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Abstract

In Kohn-Sham electronic structure computations, wave functions have singularities at
nuclear positions. Because of these singularities, plane-wave expansions give a poor approx-
imation of the eigenfunctions. In conjunction with the use of pseudo-potentials, the PAW
(projector augmented-wave) method circumvents this issue by replacing the original eigen-
value problem by a new one with the same eigenvalues but smoother eigenvectors. Here a
slightly different method, called VPAW (variational PAW), is proposed and analyzed. This
new method allows for a better convergence with respect to the number of plane-waves.
Some numerical tests on an idealized case corroborate this efficiency. This work has been
recently announced in [3].

Introduction

Solving the N-body electronic problem is numerically impossible even for small molecular sys-
tems. Various nonlinear one-body approximations of this problem have been proposed, among
which Hartree-Fock theory, post-Hartree-Fock methods and density functional theory, which
describe fairly well the ground-state electronic structure of many molecules. However it can
still be expensive to compute the desired properties with these approximations. In solid-state
physics, plane-wave methods are often the method of choice to compute the lowest eigenvalues
of Kohn-Sham operators. However Coulomb potentials considerably impedes the rate of con-
vergence of plane-wave expansion because of the cusps [13, 11, 9] located at each nucleus. Over
the years, several strategies have been developped to tackle this problem.

In most situations, the knowledge of the whole energy spectrum of the Kohn-Sham Hamil-
tonian is not needed. Only eigenvalues belonging to a small energy range are. Indeed, it is
well-known that the chemical properties mostly come from the valence electrons. So it would be
satisfactory to replace the Coulomb potential and nonlinear interactions with the core electrons
by a smooth potential that reproduces the exact spectrum in the relevant range. This is the
main idea behind pseudopotential methods. Specifically, pseudopotentials are designed to match
the eigenvalues of the original atomic model in a fixed energy range. So when used in molecular
or solid-state simulations, it seems reasonable to hope that they will accurately approximate the
sought eigenvalues. Pseudopotentials can also be introduced to take into account relativistic ef-
fects at lower cost [8]. Thus a wide range of pseudopotentials with different properties have been
developped, among which, Troullier-Martins [23] and Kleinman-Bylander [14] norm conserving
pseudopotentials, Vanderbilt [24] ultrasoft pseudopotentials and Goedecker [10] pseudopoten-
tials. A mathematical study of the generation of optimal norm-conserving pseudopotentials for
the reduced Hartree-Fock theory and the local density approximation to the density-functional



theory has already been achieved [6]. So far as we know, it is the first mathematical result on
pseudopotentials.

Another strategy is to use a better suited basis set. This is the spirit of the augmented plane-
wave (APW) method [21, 15]. The APW basis functions are discontinuous: inside balls centered
at each nucleus, a basis function reproduces the cusp of atomic electronic wave functions and
outside these balls, it is a plane-wave. One thus tries to get the best of both worlds: having
the singularity behavior encoded in the basis functions and at the same time, having the plane-
wave convergence property outside the singularity region. This method can be viewed as a
discontinuous Galerkin method and its mathematical analysis has been carried out in [7].

The projector augmented-wave (PAW) [4] method relies on the same idea as the APW
method but here, instead of using another set of basis functions, the eigenvalue problem is mod-
ified by an invertible transformation which carries the cusp behavior and/or fast oscillations in
the vicinities of the nuclei. Specifically, the operator acts locally in a ball around each nucleus
and maps atomic wave functions to smooth functions called pseudo wave functions. The form
of the transformation is compatible with slowly varying pseudopotentials in the Hamiltonian.
Doing so, one replaces the Coulomb potential by a smooth potential without changing the spec-
trum of the original operator. The solution of the corresponding generalized eigenvalue problem
can then be advantageously expanded in plane-waves. Because of the one-to-one correspondance
between the pseudo and the actual wave functions and its efficiency to produce accurate results,
the PAW method has become a very popular tool and has been implemented in several popular
electronic structure simulation codes (Ablnit [22], VASP [16, 17]).

A crucial assumption in the PAW method is the completeness of the basis of atomic wave
functions used to build the PAW transformation. In practice, infinite expansions appearing in
the generalized eigenvalue problem are truncated, introducing an error which is rarely quantified.
In the variational PAW method (which will be referred to as VPAW in the following), a finite
number of functions is used right from the beginning, avoiding this truncation error. Although
pseudopotentials can no longer be incorporated, an acceleration of convergence is obtained.
This acceleration can be precisely characterized in the case of the double Dirac potential in a
one-dimensional periodic setting.

Before moving to the 1D model we analyzed, we will briefly introduce both PAW and VPAW
methods applied to a 3D Hamiltonian and explain the major differences between both ap-
proaches. More detailed expositions of the PAW method in various settings can be found in
[1, 12, 20].

1 PAW vs VPAW methods

1.1 General setting

The general setting of the VPAW method for finite molecular systems has been presented in [3].
In this paper, we will focus on the derivation of the VPAW equations in the periodic setting.
For simplicity, we restrict ourselves to a linear model.
The crystal is modelled as an infinite periodic motif of N, point charges at positions Ry in
the unit cell
I'= {alal + aag + asag, (a1, az, a3) € [—1/2, 1/2)3} ,

and repeated over the periodic lattice
R = Za, + Zas + Zas,

where aj,ag, ag are linearly independent vectors of R3.



In the linear model under consideration, the electronic properties of the crystal are encoded
in the spectral properties of the periodic Hamiltonian Hpe, acting on L?(R3):

1
Hper = _iA + Vper + Wpery

where Ve is the R-periodic potential defined (up to an irrelevant addition constant) by

Nat
1
—AVper = 47 (Z > 7 (5R (-+T) - ))
Teri=1 ' T’ (1.1)
Vper is R-periodic.

For simplicity, Wper is a regular enough R-periodic potential. In practice, Wpyer is a nonlinear
potential depending on the model chosen to describe the Hartree and exchange-correlation terms
(typically a Kohn-Sham LDA potential).

The standard way to study the spectral properties of Hpe, is through Bloch theory which
will be outlined in the next few lines. Let R* be the dual lattice

R* = Zaj + Zaj + Za3,

where (af, a3, a3) satisfies a; - a7 = 2md;;. The reciprocal unit cell is defined by

1 = {aia] + asaj + azad, (a1, a5,03) € [~1/2,1/2)°}.

As Hper commutes with R-translations, Hper admits a Bloch decomposition in operators Hq
acting on

Lf,er(F) = {f € L3 .(R®) | f is R-periodic},

with domain

ngr(l“) = {f € H.(R%) | f is R-periodic}.
The operator Hq is given by:

1
Hy = 5\ — iV +a]* + Voer + Wper, q €T

For each q € I'*, the operator Hg is self-adjoint, bounded below and with compact resolvent.

It thus has a discrete spectrum. Denoting by F1q < Eaq < ..., with E, -2 +o00, its
n o0
eigenvalues counted with multiplicities, there exists an orthonormal basis of Lger(l’) consisting

of eigenfunctions (¢, q)nen
HqYn,q = Enq¥n,q- (1.2)

The spectrum of Hy,, is purely continuous and can be recovered from the discrete spectra of all
the operators Hq, q € I'*
o (Hper) = U o(Hgq)-
qel™

The PAW and VPAW methods aim to ease the numerical approximation of the eigenvalue
problem (1.2). For clarity, we will only present the case q = 0 and denote Hy by H as this special
case encloses all the main difficulties encountered in numerically solving (1.2). Transposition to
q # 0 can be done without problem.



1.2 The VPAW method for solids

Following the idea of the PAW method, an invertible transformation (Id + T') is applied to the
eigenvalue problem (1.2), where T is the sum of operators Ty, each T acting locally around
nucleus I. For each operator T7, two parameters N; and r. need to be fixed:

1. the number N; of PAW functions used to build 77,
2. a cut-off r. radius which will set the acting domain of T7, more precisely:

e forall fe L2 (T), supp(Trf) C U B[Ry + T,r.), where B(R,r) is the closed ball
TeR
of R? with center R and radius r,

o if supp(f)N U BR;+ T,7r.) =0, then T; f = 0.
TeR

The cut-off radius 7. must be chosen small enough to avoid pairwise overlaps of the balls (B(R+

T,7c))1<1<NTeR-
The operator 17 is given by:

Ny
Tr = > (¢(r = Rp) — 6 (r — R1))(Bi(- — Ry) , ), (1.3)
k=1
where (o, o) is the usual Lger—scalar product and the functions qﬁi, ggé and ;5,{; are functions in
L?.(I).
per

These functions, which will be referred to as the PAW functions in the sequel, are chosen as
follows:

1. first, let (¢f)1<k<n, € (L2(R3))NT be eigenfunctions of an atomic non-periodic Hamilto-
nian

Hiop = enpr, € <ep<ef<..., /RS Crel = Ok,
with H; defined by
1 7
Hi=—-A-2L w
I 5 ] + W([r]),

where W is a regular enough bounded potential. The operator Hy is self-adjoint on L?(R?)
with domain H?(R3). Again, in practice, W is a radial nonlinear potential belonging to
the same family of models as Wy, in Equation (1.1). The PAW atomic wave functions

((ﬁé)lgng, € (Lger(F))NI satisfy:
e forl<k<NyandreTl, qﬁé(r) = Spi(r),
e ¢! is R-periodic;

2. the pseudo wave functions (5@5;@ N;, with Ny < Zj, are determined by the next condi-
tions:

(a) inside the unit cell T, $£ is smooth and matches ¢! and several of its derivatives on
the sphere {|r| = r.},

(b) forr € R*\ U B(T,re), o4 (r) = o4 (r);
TeR

3. the projector functions (pf)i1<k<n, are defined such that:

(a) each projector function i is supported in | B(T,7.),
TeR

(b) they form a dual family to the pseudo wave functions (¢L)1<p<n,: (Bh, k) = Opp-



By our choice of the pseudo wave functions <Z£ and the projectors ﬁi, T; acts in

U E(R[ + T,TC).
TeER

The VPAW equations to solve are then:

Y = BSY, (1.4)
where N
=(Id+T)HId+T), S=Id+7)"(Id+T1T), (1.5)
and
Nat
T=> T
I=1

Thus if (Id 4+ T) is invertible, it is easy to recover the eigenfunctions of H by the formula

Y = (Id + T, (1.6)

and the eigenvalues of H coincide with the generalized eigenvalues of (1.4). .
By construction, the operator (Id 4+ 77) maps the pseudo wave functions ¢ to the atomic
eigenfunctions ¢:

(Id + 7)oy, = i

so if locally around each nucleus, the function v "behaves" like the atomic wave functions ¢,
we can expect that the cusp behavior of v is captured by the operator T, thus v is smoother
than ¢ and the plane-wave expansion of ¢ converges faster than the expansion of .

