N

N

Robustness to in-domain viscous damping of a
collocated boundary adaptive feedback law for an
anti-damped boundary wave PDE
Christophe Roman, Delphine Bresch-Pietri, Christophe Prieur, Olivier Sename

» To cite this version:

Christophe Roman, Delphine Bresch-Pietri, Christophe Prieur, Olivier Sename. Robustness to
in-domain viscous damping of a collocated boundary adaptive feedback law for an anti-damped
boundary wave PDE. IEEE Transactions on Automatic Control, 2019, 64 (8), pp.3284-3299.
10.1109/TAC.2019.2899048 . hal-01637663v2

HAL Id: hal-01637663
https://hal.science/hal-01637663v2
Submitted on 15 Jan 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est

archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NoDerivatives 4.0 International License


https://hal.science/hal-01637663v2
http://creativecommons.org/licenses/by-nd/4.0/
http://creativecommons.org/licenses/by-nd/4.0/
https://hal.archives-ouvertes.fr

Robustness to in-domain viscous damping of a collocated boundary
adaptive feedback law for an anti-damped boundary wave PDE

Christophe Roman', Delphine Bresch-Pietri?, Christophe Prieur! and Olivier Sename

Abstract—In this paper, the robustness to model mismatch
of a pre-existing collocated boundary adaptive feedback law is
investigated. This control law was originally designed for an
anti-damped pure wave Partial Differential Equation (PDE).
Actuation and measurements are located at the same boundary.
Adaptive terms account for uncertain parameters located at the
anti-damped boundary, opposite to the collocated actuation and
measurement. By extending and transforming the system state
using, in particular, backstepping, this paper establishes that
this controller is robust to sufficiently small in-domain damping.
In particular both stability and attractivity (convergence) are
established similarly as in the nominal case. Note moreover
that, assuming that some parameters are known, the exponential
stability to an attractor holds. Simulations are performed to
illustrate the interest of this study to attenuate mechanical
vibrations in an oil-drilling context.

I. INTRODUCTION

EYSTONES of Partial Differential Equations include
transport phenomena, the heat equation, and the wave
propagation. This paper considers a special form of the latter.
The wave equation has been studied in several fields, mostly
in physics regarding Maxwell equations and light propagation.
Furthermore, premature failures of mechanical systems are of-
ten due to vibrations. These can be explained by the very deep
structure of matter, i.e., the string-mass atomic interactions,
and be modeled by a wave equation.

In this paper, we are interested in studying the robustness
of a previously designed control law to a class of model
mismatch. This question is of crucial interest from an appli-
cation point of view. Indeed, in practice, such uncertainties
are ubiquitous and robust control is thus of prime importance.
However, obtaining a controller satisfying a priori robustness
margins can turn out to be a very difficult problem. To handle
such an objective, we propose to extend the use of a given
adaptive collocated feedback law.

A. Wave PDE under consideration

We consider the following PDE system

Uy (X,1) = sy (X, 1) — 20 (x,1) (1
ur(1,6) =U(t) (2)
uy (0,7) = aquy (0,7) + alux(0,1) — d] 3)

in which 4 is an in-domain damping coefficient, ¢ > 0 is
an unknown anti-damping boundary parameter, d > 0 is an
unknown bias, a is a positive constant. The distributed variable
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of the system is u(x,7) € R with x the spatial variable, and ¢
the time variable. The controlled input of the system is the
scalar U(r). For the case in which A = 0, it has been proven
(in [3]) that all eigenvalues are on the complex right-half plan,
i.e., all have non negative real parts.

This system main characteristics are

(i). the unknown unstable parametric dynamics in (3) oppo-
site to the actuation (2)

(ii). the in-domain viscous damping in (1).

The goal is to stabilize the velocity u(x,7), in particular

u;(0,), using only the measurement of the collocated veloc-

ity u,;(1,¢) (and its history) despite in-domain damping and

parameters uncertainties.

B. Related work

The distinctive feature of system (1)-(3) is the dynamical
boundary (3). Note that, there exist some works on the multi-
dimensional wave equation with dynamic boundary condi-
tions, for example [9] and [17] where they consider a 3D
setting. However, the associated literature seldom focus on
stabilization (feedback law design) but on well-posedness,
stability and regularity as it is the case of both references.
Moreover standard literature on the one-dimensional wave
equation stabilization does not consider this type of dynamics
boundary (3). The most usual boundary condition is of Diriclet
type, as considered in [25] where the exponential stabilization
problem for a wave PDE with in-domain space-dependent term
has been solved. As an intermediate step, some papers consider
an anti-stable boundary. In [26], a backstepping observer based
feedback is presented. Then, in [13], considering that the anti-
stable boundary parameters are unknown, an adaptive control
has been proposed. However, none of the previously men-
tioned works can be straightforwardly extended to encompass
the dynamical boundary condition (3).

