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A proof of Lusztig’s conjectures for affine type G, with
arbitrary parameters

Jérémie Guilhot, James Parkinson *

Abstract

We prove Lusztig’s conjectures P1-P15 for the affine Weyl group of type G for all choices of parameters. Our approach
to compute Lusztig’s a-function is based on the notion of a “balanced system of cell representations” for the Hecke
algebra. We show that for arbitrary Coxeter type the existence of balanced system of cell representations is sufficient
to compute the a-function and we explicitly construct such a system in type G for arbitrary parameters. We then
investigate the connection between Kazhdan-Lusztig cells and the Plancherel Theorem in type G, allowing us to prove
P1 and determine the set of Duflo involutions. From there, the proof of the remaining conjectures follows very naturally,
essentially from the combinatorics of Weyl characters of types G2 and A1, along with some explicit computations for the
finite cells.

Introduction

The theory of Kazhdan-Lusztig cells plays a fundamental role in the representation theory of Coxeter groups and Hecke
algebras. In their celebrated paper [17] Kazhdan and Lusztig introduced the theory in the equal parameter case, and
in [22] Lusztig generalised the construction to the case of arbitrary parameters. A very specific feature in the equal
parameter case is the geometric interpretation of Kazhdan-Lusztig theory, which implies certain “positivity properties”
(such as the positivity of the structure constants with respect to the Kazhdan-Lusztig basis). This was proved in the
finite and affine cases by Kazhdan and Lusztig in [18], and the case of arbitrary Coxeter groups was settled only very
recently by Elias and Williamson in [7]. However, simple examples show that these positivity properties no longer hold
for unequal parameters, hence the need to develop new methods to deal with the general case.

A major step in this direction was achieved by Lusztig in his book on Hecke algebras with unequal parameters [25,
Chapter 14] where he introduced 15 conjectures P1-P15 which capture essential properties of cells for all choices of
parameters. In the case of equal parameters these conjectures can be proved using the above mentioned geometric
interpretation. In the case of more general parameters P1-P15 are only known to hold in the following situations:

« the quasisplit case where a geometric interpretation is also available [25, Chapter 16];

« finite dihedral type [10] and infinite dihedral type [25, Chapter 17| for arbitrary parameters;
« type By, in the “asymptotic” case [3, 10];

o F} for arbitrary parameters [10].

Note that the only example of an infinite Weyl group where P1-P15 are known for arbitrary parameters is the infinite
dihedral group, where the proof proceeds by explicit computations. In this paper we prove Lusztig’s conjectures in type
G- for arbitrary parameters. This provides the very first example of an affine Weyl group of rank greater than 1 in
which the conjectures have been proved. Furthermore, our methods provide a theoretical framework that one may hope
to apply to other types of affine Weyl groups. For instance, the approach outlined in this paper could be applied to the
case Bs.

One of the main challenges in proving Lusztig’s conjectures is to compute Lusztig’s a-function since, in principle, it
requires us to have information on all the structure constants with respect to the Kazhdan-Lusztig basis. Our approach
to this problem is based on the notion of a balanced system of cell representations inspired by the work of Geck [10]
in the finite case. This notion can be defined for an arbitrary Coxeter group (W, S) with weight function L : W — N
and associated multi-parameter Hecke algebra H defined over Z[q,q~']. Let A be the set of two-sided cells of W with
respect to L, and let I' € A. We say that a representation 7 is I'-balanced if it admits a basis such that (1) the maximal
degree of the coefficients that appear in the matrix 7(7%,) is bounded by a constant a. (here T, denotes the standard
basis of ) and (2) this bound is attained if and only if w € I". A balanced systems of cell representations is a family
(7r)ren of I-balanced representations that satisfy some extra axioms (see Section 2). We show that the existence of such
a system is sufficient to compute Lusztig’s a-function, and as a byproduct we obtain an explicit construction of Lusztig’s
asymptotic algebra J [25, Chapter 18|.

In the case of Ga, we construct a balanced system of cell representations for each parameter regime. Our starting
point is the partition of W into Kazhdan-Lusztig cells that was proved by the first author in [15]. It turns out that
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1 Kazhdan-Lusztig theory 2

the representations associated to finite cells naturally give rise to a balanced representation and so most of our work is
concerned with the infinite cells. In type G there are 3 such cells for each choice of parameters, the lowest two-sided
cell I'p and two other cells I'1 and I'2. To each of these cells we associate a natural finite dimensional representation ;
admitting an elegant combinatorial description in terms of alcove walks, which allows us to establish the balancedness
of these representations.

Next we investigate connections between Kazhdan-Lusztig cells and the Plancherel Theorem, using the explicit formula-
tion of the Plancherel Theorem in type G2 obtained by the second author in [31]. In particular, we show that in type G
there is a natural correspondence, in each parameter range, between two-sided cells appearing in the cell decomposition,
and the representations appearing in the Plancherel Theorem (these are the tempered representations). Moreover we
define a gq-valuation on the Plancherel measure, and show that in type Gy the g-valuation of the mass of a tempered
representation is twice the value of Lusztig’s a-function on the associated cell. This observation allows us to introduce
an asymptotic Plancherel measure, and we use this measure to prove P1 and determine the set D of Duflo involutions.
Moreover we show that the Plancherel theorem “descends” to give an inner product on Lusztig’s asymptotic algebra 7.

Once we have established the existence of a balanced system of cell representations for Gz for each choice of parameters,
proved P1, and determined the set D, conjectures P2-P14 follow very naturally, essentially from combinatorics of Weyl
characters of types G2 and A; and explicit computations for the finite cells. Conjecture P15 is slighlty different in nature
and follows from the generalised induction process [14].

We note that in [38], Xie uses a decomposition formula for the Kazhdan-Lusztig basis to reduce P1-P15 to proving
P8 and determining Lusztig’s a-function. However we note that indeed the main work of this paper is precisely the
determination of Lusztig’s a-function, which uses our balanced system of cell representations.

We conclude this introduction with an outline of the structure of this paper. In Section 1 we recall the basics of Kazhdan-
Lusztig theory. In Section 2 we introduce the axioms of a balanced system of representations, and show in Theorem 2.5
that given these axioms Lusztig’s a-function can be computed. Section 3 provides background on affine Weyl groups
and the affine Hecke algebra. In Section 4 we recall the partition of G2 into cells for all choices of parameters, and
discuss cell factorisation properties for the infinite cells. In Section 5 we prove that each finite cell admits a balanced
cell representation. Some of the result in this section requires explicit computations. These have been carried out using
gap3 [36] and the package CHEVIE [11, 28].

Section 6 deals with the case of the lowest two-sided cell. We note that this case has already been investigated by
Xie in [39], however we include our analysis here since it illustrates very clearly in this simpler case the combinatorial
methodology that we will employ for the remaining more complicated infinite cells. Section 7 deals with these remaining
cells. We introduce a model based on alcove walks to study the representations associated to these cells. This allows us to
give combinatorial proofs of bounds for matrix coefficients and to compute leading matrices for these representations. The
analysis of this section is involved due in part to interesting complications arising in the case of non-generic parameters.

In Section 8 we analyse the connections between the Plancherel Theorem and the cell decomposition. We use the
Plancherel Theorem to prove P1 and determine the set of Duflo involution D. We also define the “asymptotic Plancherel
measure”, and show that it induces an inner product on Lusztig’s asymptotic algebra in type Gs. Finally, in Section 9
we provide our proof of the remaining conjectures P2-P15.

1 Kazhdan-Lusztig theory

In this section we recall the setup of Kazhdan-Lusztig theory, including the Kazhdan-Lusztig basis, Kazhdan-Lusztig
cells, and the Lusztig’s conjectures P1-P15. In this section (W, S) denotes an arbitrary Coxeter system (with |S| < oco)
with length function ¢ : W — N. For I C S let Wr be the standard parabolic subgroup generated by I. Let L : W — N
be a positive weight function on W. Thus L : W — N satisfies L(ww’) = L(w)+ L(w') whenever £(ww’) = £(w) +£(w").
Let g be an indeterminate and let R = Z]q, qfl] be the ring of Laurent polynomial in qg.

1.1 The Kazhdan-Lusztig basis
The Hecke algebra H associated to (W, S, L) is the algebra over R with basis {T% | w € W} and multiplication given by

Tws if {(ws) =L(w)+1
TuwTs = L -L .
Tws + (¥ _q LT, if f(ws) = £(w) — 1.
The basis {Ty | w € W} is called the standard basis of H. We set qs = q=(*) for s € S.
The involution ~ on R which sends q to q~! can be extended to an involution on # by setting
Y awTw= Y @T,>.
weW weW

In [17], Kazhdan and Lusztig proved that there exists a unique basis {Cy | w € W} of H such that, for all w € W,

Cw=Cy and Cyu=Ty,+ Z P, T, where P, ., €q 'Zjq~"].

y<w
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This basis is called the Kazhdan-Lusztig basis of H. The polynomials P, ., are called the Kazhdan-Lusztig polynomials,

and to complete the definition we set Py ., = 0 whenever y £ w (here < denotes Bruhat order on W). We note that the

Kazhdan-Lusztig polynomials, and hence the elements C,,, depend on the the weight function L. For example, in the
dihedral group I2(2m) with m > 2, L(s1) = a, and L(s2) = b, we have

qf(bfa) +qet ifa<bd

Psy 51558, = q72a ifa=1b

q @t —q=@=b ifq > .

In particular, this example shows that the positivity properties enjoyed by P, . in the equal parameter case (that is,
L =¢) do not transfer across to the general case.

Let x,y € W. We denote by hs,y,. € R the structure constants associated to the Kazhdan-Lusztig basis:
CoCy = huy,-C-.
zeW

Definition 1.1 ([25, Chapter 13]). The Lusztig a-function is the function a : W — N defined by
a(z) :=min{n € N| q "hyy,. € Z[q" '] for all z,y € W}.

When W is infinite it is, in general, unknown whether the a-function is well-defined. However in the case of affine Weyl
groups it is known that a is well-defined, and that a(z) < L(wo) where wo is the longest element of the underlying finite
Weyl group Wy (see [25]). The a-function is a very important tool in the representation theory of Hecke algebras, and
plays a crucial role in the work of Lusztig on the unipotent characters of reductive groups.

Definition 1.2. For x,y,2 € W let vy, , .-1 denote the constant term of a2 hy y ..

The coefficients v, , .—1 are the structure constants of the asymptotic algebra J introduced by Lusztig in [25, Chapter 18].

1.2 Kazhdan-Lusztig cells and associated representations

Define preorders <., <z, </r on W extending the following by transitivity:

<,y <= there exists h € H such that C; appears in the decomposition in the KL basis of hCy
r<ry <= there exists h € H such that C; appears in the decomposition in the KL basis of Cyh
T <cRY <= there exists h,h’ € H such that C, appears in the decomposition in the KL basis of hCyh'.

We associate to these preorders equivalence relations ~, ~%, and ~,% by setting (for * € {£, R, LR})
x ~yyifand only if x <.y and y <. x
The equivalence classes of ~,, ~r, and ~.r are called left cells, right cells, and two-sided cells.

We denote by A the set of all two-sided cells (note that A depends on the choice of parameters). Given any cell " (left,
right, or two-sided) we set
I'<, :={w € W | there exists z € I such that w <, x}

and we define I'>,, I's., and I', similarly.

Example 1.3. The following table records the decomposition of the dihedral group W = I2(m) = (s1, s2) into two-sided
cells for all choices of weight function L(s1) = a and L(s2) = b (up to duality). Lusztig’s conjectures are known to
hold for dihedral groups. In particular the a-function is constant on two-sided cells, and we list these values below.
This example turns out to be particularly useful — for all affine rank 3 (dimension 2) Weyl groups every two-sided cell
intersects a finite parabolic subgroup (hence a dihedral group), and so assuming the Lusztig conjectures P4 and P12
the table below gives conjectural values of the a-function on all cells. These ‘conjectures’ become ‘theorems’ for type Go
due to the results of this paper.

To each right cell T of W there is a natural right H-module Hy constructed as follows. Let H<y and H<r be the
R-modules

Her =(Co |x € T<p) and Her =(Ci|z€ Tcp).

Then H<y and H<y are naturally right H-modules. For H<~ this is immediate from the definition of <. For H<r we
note that if ¢ <g y with y € T and if z ¢ T then, for h € H,

Coh= > a.C..

z<Rx

If z € T then necessarily a. = 0 (for otherwise y ~z z <r z and so y <r = and z <g y giving x € I'). Thus Hr is a
right H-module. Hence the quotient
Hy :=H<y/Her

is naturally a right H-module with basis {Ew | w € Y} where Cw is the class of Cy, in Hr.
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‘ w ‘ two-sided cells ‘ values of the a-function
I(2), a>b {e}, {s1}, {s2}, {wo} 0,a,b,a+b
Iy(m), a=b, m>2 | {e}, W\{e,wo}, {wo} 0, a, ma
I,(2m), a > b, m > 2| {e}, W\{e, s2,wos2,wWo}, {52}, {wosz2}, {wo} | 0, a, b, ma — (m — 1)b, ma +mb
Ir(o0), a=b {e}, W\{e} 0,a
Iz(c0), a>b {e}, W\{e, sa}, {s2} 0,a,b

Tab. 1: Cells and the a-function for dihedral groups

1.3 Lusztig conjectures
Define A : W — N and n. € R\{0} by the relation

P..= nzq_A(z) + strictly smaller powers of q.
This is well defined because Py, € q 'Z[q™!] for all x,y € W. Let
D={weW|Aw) =a(w)}.
The elements of D are called Duflo elements (or, somewhat prematurely, Duflo involutions; see P6 below).

In [25, Chapter 13], Lusztig has formulated the following 15 conjectures, now known as P1-P15.
P1. For any z € W we have a(z) < A(z).
P2. Ifd € D and x,y € W satisfy 7,0 # 0, then z =y~ "
P3. If y € W then there exists a unique d € D such that v,-1 , 4 # 0.
P4. If 2’ </r z then a(z’) > a(z). In particular the a-function is constant on two-sided cells.
P5. IfdeD,ye W, and y,-1, 4 # 0, then 7,1 , y =nq = £1.
P6. If d € D then d* = 1.
P7. For any z,y,z € W, we have vz y,- = Vy,z,2-
P8. Let x,y,2 € W be such that v4,4. # 0. Then & ~z y™', y ~c 27}, and z ~z 27
P9. If 2’ <, z and a(2’') = a(z), then 2’ ~ 2.
P10. If 2’ <z z and a(2') = a(z), then 2’ ~x z.
P11. If 2/ <, z and a(z’) = a(z), then 2’ ~.r z.
P12. If I C S then the a-function of W7 is the restriction of the a-function of W.
P13. Each right cell I' of W contains a unique element d € D. We have 7,1, 4 # 0 for all z € T
P14. For each z € W we have z ~gr 27 1.

P15. If z,2’,y,w € W are such that a(w) = a(y) then

Z hw,x’,y’ X hx,y’,y = Z hy’,ac’,y ® hx’w’yl in R ®Z R.

y' ew y' eW

As noted in the introduction, these conjectures have been established in the following cases: (1) when W is a Weyl
group or an affine Weyl group with equal parameters (see [25] and the updated version available on ArXiv), (2) in the
“quasisplit case” 25, Chapter 16] where W is obtained by “twisting” a larger Coxeter group W, and L is the restriction
of the length function on W to W, (3) when W is a dihedral group (finite or infinite) for all choices of parameters (see
[10, 25]), (4) when W = B, in the “asymptotic case” (see [3, 10]), (5) when W = F} for any choices of parameters (see
[10]). We note that in case (1) and (2) the proof relies on deep results including the positivity of the Kazhdan-Lusztig
polynomials in equal parameters. This approach cannot work for the general case, since we have seen that the positivity
no longer holds in this case.

In this paper we prove all conjectures P1-P15 for Gy for all choices of parameters. Our approach extends naturally to
all rank 2 affine Weyl groups, although the details in the three parameter case B2 becomes rather involved due to the
large number of distinct regimes of cell decompositions.

2 Systems of balanced representations and Lusztig a-function

In this section we define a balanced system of cell representations, inspired by the work of Geck [8, 10] in the finite case.
We show that the existence of such a system, plus one additional axiom, is sufficient for the computation of Lusztig’s
a-function. This gives us our primary strategy for resolving Lusztig’s conjectures in type Ga.
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2.1 System of balanced representation

We now introduce the central notion of this paper, based on the work of Geck [8, 10] in the finite case.

Definition 2.1. We say that H admits a balanced system of cell representations if for each I' € A there exists a
representation (7, Vr) defined over an R-polynomial ring Rr (where we could have Rr = R) and a basis (e;) of Vr such
that the following holds, where [nr(Cw)]:,; denotes the matrix entries of mr(C\y,) with respect to the basis (e;):

Bl. If w ¢ I'> ., then 7 (Cyw) = 0.
B2. There exists bounds ar. € N such that deg[nr(Cw)i,; < arp for all w € W and all 1 <4, < dim(Vr).
B3. We have max; ;j deg[nr(Cw)li,j = arp if and only w € I'. We define the leading matrices by

v =0, (@77 [rr(Cu)]) -

B4. The set {crp,w | w € T'} of leading matrices is free over Z.
B5. If IV <,sr I then ar., > Anp.

The natural numbers ar, are called the bounds of the balanced system of cell representations. The main approach of
this paper hinges on the construction of a balanced system of cell representations for the Hecke algebra of type G2 in
each parameter regime.

Note that B1 above does not depend on the special choice of basis. A representation with property B1 is called a
cell representation for the two-sided cell I'. It is clear that the representations associated to cells that we introduced
in Section 1.2 are cell representations. To see this, let T be a right cell, and let Hy be as in Section 1.2. If C,, acts
nontrivially on H~y then there exist u,v € Y such that C, - C = Zz hu,w,2Cz with hywe # 0. Thus v <gr w.

We say that a representation (m, V') is I'-balanced for the two-sided cell T" if V' admits a basis such that B2, B3 and
B4 hold. We note that in B2 and B3 it is equivalent to replace Cy by Tw, because Cowy = Tw + D, ., Po,wTo with
Pow € 97 Z[q™]. However in B1 one cannot replace Cy,y by Tip.

Example 2.2. Let W be an affine Weyl group of type Go with diagram and weight function defined by

a b b
C====—-=0
S1 S2 S0

where a,b are positive integers. Let I C S be a union of conjugacy classes in S. We define the one dimensional
representation p; of W by
ds if sel,
p1(Ts) = {

—q5! otherwise.

With this notation py is the sign representation and ps is the trivial representation. It is easy to see that (1) py is
I'c-balanced where I'¢ is the two-sided cell that contains precisely the identity and (2) ps cannot be balanced for any
two-sided cell T'.

Consider the representation p; where I = {so, s2} . We will see in Section 4 that I's := {sos2s0} is a two-sided cell in W
when a/b > 2. For w € W we have pr(w) = q°2(*)(—q)~2(*) where £2(w) is the number of s2 and sy generators in
any reduced expression of w and ¢1(w) is the number of s; generators. Saying that the representation pr is I's-balanced
for a/b > 2 means that bla(w) — ali(w) < 3b for all w and that there is equality if and only if w = sps250. This can be
done by studying reduced expressions in W, and we will see another proof using Kazhdan-Lusztig theory in Section 5.

