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Abstract

We study simple e�ective models of fermionic WIMP dark matter, where the dark matter
candidate is a mixture of a Standard Model singlet and an n-plet of SU(2)L with n � 3, stabi-
lized by a discrete symmetry. The dark matter mass is assumed to be around the electroweak
scale, and the mixing is generated by higher-dimensional operators, with a cuto� scale & TeV.
For appropriate values of the mass parameters and the mixing we �nd that the observed dark
matter relic density can be generated by coannihilation. Direct detection experiments have
already excluded large parts of the parameter space, and the next-generation experiments will
further constrain these models.

1 Introduction

The WIMP paradigm is based on the observation that the thermal relic density of a stable,
electrically neutral particle with electroweak cross-section and electroweak-scale mass roughly
corresponds to the observed dark matter abundance, 
h2 = 0:1199 � 0:0022 [1]. However, a
closer look reveals that this correspondence is quantitatively not very precise. In fact, adding
a new particle with suitable SU(2) � U(1) quantum numbers to the Standard Model, one �nds
that its mass must be of the order of 1� 10 TeV, i.e. 1� 2 orders of magnitude larger than the
electroweak scale, if its thermal relic density is to reproduce the observed value [2]. A thermal
relic dark matter candidate with a mass O(100 GeV) must necessarily originate mostly from
an SU(2) � U(1) singlet, and feel the electroweak gauge interactions at most through a small
coupling to a non-singlet (the prototypical example being the \well-tempered neutralino" [3] of
the MSSM, which is mostly a bino).

While minimal extensions of the Standard Model with a WIMP dark matter particle at O(10
TeV) are of interest on their own, they have at least two disadvantages. First, conceptually, it
is more di�cult to envisage how such heavy states could naturally emerge from some extension
of the Standard Model which solves the electroweak hierarchy problem. And second, practically,
they are di�cult to directly test at colliders: For electroweak production, the reach of the LHC
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is limited to masses of at most a few hundred GeV before the cross-section becomes negligibly
small. Similar arguments apply for models of mixed WIMP dark matter without singlets.1

In this article we therefore investigate the case where the dark matter candidate is mostly an
SU(2) � U(1) singlet but has a small mixing with another state charged under SU(2) � U(1).
Our models can be regarded as generalizations of the well-tempered neutralino scenario with a
bino-like LSP (see e.g. [3], and [6{13] and references therein for some recent studies) to non-
supersymmetric settings and allowing for more exotic electroweak representations.

In detail, we consider a minimal extension of the Standard Model by a fermionic gauge singlet
� and a fermion  transforming in the n-dimensional representation nY of SU(2)� U(1). Odd-
dimensional representations are real, and the model is free of anomalies for a hypercharge Y = 0.
Even-dimensional representations require us to add a Dirac partner  for  transforming in
the n�Y . We further impose a Z2 symmetry under which the new particles are odd while the
Standard Model particles are even; this forbids any mixing with the Standard Model leptons and
ensures the stability of the lightest mass eigenstate. We give a Majorana mass (for n odd) or
a Dirac mass (for n even) of the order of the electroweak scale to  , and a somewhat smaller
Majorana mass to �.

The n = 2 and n = 3 cases are familiar from supersymmetry (corresponding, respectively, to a
higgsino-bino-like and to a wino-bino-like neutralino as the dark matter candidate with all other
superpartners heavy). Qualitatively new e�ects appear starting with n = 4. Notably, in that
case the spectrum contains multiply charged states, which opens up new possibilities for testing
these models at colliders: the production cross-section can be sizeable, and their decay length is
large which may lead to exotic signatures in the detector. We will investigate the collider physics
of our models in detail in a future publication [14], and for now concentrate on their dark matter
properties.

Speci�cally, we study the representations nY = 30; 4 1

2

, and 50 in some detail. In all these

models the dark matter candidate (composed mainly of �) mixes with the n-plet  via a higher-
dimensional operator. This mixing generates the appropriate thermal relic density. We remain
agnostic about the UV completion and about the origin of the mixing operator, and only study
the resulting phenomenology. A dimension-5 coupling of � to the Higgs bilinear could in principle
also in
uence the relic density, but we �nd that direct detection bounds constrain the associated
Wilson coe�cient so severely that its contribution to the annihilation cross section is negligible.
Our models will be further tested with the next generation of direct detection experiments.

In the following section, we will present these models in more detail. We will then proceed
in Sec. 3 to discuss the dark matter properties, i.e. the relic density and direct detection cross
section. We will �nally present our numerical results and constraints on these models, as well as
the future prospects in Sec. 4, and conclude in Sec. 5. Some technical details are relegated to the
appendix.

2 Models

For n odd, and speci�cally n = 3 and n = 5, the Lagrangian of our model is

LDM = i  y��D� + i �y��@���
�
1

2
M  +

1

2
m��+ h:c:

�
+ Lquartic + Lmix ; (1)

1See e.g. [4] and [5] for recent work on non-supersymmetric mixed WIMP models.
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where

Lquartic = 1

2

�

�
�y���+ h:c: (2)

and, schematically,

Lmix =
�

�n�2
(�y�)

n�1
2  �+ h:c: (3)

Here  is a Majorana fermion transforming in the n0 of SU(2)L�U(1)Y , � is a Majorana singlet,
and � is the Standard Model Higgs doublet.

For n even, in particular n = 2 or n = 4, the Lagrangian is

LDM = i  y��D� + i  
y
��D� + i �y��@���

�
M  +

1

2
m��+ h:c:

�
+ Lquartic + Lmix ; (4)

where Lquartic is given by Eq. (2) as before, Lmix is (again schematically),

Lmix =
1

�n�2
(�y�)

n�2
2

�
� �� � �0 �y� + h:c:

�
(5)

and ( ; 
y
) form a Dirac spinor transforming in the n 1

2

. All new fermions are odd under a global

Z2.

In order to obtain the observed relic density with electroweak-scale masses, the lightest neutral
mass eigenstate should be �-like. However we allow for a small mass mixing Lmix between � and
the electrically neutral components of  after electroweak symmetry breaking. For n > 2 this
is due to a higher-dimensional operator, so LDM is an e�ective Lagrangian valid up to the scale
�, around which additional states appear in the spectrum. We will assume that � is su�ciently
large for these new states to play essentially no role at electroweak energies, except to induce the
higher-dimensional operators in Eqs. (1) or (4). This is already the case for � � TeV if the new
physics is weakly coupled, �; �0; � . 1. The operator Oquartic is the leading operator allowing
for direct �� annihilation into Standard Model states, without involving  . It can signi�cantly
in
uence the dark matter properties of the model, given that it is of dimension 5 while the mixing
operators Lmix are of dimension greater than 5 for n > 3.

