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A HIGH ORDER METHOD FOR THE APPROXIMATION OF INTEGRALS OVER
IMPLICITLY DEFINED HYPERSURFACES

LUKAS DRESCHER*, HOLGER HEUMANNT, AND KERSTEN SCHMIDT?

Abstract. We introduce a novel method to compute approximations of integrals over implicitly defined hyper-
surfaces. The new method is based on a weak formulation in L2(0, 1), that uses the coarea formula to circumvent
an explicit integration over the hypersurfaces. As such it is possible to use standard quadrature rules in the spirit
of hp/spectral finite element methods, and the expensive computation of explicit hypersurface parametrizations is
avoided. We derive error estimates showing that high order convergence can be achieved provided the integrand and
the hypersurface defining function are sufficiently smooth. The theoretical results are supplemented by numerical
experiments including an application for plasma modeling in nuclear fusion.

1. Introduction. This article is concerned with the approximation of the integrals

) g = [ s, ye ).

{x€Q, P (x)=y}

where E : Q C R* — [0,1], n = 2,3 is a Lipschitz continuous, scalar function, and
f:+ Q = RU{—00,00} is another integrable scalar function. The values g fﬂ(y) are well

defined for all y for which the level sets {x € R" 1(x) = y} are (n — 1)-dimensional
hypersurfaces and f is bounded on these sets. The functions g 1 represent the average of f

over each hypersurface of 1) multiplied by the hypersurface area 91 5

If the hypersurfaces of ¢ have an explicit parametrization, standard quadrature formulas
provide adequate means to approximate (1). It is even possible to devise higher order methods
that avoid the computation of the derivatives of the parametrization [3].

In here we want to focus on the case where the hypersurface is a priori not given by
an explicit parametrization, but implicitly as level set of a scalar function. The standard
approach is the following: The scalar function 1) is approximated by a piecewise polynomial
finite element function ), and the values g £ (y) can be assembled from contributions in
each element. This approach is a variation of a family of popular algorithms in computer
graphics [23] that are used to visualize hypersurfaces. In the case of linear finite elements
this is the method of marching triangles or tetrahedrons [24, 30], while the case of bilinear
finite elements is the older method of marching squares or cubes [19]. To the best of our
knowledge, there does not exist rigorous convergence analysis. But clearly the projection of
) onto low order spaces restricts the convergence order of the method. Very high accuracy
can be only achieved through meshes with a huge number of elements.

On the other hand it is a well known fact in spectral and higher order methods, that
one can find way more economical finite dimensional approximations of 1), if one exploits
smoothness. Nevertheless, we would like to stress that the direct elementwise assembling of
9570, with 1, piecewise polynomials of degree p will be more difficult and expensive: in the
case of linear finite elements the intersections of hypersurfaces with the mesh elements are
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planar, while in the case of higher order finite elements the intersections are curved. Hence,
it is necessary to determine numerically a local hypersurface parametrization if the accuracy
of 9, shall be inherited to the approximation of 9.5, - Finding such local parametrizations
requires extra data structures for geometric reﬁnement and algorithms for repeatedly solving
non-linear problems [6, Chapter 12]. The difficulty becomes especially magnified in 3 dimen-
sions. Alternatively one could, as in [25], introduce locally approximated parametrizations
based on higher order reconstructions of discretized hypersurfaces. For higher order poly-
nomial approximations of the level sets of 1) both these approaches are fairly expensive and
algorithmically involved. Such efforts might be reasonable if one is interested in values of (1)
for one specific value y as it is the case for hypersurface integrals that appear in level set meth-
ods and fictitious domain methods or extended finite element methods. A non-exhaustive list
of references about this topic is [7, 22, 10] and the many references therein. We also mention
the more recent [26], [17] and [14] that address the issue of integrals over implicitly defined
hypersurfaces as important ingredient of fictitious domain methods, unfitted finite element
methods and numerical methods of partial differential equations on surfaces.

In this article we are interested in computing efficiently approximations of g, 7 in (1) on
the whole interval y € (0,1). We propose a novel approach fitting seamlessly into the spirit
of higher order finite element methods. We will see that the hypersurface integrals (1) are
unique solutions of the variational formulation: Seek g, € L?(0, 1) such that

@) / 9, 5N y)dy = / FE)IVEERNGX) dx YA € L2(0,1).

The main motivation for this work is the magnetohydrodynamic equilibrium equation
in axisymmetric models of nuclear fusion reactors, an elliptic semi-linear equation for the
so-called poloidal flux . Very important functionals of the solution of such equilibrium
problems are the hypersurface integrals (1) that are the focus of this article. They are es-
sential to incorporate resistive diffusion effects into plasma evolution modeling. Also many
plasma characteristics (e.g. the so-called safety factor or the current density profile), impor-
tant to quantify stability or for monitoring during the experiment, are defined as integrals over
hypersurfaces [11].

The outline is the following. In the next section, we will recall the coarea formula and
show (Corollary 2) that the hypersurface integrals satisfy the weak formulation (2). With this,
it is straight forward to introduce the L? projection methods to compute approximations of
g f@(y) in some finite dimensional space, e.g., a polynomial space. We provide also conver-
gence estimates in L2, H! and L®. The next two sections cover two different extensions
of these results addressing important aspects for implementation and applications. Section
3 covers the case where only approximations of the level set function v are available and in
section 4 we focus on the analysis of the relevant case where quadrature is involved. We want
to stress that the analysis of the consistency error due to quadrature is here a considerable
evolved extension of the analysis of similar consistency errors in the finite element literature,
since we have to deal with weak formulations with non-polynomial test functions. Extensive
numerical experiments for a model problem and the plasma equilibrium problem in Section
5 highlight the practicability of the new method.

2. Hypersurface integrals and the coarea formula. We recall that ¢y : Q C R" —
(0,1), n = 2,3 is a Lipschitz continuous, scalar function, not necessarily monotone and that
the hypersurface integrals are the integrals

g, 5() = / F(x)ds(x).

{x€Q, ¥ (x)=y}
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with f : Q — RU{—o00, co} another integrable scalar function. We have the following result,
the coarea formula, highlighting the relationship between integrated hypersurface integrals
9; 7 (y) and volume integrals.