Some of the works focusing on such a problem are [8],
[6], [2], [16] and [22]. In [8], the dynamical boundary is
reconsidered as a PDE-ODE coupling. However, the control
input is located at the dynamical boundary. Here, it is con-
sidered at the opposite boundary. In [6], both boundaries are
dynamical but the wave in-domain damping is not considered.
In [2], a boundary control problem, inspired by a hanging
cable immersed in water is tackled. However, they do not
consider viscous distributed term neither in the wave equation
nor in the dynamic boundary condition, which is opposite to
the Dirichlet attraction. Moreover, the controller is a full-state
feedback. In [16], the wave equation is considered to model a
piezoelectric stack actuator. The paper establishes the flatness
of a wave PDE without distributed term and dynamic boundary
conditions. Moreover, using this property an output control



law is suggested. Finally, [22] investigates a problem similar
to ours and proposes a full-state backstepping controller. But
it requires the parameters a, d, g, and A to be known and
full-state measurement.

C. Paper contributions

We are here interested in the analysis of a control law
requiring only the parameter a to be known, and using only
measurements at the controlled boundary (x = 1). This paper
is the logical continuation of [21] which establishes the
robustness to in-domain viscous damping of the design in [3].
[3] presented a boundary velocities output adaptive feedback,
i.e., using the measurement of u,(1,r) and u,(0,1).

This paper brings further developments to [4] where a
collocated boundary adaptive control was designed, i.e., using
the measurement of u,(1,7) only. Our purpose is to prove that
such a control law is robust with respect to small enough in-
domain damping.

In other words, our objective is to prove that the system
(1)-(3) is stable with the feedback law proposed in [4].

With this aim of view, we propose to build an extended
system. The main difficulty in carrying out this construction
is that the in-domain damping presence leads to states cou-
pling. Moreover, this coupling modifies numerous parts of the
analysis presented in [4], leading to unmatched adaptive error
terms.

All these difficulties are tackled with a careful choice of the
extended variables. The distributed states coupling is handled
by the introduction of an estimated variable, associated to
the backstepping methodology. By adding an extra state,
the adaptive error term error is handled, at the expense of
regularity.

The paper is organized as follows. In Section II, the problem
under consideration is stated and the control design is detailed.
In Section III, our robustness result is presented, i.e., the main
result of this paper. Section IV is devoted to its proof. Finally,
the interest of this result is illustrated through simulations of
the angular velocity regulation in a drilling vibrations model.

D. Notations

In this paper, |-| is the Euclidean norm and ||u(-)|| is the
spatial Lp-norm of a functional [0, 1] 3 x — u(x,-), which is
denoted as

1
)l =/ [ utxa @
Sometimes, when the context is clear, the abusive notation ||u||,
will be used to denote ||u(-)||. Moreover, when the context is
clear, the notation u(¢) will be used to denote u(.,7).

For (a,b) € R? such that a < b, let us define the standard
projector operator on the interval [a,b] as a function of two
scalar arguments f (denoting the parameter being updated) and
g (denoting the nominal update law) in the following manner

0 iff=aand g<0
PROJ| 4 (f,8) =g { O if f=bandg>0 (5)
1 otherwise

II. PROBLEM STATEMENT AND CONTROL DESIGN

In this section, we present the problem under consideration,
as well as the adaptive control law we chose to study.

Let us recall that the main features of the considered wave
PDE are the in-domain damping, the unknown anti-damped
boundary dynamics opposite to the control. The objective is
to control the system velocity u,, using the controlled boundary
measurement u,(1,7) only. The following assumption will be
needed throughout the paper.

Assumption 1: There exist known constants g, q, d and d
such that q <gq, d <d and q € [q,q), d € [d,d].

A. Presentation of the control and adaptive laws

We consider the following control law, which was developed
in [4] for the system (1)-(3) assuming A =0,

U(t) = —u(1,6) +d(t) — (co+3(t) — 1) <62a<a<r)—1> (o)

+a/t ea@(’)_l)(’—”(n(f)dA(t))d‘L') (6)
-2

in which ¢y >0 is a tuning constant, g is an estimate of
the unknown parameter g, d is an estimate of the unknown
parameters d, and y and 7 are defined as

p(r) = ! {W(Ll) +u (1,6 —2) —uy(1,1) +ux(1,t—2)} (7)

2
n(t)=U@)+u(1,1) ®)
The parameter adaptation laws are
(1) =P {00 () + b+ 0 - 1)
-2
SN aYa 1 ol
dt) = NG PROJY, 7 {d(t), —u(t) =bi(co+q(t)—1)
X/t e(a(‘?(’)1)+£>(T’+2)G(T7t)d’c} (10)
t—2
in which
N =r(0P +b1 [ T oz’
t—2

+b2/ilerf’“(2u(f)—n(f—2)+c7(t))2dr (11)
(5.) =n(5) = dl0)+ (o +ql0)~ 1) 7V

: ~ ~
Jt=2

The tuning parameters of the control law are co, b1, b, ¥,
and 7;. In the case where the adaptive parameters are known
(i.e., g = g and d = d) and without in-domain damping (A = 0),
co represents the closed-loop decay rate of the velocity at
u; (0,1).