The dimension-5 operators

1

2

�0

�
�y�  + h:c: (n odd) (6)

�0

�
�y�  + h:c: (n even) (7)

�00

�
(�y�a�)( ta ) + h:c: (n even) (8)

(with �a generating the 2 and ta generating the n) will have an impact on the mass spectrum
after electroweak symmetry breaking, and thus indirectly a�ect the � relic density. While �0 can
always be set to zero by a rede�nition ofM , the mass shift induced by �00 di�ers between charged
and neutral mass eigenstates and will therefore need to be taken into account.

This list of higher-dimensional operators is far from exhaustive, even at dimension 5 or 6.2

However, we will restrict our analysis to the operators we have listed above, for the following
reasons. First of all, we assume that dimension-6 couplings between the dark matter candidate
and the SM fermions, such as ��qLuR ��=�

2, are suppressed, since these would otherwise lead

2For a classi�cation of dimension-6 operators coupling a parity-stabilized singlet dark matter sector to the
Standard Model, see [15]. For the case of electroweak doublets, see [16].
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to unacceptably large 
avour-changing neutral currents. Moreover, for the observables we are
interested in (the mass spectrum, the thermal relic density and the direct and indirect detection
cross sections) any higher-derivative couplings play at most a subdominant role. Finally, we can
neglect any subleading couplings which a�ect our observables only through singlet-n-plet mixing.

2.1 \n = 0": A pure singlet?

Since the dimension-5 operator Lquartic of Eq. (2) allows for direct � annihilation into SM states,
can we simply build a more minimal dark matter model without any n-plet  ? In other words,
can we reproduce the observed dark matter relic density simply with a single electroweak-scale
singlet �, with all other states substantially heavier (e.g. with masses � & TeV) such that they
should be integrated out at low energies, thereby inducing the coupling �?

For a su�ciently large � (or equivalently a su�ciently low suppression scale �), Lquartic can
indeed lead to the correct relic density via thermal freeze-out. However, such large values of �
are by now excluded by direct detection. We will present some more details in Sec. 4, but given
that this scenario is of no phenomenological interest, our main focus will be on models which
contain an n-plet along with the singlet.

2.2 n = 2: The well-tempered higgsino-bino and its non-SUSY generalisation

The case n = 2 is familiar from the MSSM: the Z2 symmetry corresponds to R-parity, � to the
bino and ( ; ) to the higgsinos. The wino is e�ectively decoupled, M2 � M1; �. Likewise,
the squark, slepton and non-standard Higgs boson masses are large compared to � and M1.
Dark matter is the lightest neutralino. In the n = 2 case the model is renormalizable, because
gauge invariance allows for a bino-higgsino-Higgs Yukawa coupling. Since this system has been
extensively studied both in the supersymmetric (where it is excluded for scenarios giving the
correct relic density, see e.g. [17]) and in the non-supersymmetric context, we merely refer to the
literature [3, 11,17{29].

2.3 n = 3: The well-tempered wino-bino and its non-SUSY generalisation

The case n = 3 can also appear in the MSSM when we identify � = �, � = gg0 sin(2�) and
� = g02 sin(2�) (or more precisely � = ~gu~g

0
d + ~gd~g

0
u and � = 2~g0u~g

0
d [30] in the \split SUSY" case

of a parametrically large SUSY breaking scale). Here the lightest neutralino which constitutes
dark matter is a mixture of mostly wino and bino (with necessarily some higgsino component as
well). Wino-bino mixing is forbidden by gauge invariance at the renormalizable level, but the
mixing term Lmix introduced in Eq. (3) is generated by integrating out the higgsinos. Some of
the technical details are recapitulated in Appendix A.

Although this example has also been extensively studied before (see e.g. [3, 31{33]), we will
investigate it in some detail in order to pave the ground for our later analysis of even higher
representations. Moreover, the fact that for this case a simple and well-studied explicit UV
completion is available in the MSSM, allows for some useful checks and comparisons of the
e�ective theory with the complete one. The mixing term is

Lmix =
�

�
�y�a�  a�+ h:c: (9)

where �a = �a=2. There is one charged mass eigenstate originating from  , and two neutral ones
which are superpositions of  3 and �. After absorbing the mass shifts proportional to � and �0
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(see Eqs. (2) and (6)) into M and m, the  3 � � mixing angle is

� �
p
2�v2

�(M �m)
(10)

to leading order in v=�, where v = 174 GeV is the electroweak vev. This expansion breaks
down at the mass-degenerate point M = m; we are therefore implicitly assuming that the mass
di�erence between the n-plet and the singlet is not parametrically smaller than the electroweak
scale. (We will see that (M �m) � few � 10 GeV for the cases of interest.) Moreover, Eq. (10)
may be a poor approximation to the true mixing angle if the coupling � is accidentally so small
that the higher-order terms in the v=� expansion dominate. This is e.g. the case in the bino-wino
scenario of the MSSM if either � is small or tan� is large, roughly for � . mZ tan�.

2.4 n = 4: The well-tempered quadruplet-singlet

Even-dimensional representations are slightly more complicated because they are no longer
strictly real. We will discuss the example of nY = 4 1

2

or the quadruplet-singlet model. The

mixing term is

Lmix =

�
�

�2
�jl�kmd

ijk
I �yi�

l�m � 
I � �0

�2
�kld

ijk
I �yi�

y
j�
l� I + h:c:

�
: (11)

The notation and some more technical details are explained in App. B. The spectrum now consists
of a doubly charged Dirac particle ���, two singly charged Dirac particles ��1;2, and three neutral
Majorana particles �01;2;3. The dark matter candidate �

0
1 is still mostly �-like by assumption, but

now contains small admixtures from both of the two neutral states contained in  and  , hence
there are two potentially relevant mixing angles �+ and ��. At leading order in v=� these are
given by

�� � 1p
6

(�� �0)v3
�2(M �m)

: (12)

For the validity of this approximation, the same comments apply as in the triplet case. We have
once more absorbed the mass shifts due to electroweak symmetry breaking, see Eqs. (2), (7) and
(8), intoM and m. Note that the operator of Eq. (8) induces a mass splitting which is not SU(2)
invariant, hence in the presence of a nonzero �00 the tree-level masses of the charged states will
be di�erent from M .

