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Abstract

In this paper we consider diffusions on the half line (0, 00) such that
the expectation of the arrival time at the origin is uniformly bounded in
the initial point. This implies that there is a well defined diffusion pro-
cess starting from infinity, which takes finite values at positive times.
We study the behaviour of hitting times of large barriers and in a dual
way, the behaviour of the process starting at infinity for small time.
In particular we prove that the process coming down from infinity is
in small time governed by a specific deterministic function. Suitably
normalized fluctuations of the hitting times are asymptotically Gaus-
sian. We also derive the tail of the distribution of the hitting time of
the origin and a Yaglom limit for the diffusion starting from infinity.
We finally prove that the distribution of this process killed at the ori-
gin is absolutely continuous with respect to the speed measure. The
density is expressed in terms of the eigenvalues and eigenfunctions of
the generator of the killed diffusion.
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1 Introduction and main results

In this paper we are interested in the descent from infinity for continuous
diffusion processes without explosion. This article is also a refinement about
the study of quasi-stationary distributions (q.s.d.) when oo is an entrance
boundary. Although, there is a large literature of g.s.d. for one dimensional
diffusions killed at 0, there are not many results on the behaviour of these
processes near infinity and the main works we use in this article can be found
in [4], [13], [LI] and [9]. On the other hand, this article was inspired by the
results in [2] in the context of birth-and-death processes and is linked to the
approximation by flows coming from infinity in [IJ.

For convenience, we consider diffusion processes which are stopped at a
regular point chosen to be the origin. More precisely we consider the flow
X of diffusions on R™ stopped at 0 satisfying for any z € R

dXP = dBy — ¢(XF)dt |, X¥ =z,

where B is a standard B.M. and q is assumed to be C*([0, 00)). In particular
0 is a regular boundary point, as well as any z € RT, when considering the
diffusion on [z,00). In our exposition 0 will play no fundamental role and
most of the results only depend on the behaviour of g near infinity. Without
loss of generality we assume that B is the coordinate process in the canonical
space (C([0,00)),.7,F,P), where P is the Wiener measure. We also denote
by E the associated expectation. Similarly, we denote by P, the distribution
of the process X* and E, its associated expectation.

The hitting time of a point z by the process X* is denoted by ’]I',(f)
inf{t > 0: X} = z}. To avoid overly burdensome notation, when the initial

condition x of the diffusion X is clear, we use T, = TS”). This will be of
(z)

particular use when computing moments of T
The scale function A of X is given by

z Yy
M) = [0 dy. where o) =2 [ () e

Throughout the paper we shall assume the following main hypothesis

Hy : / ew(y)/ e %) dz dy < oo
0

Yy

We also introduce the associated Lyapunov function
m(z) == 2/ eW(y)/ e 7O de dy, (1.1)
z y

which is positive and decreasing and it will play a major role in what follows.



The speed measure y is given by du(y) = 2¢~7Wdy. By Hj, fyoo e @) dz <
oo for dy-a.e., which implies that fyoo e~ 7?) dz < o for all y > 0. Therefore
1 is a finite measure. Moreover, the following inequality

T 2 z .
(x—1)*= (/ 1 W)/2,=7(y)/2 dy> < / W) dy/ e gy
1 1 .

leads immediately to A(oco) = co. That implies (see [6]) that the process
does not explode and attains 0 almost surely.

The next result gives properties equivalent to H; and it will be proven in
Section 2.

Proposition 1.1. Assume that q is C*([0,00)), then the following are equi-
valent
(1) My holds,
(74) sup E(Téx)) < 00,
x>0
.. . (z)
(iii) there exists a > 0 such that sup E(e’o ) < oo, for any A < a.
x>0
(iv) oo is an entrance boundary, that is, there exists y > 0,t > 0 such that

lim P(T{ < ¢) > 0.

T—00

In Section 3] we define X°° by monotonicity of the flow and prove that when
x — 00, the process X* converges a.s., uniformly on compact sets of (0, c0)

(in time) to X that satisfies: forall 0 < s <t < ’]I‘éoo) = lim ’]Téx),

T—00
t
Xfoszoo—f—Bt—Bs—/ q(X°) du, X§° = oc.
S

We denote by P, the distribution of X*° and E., the associated expectation.

Similarly, we define TS"’) = lim TS‘), which results on the hitting time of z
Tr—00

for the process X°.

We will quantify the speed of convergence using the Lyapunov function
m. The process X provides a relevant approximation of the diffusion when
the initial state is large. In particular, it yields the large population approx-
imation of diffusion processes where the demographic parameters are fixed
but the initial size of the population is large. As in [I], we consider the
image of the flow under a diffeomorphism which gives a natural distance
to compare the stochastic flow with its limit at infinity and a determin-
istic function. But here we can exploit the Lyapunov function m and its
regularity, which provides a relevant and tractable compactification of the
space.



The spectral study of the semigroup of X as well as a fine study of the
behavior of this process near oo will be done under an extra assumption on
the asymptotic behavior of q.

/
Hy : lim ¢(z) =00 and lim a(x) _

Z—00 z—00 g2 (x)

An important and interesting remark is that under Hy it holds

2q(y)67(y)/ e 1O qge —1,
y

Y—0o0

which is a direct consequence of 'Hopital’s rule, see Corollary [A.2] In par-
ticular, under H; and Hs, we have for large z

* 1
/Z @dm<oo. (1.2)

Noting that

1
M(z)—/z @dy (1.3)

is the time it takes for the deterministic flow (y = —q(y)) starting at in-

finity to reach the point z, we have that m(z) = IE(’]I',(ZOO))

equivalent to M (z) (see Corollary (74)) and

lim m(2)
z—o00 M(2)

is asymptotically

= 1. (1.4)

We can now state the main results of this article. First, we describe the
behavior of the hitting of large integers and deduce an approximation of the
process starting from infinity for small times. We follow [2] in the gradual
regime and prove a Law of Large Numbers (LLG) and a Central Limit
Theorem (CLT). The main difference is the fact that the state space is
continuous, which makes the study of the moments of hitting times and the
derivation of the position of the process more involved. On the other hand,
we are able here to make all the assumptions explicit in terms of ¢ using
finer estimates.

Theorem 1.2. Assume that Hy and Hs hold, then in probability
T(OO)
lim % =1

If we assume further that

- 1
/zo A ([, a7 () d)? dy < oo, (1.5)

then the convergence is almost sure.



Notation: We use the short hand notation f =~ ¢ to mean that 0 <
lim inf £(2) < lim sup Ha) oo,
z—00 9(2) rseo 9(2)

Remark 1.1. The hypothesis (1.5 is satisfied in the following cases

o g(z) = &, with p(x) — oo, p'(z)e ") — 0, p"(2)/ (¥ (2))* = 0 as
x — 0o and f;;o[(p’(w))Q\/l] e P dy < co. Indeed, consider H = e7P,
then

H'=—pH, H" = —p"H + (p)°H,
and
HH" _ (=p"+ (¢')*)H?
@R R
So, by Lemma[A.1], we get

Sl | N H?(x) B e P(@)
/x WY THw T @

and (1.5)) follows from fzzo(p’(z:))ze_p(x) dr < o0.

— 1 at co.

o0

l—a

o q(x) ~ z for a > 1. It is clear that [ de ~ Loy~ so

1
vy q(z)

o 1 * 1
/ - 2aly%(a—l)Q/ Wdy<oo
0 ¢3(y) (fy q () dw) w0

Corollary 1.3. Assume that Hy and Hsy hold, then the following limits exist

(i) For all A < 1, we have

. Tz A
s (o 1)

(ii) For alln > 1,

Theorem 1.4. Assume that Hy and Hs hold. Then, we have the limit in
distribution (00) (00)
T — E(TY™

X1 2,4

Z—00

Var(Tgoo))

where Z has a standard Gaussian distribution.



We shall see in Appendix [B] that

(c0)
lim Var(T;™)

=1 (1.6)
2Z2—00 fz qT%y)dy

We can now invert in a sense this result and derive the fluctuations of
the process starting from infinity.

Theorem 1.5. Assume Hj, lim g(x) = oo, together with
T—00

[ q(x)~ ! da

0<Y:= li < o0, 1.7
zggo qz(z) fzoo q(x)_?’dx > (1.7)
and
/ o0
lim L) / SIS (1.8)
Z—00 Q(Z) z Q(x)

Then Hy holds and
XP-m () o

— Z,
VXt N0

where Z has a standard Gaussian distribution.

Remark 1.2. We shall prove that under H; if ¢ converges to oo at infinity
and (1.8]) holds, then Hy holds (see Lemma . On the other hand under
H; and Hy the hypothesis

<1
b:limq’(z)/ ——dzr € R,

=00 q(x)
implies: b >0, (1.7) and (1.8), with X = 2b+ 1.

The proofs of the theorems will be based on an extensive computation
of the moments of the hitting times. In what follows, we denote by L the

second order differential operator given by

Lu= gu'(@) — gloh(2),

for all u € C%(]0,00)). The function m defined in (1.1 satisfies
Lm=1,

and by Corollary A.2 (i) its derivative m’ is bounded on [0, oc].

Until now we have studied the law of TS’O) when z tends to co. We now
assume z fixed and describe the tail of the law of TS"”). Our objective is



the study of the domain of attraction of the unique g.s.d. including initial
distributions that put mass at infinity. We complement this result with a
spectral decomposition for the transition densities of the process starting at
infinity and its approximation with the densities starting at a large finite
initial condition.

To understand these results we introduce some notations and facts. It is
recalled in Appendix C (see also [4]) that under H; and Hy, the generator L,
on L%([z,00), 1) of the semigroup associated with the process X killed at z,
has a discrete spectrum (—\;(2));en and the bottom of the spectrum of — L,
is denoted by A1(z) > 0. The associated eigenfunction ¢, is C?([z,00))
and satisfies L1, 1(x) = —A1(2) ¢.,1(z), with the normalization

/ W2 (2)2e" 0@ dr =1, 4),4(2) =0,

and 1), is positive on (z,00). The next result is an extension of Theorem
5.6 in [4] (see also [II] for the case the drift is singular at 0). It allows to
extend the support of the initial distribution to co in Yaglom limit. We
write P, for the probability associated to an initial condition X distributed
as 1.

Theorem 1.6. Assume Hy and Hy hold. Let z > 0 and n be any probability
measure on (z,00].

(i) Then

lim eM )P n(T2 > t) / Y1 (z) dn(x / P 1(x)2e” =1(2) g,

t—o00

(i1) For every Borel set A C [z,00], we have

fA¢z1 @) 4
f %1 (@) dx

tligloPn(Xt € AT, >1t) =

We now provide a formula for the density of P(X/° € dm,']Téoo) > t) with
respect to the speed measure du(z) = 2¢~7dz.

