£), 0 (i, (t)))!?ﬂr<A1((U’g,m(t),Wo(u’a,m(t)))),(U'a,m(t)ryo(u;,m(t))»

= = (uem®)uL m (), ul (). — (9" (Yo (uem(0)))V0 (UL m (), Y0 (ue m (£)))or.
(0 (), ul i (8) Qg+€( (), 70(uz (1)) or. -

Then, using (3.22) and (4.42), we have

[N
Et\&

d, g, p 2min {1, K
AR N e e (MO O

<2+ D) g (1), Y0l g (r)) 7 + (B ()G, + 5|pl(t)|<‘29F€'
Integrating between r and ¢

2min {1, k}
|(ula,m(t)770(u/€,m(t)))‘12‘1 1+H’70H2 / H Em 70 sm HVl ds

SK%MWW@@MW%+W+U/K%M%ww%@m%%
+ [ W), + el 6) B )ds,

r

for all 0 < r < t. Now, integrating with respect to r between 0 and t,

2min{1,x}
1+ ol

SW+DAK%M@%M@#W%%+Aﬂwﬁ&+mﬁﬁm%,

(0L (8,30 (1 (1)) 21 + /H W) 0 (D)2, ds (443)

for all t € (0, 7).
By Lemma 4.1 with p = 2, we can deduce

eld' ()5, < C (10 )6 + VI OR.) < Cll DI,
which, taking into account that h € W12(0,T; L?(Q2)) and p € W12(0,T; HL()), gives

T
/ (|h’(s)\%5 +e \p’(s)%FE) ds < C. (4.44)
0
In particular, taking into account (4.32)-(4.33) in (4.40), we have

AK%M%%W@AW\®<C@+WEW%( 1A [T L) [ A

which, jointly with (4.43)-(4.44), yields that
t
2
[ M) 0t I, ds < € (14 1m0y + [0 ), ) o (445)
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and using (4.39) we have proved that the sequence {(u. ,,,, yo(u, ,))} is bounded in L?(0,T; V1), for all
T > 0. Then, the sequence {(u ,,70(ul,,))} converges weakly in L?(0,T; V1) to (ul,70(ul)), for all
T > 0, and using the lower-semicontinuity of the norm and (4.45), in particular we get

ulllo.r < liminf [ful,[lo. 7
m—0o0
< (Climinf 1—|—||(u0 (uo ))H2 —|—|(u0 (uo N
= prosipus e,m> Y0\ Ue m ) ) Iy e,m> Y0\ Ug m H,
= (11 v + 1l ), )

which, jointly with (u2,?) € V4 N H,, implies (4.41).

4.1 The extension of u. to the whole Q2 x (0,7)

Since the solution u. of the problem (1.1) is defined only in €. x (0,7"), we need to extend it to the
whole  x (0, 7). We denote by v the extension to the whole  x (0,T) for any function v defined on
Q. x (0,T). For finding a suitable extension . into all Q x (0,7"), we shall use the following well-known
extension Lemma.

Lemma 4.7 (Lemma 1 in Cioranescu and Saint Jean Paulin [8]). Every function @. € H*(Q.), with
e =0 on 9Q, can be extended to a function $. € H (), such that

‘v‘ﬁs’Q < C‘V¢€’Qs7

where the constant C does not depend on e.

Let us obtain some a priori estimates for the extension of u. to the whole Q x (0,7).

Corollary 4.8. Assume the assumptions in Lemma 4.6. Then, there exists an extension . of the
solution u. of the problem (1.1) into Q x (0,T), such that

H@a(t)HQ,T <C, |tglpor <C, (4.46)
sup ||t (t)|q < C, (4.47)

t€[0,T
laL]por < C, (4.48)

where the constant C does not depend on €.

Proof. Using Lemma 4.7 together with the estimate (4.29) (respectively the estimate (4.38)), we obtain
the first estimate in (4.46) (respectively the estimate (4.47)).

By the Sobolev injection Theorem, if N = 2 we have the continuous embedding Hg () C LP(2) and
if N > 2 we have the continuous embedding H}(Q) ¢ L*¥/(N=2)(Q) which, jointly with the assumption
(1.4), yields the continuous embedding H}(2) C LP(€).

Therefore, the continuous embedding H{(Q2) C LP(Q) implies that using Lemma 4.7 together with
the estimate (4.29), we can deduce the second estimate in (4.46).