1.3 Differences with the PAW method

The PAW equations solved in materials science simulation packages are different from the VPAW
equations (1.4). As in [4], the construction of Tt involves "complete infinite sets of functions ¢,

I') supported in the balls |J B(Ry+T,7.),
TeR

¢k and Pl in the sense that for a function f € L2 (

we have :

i L f = f(z), foraa. ze |J BR;+T,r). (L.7)
=1 TER

This relation enables one to simplify the expression of (Id + T*)H(Id + T) and
(Id4+T*)Id+T) to

at o0

HPAY = (1d+TYH(Id+T)=H+ > > pl(-—
I=14,j=1

(¢61( = Ra), HOL(- = Rp) — (] (- = Rp), HOL(- —R)))) (5(- —Ry) @), (1.8)

and
Ngt o0
SPAW = (1d+T*)(Id+T) =1d+ > > p/(- —Ry)
I=14j5=1

(61 = R1), 01 (- = R)) = (6 (- = Ra), &} (- = Rp))) (B(- —Ri) o). (1.9)

HPAW SPAW

In practice, the double sums on ¢, j appearing in the operators and are then
truncated and the so-obtained generalized eigenvalue problem is solved. Thus the identity
1 = (Id+T)% does not hold anymore and the eigenvalues of the truncated problem are different



from the exact ones. An analysis of the eigenvalue problem HPAW f = ESPAW £ in our 1D-toy
model will be provided in another paper [2].

In contrast, the VPAW approach makes use of a finite number of wave functions gb{ right
from the beginning, avoiding truncation approximations.

A further modification is used in practice. As the pseudo wave functions $£ are equal to qﬁi

outside the balls |J B(R; + T,r.), the integrals appearing in (1.8) can be truncated to the
TeR

ball B(Ry,r.). Doing so, another expression of HFAW

can be obtained :

Nat 00
HPAW — ([d+THHId+T)=H+ > > pl(- -
I=14,j=1

(¢ =Rp), HoJ(- = Rp)R, — (6] (- = Rp), HO}(- = RD)R, ) (5 (- — Ra) o),

where

(f . 9)Rs —/B(R”)f(w)g(x) dz.

Using this expression of the operator HAW it is possible to introduce an R-periodic potential
VPP such that :

1. VPP =V, outside U U B[R+ T,r.),
TeR I=1

Nat __
2. VPP is smooth inside J Ut B(R;+T,r.).
TER =1

The expression of HPAW s

Ngt o0

HPW = Hys+ 3 > pi(- = Ry)
I=14,j=1

(616 = R) . HOL( —R))m, — {0/ (- —Rp) Hyudl (-~ Ri)m, ) (9} —Rp) o), (1.10)

with Hg:
1
Hps = —5A+ VEP

where VPP is a smooth pseudopotential. Note that, in practice, the sum of 4,5 in (1.10) is
truncated to some level Nj.

A study of the associated eigenvalue problem will also be provided in the aforementioned
paper [2]. Some numerical tests comparing the VPAW and PAW methods in our one-dimensional
toy model can be found in Section 6.

1.4 Computational complexity

A detailed analysis of the computational cost of the PAW method can be found in [19]: the
cost scales like O(NM + M log M) where N = >"; Ny is the total number of projectors and M
the number of plane-waves. Usually, NV is chosen relatively small, but M may be large, so it is
important to avoid a computational cost of order M?2.

In practice, we are interested in the cost of the computation of H ¥ and 51/7 where ¢ is
expanded in M plane-waves as the generalized eigenvalue problem is solved by a conjugate
gradient algorithm. We will only focus on H 1 since the analysis S1 is similar. Let us split H
into four terms:

H¢ = Hi + PDy Py + H (q> - 513) PTy + PH (<I> - 51“>)T¢,

6



where P is the M X N matrix of the projector functions, H(Cb—ff)) the M x N matrix of the Fourier
representation of the N functions H(¢; — ¢;), and Dy is the N x N matrix (¢; — ¢; , H(¢pj — ¢5)).
The computational cost can be estimated as follows (the cost at each step is given in brackets):

1. Hi is assembled in two steps. First, —%Ag@ is computed in O(M) since the operator %A
is diagonal in Fourier representation. For the potential V', apply an inverse FFT to ¢ to
have the real space representation of 1, multiply pointwise by V and apply a FFT to the

whole result (O(M log M));

2. for PDyPT4, compute the N projections P74 (O(MN)), then successively apply the
matrices Dy (O(N?)) and P (O(MN));

3. for PH(® — ‘I>)T1E, similarly apply successively H(® — iD)T to ¢ (O(MN)) and P to
H(® — )"y (O(MN));

4. for H(® — é)PTzﬁ, we proceed as in step 3.

Thus, the total numerical cost is of order O(M N + M log M) which is the same as for the PAW
method.

The matrix H(® — <T>) is approximated by a plane-wave expansion, which may be a poor
approximation because of the singularities of ®. However, it should be noticed that this is only
an intermediary in the computation of ¢, which is well approximated by plane-waves. Hence it
is not clear that a poor approximation of H(® — (f) should imply a poor approximation of .

1.5 Generation of the pseudo wave functions

In practice, there are two main ways to generate the pseudo wave functions &, and the projectors
Pr introduced by Bléchl [4] and Vanderbilt [18]. For both schemes, the generation of the PAW
functions has to be done for each angular momentum £.

1.5.1 Vanderbilt scheme

Atomic wave function The functions o are simply the atomic wavefunctions defined earlier
i.e. solutions to the atomic eigenvalue problem

H[@£:€k¢£a 6{§6£§6§§-"7 /ﬂ@gg@gl.gpi:éjk,
with 1 Z
Hr=—-A— 5+ W(jx]).
L Ra)

The eigenfunctions ¢ can be decomposed into a spherical part Yy, -the real Laplace spherical
harmonics- and a radial part R,

Ry(r)

or(r) =

where k stands for the multiple indices (n,¢,m) and r = (r,w) is written in polar coordinates.

Yom (),

Pseudo wave function The pseudo wave functions E#Ek are given by :

Rnf(r)

vreT, gk(r) = Yom (w)-
Various choices of R,y are possible, for example, in [18], Ry is a polynomial inside the augmen-
tation region B(0,7) :

Rne(T) =

~ s > o corr?* for 0 < r <7,
Rpe(r) for r > r,



or in [17], a sum of spherical Bessel functions jy :

Rnﬁ(r) =

= rY 8 owjelqer) , for 0 <r <r,
Ry(r) for r > re,

and the coefficients are chosen to match as many derivatives of R,y as possible at r..

Projector function First, define :

0+ 1)
272

o) = 3R + (B = S5 - V) R,

where V,FP(r) is usually the Troullier-Martins pseudopotential [23] although other choices are
possible.
By construction, supp(xn¢) C [0,7.]. Let B be the matrix

an’ = /0 Rnf(T)Xn’K(T) dr.

The radial parts of the projector functions are given by

N
Pae(r) = Y xwelr) (B7)
n'=1

nn

The projector functions are defined by
ﬁné(r) = T)/Km(w)
This ensures that (Bne , o) = G G-

1.5.2 Blochl scheme

The PAW functions are generated in two steps. For each angular momentum ¢, we define
auxiliary functions R?w and pge:

Auxiliary functions Let x(r) be the cut-off function

sin(wr/rc)
() = 4 G oS Te
0 for r > re,

and let (Chy, Rgz)neN* be the unique solution to:

—L(RO)"(r) + LEL RO, 1 (VPP — B)RY, = Crpx(r)RY,, 0 <r <,

7,00 =0 111
R?w(rc) = R?w(rc% (f%?w)’(rc) = (RSLZ)/(TC)'

Let pge be the auxiliary functions:

_ X(T)Ege(j) ’
RO, ()X (r) RY,(r))

pgf(r) = (

where

(f9) = [ #)gtr) ar

8



PAW functions Finally the radial part of all the PAW functions are constructed with a
Gram-Schmidt process. We describe it here assuming that only two quantum numbers n; < ng
are needed for the computation. However, one should bear in mind that, on the one hand,
usually, no = ny + 1, and on the other hand, although limiting the procedure to two quantum
numbers is in general sufficient for practical purposes, it is straightforward to generalize the
following orthogonalization procedure to an arbitrary number of quantum numbers.