2.5 n = 5: The well-tempered quintuplet-singlet

After the triplet-singlet model, the simplest case for odd n is the quintuplet-singlet model, nY =
50. The mixing term is

Lmix =
�

�3
Cj`A ik �

yi�j�yk�` A�+ h:c: (13)

The explicit form of the SU(2) tensor Cj`A ik, along with more technical details, is given in App. C.
There are again two neutral mass eigenstates, superpositions of  5 and �, as well as a singly-
charged and a doubly-charged mass eigenstate emerging from  . After absorbing the mass shifts
proportional to � and �0 into M and m, the mixing angle is, to leading order in v=�,

� �
r
2

3

�v4

�3(M �m)
: (14)
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3 Dark matter properties

In accordance with the usual convention for supersymmetric neutralinos, we denote by �0i the
neutral mass eigenstates, ordered by their masses. As the singlet component of the lightest
neutral Z2-odd particle �01 in our model does not couple to the SM, the dark matter properties
depends strongly both on the coupling of the n-plet to the Higgs boson, � and on the mixing
angle between the singlet and n-plet. It further depends on the mass parameters of the singlet
and n-plet. We are interested in masses of the order of the electroweak scale, with the singlet
mass being smallest, such that �01 is dominantly singlet-like.

3.1 The relic density

Since the mixing between the �0i is due to higher-dimensional operators, it can in principle be
arbitrarily small if the associated new physics scale is large. Supposing that it is the mixing term
Lmix rather than the direct annihilation term Lquartic which dominates the annihilation cross
section, the following distinct cases may arise:

1. If the n-plet-singlet mixing angle � is too small for �01 to ever be in equilibrium at some
point during the thermal history of the universe, then the dark matter relic density can
only be predicted if some initial conditions are assumed. For example, one can envisage
a scenario where the initial �01 abundance is zero, and subsequently grows due to \freeze-
in"-like processes involving tiny couplings to the SM. For certain cases, this is independent
of the UV physics, e.g. the reheating mechanism, and therefore calculable without making
further assumptions. We comment more on the freeze-in mechanism in Sec. 3.2. For this
case there can also be a freeze-out contribution to the relic density from the freeze-out of
�02 and its subsequent decay to �01.

2. A second case is that of mixing angles � which are small but nevertheless large enough
to allow for rapid decays  i ! �01+ SM and scattering processes �01 + SM !  i+ SM
(where  i stands for any of the n-plet-like particles, for example �02) through the mixing
operator Lmix. The �

0
1 abundance is then completely determined by  i annihilation, which

in turn depletes the �01 number density because �01 remains in equilibrium with  i. As
noted e.g. in [3], the dark matter relic density therefore becomes e�ectively independent of
the precise value of � and depends only on the masses. Even for very small mixing angles
one may reproduce the observed value 
h2 = 0:1199 � 0:0022 [1] by choosing the mass
splitting accordingly. Note that this case is somewhat �ne-tuned: Even though a relative
mass di�erence of the order of 10% does not seem too unnatural, the relic density is very
sensitive to its exact value, and therefore a very precise parameter choice is needed to match
observation.

3. For somewhat larger mixing angles � & 0:1, annihilation processes directly involving �01
can become important. In that case the relic density is no longer exclusively determined
by the n-plet component of the �01, and becomes a function of both the masses and �. For
electroweak-scale masses and a mass splitting of the order of 20 GeV it is always possible
to �nd the observed value of the relic density by choosing � suitably, because the system
transitions between much larger values (without coannihilation for a singlet-like dark matter
candidate) and much smaller ones (for an n-plet-like dark matter candidate with a large
annihilation cross section). This will be con�rmed by our numerical analysis, see Figs. 2, 4
and 6.
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4. As the mixing angle becomes O(1), our e�ective theory description is approaching the limit
of its validity. In this region the relic density depends on the details of what happens
at the new physics scale �, and we can no longer make any reliable model-independent
statement. However, since we are interested in electroweak-scale masses, this case is less
interesting phenomenologically because an O(1) n-plet admixture would lead to a much too
large annihilation cross section, and hence a much too small relic density to �t observation.

In the presence of the operator Lquartic, the singlet can directly annihilate into SM states without
relying on the mixing. However, it turns out that in the freeze-out case, values of �=� large
enough to signi�cantly in
uence the annihilation cross section are already ruled out by direct
detection experiments, discussed later.

3.2 Freeze-in

The freeze-in mechanism for dark matter generation is an alternative to the more common freeze-
out, where it is also possible to reproduce the measured relic abundance of the universe without
depending on the UV quantities describing the early history of the universe such as the reheating
temperature [34, 35]. In this scenario the dark matter candidate interacts very feebly with the
thermal bath (generally through renormalizable interactions), and is therefore thermally decou-
pled. One further assumes the dark matter abundance in the early universe to be negligibly
small, increasing only when it is produced via interactions with the bath, particularly when the
temperature drops below the mass of the dark matter particle. One can calculate the resulting
relic abundance for a coupling of the type �0� � where, by solving the Boltzmann equation for
n�, the number density of � particles takes the approximate form

_n� + 3n�H � g M
2� 

2�2
TK1(M=T ); (15)

where K1 is the �rst modi�ed Bessel function of the second kind, and � � �2M=(8�) is the
decay rate of the  into the dark matter particle � and the Higgs. This is solved using _T � �HT .
The resulting relic abundance takes the form


�h
2jtot ' 1:09� 1027

gS�
p
g��

mX� 
M2

(16)

In the case of non-renormalizable interactions, however, on solving the Boltzmann equation one
�nds that the relic density depends on the UV physics, in particular the reheating temperature
TR. For example, for the operator

�
�
�y� � the relic abundance takes the form


�h
2jtot / �2mTR

�2
: (17)

Since we have no knowledge of the reheating temperature, models for which the UV freeze-in
mechanism prevails are less predictive in terms of the masses and couplings required to obtain the
correct relic density, however such scenarios may be more generic than IR freeze-in mechanisms,
and several have been studied in [36].

As seen in the Lagrangian given in Eq. (1), on expanding about the Higgs vev we �nd that the
couplings of the DM particle are described by two three-�eld and two four-�eld operators in the
case n = 3. For the former, the coupling is renormalizable, and the DM production would be
independent of the UV physics of the early universe. The latter two however have dimensionful
couplings resulting in a dependence on the reheating temperature as shown above. Out of the
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three-�eld operators, one will contribute to the freeze-in via decays of the triplet to the singlet
and the Higgs (provided there is su�cient mass di�erence), and the other will contribute via
2 ! 2 scattering One can calculate the value of the reheating temperature below which the
renormalizable operators dominate, however this is found to be relatively low, of the order of
10 TeV. If this condition were to be satis�ed, in general, the values of the couplings giving the
correct relic density for these models are of O(10�11 � 10�13). We will not consider freeze-in
production of dark matter further here, though it o�ers interesting model-building opportunities.