THEOREM 1 (Coarea formula). Let f :  — R U {—o0, o0} be integrable and 1 : Q —
[0, 1] Lipschitz, then g, 7 € LY(0,1) and

1 J—
/O gf@(y)dy:/Qf(x)lvw(x)\dx.

Proof. See [8, Theorem 3.2.12]. O
An immediate corollary of the coarea formula is the following identity.

COROLLARY 2. Let the assumptions of Theorem 1 be fulfilled. If moreover (i) f |V@|% €
L3(Q) and 9,5 € L>(0,1) or (ii) f|VY| € L3(Q) and 915 € L=(0,1) then g, €
L?(0,1) and

3) /ngw dy—/f ) |Vih(x)|dx VA€ L2(0,1).

Proof. We restrict the proof to the case (i), the case (ii) follows similarly. The assertion
follows from the identity g 7 (y) A(y) = 9., ) 5 (v) and Theorem 1, and so

/ 55 Aly)dy = / Py dy = [ FONGE)IV) dx.
Then, the Cauchy-Schwarz inequality implies
/ FEOAD )V dx < V|2 |2 IX 0 % [Vl 2|2y
and so the right-hand side of (3) is bounded in L2(0, 1) due to
130 V912 2@y = | | X2@)ITHC0]dx]

—| / 05N W)dy| < N0 ll91 5o -

Hence, the weak formulation (3) for g +3 € L?(0,1) is well-posed and the proof is complete.

REMARK 3. The assumption 93 € L*°(0,1) in the first case (i) in Corollary 2 corre-
sponds to assuming bounded area of the hypersurface as is clear from the definition in (1).
But also the assumption Ivg-15 € L>(0,1) in second case (ii) has an intuitive meaning.
By the coarea formula we have

Y
/gf,g(y’)dy’z/ _ f)IVY(x)|dx,
0 {x€QB(x) <y}

and hence, 9o 5 stands for the differential change of the volume that is enclosed by the
level sets {x € R™,1)(x) = 0} and {x € R",¢(x) = y}.
3



We are going to use the weak formulation (3) to compute L? projections of the hypersur-
face integrals to discrete spaces, rather than introducing directly discretizations of the strong
formulation in (1).

Let us introduce Pp(0, 1) the space of all polynomials of degree less or equal to P on
[0, 1] and look for an approximation gf@ € Pp(0,1) of g; 7 such that

@ | aFs = [ ;500500 vaePr0.1).

The benefit of this idea is that the coarea formula (Corollary 2) can be used to rewrite the
integration over [0, 1] in the right hand side of (5) in an integration over Q2. We will work with
the equivalent formulation: Find gf 7 € Pp(0,1) such that

) / e dy—/f ) IVY|dx VA € Pp(0,1).
0

The practical implementation of (5) comprises two steps/ingredients. First, a standard (P +
1) x (P + 1) mass matrix containing the L? inner products of pairs of basis functions of
Pp(0,1) has to be assembled. This mass matrix becomes diagonal when Legendre polyno-
mials — shifted to (0, 1) — are used as basis functions. Secondly, P + 1 entries of the right
hand side vector have to be assembled in an element by element fashion over a triangulation
of ). However, there is no need to determine explicitly the hypersurfaces of .

There are standard well known approximation results for the solution of (5) in L2, H*
and L that we restate for completeness.

THEOREM 4 (L2-error). Let the assumptions of Corollary 2 be fulfilled, and assume
that g, € H™(0,1). Then the solution gJI:E of (5) is well-defined in L?(0,1) and there
exists a constant C' = C(m) > 0 that is independent of P such that for all k < m

(6) Hgfﬂ - gf,EHLQ(O»l) = ueggfo n v — gﬁEHLQ(O,l) < CP_ngf@HHk(og) .

Proof. The proof follows directly from the Pythagorean theorem and approximation es-
timates [28, Theorem 3.17]. 0

COROLLARY 5 (L*°- and H'-error). Let the assumptions of Theorem 4 be fulfilled.
Then, there exists a constant C = C(m) > 0 that is independent of P such that for all
kE<m

(N |gﬁw — g 5lm01) < CP g, sl
®) gt = 95 5llL=1) < CP™* g, Sl -

Proof. We denote m-dependent constants that are independent of P by C' throughout
this proof. According to [28, Theorem 3.17], [5, Section 16] and the continuous embedding
H'(0,1) < L°°(0,1) due to the Sobolev embedding theorem [28, Theorem A.21] we have
a projection operator Ip : H(0,1) — Pp(0,1) such that for all v € H*(0, 1)

lo = Ipvllz2(0,1) < CP~*oll oy »

v = Ipvl|Lee(o,1) + [0 = Tpvlmio,1) < CP™* o]l geo1) -
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Combining these results with triangle inequalities, an inverse inequality for polynomials [28,
Theorem 3.91] we obtain the estimate in the H'-seminorm as

915 — 9r5lmon <195 — Ipgsglaon + Ipgs g — 95 5lm o)
< CP2|lgps — Irgsgllzzon) + CP™* gy Zllmk o
< CP2llgy5 — 95 5lle20) + CP™* g Zllmrony o

and using L>2-estimate of Theorem 4. Similarly the estimate in the L>-norm follows using
an inverse inequality (Theorem 17 in Appendix B) for the L>°-norm.

REMARK 6 (Smoothness of hypersurface integrals). To obtain in general hypersurface
integrals g, 7 that are continuous in (0,1) and so H*(0,1)-regular with k > % that can be
approximated in Pp(0, 1) with a convergence rate larger than % we have to assume that 1
takes almost all values in [0, 1]. If ) does not take values in a subinterval I C (0, 1) then the
hypersurface integrals are zero for all y € I and might be discontinuous on 01. In this case
the convergence rate would be below %

Another source of limited smoothness of the hypersurface integrals are degenerated hy-
persurfaces, e.g., the cases where level sets {x € R",1(x) = yq} are not (n—1)-dimensional
hypersurfaces. For such a value yq the hypersurface integrals are not defined, however, its
limits from both sides of yq when y — yq may be defined and do not coincide in general. We
summarize a partial result due to G. Vigfiisson, characterizing the smoothness of hypersur-
face integrals for level set functions with elliptic points in the Appendix A.