1. Basis: the first set of functions f?nl ¢» Pnye and IRy, g, corresponding to the lowest principal
quantum number n used, are defined by

5 50 0 0
Rnlé = Rn1€7 Pnit = Ppyes Rnlf = Rnlﬁ'
2. Inductive step: if there is a second radial basis function for ng > nq,

e first, the function ]5;22 ¢ is orthogonalized against py, :

Rpt(r) = Fgt (BS,6(r) = Boye(r) (pusel Biye) ) (1.12)

where the factor

1

(1 - (Egzz’pnw) (Egle\Pthf))m

fngZ:

is a normalization constant;

e similarly, the function p?wz is orthogonalized against Rnlg by noticing that
0 _(p0 1,0 ).
(R’rLQf’pnl‘e) - (Rnlf‘pngﬁ>

pn2g(7“) = Fnyt (pggf — Pnyt (E’(rjlgdpnle)) )

e finally, to ensure the continuity between the radial functions R,,,, and Em ¢, we apply
to RgQ ;, the same linear combination in Equation (1.12)

Ry(r) = Frae (Roge(r) = Ruge(r) (poyel RSe) ) -

The PAW functions are given by

Gnem(z) = Rni(r) Yo (0, ¢),
5n€m($) = ]%nf.(r) }/Zm(ea 90)7
ﬁném(l') = pni(r) }/Em(ea 90)'

Organization of the paper In this paper, we apply the VPAW formalism to the double
Dirac potential with periodic boundary conditions in one dimension. The eigenfunctions of this
model have a derivative jump at the positions of the Dirac potentials which is similar to the
electronic wave function cusp. Furthermore, the eigenvalues and eigenfunctions being known
analytically, it is possible to confront our theoretical results to very accurate numerical tests.

In Section 2, we carefully present the VPAW method in our framework. In Section 3, Fourier
decay estimates of the pseudo wave functions are given as well as estimates on the computed
eigenvalues. Proofs of these results are gathered in Section 4. In Section 5, we discuss the effect
of the addition of a smooth potential to the double Dirac model. Numerical simulations which
confirm the obtained theoretical results are provided in Section 6.



Notation

From now on, (-,-) denotes the usual inner product in L2,.(0,1).

Let f be a piecewise continuous function. We denote by:

[fle = flay) = fla),

where f(z4) and f(z_) are respectively the right-sided and left-sided limits of f at z.
Let f be a continuous function. We denote by

/---/f(x) = /x]l t7+1f(t2j+2)dt2j+2...dt1
— 00 0
2j+2

the (27 4 2)-primitive function of f vanishing at 0 as well as its first (25 + 1)-st derivatives.
For a and b in RY, a - b is the Euclidean inner product. ey, is the k-th canonical vector of R%
or RV. Iy is the identity matrix of size N.

2 The VPAW method for a one-dimensional model

2.1 The double Dirac potential

We are interested in the lowest eigenvalues of the 1-D periodic Schrédinger operator H on
Léer((lgﬁ) = {¢ € LY (R) | ¢ L-periodic} with form domain H}(0,1) :={¢ € L} (R) | ¢' €

loc

He oo = 203 00~ 20 Y bran (2.1)

where 0 < a < 1, Zy, Z, > 0.
A mathematical analysis of this model has been carried out in [5]. There are two negative
eigenvalues Ey = —w? and E; = —w? which are given by the zeros of the function

f(w) = 2w?(1 — cosh(w)) + (Zy + Z4)wsinh(w) — ZoZ, sinh(aw) sinh((1 — a)w).
The corresponding eigenfunctions are

A i cosh(wgx) + By g sinh(wgz) , 0 <z < a,

Yr(x) = { ~ )

Aj  cosh(wyx) + By sinh(wgz) , a < x

IN |

where the coefficients A; , Agy, B1 and By are determined by the continuity conditions and
the derivative jumps at 0 and a.

There is an infinity of positive eigenvalues Ejio = w,% 4o which are given by the k-th zero of
the function :

f(w) = 2w*(1 = cos(w)) + (Zo + Za)wsin(w) + ZoZ, sin(aw) sin((1 — a)w),
and the corresponding eigenfunctions Hyy, = wzwk are

Aq j, cos(wg) + By g sin(wgz) , 0 <z < a,

Yr(x) = {

A i, cos(wix) + By psin(wgx) , a <z <1,

where again the coefficients Ay i, A 1, By and By}, are determined by the continuity conditions
and the derivative jumps at 0 and a.

10



2.2 The VPAW method

The principle of the VPAW method consists in replacing the original eigenvalue problem
Hy = EY,
by the generalized eigenvalue problem:
(Id 4+ T)*H(Id + T)¢ = E(Id + T)*(Id + T)1), (2.2)

where Id + T is an invertible bounded linear operator on L2_.(0,1). Thus both problems have

per
the same eigenvalues and it is straightforward to recover the eigenfunctions of the former from

the generalized eigenfunctions of the latter:

Y = (Id + T)3. (2.3)
T is the sum of two operators acting near the atomic sites
T=Ty+T,.
To define Tp, we fix an integer N and a radius 0 < 7 < min(§, 15—“) so that Ty and T, act on
two disjoint regions kLEJZ[—n + k,n+ k| and kLgJZ[a —n+ k,a+n+ k] respectively.

Atomic wave function ¢, Let Hg be the operator defined by :

d2
HO — 7@*2026]9
kEZ

By parity, the eigenfunctions of this operator are even or odd. The odd eigenfunctions are in
fact x — sin(2mkx) and the even ones are the 1-periodic functions such that

¢o(z) 1= cosh(wo(z — 1)), for z € [0,1],
or(x) := cos(wg(z — 1)), for € 0,1], k € N*.

To construct Tp, we will only select the non-smooth thus even eigenfunctions (¢y)i1<k<ny and
denote by (ex)1<k<n the corresponding eigenvalue:

Hoop, = e dy.

- - N
Pseudo wave function ¢; The pseudo wave functions (¢;)i1<i<n € (H;er((), 1)) are defined

as follows:

1. for |z ¢ U [—n+k,n+ K, di(z) = ¢i(x).
kEZ

2. for |z| € U [-n+ k,n+ k], ¢; is an even polynomial of degree at most 2d — 2, d > N.
keZ

3. ¢ is C 1 at n ie. qu(k)(n) = ¢§k)(7]) for 0 <k<d-1.

11



Projector functions p; Let p be a positive, continuous function with support [—1,1] and
pn(t) =D kez p(%) The projector functions (p;)1<i<n are obtained by an orthonormalization

procedure from the functions p;(t) = p,(t)$;(t) in order to satisfy the duality condition :

(Di» d5) = dij.
More precisely, we compute the matrix B;; := (pi,qzj) and invert it to obtain the projector
functions
N
P =Y (B ujpj-
j=1

The matrix B is the Gram matrix of the functions <f~>j for the weight p;,. The orthogonalization
is possible only if the family (¢;)1<i<n is independent - thus necessarily d > N.

Ty and T, are given by :

N N
To=) (¢ —¢)Bise),  Tu=) (8§ — )5}, e) . (2.4)
i=1 =1
where ¢ are singular eigenfunctions of the operator H, = —% — Z4q Y kez Oark and qgf, p§ are

defined as before. )
In the VPAW method, the generalized eigenvalue problem (2.2) is solved by expanding 1 in
plane-waves.

Remark 2.1. Here we have followed the Vanderbilt scheme to generate the pseudo wave func-
tions and the projector functions with the difference that the orthogonalized functions p are taken
from the Blochl construction.

2.3 Well-posedness of the VPAW method
To be well-posed the VPAW method requires

1. the family of pseudo wave functions (¢;)1<i<n to be independent on [—7,7], so that the
projector functions (px)i1<k<n are well defined,

2. (Id+T) to be invertible.

The conditions on the VPAW functions and parameters are given by the following proposi-
tions. Proofs can be found in Section 4.

Proposition 2.2 (Linear independence of the pseudo wave function§). Let N € N* and d >
N. There exists mg > 0 such that for all 0 < n < no, the family (¢i|[—yn)1<i<n is linearly
independent.

Proposition 2.3 (Invertibility of Id +T'). The operator Id +T is invertible in L2,.(0,1) if and
only if the matriz ((Dr , Pe))1<ke<n is invertible.

From now on, we will establish our results under the following

Assumption : the matrix ((p, ¢¢))1<ke<n is invertible for all 0 < n < .

3 Main results

We know from (2.3) that
) N N

=1 =D (¢ — G (B b) = D (6F — GINBT )

i=1 =1
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In addition, ¢ is a piecewise smooth function with first derivative jumps (due to ¢ and the
atomic wave function ¢r) at points of Z, Z + a and d-th derivative jumps (due to the pseudo
wave functions ¢j) at points of Z + n and Z 4+ a &= 7. These singularities drive the decays of
the Fourier coefficients. Thus to study the Fourier convergence rate, it suffices to study the
dependency of the different singularities with respect to N -the number of PAW functions used-,
d -the smoothness of the pseudo wave functions ¢5- and 7 -the cut-off radius.

Proposition 3.1 (Derivative jumps at 0). Let N € N* and d > N. Then, there exists a positive
constant C independent of n such that for0 < j < N —1

V0 <7 <o, va)@j*”]o‘ < PN (3.1)

and for 3 > N
Vo< <m, |[$PTH] |<C (3.2)

The proof of Proposition 3.1 relies on the particular structure induced by the equations
satisfied by ¢ and ¢;. Locally around a Dirac potential, their singularities have the same
behavior. More precisely, if we consider the even part . of ¥, the best approximation of . by
N eigenfunctions ¢; is of order 2N. It is then possible to rewrite the singularity at 0 of ¥ to
make use of this approximation.