Finally, using the continuous embedding Hg(Q) C LP(f2), Lemma 4.7 and the estimate (4.41), we
can deduce the estimate (4.48). O
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5 A compactness result

In this section, we obtain some compactness results about the behavior of the sequence u. satisfying
the a priori estimates given in Corollary 4.8.

Due to the periodicity of the domain 2., from Theorem 2.6 in Cioranescu and Donato [5] one has,
for e — 0, that
Y™
Y|

where the limit is the proportion of the material in the cell Y.

*

XQ. —

weakly-star in L>°(2), (5.49)

Let & be the gradient of u. in . x (0,7) and let us denote by &, its extension with zero to the
whole of Q x (0,7, i.e.

- [ & inQ.x(0,7),
b = { 0 in (Q\ ) x (0,7). (5.50)

Proposition 5.1. Under the assumptions in Lemma 4.6, there exists a function u € L*(0,T; H}(Q))N
LP(0,T; LP(2)) (u will be the unique solution of the limit system (6.63)) and a function & € L?(0,T; L?(£2))
such that for all T > 0,

e (t) — u(t) weakly in HY(Q), Vt€[0,T], (5.51)
Ue(t) — u(t) strongly in L*(Q), Vt € [0,T], (5.52)
Fla(t)) — f(u(t))  strongly in LP (), Vte [0,T], (5.53)
g(tc(t)) — g(u(t)) strongly in LP (), Vit e [0,T], (5.54)
.~ ¢ weakly in  L*(0,T, L*(Q)), (5.55)

where & is given by (5.50).
Moreover, if we suppose that there exists a constant [ > 0 such that
(g(S) - g(r)) (S - T) < l (8 - T)Q ) VS, re R? (556)
then )
g(t:(t)) — g(u(t)) weakly in Wol’p (Q), Vtelo,T]. (5.57)

Proof. By (4.46), we see that the sequence {i.} is bounded in L?(0,T; H}(2)) N LP(0,T; LP(R)), for
all T > 0. Let us fix T > 0. Then, there exists a subsequence {us} C {@.} and function u €
L*(0,T; HE(Q)) N LP(0, T; LP(R)) such that
fler — u  weakly in L2(0,T; HL(Q)), (5.58)
U — u  weakly in LP(0,T; LP(Q)). (5.59)

By the estimate (4.47), for each t € [0,7], we have that {@.(¢)} is bounded in H{(£2), and since we
have (5.58), we can deduce

fier(t) — u(t) weakly in HY(Q), Vte[0,T).

Now, we analyze the convergence for the nonlinear term f. By the estimate (4.48), we see that the
sequence {a.} is bounded in LP(0,T; LP(2)), for all T > 0. Then, we have that a.(t) : [0,7] — LP(2)
is an equicontinuous family of functions.
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By Rellich-Kondrachov Theorem and (1.4), for p > 2, if N = 2 we have the compact embedding
HE(Q) c LP(Q) and if N > 2, using that p < 2N/(N — 2), we also have the compact embedding
H}(Q) C LP(Q).

Since, for each t € [0,T], we have that {@.(t)} is bounded in H{ (), the compact embedding
HE(Q) € LP(Q), implies that it is precompact in LP(€2).

Then, applying the Ascoli-Arzela Theorem, we deduce that {u.(¢)} is a precompact sequence in
C([0,T7]; LP(£2)). Hence, since we have (5.59), we can deduce that

U — u  strongly in C([0,T7; LP(Q2)). (5.60)

Thanks to (1.10), applying Theorem 2.4 in Conca et al. [9] for G(z,v) = f(v), t = p' and r = p, we
have that the map v € LP(Q) — f(v) € LV (Q) is continuous in the strong topologies. Then, taking
into account (5.60), we get

Flae(t)) — f(u(t)) strongly in LP'(Q) Vte[0,T].

Similarly, we analyze the convergence for the nonlinear term g and, we can deduce

g (t)) = g(u(t)) strongly in  LP(Q), Vte[0,T]. (5.61)

In particular, from (5.60), we have
Uer(t) — u(t) strongly in LP(Q2), Vte€ [0,T], Vp=>2.
To prove (5.57), let us first note that there exists C' > such that
IVg(te(t))]p .0 < C. (5.62)
We observe that under the condition (5.56), we have that
g(s)<l, VseR.

Then, from the estimate (4.47), we get

14 )
/ dx <[P /
0 Q

and we have proved (5.62). Then, from (5.61) and (5.62), we can deduce

dg

: . (1)
s (ie(t)

T

p/
dz < c/ Ve (8] dz < c/ Vit (t)2dz < C,
Q Q

gl (t)) = g(u(t)) weakly in WoP'(Q), Vte[0,T].