Proceeding as above, one can show that the representation p; where I = {s1} is I'7-balanced whenever a/b < 1. Once
again we will see in Section 4 that I'7 := {s1} is a two-sided cell in W for this parameter range.

2.2 Computing the a-function

In this section we show that axioms B1-B5, along with an additional axiom B4’ introduced below, are sufficient to show
that Lusztig’s a-function is constant on two-sided cells, and moreover we are able to compute the value of the a-function
in terms of the bounds (ar.)rea from B2.

Let (mr)rea be a balanced system of cell representations for H with bounds ar. for all I' € A. We have

CoCy = hay:C-. (2.1)

TeAzel

Proposition 2.3. Let z,y € W and w € I where I' € A. We have deg(he,y,w) < arp-
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Proof. We proceed by downwards induction. Let I' € A and suppose that deg(hszy,.) < an. for all z € T' where
T" >,r I'. Then applying 7r to (2.1) using the fact that mr is a cell representation gives

m0(CaCy) =D hayomr(Co)+ D> D haymr(Cl). (2.2)

zel T’eA, zel’
I'>,rTl

By B2 the degree of the matrix coefficients of 7r(C.Cy) = 7r(Cy)nr(Cy) is bounded by 2a... By the induction
hypothesis and properties of balanced representations the degree of the matrix coefficients for each term in the double
sum on the right is strictly bounded by ar, +ar, < 2a,.. Indeed the maximal degree that can appear in nr(C>) is
stricly less than ar. since z ¢ I" and the bounds of the balanced system are decreasing with respect to <;r. We now
show that
deg(hz,y,.) < ar. for all z €T

Let m = max{deg(hz,y.-) | z € T} and let Z = {2’ € T | deg(hy,y,.r) = m} # 0. For z € Z define 7, , ,.-1 € Z by
hay,z = 9", .—1 + lower terms. By B3 we have 7r (C:) = q*™T Crp,» + lower terms, with ¢r. . # 0 the leading matrix.
Then the right hand side of (2.2) is of the form

q"terr E Ye,y,2—1Cnp,z + lower terms,

2€Z

and by B4 the expression in the sum (that is, the coefficient of q”*2"r) is nonzero. By comparing with the lefthand
side in (2.2) it follows that m + a-, < 2a,. that is m < ar. as required. d

Corollary 2.4. Let T' € A. The subset Jr of Maim(rp)(Rr) generated by {¢xpw | w € T'} is a Z-subalgebra.

Proof. Let T be the two-sided cell an let =,y € I'. Applying nr to CC,, using B1, and multiplying by q~2*"r we get

o™ e (Ca)lla™ T ar(Cy)] = D _la™ T hay.ella > Tar(CHl+ D Y la " Theysla T (C1)].

zell T’eA, zeI’
I''>, gl

Specialising at q_1 = (0 will annihilate all the terms in the double sum. Indeed for z € TV with IV >, I' we have
deg(hz,y,2) < ar., < any and the maximal degree that can appear in 7r(C) is strictly less that ar.. Thus we obtain

C‘rrp,zCTrp,y = E Wz,y,zflc‘"’l"’z
zel

where ¥, , .—1 € Z is the coefficient of degree ar. of hyy .. a

We introduce the following additional axiom, where 7, , .—1 € Z is the coefficient of degree ax;. of hay,-.
B4'. Let I € A. For each z € T, there exists (z,y) € I'? such that Na,y,2—1 7 0.

We can now show that if all axioms B1-B5 and B4’ are satisfied, then we can compute Lusztig’s a-function in terms of
the bounds ar..

Theorem 2.5. Suppose that B1-B5 and B4’ are satisfied. Then a(w) = ax. for allw € T

Proof. According to Proposition 2.3, we only need to show that ar. > a(w). To do so it is enough to find z,y € W such
that deg(hs,y,w) = ar. or equivalently, to find z,y € W such that ;4. # 0. Hence the result using B4'. |

Corollary 2.6. Assuming B1-B5 and B4/, the ring Jr is isomorphic to Lusztig’s asymptotic algebra associated to T.

Proof. The elements ¥, , .-1 are the coefficients of hyy . of degree ar., and are the structure constants of Jr with
respect to the basis {¢xp,w | w € T'}. Indeed once we know that ar. = a(I') we know that the structure constants of Jr
are v, , ,—1. 0

We note that our construction above parallels Geck’s construction from [12, §1.5]. Another construction of the asymptotic
algebra has been obtained by Koenig and Xi [19] in the case that # is affine cellular.

3 Affine Weyl groups, affine Hecke algebras, and alcove walks

We begin this section by recalling basic definitions and terminology concerning affine Weyl groups. While we are primarily
interested in G in this paper, some of our results apply in arbitrary type, and in any case the general language turns
out to be more appropriate for the formulation of our results and their proofs. Next we recall the Bernstein-Lusztig basis
of the affine Hecke algebra, and its combinatorial interpretation using alcove walks, following [34]. Finally we present a
combinatorial formula for the Weyl character that will be used in Section 6.
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3.1 Root systems, Weyl groups, and affine Weyl groups

Let ® be a reduced, irreducible, finite, crystallographic root system with simple roots a1,...,a, in an n-dimensional
real vector space V with inner product (-,-). Let @ be the set of positive roots relative to the simple roots ar, ..., ax,.
Let Wy be the Weyl group; the subgroup of GL(V') generated by the reflections so, a € ®, where

sad=A— (N a)a” with o =2a/(a,a).

The group Wy is a finite Coxeter group with distinguished generators si,..., sn, where s; = so;. Let wo be the longest
element of Wy.

Let Fo denote the union of the hyperplanes Ho = {z € V | (x,®) = 0} with o € ®. The closures of the open connected
components of V\F are geometric cones, called Weyl chambers. The fundamental Weyl chamber is given by

Co={xcV|(z,a)>0foral acd"}.

The Weyl group Wy acts simply transitively on the set of Weyl chambers, and we sometimes use this action to identify
the set of Weyl chambers with Wy via w < wCo.

The dual root system is ®¥ = {a" | @ € ®} and the coroot lattice of ® is Q = Z-span of ®". The fundamental coweights
of ® are the vectors wi,...,w, where (w;, ;) = ;5. The coweight lattice is P = Zwi + - - - + Zwn, and the cone of
dominant coweights is Pt =PnNCy=Nwy +---+ Nw,. Note that QCP.

The Weyl group Wy acts on @ and the affine Weyl group is W = Q x Wy where we identify A € @ with the translation
ta(xz) =z + A. We have the following standard facts:

1) W is generated by the orthogonal reflections s,k in the affine hyperplanes Ho x = {x € V | (z,a) = k} witha € ®
and k € Z. Explicitly, sa,k(7) =z — ((z,a) — k)a", so that sa,x = trav Sa-

2) The affine Weyl group W is a Coxeter group with generating set S = {so, s1,...,8n}, where so = t,vs,, with ¢
the highest root of ®.

Each hyperplane H, ; with a € & and k € Z divides V into two half spaces, denoted
H;k ={zeV|{z,a) >k} and H,,={zeV]|(z,a) <k}
This “orientation” of the hyperplanes is called the periodic orientation, since it is invariant under translation by A € Q.

If w € W we define the final direction 6(w) € Wy and the translation weight wt(w) € Q by the equation w = t(w)0(w).
Here we use the fact that each element w € W can be written uniquely as w = tyv with v € Wy and A € Q.

Let F denote the union of the hyperplanes H, j with o € ® and k € Z. The closures of the open connected components
of V\F are called alcoves. The fundamental alcove is given by

Ag={z eV |0< (z,0) <1forall ac ®dt}.

The hyperplanes bounding Ao are called the walls of Ag. Explicitly these walls are Ho, 0 with ¢ = 1,...,n and Hy 1.
We say that a face of Ag (that is, a codimension 1 facet) has type s; for i = 1,...,n if it lies on the wall Ha, 0 and of
type so if it lies on the wall H, 1.

The affine Weyl group W acts simply transitively on the set of alcoves, and we use this action to identify the set of
alcoves with W via w <> wAp. Moreover, we use the action of W to transfer the notions of walls, faces, and types of
faces to arbitrary alcoves. Alcoves A and A’ are called s-adjacent, written A ~s A’ if A # A’ and A and A’ share a
common type s face. Under the identification of alcoves with elements of W, the alcoves w and ws are s-adjacent.

For any sequence @ = (Si,, Sy, - - -, Si,) of elements of S we have

€ sy Siy sy, SinSip Nsig 7 sy, SigSig T Sige

In this way, sequences w0 of elements of S determine alcove walks of type w starting at the fundamental alcove e = Ag. We

will typically abuse notation and refer to alcove walks of type @ = s, 84, - - - s, rather than @ = (Siys Sigs .-+ sie). Thus
“the alcove walk of type W = s, si, - - - 53,” is the sequence (vo, v1, ..., ve) of alcoves, where vg = e and vy = s4, - - - 54, for
k=1,...,4.

We are, of course, primarily interested in the case where ® is a root system of type G2. We outline this example below.

Example 3.1. Let ® be a root system of type G2 with simple roots a1 and a2. We have P = @), and the dual root
system is
OV = +{a),ay,a] +a3,a) +2ay,0] +3a3,2ay + 3ay }.

The fundamental alcove is shaded in Figure 1, and the periodic orientation on some hyperplanes is shown.
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H3aq43a5,2

+
— Haai43a5,1

+
— H2a143a5,0

+
— H2aqy43ag,-1

+

— Haaj 43ag,-2
-+ -1+ -+

Heag,—2 Hag,0 Heag 2

Fig. 1. The root system of type Go

3.2 Alcove walks and the Bernstein-Lusztig basis of H

Let W be an affine Weyl group as in the previous section. Let L be a weight function on W. The standard basis of H is
well adapted to the Coxeter structure of the affine Weyl group. We now describe another basis of H, due to Bernstein
and Lusztig, that is well adapted to the semi-direct product structure of W. Our approach here follows Ram’s alcove
walk model [34].

Let @ = s4, 84, - - - 83, be an expression for w € W, and let v € W. A positively folded alcove walk of type W starting at v

is a sequence p = (vo, v1,...,ve) With vo,...,v; € W such that
1) vo =,
2) vi € {vk—1,Vk—18;, } for each k =1,...,¢, and

3) if vk—1 = v then vi_1 is on the positive side of the hyperplane separating vi_1 and Vk—18iy, -

The end of p is end(p) = ve. Let
P(w,v) = {all positively folded alcove walks of type w starting at v}.

Less formally, a positively folded alcove walk of type W starting at v is a sequence of steps from alcove to alcove in W,
starting at v, and made up of the symbols (where the kth step has s = s;, for k=1,...,4):

-+ -+ —
I_\_’ZL'S ‘TSFI’ ZBS+IB

(positive s-crossing) (positive s-fold) (negative s-crossing)

If p has no folds we say that p is straight.

If p is a positively folded alcove walk we define, for each s € S,

fs(p) = #(positive s-folds in p) and Q(p) = H(qs - qsfl)fS(p)A
seS

Let v € W and choose any expression v = s;; - - -S4, (not necessarily reduced). Consider the associated straight alcove

walk (vo,v1...,v¢), where vo = 1 and vy = 4, ---si,. Let €1,...,&, be defined using the periodic orientation on
hyperplanes as follows:

)L o _|+ Vi (that is, a positive crossing)

FT -1 vk |7 vi_1 (that is, a negative crossing).

It turns out that the element
X, = T;ill LT

T

of H does not depend on the particular expression v = s;, - - - 85, we have chosen (see [13]). If A € Q we write
Xt =X,,.

It follows from the above definitions that

— _ ywit(p) _ ywt(v)p—1
Xo =X o) =X XKo@y = X T 00y
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(the second equality follows since t.(,) is on the positive side of every hyperplane through wt(v), and the third equality
follows since X, = Tu_fl for all u € Wy). Moreover since X, = T, + (lower terms) the set {X, | v € W} is a basis of H,
called the Bernstein-Lusztig basis.

Let R[Q] be the free R-module with basis {X* | A € Q}. We have a natural action of Wy given by wX* = X**. We set
RQ"° = {p € R[Q] | w-p = p for all w € Wy}.

It is a well-known result that the centre of H is Z(H) = R[Q]"°.

The combinatorics of positively folded alcove walks encodes the change of basis from the standard basis (Tw)wew of H
to the Bernstein-Lusztig basis (X, )vew. This is seen by taking u = e in the following proposition.

Proposition 3.2. (c.f. [84, Theorem 3.8]) Let w,u € W, and let & be any reduced expression for w. Then

XuT'LU = Z Q(p)Xend(p)-
pEP(W,u)

Proof. Suppose that £(ws) = ¢(w) + 1. Then

XouTws = XoTowTs = Z Q(p)Xend(p)Ts-
pEP(W,u)

Now, using the formula Ts = T5 ' + (qs — q5 ) in the second case below, we have
X if end ~|* end(p)s
Xend(p)TS = end(p-ej) 1 . (p) _|+ (p)
Xend(p-e;) + (qs — Qs )Xend(p-fj) if end(p)s | end(p)

where p- €I, p-e;, and p- fJ7 denote, respectively, the path p followed by a positive s-crossing, a negative s-crossing,
and a positive s-fold. The result follows by induction. O

Example 3.3. Let (W,S) be the affine Weyl group of type (> with diagram and weight function as in Example 2.2.
Write q:1 = q*¢1) and g2 = q%®2) = q%(0). The coroot system ®" is as in Example 3.1. Writing X, = X1 and
X5 = X2 | the Hecke algebra H asscociated to W has generators T1 = Ts,, To = Ts,, X1 and X» with relations

TP =1+ (a1 —a; )Th T1X1 = X7 T+ (a0 —ap (1 + X1)
T3 =1+ (a2 — a3 )7T> T2 Xo = X5 'To+ (a2 — a3 ) (1 + X2)
(MT»)? = (TTy)* ToX: = X1 XaTs ' — (q2 — a5 ) X1 Xa(1 + X3)
X1 Xo = XoXa T Xs = XngTfl.

3.3 A formula for the Weyl character

In this subsection we use the Hecke algebra as a tool to establish a combinatorial formula for the Weyl character sy (X).
It is sufficient for this purpose to consider the Hecke algebra H with weight function L = £ (that is, the equal parameter

case). Let
10 = Z qz(w)Tw
weWy

We have Twlo = 107w = qa’”)lo for all w € Wy. For dominant A\, the Macdonald spherical function is the unique
element Py(X,q7") of R[Q] such that
P,\(X,q71)10 = q72z(w0)10X)\10.

The well known explicit formula for Py (X,q™"), due to Macdonald (see [27], and also [35] for a proof in the Hecke algebra

context) is
—1 A 1- q_2X_av
(X, )= > w<X II W)’

we Wy aedt
from which we see that Py(X,q~%) € R[Q]"° and that on specialising ' = 0 we have Py (X,0) = s, (X).

Let w,u € W and let @ be any reduced expression for w. Let
P(w,u) = {p € P(@,v) | f(p) = £(wo)}- (3.1)
The following theorem is well known, however we sketch the proof for completeness.

Theorem 3.4. If A € Q NPT then
wX)= Y X,

pEP(Wo Ty e)
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Proof. Let H be the Hecke algebra with L = ¢. Since T,T}, = Tu:, for all u € Wy we have, by Proposition 3.2,

P)\(Xaq_l)]-o = q_QZ(WO) Z qe(u)T’uT‘t)\ 1o = q—QZ(Wo) Z Z qe(u) (q - q_l)f(p)Xend(p)]-O-
ueWy uEWo peP (@ ty,1)

Since Xena(pylo = XWt(p)Te_(;),llo = q—e(e(p))ch(p)lo it follows that

Py(X, q—l) — Z Z (q—l)i’Z(Wo)—f(u)—f(:v)+f(9(:v))(1 _ q—2)f(P)XWt(P).

ueWo peP(a-ty,1)

For each positively folded alcove walk p € P(4 - i, e), let po,...,psp) be the partial folding sequence of p, where p; is
the positively folded alcove walk that agrees with p up to (and including) the jth fold of p, and is straight thereafter.
It is simple to see (either using the technique of Lemma 6.2 in this paper, or see [34]) that £(6(pj+1)) < £(6(p;)) for all
j=0,..., f(p) — 1. Thus £(6(p;)) —£(0(pj+1)) —1 > 0, and it follows by summing that £(8(po)) — £(0(ps())) — f(p) > 0,
and hence
f(p) < €(u) —£(0(p)),

with equality if and only if £(8(p;)) — £(8(pj+1)) — 1 = 0 for each j =0,..., f(p) — 1. Thus the exponent of q~* in the
above formula for Py(X,q™") is

26(wo) — £(u) — f(p) + £(0(p)) = 2(E(wo) — £(u) + £(8(p))) = 2(¢(wou™") +£(6(p))) = O,

with equality if and only if f(p) = £(u) — £(8(p)), L(wou™") = 0, and £((p)) = 0. Thus equality occurs if and only
if u = wo, 0(p) = e, and f(p) = £(wo). Therefore, upon specialising at q~' = 0 only the terms with 4 = wo and
f(p) = £(wo) survive, hence the result. |

4 Kazhdan-Lusztig cells in type G»

In this section we recall the decomposition of G into right cells and two-sided cells for all choices of parameters (a, b) € N?
from [15]. We also recall some “cell factorisation” properties for the infinite two-sided cells from [16].

4.1 The partition of G, into cells

Let W be an affine Weyl group of type Go with diagram and weight function L(s1) = a and L(s2) = L(so) = b as in
Example 2.2. The partition of W into two-sided cells depends only on the ratio r = a/b of the parameters, and it turns
out that there are precisely 7 distinct regimes. We recall these decompositions in the diagrams below where

. wand w’ are in the same two-sided cell if and only if they have the same colour;
. wand w’ are in the same right cell if and only if they have the same colour and lie in a common connected component;

« the graphs represent the two-sided order on two-sided cells for all regimes from r > 2 on the left to » < 1 on the
right.
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r. . I
I I, Ty
Ty o

r<l1

Fig. 2: Partition of Gy into Kazhdan-Lusztig cells, r = a/b

Let I" be a two-sided cell for the parameter r € Q. We say that r is generic for I' if there exists > 0 such that I is a
cell for all parameters r’ € Q such that r € |r —n,r + n[. Looking at the decomposition of G2 into cells, it is easy to see
that the only pairs (I',r) such that r is non-generic for I" are (I'z, 2), (I'1,3/2) and (I's, 1).

4.2 Cell factorisation for the lowest two-sided cell T,

Note that the yellow two-sided cell is constant for all choices of r (see Figure 2). This cell is called the lowest two-sided
cell, and is denoted I'g. By direct inspection we have the following representation of elements of I'g (see Figure 3):

« Each right cell rk CT (1 <k<12) contains a unique element wpx of minimal length.

o The longest element wo of G2 is a suffix of each wpr, 1 < k < 12. Let up = Wow;,g for 1 < k < 12 (these elements
are the inverses of the grey elements on the left). Let Bo = {ur | 1 < k < 12} (this “box” is illustrated on the right).