In [4] Theorem 2.3, it is proved that for any finite z > 0,
P(X} e dm,T((]y) > 1) =r(t,y,z) 2@ dx

where, writing A\, = A (0) and ¢, = 9o for any integer k > 1,

r(ty,x) = e Wy (y)vi(x).

k>1



In order to control this sum, we require an extra hypothesis on g. This
hypothesis prevents ¢ to have deep valleys when approaching infinity.

Hs : Jda > 0,9 > 0 such that Vo > xg, inf{q(y): y >z} > aq(z).

Of course we have a < 1. Moreover, a = 1 is equivalent to assume gq
is increasing in [z, 00). We are in position to show the following characte-
rization of (¢, 0o, ).

Theorem 1.7. Assume Hy,Hy and H3 hold. Then for allt > 0,
(i) as y converges to oo, the function r(t,y,e) = >, e Ml (y)iy(e)
converges to r(t,00,8) = >, e Ml (00)yy(e), in all LP(u) for p >
1. In particular, r(t,00,e) € LP(u) and it is a bounded continuous
function.

(ii) For any bounded measurable function f : R, — R, we have
E (f(Xtoo);’]T(()oo) > t) —/ r(t, 00, ) f () 277 d. (1.9)
0

Thus, 7(t, 00, ) 2e~ 7@ dx is a density for P(X° € o; ']T(()OO) > t).

(i1i) For allp > 1 and all f € LP, we have

Z—00

i BT > 0) = EGOERTE > 1) = [ r(t.o0,0)f(@) 260
0

We also have the following strong ratio limit result.

Theorem 1.8. Assume Hy,Hy and Hs hold, then

. r(t, 00,z
lim sup r(t, 0, z)
Z—00 $20

~1=0

r(t, z,x)

2 The moments of T,

Under H;, we shall derive a recurrence formula for the moments E,(T7),
for all n > 1 and all z > 2. We also develop some useful bounds for the
moments. It is clear that, outside of a global set of P-measure 0, the flow X*
is well defined and it is increasing in x, by strong uniqueness and continuity.

Then for any z, Tgx) is also strictly increasing in x, for x > z.



Theorem 2.1. Assume Hj.
(i) We have for all x > z,

E.(T,) = 2/ W) dy/ e 1) qg (2.1)
z Yy
and the recurrence formula: for anyn > 1,
E,(T?) = 2n / W) / Ee(T? He 7O de. (2.2)
z y

In particular,
Ew(T,) = m(2).
(ii) For all A\ < ——, for all x > z,

m(z)’

1
AT, < )
() < T

Proof. (i) We develop a proof by induction.
Case n=1. Consider for any fixed z > 0 the following function

ul(x):2/ ev(y)/ e 1O g,
z y

which is a C2([0, o0)) positive increasing and bounded function, solution of
Lu=—1, u(z) =0.
By It6’s formula we get

ui (@) = By (t A'T) = By (ur(Xint. ) = Eg(ur(Xe)Li<r.),

because u1(z) = 0. The boundedness of w; implies that T, is finite a.s. and
the Monotone Convergence Theorem gives

Ex(T,) = ui(x) = 2/ eV(y)/ e 7O ge.
z y
Case n=2. Consider now the following function
w(@) =2 [0 [T e
z y

which is a C%(]0,00)), positive, increasing and bounded solution to Lu =
—uq, u(z) = 0. Itd’s formula gives

o)~ ([ o (X.)ds) = Ea(ua(X).t < ),

9



which converges to 0 as t — 0o as before. Then, using uj(z) = E.(T,),

)= [ B T tn) s =B ([0 5)as) = S

since the strong Markov property implies that E,(Ex, (T,) 1s<7,) = E,((T,—
$)1s<r,). In summary, we get

E.(T2) = 2uy(z) = 4 / W) / Ee(T,)e O de dy.
z y

Case n. Consider up(z) = 2(n —1) [ e’ W) fyoo Up—1(€)e~ 7O d¢ dy which is
a C%([0,)), positive, increasing and bounded solution of Lu, = —(n —
Dup—1, un(z) = 0. The inductive step assumes that (n — 1)u,_1(z) =
E, (T2 1. Once again, Ito’s formula (and the boundedness assumptions) im-
plies that w,(z fO c(Ex, (TP Dlr.)ds = fO ( (T,—s)" ! 1$<Tz) ds.
By binomial expansmn we get

n—1
(n;l) (_1)n—l—k Ex (T’; fOTz Sn—l—k’ dS)

]

up(r) =
k=0

n—1 1k

n n—1 n B .
= 3 () S EL(T2) = —1E.(T2) 3 () (-1)"* = LE,(T2).
k=0 k=0
We get forn > 1

E.(T7) = nua(x) = 2n(n — 1) [7 W [*u, 1 (§)e 7 Odédy
=2n [’ 1) fy"o Ee (T2 1)e 1O dedy.

(ii) Notice that E;(T,) = wi(z) < m(z), see (l.1). Then, we get that
E.(T?) < 2m(2)? and inductively we get for n > 1 E.(T?) < n!m(z)™.
With these bounds we can prove that

1
E.(e*=) =1 L(T7) <1 (A [
+Z +z1n < T

n=1

which is finite for all A < ) Using the Monotone Convergence Theorem
and the previous induction %ormula we also conclude that

E. (M=) =1+ 2)\/ 67(?”)/ Ee(e*=)e O dg dy,

Y

which ends the proof. O

Notation: Some of the computations require to prove a chain of implica-
tions about the existence of limits and for that reason we write f ~~ g to
mean that when lim g¢(z) exists then lim f(z) = lim g(2).

Z—00 Z—00 Z—00

10



Corollary 2.2. Assume H; and Hs, then

Eoo (T2

am00 (Eo(T5))2 L (2:4)

Proof. Let us introduce mg(z) = Eoo(T2). By (2.2) and Markov property,
we have

[e.e] e}
ma(z) = 4/ eW(y)/ Eg(']l‘z)e_wg) dé dy
z Yy
=1 [T [T (T~ Ba(T)e O dedy
z y
=2m(z)? —4 / W) / Eoo(Te)e™"® de dy.
z y

by recalling that m(z) = Eeo(T.) =2 [° W) fyoo e~ d¢ dy. The asymp-
totic behavior of ma(2) = Eoo(T2) turns out to be the same as m?(z). For
this purpose, it is enough to study the ratio

4sz0 e’ W) fy"o m(g)e—v(ﬁ) d¢ dy

m?(2) ’

oo —v(8)
which by I’'Hopital’s rule is equivalent to study the ratio % We

iterate this argument to get

fzoo m(é)e—’Y(g) dé m(z)e—'y(z)
m(z) fzoo 6_7(5) d§ m(z)e_’Y(Z) —+ 2@’7(3) (fzoo e_'V(f) df)Q .

Thanks to Corollary (i) (whose proof uses Hy), we have

29(2) ([ =) gg¢)? oo
c (e €) O 2q(z)ey(z)/ e ) ge,
m(z) 2
which converges to 0. Combining these formulas yields (2.4]). O

We are now able to prove Proposition [1.1

Proof of Proposition[I.1. The equivalences of (¢), (i7) and (iv) are proved
in [4, Proposition 7.6]. Remark that (i) < (i) means that m(0) < oco. We
have shown in Theorem (2.3) that if A < m(0), we have

1
Ex Moy = su E, AMMy< — — <.
=R S T
Then (ii) = (4i7) and the converse is obvious. O

11



The next proposition gives a more general recurrence result.

Proposition 2.3. Assume that f : R, — C is a C' function such that
|f'(x)] < A+ Be*, where \ < ﬁ, then for all x > z we have

E((T) =10 +2 [ 00 [TR(rT) e Odety. (29
z y

Proof. According to what we have proved, this relation holds for any poly-
nomial f. Then, the result is obtained by approximating f’ by polynomials
and passing to the limit, thanks to the growth condition on f’ and (2.3).

As a particular case, we have the following relation
E, (") = 1+ 2i0 / W) / Ee(e97=) e dedy (2.6)
z y

for the characteristic function of T,. ]

Remark 2.1. We can reinterpret these formulas using the Green function.
Recall that the Green function g, : [z,00)? — Ry, for the process (Xiat, :
t > 0) on the domain [z,00), is given by (see [1] ) g(z,y) = g.(z,y) =
fzx/\y "W =) du and satisfies for any measurable function h either positive
or integrable with respect to g(x,€)e="&) d¢ with h(z) = 0, that

/ T Eu (h(Xy)Loer.) ds = / g Oh(e) 20O e (27)
0 z

Notice that can be rewritten as

E, ( /0 - h(Xs)ds> —9 / ) /y T he)e© dedy, (2.8)

So, if we take h(§) = 1, 00)(§), we recover (2.1). On the other hand, if we
take h(§) = E¢(f'(T)) with f as in the statement of Proposition we
obtain Formula , using the strong Markov property.

3 The limit process X

First, we introduce the process starting from infinity and check that it sat-
isfies the expected properties.

Theorem 3.1. Assume that Hy holds. The following limit exists P-almost-
surely for any t > 0,

12



The process X is continuous, X§° = oo, X < oo for allt > 0 and
TE;”) =inf{t > 0: X° = z} = lim ']I‘,(f) has some exponential moments
for all z > 0. e

Forall0 <s<t< ’]I‘((JOO), the process X°° satisfies

t
X = X® 4+ B, — B, — / ¢(X2°) du. (3.1)

Proof. Using that outside a set of P-measure 0, for every t > 0, X e is

increasing in x, the followmg limit exists P-almost-surely for all ¢,

Moreover Tﬁﬁ is increasing in x and we set T, = lim ']I‘,(f). Let us first
Xr—r0o0

check that T, = T,(f") for any z > 0. Since ']Téx) < To, we have X5 =0
for all = and then X3° = 0. Thus, Ty® < To. On the other hand, if
t < Ty, we have t < 'I[‘(()x for all large > x9 = xo(t,w), which implies
that 0 < X;° < XJ < X by monotonicity of the flow. We conclude that

']I‘( o) _ =Ty = hm T(x) and ([2.2 . ensure by monotone convergence that

~

E(TE) = Tim E(TY) =2 f5° 7@ [ e dedy < oo
E((TS)2) :wlggoE((Tg@)ﬂ) =4 [° W) [ E(TE)e ) dedy < oo.