3.3 Direct detection

Having discussed the relic density for these models, we now address direct detection constraints.
Direct detection experiments probe the interaction between the dark matter particle and nucleons.
The spin-independent bounds are more constraining for the parameter space of interest to us
than those which are spin-dependent. The spin-independent cross-section �SI is sensitive to the
interactions between the �01 and the nucleons via Higgs exchange. Note that the relative size
of the Higgs Yukawa couplings means that the contribution due to the Higgs interacting with
strange quarks dominates the result, a�ecting the total uncertainty of the calculation as the the
strange quark content of the nucleon contributes an uncertainty on the cross section of about
20% [37], which in combination with the uncertainty on the local relic density of dark matter,
� = 0:3� 0:1GeV=cm3 [38], results in weakening the bounds by a factor of two. The bounds on
�SI were recently updated by both the LUX [39] and the PandaX [40] collaborations, of which
the former is the most constraining in the mass range we consider. Future results are expected
from Xenon1T [41]. Note that the exclusion limits provided by the experiments assume that the
dark matter particle provides the total relic density as measured by Planck. Therefore in the
case of an underabundance of the dark matter particle, the limit �expSI should be rescaled by


h2jexp

h2j� �expSI (18)

where 
h2jexp is the value measured by Planck and 
h2j� is the thermal relic density of the dark
matter candidate in our model. Note that in the plots we instead rescale the theoretical cross
section in order to compare with a �xed experimental limit. micrOMEGAs is used to compute the
spin-independent scattering cross section.

Since the coupling to Higgs bosons requires mixing between the single and the n-plet, the limits
are sensitive to the parameters a�ecting the mixing,

� / �vn�1

�n�2(M �m)
; (19)

as well as the coupling �. To be precise, on decreasing �, on increasing the splitting or on increas-
ing the scale � we �nd that �SI decreases. The behaviour of the relic density is approximately
the inverse, i.e. it increases as �SI decreases. Therefore the upper limit on the relic density from
Planck acts in a complementary manner to the upper bound on �SI, meaning that a region in
parameter space may remain exhibiting the correct DM properties. There is however a di�erence
between the relic density and the �SI behaviour: while the latter is independent of the mass of
the dark matter particle, the former is approximately inversely proportional to this quantity.
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4 Results

We have analysed our models numerically, obtaining the relic density and the spin-independent
WIMP-nucleon cross section, using the public code micrOMEGAs 4.3.1 [42, 43], with the model
�les generated with the help of FeynRules 2.3 [44]. We then compare our results with the latest
bounds: 
h2 from Planck [1] and �SI recently updated by LUX [39].

As already anticipated in Sec. 2.1, a pure singlet � annihilating through the dimension-5 operator
of Lquartic could lead to the correct relic density via thermal freeze-out if �=� is su�ciently
large. However, such large values of the coupling �=� are already de�nitively excluded by direct
detection, as Fig.1 shows. Thus, our conclusion is that we con�rm an electroweak-scale singlet
alone not to be compatible with observation; we need the additional electroweak-scale degrees of
freedom  .

100 150 200 250 300 350 400 450 500
mWIMP [GeV]
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o
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b
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Ωh2 = 0. 1199± 0. 0022

LUX

Figure 1: For the pure singlet case, with a Wilson coe�cient � normalised to 1 and the scale �
chosen such as to generate the observed relic density via freeze-out, the corresponding WIMP-
nucleon cross section is ruled out by direct detection (we compare the normalised cross-section
with the latest LUX limits [39]).

We nevertheless point out two potential loopholes to this argument. The �rst is that we only take
the dimension-5 operator Lquartic into account, neglecting other possible annihilation channels,
in particular those into SM fermions via operators such as ��qLuR ��=�

2. However, operators of
this kind are already dimension-6. Moreover they generically need to be suppressed by a much
larger scale than a TeV to avoid large 
avour-changing neutral currents; neglecting them as we do
here therefore corresponds to a well-motivated assumption on the UV completion.3 The second
loophole is that we have assumed the relic density to be created by thermal freeze-out. If � is
su�ciently small, the direct detection limit can be bypassed and the dark matter relic density
generated via freeze-in as mentioned in in Section 3.2.

This ends our discussion of the pure singlet case. For the remainder of this paper, we focus on
the triplet, quintuplet and quadruplet models.

3Unless the sector which generates them carries some special 
avour structure, e.g. minimal 
avour violation,
which is one possibility to indeed leave this loophole open.
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Figure 2: Thermal relic density as a function of the singlet-triplet mixing angle � for a WIMP
mass of m�0

1
= 100 GeV (left panel) and m�0

1
= 200 GeV (right panel). For a �xed Wilson

coe�cient � = 1 we also indicate the suppression scale � corresponding to the respective mixing
angles assuming Eq. (10). The impact of Lquartic is negligible, unless the Wilson coe�cient � is
so large that the parameter point is already excluded by direct detection.

The results for the relic density and spin-independent WIMP-nucleon cross section for some
representative parameter points in the triplet model are shown in Figs. 2 and 3 respectively. To
be speci�c, Fig. 2 shows the relic density as a function of the mixing angle for two �xed values of
the WIMP mass and the mass splitting �m = m�0

2
�m�0

1
= �, where � is de�ned in Eq. (36). For

a �xed value of �, and assuming Eq. (10) holds, the mixing angle is in one-to-one correspondence
with the suppression scale �, which we also provide in the plots. For de�niteness we set � = 1
for the Wilson coe�cient governing the mixing.4

Fixing the parameters �, m�0
1
and �m is not enough to completely determine the thermal relic

density, since the annihilation cross section also depends on �. The (co-)annihilation relies on
both mixing of the singlet and the triplet which is determined by �, as well as the quartic coupling
of the singlet to the Higgs boson �. We see that as � increase the (co-) annihilation increases and

h2 decreases, however this is independent of any of the values of � shown on the plot.