REMARK 7. If one is only interested in the approximation in specific values of g f@(y),
eg aty = Y Yo € (0,1), as it would be the case for level set methods, fictitious domain
method or extended finite element methods, it might be worth to introduce a smooth cutoff
Sunction we : R — R with w.(0) = 1 and compact support (—¢, €). Clearly

9fowe@—ye)5We) = 95 5 (Ye)

and

| 91 50N = [ 1010 (560 = 5B [T G0 e

The integrand in the right hand side of the last equation vanishes in large parts of the domain
Q which reduces the amount of work required to assemble the right hand side of the weak
Sformulation (10). Alternatively, depending on the application and the concrete setting, it is
also possible to pursue a more localized approach, where the global integral g f@(y) is split
into a sum of integrals

g = Y aw =Y [ feodste,

KeTh KeTy, —
7 €T (xeN K B (0)=ye}

where the summation runs over the elements K of a triangulation Ty, of Q0. Exemplary for this
are the fictitious domain methods, where one needs to evaluate integrals g I for a large num-
ber of different f with local support. Applying our method to the approximation of gfw(yc)
replaces the involved integration over non-polynomial level sets with quadrature on elements
K that is in general readily available.



3. Approximated Level Set Functions. In many applications only an approximation
of the level set function will be available. Moreover a rescaling of the level set function
will be necessary to ensure that it maps onto the unit interval [0, 1]. It is therefore useful to
quantify precisely the consistency error of the L? projected hypersurface integrals due to the
approximation error of the level set function.

In the following we will consider a continuous, bounded scalar function ¥ : @ CC
R™ — R and introduce the normalization

() ()
$L() — 90 (8)

With () = infeqtb(x), BO(1) = Supyeqth(x).

Let V},, C C’O(Q) be a finite element space defined over a triangulation 7}, of €0, where
h > 0 corresponds to the largest diameter of an element of the triangulation and p to the
polynomial degree on the reference element. In the following we think of vy, € V3 as
approximation of ¢ with vy, , : 2 — R and we assume standard approximation results

¥(x) €(0,1),

&) 1Y — Ynpllrz < ChPTY and (|9 — ¢pp| i) < ChP.

So 9, , can be for example the L? or another kind of Galerkin projection of 1. We refer
to Sec. 5.2, where 9y, ,, is the Galerkin projection of the solution v of a partial differential
equation. In the application of the axisymmetric magnetohydrodynamic equilibrium problem,
1) is the so-called poloidal flux that is solution of an elliptic quasi-linear partial differential
equation, the Grad-Shafranov equation.

Let us introduce the weak formulation for the hypersurface integrals of the discrete level
set function v, ,,: Find gi T € Pp(0,1) such that

1
a0 [ah 5 A= [ 60T, (0T, (0ldx YA€ Pr(0.1).

We introduced here also f, ,(x) to cover cases where f depends on 1) and, hence, fhponits
approximation. For example f, ,(x) = [V, ,(x)| " for f(x) = [Vi(x)[~".

The practical implementation of (10) is based on the same two ingredients as the im-
plementation of (5). As )\(Eh)p) is piecewise smooth and polynomial with respect to the
mesh underlying the definition of V}, ,, we can assume here that the right hand side can be
computed exactly and focus on the consistency error due to vy, .

We have the following well-posedness and convergence results, the latter balancing the
best approximation error infiep, (0,1) [A — 94 5l £2(0,1) With the discretization error of Dhp
as specified in the following theorem.

THEOREM 8 (L?2-error with discrete level set function). Let the assumptions of Corollary
2, case (ii), be fulfilled and let f,;, : @ — R U {—o00,00} and fp, |V, | € L*(Q). Then

the solution g; 7 of (10) is well-defined in L*(0, 1). If moreover grp €H™ (0,1) then
v,py Y h,p S

there exists a constant C' > 0 such that for all k < m

Hgf,w@h'p — 9 5ll200) <C (P Fllgsullmeo,n) + £V = frp VonplllL2 )

1
+ P20 = Ynpll oo ) LA IV 22 ) 19911 51| Eoe 0.1) -




Proof of Theorem 8. The well-posedness of (10) is a simple consequence of Corollary 2
when replacing f and ¢ by fp , and 1}, ,. We introduce the following notation for the exact
integrals

I(v) = /Qv(x) dx .

To prove the estimate on the discretization error we use the Strang lemma that implies

P .
||gfh,17!$h,p - gf,E”LQ(O,l) <2 Aeg}}fo,l) [IA— ngHLz(O’l)

+ sup ’I(f|va\)\o@) 7I(fh,p|vah,p|)\oah_’p)’
PP (0,1) [RYFEICR ’

where the first term is bounded using Theorem 4. Now, using the triangle inequality and the
mean value theorem we obtain for the numerator in the second term on the right hand side for
some function 7: 2 — (0, 1)

[L(fIVYIX 0 ¥) = I(frp|Viby A0 ¥y, )]
(11) < I((FIVY] = fap Vi DA 0 )| + [I(frpl VU pl(A 0 b = Aoty )
< |I((fIVO] = faplVUn DA 0 )| + [T(frp |V | (0 — 1y )X 0 1)|

By the coarea formula (3) and the Cauchy-Schwarz inequality we find
(12)

1
[Ao 1/’||2L2(Q) = /Q>‘2 oY dx = /0 )‘29|vm—1@dy < ||>‘||%2(o,1)||9|vm—1,@”L°°(0,1) )
and

(13) ||(/\/ © U)(ah,p - E)”LQ(Q) < ||X||L°°(o,1) ||Eh,p - @HL?(Q) .