Similarly, one can prove that TS’O) = ILm Tgx) holds, for all z, outside a

set of P-measure 0. Since TS’") > T,(zx), we conclude that TS’O) are positive
random variables. On the other hand, z — ’]I‘,(ZOO) is non increasing and
bounded by the integrable function Ty, which implies
E(hm (> >) = lim E(T®)) = lim 2/ eﬂy)/ e 9 dedy = 0,
z Y

Z—00 Z—00 Z—00

and therefore le T,(Zoo)

Now, we shall deduce that almost surely, X;° < oo for all ¢ > 0. In-
deed, for any 0 < to < t1, the event {sup,cy,X; > A} increases to
{supte[to’tl] X° > A} as x — oo and

P sup X;°>A ) =1limP| sup X/ >A]|.
t€[to,t1] T00 \ t€lto,t]
Let us fix € > 0 and introduce z = z(g) such that for any x > z large enough
P(TZ > ty) < e, using that H_)m ’]I‘,(ZOO) =0 and ’]I‘Ef) < T,(;’O) a.s. We obtain
z o

=0 a.s..

P( sup Xf°>A> <e+ lim P(T® <t5, sup X7 > A).

t€to,t1] T—00 teto,t1]

13



By the strong Markov property at time T,(f), we obtain for A >z > z(e),

IP’(’]I‘F;) <tp, sup X/ > A) < IP’( sup X7 > A) .
t€to,t1] 0<t<t1—to
We then let A tend to infinity and this term vanishes since X* does not
explode in finite time, which concludes the proof of X° < oo for all £ > 0.

We now prove that X° is a continuous process. We first apply the Ito’s
formula to m(Xt””/\Téz)) and get

AT
m(X? @) = m(z) + / W/ (X?) dBs + t AT
tAT, 0

because Lm = 1. As mentioned in the introduction, the functions m and
m’ are bounded and continuous functions on [0,00]. Let us now consider
the well defined process on R™:

AT
m, = / m'(X2°) dBs +t ATS.
0

Using Doob inequality we get for every ty > 0 fixed
E(sup [m(X7 ) — D)

(z)
t<to tAT

to 2
< 4(m(z))® + 16 E ( /0 <m’(X:Ang))—m’(X§°)) ds) (3.2)

toAT ™)
+16E (/ (:) (m'(x))? ds> +4E((T) - T§)?).
toAT

When z tends to infinity, the first term of the RHS tends to 0 by Hj. The
second term tends to 0 by dominated convergence theorem (since m’ is
bounded). The third term is bounded (up to a constant) by ]E(T(()OO) - T(()x)).
It tends to 0 as the forth term by dominated convergence theorem. We have
thus proved that almost-surely, for any ¢,

By continuity of m, we deduce

AT
oo\ 0 / [e’s) (00)
m(X/°) = m' (X°)dBs +t ATy .
0

This implies that the process ¢ — m(X;°) is continuous and since m is a
diffeomorphism, we conclude that the process ¢ — X° is also continuous.

o)

We conclude then easily that for all 0 < s < t < ']I‘((] , the process X
satisfies the SDE (3.1)) for any ¢t > s > 0, by letting x — oo and using m’
bounded. O
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We obtain now the convergence of processes when the initial condi-
tion goes to infinity and provide the speed of this convergence in terms
of the Lyapunov function m. For that purpose, we introduce the distance
dw(z,y) = |m(z) — m(y)| and endow Ry U {oco} with this distance which
makes it a Polish space.

Theorem 3.2. Under Hy, for any T > 0, the law of (X;”/\T(z) 1t €0,7T))
0

converges to the law of (X° :t € [0,T]) as x — oo in the space of probabil-
ities on C([0, T], Ry U {oo}).
Assuming further

/
lim g(x) = o0 and limsup M < 00,
=00 zooo ()

there exist c1,co > 0 such that for any x >0 and T > 0,

E sup  dn (X0, X5)? | < eqm?(x)eT.
t<TATS

Thus, m(z) = dw(z,00) provides the speed of the convergence of the
flow when © — oco. Letting T' = 0 in this inequality shows that it is sharp.

Proof. We recall that 9%, = m(X7°) where X° = X:;’Téw). Then, (3.2) is

given by
2
E <?E¥dm (XMT(()@,Xt > )

< 4m*(z) + 16E (/OT (m'(X:ATéz)) - m'(X§°>)2 ds)

+16 || |l E (T4 —T67) +4B(T6 - T(")?),

where each term of the right hand side goes to 0. This ends up the proof
of the first part of the statement. Similarly, as in (3.2)) we have (using that
16" < T6)

E|l sup dp(XF X2 | =E| sup |m(XF)— o
t<TAT t<TAT

< 4m? TAT((JI) 1 yT 17 300y ) 2
< 4m(z) + 16E / (m/(X7) — w/(X>))° ds
0

Moreover, our assumptions here ensure that m”/m’ is bounded, see Lemma
[A-5]for the proof. Then there there exists ¢; > 0 such that for any y > z > 0,

(o)~ )| < [ Y (2))ds < o1 / | w(2)|dz = erdm(, ),

15



since m’ has a constant sign. The second part of the statement then follows
from Gronwall inequality. O

4  Proofs of Theorem and Corollary

Let us assume in this section that H; and Hsy hold. We have seen in the

previous section that le TP = 0 a.s. and ILm E(Tgoo)) =0.

Proof of Theorem [1.3. The first statement follows immediately from the be-
havior of the second moment. Indeed let € > 0 and use Markov inequality

o et (00) (0)
P(Tf_l Ze) §1<E<<Tz°°>2>_1>
E(TYY) 2 \ (B(TE))?

This right hand side converges to zero from ({2.4]), and the result is proved.

The second statement is more involved. Recall that the function m(w) =

E(TSO)) is positive and decreasing. Hence, for 0 < p < 1, we can define
recursively z, for n > 0 by zg > 0 and

zp = 1nf{w > 2,1 : m(w) = (1 —p)m(z—1)}.

It is clear that (z, : n > 0) is a strictly increasing sequence. Let us prove
that z, — oco. Indeed, we have for n > 1, m(z,) = (1 — p)" m(2p), which
tends to 0 as n tends to infinity, implying that z, — oo.
We first prove that
lim ﬁ =1 (4.1)

holds a.s. using the decomposition

TO) = > 7, with 7 = TEY, — T,

—1 Zk

Since the process X *° satisfies the strong Markov property, the random vari-

)

ables (7% )r>0 are independent with the same distribution as Tg’,i’“
that E(’]T,(ZOO)) = m(z), we shall prove that

.- Recalling

1
lim —— 7 —E(1)) =0 a.s.
n—o0 m(zy) kzzn;rl( (7))

to get (4.1). We will first prove that

Var (i)
Z m2(zp_1) < 00,

k>1

16



and using that m(zy) is decreasing, we apply Proposition 1 in Klesov [§].
Note that since the (73),>0 are independent,

Var(7) _Var(T,(zii)l) Var(T (Oo))

m2(zk,1) N m2(zk,1)

2
Since by (B.2), V(w) = Var ’]I'(OO =38 foo () f (foo e~ dn) dg dy
is a decreasing function, we get

Val“(Tk) B ;k_l —V,(U}) dw Zk *V’(’w) B 0o *V’(w)
2wl X ) | m2(w) ‘/z m2(w)

2l
k>1 k>1 m? (251 k>17 7K1

This last integral is finite (or inﬁnite) if it is finite (or infinite) for an equiv-

alent function (see Corollary [A.2] (i),(ii) and (iii))
2
Viw) 867(w) fw V(8 (fg e—(m) dn) df 1
m2(w) m?(w) w) ([ g~ (x))?dx

Our extra hypothesis ensures that this last function is integrable. This yields
the a.s. convergence for the desired ratio along the subsequence (zy,),.

Now, we prove that this sequence dominates the full path. Indeed, we

consider z > zp and n > 1 such that z € [z,-1,2,[. Then by the obvious

(c0)

monotonicity of T’ and m(z) on z, we get

(o0) (o0) (c0) (c0) (c0)
mrIEZZ*;ll) B mrl(tnl) = (1) r‘%(z) > (1= )mqg::,l) == p>2n’152n)'
Therefore almost surely,
(c0) Tgm) 1
1—p§ligll£f ( )<li£ri>sgip m(z)gfp
Taking p — 0 ends the proof of Theorem O

Proof of Corollary[1.3. Inequality (2.3 shows that for all A < 1, we have

(c00)
Elexp| A L < L
]E(Tgoo)) 1—A

This means that (exp ()\ TS’O)/ E(’JI‘EOO))> , 2> 1) is a tight family (consider
A < X < 1) and the result follows from the convergence in probability of

- (ng“’)) to 1. Finally, (éi) is shown similarly. ]

17



5 Proof of Theorem [1.4

We will use Lévy’s Theorem and prove that for all ¢ small enough and all z
large enough,

(00) _ (c0) 2
E <exp <itTi/ar( (E(;]I)ql/z )>> = exp <_1;> (1+o0(1)).

As for Theorem the proof relies on the fact that T can be seen
as a sum of independent random variables, which are adapted to estimate
the variance. For that purpose, we consider p € (0,1) and define recursively
another sequence z, by zp = z and for n > 1

2 = inf{x > 2,1 : Var(T) ) = p Var(TE) )}

Note that the function  — Var(T ,(zn) ,) is continuous, vanishing at z,_1 and
positive at infinity. The sequence (2, : n > 0) is well defined and it is strictly
increasing. We denote by z iz, oo its limit and first prove that z = oo.

1

As in the proof of Theorem Tn = ’]1‘22")1 — ’]I‘( ) are independent and
Var(r,) = pVar(’]I‘g‘:i)l),

()

by construction, since 7, is distributed as TZ» . This implies Var(T;,”,) =
pVar(’]I‘gfi)l) + Var(T (OO)) and by induction

Var(TE) = (1 — p) Var(TE?).
Letting n — oo and using that Var(’IF( )) — Var(’IF( )) from , we get

lim z, =z = 0.
n—o0

Moreover, writing o(z) = Varl/Q(T(Zoo)), we have

Var(,) = p(1 — p)" to(2)2 (5.1)

Now we turn to the proof of the convergence of characteristic function.

Recalling that T — E(Tgoo)) = > (1 — E(m)), we have for a fixed ¢t € R,
k>1

E <eit T(OO) ]E(,ﬂ,(oo))> HE< it T —E(1g) ]E(Tk >
k>1

18



Using (5.1)) and estimate (27-11) in [3], we get
1t

., T —E(7 2 _
E CZt ka) —6_%p(1_p)k 1
o(z)?

where C' is a positive constant such that |e=* — 1 + x| < C2? for any = > 0.
Then,

i IV -E@)) 2
Ele oz —e 2

It remains to estimate Gig > k>1 E (176 — E(72)[?) and let p go to 0 to check
that the right hand side vanishes. We notice that using twice Cauchy-
Schwartz inequality

RE ZE |7, — E Tk|)

< E (|7 — E(m)*) + Ct'p*(1 = p)**,

_ HE(” Tk~ E(Tk)) He 20(1 p -1

k>1 k>1
<Lﬂ3 § E (|7x — E( )|3)+C’t4—p
S 3 Tk Tk 2,
Zk>1

k>1
, 1/2 1 ) 1/2
<Z< (= BoY) (5B (I~ EP))
k>1 Z
1/2 1/2
o(2) :E:: E (|7 — E(m)[") o(2)? :2:: E (|7 — E(m)[)
k>1 k>1
1/2
= 4ZE |Tk: ‘ ) )
k>1

where the last equality comes from o(2)? = Var(T} T ) > k>1 Var(ry) or
. Theorem (1 - 4] follows now from the next lemma by letting p tend to 0.