« We have
Lo = {u 'wotrv | u,v € Bo, A € PT}.

Moreover, each w € I'g has a unique expression in the form w = u~'wotv with u,v € By and A € PT, and this expression
is reduced (that is, £(w) = £(u™") + £(wo) + £(t») + £(v)). This expression is called the cell factorisation of w € T'g. It
should be understood in the following way: The element ™' indicates in which connected component (right cell) of T'o
the alcove w lies. The element ) indicates in which translate of the box u ™ 'wo Br, the alcove w lies. The element v
indicates location of w in the box uflwot,\ Br,-

Note that the translates of Br, cover W. An analogue of the above cell factorisation applies to the lowest two-sided cell
in arbitrary type, see [37, Proposition 4.3] and [1, Proposition 3.1].

Fig. 3: The lowest two-sided cell I'y

We use the third property to define functions u,v : To — Br, and 7 : To — {t» | A € P} by the equation
w = u(w) *wor(w)v(w). We will usually write uw, Ve and 7, in place of u(w), v(w) and 7(w). Thus the cell factorisation
of w € T’y is the expression

-1
W = Uy, WoTwVw-

4.3 Cell factorisation for the cells I'; and I'; with generic parameters

Note that for each value of r = a/b there are precisely three infinite two-sided cells (including the lowest two-sided
cell T'g). With reference to Figure 2, let I'1 be the green cell, and let I's be the blue cell. Note that the two-sided cells
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I’y and I'; are dependent on the choice of r. It turns out that for most parameters (a,b) the infinite two-sided cells T'q
and T'y admit analogous cell factorisations to I'g. Recall from above that:

Convention: When speaking about the cell I'; in the “non-generic case”, we will mean either the cell I'; in
the case 71 = a/b = 2 or the cell I'; in the case r2 = a/b = 3/2. All other parameter values are generic for
these cells.

With this convention, if I' € {T'1,I'2} and r is generic for I then we have the following cell factorisation properties: Let
I, ..., T be the right cells contained in I'. Then
« Each right cell T'* contains a unique element wpx of minimal length.

o There exists a unique element wr € I" of maximal length subject to the conditions that wr lies in a finite parabolic
subgroup of W and wr is a suffix of each wpx for all 1 < k < 6. The element wr is called the generating element of
. We set ux = wrw;kl for all k and Br = {ur | 1 < k < 6}.

o There exists tr € I' such that
I = {uilet?v | u,v € Br,n € N},

and moreover each w € I" has a unique expression in the form w = v~ 'wrtfo with u,v € Br and n € N.

Explicitly, in each case the elements wr and tr, and the “box” Br are as follows. For I'; there are 2 distinct generic
regimes, given by r > 2, and r < 2 (see Figure 4). We have

01 if r>2 210 ifr>2 {e,2,20,21,212,2120} if r>2
wr, = . ry = . and Br, = .
020 ifr<?2 120 ifr <2 {e,1,12,121,1212,12120} if r < 2.

Note that the translates of Br, by tr, tessellate a “strip” in W.
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317“‘1237;‘;

(ayr>2 (b)r<2 (c) The box Br,
Fig. 4: The green cell 'y in generic regimes (r # 2)

For Iz there are 2 distinct generic regimes, given by r > 3/2, and r < 3/2 (see Figure 5). We have

12121  ifr > 3/2 02121 ifr > 3/2 {e,0,02,021,0212,02120} if r > 3/2
wr, = . tr, = . and Br‘2 = .
01 if r < 3/2 21210 if r < 3/2 {e,2,21,212,2121,2120}  if r < 3/2.

Note that the translates of Br, by tr, tessellate a “strip” in W.

ONA ~ AN
g
S @
S
A

(a) a/b > 3/2 (b) a/b< 3/2 (c) The box Br,

Fig. 5: The blue cell 'y in generic regimes (r # 3/2)

We will typically write w; and B; in place of wr, and Br, (for ¢ = 0,1,2) and t; in place of tp, (for i =1,2).

For ¢ € {1, 2} we use the third property of cell factorisation to define functions u,v:I'; — B; and 7 : I'; — {t} | n € N}
by the equation w = u(w) " w;7(w)v(w). We will usually write U, v, and 7, in place of u(w),v(w) and 7(w). Thus the
cell factorisation of w € I'; is the expression

-1
W = Uy W;TwVw-
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Remark 4.1. It is possible to have similar decompositions for most finite cells I' when r is generic for IT":

o For I's there are 2 distinct generic regimes, given by » > 1 and » < 1. When r > 1, if we set wr, := s1, tr, := S251
and Br, := {e, s2, 5250} then we have I's = {u™"'wr,tf,v | u,v € Bry, k € {0,1}}.

o For I'y there are 2 distinct generic regimes, given by » > 1. When r < 1 if we set wr, := s2s51528152 and Br, := {e, s0}
then we have I'y = {u"'wr,v | u,v € Br, }.

« For I'g there is only one regime given by 2 > r > 3/2. If we set wr, := s150 and Br, := {e, s2, 5251, $25152, S2515250 }
then we have I's = {u"'wryv | u,v € Br, }.

« All other finite cells in generic parameters contain a unique element wr and we set Br = {e}.

It would also possible to have a similar description for I's when r < 1 and I'y when r > 1 but notation becomes more
technical since we have to take into account that there is a graph automorphism of the parabolic subrgoup Wy 2} .

We will typically write w; and B; in place of wr, and Br, and t3 in place of tr,. As above, when there is a cell
factorisation for the finite cell I, we obtain functions u,v on I'. For the two-sided cells I's when r» > 1, we also have a
function 73 : I's — {t§ | k =0,1}.

Remark 4.2. Let w,w’ € T'; where I'; for which there is a cell factorisation. Then we have

W W vy =V and  w~Rr W = Uy = Uy,
Furthermore we note that T(wfl) = 7(w). Indeed if w € I'; where ¢ = 0,1,2,3 then wl =v i twiu = viiwgmeu.
4.4 Cell factorisation for the cells I'; and I'; with non-generic parameters

Let r1 = 2 and 72 = 3/2. The behaviour of the cell I'1 when r = r; is similar to the behaviour of the cell I's when r = 7.
The two-sided cell T; is the union of T'j", the two-sided cell in the generic case a/b > r; and T';, the two-sided cell in the
generic case a/b < r; (in line with the semicontinuity conjecture of Bonnafé [2]). More precisely we have

PIAPT = {u”'wi'v | u,v € Bf Ns:B1}, POLT = {wp

Io\I3 = {u 'wiv|u,veB; NsoBI}, I3\Iy = {w;}.

Furthermore, each right cell T C T'; is either
« equal to a right cell in the case a/b > r;, in which case we say T is of positive type;
« equal to a right cell in the case a/b < r;, in which case we say T is of negative type;

Definition 4.3. Let w € I';. We say that w is of type (e1,£2) where ¢, = £ if w belongs to a right cell of type €1 and
w™" belongs to a right cell of type e2.

It is easy to see from the definition that if w is of type (g1, e2) then w™" will be of type (€2,€1). We represent the types
of the elements of I'; in Figure 6: the dark blue, light blue, light red, dark red alcoves are respectively of type (—, —),
(77 +)7 (+7 7) and (+7 +)

Fig. 6: (e1,e2)-type in T';.

We denote by w;, Bf, and P; the data associated to I'; where ¢ = . We define uc,ve : I'f — Bf and 7° : I'f — {t]. |
n € N} by the equation w = uc(w) " 'w§ 7 (w)ve(w). In the case where i = 1, we extend the definition of u.,ve and 7. by
setting for all u,v € B} Ns1By

ur(wy) :=s2s0  u—(u"'wiv) = siu,
vi(wy) = s2s0 u—(u"twiw) = s1v,
wy) i =—-1  7m_(u'wiv) = -1
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Similarly when i = 2, we extend the definition of u.,v. and 7. by setting for all u,v € B3 N so B;

(wy ) :=s2s18251 uy(u”
vo(wl) == sas18281  ui(u

W) =-1  7i(u
These definitions are coherent since we have

. for all w € T; and € = + we have w = uZ ' (w)w5 7 (w)ve (w);

o for all w,w’ € Ty, w ~, w’ if and only if v.(w) = ve(w');

o for all w,w’ € T;, w ~% w’ if and only if uc(w) = u:(w").
The relation between those two expressions when i = 1 are as follows

o if w is of type (+,4) then u_(w) = s1ut(w), v—(w ) vi(w) and 7 (w) = 74 (w) — 1;

o if w is of type (—, —) then uy(w) = sps2 = v4(w) an ( ) =T1—(w) —1;

o if w is of type (+,—) then u_(w) = s1ut(w), v—(w ) sos2 and 7—(w) = 74 (w);

o if wis of type (—,4) then u_(w) = sps2, v—(w) = s1v4(w) and 7— (w) = 74 (w).

There are similar formulas for i = 2.

5 Cell representations in type G-

In this section we prove that each finite cell admits a finite dimensional representation satisfying B1-B4 and B4'.
Moreover, we show that each infinite cell admits a finite dimensional representation satisfying B1.

We will use the following notation. We write E; ; for the square matrix with 1 in the (i, j) place, and zeros elsewhere
(the dimension of the matrix will be clear from context). For i, € Z we write p; ; = q' 7% 4 q~*+ib,

5.1 Finite cells

Let T' be a finite two-sided cell and let T be a right cell lying in I'. By Table 2, I' intersects a dihedral parabolic
subgroup Wy, and we set
ar =ay(z) forany z€e T'NW;

(here as is Lusztig’s a-function on Wy). It is easily verified, using Table 1, that this is well defined.

We write p ~ T to indicate that p is the cell module over R associated to T equipped with the natural Kazhdan-Lusztig
basis as in Section 1.2. From the data in Figure 2, we see that T> ., and Y- ., are also finite subsets of W.

Theorem 5.1. Let I be a finite two-sided cell. If (I',r) # (I's, 1) let Y be any right cell contained in T’ and let p ~ Y.
If (T',r) = (T's, 1) let p be the direct sum of the cell representations for each of the right cells contained in I'. Then p
satisfies B1-B4 and B4’ with a, = ar. Thus p is ['-balanced over R.

Proof. We have already noted in Section 2 that p satisfies B1. To check B2, note that the set T ., is finite, and
hence it is clear that there exists M > 0 such that deg([p(Cuw)]i,;) < M for all w € T> ... Since p satisfies B1 we have
p(Cw) =0if w¢ T> ., so B2 holds.

We now verify B3, B4 and B4’. Since p(Cw) = 0 if w ¢ T> ., it is sufficient to look at the matrices p(Cy) where w
lies in the finite set T ..

We start by treating the 1-dimensional cells. There are 4 such two-sided cells, I'e = {e} (in all parameter regimes) and
the cells I's = {sos2s0} (for r > 2), I'7 = {s1s2815251} (for 3/2 > r > 1) and I'7 = {s1} (for r < 1). The associated cell
modules are p; where I = (), {s1} or {so, s2} (see Example 2.2). We now verify B3 for each of these cells. Then B4 and
B4’ are obvious since there is only one leading matrix, and it is just a nonzero element of R.

« We have pg ~ I'. and since max deg(pp(I'e)) = 0 = ar, the result is clear.

o When r > 2, we have p; ~ I's where I = {0,2}. We have I's<,.,, = I's UT4 UT. and by direct calculation
max deg(p(T )) = 3b and maxdeg(p(I's)) = 2b. This shows that a, = 3b = ar, and hence B3.

« When 3/2 > r > 1, we have p; ~ I'7 where I = {1}. We have I'r< ., =T7UT'3 UT'4yUT, and
maxdeg(p(I'7)) = 3a — 2b, maxdeg(p(I's)) =2a —b, and maxdeg(p(ly))= —b.

This shows that a, = 3a — 2b = ar, and hence B3 holds.

« When r < 1, we have p;r ~ I'7 where I = {1}. We have I'y .., =I'v UT'. and maxdeg(p(I'7)) = a. This shows that
a, = a = ar, and hence B3 holds.

We now consider the remaining finite cells. Consider I's, which occurs in the regime 2 > r > 3/2 only. Let p ~ Y where
T is a right cell included in I's. Thus p is a 5-dimensional representation with basis indexed by the elements of Y. To be
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concrete we will take T = {s150, 515082, $1505281, $150525152, $15052518250 }, however it turns out that the representations
for the right cells are pairwise isomorphic. Then the matrices of T%,, Ts,, and T, are, respectively,

9% p11 0 1 —pog g0 0 0 o0 ® 1 —p2 0 0
0 —-q" %0 0 0 1 ¢® 0 o0 o 0 —q % o 0 0
0 1 g% pi1 O , 0 0—-q%0 o0 , |l o o —a® 0 o
0 0 0 —-q®* 0 0 0 1 ¢ 1 0o o 0 —q %o
0 0 0 0 —q¢@ 0 0 0 0 —q? 0 0 0 1 q®

We have I'e< ., =I'6¢ UI's UT'y UT'. and we check by direct computation that
maxdeg(p(I's)) =a+b, maxdeg(p(I's)) =a, and maxdeg(p(I's))="b.

This shows that a, = a + b = ar,; and B3 holds. To verify B4 requires further computation. Recall that any w € I's
can be written in a unique way in the form u~'s;sov where u,v € Bg, see Remark 4.1. Again by direct computation we
see that

. 1 .
Cpow = Esisgu,s1spv 1 w=1u"s150v with u,v € Bg

(recall that the rows and columns of the matrices for p(T) are indexed by the elements of T = {si1s0v | v € Bg}).
Thus B4 holds. To verify B4’ we note that if w = u ts1sov € T'g with u,v € Bg then writing x = u ls1s9 € T's and
y = s180v € I's we have

Cp,xCpy = Esys0u,s150 Es150,5150v = Fsysou,sisov = Cpu-

Consider I'y, which occurs in for all r # 1. The matrices for py(7}) are easily computed, and we find

pr(T) = (71, pr(@o) = (700 2) pr(T) = (71" 3)

—q q
If r > 1 then I'y< ., = I'4UT., and by direct computation we see that max deg(p(I's)) = b, hence B3 holds. We compute
Cooso = E1,1,  Cpsgsa = B2, sy = FE22,  Cpsysg = E2,1,

from which B4 and B4’ follow. If r < 1 then I'y<,., = '4UT'7Ul'3UT .. By direct calculation we have max deg(p(I's)) =
3b — 2a, maxdeg(p(I'7)) = —a, and max deg(p(I's)) = 2b — a, and hence B3 holds. We have

Cpsosasisasise = 1,2, Cpsgsasisasisaso = B1,1,  Cpspsisasiss = F2,2,  Cpspsysasisasy = F2,1,
and hence B4 and B4’ hold.

We are left with the red cells I's. When r > 1 all the representations afforded by the right cells are isomorphic and the
matrices of Ts,,Ts, and Ty, are given by

q* p11 0 0 0 —q~ b0 0 0 o —q7% 0 0 o0 0 o0
0—-q % 0 0 O 0 1 q® 1 0 0 o0 0 —qg%0 o 0 0
0 0 —q %0 0 0 0 0-q® 0 o0 o 0 1 q® o 0 o0
0o 1 0 q% wp1,1 O ’ 0o 0 0 —-q%o0 o ’ 0 0 0-q% 0 o
0o 0 0 0 —q % 0 0 0 o0 1 qb 1 0 0 0 0 —qto
0 o0 0 0 0 —q ¢ 0O 0 o0 0 0 —q? 0 0o 0 o0 1 q°

A direct check shows that deg([p(Tw)]s,;) is bounded by ar, = a and that B3 holds. Moreover,
{epw |w € Ts} = {Ersin + Baviavs, Brtiats + Baging; |0 <4, 5 <2},
from which B4 and B4’ follow. The case r < 1 can be treated similarly.

The case (I',r) = (I's,1) is slightly different since the right cells contained in I' do not give rise to isomorphic cell
representations (there are two right cells with 8 elements, and one with 7). However in this case it turns out, by
calculation, that the direct sum of these representations is bounded by ar, = 1 and B3, B4 and B4’ hold. Explicit
matrices for all finite cells can be found on the authors’ webpage, and are provided below. O

Remark 5.2. When I' =TI'3 and r > 1, it is possible to use the cell factorisation described in Remark 4.1 to construct
a 3 dimensional balanced representation over a quotient of an R-polynomial ring (this is a slight generalisation of our
definition of balanced representations). The construction is based on the induction process introduced by Geck in [9].
Recall that Bs = {e, s2, 5280} and t3 = s2s1. For all z € B3U {ts}, there exist h, € H such that Cs,hy = Cs,» mod Hr,.
Then Hr, = (hZCslhfshv | u,v € Bs, k € {0,1})r where b denotes the anti-involution defined [25, §3.4]. This allows us
to define a 3 dimensional representation p over R[e]/(e? — 1) with basis {es;» | v € B3} by setting

ko' k _ kv’ k
€syv - Tw = E AvwE €syur Whenever Cs, o - Toy = E Aviw Csihgghyr mod Hry.
vEB3,ke{0,1} v’ €B3,ke{0,1}

We obtain the following matrices for T, , Ts, and Ts,:

q% e+p11 O —q %0 o0 —q7 % 0 o
0 —q~% 0 R 1 qb 1 and 0o —qto |.
0 0 —q ¢ 0 0 —q°° 0 1 q°

Then it can be checked that p is I's-balanced. More precisely we have ¢, . = skEsluyslv if w= u_lslt’gfv.
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It is useful for later results to understand the decomposition of cell modules of finite cells into irreducible components.
We summarise this in the following proposition.
Proposition 5.3. Let T' be a finite two-sided cell and let T be a right cell in T'. Let py ~ Y.

1) If T # T's then the representations py are irreducible and pairwise isomorphic.

2) If ' = I's and v # 1 then the representations py are pairwise isomorphic and decompose into a direct sum
pr = pi @ p; where ;73i are irreducible 3 dimensional representations with p3 % p3 .

3) Suppose that T' = T's and r = 1. Let T1, T2, and Y3 be the right cells containing s1, so, and sz (respectively).
Then
~ .t — / ~ ~ .+ - 7"
pry Zps ©ps ®pz and pr, = pry = pg B ps O ps

where p;, p3, p3, and p5 are pairwise non-isomorphic irreducible representations of dimension 3,3,1, and 2.

Proof. Statement (1) follows by direct calculation, and we omit the details.

Suppose that I' = I's and r # 1. Again we verify that each right cell gives rise to an isomorphic representation by
direct calculation. Let us discuss the decomposition into irreducible components. If r > 1 then the cell I's admits a
cell factorisation, and it follows from Remark 5.2 that p decomposes as p§ @ p;, where the matrices for p5(7}) are as
in Remark 5.2 (with € now considered to be £1, and so these representations are over R). If r < 1 then we compute
directly that py = p5 @ p; with matrices

. a0 o . e ) B q® 1 etpin
psTo)=| 1 o o J. p(M)=( o —ao and p3(T2) =( 0 —a® o
0

0 —q 10 g
In each case it is easy to see that p§ is irreducible, and that pj % p;. Hence (2).