Proposition 3.2 (d-th derivative jump at n). Let N € N* and d > N. There exists a constant
C independent of n such that for d < k < 2d — 2
S T

)<

The derivative jump of ¢ at 1 is due to the lack of regularity of the pseudo wave functions
q;j at 1. The latter can be written as rescaled polynomials Pag_of %) where Py 5 is of degree at
most 2d — 2. If we suppose that the coefficients of Poy_ o are uniformly bounded in 7 and if the
dependence on 7 of the projector functions Py is neglected, by deriving k£ times the polynomials
PQd,Q(%), k > d, we can see why the derivative jump of ¢ at 7 is expected to grow as n=*.
Tracking all the dependencies on 7, we can in fact show that a factor n can be gained, which is
in full agreement with Figure 2.

Using Proposition 4.1 and classical estimates on eigenvalue approximations [25], we have the

following theorems.

VO<77§7707

n

Theorem 3.3 (Estimates on the Fourier coefficients). Let N € N* and d > N. Let ¥, be the
m-th Fourier coefficient of 1. There exists a constant C > 0 independent of n and m such that
for all0 <n <mng andmz%

~ 772]\/ 1
] <0 (3 + v )

Theorem 3.4 (Estimates on the eigenvalues). Let N € N* andd > N. Let E}; be an eigenvalue
of the variational approximation of (2.2) in a basis of M plane-waves and for a cut-off radius
0 <n <mny, and let E be the corresponding exact eigenvalue. There exists a constant C > 0
independent of n and M such that for all 0 < n <mng and M > %

,,74N 1 1
0<EX4—E§C<M+n2d_2M2d_1>. (3.3)

The first term has the same asymptotic decay in M as the brute force discretization of the
problem with the original Dirac potential. However the prefactor n*V can be made small by
using a small cut-off radius 7 and/or a large N. Doing so, we introduce another error term which
decays as M172¢, with a prefactor of order n?~2¢. A natural strategy would thus be to balance
these two error terms. This allows one to choose the numerical parameters in a consistent way.
The numerical tests in Section 6 suggest that the estimate (3.3) is optimal.
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4 Proofs

This section is organized as follows. First, we prove that the VPAW method is well defined. The
remainder of the section is then devoted to the proofs of Theorems 3.3 and 3.4. After estimating
the decay of the Fourier coefficients of the pseudo wave function 1, we will precisely characterize
the singularities of the functions ¢ and ¢y, in order to estimate the derivative jumps of ).

4.1 'Well-posedness of the VPAW method

Proof of Proposition 2.2. To prove the linear independence of the pseudo wave functions is
equivalent to show that the matrix (¢§-]21(77))0§j§N71,0§k§d71 is full rank. In fact, we will

show that the submatrix (qbgli)l (1))o<jk<n—1 is invertible. Using the expression of ¢; 1, we have
for0<j k< N-—-1,

ok (n) = (_1)k/2w§€+1 cos(wj+1(n — %)) if k is even,
j+1 (_1)(k+1)/2w§?+1 sin(wjy1(n — 1)) if k is odd

Let A(n) the matrix defined by

A(n) = | cos(wjr1(n—3)) —wjprsin(wjyi(n—3)) —w?y;cos(wjsi(n —3))

The function 1 — det A(n) is complex analytic, thus if it is not identically equal to 0, there
exists an interval (0,79) with 79 > 0 such that the matrix A(n) is invertible. It suffices to show
that there exists n € C such that A(n) is invertible. Let n = —ix + %, x > 0. Then for x large,
we have cos(wj17) ~ 1e+1% and sin(wjy12) ~ 3e%+12, thus

) 1 . . .
Al=ia+5) = 5 [enr —wpen —w? e | 4 e(a),

where
Wit1T . wit1T 2 Wip1T | . .
le(x)]] < ||| e+ Wj1€49F wj €4t .
We have
et 0 1 w w{v_l
eWi+1® _wj+1ewj+1x _ J2,+lewj+1x ] =
0 ewNT 1 wy w%_l

which is invertible because the phases (wj)i<j<n are pairwise distinct. Hence A(—iz + §) is
invertible for x large enough. O

Proof of Proposition 2.8. As T is a finite rank and thus compact operator, proving the statement
is equivalent to show that Ker(Id + 7) = {0}. First, suppose that the matrix ((Py,®:))k; is
invertible and let f € Ker(Id +7"). We have

N
D b, (b= i)+ f=0 (4.1)

=1

Since ¢; — ¢; is supported in [—n,7n] we also have supp(f) C [-7,7].

14



By multiplying each side of Equation (4.1) by pg, 1 < k < N and integrating on [—%, %], we
obtain:

N N
0= ;@i ) Br b5 — 6) + (i, f) = ;@i ) (e s 1) — @k(;fi)) + (i f)
so that N
VI<E<N, 0= (pi, [)(Dr, o)
1=1

Since we assumed that the matrix ((pr , ¢:))r,i is invertible,

Going back to (4.1), this implies f = 0 and Id 4 7 is invertible.
Now we suppose that the matrix ((p , ¢i))k, is not invertible. Thus there is (o;)1<i<n such
that

N
VI<i<N, > aj{pi,¢;) =0
j=1

Let f(z) = Y31, aj(¢; — ¢;). Then

N ~ N N - ~
Id+T)f = aj(d;— &)+ D> (b, b5 — &) (b5 — b5)

j=1 i=1j=1

Thus Ker(I 4+ T') # {0} and (I + 7)) is not invertible. O

4.2 Structure and approximation lemmas

A key intermediate result in our study is the estimation of the decay of the Fourier coefficients
of ¢ as a function of its derivative jumps.

Proposition 4.1. Let N € N* and d > N. Let &m be the m-th Fourier coefficient of 1. Then

da
L5]-1 24-2  F2immy

N 2 1 7
Ym = Z W{ 2j+1} Z (2imm) (2imm)k+1 { (k)}in

2d—2 e:FQMrmn B
2z7rm (2imm)2>+2i [ (QJH} * Z (2imm)k+1 [w(k)}ain

+
('b
¥
3
g
Mw\&

1 7.(2d—1 —2immx

Proof. This result follows from the definition of the Fourier coefficients and integration by parts.
O

In view of the Proposition 4.1, the decay of the Fourier coefficients can be inferred from the
derivative jumps of 1) according to the VPAW parameters. The singularities of ¢ at integer
values are caused by the singularity of the functions 1 and ¢;. Thus, to get an accurate
characterization of the singularities of ¢, we need to precisely know how the functions ¢ and ¢y
behave in a neighborhood of their singularities.

15



Lemma 4.2 (Structure lemma). Let ¢ be an eigenfunction (2.1) associated to the eigenvalue
E. Then in a neighborhood of 0, we have the following expansion :

k j k j
(=E) o Zo (=E) 21
¥(z) = 4(0) STt = ) o el
]Z% (29)! 2 ;)(2]+1)!
W(04) +9/(0-) §~ (ZEY o
4.2
where Yoo is a C?*2 function satisfying in a neighbourhood of 0,
YD = (B,
_ k41
|thart2(z)| < C'(g;ﬂg)! |2,
Proof. This lemma is proved by induction.
Initialization For k=0, let
x
Oal) = (x) + 2o 20,
We differentiate 09 twice:
03(x) = 4" (x) — [W']odo = —E(x), on (—3,3). (4.3)
The function v being continuous, f, is C? in a neighborhood of 0. Moreover,
02(0) = 4(0),
and .
Oha) =/ (x) — T ),
When z tends to 04 or 0_, we obtain the same expression:
/ /
() V08 £ U(02).
2
Setting
(0 "(0_
alw) = Bal) - v(0) - L),

2
the statement is true for k = 0.

Inductive step Suppose the statement is true for £ — 1. Then, we have in a neighbourhood
of 0,

$P (@) = (~B)o(a).
Let
O2k2(z) = Yor(z) — (—E)km[¢/]07
Then
652a() = (~E)* (w(a) ~ w0,
so that in view of (4.3),

0552 (2) = (—B)* (4" (2) — [']0d0) = (—E)* (),
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in the neighbourhood of 0.
So Oop10 is a C?F+2 function in a neighbourhood of 0 and we have:

e . —
(=E) o _ (—E) |z[¥*
0) ( 2" Zojz::«)(zj+1) 2 )

T4 (04) +9'(0) L2+

Mw

2 2] n 1 5 + O +2().
I1 suffices to evaluate 95%’22 (0) and 95%’12”(0) to conclude the proof. We have
2k
05310(0) = (—E)*9(0) .
and en(x)
2k+1 sign(x

055" @) = (~E)F (/@) - 252w )

so if x tends to 0, we have :
%41 P'(04) +4'(0-
2tsh o) = OOy

Define 2k /( ) /( ) 2k+1

B T P'(04) +4¢'(0-) =
and the induction is proved. O

Let 1, be the even part of 1. We have in a neighbourhood of 0

N-1/ 2k Zo m%ﬂ
Ye(z) = 9(0) Z ((2k) m

k=0

) (-BE)" + %(%N(ﬂc) + Yon(—1)). (4.4)

Lemma 4.3 (Approximation). There exist constants (c;)1<j<n € RY satisfying

N

Ye(x) = Z cjoj(z)+ O (:C2N) , as x — 0.

j=1
Proof. By Lemma 4.2 applied to ¢;, we have

N-1 ek N-1
¢j(x)=¢j(0)<z( D ok 20 (

k=0

k
et T2 Z (2k+))‘x|2k+l> +djan(z)

where

So

||M2

N N-—-1
- ZC;’%‘(ZL‘) = (WO

k=0

72k

Zo N-— N ’x‘2k+1
iy Z Z )rej;(0 m + Yon(x ch¢] an (

Jj=1

To prove the lemma, it remains to show that there exist coefficients (c;) such that :