Lemma 5.1. We have for any p € (0,1),

Z 3p
J— 4 —
zhloo“ 0_3 k>1E Tk ]E(Tk)] ) = 2—p'

Proof. Since the random variables (7, —E(7x)) are independent and centered,
and since TS = > k>1 Tk has finite moments, we can write

E ([T - BTEN]) = SE (fre - B()]*) 43 Y B ([ — E(m)?) E (73 — E(7)[?)

k>1 k#j
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Then, using ,
E ([T - E(TE))4)

=Y E([rx — E(r)]*) +3) _ Var(r,)Var(ry) — 3 _ (Var(ry,))?

k>1 7 ~
- ZE ([Tk — E(Tk)]4) +3 (Var(Tgoo))>2 — 3p? (Var(Tg‘x’))>2 Z(l B p)2(k71)
k>1 -
e 2 o 2 p2
- kZZIE ([ — E(73)]*) + 3 (Var(Tg ))) _3 (Var("]I‘g ))) Tt
[e%¢) 2 P
= ;E (e — E(me)]!) + 3 (Var(qrg >)) <1 _ 2_p> _

It is proved in Lemma [B:2] that

E ([T - B(r&)))

lim =3
z—00 (VaI'(T,(ZOO)))Q
and we conclude by dividing the last identity by 0% = (Var(Tgoo)))Q. O

6 Proofs of Theorem [1.5 and Remark [1.2]

We first derive some consequences of the assumptions of Theorem and
recall from (L.3) the notation M(z) = [°° (I) dx.

Lemma 6.1. Assume Hj, xli)rrolo q(x) =00 and (1.8)). Then

(i) hmq 2)\/M(z) = 0.

(ii) Hy holds.

(7i) lim me)

z—00 v/ m(z)
Proof. Condition (|1.8) can be reformulated as

. M//(Z)

M(z) = 0. (6.1)

In other words, for any € > 0 there exists z(e) > 0 such that for any z > z(€)
we have M'(z) < 0 and M"(z) < —eM'(z)/\/M(z). Integrating between
z > z(€) and infinity we get 0 < —M’(2) < 2 ey/M(z). This implies

. M(z)
Z—)OO\/i

20
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which is assertion (7).
We observe that

() (M) o ()
qwﬁ‘<Mw>VM”>< )

M(z)

and therefore Hy holds and (74) is proved. Furthermore, using Corollary

(4),(47) and (6.2)) we deduce Zlggo ) 0 and () is proven. O

We can now prove Theorem According to Lemma see Remark
[[.2] we can assume that Hy holds. For y € R fixed, we define the function

ry(t) = m™L(t) + y Vit for t € Ry.

Recall that m(z) = E(TY®) and o(z) = Var/2(TS).
First, we observe that

{XEO —\[ml(t)
t

and the derivation of the upperbound of the CLT comes from the CLT for
T. Indeed ry(t) — oo as t — 0 since by H;, m(z) — 0 as z — oo and by

Lemma (1),

< y} C{T,,q) <t} (6.3)

Lt mry(f)
}1{‘% o, @) V3. (6.4)

Then Theorem [[.4] ensures that

T — m(ry, (1) 4 —
o BT — ap( —re® v m(ry (1))
%wmmm<”“&ﬁ< D) eln®) )
= (VXy), (6.5)

where ® is the cumulative distribution function of the standard normal
distribution. From (/6.3]), we then obtain

X —m!
lirf\f;lp[?’(\/?(t) <y) < (ID(\/iy)

and we now prove a reverse estimate. Let € > 0, we have
(c00)
{Toy <th C AJ{XZ <m0, (6.6)
where ry ((t) = 7,(t) + v/t and the event A; is defined by

Ay =TS0 < t;Fu e [T90) 1], X > rye(t).}
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By the strong Markov property we have

P(Ay) < P(TI) <) Py (35 € [0,4], X > 7y ()

and using Pry(t)(Els € [0,t], X5 > rye(t)) < P ) (Try,e(t) < Ty) since 0 is
absorbing, we get from

B(X7* < rye() 2 BT < 6) (1= Pry (Tr, o < To))-

Ty

As {X° < ry(t)} = {(Xp° — m~1(t))/Vt < y+ €}, we now need to check
that for any € > 0,

Py 1) (Tr,.) < To) =0 (6.7)
and using (6.5)), we will get
XX — m7L(¢)
liminfP [ ~t—Fr—> > o(VE
Htr{gl ( NG <y+6> > (\Fy)

and complete the proof of Theorem [1.5| (replace y by y — €).
To prove , we recall that the scale function A(z) = fox "€ d¢ satisfies
LA =0,A(0) = 0. By Itd’s formula, we have for any =z > z > 0, E, (A(Tx A

To)) = A(z) . Therefore P, (T, < Ty) = j\\g)) and

A(ry(t
Fruto (Trc < T0) = A(ryé» i)e)\/i) |

Combing Lemma (79 — iv), the left hand side goes to 0, which ends the
proof of Theorem

We finish this section with a proof of the fact given in Remark [I.2|about
the hypotheses of Theorem

Proposition 6.2. Assume that H; and Hy hold. We also assume that
. , <1
b= Zlggoq (2) /Z 2@ dr € R. (6.8)

Then, b >0 and (1.7) and (1.8]) hold with ¥ = 2b+ 1.

Proof. Notice first that since ¢(z) — oo, when z — oo, we conclude there
exists a sequence z, — oo for which ¢'(z,) > 0, which together with the
existence of the limit in imply that b > 0.

. . q’(z) co 1 o .
Let us prove (1.8]), that is, Zlgglo e IB @ dr = 0. Notice that

(48 [ =B
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which converges to 0 by Hsy and .
Let us now show (1.7). By I’'Hopital’s rule, we get that

T [Zq@) " de . q 2(2) [ q(z)"! da
R B R T S I

= lim “2CECO L@ oG _ yy g0(z) [P g(x) "  de 41 =26+ 1.

—q73(z) 2—00 Z

The result is shown. O

7 Proof of Theorem 1.6

We refer to Appendix C and to [4] for all results recalled in this section and
the next one.

We assume that H; and Hy hold. We begin by noticing that

1
> —= = :
) 2 [ e J; e~ d¢ dy

/\1(2

Indeed, let ¥ = v, be the unique q.s.d. on [z,00). This q.s.d. has a density
proportional to v, 1 with respect to p.. We know that T, is exponentially
distributed if the initial law is v, and the mean of T, is 1/A1(z), that is

1 1 1
CEN(T:) ~ Ex(T2) 2 [7e® [*eOdedy’

We shall prove that the tail of the distribution of T,, under P, has an
exponential tail with decay rate A;(z). This is a consequence of Theorem
[1.6] that we prove now.

An important result for our proof is the following lemma.

Lemma 7.1. For every z > 0, the process (e =)y 1 (Xyar.) 1 t > 0)
is a nonnegative martingale and for any z < r < w < 00

Yaa (@B (MOT) = v (w).

Proof. Recall that L1, 1 = —A1(2)1,,1 and then the process is a local mar-
tingale for any initial condition. In Appendix Theorem C.1 and Proposition
C.2 (ii), it is proved that 1), ; is positive and bounded. We recall that A;(e)
is strictly increasing, so A1(z) < A1(z). On the other hand under Hy, Hy for
any A < A\i(x) (see [4] Corollary 7.9)

sup Ey(eXTI) < 00.
y=>w
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In particular, Eq(eX ) = SUD,>, E,(e’T=) < oo, which gives the needed
uniform integrability. In what follows we consider A\1(z) < X < A1 (z).

For alarge M > x, the Ito’s formula shows that (eAl(z)(t/\Tz/\TM)¢z’1(XMTZMTM) :
t > 0) is a martingale and therefore for every x < w < M we get (by Doob’s
sampling Theorem)

wz,l(w) =E, (ekl(z)(TzATM)iybz,l(X’]Tx/\’IFM))
=, 1(M)E,, (M Ty < Ty) + b5 1By (M T, < Ty)

The first term tends to zero, as M — oo, because: 1, 1 is a bounded function;
E, (e’\l(z)TM,’]I‘M < Tx) <E, (e”‘w, Tas < Tz)

and P, (Ty; < T,) — 0 (notice that e’ is integrable). The second term
converges to 1, 1(x)E, (e)‘l(Z)T””) by the Monotone Convergence Theorem
and the result is shown for finite w. Using again that 1), ;(e) is increasing
and bounded, we can pass to the limit w — oo to include this case as well

Y21(00) = 1, 1(x)Eqe (e’\l(Z)TI> .
]

Proof of Theorem[1.6. We shall give a proof of (i) for the extreme measure
7N = 0oo- For the sake of simplicity we take z = 0 and we denote by A =
A1(0),¢ = 1. For any = > 0 we have that A\i(z) > A. As we have seen,
H; and Hy imply that for any X < A;(z)

C(\) = EOO(eXTI) = sup Ew(e)‘/Tf”) < 00,

w>x

and we conclude that

limsup e Poo (T, > t) < C(N).

t—o00

Now, we fix A" such that A < X' < Aj(x) and we use the strong Markov
property to get

Poo(To > t) = Poo(Ty > t) + /Ot Py (To > u) Poo(Ty € d(t — u)).
On the other hand, for every € > 0, we have the bound
/Oﬁt Po(To > 1) Poo(Ty € d(t — 1)) < Poo(Ty > (1 — €)t) = O(e N 19,
So, if we take € = ¢(x) > 0 small enough such that A < X (1 — €), we get

/OEt P, (To > 1) Poo(Ty € d(t — u)) = o(e™2).
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We also have that Poo (T, > t) = o(e™2).
Now, we use Theorem 5.2 in [4] that gives

lim e2* P, (Ty > s) = / P(y) 2e” 1) g

S5—00

Thus, for every § > 0 there exists ¢ty = to(x), such that for all s > ¢

— IE”fO(T0> 52)6 T 1l <s
Hence, if et > ty we have
[LPL(To > u) Poo (T, € d(t — u))
< (1+0) (W(@) [T 9(y) 2e77W dy) [} e 24 P (T, € d(t — u))

= 26_N(1 +9) fooo y(y)e_“’(y) dy (y(az) fo(l_e)t et Po(T, € du)) .