The chosen values of � can be understood from Fig. 3a where we show �SI as a function of �.
We see that as soon as � reaches values around 0:5 (in units where � = 1) the direct detection
limits become relevant, at least for mixing angles giving the observed relic density. Any value of
� large enough for the relic density to depart signi�cantly from the � = 0 prediction (indicated
by the red line in Fig. 2) will lead to a direct detection cross section which is too large to be
compatible with LUX. For example, mixing angles below about 0:16 in Figs. 2 and 3a cannot give
the observed relic density of 
h2 = 0:1199� 0:0022 [1], since this would require a too large value
of �, as indicated by the hatched area. (However, this limiting value of the � of course depends

4Of course this does not necessarily imply that the states inducing the mixing operator have O(1) couplings and
O(�) masses | by a simultaneous rescaling of � and � the same mixing operator could result from more weakly
coupled states with correspondingly lower masses.
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Figure 3: Left panel: WIMP-nucleon cross section in the triplet model for m�0
1
= 100 GeV and

a mass splitting of �m = 15 GeV. Here � is the triplet-singlet mixing angle. Direct detection
bounds require the Wilson coe�cient � to be rather small, � . 0:56.
Right panel: Here � = 0 and the observed thermal relic density has been imposed as a constraint;
in the coloured regions there exists a solution for some � andm�0

1
. Even for � = 0 direct detection

bounds are becoming important.

on the choice of m�0
1
and of �m.) The reason that 
h2 depends less strongly on � than �SI is

that the contribution of coannihilation for the relic density means that diagrams mediated by a
Higgs are less signi�cant. In Fig. 3, we also show that the future Xenon1T experiment has the
potential to severely constrain the parameter space of our model even at � = 0.

The corresponding results for 
h2 in the quadruplet model are shown in Figs. 4 for a WIMP
mass of 100 GeV and two particular choices for the mixing angle ��. Precise de�nitions of the
mixing angles and the physical masses in terms of the parameters of the Lagrangian can be
found in App. 5. In Fig. 4a we show the case �� = 0, in order to represent the generic case of
one mixing angle being dominant and the other having a small impact. In Fig. 4b we have set
�� = �+. This latter case is rather �ne-tuned, since it requires that the Wilson coe�cients be
chosen precisely such that one compensates for the relative suppression of the mixing angles by
the factor (M �m)=(M +m), see Eq. (53). The �ne-tuning is re
ected in the numerical artifacts
appearing in the curves, and is also apparent from the fact that it requires a very precise choice of
�m in order to obtain the correct relic density. We clearly see that �+ is suppressed on comparing
Fig. 4b to Fig. 4a. In these plots we have set �0 = �00 = 0. We have veri�ed that the impact of
nonzero �0 is small (but noticeable) after absorbing the mass shift it induces into the de�nition
of the mass parameter M , since its e�ect on the annihilation cross section is suppressed by the
mixing angle, details can be found in App. B. By contrast, the relic density is rather sensitive to
the value of �00, since a nonzero �00 can easily shift the mass di�erences between the charged and
neutral n-plet-like states by several GeV, which will drastically a�ect the coannihilation rate.

Figs. 5 show the direct detection bounds on the quadruplet model with �� = 0. We have
set �0 = �00 = 0 for concreteness, after verifying that their impact on direct detection is in
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Figure 4: The relic density as a function of the mixing angle �+ in the quadruplet model for
m = 100 GeV. Left panel: �� = 0, representing the generic case of one dominant mixing angle.
Right panel: the �ne-tuned case �+ = ��.

any case subdominant. In Fig. 5a we plot the spin-independent cross section as a function of
the mixing angle for a �xed m = 100 GeV; once more, direct detection constrains the quartic
coupling � to be tiny. Fig. 5b shows the parameter space for � = 0, which is now starting to
be constrained by direct detection bounds. However, when demanding a cuto� scale � > 1 TeV
(which is reasonable to ensure the validity of our e�ective theory), the bounds from LUX are not
restricting this particular slice of parameter space yet. One further observes that the relation of
�+ to � in these plots di�er from that in Fig. 3, due to the v=� suppression factor in the mixing
angle which arises on increasing n, therefore lower values of � can provide the observed relic
density in regions of parameter space which can be probed by direct detection experiments.

Finally, for the quintuplet model Figs. 6 and 7 are equivalent to Figs. 2 and 3 respectively. In
the quintuplet model the mixing angle arises from a dimension-7 operator, so when demanding
� > 1 TeV the mixing angle is generically very small. This suppression is of the order v2=�2

compared to the triplet case, as can be seen in Eq. (62) and further details can be found in App. C.
Consequently, the di�erence between the parameters M �m needs to be quite �nely adjusted in
order to reproduce the observed relic density. Nevertheless a suitable choice can always be found.
While the dependence on � is qualitatively similar to the triplet and quadruplet case, there is
one interesting distinguishing feature: the in
uence of � on the relic density is signi�cantly more
pronounced in the quintuplet model. This is because the mixing operator, being dimension-7,
is now relatively less important than Lquartic which remains dimension-5. However, the direct
detection bounds are still too stringent to allow for a signi�cant change in the relic density due
to a nonzero �. The green curves in Fig. 6 correspond to the maximal value which � can take
without violating the LUX bound; evidently the predicted relic density does not change much
compared to the � = 0 case, illustrated by the red curves. Moreover, in Fig. 7b we observe that,
due to the relative suppression of the mixing angle in the quintuplet case, the entire region with
the correct relic density that has been probed by LUX and that is expected to be probed by
Xenon1T lies below the limit � < 1 TeV.
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Figure 5: Same as Fig. 2 but for the quadruplet model at �� = 0. Left panel: the model is
excluded by direct detection for all but small � . 0:065. Right panel: Current and projected
exclusion bounds at � = 0. The hatched region corresponds to large mixing angles requiring a
scale � < 1 TeV, where our e�ective theory can no longer be trusted.

Fig. 7b shows that at � = 0, the mixing angles induced by the dimension-7 operator Lmix are
generically too small to be relevant for direct detection as of now (unless one chooses a suppression
scale � < 1 TeV, for which our e�ective theory becomes unreliable).

In summary, we �nd that in all our models the relic density must be dominated by n-plet-
singlet mixing e�ects rather than by annihilation through Lquartic. In the case of the triplet
model, where both Lquartic and Lmix are dimension-5, and if the Wilson coe�cients � and � are
of similar magnitude, this is partly a consequence of dark matter annihilation through Lquartic
being p-wave suppressed. However, even more important is the direct detection constraint, which
forces our models into the parameter space region of small �� �. Possible explanations for this
will obviously depend on the UV completion, and we will not investigate them here. However,
we note that when UV-completing the triplet-singlet model by the MSSM, one indeed �nds a
numerically somewhat suppressed value of �=� = tan �w � 0:53, see App. A.

We have further investigated the indirect detection prospects of our models, again by using
micrOMEGAs 4.3.1 to calculate the present-day annihilation cross section, which we �nd to
be predominantly to W+W�. We �nd that, for the region of parameter space respecting the
relic density and direct detection constraints, the annihilation rate is well below the current
bounds [45]. This is due to the fact that the relic density is mainly generated via coannihilation
channels, such that the self-annihilation rates are low. This would not necessarily be the case for
heavier dark matter candidates where the Sommerfeld e�ect would a�ect the result, for bino-wino
mixing in the MSSM see [8, 46], but for those masses of interest to the LHC this is not relevant.
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Figure 6: Same as Fig. 3 but for the quintuplet model, with appropriately modi�ed mass splittings
�m.