Finally, from the estimate (4.29) and (5.50), we have ]églg,T < C, and hence, up a sequence, there
exists £ € L?(0,T, L?(Q)) such that & — & weakly in L?(0,T; L?(€2)).

By the uniqueness of solution of the limit problem (6.63), we deduce that the above convergences
hold for the whole sequence and therefore, by the arbitrariness of 7' > 0, all the convergences are
satisfied, as we wanted to prove.

O]
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6 Homogenized model

In this section, we identify the homogenized model.

Theorem 6.1. Assume the assumptions in Proposition 5.1. Let (us,1.) be the unique solution of the
problem (1.1). Then, as e — 0, we have

e (t) — u(t) strongly in L*(Q), Vt€[0,T],

where * denotes the extension to Q x (0,T) and u is the unique solution of the following problem

( * N 2 *
CARC LS S I TP
()

YT 7Y ) o T = T 0w00; T Y] Y
v OF| .

= 5 M) + TS plest), in Q< (0,T), 6.63
Y] Y] (669

u(z,0) = ug(z), for €9,

u=0, on 0Qx (0,7).

The homogenized matriz Q = ((gi,;)), which is constant and positive-definite, is given by

Gij = "YY"% - ’114 . ZZZ v, (6.64)
where the functions n; are solutions of the system
—An; =0, in Y,
d(n; —y;j)/On =0, on OF, (6.65)

n; 18 Y — periodic,
where y; are local coordinates in Y™.

Proof. We multiply system (1.1) by a test function v € D(£2), and integrating by parts, we have

% ( /Q XQEzls(t)vd:E> +e% < /8 . 'yo(us(t))vda(x)> + /Q EVuds + 1 /Q o i (tvdz

+ /Q xo. £ (e (t))vdz + ¢ /d 90z (£)))vdo (x) = /Q xo. h(tyodz + ¢ /d p(t)yvdo(z),

Fe
in D'(0,7).
We consider ¢ € CL([0,T]) such that o(T) = 0 and ¢(0) # 0. Multiplying by ¢ and integrating

Fe
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between 0 and T', we have

—(0) ( /Q XQEﬁg(O)vdx> - /0 ' %cp(t) ( /Q Xﬂsaga)vdx) dt

—2o0) ([ wtoetnpint)) —= [ 2ot6) ([ swlucttnuaote))

T ~ T i
—i—/o go(t)/Q§5Vvdxdt+/<a/o go(t)/ﬂxgsug(t)vdxdt (6.66)
T T
" /0 (1) /Q xa. /(e () vdadt + ¢ /0 (1) /8 9000 (0) (@)

_ /O o) /Q oL h(t)vdadt + = /O o) /6  pltudo(z)it

For the sake of clarity, we split the proof in three parts. Firstly, for the integrals on {2 we only
require to use Proposition 5.1 and the convergence (5.49), secondly for the integrals on the boundary
of the holes we make use of a convergence result based on a technique introduced by Vanninathan [16].
Finally, we pass to the limit, as ¢ — 0, in (6.66).

Step 1. Passing to the limit, as € — 0, in the integrals on {2:
From (5.52)-(5.53) and (5.49), we have respectively, for ¢ — 0,

/XQEﬂg(t)vdx—) Y ‘/u(t)vdm, Vv € D(Q),
0 Y| Jo

and

_ Y|
/ngef(ug(t))vdx% v /Qf(u(t))vdz:, Yv € D(Q),

which integrating in time and using Lebesgue’s Dominated Convergence Theorem, gives

[ [rwsco)ae 51 ([

H/OT¢(t)/SZXane(t)Ud$dt_> /<a|’};*” /OTcp(t)/Qu(t)Udmdt,

and
* T
||};||/0 cp(t)/gf(u(t))vdmdt.

T
/ go(t)/ xa. f(te(t))vdzdt —
0 Q
By (5.52) and (5.49), we have

Y|
Y1 Ja

£(0) ( /Q XQE&E(O)vd:L‘> s 4(0) w(O)odz, Vv € D(Q).

By the assumption (1.3), (5.49) and using Lebesgue’s Dominated Convergence Theorem, we get

T |Y*‘ T
/0 cp(t)/{lxgsh(t)vdazdt% v /0 go(t)/gh(t)vdxdt.
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On the other hand, using (5.55), we obtain, for ¢ — 0

/0 T@(t) /Q & Vodzdt — /0 Tcp(t) /Q eVudzd.