The conclusion is

limsup e Poo (To > t) < 2(1 + 6) / P(y)e W) gy (1/1( )Eoo(eAT”’))

t—o00

We can take 6 | 0 and use ¢(z)Eo(e2T#) = ¢(c0) (see Lemma i to get
limsup €2 Poo (To > t) < 20 (00) [o Y (y)e” W) dy

t—o0
= fooo 9(11‘) doo(d) f()oo %(y)e—’y(y) dy.
The same lower bound is obtained for the liminf and (i) is shown.

Part (i7) of Theorem is shown in the same way, using again Theorem
5.2 in [4]. O]

Remark 7.1. Obviously we have P,(T, > t) < Poo(T. > t) and we can
show that both tail distributions are equivalent, namely

P, (T, > t) < Poo(T, > t) < m(2)P,(T, >t — 1).
For this purpose we use formula (2.5), with the function f(T) = (T — t)4,
we obtain

Eoo((T, — t)4) =2 / W) / Ee(T, > t) e dedy.
z y

This relation can be written as Eoo((T, — t)1) = m(2)P,(T. > t), where

p is the probability measure whose density is ﬁ s WY dy 1,5, with

respect to the speed measure 2e~ V@)= da:. In this way we get

Poo(T, >t +1) < Eao (T, — t)4) = m(2)P,(T, > t).
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8 Proofs of Theorems 8.1 and [1.8|

Recall that (see [4]) for finite z > 0, we have
P.(X; € dz,To > t) = D(t, 2z, 2)de = r(t, z,2) 277 dx (8.1)

with
r(t,z,m) =Y e MWy (2) Yk (x),

k>1

where A\, = Ao and 5, = 1o . This series is convergent in L?(dy) for all
t > 0 and

I7(t, 2, 0)[|72 = /0 r(t, z,x)? 277 dg = Ze‘”’“ti/)k(z)Q < 0.

k>1

So, a natural candidate for a density of Py, is the series

r(t, 00, x) Ze Metap (00)ihg (22).

k>1

The quantities 1 (0c0) are well defined, see Proposition (ii). The first
thing to show is that this series converges in L?, that is,

Ze_”"“twk(oo)Q < 0.

k>1

Then, we shall show that r(¢,00,e) is in fact the desired density.

It is clear that we require a control on the growth of (13 (00)), and more
generally we need a control on (||¢g||cc)x. Theorem 8.1 provides this control
using the extra hypothesis H3 on q.

Proof of Theorem [8.1. Part () is an immediate consequence of the bounds
provided by Proposition and Corollary The fact, that r(t, z,e)
and r(t,00,e) are bounded continuous functions follows from the uniform
convergence (in the x variable) of the partial sums

Ze My (2)yk () and Ze Mg (00) ¢ ().
k=1

k=1

On the other hand

sup |T(t,OO,.'E) - T(t,y,ﬂf)| < Z‘f—)\ktnwkuoosgp ’¢k(OO) - ’¢/€(y)| —0
y>z

y=z220

as z — oo. Hence r(t,00,e) is a bounded continuous function and the
convergence of r(t, z, ®) to r(t,00, e) holds in all LP.
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(74) Recalling the monotone convergence of X?* to X*°, we have

Eoo(f(Xy),To > t) = lim E,(f(X;),To > t)
Z—00
o0 o

= lim f(@)r(t, z,x) 2e 7@ dy = / F(@)r(t, 00, ) 277 dy

Z—00 0 0
for any non-decreasing function and then for any bounded and continuous
function f. This shows that r(t, 0o, x) 2¢~7(®)dz is a density for the measure
P (X: € @; Tp > t). The rest follows directly. O

Remark 8.1. Notice that ||r(t,c0,e)||2, = >, e ?!4p2(c0).

As consequence of Corollary the function r(t, e, e) is uniformly con-
tinuous in @i. Indeed, we have

[r(t 2, y) = r(t, 2,y < g e Wklloo (lvor (@) = vr@)] + [ (y) = ¥r(y)])
< AV el (1) qrrsdul + 1) sryradul)-

An important conclusion is that

H(z,y):= inf  r(t,e,e) >0,

[2,00] x [y,00]

for z > 0,y > 0. Indeed, by continuity we have J(z,y) = r(t,x*,u*)
for some (x*,u*) € [z,00] X [y,00]. If 2* and u* are finite, the positivity of
r(t,z*,u*) is a consequence of Maximum Principle. Indeed I'(e, e, x) defined
in is a non-negative solution of the heat equation Lv = %v. Ifz* =00
but u* finite, the function r(e, 00, e) also satisfies a heat equation and we
conclude similarly. The symmetry of r yields then the result in the case x*

finite and u* = oo. Finally, the last case * = u* = oo is obtained from
r(t,50,00) = ¥y e (o0) > 0.

Now, we control the behavior of r(¢, z, z) for x near 0. Of course we have
r(t,z,0) = 0. Let us prove that a%r(t, 2,0) > 0 for all t > 0,z > 0. Indeed,

) N . )
5 (6% 0) =2 e Mbp (2)10(0) = 2 [7° 30, Ape Ml (2) g (€)e 7O de
= =& J5 Tp et (2)un(§)2e 7O dg = —FP.(Ty > 1) > 0.

The last inequality holds, because P,(T¢ > t) is decreasing. Actually,
we have proved that 8%r(t,z,O) is the density of Ty starting from z (a
relation that holds under quite general conditions). On the other hand,
v(t, z) = %T‘(t, z,0) > 0 satisfies the heat equation Lv = %v, with bound-
ary condition v(t,0) = 0, for all ¢ > 0. Therefore, Maximum Principle proves
that a%r(t,z,O) > 0 on (0,00)2
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Similarly, a%r(t, 00,0) is the density of Ty under P,. So, we conclude
it is not negative and we prove now it is strictly positive. For that purpose
consider 0 < s < t and recall ([1.9)), so

o
Poo(To > t) = Exo(Px,(To > t—s); To > s) = / r(s, 00, 2)2e 7P, (Ty > t—s) dz.
0
The conclusion is a%r(t, 00,0) = fooo 7 (s, 00, z)Qe*V(Z)(%r(t —8,2,0)dz > 0.
Proof of Theorem[1.8, We notice that for z > 2, yo > 0 and some finite

constants A, B (see Corollary |C.4])

r(t, 00, x) 1‘ < 1

su
b r(t, w,x)

T2Yo;W>Z

— sup |r(t,o00,x)—r(t,w,z
%(zo,yo)pyo,wz’ (t,00,2) = r(t, w,z)]

IN

1
—Ait 2)\ d
Fag 2 A [ gt

which converges to 0 as z converges to oo, recalling ((1.2)).
To finish the proof we need to bound, for some yy > 0 and large z, the
ratio

sup

z<yo;w>z r(t,w,x)

T(t) Ooﬁx) 1‘

Let us estimate, for w Aw' > 2,0 <z Ax' <z V' <y,

| 2k e M (w)g(x) — 3op e Mg (w)g ()] <
g e M e (w) — p(w’)| max [P (y)] + g e M eloo 1 () — Y (2)]-

0<y<yo

Letting 0 < x < 2’ < yp and using the expression of ¢ given in (C.2),

95, (2) — i (a’)] = 227 ™) YOy (€) de — @) 7 e Oy (€) dé

< )\kev(a:)’ev(w’)fw(x) —1| fooo 26*7(5)‘¢k( )\df—i—/\keV f " 968 1y (€)] dE

< Chgle — 2|,

where C' = C(yo). Similarly, |15 (y)] < DAy, for 0 < y < yo and some
finite constant D = D(yp). We use Proposition and Corollary [C.4] n with
e=t/4toget, forwAw >z2,0<zANt' <zVa <y

0 <F</°°1 du + | ’|>
Z u+lz—a|),
Ox - w q(u)+B
for some finite constant F' = F(t,yp) (notice that F' gets larger as ¢ gets
smaller). We use this bound for w’ = oo, 2’ = 0,39 < 1 to get

0 d —( [ 1

—r(t — —1r(t 0)| <F ——d

'8$T( ,w,l‘) a.’IJT( » 00, )‘ = </ q(u) +B U+y0>

w

r(t,w,z) — aar(t,w/, ')
i
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and F = F(t,1). Hence, if 2y is large enough and g is small enough (de-
pending on t), we get F (fZO I +Bdu + yo) < %%r(t, 00, 0) and then for
all w> 22> 2,0 < < yo

ir(t, w,§) >

This bound gives the inequality

0
%r(t, 00,0) > 0.

N

r(t,00,x t, 00,

Sup M — 1‘ < sup M 1

w2zs0<esy | (6 W, 7) w>z0<e<yo | g7 (t W, €)
9 )
sup e t,OO,f — 5T t,w,f .
_ w2s0se<p0 3 )~ gerth w0l . 2F /oo S,
< _ 5 < .
wZzol;{)léggyo %T(t’ Ws 5) %T‘(t, o0, 0) z Q(u) + B

The result is shown. u

Remark 8.2. We have proved: For allt > 0 there exist zo = zo(t) > 0,G =
G(t) < oo such that for all z > zp,

rt,00,2) ‘<G/ —du

su
5 r(t, z,x)

x>0

A First basic estimations

In this section we shall get some basic asymptotic relations among different
quantities that we use in the rest of the article. The first tool is a consequence
of L’Hopital’s rule.

Lemma A.1. Assume that H is an integrable (eventually) strictly decreas-
ing positive function that satisfies

. H%*(2) . H(2)H"(2) —
then ~
. LHy)dy 1
im > = .
Z—r00 H?(z) 2—a
—H'(z)
For a =2, the result holds assuming also % # 2 for z large enough.
Proof. Using L’Hopital’s rule, we get
fzoo H(y)dy -H _ 1
_HQ(Z) ~ _QH(H’)2+H2H” - 9 _ HH"
H'(2) NGO (H")?
and the lemma is shown. O
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The following result is an application of this Lemma

Corollary A.2. Assume that q satisfies Hy and Hy. Then, the following
limits hold

(1) lim g(z)m'(z) = lim 2q(z)e?® /OO e O de =1, (A.1)

Z—00
2e7W) [*° =) d¢ dy
(i4) lim ]\“;(Z) = lim I oof i =1, (A.2)
2—+00 (z) 2—$00 fz @dy
2
f:o e’ W) (fy‘x’ e—(&) d§) dy
(i) lim — =1, (A.3)
Z—00 e27(2) (fzoo e—(&) dg)
2
(1v) lim =1 (A4)
Proof. (i) Notice that H(z) = e 7) is positive and strictly decreasing.
Also, it satisfies liﬁ\m (( )) = 0. On the other hand
H'()H() _ (42(z) ~ 2 (o)™
(U0 VT O =
because Hy. Hence, Lemma [A1] implies that
o e

211(2)6’”(2)
(ii) is a consequence of (i) by L’Hopital’s rule.
(iii) Consider H(z) = ¢7(?) () e ) d£)2, whose derivative is

H'(z) =2q(z)e’®) (f e () d§) —2[>e -8 ¢

= (zq(z)ev(Z) fzoo e 18 gg — 2) fzoo e~ &)
Therefore, H is eventually strictly decreasing. On the other hand

H(z)H"(z) [(4(12(73) +2¢/(2))e? ™ ([T e )) —4q(2)e7® [ e dg + 2}

(H'(2)* (29(2)e) [ =) de - 2)° o

Hence, we need to compute

H%(z) e?1(?) (f°° —1(©) g¢)* o) (7 ) )
) ~ Gae e e B a o) [Tz " S </ ¢ dé)’

which by (7) converges to 0 and (#i¢) is shown.