Finally, consider I' = I's with » = 1. In this case the result follows from [24, (3.13.1)]. Indeed, if pv, is constructed using
the basis of residues (e1, €2, es, €4, €5, €6, €7) = (C1, C12, C120, C121, C1212, C12120, C12121) then the submodules giving the
claimed decomposition are (e; + 2e4 + e7,e2 + e5,e3 + €6), (€1 — e7r,e2 — €5,€3 — €6), and (e1 — es + e7). If pr, is
constructed using the basis of residues

(e1,e2,e3,e4,€5,€6,e7,e3) = (Co, Coz, Co21, Co212, Coz2120, Co2121, Co21212, Co212120)

then the submodules are (e3+e¢, €2+2es+e7,e1+2e5+es), (e3—eq, €2—er,e1 —eg), and (e2—es+e7,e1 —es+eg). The
same submodule structure works for py, using the basis of residues (Cao, C2, Ca1, C212, Coz212, C2121, C21212, C212120). O

Remark 5.4. We note the following for later use. In the case T' = T's the representations p3, p3, ps, and p4, equipped
with the bases from the above proposition, satisfy B1 and B2 (in the respective parameter regimes). It is clear that B1
holds (because if 7 is semisimple and m(Cy) = 0 then 7'(Cy) = 0 for all submodules). To see that B2 holds we note
that the change of basis matrix that converts the cell representation into block form is independent of q.

5.2 The principal series representation

We now associate a representation 7y to the lowest two-sided cell T'g. It is convenient to set this section up in arbitrary
type, and so H is an affine Hecke algebra of rank n. Recall that R[Q] denotes the subalgebra of H spanned by the
elements {X* | A € Q}. We use this large commutative subalgebra to construct finite dimensional representations of H
as follows. Let (1,...,(, be commuting indeterminants, and let Mo be the 1-dimensional right R[Q]-module over the
ring R[C1,...,Cn, Yoo+, G Y], with generator & and R[Q]-action given by linearly extending

Co- XM =6 ¢ where ¢H =P it p=kia) + -+ ko, € Q.
Now let (mo, Mo) be the induced right H-module. That is,
Mo = Ind?@‘[Q](Mo) = Mo ®r[q) H.

Since {X”Tuil1 | v € Q,u € Wy} is a basis of H, and since §o @ X" = (£ ® 1)¢¥, we see that {& ® X, | u € Wo} is
a basis of My. Thus My is a |Wy|-dimensional right H-module, called the principal series representation with central
character ¢ = (C1,y...,Cn)-

Since I'g is the lowest two-sided cell, the representation o trivially satisfies B1 with respect to I' = I'g

5.3 The induced representations 7; and 7

For each i € {1, 2} let H; be the subalgebra of H generated by T;, X1, X2 (where X; = X"‘JV)A Let ¢ be an indeterminant,
and for each i € {1,2} let M; be the 1-dimensional right H;-module over the ring R[¢,(™'] with generator & and
‘Hi-action given by

&-Tr=&(-97%) G-Xi=&q ™ &1+ X2 =& (—9%()

&2 To = &2(—q7") &+ X1 =& (—9°¢) & Xo=6q ¥
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One checks directly using the formulae in Example 3.3 that these are representations.

For i € {1,2}, let (m;, M;) be the induced right H-module. Thus M; = M; ®, H. For i € {1,2} let W; = (s;) and
let W denote the_z set of minimal length coset representatives for cosets in W;\Wy. Note that the module M; has basis
{& @ X, |veWs}fori=1,2.

Theorem 5.5. Let i € {1,2}. The representation m; satisfies B1 with respect to I’ = T';.

Proof. We need to show that m;(Cy) = 0 for all w € T with I' £-= I';. The set of such I" is determined by the Hasse
diagrams in Figure 2. Tt suffices to show that 7;(Cw;) = 0 whenever T'; £cr T (here j € {0,1,2}), plus in the regime
r < 1 we need to show that m2(Cy) = 0 for all w in the finite cell I'y. For example, in the parameter regime 2 > r > 3/2
we need to check that m1(Cw,) = m1(Cuw,) = 0 and m2(Cuy) = m2(Cuw, ) = 0.

In the cases that w; is the longest element of some dihedral parabolic subgroup W; we have the formula
Cu =q 200 3 gt
weW y

The only case required when w; is not the longest element of a dihedral parabolic subgroup is ws in the parameter regime
2> r > 3/2. In this case

Cw2 :(q—Sa—Qb _ q—3a + q—3a+2b)Te + (q—3a—b _ q_3a+b)T32
+ (7q—2a—2b + q—2a + q—2a+2b)/TS1 + (q—2a—b + q_2a+b)(T5251 +T8182)
—3a —a+b —a
+q Tsys150 + (d +q * VT sys5sy ++a" “(Tsgsysasy + Toysasyss) + Tsyspsysas,

—a—b

For the case r < 1, to show that m2(Cw) = 0 for w € T's it is sufficient to show that m2(Cls,s,s0s,s,) = 0. The formula
for Cs,s, 59515, 10 the T, basis is as in the C\, formula above with the roles of s; and s interchanged. The result now
follows by direct computation. O

6 The lowest two-sided cell T

In this section we show that the principal series representation g, equipped with certain natural bases, satisfies B2-B4
and B4’ for the cell Ty, with bound ar, = L(wo). It is convenient to work more generally than G». However since
ultimately we are interested in Gz, and in this case Q = P, we will work in this setting here. Thus the analysis below
applies verbatim to the cases ég, 13'4, and Eg, however we note that by slight modifications (in particular to the definition
of Bp) the analysis below applies to all (extended) affine Weyl groups.

We first show that the degree of the matrix coefficients of 7o(T.) are bounded by L(wo) for all w € W (verifying B2),
and then we determine explicitly the set of w € W for which this bound is attained: it turns out to be precisely the
lowest two-sided cell I'g (hence B3). Finally we will compute the leading matrices ¢x,,w in terms of Schur functions,
verifying B4 and B4'.

6.1 Path formula for the principal series representation

Let B be any fundamental domain for the action of the group @ of translations on the set of alcoves (for example, both
Wy and By are fundamental domains). Thus any w € W can be written uniquely as w = ¢,u for some u € B, and we set
wtg(w) = p and Og(w) = u. If p is a positively folded alcove walk we write

wtg(p) = wtg(end(p)) and 6Og(p) = Os(end(p)).

The following theorem generalises the formula presented in [32, Theorem 5.16].

Theorem 6.1. Let B be a fundamental domain for Q. The set {€o ® Xu | u € B} is a basis for Mo, and with respect to
this basis the matriz entries of wo(Tw), w € W, are given by

(70 (T o = > Q(p)™e®
{pePp(W,u)|0g(p)=v}

where W is any reduced expression for w.

Proof. Since Wy is a fundamental domain for @, each v € B can be written as b = t,,u’ for some p, € Q and some
u' € Wo. Then & ® X = & ® X** X,» = (&0 @ Xy )¢H*. The first claim follows since {0 ® X,/ | v’ € Wo} is clearly a
basis of My.

Let @ be any reduced expression for w. Using Proposition 3.2 we have

(o ® Xu) Tw= Z (b0 ® XWtB(p)XeB(p))Q(p) - Z ( Z (éo® va)g@)thB(M)7

pEP(W,u) veEWo ™ {p€Pg(wW,u)|0g(p)=v}

hence the result. |
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6.2 Leading matrices for 7

We begin with some definitions in preparation for the following lemma. Let u,w € W, let @ be a reduced expression,
and let p € P(w,u). The partial foldings of p are the positively folded alcove walks po,pi,...,Dpf(p), Where p; is the
positively folded alcove walk of type w starting at w that agrees with p up to (and including) the jth fold of p, and is
straight thereafter. Thus po is the straight path of type @ starting at u, and py(,) = p. The pivots of p are the alcoves
Uo, - - -, Uf(p) in which the folds occur, with ug = u. More formally, if the folds of p occur at positions k1 < ... < ks(p)
in the reduced expression @ = r1 ---r¢ (with r; € S) then the pivots of p are the alcoves ug = u, uy = uri---rg, -1, and
Ujpl = UTh,+1 Ty —1 for j=1,..., f(p) — 1.

Lemma 6.2. Let u,w € W and let wt(u) = p. Let v € Wy be such that uvw € t,vCo. Let p € P(W,u), and suppose
that the folds of p occur on the hyperplanes Hpykys oo Ha ) kg )0 where B1,...,B5p) € O, Let vo = v, and let
vj41 = 8g,,,v5 for j=0,1,..., f(p) — 1. Then:

1) L(vjq1) < L(vj) for j=0,1,..., f(p) — 1.

2) f(p) < L(v) —L(vyp)) with equality if and only if £(vj11) = L(v;) — 1 for all j =0,1,..., f(p) — 1.

3) If f(p) = £(wo) then v = wo, vy =€, and B1 and By are simple roots.

4) We have deg(Q(p)) < L(wo) with equality if and only if f(p) = £(wo).

Proof. 1) We may assume that g = 0 (if not, translate the entire proof by t_,, and then translate back at the end).
Thus u € Wy. Let p € P(wW,u), and let f = f(p). Let po,...,ps be the partial foldings of p. Let pg° be an “infinite
continuation” of po such that each finite segment of pg° is reduced, and pg°® moves into the “interior” of the Weyl chamber
vCo (that is, away from all walls). More formally, p5° can be constructed by first extending po to ¥y = twi(uw)v (the
longest element of uwWs NvCo) and then appending infinitely many copies of a fixed reduced expression for ¢,, where
p=w1i+ -+ wp (or any other choice of strictly dominant coweight). Verifying that any finite segment of the resulting
infinite path pg° is reduced is a straightforward exercise in computing separating hyperplanes.

Let p7°,...,p¥ be the infinite extensions of pi,...,ps induced from pg°. In other words, p7°,...,py are generated
by successively performing the folds of p to p5°. The hyperplane Hg; , i, , separates the pivot u; from all alcoves of
p;° occurring after uj, and u; is on the positive side of this hyperplane. Thus the linear hyperplane Hg, o separates
the identity alcove e from all alcoves sufficiently far along p7° (this is because the former is on the positive side of this
hyperplane, and the latter are on the negative side). It is clear that all alcoves sufficiently far along p$° lie in v;Co (here
it is important that p is strictly dominant). Thus Hg, o0 separates the Weyl chamber Co from the Weyl chamber v;Co.
By the strong exchange condition sg, ,v; is obtained from a reduced expression of v; by deleting a generator, and thus
U(sp;,1v5) < €(v;). Therefore £(vj11) < £(v;) for all j =0,1,...,f—1.

2) By the above we have £(vj4+1) — ¢(v;) +1 < 0for all 5 =0,...,f — 1, and hence

|
-

!
02 (B(vjr) = £(v;) +1) = L(vg) — £(v) + f(p),

Il
=}

with equality if and only if £(vj41) = €(v;) —1forall j=0,...,f — 1.
3) If f(p) = £(wo) then by 2) we have v = wo and vy = e. Applying the equality £(vj+1) = £(v;) — 1 in the cases j = 0
and j = f — 1 gives £(sg,wo) = £(wo) — 1 and £(e) = £(sg,) — 1, which forces 81 and By to be simple roots.

4) The conditions £(v;j+1) < £(v;) and vj41 = sg,,,v; imply, by the strong exchange condition, that v;11 is obtained
from a reduced expression of v; by deleting a single generator. Moreover, by the proof of the strong exchange condition
this deleted generator is conjugate to sg,, ,, and thus L(vj4+1) < L(vj) — L(sg;,,)- It follows that

f-1 f(p)—1
deg(Q(p)) = Y Llsg;) < Y (L(v;) = L(vj1)) = L(v) — L(B(p)).
i=0 =0
Hence deg(Q(p)) < L(wp), and the condition for equality is clear. d

Corollary 6.3. The representation mo, equipped with any basis of the form {&o ® X. | v € B} with B a fundamental
domain for the action of Q on W, satisfies B2 with ar, = L(wo).

Proof. This follows immediately from Theorem 6.1 and Lemma 6.2. O

Remark 6.4. Note that part 3) of Lemma 6.2 says that if p € P(w,u) with f(p) = £(wo) then the first and last folds
of p occur on simple root directions. Here we mean ‘simple direction” when p is drawn, as usual, in ‘folded form’. One
can also draw p in ‘unfolded form’ by drawing the unfolded path py and marking the positions on this path where the
folds of p occur. We may then ask if f(p) = £(wo) forces the first and last folds in the unfolded form to also be on simple
root directions. Indeed this is the case. The first fold is on the same hyperplane in both the folded and unfolded forms.
We note that in the notation of Lemma 6.2 the last fold in unfolded form occurs on a hyperplane whose linear root is

SBr(py_1 " 88, B(p) = ng(p)vf(p)ﬂf(p) = ng(p)ﬂf(p) = —fB(p), Which is a negative simple root.

Corollary 6.5. Let p be a positively folded alcove walk of reduced type W starting at w € W. If f(p) = £(wo) then the
straight path from u to uww of type W crosses at least one hyperplane of each direction.
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Proof. In the notation of the lemma, we see that the set of hyperplanes on which the infinite extensions p7° make negative
crossings has strictly decreasing cardinality as j increases. It follows that if f(p) = £(wo) then po crosses at least one
hyperplane of each of the £(wg) directions. |

1

The main result of this section is the following. Recall that T'o = {u™ "wotxv | u,v € Bo, A € P‘F}7 and for w € I'y we

define uqy, vy € Bo and 7, € Pt by w = u;lonwvw.
Theorem 6.6. The representation mo, equipped with the basis {0 @ Xy | u € Bo}, satisfies B3, B4 and B4'. Moreover,
Crgyw = St () Fuy ve  for all w € Tg.

Proof. Suppose that w € W is such that [mo(Tw)]u,» has degree L(wo) for some u,v € Byg. Thus by Theorem 6.1 we see
that for every reduced expression w there exists a path p € P(w, u) such that deg(Q(p)) = L(wo) and f(p) = £(wo). By
Corollary 6.5 the straight path from u to uw of type W crosses every hyperplane direction. It follows that ww lies in the
anti-dominant sector based at 0. To see this, recall that there are no simple directions available in By (as @ = P), and
thus if all hyperplane directions are crossed then the hyperplanes H., are crossed for each 1 < 4 < n. Thus we may
choose a reduced expression for @ such that the straight path from u to uw of type @ passes through the alcoves 1 and
wo. It follows that w admits a reduced expression of the form w = it wWo -f; - ¥ for some A € Pt and v € Bo, and
hence w € T'p.

We now consider the converse. Let w € T'g and write W = Uy, - Wo - Tw - V. If there exists p € P(w, uw) with f(p) = £(wo)
then p has no folds in the initial G," part (since the first fold must be on a simple direction by Lemma 6.2). Thus in the
notation of (3.1) we have P(w, uy) = P(Wo * T -V, €). Moreover there are no folds in the final V,, part (from Lemma 6.2
and Remark 6.4) and thus

{p € P(Wo * T - Vuw, €) | 08, (p) =V } = P(Wo * Tow * Vi, €).
Finally, there is a bijection from P(Wp - 7w * Vi, €) to P(Wy - Tw, €) by simply removing the final V,, part, and it follows
from Theorem 6.1, Theorem 3.4, and the above observations, that

[c7"07w]uwa‘/w = Z CWtBU @) = Z CWt(P) = Sty (C)

PEP(Wo T Vuw ,€) PEP(Wo - Tw ,€)

From this formula it follows, in particular, that P(@, uw) # 0, and hence B3 holds. Moreover, if u, # u then by the
first paragraph of the proof that f(p) < L(wo) for all p € P(w,u) and hence [¢ry,wlu,e = 0. If u = uy and v # vy, then
by an observation above we have {p € P(Wo - T - Vuw, €) | 0, (p) = v} = 0, and so again [cxy,w]u,0 = 0. This proves that
Crgyw = St (() Py v for all w € To.

We also see that B4 holds, because the set of matrices {sx(¢)Eu,» | A € Pt ,u,v € Bo} is free over Z (using linear
independence of the Schur characters).

Finally, to check B4', let w € I'g, and let z = u;lwo €Tl'o and y = woTwVew € I'o. Then
cﬂ'()axcﬂ'()ay = SO(C)sTw (C)EuumeEer = sTw (C)E“unvw = c7"0aw7
completing the proof. O

We note that the above theorem recovers a result of Xie [39, Corollary 5.4].

7 The infinite cells I'; and T'y

In this section we carry out an analogue of the work of Section 6 for the other infinite cells I'; with i = 1,2. We begin by
introducing and developing a combinatorial model of “«;-folded alcove walks”. We then show that this model encodes
the matrix coefficients of m;(T), and we use this model to prove that our representations are balanced for the cells T’y
and I'2, compute the bounds for the degree of matrix coefficients in each parameter regime, and compute the leading
matrices in terms of Schur functions of type A;. This section is necessarily more involved that the previous section, since
we need to pay careful attention to the non-generic parameter regimes.

7.1 o;-folded alcove walks

The following definitions apply to any affine Coxeter group. Let a; be a fixed simple root, and let U; = {x € V | 0 <
(z, ;) < 1} be the region between the hyperplanes Hq, 0 and Ha,,1. Let w € W and write @ = s;, - - Sip- An a;-folded
alcove walk of type W starting at v € U; is a sequence p = (vo, v1,...,v¢) with vo, ..., v, € U; such that

1) vo = v, and vy € {Vk—1,Vk—184, } for each k =1,...,¢, and
2) if vg—1 = vk then either:
(a) vk—1si, & Us, or
(b) wk—1 is on the positive side of the hyperplane separating viy—1 and vi—1Si,.

We note that condition 2)(a) can only occur if vy_1 and vk—18;, are separated by either Ha, 0 or Ha,;,1. The end of
p = (vo,...,ve) is end(p) = vy.
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Less formally, a;-folded alcove walks are made up of the following symbols, where x € U; and s € S:

-+ -+ -+ -+ -+
(positive s-crossing) (s-fold) (negative s-crossing) (s-bounce) (s-bounce)

(a) When the alcoves z and xs both belong to U; (b) When zs lies outside of U;

We refer to the two symbols in (b) as “s-bounces” rather than folds, since they play a different role in the theory. Note
that bounces only occur on the hyperplanes Hq, 0 and Ha,,1. Moreover, note that there are no folds on the walls Hq, 0
and H,,,1 — the only interactions with these walls are bounces. We note that in all cases except for A; and C,, every
s-bounce necessarily has qs = qs; (although it is not necessarily true that s = s;). In type Al and C'n this property
holds under the assumption that either L(so) = L(sn), or by modifying the definition of ;. In any case, here we are
interested in G2, and in this case we have qs = gs; for all s-bounces. Thus we will typically simply say bounces.

Let p be an «;-folded alcove walk. Let

fs(p) = #(s-folds in p) and b(p) = #(bounces in p).