5 Conclusions and outlook

We have studied simple e�ective models for WIMP dark matter, where the electroweak-scale
particle content is given by a fermionic singlet and a fermionic SU(2) n-plet with n � 3 in
addition to that of the Standard Model,. The neutral component of the n-plet and the singlet
mix through a higher-dimensional operator. The resulting state is WIMP dark matter candidate,
whose relic abundance is obtained from freeze-out with the assistance of coannihilation channels.

These models should be thought of as allowing an e�ective description of the dark matter and
collider properties of some more complete model. The corresponding scale at which this descrip-
tion breaks down could be as low as a TeV, but any further states appearing at such a scale would
generically be too heavy to be discovered at the LHC if they only carry electroweak charges.

We concentrated on the parameter space of the models for n = 3; 4; 5, which is quite constrained
by direct detection experiments. In particular, direct singlet annihilation into a pair of Higgs
bosons through a Higgs portal-like dimension-5 operator Lquartic must be subdominant in order
for the model to be viable. Therefore, as far as the model is compatible with direct detection,
its relic density is essentially dictated by the singlet-n-plet mixing angle. Note that while for
n = 3 the e�ect of the constrained quartic coupling � is negligible, for larger n the mixing is
dimensionally suppressed compared to the quartic coupling, and therefore the e�ect of � becomes
somewhat more pronounced. The requirement that the Wilson coe�cient of Lquartic be small
translates into a nontrivial constraint on possible UV completions. We moreover �nd that the
next generation of direct detection experiments will probe the model even further even if such a
coupling is negligibly small.

For a given DM mass and splitting between the singlet and n-plet, the relic density constraint
generically �xes the mixing angle, which translates into a certain e�ective theory cut-o� scale �.
As expected, we see that for larger mixings the mass splittings must be larger as the principal
mechanism dictating the relic density is coannihilation. We further mention that the three cases
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Figure 7: Same as Fig. 2 but for the quintuplet model. Left panel: the model is excluded by
direct detection for all but small �. Right panel: Current and projected exclusion bounds at
� = 0.

n = 3; 4 and 5 di�er due to the relative suppression of the mixing angle by factors of v=� compared
to the triplet case, meaning that as n increases smaller scales � are probed via direct detection
experiments. However, at very small mixing angles the dependence of the relic density becomes
e�ectively �-independent, so � is not bounded from above (except eventually by the requirement
that the singlet-like WIMP should be in thermal equilibrium with the n-plet-like states).

We have further investigated the indirect detection prospects of this model, �nding these not be
constraining for the parameter space of interest to us.

The region we have chosen to study corresponds to electroweak-scale WIMP masses, since this
region is kinematically accessible at the LHC. In fact, collider searches for supersymmetric neu-
tralinos and charginos will constrain the allowed parameter space even further. Relevant analyses
could be searches for (ISR) jets and missing energy, possibly including leptons if the singlet-n-plet
mass splitting is large enough, disappearing track searches [47, 48], displaced vertex searches to
constrain �02 ! �01 decays [32], or searches for signatures speci�c to �

++ decay. We will address
the collider phenomenology of the models we have presented in a forthcoming publication [14].
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Appendix A: The triplet-singlet model

This appendix contains some technical details on how to obtain the e�ective wino-bino Lagrangian
from the full electroweak sector of the MSSM, and how to generalize this result to the non-
supersymmetric case. We keep the discussion rather detailed in the interest of clarity, although
the results are well known (see e.g. [32]).

In the well-tempered bino-wino scenario in the MSSM, dark matter is constituted of a Majorana
singlet eB and a Majorana tripletfW a. These couple to the Higgsinos ~hu and ~hd via the Lagrangian

5

(in two-component Weyl spinor notation)

L = ~hyui�
�@�~hu + ~hydi�

�@�~hd +fW ayi��@�fW a + eByi��@� eB
� 1

2
M1

eB eB � 1

2
M2

fW afW a � � ~hu~hd + h:c:

�
p
2g
�
hyu�

a~hu

�fW a � g0p
2
hyu~hu eB �p2g �hyd�a~hd�fW a � g0p

2
hyd~hd eB + h:c:

(20)

where �a = �a=2 generate the fundamental representation of SU(2). We are taking M1, M2, �
real and positive for simplicity. The case of interest is ��M1;M2;mZ . The equations of motion
for ~hu and ~hd read, at the zero-derivative level,

~hu =
1

�

�
�
p
2g hyd�

afW a � g0p
2
hyd eB� ;

~hd =
1

�

�
�
p
2g hyu�

afW a +
g0p
2
hyu eB� :

(21)

Substituting back into L one obtains the leading-order e�ective Lagrangian for the light degrees
of freedom eB and fW a,

Le� = fW ayi��@�fW a + eByi��@� eB
+

1

�2

�p
2gfW ay�ahd +

g0p
2
eByhd

�
i��@�

�p
2g hyd�

afW a +
g0p
2
hyd eB�

+
1

�2

�p
2gfW ay�ahu � g0p

2
eByhu

�
i��@�

�p
2g hyu�

afW a � g0p
2
hyu eB�

�
�
1

2
M1

eB eB +
1

2
M2

fW afW a + h:c:

�
+
1

�

�p
2g hyu�

afW a +
g0p
2
hyu eB��p2g hyd�afW a � g0p

2
hyd eB�+ h:c:

(22)

The dimension-6 terms are corrections for the wino, bino and Higgs kinetic terms. To compare
with the known chargino and neutralino mass matrices in the literature, we set hu =

�
0
vs�

�
and

hd =
�vc�

0

�
as well as g0 vp

2
= swmZ and g vp

2
= cwmZ . In terms of  0 =

�
eB
fW 3

�
we obtain the

e�ective neutralino Lagrangian

Le�;neut =  y0G0 i�
�@� 0 � 1

2
 T0 cM0 0 + h:c: (23)

where the kinetic and mass matrices are given, up to terms suppressed by 1=�3, by

G0 = 1+
m2
Z

�2
T ; cM0 =

�
M1

M2

�
� s2�m

2
Z

�
T (24)

5We are ignoring the gauge boson couplings, which can be restored by replacing all derivatives by covariant
derivatives.
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with

T =

�
s2w �swcw

�swcw c2w

�
: (25)

De�ning

G
�1=2
0 � 1� 1

2

m2
Z

�2
T +O ���3� (26)

the kinetic term becomes canonical after a �eld rede�nition  0 ! G
�1=2
0  0, which sends

cM0 ! G
�1=2
0

cM0G
�1=2
0 �M0 : (27)