(iv) is a consequence of (i) and (i7). O
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Lemma A.3. Assume Hjy, li_)m q(z) = 00 and (1.8). Then
r—00
(i) For anyy € Ry,

lim  sup  |log (a(2)/q(x))| = 0.
o= <1</

(ii) For any y € R,

z+yy/ m(2) v/ a(z
lim q(z) fz dr/q(x) =y
Z—00 m(z)

Proof. We first give an upper and a lower bound for ¢(z)/q(z) for large z
and |z — z| < ym(z). Note that if y is fixed and z tends to infinity, any
point £ € [z —ym(z), z + ym(z)] also tends to infinity.

We have

fog (a(2)/ate)) = [ L au

q(u)
Therefore by the mean value Theorem there exists { € [z,z] (if z < =z,
€ € [z,z] if x > z) such that

2O [z ) ()
g (4(2) /) = (= =) & ( M(€)> <q(§) M(@) |

By condition ([1.8)) the second term tends to zero when z (and hence = and
€) tends to infinity and we now prove that the first factor is of bounded

modulus. We have for any = € [z — yy/ m(2), z + yy/ m(2)],
z—x

<yw<y\/ m(z)
VME)| T ME T Mz - yy/m(z))

since M is decreasing. Recalling that H; and Hy hold, by Corollary (i)
it is enough to prove that

lim M(z) =1.
z7o0 M(z —yy/ m(2))
For that purpose, we observe that
'M<z —yy/m(z) _ 1‘ e LA PV C R
M(z) M(z) MO a4

Using again Corollary (73) and the monotonicity of M, there exists C' > 0
such that

M(z—y\/m(z))_l‘ < C 1<C’
M(z) -

sup

1
2y m(2),2) ¢ emyy/mz),) VM




and the last term goes to 0 as z — oo by Lemma [6.1)i). We obtain (4),
which immediately implies (7). O

Recall notation o(z) = Var(']I‘goo)), ry(t) = m7L(t) + yvt and 1y (t) =
ry(t) + eVt for t € R
Lemma A.4. Assume Hy, xlirgo q(z) = oo, (1.7) and (1.8]).

. ot mlry ()
Q lm Srty = VEY
.. 1. A(z) : A=)
(@) 3 sliminfoeey < imsup gy < 1
(i) tim 2lre=) _
t—00 q(ry(1))
(iv) lim <,

t\O e’Y(’"y e(t)) —
Proof. From and Theorem (i), we have
m 1('5)er\/E o0
m(ry(t)) = E(Tff;‘zi)) =t—2 / W / RGP
m=1(2) u

and we have to compute

‘ fm:ll(g))"‘y\[ W duy, Ir e 7O qg ‘ fz+y V) v gy, [ e @ e
lim = lim =2 u .
N0 a(ry(t)) =00 o(z+yy/m(z)))
Let us prove now that
lim ZEHYVmE) (A.6)
200 o'(z)

Using ((1.6)) it is equivalent to prove

I e (x) da
lim vy m)

= 1.
Z—00 fzoo q_3($) dx

Using I’Hopital’s rule we need to study the ratio

3
.0} 2)
2\/ g(z+y/m
Using respectively Lemmal6.1] (zm) and Lemma (z), both factors converge
to 1, when z — oo. This shows (A.6)) and therefore

-1 oo
. fm_l((t))er\f () du, fu e 7(§)d§ . szer\/m(z) W) gy, f;o eiV(Odf
o oy ) = A, o) '
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Using again Corollary (i) and relation 1.5 this last limit is equal to

fim SO e a) [ g e me) Sy
oo 2/ITa) tdr e 2/m(2) VI e 2

The first factor in the above expression, converges to y by Lemma (ii).
On the other hand, the second factor converges to v/ by hypothesis (T.7)
and the fact that m(z)/M(z) — 1 (Corollary [A.2] (47)).

Let us now prove (ii). From Hj, Hs, we can choose A € (0,00), such
that

inf >1
Jnf, q(z) , 21213

Using integration by parts, we have

N _ z L . © _ e’Y(CC) B e’Y(A) B q/(f) . €)
A(z)—A(A) /A2q(§)2q(§) A= QQ(A)+/,4 GEA

Therefore from our choice of A we have for x > A
1 [ @) eV(A) (@) eV(A)
- — < A(z) —A(4) <2 — .
; (2q<x> 2q() ) = MM =2 500 T e

Since A(x) diverges with x (by Hj), we obtain (i).

Using Lemma (1) and replacing y by y + € and taking z = m~!(¢),
we get (ii7).

We have from the definition of the function ~

eV (ry (1)) Ty,e(t)
log m :—2/T(t) Q(f) dg .

Yy

Using again Lemma (i), for small ¢, this quantity is equivalent to

—2eVtq(ry(t)) = —2ev/m(z) q(z +y v/ m(2)),
by setting t = m(z). Finally,
VG a4y /) = A ) oy 1 e,

tends to oo, when z — oo, for any € > 0 by Corollary (i1), Lemma
(iti) and Lemmal6.1] (4). It proves (iv). O
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‘qq/((gf))‘ < o0o. Then

Lemma A.5. Assume Hj, lim ¢(z) = oo and limsup
T—00 T—00
there exists a constant & > 0 such that

‘ m//(m)‘
sup
z€[0,00) m’(x)

<6&.

Proof. From Lm = 1 we derive % m” = g m’ + 1. Moreover

o0 o 1
() — —2e@) / ) ge — @) / d(e©
(@) z ¢ « (&) < )

_ b [TdE) e
=Rl A T3

by integration by parts. Therefore

Ly o [CdE)
5 m"(z) = q(z) e/( )/x g(é))ge ’Y(f)d;;“
o0 e—(8)

and writing g(z) = () I 6] d€, there exists 2 > 0 such that

|m”(2)] < 2 q(z) g(2).

Moreover, by integration by parts,

1 oo ./ 1
9(z) = T O ev(m)/x ;I(S?’ e 1Oge = 2 g(z)o(1)

as x — 00, using that |¢'(z)|/q(x)? = |¢'(x)|/q(z).1/q(x) — 0. Then g(x) ~
1/(2¢%*(x)) and we get

o) A y
imsu —limsup ———— < ¢

e W(2) T 2 b ql@) (o)

by Corollary [A.2]7). The Lemma follows by observing that in any compact
set |m”| is bounded and m’ does not vanish. O

B Central moments estimations.

In this section we study the asymptotic behavior for the moments of the
random variable T, under P, assuming that Hy, Hy holds. We will derive
results stronger that those of Corollary [1.3| (i7).

The following limits exist, for all n > 1 and all z > 0,

Eoo(T?) = lim E,(T?) = 2n / W) / Ee(T?1)e ) dg dy.

T—00
Y

The main difficulty to get the asymptotic behavior, on z, for these moments
is that the dependence on z in both the limits of integration and the in-
tegrand. To simplify the dependence on the integrand we shall prove the
following equality.
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Proposition B.1. For alln > 1 and all z < &, we have

n k )
BT = 3 (-1F Y [H (5 e

k=0 feay Li=1

(Eoo(T2) — Eoo(T¢H)),

(B.1)
where AZ = {EZ (50,51,--' 7€k) e N1 . <l <l 1< <l <n=
lo} ( an empty product is taken to be 1).

Proof. Let us consider z < ¢ < x. During the proof we will denote for
convenience (when it is necessary) by T,_,, the time for the process to go
from x to z for any = > z.

The strong Markov property ensures that E¢((T,)") = E,((T, — T¢)")
and therefore

Be(TE) — Eo(T2) = 3 (—1)"4 () BTy T)

n—l1 .
- j:o(_l)n_j ()Eo (Tg ™ (Tasse + Tes)?)
- :2_;(—1)"‘]' () 55 ()BT () = EE:C(T?’”)E@) ’§<—1>"-j (@)
= BT R 1 (5 = - ()RR,

Therefore, we have proven that

Be(T?) = (Ba(T2) — BalTD)) - 3 (1) etz e

Taking the limit as * — oo yields a similar recurrence formula with E.,

instead [E,. This recurrence relation can be solved by considering the formal

power series » . -, %u” (in the variable u). O

We are now interested in the moments of the normalized ratio under Py,
Vareo(T,) '
where Vary(T,) = Eoo(T?) — (Eoo(T,))?. We start by estimating this quan-
tity
Vareo(T,) = 4 [ e7W) S Ee(T,)e™ ) d¢ dy — (Eoo(T2))?
= (Eoo(T2))? =4 [ W) [ Eoo(Te)e ) dé dy.
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In particular, we have

%S 2
(=7 WVar, (TLYY = 87 ( / D) d§> .

Integrating this equality yields

Varo(T,) = 867(2)/ V&) </ dn> dg,
z y

Vary(T,) = 8 ¥(z) (B.2)

00 e’} 0o 2
:/ 6v(y)/ pRlt3) </ e~ (M) d77> de dy .
z Yy 3

The formula (1.6]) follows from (B.2]) and from Corollary (iv).

and finally

with

Lemma B.2 (Fourth moment estimation).

lim Eoo ([Tz B EOO(TZ)]4)

AT (Var(T)?

Proof. We write T = T, § = T, m = E(T) Var = Var(T). We also
¢
introduce the notation

/e—v — /OO e 7Ede, ev/e—v — 1(2) /OO e 7Ege,
//[.] — / ew(y)/ oc (&) d¢ dy, /[.] — / e &) de.
z y z

We start by noticing that from (2.2)) and (B.1)
E(TY) =8 [[[Ee(T?)]

and

=8 [[[B(T?) — E(S®) — 3E(S)(E(T?) — E(5%)) — 3E(S*)(E(T) — E(S))
+6E(S)(E(T) — E(S))]

=4E(T?)m — 24m [[[E(S?) — 2E(S)?] — 24E(T?) [[[E(9)] + 8 [[[-E(S?
+6E(S2)E(S) — 6E(S)%]

= 4E(T3)m — 24 m [[[E(S?) — 2E(S5)?] + 6 Var? — 6 m*
+8 [[[-E(S?) + 6E(S?)E(S) — 6E(5)3].