Next, as X' is a polynomial of degree P — 1 (cf. Lemma 17) and with inverse estimates [28,
Theorem 3.91] we get

(14) [N 2o 0,1y < PlIN L2 (0,1) » [Nl 22(0,1) < 2VBP2(| M| £2(0,1) -
Hence, using the Cauchy-Schwarz inequality, (13) and (14) in the last line of (11) we find
lof 5. = 9ralezen < C (P lgpullmmon + 1FIVO] = funl Vil 2@
+ P2 — by, pll L2 1 frp VU plll L2(0)) -
Now, applying Lemma 19 with ¢ = ¢, fy = f, Y- = tp,p and f_ = fpp and

the fact that we have an upper bound of 1/(¢°(¢), ) — ¥' (¢, ,,)) and that we can bound
| fh,p| VUn plll L2(c2) by @ multiple of || f|V4)||| 12(q) the assertion of the theorem follows. O

REMARK 9. Our numerical experiments in Section 5.2 indicate that the high powers of
P in the bound of Theorem 8 are by far too pessimistic.

Similarly as in the proof of Corollary 5 we can use the L2-estimate in Theorem § to
obtain estimates in the H'-seminorm and the L°-norm.
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COROLLARY 10 (L and H'-error with discrete level set function). Let the assump-
tions of Theorem 8 be fulfilled. Then, there exists a constant C' > 0 independent of P such
that for all k < m,

<C (P "lgrpllmro1) + 1 FIVY] = fapl Vnpllz2e)

P_1||gj;p@hp - gf@”Lw(O,l) }
+ PP — Ynpll (e - |

—-2|,P .
P ‘gfh,paah,,p - gfﬂb'Hl(O,l)

REMARK 11. It is straightforward to replace Pp(0,1) in (10) with some other finite
dimensional approximation space, such as spline spaces, for which we can prove a similar
convergence results as in Theorem 4. On the other hand it is a priori not obvious, whether,

due to the lack of regularity of \(v), the standard quadrature on elements of the mesh Ty,
underlying the definition of Vy, ,, is sufficient to establish an implementable method.

4. Quadrature. A practical implementation of (5) requires to detail the approximation
of the right hand side for the case of non-polynomial level set functions. At first glance, we
could use the results from the previous section to introduce a practical method for arbitrary
level set functions, in simply approximating the level set functions by functions in some
finite element space V}, ,,. But there are two objections: First, the projection introduces an
additional step in the implementation and second, the analysis requires that the quadrature
is exact for polynomials of degree p + pP + (p — 1). The main result of this section, the
convergence assertion in Theorem 13, shows that a projection step is not necessary and that,
moreover, we can obtain convergence estimates for less expensive quadrature rules.

More precisely, the subsequent analysis addresses the following formulation: Find EJIZ 7 EI

Pp(0,1) such that

1
(150 | 50 M 0y = (72T V) ¥x € Pr(0.1).
with
N
(15b) Qn(w) =Y wv(x)),
j=1

where N is the number of quadrature points x; € €2 and weights w; € R.

THEOREM 12 (Well-posedness in the case of quadrature). Let the assumptions of The-
orem 1 be fulfilled and let f|N| € L*°(Q). Then, the solution EJI”DE of (15) is well-defined
in L*(0,1) and

(16) H?}T@Hm(o,l) S C(P+ D[ fIVYll L) 5

for some constant C' > 0 independent of P that does not depend on N neither if the quadra-
ture formula (15b) is asymptotically exact for constants for N — oo, i.e., imy_, 00 QN (1) =

2.

Proof. The variational formulation (15) differs from (5) only by its right hand side. It
suffices for its well-posedness to show that the right hand side is bounded in L2(0,1). Let us
call w € RY the vector of weights w;, j = 1,..., N that is bounded in ¢; for any N € R.

8



Hence,

N
Qn(fADIVE) =D wif (X)AW@ (x;) V)] < wllea [ £V oo | M £oe 0,1
j=1

< (P + Dllwle 1FIVEl e @) M 22 (0,1)

using a well-known results on polynomials in the last step (see Lemma 17).
Now, the Lax-Milgram lemma implies

1945l z20,1) < (P + Dlwle, [1FIVl L () -

Since Qn (1) = |lwll¢, and with the assumption that limy_,oo QN (1) = || there exists
an upper constant of ||w/||¢, for any N € N and the estimate (16) holds with a constant C'
independent of N. This completes the proof. a

Given well-posedness of (15), we provide an error estimate taking into account an addi-
tional consistency error due to quadrature in the evaluation of the integrals of the right hand
side. We will address the case of quadrature based on parametrically defined local quadrature
rules. Which means, we assume that there exists a triangulation 7, of Q with mesh-widtll
h := maxge7, diam(K), where each element K is the image of a reference element K
under an affine mapping @ : K~ K,ie.,

Rk
(17) Qvw) = D> > wikv(xjK),

KeT, j=1

with, e.g., wj k = @;| K| and x; k = Pk (X;) where W, and X; are weights and quadrature
points in K.

THEOREM 13 (L2-error in the case of quadrature). Let the assumptions of Corollary 2,
case (ii), be fulfilled, 95 € H™(0,1), m > 0, ¢¥ € HTY(Q), s > 1— 5, Where n
is the space dimension, and f|V¢| € W">®(Q), r > 1 and, Qn in (15) is based on a
parametrically defined local quadrature rule (17) that is exact for polynomials up to order q,
then there exists for all p < s withr > q — pP + 1 > 0, a constant C > 0 independent of
P and h but dependent of m, s such that the solution ﬁﬁa of (15) is well-defined in L*(0, 1)

and for all k < m,

1555 — 975l < C (P~ lg gl +PR 1190 e ([Pl 041
+h PP 19w @ l9yw1-1 gl E e 01))

Even though Theorem 13 is limited to parametrically defined local quadrature with affine
mappings P x, as shown in the following proof, the extension to C'*°-mappings is only tech-
nical.