Explicitly,

M0 =

�
M1

M2

�
� s2�m

2
Z

�
T +

m2
Z

�2

�
M1s

2
w

M1+M2

2
swcw

M1+M2

2
swcw M2c

2
w

�
+O(��3) : (28)

By diagonalising M0 we recover the well-known approximate masses for wino-like and bino-like
neutralinos in the large � expansion, e.g. for M2 > M1,

m�0
1
=M1 � s2�s2w

m2
Z

�
� s2w

m2
ZM1

�2
� s22ws

2
2�

4

m4
Z

�2(M2 �M1)
+O ���3� ;

m�0
2
=M2 � s2�c2w

m2
Z

�
� c2w

m2
ZM2

�2
+
s22ws

2
2�

4

m4
Z

�2(M2 �M1)
+O ���3� : (29)

The e�ective Lagrangian for the chargino  � = 1p
2

�fW 1 � ifW 2
�
is

Le�;char =  y+G� i��@� + +  y�G� i��@� � �  +cM� � + h:c: (30)

where

G� = 1 + c2w
m2
Z

�2
; cM� =M2 � c2ws2�

m2
Z

�
(31)

up to higher-order terms. Canonically normalising the chargino �eld yields the well-known wino-
like chargino mass

m��
1

=M2 � s2�c2w
m2
Z

�
� c2w

m2
ZM2

�2
+O ���3� : (32)

A few comments are in order:

� We have integrated out the higgsino �elds, which are gauge eigenstates, rather than the
corresponding mass eigenstates (higgsino-like neutralinos and charginos). However, the
higgsino mixing angles are suppressed by 1=�, so the di�erence shows up only at higher
order.

� The expansion breaks down at the degenerate point M1 = M2 because of terms enhanced
by 1=(M2�M1); however, it remains valid unless the di�erence between the wino and bino
mass is far below the electroweak scale.

Of particular interest for us is the limit where one of the two MSSM Higgs doublets e�ectively
decouples at a scale � mZ , while the other is identi�ed with the Standard Model Higgs �eld �.
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It is obtained by replacing hu ! s�� and hd ! c�i�
2�� in Eq. (22). The operators a�ecting

the neutralino and chargino masses are then

Le� = fW ayi��@�fW a + eByi��@� eB � �1
2
M1

eB eB +
1

2
M2

fW afW a + h:c:

�
+
g2

2�2
(�y�)fW ayi��@�fW a +

g02

2�2
(�y�) eByi��@� eB +

�
gg0

�2
�y�a�fW ayi��@� eB + h:c:

�
+
g2s2�
2�

�y� fW afW a +
g02s2�
2�

�y� eB eB +
gg0s2�
�

�y�a� fW a eB + h:c:+ : : :

(33)

The phenomenologically most relevant quantities are the �02���1 mass splitting and the neutralino
mixing angle. We observe that, at order ��1, the masses of both wino-like eigenstates are shifted

from M2 by s2�c
2
w
m2
Z

� due to the presence of the �y�fWfW operator, which after EWSB becomes

an SU(2) invariant wino mass term. There is a similar universal shift at order ��2 due to the
SU(2) invariant correction to the kinetic term. The mass splitting between �02 and �

�
1 is due to

wino-bino mass mixing in the neutralino sector, and appears �rst at O(��2). In terms of the
mixing angle �, the mass shift is

�mixing
m
�
�
1

�m
�0
2

= (M2 �M1)�
2 ; where � =

s2ws2�m
2
Z

2(M2 �M1)�
: (34)

Numerically this is quite small even for only moderately heavy higgsinos and moderate tan�.
For example, taking � � 1 TeV, M2 �M1 � mZ and s2� = 1 yields a tree-level mass di�erence
of the order of only 100 MeV, the same order as for the mass splitting induced by electroweak
loops (see below).

By replacing the electroweak gauge couplings and factors of s2� in Eq. (33) by generic Wil-
son coe�cients, and � by a generic new physics scale, it is now straightforward to describe a
generic non-supersymmetric triplet-singlet system. The most general triplet-singlet Lagrangian
at O(��1) is

L = i  y��D� + i �y��@��� 1

2
(M  +m��+ h:c:)

+

�
1

2

�

�
�y���+

1

2

�0

�
�y� a a +

�

�
�y�a�  a�+ h:c:

�
:

(35)

We assume M and m to be both positive (a relative sign between them would inhibit the \well-
tempering" mechanism, while general complex phases are beyond the scope of this work). We
absorb the SU(2)-invariant corrections to the masses from the �y��� and �y�  operators into
M and m. The neutral mass matrix eigenvalues are

m�0
1
; �0

2
=

1

2
(M +m� �) � =

r
(M �m)2 + 8

�2v4

�2
(36)

with the  3 �X mixing angle given by

sin2 � =
1

2
� M �m

2�
: (37)

To leading order in the mixing,

� =

p
2�v2

�(M �m)
; (38)
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with a corresponding mass splitting between the mixed neutral state m�0
2
and the pure charged

state m��

�mixing
m���m�0

2

= (M �m)�2 =
2�2 v4

�2(M �m)
: (39)

Besides mixing with the singlet, there are other e�ects which can potentially split the masses of
the neutral and charged triplet-like mass eigenstates. Note that the naive candidate dimension-5
operator (�y�a�)( bifabc c + h:c:) is identically zero by symmetry. However, at one loop the
masses receive corrections from electroweak gauge bosons. The resulting mass splitting in the
absence of mixing, i.e. for � = 0, is (see e.g. [2])

�one loop
m���m�0

2

=
g2

16�2
M
�
f
�mW

M

�
� c2w f

�mZ

M

��
; (40)

where

f(x) =
x

2

 
2x3 log x� 2x+

p
x2 � 4(x2 + 2) log

x2 � xpx2 � 4� 2

2

!
: (41)

Numerically this varies between about 150 and 170 MeV for tree-level masses between 102 and
104 GeV.