N
VO< k<N =1 ) (=€) ¢0;(0) = p(0)(~E)" .
j=1
We have chosen the functions ¢; so that ¢;(0) # 0. By defining o; = ¢;¢;(0), we recognize a
Vandermonde linear system. The eigenvalues ¢; are all different so the system is invertible and
the lemma is proved. O
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4.3 Derivative jumps at 0

Recall p;(t) = p,(t)¢i(t). We will introduce some notation used in the next proofs:

p(t) == (p1(t),...,pn ()" € RY,
,9) == ((B1, )., (n,9)" €RY,
B, 9) = (51, 9),-., (v, ¥)" €RY,

O(t) == (41(t), ..., on (1) € RY,

O(t) == (d1(t),...,on(t)" € RY,

B = ((pi, §j)h1<ijen € RV,
A= ((pi, 6))1<ij<n € RV,
A= ((pi &) )1<ij<n = BA € RN,

Lemma 4.4. Let (cx)1<k<n be any vector of RY and j € N. Then,

N
[@7HD] = Zo( =Y (- —(A7p e — ch¢k -E79(0 ))
k=1 k=1
where & is the diagonal matriz
-1 0 0
£— 0 —€2
ST
0 0 —en

Proof. We first prove the statement for j = 0. In a neighbourhood of 0, we have:
~ N ~ ~
U= = (Pi, V)i — &) (4.5)
i=1

Using the equations satisfied by 1 and ¢; gives for the first derivative jump at 0 of 1) :

N
— 7, (w(o) - i ,@@(0)) : (4.6)

Multiplying equation (4.5) by py and integrating on [—1/2,1/2],

N N

(B ) ;<pz,¢><pk,¢z> (B ) ;@z,@b) <pk(;jz> 0,
N
(Pr ¥y =D (i 1) (Pr, bi) -
i=1
Therefore
Alp, ) = (5,) (4.7)
Likewise
B, ) =(p,v¥),



since for 1 <7< N :

N

Z z]pja =

Jj=1

(pi s ¢J><pj ;)

&MZ

P

Di, )

According to Proposition 2.3, the matrix A is invertible and so is B since B = Ag, with A
invertible by assumption. We therefore have

N
> (B, 0)9i(0) = (5, ¥) - 2(0)
=1
= A (p,y) - 2(0)
= (BA) "M p,v) - ®(0)

We thus obtain the more compact form:
[0 = —Zo (4(0) = (A7'p, ) - 2(0)).
To complete the proof the lemma, it suffices to show that
(A7'p, pit1) = ei,

where e; is the i-th vector of the canonical basis of RY. This is straightforward since (p, ¢;+1)
is simply the i-th column of the matrix A.
For j > 1, we proceed in the same way using

{WM} = —Zo(—E)p(0),
(67 V] = —Zo(—er ) (0).

Remark 4.5. Notice that we showed

(B, ) = (A7"'p, ). (4.8)
This equality will be used later in the estimation of the d-th derivative jump.

To prove Lemma 3.1, it remains to study the behavior of A=7&/®(0) as 1 goes to 0. By
assumption, A is invertible for all > 0 but when n = 0, A is a rank 1 matrix. Actually,
in the special case of the 1D Schrédinger operator with Dirac potentials, we have a precise
characterization of the behavior of A=T&€7®(0) as 1 goes to 0.

Lemma 4.6. Let f be a function in L2,.(0,1) and Q(t) = (Qo(t), ..., Qa-1(t))" be a vector of
even polynomials which forms a basis of the space of even polynomials of degree at most 2d — 2.
Let G, be the d x N matriz and Cy, the N X d matriz defined by:

1
Gy = [ ph@2E)T dt,
B(t) = C,Q(t/n), VL € (—n,).

Then we have

(A1) = [ o€, 0 ) (49)
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Proof. We have

Al'j = <pi+1 7¢j+1>
_ /_ nn p(t/0)Gir1(t)pjra(t) dt

1 ~
= [ o0 (nt)6j4a nt) dt.

Therefore,

1 -
A= [ pBmemyT d

1
=0,y [ phQ(OBHT dt
=nC,G,y.

Since (d;i)lgig N is free, the matrix C;, is invertible :

Alp= j]p@/n)(OnGn)—lcn@(t/n).
Thus

)= [ ol Chte /o) dt

- /11 p(t)(CyGy) ' CHQ(E) f (nt) dt.
O

Before moving to the next lemma, we introduce the following notation. Let ()i be the even
polynomials of degrees at most 2d — 2 defined by

1 .
[ ptQueidt =5y, 0< kg <d-1,

and let P,, 0 <k <d—1and P be defined by

1
= QTk,(tQ -1k,

P(t) = (Po(t),- -, Par(t))"

P(t)

It is easy to see that P satisfies

Let II be the transition matrix from @ to P :
InQ = P.

Finally we denote by (), the matrix of the expansion of ® in the basis Q@ and Cy(IP) the matrix
of the expansion of ® in the basis P :

{é(t) = C,Q(t/n) ,
(1) = O P(t/n).

It is easy to see that
C, = C\PIL.
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Lemma 4.7. For 0 < j < N — 1, we have

25

n i _
(2j)|<5]¢)(0))T<C77G7]> 1077 m 6? (IN Mﬁ) , (410)
where My is a (d — N) x N matriz.

Furthermore .
maﬁw*amzo(%NQ)

Remark 4.8. The main idea of the proof is to use the particular structures of the matrices C,
and Gy. We denote by Cq, Cz, G1 and G2 the matrices defined by

)= (c1]cx),
G, = ( g;)

Suppose that Cy is invertible and such that |C7 Csl| = O(1) as n — 0, and there exists an
invertible matriz Hy such that

GiH,=In+0O(n) ,
GoHy = O(n) ,
el H{' = ®(0)7.

Then it is easy to see that
D(0)7(CyGy) 1 Cy = €f (In | C1'Ca) + On).

Using Lemma 4.2 applied to ®, it is easy to unveil the dependence in n of the matriz G,
but we have no hint on the structure of Cy. Likewise, CQSP) is easy to study but the matriz
IY o) P()®(nt)T dt is not. So we have to work with both bases P and Q, exhibit the structures

of the matrices C’TSP) and G, and recombine everything with the transition matriz 11.

Before proving Lemma 4.7, we state some properties of the matrix C’,(,P) and its submatrices

Cy, Ch.

Lemma 4.9. Let N € N* and d > N. Let Cy € RY*N and Cy € RN*=N) pe the matrices
such that:

CiP) = (1| Cy). (4.11)
Let (gr)o<k<n—1 be the dual family of the vectors (f*®¥)(n))o<p<n_1 and Ky be the matriz
96
Ki=| : | RV,
IN-1

Then, there exists an upper triangular matriz P independent of n of the form

1 0 ... O
P = 0 * * GRNXN
S0 T x
0o ... 0 1
such that
Crl =PK;,
Cy'Cy =M+ O(n),

where M € RN*W=N) 45 o matriz independent of 1.
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Remark 4.10. The particular form of the matriz P will be used in the estimation of the d-th
derivative jump of ¥ at n (Lemma 3.2) and of T'f(x) (Lemmas 4.18 and 4.14).

Proof. Let (ck)o<k<d—1 be the columns of Cqsp). By the continuity conditions at n and our choice
of the polynomials Py, we have

Jj—1 )
VO<j<d—1, ¢;=17oD(n) -3 PV (1)e. (4.12)
k=0

Thus ¢; is a linear combination of the vectors n* o) (n) for k < j whose coefficients are indepen-

dent of 1. Moreover as Py = 1, we have Po(j) = 0 for j > 1. So in fact, for j > 1, ¢; is spanned
by the vectors 7*®¥) () for 1 < k < j. Then, by definition of K; and the vectors gy,

1 0 ... 0
Ko =Y ot (4.13)
S0 .
0 ... 0 1

Note that this matrix is independent of 7. Let us denote it by P~1. Then the inverse of Cy is
PK, and P has the same structure as P~1. Recall that for £ > N, ¢ is a linear combination of
the vectors 7 ®U)(n) for j < k. As gj is the dual family of the vectors (nlq)(l)(n))gglgN_l and
lg;ll = O(n*~*), we have

CrtCy = M +O(n), (4.14)

where M is a N x (d — N) matrix independent of 7. O

Proof of Lemma 4.7. Let G1 € RV*N and Gy € R@N)*N he the unique matrices such that
Gn = (gl ) e RN,
2

1
Gy = [ Q@M at.

By Lemma 4.2 applied to each ¢;,

By definition

N-1 ; ;
) 7 ’t’2j+1 772] )
= 2j 0 j 2N
O (nt) ’;:0 (t U 251 (2],)!5 ®(0) + O(n*™).

,a;-lfN € R4 N be defined by

1 2j+1 N
wi=— [ o2 ar = ( %) .

Let a; € Rd,aéy e RN

A IV |

Then by definition of the polynomials ) we have

_ _ 2 ;
Gy = Y5 na =N 2 (E79(0)T + O,

— 2j y
{G1 = Y05 (e + nal ) i (€7@ (0) T + O (),

Let (fo,..., fn—1) be the dual basis of (c‘:J@(O)ﬂ in RY and H; be the matrix

(Qj)’)ogjgN—l

Hy = (fo fN—l) € RV,
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It is straightforward to see that ||[Hi| = O(n?>~2") and

{G1H1 =In+0(n),
GoHy = O(n).

The matrix H; is invertible and its inverse is

Z sy (E1200)".
Let us now prove (4.10) for j = 0. We have
-1
B(0)7(CyGy) ' Cy = ef HH (CFTIG,)  CiPm

= (criePme,m)

NIy | C7'Cy)
T ((IN | M+ 00 ) (L | O(m)T) - (v | M+ O@m))m

Decomposing II into four blocks

we obtain
(0)"(CyGy) " Cy = €f (T + MITz + O(n)) ™" (Tl + MII3 + O(n) | Tl + MLy + O(1))

= eOT(IN ’ M,r) + O(n).