Proof. With the assumption on f and 1) and in view of Theorem 12 the approximated
hypersurface integral §f 7 is well-defined in L?(0,1). We recall the notation for the exact
integrals 7



To prove the estimate on the discretization error we use the Strang lemma that yields
(18)

~p (1 = Qn)(fIVEIA 0 9)|
9r7 = 955llezo) <2 inf  |IA—g.7llL20,1) + sup -
1575 = 9sgllzzon <2, jul, 1A= 955llz20 rerpr0)  IAlzz2n
The first term on the right hand side of (18) can be bounded using Theorem 4 and the second
term is the consistency error due to quadrature. The function A o %) is not in general a polyno-
mial on the elements K of the triangulation 7, and we prefer to estlmate a similar term where
1 is replaced by a discrete 7},-piecewise polynomial approximation w h,p Of uniform polyno—

mial degree p < s that we will specify later. Then, on each cell K of 7}, the function A o z/J hop
is a polynomial of degree pP (in each direction). Using the Cauchy-Schwarz inequality and
a Bramble-Hilbert perturbation argument for local parametric quadrature (see Theorem 16)
we get

(19) | = Qn)(fIVY[X oWy, )| < CRIPPHY| FIV||ypramprsrioo (o |A 0 Pyl L2 () -

With the mean value theorem, stating that there is some function 7 :  — (0, 1) such that

(20) AW(X)) = AWy (%)) = X (1)) (B(x) = (X)) Vx €D,
and applying the triangle inequality we can bound
2 X0l < X0 B llL2() + 1N 0 ) (@ — D)l 2@ -

So altogether, recalling (12), (13) and (14) we obtain
I— V| Ao ),
0wy TZ@OUIVENCT)
AEL2(0,1) Al z2(0,1)

< ChIPPHY FIV |l wa-ppr.o ) (19191 5l Ee 0.1) + PPy — Pll2cey) -

As we have studied the consistency error with the piecewise polynomial E;p instead of 1) it
remains to bound

(I = Qm)(FIVEIN 0 T =0 )| = (I = Qw)(FIVIIN o0& = ,,)|
23) < OBl @) I 2o 0.1 B = Bl (o
< CPY IVl @ Il 20.0 1% = B plli=co)

where similarly to the proof of Theorem 12 the constant C' does not depend on NNV as the
quadrature is asymptotically exact for 4 — 0 and so N — oo. -
To complete the proof we need to specify ¢Z,p as an approximation to ¥. Now, we denote

by Eh)p a suitable projection of ¢ onto the Lagrangian finite element space of polynomial

degree p < s over the triangulation 7}, [4]. As @h’p might exceed [0, 1] we define @;p such
that

@Z,p( ) w @) Jh,ﬂ(x) - wl(@l,p)
V@) =) PO (WPny) — U (Wny)
where 4)* and 1! denote the supremum and infimum in €2, respectively. Hence, the ranges of

¢ and ¥y, ,, coincide and ¥, ,,(x) € [0, 1] for all x € Q. Now, with the equality

-c = Eh,p - 1/’1(%1,;)) . J 7 1/}1(@) 07\ 2107
Yhp =¥ = (wowh,p) — W (ny) ) - ww)) W =)
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and Lemma 19, we find that
HE - @h,p“lﬁc(ﬂ) < C”E - Eh,p”L‘X’(Q) .

By the assumption ¢ € H*"1(Q) there is a Eh_’p, e.g. the interpolation of 1) onto the La-
grangian finite element space of polynomial degree p < s over the triangulation 7}, such that
(see e.g. [5, Section 16])

_ 1_n,—
19 = pllLe @) < ChPt 2 [ grir(q) -
Combining the previous estimate we conclude with the statement of the theorem. a

5. Numerical Experiments and Applications. In this section, we present numerical
results for an example problem and a very relevant application from fusion science that allow
to study the influence of the discretisation parameters and support the theoretical results in
the previous sections.

5.1. Numerical Experiments. We choose Q = [—1,1]? and ¥(x) = (2?2 — 1)(z% — 1).
By symmetry arguments one establishes

Vi—-vu 2.2 / 2]
24) gf@(y) :4/ \/lJr (.%‘2 — 1)y o / (xlay—’_xll> dxy,
1

V=V S(ai—1+y) 22 —

so we can use standard numerical quadrature to find arbitrarily accurate approximations of
9y E(s) that we use as reference solution to validate the new method. We are performing
experiments with f = f;,i = 1,2,3 for f; = |[V4|, fo = 1, and f3 = |V¢|~!. The sketches
in Figure 1 indicate that the hypersurface integrals may lose regularity in the vicinity of 0
and 1 corresponding to points where ¢ attains stationary points, i.e. at y with ¢)(x) = y and
Vip(x) = 0.

5.1.1. Global quadrature. In our first experiment we approximate g, - by the method
(15), where we use very high order tensor product Gauss-Legendre quadrature with N =
(2P + 1)% quadrature points to evaluate the integral over {2 on the right hand side of (15).
We would like to stress that with this choice the right hand sides of (15) for g " and g s
are exactly evaluated and the consistency error due to quadrature, hence, does vanish. The
experiments confirm high order convergence that is limited only by the smoothness of g P
as stated in the convergence estimate of Corollary 5 (see Figure 1, bottom left).

To demonstrate the capability of superalgebraic convergence, we study the method with
f =wsfi, i =1,2,3 with the cutoff function

(25)

)

() = {|cos<w<w<x> —05)* B(x) € [0,1]
0 else

that improves the regularity in the vicinity of 1) = 0, 1 while keeping the hypersurface integral
aty = 0.5. More precisely, it holds g, , -(0.5) = g;, 7(0.5) and for appropriate choices
s € Nwecanensure g, , - € H%(0,1) even if 9.0 % H*(0,1). We observe a remarkable
increase of the convergence of the error for all three functions f;, i = 1,2, 3 (see Figure 1,
bottom right). Indeed, the error seems to converge even superalgebraically in the polynomial
degree P which agrees exactly with the convergence estimate in Theorem 4.

The convergence estimate in Theorem 13 suggests that the approximation error blows
up when we increase P while keeping the order of the quadrature rule fixed. To study this

11
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FIG. 1. Convergence in P for quadrature of P-adapted order. Top left: Sketch of the hypersurface integrals
§fi@for 1= |V, f2 = 1, and f3 = | V|~ L. Bottom left: Quadrature with N = (2P +1)2 points. Algebraic
convergence is limited by the global regularity of g b The visually encountered high (low) regularity of g [
(g [ ) is confirmed. Bottom right: To overcome the regularity constraints we redo the numerical experiment with

fi = ws fi withws as in (25), use quadrature with N = (2P 4 1)? points and observe superalgebraic convergence.

effect, we monitor the error as a function of the polynomial degree P for several fixed number
of quadrature points N in [—1,1]? (see Figure 2). As expected, the error decreases first for
increasing values of P, but for P approximately larger than /N the error increases again
with a very fast rate.