Appendix B: The quadruplet-singlet model

Even values of n are slightly more complicated since the n is a pseudoreal rather than a strictly
real representation. We will discuss the example of n = 4 or the quadruplet model, for which we

introduce a Dirac fermion ( ; 
y
) transforming in the 4 1

2

as well as a Majorana singlet �. The

Lagrangian is

L = i  y��D� + i  
y
��D� + i �y��@���

�
M I  

I
+
1

2
m��+ h:c:

�
+

�
1

2

�

�
�y���+

�0

�
�y� I  

I
+
�00

�
�y�a�  I(ta)IJ  

J
+ h:c:

�
+

�
�

�2
�jl �km �yi�

l�m dijkI � 
I � �0

�2
�kl �

y
i�

y
j�
l dijkI � I + h:c:

�
;

(42)

with dI being an orthonormal basis of symmetric 2�2�2 tensors containing the Clebsch-Gordan
coe�cients,

dijk1 = �i1�
j
1�
k
1 ; dijk2 =

1p
3

�
�i1�

j
1�
k
2 + �i1�

j
2�
k
1 + �i2�

j
1�
k
1

�
;

dijk3 =
1p
3

�
�i1�

j
2�
k
2 + �i2�

j
2�
k
1 + �i2�

j
1�
k
2

�
; dijk4 = �i2�

j
2�
k
2 :

(43)

Indices I; J = 1 : : : 4 are raised and lowered with E = �1 
 i�2,

(EIJ) = (�EIJ) =

0BB@
1

�1
1

�1

1CCA : (44)

19



The quadruplet generators are

t1 =

0BBB@
0

p
3
2

0 0p
3
2

0 1 0

0 1 0
p
3
2

0 0
p
3
2

0

1CCCA ; t2 =

0BBB@
0 �

p
3
2
i 0 0p

3
2
i 0 �i 0

0 i 0 �
p
3
2
i

0 0
p
3
2
i 0

1CCCA ;

t3 =

0BB@
3
2

0 0 0
0 1

2
0 0

0 0 �1
2

0
0 0 0 �3

2

1CCA :

(45)

Note that the Lagrangian Eq. (42) contains an additional �y�  operator, leading to SU(2)-
breaking mass splittings at the tree level among the quadruplet components after electroweak
symmetry breaking. In terms of electric charge eigenstates,  and  are

( I) =

0BB@
 ++

 +

 0e �
1CCA ; ( 

J
) =

0BB@
e +e 0

 �

 ��

1CCA ; ( J) =

0BB@
 ��

�  �e 0

� e +

1CCA : (46)

To �nd the mass eigenstates we can absorb the SU(2) invariant contributions to the mass matrix

from � and �0 into m and M . However, the �00 operator  I(ta)IJ  
J
induces a contribution which

is di�erent for doubly charged, singly charged and neutral states. By a further rede�nition of M
we can assume without loss of generality that this contribution is zero in the neutral sector. The
mass of the doubly charged state is then

m��� =M +
�00 v2

�
: (47)

The singly charged mass matrix

Mc =

 
0 �M � �00 v2

2�

�M + �00 v2

2�
0

!
(48)

leads to the masses (assuming �00 > 0; for negative �00, ��1 and ��2 exchange their roles)

m��
1

=M � �00 v2

2�
; m��

2

=M +
�00 v2

2�
: (49)

The neutral mass matrix

Mn =

0BB@
m � 1p

3

� v3

�2
� 1p

3

�0 v3

�2

� 1p
3

� v3

�2
0 M

� 1p
3

�0 v3

�2
M 0

1CCA (50)

is diagonalised by a unitary matrix N ,

NTMn N = diag(m�0
1
;m�0

2
;m�0

3
) ;

0@ �e 0

 0

1A = N

0@ �01
�02
�03

1A : (51)
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In the limit of small mixing N can be written as

N =

0BBB@
1� �2+

2
� �2

�

2
��� ��+

�+� ��p
2

� �+ ��p
2

M�m
2M � 1p

2

�
1� �2

�

2

�
�+ ��p

2

M+m
2M + 1p

2

�
1� �2+

2

�
�++ ��p

2
� �+ ��p

2

M�m
2M + 1p

2

�
1� �2

�

2

�
� �+ ��p

2

M+m
2M + 1p

2

�
1� �2+

2

�
1CCCA ; (52)

where

�� =
(�� �0)v3p
6 (M �m)�2

: (53)

Finally the physical tree-level masses for the neutral states are given, up to possible reordering,
by

m�0
1
= m (1 + �2+ + �2�)�M (�2+ � �2�) ;

m�0
2
=M (1 + �2�) +m �2� ;

m�0
3
=M (1 + �2+)�m �2+ :

(54)

For calculating the precise spectrum we again need to take electroweak corrections into account.
One �nds

�one loop
m
�
�
1;2

�m
�0
2;3

=
g2

16�2
M s2w f

�mZ

M

�
(55)

and

�one loop
m����m�

�
1;2

=
g2

16�2
M
�
(3 s2w � 2) f

�mZ

M

�
+ 2 f

�mW

M

��
(56)

with f(x) de�ned by Eq. (41).

Appendix C: The quintuplet-singlet model

It is straightforward to generalise the well-tempered triplet-singlet model to any odd n. We focus
on the simplest example, n = 5 or the quintuplet-singlet model, whose Lagrangian is

L = i  y��D� + i �y��@��� 1

2
(M  +m��+ h:c:)

+

�
1

2

�

�
�y���+

1

2

�0

�
�y� A A +

�

�3
�yi�j�yk�` C

j`
A ik 

A�+ h:c:

� (57)

Here Cj`A ik is the tensor

Cj`A ik = �abA �
a j
i �b `k (58)

with the �abA an orthonormal basis of traceless symmetric 3� 3 matrices, e.g.

�1 =
1p
2

0@ 0 0 0
0 0 1
0 1 0

1A ; �2 =
1p
2

0@ 0 0 1
0 0 0
1 0 0

1A ; �3 =
1p
2

0@ 0 1 0
1 0 0
0 0 0

1A ;

�4 =
1p
2

0@ 1 0 0
0 �1 0
0 0 0

1A ; �5 =
1p
6

0@ 1 0 0
0 1 0
0 0 �2

1A :

(59)
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In this basis the gauge transformations on the quintuplet are generated by

(ta)AB = �2i �abc�bdA �cdB : (60)

The mass eigenstates in the quintuplet-singlet system are a doubly charged Dirac fermion �++ =
 4�i 3p

2
, a singly charged Dirac fermion �+ =  2�i 1p

2
and two neutral Majorana fermions �01;2,

the heavier of which will be  5-like if M > m. The lighter singlet-like neutral state is our dark
matter candidate. Rede�ning M ! M � �0v2

�
and m ! m� �v2

�
, the neutral mass matrix is

M0 =

0@ m �
q

2
3
�v4

�3

�
q

2
3
�v4

�3
M

1A : (61)

The mixing angle becomes, to leading order,

� =

r
2

3

�v4

�3(M �m)
; (62)

and the neutral-charged mass splitting is once more

�mixing
m�+�m�0

2

= �2(M �m) : (63)

The loop-induced mass splittings between the quintuplet mass eigenstates are given by Eq. (40)
for the di�erence of the �+ and �02 masses, while

�one loop
m�++�m�+

= 3 �one loop
m�+�m�0

2

: (64)
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