Define a modified g-weight for p by
Qi(p) = (—a:)"™ [ (as —a ).
seS
Finally, for each 1 < i < n define . .
0"(p) = ¢i(6(p)) and  wt'(p) = (wt(p),wi),
where 1; : Wo — W{ is the natural projection map taking u € Wy to the minimal length representative of Wiu, and
Wi, ... ,wn are the fundamental coweights of ®. Thus if wt(p) = miay + - - +mna, then wt'(p) = m;. We refer to 6% (p)
as the final direction of p, and wt'(p) as the weight of p (with respect to ;).

We now specialise to the case G3. Let
01 = Say1taY tay = taytayS1 and o2 = Sag,1tay 420y = tay+20y S2-

Observe that for each i € {1,2} the “glide reflection” o; preserves U;, and that W¢ is a fundamental domain for the action
of (o;) on U;. Let B be any other fundamental domain for this action. For w € U; we define wtg(w) € Z and g(w) € B
by the equation v

= o} (w),

and for «;-folded alcove walks p we define
wtg(p) = wti(end(p)) and  65(p) = O5(end(p)).
It is easy to see that in the case B = W{ these definitions agree with those for wt’(p) and 6%(p) made above.
Example 7.1. Let ¢ = 1. Let o/ = 121021210212102120212102120 (a reduced expression). Figure 8 illustrates an
a1-folded alcove walk of type W, with two choices of fundamental domain B (the gray shaded regions). The tessellation

of U by B is shown. The alcove walk has 2 folds and 3 bounces, and Q1(p) = —q>*(q* —q~*)(q” — q~°). The weight
of p is 4 with respect to the first fundamental domain, and 2 with respect to the second fundamental domain.

(a) B =Wy, wt'(p) = 4, 0 (p) = 21212 (b) B = {e,0,2,21,212,2121, 2120}, wti(p) = 2, 05(p) = so

Fig. 8: An «;-folded alcove walk p, with two choices of fundamental domain B
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We now prove an analogue of Theorem 6.1, giving a combinatorial formula for the matrix entries of m;(Tw) in terms of
ai;-folded alcove walks. We first consider the fundamental domain W, and then deduce the general case in Corollary 7.3
below.

Theorem 7.2. Let i € {1,2} and let w € W. With respect to the basis {& ® X, | u € W} of M, the matriz entries of
i (Tw) are given by _
(75 (Tow) o = > Qi(p)¢ P

{p€P;i(@,u)|0%(p)=v}
where W is any reduced expression for w.

Proof. We will prove the case i = 1. The case i = 2 is completely analogous. We first prove the following formula by
induction on £(w):

GEeX)= > (& Xenar) Q1 (D). (7.1)
PEP (W,u)
Suppose that £(ws) = £(w) + 1. Then by the induction hypothesis
EOX) Tus= > (61 ® Xena(»)TsQ1(p).
pEP(W,u)

Let p € P1(w, u). Consider the following cases:
1) If end(p) ~|" end(p)s with end(p)s € Uy then

(61 ® Xena(p))T:Q1(p) = (1 ® Xend(p,ej))gl(p : E:)v

where p - €} denotes the path obtained from p by appending a positive s-crossing.

2) If end(p) 7|~ end(p)s with end(p)s € U then using Ts = T, * — (qs — g3 }) gives

(&1 ® Xenap))TsQ1(p) = (&1 ® Xend(p-e;))Ql (P-es)+ (& ® Xendp-1,)) 2P+ fs),

where p - fs denotes the path obtained from p by appending an s-fold.

3) If end(p) ~|* end(p)s with end(p)s ¢ Ui then necessarily end(p) N end(p)s is a face of Ha, 1 (since the crossing is
positive). Then end(p)s = sq,,1end(p-bs) where p- b, denotes the path obtained from p by appending an s-bounce,
and since sq;,1 = Loy s1 and Xsal,lend(P'bs) = X"‘lvT;llXend(p,bs), we have

(51 X Xend(p))TS Ql(p) = 51 @ Xend(p)s)Ql(p)
gl . XaYTs_ll & Xend(p-bs))g(p)
gl & Xend(p-bs))Ql(p)(_ql)(ql_Q)

51 ® Xend(p»bs))Ql(p . bs)

o~ o~ o~ —

4) If end(p) T|~ end(p)s with end(p)s ¢ Uy then necessarily end(p) Nend(p)s is a face of Hq, 0 (since the crossing is
negative). Using the formula Ts = T, ' 4 (q1 —q7 '), and the fact that end(p)s = siend(p) = siend(p- bs), we have

(61 X Xend(p))TSQI(p) = (61 24 Xend(p)s)Ql(p) + (61 24 Xend(p))(ql - qfl)Ql(p)
- (51 ® Xslend(p-bs))Ql (p) + (fl ® Xend(p-bs))(ql - ql_l)Ql (p)
= (61 : Tszl ® Xend(p»bs))Ql(p) + (51 ® Xend(p»bs))(ql - q;l)Ql(p)
= (&1 ® Xend(p-b))(—d1)Q1(p) + (€1 ® Xend(pbs)) (A1 — q;l)Q1(p)
= (61 ® Xend(p-bs))Ql(p . bs)
Equation (7.1) follows.
Let p € Pi(wW,u) and write end(p) = t,v with u € Q and v € Wy. Then p € Hay,0 U Hay,1 (since end(p) € Uy). If
w € Hy,y o then u = kay + 2kay for some k € Z and v € Wg. Thus
1

@ Xenapy =61 - X" @ Xy =(&1® XU)CQk =&E® Xel(p))Cwt @),

If 4 € Hoy 1 then p = kay + (2k — 1)ay for some k € Z, and v ¢ Wg. Thus 0 (p) = s1v, and hence

§1® Xena(p) = &1 - X" @ Xo
= (&8 X, 0 ))a1 (¢
= (& T3, ® Xorpy)ar (=271
= (610 Xo1)C™ 7! = (61.® Xg1 ()¢ @,

and the theorem follows. |
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It is convenient to have a version of Theorem 7.2 for other choices of fundamental domain. It is not hard to see that
for each p € P;(w,u) the path o;(p) obtained by applying o; to each part of p is again a valid «;-folded alcove walk
starting at o;u (the main point here is that the reflection part of o; is in the simple root direction «;, and thus sends
®+\{a;} to itself). Moreover, Q;(p) and 6°(p) are preserved under the application of o;, and a direct calculation shows
that wt'(cF(p)) = k + wt'(p).

Corollary 7.3. Let w € W, i € {1,2}, and let B be a fundamental domain for the action of o; on U;. Then the matriz
entries of mi(Tw) with respect to the basis {& ® X | u € B} are
(s (T e = > Qi(p)¢te ™,
{peP;(@W,u)|0% (p)=v}
where W is any choice of reduced expression for w.

Proof. We will prove the result for i = 1, with the case 4 = 2 being similar. For each u € B define k(u) € Z and v’ € Wy

k _
x (u)u/ 2k—1

by the formula u = o . A direct calculation, using the formulae o?* = thay +2kaY and o7 = thaY +(2k—1)ay S1

shows that
51 ® Xu = 61 X Xo)f(u)u’ = (fl X Xu’) Ck(u)
It follows from Theorem 7.2 (by applying change of basis) that
[71(T)]uyo = > Qi(p)¢™ (PIHR(W =k ()
{peP1(w,u")|0t (p)=0"}
By definition we have 0'(p) = v’ if and only if 05(p) = v. Recall that o™ (Py(@,v')) = P1(w,u) and that for each
p € P1(w,u’) the value of Q1(p) is preserved under this transformation. Thus
1
s (T = S Qe e,
{pEP1(15,u) |04 (p)=v}

and the result follows since wtg(p) = wt'(p) — k(v) if 05(p) = v. |

7.2 Folding tables and admissible sequences

Our next task is to show that the representations 7; and 72 satisfy B2. By our combinatorial formula for the matrix
coefficients of m;(Tw) in terms «;-folded alcove walks it is equivalent to show that deg(Q;(p)) is bounded by some numbers
ar, for all a;-folded alcove walks p. In this subsection we explain our approach to bounding the degree of o;-folded alcove
walks.

Note that every w € W admits a reduced expression of the form

=710 15, -b with v € Wy, m,n € N, and b € By, (7.2)

w1
and each walk p € P; (w0, u) with u € W{ and @ as above can naturally be decomposed as p = po - p° where
po € Pi(%,u) and p° € Py(@1,end(po)) where @ =t -1, - b.

Since Q;(p) = Qi(po)Qi(p°) it is sufficient to bound the degrees of Q;(po) and Q;(p°®). The former is straight forward
(since v is in the dihedral group G2). Thus the main effort is involved in bounding the degree of Q;(p°). For this purpose
we will fix reduced expressions for t,,, and t..,, and construct folding tables that record the possible degrees of Q;(p°).

We now explain the construction of our folding tables, via an analogue of the admissible sets of Lenart and Postnikov [20,
21]. Let v € W¢ and & € W with reduced expression & = s;, ... s;, . We denote by p(Z,v) € P;(Z,v) the unique a;-folded
alcove walk of type ¥ starting at v with no folds. Of course p(Z, v) may still have bounces, because a;-folded alcove walks
are required to say in the strip U;. Nonetheless, we refer to p(#,v) as the straight walk of type ¥ starting at v. Let

I~ (Z,v)={ke€{1,...,n} | p(Z,v) makes a negative crossing at the kth step}
T(Z,v) = {k € {1,...,n} | p(& v) makes a positive crossing at the kth step}
I*(%,v) ={k €{1,...,n} | p(ZF,v) bounces at the kth step}.

Note that Z- UZT UZ* = {1,...,n}. We define a function
©% T (&v) = Wi X Z

as follows. For k € Z7 (%, v) let py be the a;-folded alcove walk obtained from the straight walk po = p(Z, v) by folding
at the kth step (note that after performing this fold one may need to include bounces at places where the folded walk
pr attempts to exit the strip U;; also note that this notation differs from the partial foldings defined earlier). Let

vz(k) = the unique (u,n) € W¢ x Z such that p(Z, oj'u) and py agree after the kth step.

Equivalently, (u, n) is the unique pair such that end(p(Z, oi'u)) = end(pk), and thus o} u is simply the end of the straight
alcove walk p(rev(Z),end(p)), where rev(Z) is the expression Z read backwards.
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Definition 7.4 (Folding table). Fix the enumeration y1,...,ys of Wi with £(y;) = j— 1 for j = 1,...,6. For each (j,k)
with 1 < j <6 and 1<k < {(z) define f; (%) € {—,%,1,2,3,4,5,6} by

z
fin(@) = q* if ke I™(,y;)

i’ if k€I (%,y;) and ¥ = (y;,n) for some n € Z.
The «;-folding table of Z is the 6 x £(x) array F(Z) with (j, k)" entry equal to f;x(Z).

Remark 7.5. If § is a prefix of § then F(¥) is the subarray of F(&) consisting of the first £(y) columns. Also note that
of course any other enumeration of Wy can be used in the definition.

Example 7.6. We will need the a;-folding tables of

-

fwl = 0212012121, t., = 021212, and each element b in By.

For efficiency, we note that 10 of the 12 elements of By are prefixes of f;,l, and one of the remaining elements of By is a
prefix of i,,,. Thus the folding tables of these 11 elements of By are ‘contained’ in the folding tables F(t.,) and F(i.,)
(see Remark 7.5). The final element of By (namely the longest element By) is bo = 0212012120 and thus agrees with ,,,
except in the last step. Thus in the tables below we will record the folding tables of &, and bo simultaneously, with the
table for f,, obtained by deleting the last column, and the table for bo obtained by deleting the penultimate column.

The «;-folding tables of f;,l, ELJZ, and elements of By are given in Tables 2 and 3 below. This a direct calculation, and
we have also automated the process in a computational algebra package.

(L] EDBNEDE
1= —=1=1=1=1—=1—=1—-|—|*|l- I I e B e B
20— =1—=1—=|1—=1=*|—-|—-1—-1-1|| - 20— —1—1—-|=*=]1
3|l — 11| «|—|1]|—=|—=|=*]1]2]| — Sl =11 x| ===
42| =] *]2|—=12|*|—]|—1| 2 42| =] *x]2|1]3
51 312 312 (312413 51 312 3 x| —
6111421 31124« 1 61| 1 211135

(a) ax-folding table of i.,, and bo (b) a;-folding table of t,,
Tab. 2: a;-folding tables for By U {t.,,fu, }-

(e ez [i]] EEIEEINNE
1=l =1=-1=-1=-1—-1—-|—-|—=-1-1|l - 1= —1—-|—-1|-1 %
21— x| —=|—|*|—|—|—=1|=*x|1] — 2 I i B e A
3|l x| —| = *x|—=—11]*x]|—]—]|- * 3l x| —=]—=*x]1]2
4 x| 12«1 ] —=]1*x]2]1]3] * 44« [ 1] 2] % |—]|—-
5 3 21113 |—|1 5 3111214
6112 (3123|4213 |5 2 62 3[1]2]4]x

(a) aa-folding table of f.,, and bo (b) az-folding table of t,,

Tab. 3: ap-folding tables of Bg U {t.,,, fu, }-

The connection between the «;-folding tables and the degree Q;(p) of an a;-folded alcove walk is understood through
the notion of (Z, v)-admissible sequences defined below.

Definition 7.7. Let x € W with reduced expression & = s;, ... s;, and let v € W¢. We say that a sequence (k1,. .., k)
with 1 < ki < ke <...<kr </lis (& v)-admissible if, for all 0 < j <r —1,
kiv1 € T (Z,0,7v;) where (vo,m0) = (v,0) and (vj,n;) = @2 ' (k;) for j > 0.

x

Proposition 7.8. Let x € W with reduced expression & = s;; -+ Si, and let v € W¢. There is a bijection between the

set of all (Z,v)-admissible sequences and the set P;i(Z,v).

n
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Proof. Tt is clear that if p € P(&,v) with v € W¢, and if the folds of p occur at indices k1 < k2 < ... < k., then
J = (ki,...,kr) is an (&, v)-admissible sequence.

Consider the converse. If p = (w¢)—, is an a;-folded alcove walk and j < k we write p[j, k] = (wr)f—; (this is the segment
of p between the j*" and k** steps). Let J = (k1,...,k.) be an (&, v)-admissible sequence. Define (vo,n0) = (v,0) and

let (v;,n;) = ¢’ "' (k;). Induction shows that the concatenation of paths

ps = p(f, UO)[O7 k1 — 1] -p(@ Uzﬁlvl)[klv k2 — 1] """ p(@ U:LTUT)[ICNZ]
is an «;-folded alcove walk, and that J is the set of indices where the walk p; folds. Od

The above proposition encodes how one uses folding tables to compute Q;(p) for all p € P;(w,u) with u € W¢. Let
us explain this in an example. In fact we are mainly interested in deg(Q;(p)), and so we consider this below. Let
W= f[‘,”l -%2 where m,n € N, and let u € W¢. Let T be the table obtained by concatenating the a;-folding tables of %,
and i,,, with m copies of the f,, table followed by n copies of the i, table. The elements of P; (w0, u) correspond to the
excursions through 7 with the properties described below. We begin the excursion by entering the table 7 at the first
cell on row £(u) + 1, and at each step we move to a cell strictly to the right of the current cell according to the following
rules. Suppose we are currently at the N cell of row r, and this cell contains the symbol z € {—,%,1,2,3,4,5,6}.

1) If z = — then we move to the (N + 1)°* cell of row 7. These steps correspond to positive crossings, and have no
contribution to deg(Q;:(p)).

2) If £ = * then we move to the (N 4 1)*¢ cell of row r, and we have a contribution of —L(s;) to deg(Q;(p)). These
steps correspond to bounces on either Hq, 0 or Hq,;,1.

3) fxz=j€{1,23,4,56} then we have two options.

(a) We can move to the (N +1)° cell of row r. These steps correspond to negative crossings, with no contribution
to deg(Qi(p))-

(b) We can move to the (N + 1)°* cell of row j. These steps correspond to folds, and give a contribution of L(sy)
to deg(Qi(p)), where k € {0,1,2} is the entry in the N** cell of the “O-row” (the header) of T

In the case that IV is the last cell of the table, moving to the (N + 1)** cell should be interpreted as exiting the table and
completing the excursion. We note that the above process can be regarded as m passes through the a;-folding table of
t_;l, followed by n passes through the a;-folding table of EZJZ, rather than concatenating the m + n tables into one table.

Remark 7.9. In the above explanation, concatenating the folding tables relied on the constituent pieces t., and .,
being translations. If @ = @, - W2 is a reduced expression with w; and w2 not necessarily translations, then one needs
to make a correction when combining the individual tables for w; and s into the table for w; - W2. Specifically, one
adds an extra column at the end of the w; table with j** entry 0" (yjw1). This records the “exit orientation” of the path,
and when concatenating the tables for w; and ws, the rows of the W, table are permuted so that they match with the
exit column of w;. Alternatively, to interpret this process as one pass through w; followed by one pass through w2 one
should simply take the exit column entry of ws to indicate the row on which to enter the w; table.

7.3 Bounding the degree of matrix coefficients

We are now able to establish bounds on the degree of Q;(p) for all a;-folded alcove walks, from which B2 will follow.

Theorem 7.10. Let p be an «a;-folded alcove walk of reduced type. Then deg(Qi(p)) < ax, where

o a+b ifa>2b, and A — 3a—2b if 2a > 3b,
™13 if a < 2b " la+b if 2a < 3b.

Moreover, if p € P;i(w,u) with u € W{ is such that deg(Q;(p)) = an, then uw € U;.

Proof. Using the action of o; on a;-folded paths we may assume that p starts at w € W¢. We note that if @ and @’ are
two reduced expressions for the same element w and if deg(Q;(p)) < an, for all p € P;(wW, u), then Theorem 7.2 implies
that deg(Q;(p)) < a,, for all p € P;(w,u). Thus we are free to choose any reduced expression for w. We choose a
reduced expression for  as in (7.2). Let @y = £ - £, - b, and decompose p € Pi(w, u) as p = po - p° where po € P; (7, u)
and p° € P; (W1, uo), where up = end(po) € W¢. The bounds for Q;(po) in Table 4 are elementary (the left hand columns
represent the elements of W¢ in the natural order of increasing length).

One can now use the folding tables from Example 7.6 to produce bounds for deg(Q;(p°)). The following observations
make this possible. Firstly, all folding tables for t.,,, fw,, and b with b € By have the property that for 1 < j < 6, all
entries in the j*" row are either —, %, or are strictly smaller than j. This means that with each fold we move to a strictly
lower row. Secondly, if one makes a full pass of a table without making any folds (that is, without changing row) then
the contribution to deg(Q;(p)) is at most 0 and since the entry and exit rows are the same this pass can be ignored for
the purpose of bounding deg(Q;(p)). Thus we may assume that at least one row change is made on each pass through a
table, and therefore, by the above observation, we need only consider w; = fz,”l -EZLJZ with m+n < 6 and @; = fZJ”l ~t_22 b
with m 4+ n < 5. This reduces the work to a finite problem. As a third observation, we note that every row in the
a1-folding table of #,,,, and every row in the aso-folding table of f.,,, contains a %, and thus these tables tend to have a
negative influence on deg(Q1(p)) and deg(Q2(p)), respectively.
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uo=-end(po) ||a>b| a<b upo=-end(po) || b>a| b<a
1 a 3b— 2a 1 b 3a —2b
2 a 2b—a 2 b 2a — b
3 a 2b—a 3 b 2a — b
4 a b 4 b a
5 b b 5 a
6 0 0 6 0 0

@
|
o

(a)i=1 (b) i =
Tab. 4: Bounds deg(Q;(po)) where po € P;(7,u) with u € W{ and v € Wj.