5.1.2. Local quadrature. To study the influence of parametrically defined local quadra-
ture we introduce a triangulation 7j, of rectangular elements K of diameter i and use on each
element a Gauss-Legendre quadrature to approximate the right hand side in (5). With this
quadrature the hypersurface integral §}3 5 € Pp(0,1) solves (15), where @ is of the form
(17). In Figure 3 we keep the polyno}nial degree P fixed and study the influence of the
quadrature order and refinement of the quadrature mesh. We observe high-order convergence
in the number of quadrature points up to a saturation that corresponds to the discretization
error | g?_ $(0'5) — 94, 7(0.5)|. The results indicate that the refinement of the mesh underly-
ing the ciﬁadrature rule leads to a convergence that does not deteriorate when increasing the
polynomial order P.

5.2. Application: the axisymmetric plasma equilibrium problem. For the appli-
cation of the axisymmetric magnetohydrodynamic equilibrium problem, 1) is the so-called

12
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FIG. 2. Convergence in P for quadrature of fixed number of quadrature points N = 102, N = 202, N = 302,
N = 402, N = 502 for the test case fo = ws fa (left) and f3 = ws f3 (right). We observe that the error decreases

superalgebraic for refinement of P until a certain level and increases afterwards. The optimal values of P are
approximately 5, 10, 15, 20, 25.
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FIG. 3. Convergence when refining the quadrature mesh for a fixed number N of quadrature points per element
and fixed polynomial degree P = 20 (left) and P = 30 (right) and f1 = ws f1.

poloidal flux and solves the following elliptic quasi-linear partial differential equation:

1 P
V. (Wv¢(r7 Z)) =j(r,¢) inQ;
Y(r, 2) = P at 02 ;

with ¢4 € R, V the gradient in two dimensions, 2 C (0, 00) X (—00, 00) and pg the constant
magnetic permeability of the vacuum. The right hand side j(r, ) is positive, but in general
non-linear in 1. Hence, by the maximum principle we have 1! = inf (r2)eq (1, 2) = Ppd.
The equation (26) is the Grad-Shafranov-Schliiter equation [13, 29, 20], that is one of the
central equations for modeling of magnetically confined plasma in tokamaks. The physical
properties of the plasma, characteristic time and length scales, are highly different for direc-
tions parallel and perpendicular to levelsets of ¢). Hence, the modeling of plasma equilibrium
evolution in tokamaks needs to take into account the very high anisotropy between these two
directions. This is achieved in discretizing a hypersurface-integrated version of the magneto-
hydrodynamic (MHD) equations [12], instead of the full MHD equations in three dimensions.
This procedure [15, Chapter 6] is equivalent to rewriting MHD equations in the curvi-linear
coordinate system that is induced by the level sets of the poloidal flux function ¢ and assum-
ing symmetry in the v-parallel direction. Some entries of the metric tensor of this non-linear

13
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change of variables are related to the hypersurface integrals (1) for n = 2, ds(x) = r ds and
dx = rdrdz. More precisely, these entries, the so-called geometric coefficients c. E(y) are
given as

27) ¢rp¥) =9 w15 W) -

For this reason, the modeling of transient plasma equilibrium evolution it is essential to be
able to compute such hypersurface integrals with high precision.

We have implemented the Galerkin method for (26) for the linear case j(r, ¥ (r, 2)) =
j(r, z) in CONCEPTS [9, 27, 34] (www.concepts.math.ethz.ch), using finite dimensional Ap-
FEM spaces V}, ,, for the approximations vy, , of 1. CONCEPTS provides tensor product
basis functions based on integrated Legendre polynomials on the reference square. We make
use of CONCEPTS’ ability to resolve arbitrary curved boundaries with known parametriza-
tion exactly in the mesh by transfinite interpolation techniques. We consider smooth domains
and functions j such that the solution % of (26) is approximated by Galerkin discretization
Yhp € Vip as

(28) ||1,ZJ - wh,p

with constants C' > 0 independent of & and p [28]. Moreover we have the pointwise estimates
[5, Section 22]

lL2() S CRPTY and  ||vp — Yy

() < ChP.

29) 1% = VnpllLe@) < C{

Next, fixing the polynomial degree P of the approximation EJIf ) = ﬁllf_ v 5(y) of the

geometric coefficients, the Theorem 8 and Corollary 10 assert /

1%, 5., ~crallzon | _ fom2 g} p=1,
12, 5., ~ crallaon O(hr+1) p>1,
for the Ejfh’p’%lp with f, , = f = 1/r? and

12— —c¢; 5l
\E’éh’p’ww—c Al = O(h?),
fh,Pthvp f H (011)

with f = |V|?/r? and f, , = |V ,|?/r?. Hence, once we invest reasonable amount of
effort to achieve high order accuracy for the approximations of ¢, we will be rewarded with
a likewise high order accuracy for the approximation of the geometric coefficients.

5.2.1. Numerical Experiment: Elliptic Equilibrium. We consider a model problem
with the data "4 = 0 and ji(r, 2) = = (% +2- 2(:;2)) and
(s, )\ _ (24 V2 —scos(nt) 2
2= {(ZE(57t)> N ( 3\/ESin(7rt) P (s,) € 10,27,

an ellipse with center (2,0) and minor and major radius v/2 and 31/2. The solution is given
by

be(r2) =2 (<r—2>2+292),

14
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FIG. 4. Elliptic equilibrium: Relative L%-error Eo(l,p) = ||tbn, p — Vg |20y /1¥Ell L2 () for increasing
polynomial refinement p (left) and increasing mesh refinement level [ (right).

and (rg(s,t), zr(s,t)) is a parametrization of its level sets, i.e. Yg(rg(s,t),zr(s,t)) =
s. With this we can find analytic expressions for geometric coefficients that are useful for
numerical experiments:

6 24
T —(y) == _19r.