36



Here, we have used that 4 [[[E(S)] = 4 [[[E(T) — E¢(T)] = 2m? — E(T?).
With these relations we can compute the fourth central moment

E((T - m) ) = E(T*) — 4E(T3) m + 6E(T?) m? — 3m*

= 6 Var? —24mff 52 —2IE( )2 + 8 [[[-E(S?) + 6E(S?)E(S) — 6E(S5)%] — 6m?

+6(2m —4 [[[E(S))) m? — 3m?*
=6 Var? — 24m [[[E( 52 ) — 2E(S)?] — 24m? [[[E(S)] + 3m?+
8 [[[-E(S3) + 6E(S*)E(S) — 6E(9)3].
We define Q = Q(z) = (( — m)*) — 6 (Vare(T,))?. Hence,
Q' =48¢7[e™ [[[E(S?) — 2E(S) ]+2467mf E(S?) — 2E(5)?]
+96meT e [[[E(S)] +24e"m? [[E(S)] —24m3 eV fe™

—8¢" [[-E E(S3) + 6IE(S2) (S) — 6E(S)3].
Once more we compute

(e77Q) = —48¢e™7 [[[E(S?) — 2E(S)?] — 96 €7 [~ [[E(S?) — 2E(S)?]
—24me~7(E(T?) — 2E(T)?) — 1927 (fe™ )2 [[[E(S)] — 96 me™7 [[[E(S)]
—192meYfe™ [[E(S)] + 144m? e7(fe77)? + 8e 7 (—E(T?) + 6E(T?) m — 6m?3).

Let us compute the last term in this expression
8e 7 (=3E(T?)m + 12m [[[E(S +6ff E(S5?) — 2[E( S) ] + 6E(T?) m — 6m?)
= 86—7< —3E(T?)m + 3m(2m? — )) +6 [[E(S?) — 2E(S)?] + 6E(T?) m — 6m3)
=48¢e7 [[[E(S?) — 2E(9)?].

Then, we conclude

7 — (e QY

e’Ye’Y

= —96] (5)2] =192 fe™ [[[E(S)] — 192m [[E(S)] 4 144m? [e™7.

The derivative of Z is given by

Z' = 96e77(E(T?) — 2E(T)?) +192¢™ [[[E(S)]
+576¢7[e™7 [[E(S)] + 48 m?e™7 — 576me? (fe™7)?
= 48E(T?) e —48m? e~ 7 + 576 7 [e™ [[E(S)] — 576 me(fe™7)?
=48e "Var + 5767 [e™7 ([[E(S)] — m [e77).

Notice that
f[E(S)] - mfe_‘Y — —me Y+ me Y + 267(f€—’y)2
Jer(fem)? —e7(Je=7)?

Therefore, we get from Corollary (t31),

2
7! ~s 48 "Var — 1152 (67 /e_7> /e“Y (/6_7)
4
~ 48 e VVar — 1152 ¥ ( / 6—7) .
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On the other hand, we know that (Var)? ~» 64¥2. So to study the asymp-
totic behavior of the central fourth moment, it is enough to follow the same
steps for 6402, We get 64(02) = —128¥ e7[e7(fe~)?, which gives further
that

64 (e77(W?)) =128 e7([e7([e™7)?)? + 128We(fe™7)? ~» 128We? (fe7)2.

Call now G this last quantity divided by e7[e™” and take a further derivative
to obtain

G =—128We 7 —128¢€7[e™ [e7([fe™7)% ~» —128W e~ ~» —16 Vare 7.

Putting all these estimations together yield to

_n\4 —1

EOO((TZ - m)4) et (fe 7) 4 -3 q
3+9— 7 349 (16 34+9— 3
Varo(T))2 0w oo™ / 7)) It T

which is the fourth moment of a N(0,1) distribution. O

C Some basic spectral properties

In this section we present the basic spectral properties of the semigroup
associated to X in the interval [z, 00), where z > 0.

When the process is restricted to [z, 00), the speed measure is
pz(da) = 26~ 0@ gz g€ [z, 00).

The scale function is given by A (z) = [ YW= dy = e (A(z)—A(2)).

In what follows, we denote by L the second order differential operator given
by
Lu= gu'(@) — gloh(2),

for all u € C%([z,00)). On C3([2,00)) this operator is symmetric with respect
to u, and it has a minimal closed symmetric extension on L?(u.), which
we shall denote by L,. This operator is the infinitesimal generator of the
semigroup associated to the process (X; : t > 0) killed when it attains z
(see [4]).

The main result about the spectral decomposition of L, is Theorem 3.2
in [4], which we summarize here.

Theorem C.1. Assume H; and Hs holds. Then, —L, has purely discrete
spectrum {\;(z) : © > 1} that satisfies
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(i) 0 < A\ (2) < A2(z) < .... s an increasing sequence of simple eigenvalues
Of _LZ;

(i) For every \i(z) there exists an eigenfunction v,,; € C*(z,00), unique
up to a multiplicative constant, which also satisfies

Ly i(8) = =Xi(2)Yzi(e), ¥2i(2) =0
fzoo @,i(u’”) 2¢—(V(@)=(2) dp = 1.

The set {1, : i > 1} forms an orthonormal basis of L*(u,). Moreover, we
can choose 1,1 to be positive in (z,00).

The process (Xiar, : ¢ > 0) has a unique g.s.d. in [z,00) (see [4]
Theorems 5.2 and 7.2), which is given by

V.1 (z)e @) dy
v, d$ = o ’ 1 (@),
( ) fz wz,l (y)ei’}'(y) dy [ ,00) ( )

The fact there is a gap in the spectrum of L, implies that (Xar, : ¢ > 0) is
R-positive, which means that the associated @-process is positive recurrent.

For this article we need extra properties of the principal eigenvalue and
eigenfunctions.

Proposition C.2. Under H; and Hy we have

(i) if 0 < z < x then A\i(z) < A\i(z), that is the principal eigenvalue is a
strictly increasing function. Moreover, for all x > 0

(inf{g(y) : y > 2} v 0)*

)\1(%) Z 9

In particular, lim A\;(x) = oo.
T—00

(ii) For all z > 0 the functions ¢z7i,w;’i are bounded, for every i > 1.

The functions 1#“,1/);1 have exactly 1,1 — 1 zeros respectively. 1. ; is
eventually monotone and the following limits exist

1 > = - 1 / . =
xllgolo 1/12:,2(95) - wzﬂ(oo) ?é 0 and xli)rgo ¢z,z(x) 0.

(i1i) For all z > 0, there exists a constant A = A(z) > 0 such that \i(z) >
Ai holds for all i > 1.
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Proof. (i) It is clear that A\1(z) < Ai(x) because for every y > z we have

M) = lim —logPy(T, > t) < lim —logPy(T, > t)

t—00 t ~ t—oo t

== )\1(1‘)

The first equality in the above expression is well known (see for example
Theorem [1.6| or [4] Theorem 5.1). Let us assume that A;(z) = A\;(z) and we
will arrive to a contradiction. We denote by A = A\i(z) and by g = ¢, 1, f =
1z 1. Notice that, even if the eigenvalues are equal, these two functions are
not because 0 < g(z), f(x) = 0.

Consider W the Wronskian of these two functions W = ¢'f — gf’. The
derivative of W on (x,00) is

W'y) = ¢"f—af" =2qWw)9d () — Xg)f(y) —2(a(m) f' (y) = M (y))g(v)
= 2q(y)W(y).

In particular we have W (y) = W (z)e?W =) = —g(z) f'(x)e?® =), Since
f is increasing we must have f’'(x) > 0 (otherwise f = 0 since it is solution of
a second order linear differential equation) and therefore W (z) < 0. Using
that (g/f) = W/f?, we get for y > yo > x

9(y)  _ 9(yo) L [reme
O<f(y) = f(y0)+W()y0 ) d
— g(yo)_ D ( yMw
I OREAGA >/yo P (©D

The Cauchy-Schwarz inequality shows that

2
y f(w)ef%(v(w)*v(x))
2
d
(y yO) (/yo f(w)efé('Y(w)*’Y(w)) v

Yy Y e(v(w)—v(z))
Fw)2e=0=1@) gy / e .
Yo Yo fA(w)

Since [ f(w)2e=0)=7) gy < 00, we conclude that

00 o(1(w)—(x))
Y

IN

o [rw)

This is a contradiction with and therefore A;(z) < A1(x).

We now prove the lower bound for A\;(z). Here we use a comparison
with a diffusion with constant drift and idea developed for example in [12].
We consider M = inf{q(y) : y > x}. If M < 0 the result is obvious. So
assume that M > 0. We compare the process X with the process Y which
has constant drift —M, that is,

Y;f:Yb‘f‘Bt—Mt.

40



If Yy = X > x then we have X; <Y} for all 0 < ¢ < T,(X), showing that
Py (Ty(X) > t) < Py(To(Y) > t). In particular the exponential rates of
absorption at zero are comparable

M2
Ar(z) > /\}/(x) = 5

showing the desired property and also that li_>m A1(x) = 0.
Tr—00

(7i) We first prove that £ is of limit point type at oo, that is, for some
A € C (equivalently for all A € C) the equation Lf = —\f has a solution
which is not in L?(p,) near oo, which means for all x > 2

| Pwe -,

To show this property, it is enough to consider A = 0 and f(y) = A(y). Here
we use an argument taken from [I1]. For M > 0 and = > z we consider

M+z
M = / Levwazg)>1 + levwnz <1 @Y
T

M+z M~z y(y)
< / A (y)e W) dy + / dy

. Ny
M-z 1 M-z 1
= A2(y)e W) d —M“</ A2(y)e "W dy + ——.
[ xw Al <), MOV g

This implies that fwoo A%(y)e="W) dy = oo, showing the claim.

We use this fact for A = Aj(z). In what follows we shall prove the
existence of a nonzero bounded solution to the equation Lu = —Au on
[2,00). Notice that this equation has two linearly independent solutions and
one of them is chosen to be 1. ;. The other one can be chosen to be the
solution of Lv = —\v,v(z) = 1,v'(2) = 0. Since v, is in L?(u,) near oo
then necessarily v cannot be in L?(y,) near oc.

On the other hand, v = av,; + bv for some a,b € R, but the fact that
u is bounded implies u is in L?(j,) near oo. The conclusion is that b = 0
and therefore u = a1, ; for some a # 0, which implies that v, ; is bounded,
showing the result.

So, let us construct this bounded solution u. Here we follow the ideas of
[10]. Consider a large 2y > z such that for all z > x( the following properties
hold (these are consequences of our hypotheses Hj, Hy)
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(3) f;o @dy < %.