With the above observations in mind we find the bounds on deg(Q;(p)) for p € P;(w1,uo) with ug € W¢ and @) =
f::’; -f;:g -b listed in Table 5 below. We have checked these both by hand, and also implemented the process in MAGMA [4].
Moreover we see that if these bounds are attained then if ¢ = 1 then m = 0, and if ¢ = 2 then n = 0 (intuitively this is
due to the third observation above).

ug || a > 2b a<2b Ug 2a > 3b 2a < 3b

1 0 0 1 0 0

2 0 max{0, —a + b} 2 || max{0,a — 3b} 0

3 b b 3 || max{0,a — 2b} 0

4 b 2b 4 2a — 3b max{0,a — b}

5 a 2b 5 2a —2b b

6 a+b 3b 6 3a—2b a+b
(a)i=1 (b)i=2

Tab. 5: Bounds deg(Q;(p°)) where py € P;(w1,uo) with ug € W and w = t_ZZ ~t_:ﬁz -b.

The bounds ar, and ar, follow by combining the bounds in Tables 4 and 5.

We now analyse paths such that deg(Q;(p)) = ar,. We claim that in this case uw € U;. We have already shown that
w=47- EZ], - b for some v € Wy, n € N, and b € By, where {j} = {1,2}\{¢}. In combining the bounds in Tables 4 and 5
we see that if deg(Q;i(p)) = ax, then either:

1) i=1,a>2b, and uo € {3,4,5,6}, or a < 2b and uo € {4, 5,6}, or
2) ¢ =2 and uo € {5, 6}.
Consider the case i = 1 and a > 2b. If up = 6 (that is usg = s251525152) then deg(Q1(po)) = 0, and it follows that the walk

po is straight with no bounces, and thus uwv = s2s1525152 (with w and ¥ as in Table 4). Therefore uw = s2s1525182t0,b
for some b € By, and all such elements are obviously in ;.

Suppose now that up = 5. In this case we see that for the bound in Table 4 to be attained we see, by direct observation,
that (u,¥) = (e, s251525152), (S2,51525182), (s281, $28152), (S25182, S152), Oor (S2515281, s2) with the last step of ¥ a fold.
Thus vw = 3231325152t22b for some b € Bo, and so again uw € U;.

Suppose now that up = 4. Since the bound deg(Q1(po)) = a in Table 4 is attained we see that (u,?) = (e, s2s15251),
(s2,515251), (5251, 8251), or (s2s152,51) with the last term of ¥ being a fold. Thus uw = s2s15251t,b for some b € Bo.
However an easy check using the folding table shows that if » > 1 then the maximum bound in deg(Qi(p°)) is not
attained. Moreover, again by the folding tables, we see that b is such that uw = sas15251b € U;.

The remaining cases are similar. O

Corollary 7.11. Let i € {1,2}. For generic parameters the representation m;, equipped with any basis of the form
{& ® Xy | u € B} with B a fundamental domain for the action of o; on U;, satisfies B2 with ar, as in Theorem 7.10.

Proof. This is immediate from Corollary 7.3 and Theorem 7.10. a

7.4 Leading matrices for generic parameters

In this subsection we assume generic parameters. Thus, by our convention, if ¢ = 1 then a # 2b and if ¢ = 2 then 2a # 3b.
If p € Pi(W, u) with deg(Qi(p)) = ar, then p is called a mazimal path. In this section we determine all maximal paths,
and show that m;(T) has a matrix coefficient of maximal degree if and only if w € T';, for ¢ = 1,2. Finally, we compute
the leading matrices ¢r, .« in terms of Schur functions of type A; and deduce that B3, B4, and B4’ hold.
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To tighten the connection between m; and I'; it is convenient to work with the following fundamental domains in
Corollary 7.3. Of course, using the action of o; on U;, the choice of fundamental domain does not change the bounds on
deg(Qi(p)). We define

if a/b > 2 if a/b> 3/2
go= Joesse ife/b>2 e if a/b>3/ (7.3)
sgs1s281  ifa/b< 2 s1s2s182  if a/b < 3/2,

and set B, = ¢;B;, where B; = Br, is as in Section 4.3. Then B; is a fundamental domain for the action of o; on U;,
represented as the green region in Figure 9. The blue and red regions are translates of B} by o;, and the “base alcove”
gi of B} is heavily shaded. We fix an indexing of B} in Figure 9 in two cases for later use. Generally we write b, = g;u
for u € B;, and so B} = {b, | u € B;}.

=/\w [~/ N\

(a) B} when a > 2b (b) B} when a < 2b (c) BS when 3a > 2b (d) B, when 3a < 2b

Fig. 9: The set B} and translates by o;.

Lemma 7.12. Let w € W and u € B; with i € {1,2}. Let @ be any reduced expression for w. If Pi(wW,by) contains a
mazimal path then w = u *witNv for some u,v € B; and N € N, and hence w € T';.

Proof. Let p be a maximal path. Thus b,w € U; by Theorem 7.10. Note that the second sentence in the proof of
Theorem 7.10 we may choose any reduced expression @ for w. We first claim that there is a minimal length (straight)
path from b, to b, w passing through the element buu~tw; (geometrically this element is the element “opposite” the base
alcove of B}, and is shaded yellow in Figure 10). If no minimal length path passes through b,u™'w; then b,w lies in
either the red, green, or blue region in Figure 10.

(a) a>2b (b) a<2b (c) 3a > 2b (d) 3a < 2b

Fig. 10: Configuration for Lemma 7.12

It is clear that if b,w lies in the red region then deg(Q;(p)) = 0 since there are no negative crossings in the straight path
from b, to byw. Thus b,w lies in either the green region (that is, B;) or in the blue region. Hence there are finitely
many possibilities for w, and quick check shows that for these w there is no path attaining the degree bound ax,.

Thus w admits a reduced expression with @ '.-wi asa prefix. Since b,w lies in U; it follows that w admits a reduced
expression of the form @ = @~ ! - W; -t - ¥ for some u,v € B; and N € N, and thus w € T'; by the cell factorisation of
Section 4.3. O

The following Theorem, along with Theorem 7.10 and Lemma 7.12, verifies that m; satisfies B3 for generic parameters.
Recall that if w € I'; with generic parameters then w = u;lw,’t;wvw with uw,ve € B; and 7, € N (we sometimes write
Tw in place of t7* by identifying N with {t¥ | & € N}).
Theorem 7.13. Let w € I'; with reduced expression W = J;l - W -ff‘” -Vy. For generic parameters we have:

1) There exist precisely T + 1 mazimal paths in P;(W, by, ).

2) For each 0 < n < 7, there is a unique mazimal path p € P;(w, by, ) such that wti, (p) = Tw — 2n.

8) For all mazimal paths we have 0%, (p) = vu.
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Proof. Write u = uy, v = Vyw, and N = 7,,. Let p be maximal. We claim that there are no folds in the initial it segment.
This is easily checked directly in each case. For example, consider ¢ = 1 and a > 2b, and suppose that u = s2515250.
Then b, = s¢ is the “top right” element of B}. Suppose that the path p of type @' - Wy -t - ¥ folds in the initial @ *
part. If this fold occurs on the 4*" step, then the remainder of the path consists of positive crossings only, and hence has
degree b. If the fold occurs on the 3"¢ step, then the 4", 5" and 6" steps (the last two coming from Wi = sgs1) are
forced to be, respectively, a positive crossing, a positive crossing, and a bounce. After this the path consists of positive

crossings (and perhaps bounces) and so the degree is bounded by a — b. The remaining cases are similar.

Writing p = po-p°, with po corresponding to the initial @~! segment, the previous paragraph shows that deg(Qi(po)) =0,
and that p° starts at end(po) = b,u~" = g; (the “base” alcove of B}). Note that p® has type w1 = W; -t - .

Consider the case ¢ = 1 and a > 2b. We construct the ai-folding tables of the elements wi, t1, and v € B} in Table 6
below. We construct these tables with respect to the fundamental domain B; (rather than W), and thus we modify the
definition of ¢3(k) given in the previous section (and in the notation of that section) to be

(k) = the unique (u,n) € B; x Z such that p(F, o} u) and py agree after the kth step.

Note that the elements of B} are the prefixes of s2s15250, along with the element v = s250, and so it suffices to provide
the tables for these two elements of B]. These are given in Table 6 below. See Remark 7.9 for the meaning of the final
“exit columns” in these tables, and note that we use the indexing of B} as shown in Figure 9.

L Qololl | [fl2lofoll | [ [2ftf2fof | [ [2[0] |
113]61{ 2 1{-1-=-1-11 1{—-1=1—=-|-15 1y—|—16
21 —-1—11 211115412 211115161114 210111413
3|11 —1216 3/ —1|*x|—15 3/ —11]*x]|—]1 3I|l—=1—1|5
41— x|| 5 43|11 |- 6 41311533 4113 —-11
5 * || 4 51 — | — 3 S5 —1—|—|—1||6 51 — 2
61 2|—13 61 5| x]|3]|4 615 |x|—|5] 2 615|314

(a) wi = sos1 (b) t1 = s2s180 (c) v = s2818250 (d) v" = s2s0

Tab. 6: a;-folding tables for @, = w; -tV - @ with respect to B/, in regime a > 2b.

Note that a path p° of type wy -3 - ¥ starting at g1 enters the w; table on row 1, and it is then elementary to check that
such a path is maximal if and only if it either folds at both places of the wi-part, or at both places of the s1so part of
t1 in on of the passes of t;. That is,

end(p?) = 081t v if both folds in W; occur
W1t?7182§1§otf’7"v if the two folds occur in the n'" pass of fl,

where as usual §; indicates that the term is omitted. In the first case we have Wtéll (p) = N and Héfl (p) = v. In the

second case the equality wit? ' satT = e for all n shows that Wté/l (p) = N — 2n and again Géll (p) = v. This establishes
the theorem in this case.

Now consider the case ¢ = 2 with 3a > 2b. The as-folding tables of wo = s1s2515251 and t2 = sps2s15251 and v € Bb
with respect to Bj are given in Table 7 below (note that every element of B is a prefix of v’ = sps2515250).

L [of2laf2fofl | [ fof2fuf2]uf | [ [Jof2[1[2]0] |
15|36 |2]|41|°6 1{=-1=-1—-1=-1-1|1 1{—-1=-1=-1=-1—-16
2106 | x| —|—|—1 4 21 1| x|4]1]5|3 2 1| x| 4|1 ]| x| 4
3|l=1—|—-1|=*1]6]5 S x| 1|5 ] x|—1]2 3|« 15| % )
413162 — 1l 2 4l « | —| =115 4l x| === 2
Sl —|*x|3|6]|2]3 Sl —|*x|—=|—-]—14 Sl — | x| —=|—1]=*{3
6|1l—|—|—|—-|—-1|1 6(5|4|1]|5]|3]|6 6|5 4|15 4|1

(a) w2 = s1528182581 (b) t2 = sos2s15251 (c) v' = sps2515250

Tab. 7: as-folding tables for wh, to, and v’ € B}, with respect to B, in regime 3a > 2b.

Using these tables it is easy to check that a path p® of type Wo - t5 - ¥ starting at g» is maximal if and only if one of the
following occur (recall we enter the wo table on row 1):

o There are three folds in the Wy part, at positions 1,3,5 (and hence no further folds).
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« There is one fold in the Wy part at position 5, followed by 2 folds in the subsequent t» at positions 3 and 5.

« There are three folds distributed over two consecutive ta cycles, at position 5 in the pass cycle, and then positions
3 and 5 in the next pass.

The theorem follows in this case in a similar way to the previous example. The two remaining cases are similar. O

Corollary 7.14. Let w € I'; with generic parameters. Then

Criw = Sy (C) By v s
where sk (C) is the Schur function of type A1. Thus m; satisfies B4 and B4'.

Proof. Let P;(wW,uu) = {p € Pi(wW,uu) | deg(Q:(p)) = ax,} be the set of maximal paths. By Corollary 7.3 and the
definition of ¢, . we have

_ . Wti/ (p)
ersu =sp_,_ (@ mTla) = S

{p€P; (@, u)|0}, (p)=v}

(note that there are either no bounces, or precisely two bounces in maximal paths p, and thus Q; (p) is positive, and
so q~ 7 Q;(p) specialises to +1). Theorem 7.13 gives {P;(w,u) | O, (p) = v} = 0 unless v = u, and v = vy, and thus
[¢r; wlu,o = 0 unless u = uy, and v = v,,. Moreover Theorem 7.13 gives

Tw
[cﬂ'iww]uumvw = Z CQTw_n = Sty (C)
n=0

The verification of B4 and B4’ follows from ¢r, w = sr, (¢)E, in an analogous way to Theorem 6.6. |

Uw ,Vw

7.5 Leading matrices for non-generic parameters

In this final subsection we compute the leading matrix coefficients for m; with non-generic parameters » = r;. This if
t=1and r =2, and if i = 2 and r = 3/2. In fact most of the work has been done in the previous sections, and all that
remains is to piece together the paths from the generic regimes on either side of the generic parameter.

Recall the notation of Section 4.4. For ¢ € {£} we define gi as in (7.3) with g; corresponding to r < r; and g
corresponding to 7 > ;. We set Bi® = ¢giB§ and write Bj® = {b, | u € W§}. When working in the case where ¢ = 1 all
the matrices will be written in the basis {1 ® X,+ | u € Wy}, and for i = 2 we use the ¢ = — basis.

Theorem 7.15. Let w € I'1 and r = 2 and let uilwft{\’ﬁrv be the positive cell factorisation of w. We have

(snv(€) +sn-1(C)) Bu,w  if w is of type (+,+);

. (sn(¢) +snv4+1(C)) Euw  if w is of type (—, —);
T 4 TN (O Bu if w is of type (+,-);
(1 +Q)sn () Euo if w is of type (—,+)

where by definition we set s—1(C) := 0. If i = 2 the corresponding result applies with all signs reversed.

Proof. The case i = 2 is completely analogous to the case ¢ = 1, and so we only present the ¢ = 1 case. First assume
that w is of type (+,+). Then there exists (u,v) € B N s1B] such that

-1 4. N -1 —,N-1
w=u Wyt v=u s1wyt;_"s1v.

According to Theorem 7.13, we see that there will be two families of maximal paths starting at b}, one with endpoints
of the form b, tﬁ;%v for all 0 < r < N and one with endpoints of the form b, ti\ffk%slv forall0 <r < N-1. We

have 1 N—2 1 N—2
WtB’1+(b;rt1,: "v) = N — 2r, GB’ﬁ(b:tl,; "v) = v,

wté,l+(b;t§:1*2rsw) =N-2r—1 and 9é;+(b;t{f:1*2rslv) = .
It follows that ¢x, w = (sn(¢) + sn—1({)) Eu,» in this case.

Assume that w of type (—, —). Then we have

+,N —,N+1
w = SpS2Wy ty 4 S280 = wy t) .

We see that there will be two families of maximal paths starting at b:st = b_t;,—, one with endpoints of the form

bjtf’:%sto for all 0 < r < N and one with endpoints of the form b;tf{:ﬂ_w for all 0 <7 < N + 1. We have

1 N-—2 1 N-2
WtBr1+(be+t1,+ "s250) = N — 2r, 08,1+(bjt1’+ "s250) = 5250,

Wté/+ (bt 272"y =N +1-2r and Hé/+(b;tivf2_2r) = $250
1 ’ 1 ’
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since b;t{\ff%% = b;’;SUtf”fFQT. It follows that ¢x, w = (sn(¢) + sv+1(¢)) Eu,» in this case.

Assume that w is of type (+, —). Then there exists u € B] N s1B] such that
w = uflwftf’;sto = uflslwftf,’_.
We see that there will be two families of maximal paths starting at b, one with endpoints of the form bjtjl\f ;2%230 and
one with endpoints of the form be_tff:% for all 0 < r < N. We have
Wté/1+ (bjtﬁ;QTSQSO) =N — 27“7 (9é,1+(b:ti\j;2r8280) = $250,

Wté,+ (boty=*)=N-2r—1 and Hé,+(b§ti\f:2r) = $250.
1 1

It follows that ¢y ,w = (1 4+ ¢ 1)sn(¢) in this case.
Assume that w is of type (—,4). Then there exists v € B Ns1B] such that

N —-.N
w = 3032wft1’+v =wy t] _s10.

We see that there will be two families of maximal paths starting at b;r2 so = bet1,—, one with endpoints of the form

bjti\:Q’"v for all 0 < r < N and one with endpoints of the form bgt{\ffl_%sw for all 0 < r < N. But we have

wily (b3 t) 12 u) = N —2r, 044 (b tY 2 u) = u,
1 1

Wté,+(b;ti\ji—1_2T81U) =N+1-2r and 9é,+(b;t]1\ff1_2’"sw) = .
1 1

It follows that cq;,w = (1 + ¢)sn(¢) in this case. d

Remark 7.16. Note that the formulae in Theorem 7.15 show how the two leading matrices from the generic regimes
on either side of the parameter r = r1 combine to give the leading matrix at » = r;. This suggests an approach to
understanding the semicontinuity conjecture of Bonnafé [2].

We define the following sets which are the sets of non-zero leading matrix coefficients of the elements w of (g,&’)-type

Bee ={sn(¢) +snv-1(¢) | N >0}, and Be_.={(1+¢)sn(¢)| N >0}.

e,e’

We will write sy~ € B, ./ to denote the element corresponding to NV in B, ..

The following proposition is useful at a later stage.

Proposition 7.17. Let e1,e2,e3 € {—,+} and k,£ € N.

1) We have s,(:l’”) -SEE%ES) = men Hie(e1, €2, 63)5&21’63) for some integers i (e1,€2,€3).

2) We have py,(c1,€2,€3) = pib, x(€3,€1,€2) for all k,£,m € N.

3) We have uy 4(e1,€2,€1) # 0 if and only if e1 = €2 and k = .
Proof. By obvious symmetry and commutativity it is sufficient to check the cases (e1,e2,23) = (+,+,+), (+,+, —), and
(4, —,+). We first recall that the Schur functions sy = sx({) form an orthonormal basis with respect to the Hall inner
product (-,-), and in type A; they are self adjoint with respect to this inner product. Therefore if spsp = >, ci'pSm
we have ¢y = (skSe,Sm) = (SmSk,S¢) = (S¢Sm,Sk), and thus cp’, = bk = ¢} m-. Furthermore, if £ < k we have

SiSp = Zf:o Sk—r+25, and thus cg’e = dy,¢ (if £ < £ then interchange the roles of k and ¢).
Consider the case (¢1,€2,e3) = (+,+,+). Using the formula for Schur functions of type Ai we compute s,(j’ﬂ =
s1(¢) + sk_1(¢) = s2(¢/?), where we introduce a new formal indeterminant ¢/ with (¢'/?)? = ¢. Tt follows that

s,(c+’+)s§+’+) = 5,(¢Y?)s0(¢'/?) can be expressed as a linear combination of s,,(¢*/?), and that the coefficients in this
expansion are g, (+,+, +) = car'e¢. Thus (1) and (2) hold, and the “if” part of (3).