¢4 5 W) = VA2 (el Ji—2y

Convergence of yi. To begin with, we are using the Galerkin method to determine an
approximation v, ,, of g in V3 ;. The convergence estimates (28) are clearly reproduced by
our experiments (see Figure 4).

Convergence of the geometric coefficients. In the following experiments we fix P =
15 and study the convergence of the geometric coefficients. The convergence in both the
L2-norm and H'-norm is in general better than predicted by Theorem 8 and Corollary 10.
We observe a convergence like h?|log(h)|?/® for p = 1 and like h?" for p > 1 for both
coefficients ¢ 4 T and c‘w,;ﬂz e (see Figure 5). Surprisingly, the additional consistency

error by taking f}, , instead of f in ¢ v.p2 7 does not seem to spoil the rate of convergence.
—z ¥E

The experimental results highligﬂt even more that the new method for computing the
geometric coefficients is most powerful, when combined with an high order polynomial ap-
proximation of v. In this case the approximation error in v decays very quickly and one
achieves low error levels in the geometric coefficients despite the positive powers of P in
front of this contribution, see Theorem 8 and Corollary 10. Finally, our experiments suggest
also that the high powers of the discretization parameter P in the estimates of Theorem 8
and Corollary 10 are too pessimistic (see Figure 6). We observe in these examples a conver-
gence like P rather than P* for the error in L2(0,1). For the error in H'(0,1) we see a
convergence like P 3 rather than PS. Additionally, we see in the experiments the saturation
levels for small P, which highlights that the discretization parameter P needs to be balanced
accordingly with h and p, to achieve a desired accuracy level with minimal effort.

5.2.2. Application: Solov’ev Equilibrium. Finally, we study a more realistic example,
taken from [21], that is a very popular and important benchmark case in computational plasma

physics. It corresponds to the data ¢4 = 0, j(r, z) = M;:T’EZO r and
0
(30) 0 ={(r,z) : > =r2 + 2argcos(t ,z:nar—osin t),0 <t <27},
0
,

where the parameters oy and qg are the so called major radius and the safety factor at the
magnetic axis, and the parameters a and ~ the so called effective minor radius of the domain
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and elongation of the domain. Then the solution of (26) is

K 1 1
Ys(r, z) = —%qu (4(7“2 —rd)? + ?TQZQ — a2r§> .
In our experiments we have chosen the parameter values 1o = 1, a = 0.32, k = 1.7 and
qo = 1.0.

Convergence of the geometric coefficients. For this example we do not have analytic

values of the various geometric coefficients ¢,z with f = 1/r* and f = [V4)|?/r?. Hence,

we explore the convergence behavior using a reference solution E‘}e% = E}%
WS 'WPhy,16

at a discretization with P = 15 for the discretization of the geometric coefficient and p = 16
on a two times refined mesh for the discretization of ¢g.

In Figure 7 we plot the error for refinement in the polynomial degree p and in the mesh
refinement level [. The polynomial degree is held fixed at P = 15. Here again we observe
spectral convergence for geometric coefficients ¢ 5 that involve functions f independent of
1g or functions that are dependent of 3. To achieve a certain error level with a minimal
number of degrees of freedom for the approximation v, ,, it is advantageous to chose larger
values for p rather than to work with very fine meshes. Figure 8 illustrates 103, 1 on the initial
mesh and after 1 and 2 refinements.

computed

6. Conclusions. We presented a novel high-order accurate method for numerical inte-
gration of functions over hypersurfaces. This method avoids the use of explicit parametriza-
tions of the hypersurface, that are in general not available. Both the numerical analysis and
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our numerical examples provide evidence of fast convergence. Moreover, the method is easy
to implement in a pre-existing finite element solver as it requires no extra geometric data
structures or non-linear solvers needed to explicitly resolve level sets. The only non-standard
component is the evaluation of test functions concatenated with the (possibly discrete) level
set function in the right hand side of the weak formulation. While the motivation of this work
clearly stems from plasma equilibrium modeling in nuclear fusion science, we want to high-
light that integrals over hypersurfaces are a standard task in many engineering problems and
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FIG. 8. Solov’ev equilibrium problem: Numerical solution 1y, 1 on the initial mesh (I = 0, left) and after
I = 1 (middle), | = 2 (right) geometric refinements via bisection along all coordinate directions (h; = 2~ 'hg). The
boundary OS2 is resolved exactly in all meshes by virtue of splitting the explicit parametrization in (30) at element
boundaries and applying transfinite interpolation.

an important building block in numerical methods, such as the boundary element method,
fictitious domains method, mortar element methods or level set methods. Shape optimization
problems or fluid structure interaction obviously require the approximation of hypersurface
integrals. As such the proposed method can have implications in many different areas.
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Appendix A. A few regularity results for hypersurface integrals. The assumption
9,5 € H k(0,1) in Theorem 4 is fairly strong. First of all it is obvious that g 7.7 might
lose regularity in the neighborhood of values y € [0, 1] where ¢ has a stationary point, i.e.
Vi)(x) = 0 and 1)(x) = y. Second, it can be expected that a loss of regularity ¢ influences
also the regularity of the hypersurface integrals. To our knowledge it is an open problem to
quantify precisely how the regularity of ¢ influences the regularity of g I There is also very
few theory available explaining how stationary points of ¢ influence the regularity of g I
The only result, we are aware of, is due to G. Vigfiisson, stated in [33, Theorem 2].

THEOREM 14 (G. Vigfusson 1979). Assume that the boundary 02 € C* is arbitrarily
smooth and that ) has only one stationary point in ), that is the maximum of ¢ in Q@ and
Yo = ! € R, then

9iva-ip €CM0.1), i feCTQ) and e CPH(Q).
Proof. The proof for n = 0 and n = 1 follows from various results in [32] and is based

on a technique called elliptic expansions that compares the contour lines of ¥ with ellipses
and quantifies the deviation. The Theorems 9 and 10 in [32, p. 62] provide

(31 G|VE|—1,$(') = /0 g|v@|—1’$(y/)dy/ € Cn+l([oa 1]) if E € 02n+2(Q),
18



with n = 0, n = 1 or n = 2. Furthermore, another theorem in [32, p. 75] states

GrroT-1 7 _
(32) WU om((0,1]), if f e C*(Q)and P € CHL(Q),
9919
with n = 0 or n = 1 and the assertion of Theorem 14 follows. O

Such a smoothness result is not true if v has saddle points in € as we see for the example in
the following remark.