The function S(z) = =X [° 1 y dy is well defined and satisfies S’'(z) =
Tz)a S"(x) = )(‘Zq ((x)) and a fortlorl we obtain
1
157 (2) + 8 (@)?] < 3.

Now, consider the integral I(z) = [>° eV (W) =25() fyoo e~ 1+25(8) d¢ dy. The
fact that S is bounded near oo and H; holds, show that I(z) is finite. We
have

I(z) — > Y(y)—25(y) > —1 d(e=7E+25©)Y 10,
o= | me—mme o

Integrating by parts the second integral we get

_ [ 1 —2S(y a' )+ (§)/d%(€) £)+2S(¢
I@) = [ sssvam W+ 2 Je e W [ aeateye e 1 dedy

—25(y) [0
wa q(y)dy+ f ()fy

% + % f:o V(W) —25(y) fy"o e~ VO+25() g¢ dy.

)| 102 —~(e)+2S(e
qQ(o‘ Tonagee O dedy

IN

Thus, I(x) < 1/4. In the space B = {u € C([zg,0)) : lim u(z) = 0}, we

T—>00
define the affine operator

oo oo
Ah(w) = - / )25 / [S"(6) + S'(€)I[1 + h(©)e O dg dy.
x y
This operator is a contraction on the unit ball of B. Thus, there exists a
unique fixed point «/h = h in the unit ball. It is straightforward to show
that the function u(z) = e5@®) (1 + h(x)), for £ > ¢, satisfies the equation
Lu = —Au on [xg,00) and it is bounded there. Now, extend this solution to
the interval [z, z¢ + 1] by solving the equation

Li = =i, 4(zog+ 1) = u(xg + 1), @ (xo + 1) = o/ (z0 + 1).
Gluing these functions together provides a C? bounded solution of Lu = —\u
on [z,00) as desired.

The fact that each 1), ; has exactly i zeros is a consequence of the in-
terlacing Cauchy Theorem. Recall that v, ; vanishes only at x = 2. Now,
we show that each 1., has a limit at infinity. We denote by A = \;(2)
and ¢ = 1,;. We also take z = 0 to keep notation simple. Notice that
(¢'e”) = =2\, which implies that

(z) = /O ") (4 (0) - 2 /0 " e €(e) de) dy
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If ' (0) # 2\ f > e=7E))(€) d€ then || grows like A at infinity and therefore
1 is not in L2(d,u) which is a contradiction. Therefore, we conclude

b(a) =2 [ W [ 1Oy (¢) de dy,

P (x) =20e@ [ e ©Op(e)de,  ¢(0) =2 [T e Op(E) de.
(C.2)
For large values of ¢ the function 1 has constant sign (recall that v has
a finite number of zeros). Then, changing ¥ to —, if necessary, we can
assume that 1) is eventually positive. Hence, v’ is eventually positive and
1 is eventually increasing. Since it is bounded, we conclude that ¢ (o0) > 0
exists.

That ' converges to 0 at infinity follows from Corollary (i) and
the fact that ¢ is bounded. On the other hand, if ¢’(x) = 0 then either
P'(x) = =2X\(z) < 0 and z is a local maximum for ¢ and ¢ (z) > 0 or
P’ (x) = =2 p(x) > 0 and z is a local minimum for ¢ and ¥ (z) < 0. The
case Y (z) = 0 is ruled out because in this case we would have 1) = 0. The
conclusion is that between two consecutive zeros of 1)’ there exists a unique
zero of ¢. This together with the fact that ¢ has i zeros and it is eventually
monotone, show that 1)’ has exactly i — 1 zeros.

(737) The lower bound for the eigenvalues is taken from [11], where it is
shown that )

1—1

C,’

with C; = 27 A(z)e= V@)= qr = 2~ A(z)e™ @) dz.  Using that
A1(z) > 0 and replacing i — 1 by ¢ for i > 2, we conclude

>\’L(Z) > AZ7

Ai(z) >

for some positive constant A = A(z). O

Recall that Ay = A;(0) and ¢, = oy for any integer £ > 1. The
estimation we need is given in the next result.

Proposition C.3. Assume that q satisfies Hy, Ho, Hs. Then, for everye > 0
there exists a finite constant A = A(e) such that, for all k > 1

[k loo < A,

Proof. We recall that (¢y)x and (\g) satisfy the following basic properties:
Each 1 is a bounded continuous function with k zeros, i is eventually
increasing with a finite positive limit at infinity ¢ (c0) > 0, ¢}, is a bounded
function, eventually positive with zero limit at infinity and

U = 2qu;, = =2\, ¥ip(0) = 0, [|¢g]l2 =1,
V() = 20pe7@) [22 77Oy (€) dE, vp(x) = 24 [y W) S, e Y ey (€) d dy.
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Also for some finite constant B > 0 it holds )\k: > Bk. We also recall the
function m(z) = Eoo(T.) =2 [;° 7 foo e~ "€ d¢ dy, which is a continuous
decreasing function that satisfies m(co ) =0 and

A(z)m(z) > 1.
The first important thing to introduce is (i, the largest zero of ;. Notice

that ¢; = 0. The function vy is positive in ((x,00) and satisfies L1 =
—Ae, ¥(C) =0 and

/ 2e~ 1)y (2) dar < 1) / 2¢ 7y} (z) da < oo
Ck 0

The conclusion is that vy, is proportional to ¢, 1 and Ay = A((x), that
is Ag is the exponential absorption rate for X in [(x,00). One important
conclusion is

One can see that (k) is an increasing sequence. Let us show it converges
to infinity. Indeed, if this sequence is bounded, let us say by z > 0, then we
will obtain that Ay < A1(z) < co. This is not possible, because (Ag)y is the
spectrum of the unbounded operator L.

Now, we produce our first crude estimation on . Notice that ¢ is
eventually positive, so 7y is eventually increasing. This gives, for some finite
constant C' independent of k, x

()] < Cne / / © 4 (6)] dédy

1/2 0o 1/2
< O )/ </ e () ¢2 ) (/ > dy
0 Y Y
x 00 1/2
C)\ke'v(m)/ </ e () d§> dy
0
/2
= (])\kev(w)/ e~ 1(¥)/2 <ev(y)/ 7(6) d§> dy.
0

Corollary |A.2| gives the asymptotic e?®) fyoo e d¢ ~ ﬁ Therefore for
some finite constants D, E we have, for all y > 0

7W) /Oo e () d¢ <D
Y

IN

O (C.4)

Back to our bound for ), we obtain

z  ,—v(Y)/2
)| < CODY2)\.e'®) ¢
|¢k( )| > k m
12y, @) Wy, [ 1 i
< CD"* e\ </ e_vyd/ d) .
g 0 Y o qy)+FE Y

44



So far, we have for some finite F' the following bound holds
i ()] < FApe?. (C5)

The next step is to use hypothesis Hj to get the result. For that purpose
we take a large constant H (for the moment larger than 1), that will depend
on a given in hypothesis Hj3 and that we will make explicit later. We now
choose 1 = x1(a) > xo such that the following conditions hold

q(x1) > max{q(z): z < x1} V 1; (C.6)
S(ay) = (265 + \/ﬁ) / q(ly)dy < g (C.7)

For example x1 = inf{x > g : q(v) > max{q(z) : z <zo}V1+1,5(z) < 5}
will work. The next step is to find xj such that {; < xx and

q(xk) = VHN .

For that purpose, we notice that for x > x1 we have

1 . 9 a? 9
(inf{g(2) : 2> 2} > Lo’ (a)

In particular, v/ Ag > %q((k) So, if H > 3—2 we deduce that

Xk = inf{z > ¢ : q(x) > VHN} > (k.

Now, we estimate 9;(y) for 0 < y < xj. This will done under the
assumption that x7 < xi. Notice that since (i < x, we have x1 < xj for
all large k > ko. According to our basic estimation we need to bound = in
this interval. For z1 <y < xj, we have

Y

1) =) + |

x1

Xk Xk g2(z
2q(z)dz < ’y(xl)—i—/ 2q(z)dz = ’y(x1)+/ 22((2)) dz.

Using Hs if 1 < z < x%, we have ¢(xx) > inf{q(z); x > 2z} > aq(z) and
therefore

2, | 2 |
YY) <v(@1) + =4 (xk / ——dy = (11 +HAk/ ——dy.
(y) < v(z1) + 54" (xx) W (1) + — W
This gives the desired bound for all £ > kg and 0 <y < xg
[a(y)| < FemCr==nhy exp (20)

The final step is to estimate 1 (y) on the interval [y, 00). This is done
by estimating the ratio R = 1, /1. Assume there exists y in this interval

45



one has R(y) > VHM/q(y). Since R(z) converges to 0 as z — 0o, we can
find a first value y < z such that

_ VH ),
Rlz) = aly)

Obviously, we have R'(z) < 0. On the other hand

0> R'(2)vi(z) = ¢(2)vu(2) — (Wh(2))?
= (20(2)95(2) = 209k (2))k(2) — (Y (2))?

. V Ak 2 V Ak
= 2q(z) @) Ui(2) = 2007 (2) — ( o) )27 (2)-
Since ¥y (z) > 0, we get
2(z) YN <o, 4 < A’“)
q(y)

q(y)
Recall that ¢(y) > ag(xx) and therefore ( ) < % k- In other words,
we get the inequality

(2+1/a”)
< <XMTo/2/
aq(y) < q(z) < Wi a(y)
2
which is not possible if H > Hy =: (2+21C{a2) > 2. Hence,
U _ VN
Ye(y) = aly)
for all y > x1 and a fortiori
Y
) = wlwen ([ )
Xk
<webu)esn (VA [ —ds) < vt exp (50
a o 42) )~ 3

Putting these pieces together, we get for all k > k¢ and all y € [0, o],

by ()] < Femax{y):zsailyoxp (2;)%) :
Since z < e*, we may change this inequality to
()] < 2O exp ().
To include the finite number of functions vy, : kK < kg we define
A= max{[fiello b < ho} v S Remexrsa),

to get the desired bound, for all & > 1, ||¢k|lcoc < Aexp (eAg) . O
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Corollary C.4. Assume that q satisfies Hy,Hy, H3. There are finite finite
constants A, B such that for all k> 1,2 >0

/ 1

In particular, for all w > z > 0 (including w = co)

up i) )] < Alnlohe [~

w>xVYy>rA\y>z

Finally, for all € > 0 there exist C = C(€),z0 = zo(€) such that, for all
z> 2z, k>1
sup |Yr(z) — Yr(y)| < C e,

TAY>z

Proof. The result follows from the fact

o0
1
/() < 9 w(x)/ W) gy < A Nt
k()] < 2™ [ e dy < Ao
for some finite constants A, B. The rest of the proof is a consequence of the
previous proposition and the integrability of 1/¢ near infinity. O
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