For 1 < j < N —1 we proceed in the same way, using eJTHl_1 = %(Ej@(O))T. O

Proof of Proposition 3.1. Let 0 < j < N — 1 and let (c¢x)1<kx<ny be as in Lemma 4.3. Then by
Lemma 4.4 we have :

N
ck(—ex) or(0) (A p, v = crdi) - E7®(0)

k=1 k=1

Mz

[1[}(2j+1)]0 —

=0

N
= (A7'p, v = cpow) - E79(0)
k=1

N

= <A71pawe - Z Ck¢k> ’ EJ(I)(O) )

k=1

as p is even.
Combining Lemmas 4.6 and 4.7, we get

(E99(0))T A = p(t/n)(EB(O0)T (CyGy) ' CQ(L/M) = plt/m)a Q1 /)
where ||z, | = O(n~%).

Using again Lemma 4.3, we obtain

N
(A7, = > cnor) - E70(0)

k=1

< Cllay || ||p(t

N-1
) > 1Qe(t)
=0

N
=" o
k=1

L1[-1,1] Leoe[—n,n]

< OV,
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We therefore obtain

For 7 > N, we then have

N
(—EY9(0) = > ex(—er) ¢x(0) #
k=1
and by Lemmas 4.3 and 4.7,
N ' N
<A*1p,w - ch¢j> -E79(0)| <C H(CnGn)i Y — Z Ck Pk < C772~
= —O(n-2N) k=1 L®[—n.m)]
=0(n*N)

We therefore have

N N
[ = (~EY(0) = 3 cn(—er) d(0) + (A" p, w0 = 3 cudy) - E72(0).
k=1

#0 =0(n?)

Thus,
[P0 < €,

which completes the proof. O

4.4 d-th derivative jump

We use the notation introduced in the previous section.

Proof of Proposition 3.2. We give the proof only for k = d as the proof for d+1 < k < 2d — 2
is very similar. By definition of ¢ and @

(5], = (5.9) - 18,
= (5.0 (P PO () = 7'8 D )
= 171d<A‘1p ) - (CPIPD (1) —n?e@D () (by Equation (4.8)),
- POUEIQ) at - CTGTCT NP PO) — D)) (by Lemma 1.6).

We know from (4.12) that the columns of 07(713) are linear combinations of n*®*)(n). Let us
apply Lemma 4.2 to ®. As the remainder is C??~2, for k < d — 1, we can differentiate k times
and we have for k even :

=

n*e® (n) =

(]

—1 ( 72  Z P2+l

(27 — k)! 9 2 +1—h) ) 89@(0) + (9(7721\7)7

I
[VIE

J

and for k odd, we have

N—

,_.

2y ke
o) () = —?UkD )+

% Zo i+
n

- = E10(0) + O(n*N).
Pt (2j — k 2 (2g+1—k)!>

2
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But by Lemma 4.7, for 0 < kK < 2N — 2, k even, we have :

T (AT AT\=1, k& (k) = n* Zo ¥t T (AT ~AT\—1 cj 2
i=3
N-1 )
(25)! <1N>
= o I T | e +OMm). (4.15)
= 2=k Mz

Similarly for 0 < k <2N — 1, k odd :

_ Z _ k=1
Cr (G eyt e W () = = OGO D 8(0)
N-1 2j 7z 2j+1 4
n 0 Ui T ~T ~T\—1 2

+ ” ((Qj AT — 7(2]’ . k:)!) C, (G, C) T E7@(0) + O(n?)

=

N-1 )

27)! I

-y (2.5—)1@‘ <MNT> ej +0) , (4.16)

. k1 . T

==

and for k > 2N, using HC;(GZCUT)AH = O(n*>~2N) we have
cr@ren) ™t e®m) = o).

We have proved that [¢)(9)], = O(n~?) but it is possible to have a slightly better estimate.
Observing that v is in fact a Lipschitz function and not only a continuous function, we have
for |[t| <1:

Y(nt) =¥ (0) + O(n).
By definition of the polynomials Q, we have
1 1
[ p0Qwat dt= (o) [ p)Q)dt +0(m)
= 1(0)eo + O(n).
To complete the proof of the proposition, it remains to show

o CT(GECT) O PO (1) — 7 () = O().

eg (]\%) ej =0,
T

then for d > 2, equations (4.15) and (4.16) lead to

As we have for j > 1

eo - Cp (GrCT) '@ (n) = O(n).

Recall that the columns of C7(,P) satisfy the relation
VO<j<d—1, ¢;=nd(n) - > PIEJ)(l)Ck-
k=0

But Péj )(1) = 0 for j > 1 so in fact, for all & > 1, ¢ is a linear combination of the vectors
n? ®) (n) for 1 < j < k. Moreover by definition, we have
PD(1) =(0,...,0,%,...,%)7,
——
5]
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SO CqSP)P(d)(l) is a linear combination of the last [2] columns of C’T(,P). Thus C;,P)P(d)(l) is a
linear combination of the vectors 77®)(n) for 1 < j < d — 1 and therefore in view of (4.15) and
(4.16), we have

et c(GIehy=tePI P (1) = O(n).

O]

Proof of Theorem 3.3. First, we need to bound the remainder f p(2d-1) ( e~ 2T qg with re-
spect to n. ® is a vector of polynomials of degree at most 2d — 2, thus ¢ ®(2d-1) — 0. Thus

I D) () -2imma dx\ < / @) do + / U1, 9) - 9D () de
i _

+/ 5y - 5241 (5 _ g)|da.

We have (j,1) = (A~'p, 1) by (4.8) and by Lemmas 4.6 and 4.7,

- C
(A7 1p, )| < o

where C is a positive constant independent of 7. Thus

no_ s _ c
1582w < ey

Then by Proposition 4.1, using the estimates (3.1) and (3.2) on the derivative jumps

N L4)-1 1 2d—2 1 "
b (2§+1) 7 (k
[Um| < C = (2mm)2+2i H ] ’+ Z (27rm)F+1 [w Ln
1) 1 2d—2
2]+1 (k)
z_: 27rm)2+23 H :| ‘+ Z 27rm k""l [ Lz:l:n
1 1/} 2d—1 —2immx dz
)2
L%J_l 2N —2j 2d—2
n 1 1
<C|l Y S+ +
= 242 k—1,,k+1 2N—3,,2d—1
i—o MY m e Tm
Since N < d and m > %, we have the result. O

4.5 FError bound on the eigenvalues

To derive the estimate on the eigenvalues, we would like to use the following classical result
(23], p. 68).

Proposition 4.11. Let H be a self-adjoint coercive H'-bounded operator, By < --- < E,, be the
lowest eigenvalues of H and 1,...,¢%, be L*-normalized associated eigenfunctions.

Let E£M) < - <L ET(LM) be the lowest eigenvalues of the Rayleigh quotient of H restricted to
the subspace Vs of dimension M.
Let wy, € Vg for 1 < k <n be such that

n
> llwk = vrllzpn <1
k=1
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Then there exists a positive constant C which depends on the H' norm of H and the coercivity
constant such that for all1 <k <n

B — By < CY ok — i3

We would like to apply this result to ¢y, = (Id + T)zEM where ¢y is the truncation of 9 to
the first M plane-waves but we need to bound the H' norm of T with respect to 1. Coercivity
for our one-dimensional model has been proved in [5]. To find this bound, we will need to rewrite
Tf in a convenient way.

Lemma 4.12. For f € H}..(0,1), we have for |z]| < n:
Tf(z) = (5, ) (®) - ()

:(qgm)T (qu)G(p) () ) (P / o(t P(t)dt - <<CO_1> cp(x)—P(x/n)>,

where G(P) is the following Gram matriz :

= [ sypwpe”a,

and Cy € RV*N s the square matriz defined in Lemma 4.9.

Proof. For |z| <n, we have :

(T)(@) =B, f) - (2(z) - @(z))

Recall that

Using the identity

we can formally rewrite (B~1p, f) as

1 _
.50t = (o) (cfPaw) ()" ) o [ poranpoa CO) B(),
(4.17)
and the result follows. ]
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Lemma 4.13. There exists a positive constant C independent of 1 such that for all
fe Hécr(O, 1) and for all z € R, we have

V0<77§7707

per

B, 1) (®(2) = 8(@))| < Cnllllmy,,-

Proof. In this proof, C' denotes a generic constant that does not depend on n or f. Let f €
H!..(0,1). On |z| > n, we have by definition of ®

per

(5, ) (@) - B(x)) = 0.
We deduce from Lemma 4.12 that for |z| < n we have

5.0 (a0~ 8) = ()" (caw) (e)) o [ o sampwar

—1
- (( B ) 2(r) - P(w/m) .

The proof of the lemma consists of four steps. We will successively show that

~1
L < Cé ) ®(z) — P(x/n) = (2) + O(n), where <2> is uniformly bounded in 1 and x;

2. [1 p(t)f(nt)P(t) dt = f(0)G(P)eo + O f Iy,

per

T T\ !
3. the norm of (Cy(,P)) (CV(,P)G(P) (C’,SP)) ) C’ép) is uniformly bounded in #;

T AN
4. for j > 1, e;f (C’,(]P)) (C’y(IP)G(P) (C’;,P)> ) CQSP)G(P)eO is of order O(n).

Indeed, assuming these statements hold, we can infer from statement 2 that

< 15(0)] ‘(Off))T (cr6e) (7)) earien (( G ) a(z) - P(w/m)‘

(c;?P))T (c,gP>G(P> (Cg”)T) o cp) <<C§)1> O(x) - P(w/n)) ‘ :

We treat both terms separately. For the second term, by statements 1 and 3, we have

’(c}/’))T (qg”G(P) (c,gP>)T>l P (( Cgl ) O(z) — P(a:/n))

For the first one, by statement 1, we only have to check that for j > 1, we have

+ O

per

<C.