REMARK 15. We consider Q = [0,1)%, ¢(r,z) =1 —rz and f(r, z) = > i 50 a2
with a;; € R. (r, 2) has a saddle point at (rx,zx) = (0,0) with yx = 1. We compute for
fi(r,z) =r"2", n,m e N, n # m:

1 1
G pivap) = /1y </(1y>/z Tnzmdr) "

) =t D)1=y (D gy
(m+1)(n+1)(m—n)

and for fa(r,z) =r"z", n € N:

1 1
Gravp-15W) = /1y (/(ly)/z T”Z”d7’> dz

_1-QQ—ymt (A —y)"log(l—y)
(n+1)2 n+1

)

which yields

-y - (-y"

m—n

I _— —_— —_ —
Gm%rlﬂ(y) = 9p v 5¥) =

and

G vo-1 W) = 9, vp- () = —log(1 —y)(1 —y)" .
Hence we find

Qf\v@—l,@(y) = Z Qij i ) G ) —log(1 —y) Z aii(1—y)'.

L= J—i ;
1, 201i#] 120

In the neighborhood of the saddle point y = yx (= 1) the hypersurface integral 95 v E(y)l
behave like log(yx — y) whenever agg # 0. In particular, gf\VEl—l.E(yX) is unbounded,
while the quotient g ;-1 5(yx) /¢y 5 (yx) is bounded:

9rva-1.5Y)
lim fIVY|[—19

= f(TX7ZX) = Qoo -
Yy—yYx 9|vm—1@(y)

Appendix B. Auxiliary results for the numerical analysis. In this section we collect
some auxiliary results.
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LEMMA 16. Let W; € Rand z; € R", 1 < j < R be weights and quadrature points

of a quadrature rule over an reference element K C R™ with diameter dlam(K ) =1 that is
exact for polynomials of degree q, i.e.

R

E(p) := / dx—z W;p(X;) =0 Vpe Py(K )

where Pq(f?) is the set of polynomials of degree q over K. Let K C R" be the image ofIA(
under an affine transformation. Then for all ¢ withq+ 1 > £

(33) l/ dx—|K|ijg (x;)&(x;)

j=1
< Cdiam(K) Y K| [|g]lwa-ee1.00 () €]l 2 0) VE € Pe(K).

Proof. We introduce

R

E(p) := /Kp(x)dx— K> @ip(x;))

J=1

and have (p = po @)

E(g¢) = |K|EGE) < CIK|GE 1~ ()
< CIK[1§] oo (e 1]l e )
< CLENGllya-ess.o (i) 1] Lo )
< C|K||/9\‘W'1—“+1v°°(f()Hé\HLOC(IA{)
< C|K||/g\‘wq4+1m(f()HgHIﬁ(I?)
< Cdiam(K)*~"*|K |2 |glwa—er1.00 ) 1€l 2 (k)
where in the third step we use W9=1+1:2°(K) < CO(K) since ¢ — [ + 1 > 0, the fourth step

is Bramble-Hilbert, the fifth step equivalence of || - || Lo () and -1l r2(i%) On P(K) and the
sixth step follows from scaling due to back transformation. a

LEMMA 17 (L*°(0, 1)-bounds of polynomials). For any A € Pp(0, 1) it holds

[Allze (0,1 < (P4 DIAllz2(0,1) -

Proof. Taking the (shifted) Legendre polynomials Ly, k = 0, ..., Pas L?(0, 1)-orthogonall]
basis of Pp(0,1) with ||Ly| z2¢0,1) = 1/v2k + 1 and the fact that all L, are all in [0, 1]
bounded by 1 [1, Chap. 22] and so ||Li|[z~(0,1) < 1 = V2k + 1||Ly| 12(0,1) We find for
A= EkP:O A Ly, that

P P
Mzoeo,1) < > el Zrllze o) < D V2E+ LAkl Lkll 20,1y < (P + DA 22(0,1) »
k=0 k=0

where we used the orthogonality of Ly in the last step, and the proof is complete. a
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LEMMA 18. For any functions ¥+ € L (Q) it holds

inf g (x) — inf ¥ (x)

L2y =)

SUP 4 (x) = sup Y (x)| < 2[|Yy = -l -

xeQ

Proof. We prove the first assertion and remark that the second follows analogously.
Without loss of generality let € := infycq ¥4 (x) — infxeq ¥—(x) > 0. Then, there ex-
ists x* € ) such that

Yo (x) 4+ 5 < inf Ui (x) S 0L (x).
Hence,

€ <2 (P (x7) = - (x7) < 2[4 = Y-l
and the proof is complete. a

LEMMA 19. Let | - |q be a seminorm on Q, fi,¢y € L*(Q) such that |{p+|q < oo,

PO(Yr) = subyeq Vs, ¥ (Y1) = infxeo e, ¥O(s) > ' (Ya) and ¥y = (Y1 —
PO(1)) /(P (e) — p°(1h1)). Then, there exists a constant C independent of 1 such that
W+ B w—’sz + Hw+ B w—HLm(Q)

Y, —p C
’1/1-1- w—’szg w()(w_)iwl(w_)

If moreover 1o € H'(Q) then with a constant C independent of 1)_ it holds

‘f+|v¢+| - ff|V1/’7HQ + HI/’+ - w*HLW(Q)
PO(P-) =Pt (¥-) '

Proof. The first estimate follows by the equality

[f4 Ve = f-IVY [, < C

(W (=) — W0 () By — D) = (r — Y) — oSS (0 () — ()
— Sl () — ¥t (e-),
the triangle inequality and Lemma 18. Similarly, with the equality

(W (W) = @)V = FIVO_]) = fo V| = f-|Vy-|

_ J+IViy 1 o o o
¢1(¢+)_¢0(¢+)(¢ (V1) =¥ (=) + " (¥4) — ¢~ (¥-))
we obtain the second estimate. 0
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