Consider the case (e1,€2,e3) = (+,+,—). Then

SIS = (L O (sk se-1)se = Y (e + i) (1+ COsm,

and so pgo(+, 4, =) = cpg + ckq,,. Similarly, an,k(*y +,+) = Cfn,k + Cfn,k—ly and thus an,k(*y +, ) = pite(+ 4, ).
Consider the case (e1,e2,e3) = (+,—,4+). Then

st s = (250 + s1)sise = D (250 +51)sm = (e ity ) (sm +smo1) = > (cile + s,
m

m m

and so pg o (+, =, +) = czrfg—l—c;'f[l (here c,;} = 0 by definition). An easy calculation gives an,k(‘h +,-) = cfn’k +Cfn—1,k7
and hence (2). The ‘only if” part of (3) also follows. d
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Thus, finally we have:
Theorem 7.18. For each choice of parameters there exists a balanced system of cell representations (7r)ren.

Proof. This follows from Theorem 5.1, Theorem 6.6, Corollary 7.11, Corollary 7.14 and Theorem 7.15. Property B5 is
checked directly from our formulae for ar.. d

We can now explicitly compute Lusztig’s a-function for Gs.
Corollary 7.19. In type G2 we have a(w) = ar. if w € T.

Proof. This follows from Theorem 7.18 and Theorem 2.5. a

8 The Plancherel Theorem, conjecture P1, and the Duflo involutions

In this section we prove P1 and compute the set D of Duflo “involutions” for all choices of parameters (and hence see
that the elements of D are indeed involutions). The main piece of machinery is the Plancherel Theorem of Opdam [29]
and the explicit G2 formulation of this theorem computed by the second author in [31].

Let us first briefly recall the situation for finite dimensional Hecke algebras. In this case the canonical trace Tr : H — R
with Tr(}” awTw) = a. decomposes as

Tr(h) = Z mxx~(h) forall h € H, (8.1)
w€lrrep(H)

where the elements m, are the generic degrees of H (see [26, Chapter 11]). This formula is a crucial ingredient in Geck’s
proof [10] of Lusztig’s conjectures for spherical type Fy. In particular, the observation that the “g-valuation” vq(mx) (see
below) of m, is equal to 2a, played a central role in Geck’s proof.

There is an analogue of (8.1) for affine Hecke algebras in the form of the remarkable Plancherel formula of Opdam [29]
(see also Opdam and Solleveld [30]). The summation in (8.1) becomes an integral over irreducible representations of a
C™-algebra completion of H, and the generic degrees become the Plancherel measure dp.

In this section we recall the explicit formulation of the Plancherel formula in type G computed by the second author
in [31], and show that in this case there is an analogue of the formula vq(m,) = 2a. in terms of the Plancherel
measure. We will use this observation to prove P1, P7, and compute the set D. Along the way we will also introduce the
asymptotic Plancherel measure (which we believe is a new, although it appears to be related to recent work of Braverman
and Kazhdan [5]) and show that this measure induces an inner product on Lusztig’s asymptotic algebra J (at least in
type ég) We believe that these observations provide an intriguing connection between Kazhdan-Lusztig cells and the
Plancherel formula — see also the conjectures listed at the end of Section 9.

8.1 The Plancherel formula

The main references for this section are [29] and [31]. The Plancherel Theorem is an analytic concept, and therefore
we now take a slightly different view of the affine Hecke algebra. We extend the scalars to C, and specialise q to a
real number ¢ > 1. Thus H is now an algebra over C. We write T, and C,, for the images of the standard basis
and Kazhdan-Lusztig basis elements in H. Note also that the representations H~ for any right cell T can naturally be
regarded as representations of the Hecke algebra H defined over C by extending scalars and specialising q.

Let (m, V) be a finite dimensional H-module (now over C). Recall that

V= @ Vggen

¢(€Hom(P,CX)

where VE" = {v € V| for each A € P we have (X* — ¢*)*v = 0 for some k € N} is the generalised ¢-weight space of V.
Let supp(m) = {¢ € Hom(P,C*) | V¥ # {0}} be the support of (7,V'). A representation (m,V) is tempered if M <1
for all ¢ € supp(w) and all A € PT, and it is square integrable if |¢*| < 1 for all ¢ € supp(w) and all A € PT\{0}.

Define an involution % on H and the canonical trace functional Tr : H — C by

<Z awTw> = Z awT,—1 and Tr <Z awTw> = Qe

weW weW weWw

where now @, denotes complex conjugation. An induction on £(v) shows that Tr(T,Ty) = du,v for all u,v € W, and
hence Tr(hi1h2) = Tr(hehi) for all hi,he € H. It follows that (hi,h2) = Tr(hihs) defines a Hermitian inner product
on H. Let ||hll2 = \/(h, h) be the £>-norm. The algebra H acts on itself by left multiplication, and the corresponding
operator norm is ||h|| = sup{||hz|l2: © € H, ||z]l2 < 1}. Let H denote the completion of H with respect to this norm.
Thus H is a non-commutative C*-algebra. The irreducible representations of 7 are the (unique) extensions of the
irreducible representations of  that are continuous with respect to the ¢?-operator norm, and it is known that these
are the irreducible tempered representations of H (see [29, §2.7 and Corollary 6.2]). In particular, every irreducible
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representation of H is finite dimensional (since every irreducible representation of H has degree at most |Wo|), and it
follows from the general theory of traces on “liminal” C*-algebras that there exists a unique positive Borel measure p,
called the Plancherel measure, such that (see [6, §8.8])

Tr(h) = /1 - Xr(h)du(r) for all h € H.
rrep

The Plancherel formula has been obtained in general by Opdam [29]. We now recall the explicit formulation in type G
from [31]. We first describe the representations that appear in the Plancherel formula.

We define the representations mg, 71, and 72 as in Sections 5.2 and 5.3, however now the ring of scalars is C, and
¢ € Hom(P,C*) in the case mo, and ¢ € Hom(Z,C*) in the cases m1 and m2. To emphasise the dependence on the central
character ( we write m; = Wf for ¢ = 0,1,2, and we write Xf for the corresponding characters. These representations
are tempered if and only if [(*| = 1 for all A € P (in the case i = 0) and |("| = 1 for all n € Z (in the cases i = 1,2).
Therefore the tempered representations correspond to ¢ € T? (in the case i = 0) and ¢ € T (in the case i = 1,2), where
T={teC]||t|=1}

Let m3 = pp be the 1-dimensional representation of H with m3(7};) = —q Lt for j = 0,1,2 (using the notation of
Example 2.2). Let mqa = p; and 5 = p; be the two three dimensional irreducible representations constructed in
Proposition 5.3, and let m¢ ~ 'y in the case 7 # 1, and let m¢ = p5 in the case r = 1 (recall the ~ notation from
Section 5 and the definition of p4 from Proposition 5.3). Finally, let 77 be the following representation, depending on
the parameter regime (if r € {3/2, 2} then 77 is not defined, and does not appear in the Plancherel Theorem below):

the 1-dimensional representation pyi; if r <3/2
77 = { the 5-dimensional representation p ~ I's if 3/2 <r < 2

the 1-dimensional representation pgoo;  if 2 <.

Let x3, ..., x7 be the characters of the above representations.

We now describe the Plancherel measure. Let w = €2"*/% and define functions ¢i(€),7=0,1,2, by

(I—q ¢ D=2 2G ) (=g GG -G A =g 2¢G G =6 G Y

" =GN0 -GGG G- G -G GI0-6 G

B O S [ € o [t [ e o [ (L 9
(1=¢A+q ¢ +¢7¢?)

() = (1— g 29¢=2)(1 + ¢~20-3¢ 1) (1 + q—2a+3b<-_1).

(I=¢2)A+¢*¢ )1 +4¢°¢)

(We note that there is a change in the formulae for ¢i(¢) and c2(¢) from those in [31] to reflect the fact that our
representations 75 and 75 are related to the representations in [31] by ¢ — —¢). Write F(z) = = — 1, G(z) = = + 1,
H(z) =24+ z+1, and H' (z) = 2° —  + 1 and define

CS _ F(q2a+4b)F(q4a+6b) C4 _ q2aF(q2a)F(q2b) C5 _ q2aF(q2a)F(q2b)
G(q*)G(q**)H (q*") H (g*2°) 2G(q**)G(g**)H (q*~*) H (q**") 2G(q**)G(g**)H' (¢~ ") H' (q***)
C _ q2bF(q2a)F(q6a) C _ q2a—4bF(q—2a+4b)F(q4a—6b)
CTH@)H@ T H @) T GGl ) H (g H (g )

Theorem 8.1 (Plancherel Theorem for G2, [31, Theorem 4.7|). For each h € H we have

Tr(h) . / G0 e e, 4 — @) / X0 g, P G0 dC+ Y [Crlxx(h)
T k=3

- 12¢%F% [ [eo(Q) 2q%+F(g*) Jr [en(Q) 2q°¢ 4 F (q*) Jr |e2(Q)]?
where d¢ denotes the normalised Haar measure on the group T (thus [ f({)d( = 5= OQTF f(e)dh).
Remark 8.2. The representations 7y, ..., 77 were constructed differently in [31], however it is an easy exercise to verify

that they are isomorphic to the representations given above.

8.2 The Plancherel formula and cell decompositions

It is convenient to group the representations that appear under integral signs in the Plancherel formula (Theorem 8.1)
into “classes” ITo = {7§ | ¢ € T?} and II; = {n¢ | ¢ € T} for i = 1,2. The remaining representations (the “point masses”
in the Plancherel formula) are taken to be in their own classes: II; = {m;} for 3 < j < 7. We make the following
observation comparing the cell decomposition and the Plancherel formula in type Go.

Proposition 8.3. For each parameter regime there is a well defined surjective map Q : {Il; | 0 < j < T} given by

7 r if 3< 7 <7 and m; is a submodule of a cell module Hy for some finite right cell Y C T
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Proof. This follows immediately by comparing the Plancherel formula and the cell decomposition, using Proposition 5.3.
For example, if 2 > r > 3/2 we have Q(Il3) = I'e, Q(Il4) = Q(IIs) = I's, Q(Il) = I'y, and Q(II7) =T, and if r =1 we
have Q(Hg) = Fe, and Q(H4) = Q(H5) = Q(He) = Q(H7) = Fg. Od

We will sometimes write Q(7) in place of Q(II) if 7 € II.

Corollary 8.4. Each representation 7 appearing in the Plancherel Theorem for Ga admits a basis such that B1 and B2
hold, with bound ar = a(w) for any w € Q(m).

Proof. This follows immediately from Proposition 8.3, Remark 5.4, and Theorem 5.5. O

Henceforth we will assume that each representation appearing in the Plancherel Theorem is equipped with such a basis.

We note that the tempered irreducible representations of H are precisely the representations that appear in the Plancherel
Theorem for G2. This can be seen directly by classifying, via central characters and weight spaces, all irreducible tempered
representations of H in an analogous way to [33] and comparing with the Plancherel Theorem from Theorem 8.1. Thus,
using Proposition 8.3 we note the following.

Observation 8.5. Fvery tempered irreducible representation m in type G satisfies Bl with respect to ' = Q(m).

Remark 8.6. We note that any finite dimensional representation 7 satisfying B1 with respect to a finite cell I' € A
is necessarily tempered. To see this, note that since 7(Cw) = 0 whenever w ¢ I's .., and thus 7(Cy) is nonzero for
only finitely many w € W. Hence there is a bound on the matrix coefficients of 7(Cw ), and then Casselman’s Criterion
applies (see Opdam [29, Lemma 2.20]). In fact one can check that 7 is square integrable (see Lusztig [24, §3] and [23]).

8.3 The asymptotic Plancherel measure

Each rational function f(q) = a(q)/b(q) can be written as f(q) = q Na’(q7*)/b'(q7"!) with N € Z where a’(q~*) and
b'(qfl) polynomials in g~* nonvanishing at q~! = 0. The integer N in this expression is uniquely determined, and is
called the g-valuation of f, written vq(f) = N. For example, v4((q® +1)(q®> +1)/(q" —q+1)) = 2.

Definition 8.7. Let II be a class of representations appearing in the Plancherel Theorem, and let C' be the ‘coefficient’
of a generic character x» with = € II. Consider this coefficient as a rational function C' = C(q) in q by setting ¢ = q.
We define the q-valuation of II to be vq(II) = v4(C(q)). We also write vq(m) = vq(II) for any = € II.

For example, consider the class IIo. The associated coeflicient is
@ -1 -¢HA -1 -a*¢H1 -a¥*O1 —q"¢H (1~ g%
2q8a+4b(q — 1)(1 — q29C2)(1 — q-20¢2)(1 — q 20-3b(—1)(1 — q24-36C)(1 — q 2030 —1)(1 — q22+36()’
and thus

L) — 2(a+0) if a/b<3/2
val2) = 930 —20) it afb > 3/2.

For another example consider the class II; = {m7}. We have

2a ifr <1
(1) < g2e 1 (q7 2t _ 1)(q?*% — 1) ) 2(3a —2b) ifl<r<3/2
v =V —
T @+ D@ P+ D@ P g+ D(ee P g2 4 ) 20a+0b) if3/2<r<2

2(3b) if 2 <.

Note that the values of the a-function are arising in these examples. Indeed we have the following theorem, where a(T")
denotes the constant value of Lusztig’s a-function on the two-sided cell I', and €2 is as in Proposition 8.3. Note the
similarity with the finite dimensional case described at the beginning of this section.

Theorem 8.8. For each classes I1 appearing the the Plancherel formula in type Go we have vq(IT) = 2a(Q(r)).

Proof. This is by direct inspection using the formula in Theorem 8.1. a

Definition 8.9. Using Theorem 8.8 we can define an asymptotic Plancherel measure on Irrep(H) by

dy/ (7) = lim ¢** dpu(r).

q—o0
Proposition 8.10. The asymptotic Plancherel measure on the classes llg and I1; with i = 1,2 is as follows:

11— ¢72Pd¢ ifr # i is generic for I';

11 —¢MPd¢  if r =i is non-generic for I';

' (7§) = 1—12 [T 11— ¢ Pdade dy' (7§) ={

acdt

For the classes of finite cells we have p/(m3) =1, y'(ms5) = %, and

ifr#1 ifr#1 ifr ¢ {1,3,2}

dul(m)_{ Frei dul(ﬁﬁ)_{ll ifr=1 du'(m)_{ll ifr=1
3 3

o= =
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Proof. This is a straightforward calculation. O

Remark 8.11. Note that the measure du' on Ilp = Qfl(l“o) is the Hall measure, and thus the Schur functions of type
G4 are orthonormal with respect to this measure (see, for example, [35, Proposition 3.1]). Similarly, in the generic cases
for TI; and II2 the measure dy’ is the Hall measure of type A;. In the non-generic cases du’ is the Hall measure for the
modified Schur functions s, (¢*/?).

8.4 The conjecture P1
We can now prove that P1 holds for Gs.

Theorem 8.12. Lusztig’s conjecture P1 holds for Go.

Proof. Recall that A(w) is defined by Pe o = 1.,q~ > 4 (strictly smaller powers of q), where n,, # 0. We are required
to prove that a(w) < A(w). This is equivalent to showing that

lim ¢*™ P..,(q) < oo,

q—o0
where we write Pe . (q) for the specialisation of Pe ., at g = ¢q. By the Plancherel Theorem we have
¢*") Per(q) = ¢*“Tx(Cw) = / X (Cw) dp(m).
Irrep(H)

Suppose that w is in the two-sided cell I'. In type Go it follows from Corollary 8.4 that the integral above is over only
those classes of representations associated to the cells IV with IV >,» I'. For each such class of representations the
Plancherel measure is, by Corollary 7.19 and Theorem 8.8, of the form

du(m) = ¢ **" (14 O(¢~"))dp/ ()

where dy’ is the asymptotic Plancherel measure. Thus the integrand (with respect to the asymptotic Plancherel measure)
is 27 tr (e w) (1 4+ O(gY)). Since TV >z T we use B5 to give ar., > ar. = a(w) and thus the power of ¢ in
the integrand is at most 0. It is clear from the explicit G- Plancherel Theorem that the limit may be passed under the
integral sign, and the result follows. O

8.5 The Duflo elements

In this section we extend the idea in the proof of P1 to compute the set D of Duflo elements. This calculation will be
used in Section 9 when dealing with the conjectures involving D. We note that since we have proved P1 and computed
Lusztig’s a-function it is also possible to use a technique of Xie [38] to compute D.

Theorem 8.13. For ' € A let Dr = DN T'. For the infinite cells we have

Dr, = {u 'wiu | w € B;} fori € {0,1,2} with r generic for I';
Dr, = {w; }U{u"'wiu|uecBf NsiBT} ifr=2
Dr, = {ws }U{u"'wyu|ue B; NsoBI} if r=3/2,

and for the finite cells we have

1,212,02120} if r > 1
Dr, = §o71 2} } Z';T—l pr, = 4 10:2} ifr>1 Dr, = {212}
r; =4 {0, 1, = "7 {21212,02121200 ifr <1 o
{0,2,121} ifr<1
) {12121} if1 <r < 3/2
Dry = {u”'sos1u | u € {e,2,21,212,2120}} o= {{1} ifr <1

Proof. Let w € W, and let n, denote the coefficient of q~2(*) in P, ,,. Thus w € D if and only if n/, # 0. The formula

ny, = lim qa(w)Pe’w(q)

q—r o0

gives, as in the proof of Theorem 8.12,
Ny, = / tr(cn,w)dy' (7) ifweT (8.2)
Q=1(T)

(again, we are using Corollary 8.4 here). Thus in the case w € I' = I’y we have, by Theorem 6.6,

=L
Y2 oo

Sro (O (Buy ) [ 11— ¢ P dGrdca

acdt
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Thus nl, # 0 if and only if uy = vu (due to the trace) and 7, = 0 (since the measure is the Hall measure, see
Remark 8.11). Thus n), # 0 if and only if w = u™'wou for some u € By (moreover, in this case n,, = 1).

The argument for w € I'y or w € I'; with r generic for the cell is similar, noting that the measure in this case is the Hall
measure for Schur functions of type A;.

Consider the case w € I'1 with » = 2. Recall the notation from Section 4.4. Theorem 7.15 again forces uy, = vy, if n, #0
(where w is written in “+-form”). This forces w to be either of (4, +)-type of (—, —)-type. In the former case we have
¢rpw = (5N (Q)+sv-1(C))Euy v, with N = 7, > 0, and in the latter case we necessarily have w = w; where by definition
7w = —1 and hence ¢r; . = s0(¢) = 1. Recall from the proof of Proposition 7.17 that s (¢) + sn—1(¢) = s2n (¢*/?). The
measure from Proposition 8.10 is in this case is the Hall measure for these Schur functions, and thus we see that n,, # 0
if and only if either w is of (4,4)-type with 7, = 0, or w = wy . In the former case we have w = u~'wj u for some
u € Bf Ns1B], and hence the result. The case w € I'> with r = 3/2 is analogous.