T T\ !
|(0}7P>) (qg”G(P) (e8P ) CPG(P)eg - 5] < COn,

which is exactly statement 4. The lemma is then proved using the Sobolev embedding

1fllrge, < Cllfllas,,-

per
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Step 1 Writing down the Taylor expansion of ® at 7, we obtain

= (@)t
o) = Y- T a00) + 0 - )Y)
k=0 ’
N ! 1 X k ( ) N
—%%M(—Qv7 () +O((z ~ ™)

By Lemma 4.9, we have
Ol e (n) = PKin* @M (n) = Pey,
and for k # 0, Pey, - eg = 0. We also know that ||C7 Y| = O(n' =), so that

Crla(r) = (i) +O().

By definition Py = 1, and therefore

(%)ﬂm—mwm—<$+om)

0,1), by the Sobolev embedding theorem, f is continuous and f(0)

Step 2 Since f € H},(
exists. Thus we can write

[ oo 50) [ s+ [ plosom - fo) PG ar
Pleot [ p®5() - 1) POt

since Py = 1. Using .
n
Font) = 50) + [ f(w)dr

and Cauchy-Schwarz inequality, we obtain

\flmwﬁmw—f< (6] < (/ p(t)2P2(2) w/'(/ fa cu)dQ/z
ol ([ rere)ies)”

< Onllflmg,,-

per

Step 3 We want to bound the norm of the matrix
T ™ 1
(e} (C},P)G(P) (e > ciP).

Since G(P) is the Gram matrix of the polynomials Py for the weight p, G(P) is a symmetric
positive definite matrix and thus admits a square root. It is easy to check that

G(P)l/Z (qsp))T (CéP)G(P) (CT(7P))T> -1 Cép)G(P)l/Q

is an orthogonal projector. Its norm is therefore uniformly bounded in 7.
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Step 4 Let G; € RV*N Gy € RVX(@-N) and Gy € RE-N)x(@=N) he the matrices respectively
defined by
_(G1 G2
o= (5 %)

CylCy = M,
Recall that by Lemma 4.9, ||M,|| < C. With this notation, we have

Let M, be the matrix

T
Gy (Cf) = €1 (Gr+ MyGE + Ga My + MyGs My ),

and therefore,
-1

(@) (e (@)') e

In —1
_ (Mn) (G1+ MyGE + GoM] + MyGsMy ) (G + MyGE) e (4.18)

We will now show that Mgeo = O(n). By definition,
ed M, = el C71Coy = el PK1Os.

By Lemma 4.9, e} P = ¢ and by definition of K1, e} K1 = gl where go is the vector satisfying
g @) () = dop for k < N — 1. Again by Lemma 4.9, the columns of C,(,P) satisfy :
V<j<d=1, ¢ =13 m) - B (1)e,
k=0

with Po(j )(1) = 0 for j > 1. Consequently c; is a linear combination of the vectors n*®®) () for
1 <k < 3. Since ||go]| = O(n*~V), we get gl Ca = O(n). Coming back to Equation (4.18), we

have 1
T T~ I
(e} (e (e)') = i) o+ o
n
Consequently,
T ™ 1 T
el (Cép)) (CTSP)G(P) (qu)) ) C8Pey = €F ( Aﬁ) eo + O(n)
n

ef_yMjeo=0(n), N<j<d-L

We can establish a similar result for (p, f) - (<I>’(x) - 5{3’(:5'))

Lemma 4.14. There ezists a positive constant C independent of n such that for all
fe ngr(O,l) and for all x € R, we have

V0 <n <no,

. f) - (¥(@) = ¥(@))| < Cll fllmy,,,

per

Proof. 1t is a transposition of the proof of the previous lemma. The first step is simply replaced
by

-1
1. ( C(l) ) ' (x) — %P/(;U/T]) = % <0> + O(1), where (2) is uniformly bounded in 7 and x.

*

30



To prove the latter statement, we observe that Pj = 0 and by a Taylor expansion of @', we
obtain

()

1
n

N-1 1 T k—1
> o (77 - 1) n*@® () + 0N,
k=1 ’

hence

Crld (z) = 717 (2) + o).

O]

Lemma 4.15. There exists a positive constant C independent of n such that for all f €
H!..(0,1), we have

per

1
VO <y <o, 1Ty, < Cn2l il

Proof. This is a straightforward consequence of Lemmas 4.13 and 4.14. O

Proof of Theorem 3.4. Applying Proposition 4.11 to ¥y = (Id + T)HMz/NJ, where I is the
truncation to the first M plane-waves, we have

B3 — B < Cl(1d + T)(Mard = )3,
< Oy = Pl + 1T M = D)3 )-
By Lemma 4.15,
IT @ ard = D)7, < ClIrd = Dl
and we deduce from Theorem 3.3 that

By — Bl < Ol — Pl

< S (1+A)P

j=M+1

oo 774N 1
C Z <]2 + 772d—2 '2d>

j=M+1 J

774]\7 1
B c M + 7]2d72M2d71 :

IN

5 Perturbation by a continuous potential

In standard electronic structure calculations, the Hartree and exchange-correlation terms are
modelled by a potential that is smoother than the Coulomb potential. To reproduce this setting
in our one-dimensional toy model, a smoother potential W is added to the Hamiltonian (2.1). In
the following, we examine how the VPAW method accelerates the computation of eigenvalues.
Consider the Hamiltonian
d2
H:—@—ZOZcSk—ZaZcSQJijLW, (5.1)
kez keZ

where W is 1-periodic, continuous, 0 < a < 1, Zy, Z, > 0.
With the VPAW method, the generalized eigenvalue problem

(Id + T*)H(Id + T = E(Id + T*)(Id 4 T)1), (5.2)
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is solved by expanding ¢ in plane-waves. Like in Section 2.2, T' = Ty + T, where Ty and T}, act

on two disjoint regions |J [-n+ k,n+ k] and U [a —n+ k,a + n + k| respectively. The atomic
keZ kEZ
wave functions (¢y)o<k<n—1 are the non-smooth solutions of the atomic Hamiltonian

where V' can be different from W. The gigenvalues associated to (¢ )o<k<n—1 are denoted by €.
To define the pseudo wave functions (¢y)o<k<n—1 and the projectors (py)o<k<n—1, We proceed
as in Section 2.2.

It follows from the study of the double Dirac delta potential Hamiltonian that the key
lemma of the analysis is the structure Lemma 4.2, which describes the behavior of eigenfunctions
near the singularities. It is possible to establish a similar result for the eigenfunctions of the
Hamiltonian (5.1).

Lemma 5.1. Let ¢ be an eigenfunction of the Hamiltonian H given by (5.1) for the eigenvalue
E. Then in a neighborhood of 0, we have the following expansion :

_ : o) ZO (_E)j 2j+1
Y(x) =1(0) (;) o - SRCTEN Tl

W(OH , k j 23—4—1
+ Z2+1 +Z/ /Ww ) + Yopta(z),
j= 0 J 7=0 e —
2542
where Voo is a C?*2 function satisfying in a neighbourhood of 0
(2k+2
{%mzﬂzeEw“w
VYort2(z) = 0(962“2).

Proof. This lemma can be proved by induction. For k = 0, we set

0a(x) = (x) + \w //w- s)dsdt

and then proceed as in the proof of Lemma 4.2. ]
We will now make some assumptions on the potentials V' and W:
1. V and W are smooth and 1-periodic;

2. V is even. This property would indeed be satisfied by potentials that does not break the
crystal symmetry;

Lemma 5.2. For N > 2:

N— 22k 7 ’x‘2k+1
/ Vel :2:: (%) 0(2k+1)>+0<x2N)’

where (V®)y, is in span(E7®(0), j < N —2).

Proof. This lemma, is proved by induction.
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Initialization Applying Lemma 5.1 with Z, = 0 and W =V to each function ¢, we obtain
expansions of the atomic PAW functions ¢y, in the vicinity of O:

o(a) = 0(0) (1~ Fla]) + 06,

Deriving twice [[ V® gives

(/ vq>(x))":V(x)q>(x)
Therefore
_ o Zlaf? 4
/V(I)(:c)-V(O)(I)(O) -] oG,

Inductive step Let us derive twice [[ V®:

(/ vq>(x)>” — V(2)®(x)

2N—2 (2k) 22k N-1 7/ 2 Zo ‘x|2k+1 N

- <;;) 0) (21<;)!> ( 2 ((%)! T2 (2k+ 1)!) bre(0)
-2
=0

k=0
N

V2k’

+> V(I)(:U)>+O(x2N). (5.3)
S
(25+2)

By the induction hypothesis,

N-1 .’E2k ZO ‘$|2k+1
[ [voew= 3 o, ((%) > BT T ) + 0@,
——

k=j+1
(2j+2)
Thus,
= N=2 Nl 2k 2k+1
x Zy x|
/.../ch(m) — (V) ( 2o )

! ]

J=0 ¥ §=0 k=j+1 (2k)! 2 (2k+1)!