Step 2. Passing to the limit, as € — 0, in the surface integrals on the boundary of the holes:

We make use of the technique introduced by Vanninathan [16] for the Steklov problem which
transforms surface integrals into volume integrals. This technique was already used as a main tool to
homogenize the non homogeneous Neumann problem for the elliptic case by Cioranescu and Donato

[4].
By Definition 3.2 in Cioranescu and Donato [4], let us introduce, for any h € L* (OF), 1 < s’ < oo,
the linear form pj on VVO1 *(Q) defined by

T s
(ug, ) = 6/8F h (g) pdo, Yy € Wy*(Q),

with 1/s+1/s’ = 1. It is proved in Lemma 3.3 in Cioranescu and Donato [4] that

Wi, — pp  strongly in (W(}’S(Q))', (6.67)
where (up, p) = yh/ wdx, with
Q
1
pn =1 [ h(y)do.
Y| Jor

In the particular case in which h € L°°(0F') or even when h is constant, we have
5, — pp  strongly in W12°(Q).

In what follows, we shall denote by ni the above introduced measure in the particular case in which
h = 1. Notice that in this case pp, becomes g = [0F|/|Y].

Observe that using Corollary 4.2 in Cioranescu et al. [6] with (5.51), we can deduce, for € — 0,
|OF|
e [ ol O)udo(@) = (i iy (O0) > i [ ultydz = 95 [ w(tyoda,
OF. Q Yl Jao
for all v € D(Q2), which integrating in time and using Lebesgue’s Dominated Convergence Theorem,

R /OT el </3F vo(us(t»“d“(x)) @15 OT 7o (/Q “(t)vd“T) "

Moreover, using Corollary 4.2 in Cioranescu et al. [6] with (5.51), we can deduce, for ¢ — 0,

L _ |oF|
E/BFS Yo(us(0))vdo(z) = (pu3, Ugy,_(0)v) — ,ul/ﬂu(O)vda; = m/ﬂu(O)vdm, Vv € D(Q).

On the other hand, note that using (6.67) with s = 2, taking into account (1.3) and by Lebesgue’s
Dominated Convergence Theorem, we can deduce, for € — 0,

. /0 o) /8 ottt = /0 " o) pltyo)d | \Y\ / / Pudad.
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From (5.57) and (6.67), with s = p/, we conclude
[ gntue®)vdote) = (i, )0) — 2 [ gtutt)od.
OF. Y|

for all v € D(Q2), which integrating in time and using Lebesgue’s Dominated Convergence Theorem,
gives
g OF|
e[ o) [ g(ylus(t)))vdo(z)dt — v w(t) g(u(t))vdzdt.
0 OF: Y| Q

Step 3. Passing to the limit, as ¢ — 0, in (6.66):

All the terms in (6.66) pass to the limit, as ¢ — 0, and therefore taking into account the previous
steps, we get

T G153
/ |Y||/ / tyvdzdt
E‘ / /Q Fu(®) vdwdt+|?y|’ o(0) /Q g(u(t))vded

et [ SEL et [ o0
= t)vdxdt —|— t)vdxdt.
Y] IY\

¥ |aF) v 2 v o]
+ —divé + ku+ f(u)) + —g(u) = h+-—p, inQx(0,7). (6.68
( v Y Vet g (Rt Flud) ) = Jprh o+ T 0.7). (6:68)

Hence, ¢ verifies

It remains now to identify &. The proof is standard, so we omit it. Following, for example, the
proof of Theorem 4.7 in Cioranescu and Donato [4], we conclude that

£=QVu, inQx(0,7), (6.69)

where @ = ((¢;,;)) is given by (6.64). Then, taking into account (6.69) in (6.68), we have the homoge-
nized model (6.63).

]
Definition 6.2. A weak solution of (6.63) is any function w, satisfying
u € C([0,T];L* (), for all T >0,
u € L*(0,T; H} () N LP(0,T; LP (Q)),  for all T > 0,
Y 3F\> d Y Y |OF|
+ o1 ) o (u(t),v) + (QVu(t), Vo) + ——r(u(t),v) + ——(f(u(?)),v) + o (9(u(t)), v)
(1 + ) Gituoro + @, vy + I wtater. 0+ 1 4

Il oy P

in D'(0,T), for allv e HE(Q) N LP(Q),

U(O) = Uup.
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Remark 6.3. Applying a slight modification of Theorem 1.4, Chapter 2 in Lions [12], we obtain that
the problem (6.63) has a unique solution.
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