The claims for finite cells follow by direct calculations. For example, consider the most complicated case I' = I's and
r = 1. In this case (8.2) gives
1

1 1
—tr(cp;’w) + 3tr(cpé,w) + gtr(cpg,w)l (8.3)

1
N, = gtr(c + 5

p3 W

)+

The matrices for p;, p3 s P5, and p5 are computed from the decomposition in Proposition 5.3, and the leading matrices
are computed as

Cpow = lim ¢~ p(Tw) for p € {pf,ps, p5,p5} and w € W.

Thus a direct calculation using (8.3) gives nj, = nj, = n;, = 1 and n,, = 0 for all w € I's\{so, s1,s2}, and hence the
result.

The remaining cases are similar (in fact, easier). We note that some of the finite cells (for example I' = I's) can be
handled using cell factorisation, in an analogous way to the infinite cells. O

8.6 An inner product on 7 and conjecture P7

In this section we extend the above ideas further to endow Lusztig’s asymptotic algebra Jr with a natural inner product
inherited from the Plancherel Theorem (a kind of asymptotic Plancherel Theorem). As a consequence we obtain a proof
of P7. Recall that we have proved in Corollary 2.6 that for each I' € A we have that Jr is isomorphic to the Z-algebra
spanned by the leading matrices {¢z;.,w | w € I'}. We thus identify Jr with this concrete algebra, with Ju, < ¢rp w.
Define an involution % on Jr by linearly extending J;, = J,,—1.

Theorem 8.14. Let I be a two sided cell of Go. The formula
(g1, 92)r = / tr(g1g3) dp'(m)  for g1, 92 € Ir
Q-H(I)

defines an inner product on Jr with {Ju | w € T'} an orthonormal basis.

Proof. 1t is clear that this formula defines a skew linear form. For x,y € W we have

bzy = (T, Ty) :/

(@ (Te)w(Ty-1))dp(r) = / tr(g " m(Te) - g~ (T, -1))(1+ O(g™"))du ().
Irrep(H)

Irrep(H)

Taking limits as ¢ — oo, and using the explicit expression for the Plancherel Theorem for G2 to see that the limit may
be passed inside the integral, we see that

61724 = / tr(c‘rr,zcﬂ—’yfl) d/ll(ﬂ')
Trrep(H)

The terms ¢r »¢, ,—1 are zero if w ¢ Q~1(T"), and hence the integral is over Q~*(I"). Thus the formula (-, -)r given in the
statement of the theorem defines an inner product on Jr, and {J,, | w € I'} is an orthonormal basis. Od

Corollary 8.15. Conjecture P7 holds.
Proof. If x,y,z € I then vg,y,- = (JoJy, J,—1)r = (Jy, o1 J.—1)r = (JyJz, Jp—1)T = Vy,2,2- a

We will give a more combinatorial proof of P7 in Section 9.

9 Proof of Lusztig's conjectures P2-P15

In this section we prove Lusztig’s conjectures P2-P15 for G2. We will denote by As the set of infinite two-sided
cells and by A¢ the set of finite two-sided cells. Let (7r)rea be the system of balanced cell representations afforded
by Theorem 7.18. When I'; € As we have nr, = m; and when I' € A¢ the representation 7r is the Kazhdan-Lusztig
representation associated to I' with its natural basis. By Corollary 7.19 we have a,. = a(w) for all w € T", and by
Corollary 2.6 we see that the coefficients v, , .—1 are the structure constants of the ring Jr generated by {¢xp,w | w € T'}.
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9.1 The conjectures P4, P7-P12, and P14

Knowing the value of Lusztig’s a-function (from Corollary 7.19), and the partition of W into cells (from Figure 2), it is
elementary that P4, P9-P12 and P14 hold. We prove P7 and P8 in the following theorem (note that we obtained a
different proof of P7 in Corollary 8.15).

Theorem 9.1. Let x,y,z € W.
1) We have v, , ,—1 # 0 if and only if & ~r w, y ~c w and & ~¢ T
2) We have Yay.w = Yywz = Yw,z,y-

Proof. Let w € I" and =,y € W be such that v, , ,,—1 # 0. In the case where I" € A, the result can be checked by explicit
computations using the (finite) set of matrices Br := {¢r..» | w € I'}. For example to prove (1), we simply need to check
that if ¢x, appears in the expansion of ¢r +¢rp,y in the basis Br then we have x ~r w, y ~2 w and = ~ yil. This
is easily checked using the explicit matrices provided on the authors’ webpages.

Assume that I' € As and that r is generic for I By Theorem 6.6 and Corollary 7.14, the equality ¢rp,atrp,y =
>, Ya,y,2—1Cxp,z becomes
St e Sry Buyiy = S Yoy 157 B ..
zel

Since 7, ,,,-1 # 0, the term indexed by w on the righthand side is nonzero and this implies that the whole sum is
nonzero by B4. It follows that the lefthand side is nonzero hence it is equal to s.,sr, Fu, v, and we have v, = uy (or
in other words @ ~¢ y~'). From there we see that if 7, , .1 # 0 then we must have (a) u. = u, and v. = v, and (b)
iz, 7 0 where ¢7Z . = (sr,Sr,,5r.). In particular, since v, , ,—1 # 0 we have u, = u; and v, = vy or in other words
x ~r w and y ~2 w. This completes the proof of (1).

We now show that vz,y,w = Vy,w,e = Yw,z,y- We may assume that v,y 7 0 since if vz 4w = 0 then vu,z,y = Vy,w,z =0
by (1). We know that s,y is the coefficient of Sr,_1 in the product s, Srys which is equal to the coefficient of s, since
by Remark 4.2 we have Sr, 1 = Sru- Then using standard results on Weyl characters we get that ve.y,w = Yw,e,y = Yy, w,a-

Consider the case where r is not generic for I';, with ¢ € {1,2}. Consider the case ¢ = 1, and so r = 2 (the case
i = 2 is similar). Recall the notation of Theorem 7.15. Let x be of (1,£2) type, and let y be of (g5,e3) type. If
g2 # €4 then 7,4, = 0 (this follows from Theorem 7.15 and the cell factorisation in Section 4.4). Thus suppose that

€2 = €h. Moreover, if vz.w # 0 then w™? is of type (€1,23). Then 4z 4w is the coefficient of S(T‘:ff') in the expansion of

5(721’52)5(722’53) in the (£1,e3) ‘basis’. Similarly v, ., is the coefficient of 52 in the expansion of st=3**1)s(1¥2) " Hence
» :

by Proposition 7.17 we have vz 4w = Yw,z,y- u

Hence P7 and P8 are proven.

9.2 The conjectures P2, P3, P5, P6, and P13

We now consider the conjectures involving the set D, computed in Theorem 8.13. Note that for the infinite cells I', if
d € Dr then ug = vq and 7q = 0. Therefore we have ¢, = so(¢) for all d € DN (Ip ULy UT'), this will be of crucial
importance in the proof below.
Theorem 9.2. We have the following.

1) Ifd € D then d* =1 (hence P6 holds).

2) Ifd €D and x,y € W are such that vy, a7 0 then x =y~ (hence P2 holds).

3) Ify € W, there exists a unique d € D such that vy,-1, 4 7# 0 (hence P3 holds).

4) IfdeD,ye W, y,-1,47#0, then v,—1, 4 = na = £1 (hence P5 holds).

5) Any right cell Y of W contains a unique element d € D. We have vy,-1 , 4 7# 0 for allz € T (hence P13 holds).
Proof. The first statement follows immediately from the explicit calculation of D given in Theorem 8.13. For the
remaining statements, note that if I' € A¢ then the results can be proved by explicit matrix calculations, and thus we

will focus here on the case where I' € Ac. Let d € Dr and assume that r is generic for I'. Let x,y € W be such that
Yz,y,d 7 0. We have the equality

Sro Bug vy Sty Buy vy = Z Va,y,2—1572 Eiv,.
Arguing as in the proof of Theorem 9.1 we obtain:
« the lefthand side is equal to s, Sr, Eugugs
o Ifv,, -1 #0thenu. =uqg=v; and 7 ; #0.
In particular since 74 = 0 we have Cgm’Ty # 0 which implies that 7, = 7. Finally we have

—1 —1 —1 —-1_—1 -1 -1

T = (Up WiTeVz) = Vg Ty Willy = Uy WiTyVy =Y
as required in (2). In the case where r is not generic, we can argue in the same fashion using the result of Proposition 7.17
to get that 7, = 7. Hence (2).

Let y € W and let I'; € A be such that y € I';. If r is generic for I'; then setting d = v, "w;v, we easily see arguing as
above that v,-1 , ; =1 since c?y,y # 1. In the case where r = 2 and y € I'1 then we have using Proposition 7.17
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« if y is of type (g, —) then Yy—1,y,a = 1 where d = 5082505
. if y is of type (e, +) then v,—1 , 4 = 1 where d = vy s180vy.
The case r = 3/2 and y € I's is similar. The statements (3), (4) and (5) follow readily. |

9.3 The conjecture P15

We now prove P15. The technique here is somewhat different to the proofs of P2-P14 given above, and relies on the
process of generalised induction introduced by the first author in [14]. An alternative proof of P15 can also be found in
[38, Theorem 6.2].

In order to present a uniform proof of Theorem 9.5, we will only consider the two-sided cells I'; for which there is a cell
factorisation. Thus the proof below applies to the infinite cells I';, i = 0, 1,2, and also all finite cells except for I's with
r <1 and I'y with r > 1 (see Remark 4.1). In these remaining cases we have checked P15 by explicit computations. We
also present in Remark 9.6 an indication of how P15 can be proved in the interesting case I's when r = 1 (where there
is no cell factorisation).

Let T be the right cell in I'; that contains w;. In the case where r is not generic, we assume that w; = w;" or w;” and we

choose the positive or negative cell factorisation in the following definitions. To lighten the notation, we will not write
the superscript & when it is clear from the context. Most of the equalities in this section will hold modulo H~ .., and
we sometimes write simply = and omit mod H> ,1;-

We set To = {tw;stws }, Ti = {ti} for i = 1,2, 3 and write P; for the set of monomials in the variables T; (see Remark 4.1
for the case i = 3). When ¢ > 3 we simply set P; = {e}. One can verify that T = {w;7v | 7 € P;,v € B;} where the set
B; and w; have been defined in Sections 4.2 and 4.3. For all 2 = 7v there exists an element H(x) € H such that

Cw;H(z) = Cw;o and H(z)e T, + Z qilz[qil]Ty-

y<z,yeX;

These elements can be constructed using the induction process; see [9, Proposition 4.3] and the references therein. Using
the anti-involution b, we easily see that H(z)’Ci, = Cy—1y,- For 7 € P;, v € B; and z = 7v we define
H(tw,)"H(tw,)" if 7= P
(twy) (tws) 1 T =mw1 + nwz2 € Po and thhTH(’U).
H(t:)" ifr=t€P;

It is important to notice here that we do not have h, = H(7). Some basic properties of these elements are presented in
Section [16, §4] where h, is denoted P(z). In particular, it is shown that the R-module of residues modulo Hr, generated
by {Cw,h-hy, | T € Pi,v € B;} is a right H-module. We set

Cuhe Tw= > wUCuhihy and TuCyny, = Y. ALLhLHCl,.

T€EP;, Vv EB; TeP;,v €B;

Since Cw;hr = hiC’Wi7 we get that the R-module of residues modulo Hr, generated by {hECWihTh\, | 7 € Pi,u,v €B;}is
a two-sided H-module. Further the coefficient A and v completely determined the structure of this module. Indeed we
have

hoCushrh T = hoN,Con T = > W W2 Cuhrhy = ST W0 Cuhysrihy

T'eP; v EB; TeP;,v/ €B;
A similar formula holds for left multiplication.

Remark 9.3. In the case where r is generic, it is shown in [16, Proposition 4.6] that the two-sided H-module defined
above is in fact equal to the two-sided cell module Hr,.

Proposition 9.4. Let u,v € B; and 7 € P,. We have hE,C’WihThV =3 r, a.C, where a, € 7.

zE

Proof. We start by proving the result when u and v are equal to the identity. By a straightforward induction, it is
enough to show that Cy,-h; is Z-linear combination of Kazhdan-Lusztig elements. Here t = ¢, or t., if i=0and t =t;
if 1 =1,2,3. Since

Curhe = Cu,H(7)he = H(7)’h{C\;, mod Hr,
we obtain that Cw,,-hs = ZT,EPI_ b/ Cyry, where b,s € R; see [16, Lemma 4.3]. We now show that the coefficients b, lie
in Z. The following argument is inspired by [38, Proof of Theorem 6.2]. We have

s w; Covsrhe = H(T) Cu, Cushe = ot Cuse = Y bty i02C= = D byrhus, i Cor, mod Hr,

zel; T'eP;

which implies that b, € Z since deg(hw; w;w; ) = a(w;) and deg(h ) < a(z) = a(w;) by P11.

T lw,,wit,z

In order to prove the proposition, it is now enough to show that hZCWiThv is a Z-linear combination of Kazhdan-Lusztig
element. We start by proving the result in the generic case. By the generalised induction process [14] and explicit
computations in Gz [15] we have
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(1) h,Cuirho = Cyry, -hos
(2) h.Curhe =3 cp, brCoyumryy, v, Where b €R.

The first statement was the key fact in [15] to determine the partition of G into cells. Then multiplying C,
P, w; w; We can conclude as above that b,/ € Z.

h, by

—1yw.
wW; T

The case where r is not generic for I'; is more delicate. We will only treat the case ¢ = 1 and write t_ for the translation
t1,— and ty for t1.4. In the case where u,v € Bf N s1B] we can proceed exactly as above since (1) and (2) still hold.
Next we can show by explicit computations that

b B Cinte ifuerﬂsle,
huC +h, = K .
i Co-+C,~ fu=v=s50

so that the result holds in this case. Assume that 7 =t} with n > 1 and u = s250. We have

b __ b
a0 Gy o = g O,y en 1y, o

5250 T syw t

=h’,, C W;H(tﬁ_lsl)hv

$250 51

= (wa + Cw.*t,) H(t™ 's1)h, (by explicit computations)

—n
w, t w, t% sy

= (Cumerryy + Comensy ) M

. + —
SUSQth171U + CSOSZW;rtiv ifve Bl N SlBl ’

C —n—1 -+ 2Cw7t”' + wat'n,#»l if u=v=s52s0.
— 1= 11—

Wi

The case where 7 = t7 with n > 1, v = s2s0 and v € B} N's1B] can be dealt with using the b anti-involution.

The case where ¢ = 2 and r = 3/2 is completely analogous, based on the equalities

b — b —
h Cozhossronss = Cop +C,r,, . and  h Copws = Cuz +Comyy - O

$1828182 $1828182 5

Theorem 9.5. Let T’ be a two-sided cell of Go and let z,y,w,w’ € W be such that z,y € I'. Then

ST howrs @y = > ity @ huse =

zeW zeW

In other words, Conjecture P15 holds.

Proof. First, we remark that the sum is in fact over z € I'. Indeed, if there is a non-zero term in the left sum, that is
hew 2 @ hw,zy # 0 then hy v . # 0 which implies that z <z = and h,.,y # 0 which implies that y <, z. Then we have
a(z) > a(z) and a(y) > a(z) so that a(y) = a(xz) = a(y) since z,y lie in the same cell. In turn, using P9 and P10 we
get that z ~g x and y ~, z and therefore z € T.

Next, following [12, Remark 2.3.7], we note that Conjecture P15 is in fact a statement of a certain bimodule structure.
To see this, consider the ring A := R ®z R and let £ be a free A-module with basis {e, | w € I'} where I is a two-sided
cell of W. Let H1 := A ®r H where R is embedded into A via a — 1 ® @ and Ho := H Qr A where R is embedded into
A via a —> a ® 1. We can define a left Hi-action and a right Hz-action by

Cw cex = Z(l ® hw,z,z)ez and [ C’LU = Z(hz,w,z ® l)ez-

zel zell
Then, P15 states that £ is a two-sided (H1, H2)-bimodule.

We have seen the set of residues modulo H < . of the form h’,_Ci, h, hy, is a two-sided submodule of the cell module Hr, .
The right action (respectively the left action) of H on this basis only depends on v, (respectively on u,) and is determined
by the coefficient A and v. By Proposition 9.4, we can define a submodule & of £ with basis {e{,mwiwac | z € T';} and
with action of H; and H2 defined by

Tw - € = Z 1® )\E;:’w)ef),lwimﬂm and e, Ty = Z (I/\l,):’:w ®1)e 1

Uy w;TpTh’
(b,7)EB; xP; (b,7)€EB; XP;

In the non-generic case, we defined two-submodules £° = {eLE(I)W;TE(z)VE(I) | z € I’} where e = £. From there it is
easy to see that the submodule of £’ is a two-sided (H1,Hz)-module since the coefficent of e, in T, - (e, - Ty ) and in

(Tw - €y) - T,y are equal to
’
A\ T u T
2 VV;:'IU ® AU;:UJ'

7,7 EP;
THT + Ty =Tz
When the parameter r is generic for I';, this conclude the proof since the submodule £ is equal to £&. When the parameter
r is not generic, we also get the result since £T + &~ = &. a
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Remark 9.6. One can prove P15 for I's when r = 1 (where there is no cell factorisation) using similar methods.
Indeed let T; be the right cell that contains s; and let X; = {x € W | s;&# € T;}. Then, the free R-module M; =
(h’Cs.hy | u,v € Xi)r of residues modulo H .1, is a two-sided H-module and the right action (respectively the left
action) of H only depends on v (respectively u). Further, one can check by computations that the change of basis matrix
to the Kazhdan-Lusztig basis contains only integers and we can therefore define submodules &; of £ that are naturally
(H1, Hz2)-bimodule. We obtain that £ is a bimodule since £ = & + &2 + &3.

9.4 Conjectures

We conclude this paper with some conjectures.

Conjecture 9.7. For each affine Hecke algebra there exists a balanced system of cell representations for each choice of
parameters.

As seen in Section 2, assuming the truth of this conjecture one can show that Lusztig’s a-function satisfies a(w) < ar
whenever w € I'. Further, we have equality if the system of balanced cell representations satisfies the extra axiom B4'.

Conjecture 9.8. There exists a well defined surjective map € from the set of classes of representations appearing in the
Plancherel formula to the set of two-sided cells generalising the map from Proposition 8.3.

Conjecture 9.9. Let II be class of representations appearing in the Plancherel Theorem, and let T' = Q(II) where Q is
as in Conjecture 9.8. Then a(w) = vq(I1)/2 for all w € T.

We note that P1 can be deduced from Conjecture 9.9 in a similar was as in Theorem 8.12. Continuing in this direction,
we make the following final conjecture.

Conjecture 9.10. The construction of the inner product in Theorem 8.14 generalises to arbitrary affine type.

The analysis of this paper proves all four conjectures in type Ga.
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