(2j+2)

B 22k z |x|2k+1
=2 (Vq))k_”((%)! 0(2k+ ))

Going back to (5.3), expanding the equation and using the last equation, we obtain the result. [
Lemma 5.3. In a neighbourhood of 0, the vector ® has the following expansion :
z% Zo |71

k
Z ( (2] n 1) ) Xj + ‘1>2k+2(x) ’

where the function ®op o is C2**2 at 0 and X, are vectors satisfying

{Xj € span(E'®(0), £ < j), (5.4)

X; - gj(p(()) c span(gzq)(()), (<j—1),

where &€ is the diagonal matriz with entries —eg, ..., —€n_1.
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Proof. We apply Lemmas 5.1 and 5.2 and notice that the vectors (V®); are spanned by
(E79(0), j <k-—1). O

Lemma 5.4. The even part of 1 satisfies

= 1 (—EB) i 4 (—E) j 2?2 Zylx?
%(ar) = ;) ( (23)‘ xg — EOWL”BP +1> + W(O)w(O) <2 — 203'>
4 " 2[5
+ (W - Swop) 5 - 2 (L0 - mwopo) 4

.’E4 .73‘5
+ W(0)%(0) <4! - 2205'> +0(a°),

where

|00 £

uL(0 !

Proof. The proof follows from Lemma 5.1 and a careful estimation of the terms [[ W1 and

JITT W O

Since W is not even, 1 does not have the same structure as for the double delta potential.
More precisely, we can show that because of the term [[ W1 the singularity of the fifth order
term cannot be removed by the VPAW approach.

Lemma 5.5. For N = 2 there exist coefficients ¢y and c¢1 such that:
Ye(x) — codo(x) — c1¢1(x) = O ($4) .

For N > 3, there exists a family of coefficients (ci)o<k<n—1 Such that:

N-1

delw) = Y cxdula) = O (7).

k=0
Following the same steps as in Section 4, we can establish the following theorems.
Theorem 5.6 (Estimates on the Fourier coefficients). Let N € N* and d > N. Let v,, be

the m-th Fourier coefficient of 1. Then, there exists a positive constant C' such that for all
0<n<n andmZ%

~ 772N/\5 1
’wm =C m2 - nd—Tmdt1 |’
where a A b = min(a, b).

Theorem 5.7 (Estimates on the eigenvalues). Let N € N* andd > N. Let E}; be an eigenvalue
of the variational approximation of (5.2) in a basis of M plane-waves and for a cut-off radius
0 <n <no, and let E be the corresponding exact eigenvalue. There exists a constant C > 0
independent of n and M such that for all 0 < n <mng and M > %

(5.5)

ET] Bl <C 774N/\10 1 1
| M ‘ = M + 772d—2 M2d-1 |~

Remark 5.8. The estimate (5.5) does not seem optimal as shown in Figure 10. It seems that
singularities of any order can be removed by the VPAW method.
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6 Numerical tests

The goal of this section is to compare the theoretical estimates determined in Sections 3 and 4
to numerical simulations and show that they are optimal.

All numerical simulations are carried out with Zy = Z, = 10 and a = 0.4. The Fourier
coefficients are evaluated by a very accurate numerical integration.

It is interesting to compare the results (Figure 1) obtained by a direct expansion of the wave
function ¢ (here displayed by the points N = 0) and the VPAW method. Recall that N is the
number of pseudo wave functions used to build the operator T. The smoothness of the pseudo
wave functions is set to d = N.

" EEEEEEEEEE ]
4l s e s s EsEEEEEEEESm
1l
_2 |-
K 2 S
| |
== -3 f == 4
. . .
S| . 53]
W L 50 5t .
.
S 9 L4
" E N=0 . -5 | ® mm =0
=H+ + n=2 ¢ ® e e )
A= * -1} . M=
® & N=3 ® e, ® e N=13
-6 n n I I I | . L 8 I I I I I L n T
218 -15 -14 -13 -12 -11 -10 08 -08 -07 216 -15 -14 -13 -12 -11 -10 —08 -08 -07
log(n) log(n)

(a) Error on the 8-th eigenvalue for M = 64

basis functions

(b) Error on the 8-th eigenvalue for M = 256

basis functions

Figure 1: The VPAW method compared to a direct calculation for the 8-th eigenvalue

Given a number M of basis functions, the VPAW method is much more accurate than the
direct method although it is quite sensitive to the choice of 7. More comments on this behavior
will be made in Section 6.3. We do not report the computing times for the VPAW method
because in this study, each time a simulation is run, we generate all the pseudo wave functions
é, the projector functions p and compute their Fourier coefficients. In practice, these data are
precomputed and stored in a file. Thus, the only additional cost compared to the direct method
comes from the assembly of the matrices (Id + T)*H(Id + T") and (Id + 7")*(Id + T').

6.1 Derivative jumps

Since ¥ and the functions ¢; are known analytically, it is possible to evaluate the derivative
jumps of ¢ at 0 and +n (Figures 2 and 3). The plots are given for the eigenfunction associated
to the lowest eigenvalue of H. The behavior is similar for other eigenfunctions.
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(a) First derivative jump at 0 as (b) d-th derivative jump at =£n as
a function of n in loglog scale a function of 7 in log-log  scale
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Figure 2: Derivative jumps of the pseudo wave function 1

N | Numerics | Theory d | Numerics | Theory
2 3.90 4 2 -1.005 -1

3 5.94 6 3 -2.000 -2

4 7.85 8 4 -3.000 -3

5 9.85 10 5 -4.000 -4

(a) Numerical and theoretical slopes for the first ~ (b) Numerical and theoretical slopes for
derivative jump at 0. the d-th derivative jump at £n.

Figure 3: Comparison of the theoretical and numerical results for the derivative jumps
These numerical results are in remarkable agreement with Propositions 3.1 and 3.2.

6.2 Comparison of the PAW and VPAW methods in pre-asymptotic regime

The simulations are run for a fixed value of d = 6 and two different values of n (n = 0.1 and
n = 0.2). In Figure 4, F is the lowest eigenvalue of the 1D-Schrodinger operator H given by
(2.1).

Recall that our theoretical estimate on the eigenvalue given by the VPAW method is :

g _p<c(lly L1
[Ey — Bl < M + p2d=2 Np2d-1 | - (6.1)

To transpose the PAW method to our one-dimensional setting, we need to account for the
use of a pseudo-potential. For this purpose, we replace the Dirac delta potential by some smooth
function in Equation (2.1). We choose the 1-periodic function x. such that

C 1
exp(— - ), x € [—¢€, €,
Xe(z) = © 1=(2)°
0, x €[-1/2,1/2]\ [—¢, €.
where C ensures that [€_xc = 1. As e goes to 0, x. converges to the 1-periodized Dirac potential
in H3.1(0,1).

As expected, the PAW method quickly converges to a wrong value of E. It is interesting
to notice that asymptotically, the VPAW convergence is of order O (ﬁ) but for small enough
values of M and 7, the second term in the RHS of (6.1) dominates.
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Figure 4: Comparison between the PAW and VPAW methods for the lowest eigenvalue

6.3 Asymptotic regime

6.3.1 Behavior in the plane-wave cut-off M

The next numerical tests (Figures 5 and 6) are run with d = N and N = 2, N = 3. The pseudo

wave function 1; is expanded in M = 2™ plane-waves, m = 7 to 9.
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Figure 5: Error on the eigenvalue for different values of M

Here, we can clearly see two regimes : for 7 small (resp. n large), the leading term in the
error is dominated by the d-th derivative jumps at k =7 and k 4+ a £ n, k € Z (resp. the first
derivative jump at k and k + a, k € Z). In each regime, the gaps between the decreasing and
increasing slopes seem constant and their evaluation gives the correct orders of convergence in
M (see Figure 6).
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Figure 6: Estimation of the order of convergence in M

6.3.2 Dependence of the convergence rate in 7 on N and d

In each graph of Figure 7, we have kept M constant to track the dependence of the convergence
rate in . By Theorem 3.4, the logarithm of error on the eigenvalue is given by

log(E], — E) = log(C) + log ( +

Hence, when 7 is large, we have

AN 1

n
n2d-2)2d-1 | *

M

log(E]; — E) ~1og(C) + 4N logn — log(M),

and when 7 is small, we have

log(E}; — E) ~1og(C) — (2d — 2)logn — (2d — 1) log M.
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Figure 7: Error on the eigenvalue for different values of d

Notice that in each graph, for n large, the parameter d has a negligible effect on the error
on the eigenvalues, in agreement with our theoretical estimates.

d | Numerics | Theory d | Numerics | Theory

2 6.5 8 3 10.6 12

3 6.9 8 4 10.7 12

4 7.2 8 5 10.9 12
(a) N=2 (b) N=3

Figure 8: Estimation of the increasing slopes in Figure 7

There is a small discrepancy between the theoretical and numerical values of the increasing
slope. A possible explanation could be that the estimates we have given for the first derivative

38



d | Numerics | Theory

2 -1.6 -2

3 -3.6 -4

4 -6.0 -6
(a) N=2

d | Numerics | Theory

3 -3.8 -4

4 -5.4 -6

5 -7.8 -8
(b) N=3

Figure 9: Estimation of the decreasing slopes in Figure 7

jumps are valid asymptotically as 1 goes to 0, but the increasing slopes are observed for relatively
large values of 7.

For the decreasing slopes, our estimate is in very good agreement with the numerical simu-
lations.

6.4 Perturbation by a continuous potential

In this subsection, we study the VPAW method applied to the Hamiltonian (5.1) with
W(z) = 10sin(27x + 0.2). Since this model is not exactly solvable, we use a P2 finite ele-
ments method to compute very accurately the eigenvalues (the relative error on the computed
eigenvalue is less than 10710).
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Figure 10: Error on the first eigenvalue as a function of n (M = 128,d = 4)

(a) Increasing slopes
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Figure 11: Estimation of the slopes in Figure 10

For N = 3, the increasing part of the curve has a slope which is very close to the theoretical
estimation of Theorem 3.4 (that is with W = 0). This seems to indicate that the VPAW method
removes the singularity at the nucleus up to the fifth order, but we are unable to support this
observation with rigorous numerical analysis arguments.
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