As it has been said, the adaptive control law needs only
the knowledge of u,(1,#), its history, and the value of the

(12)



parameters a. Indeed, using the controlled boundary of the
system (2) one gets that u defined in (7) can be expressed as

1

w(t) = 3 U@)+u(1,6) —U(@t—2)+u,(1,t —=2)]  (13)

The remaining parameters, i.e., co, b1, b2, ¥, and 7y, are tuning
parameters and thus are set by the user. As it is usual in
prediction-based design, the control law needs the history of
itself and the history of the output (here u,(1,7)) on a two
units of time window. In the application in view, this is not
a problem to use u,(1,7) and its past values but, actually, the
key issue is to avoid using u,(0,¢). The aforementioned control
law is thus well defined. Indeed, using (2), (6), (7) and (8),
one gets

() (1= LI 00 ) 1 (14 L0

N =N 2a(q(t)—1)
x e2@n=1)) 4 a(r) — co+q()—1 R u (1,0 -2
(t) = (co+q(t) — 1) 5 (e ( )

O 0 (1) 4w, (1,7) — J(z)]dr) (14)

Now when %eza@(’)_l) # 1, the control law satisfies
a Volterra integral of the second kind and therefore is well-
defined. Moreover, in the opposite case where ¢o+g(f) — 1 =
2¢24(@(1)=1) > 0, the time derivative of (14) gives also a Volterra
integral of the second kind and therefore is well-defined.
Nevertheless, the considered solution needs to be regular
enough for u,(1,-) to have meaning. This is the case as we
detail in Section III.

B. Discussion on the control law design

First, let us enter into the details of the control law (6).
Define the Riemann variables

o~

C(x,1) = up(x,7) +ux(x,2) —d(2) (15)
o(x,1) = (x,t) — ue(x,t) +d(t) (16)
NI () U+ (1.0) — dl0) a7
v(t) = u (0,1) (18)
Then, one can express the system (1)-(3) as
V(1) = alg— (1) +al£(0,)—d()] (19
Gxt) = Lot) —din) = 2§ + @) (20)
§(1,6) =W (z) (21)
@ (x,1) = —ax(x,1) +d(1) = A(E + o) 22)
®(0,¢) =2v(t) — £(0,1) (23)

~ ~

in which d(t1) = d —d(t). These equations represent two
coupled transport phenomena with distributed terms, coupled
with the ODE (19).

Note that g is an unknown constant which we do not use
neither in the control law nor the parameters update law.
(19)-(23) is only a reformulation of the model at stake which
indeed does depend on ¢, as ¢ is a parameter of the model.

In the case where A = 0, note that the two transport
phenomena (20) and (22) are not coupled anymore. Then, for
any x, the variable {(x,¢) can be expressed as a delayed value

of the boundary (21) (applying Lemma 6 in Appendix A-1
to (20)). This enables us to consider (19) as an input-delay
system, as studied in [1], [14], and [15].
Furthermore, when A = 0, using Lemma 6 in Appendix A-1,
one can get from (7)
u(t) =u (0,1 —1) (24
Note that, considering ¢ = g and d=d, using (6) and (17),
one can prove that
W(t)=—(co+q— Du 0,6+ 1) (25)
Indeed, (6) is a prediction starting from p(¢) = (0, — 1)
(according to (24)) over a two units of time horizon: one
for the measurement delay (24) and one for the input delay

resulting from (20). Then, the closed-loop system state v
satisfies

v(t) = —acov(t), forr>1 (26)
Therefore, in the nominal case A =0, ¢ = ¢ and d= d,
exponential stabilization is achieved. In the general case,
applying the certainty equivalence principle, (6) follows.

The objective of this control law is to stabilize the system
(1)-(3) using the controlled boundary velocity measurement
u;(1,7) only. This is a challenging objective, since lots of
control techniques, such as backstepping, require full-state
measurement, which, for a PDE system, is seldom the case
in practice. Thus, many approaches use an observer (see
[20] when both boundary velocities are measured). To our
knowledge, such an observer has not been designed yet for
the framework under consideration. For this reason, we rely on
the reconstruction of a delayed value of the boundary velocity
(7) (which satisfies (24) only when A = 0). Nevertheless, any
physical relevant model has dissipative terms. Indeed, in the
application considered in Section V, A = 0 means that the
drillstring is in a vacuum field. This emphasizes the need
of the present study in order to use the considered control
in real applications. Moreover, the prediction-based design is
related to the Smith predictor, generally speaking the Smith
predictor is not known to perform effectively with respect to
model mismatch. Furthermore, A # 0 prevents the use of a
prediction-based design. However, note that A # 0 could help
for other control design, e.g. passivity. Intuitively, damping
should help to stabilize the system. However as the control
technique used in [4] is based on a delay representation of
the system which only holds without damping, the closed-
loop analysis with damping is complexified here as it involves
coupled PDEs.

The adaptive laws (9)-(10) result from a Lyapunov-based

design, i.e., from indirect adaptive control. Moreover d and q
are bounded by definition, due to the normalization term N
in (9)-(10). Besides, the projector operator allows to limit the
estimated variable within its boundaries (for more details on
adaptive control paradigm see [10]).

Finally, note that the control law is robust with respect to a
constant input disturbance, due to the structure of (10), which
can be seen as an integral term.



C. Problem under consideration

We wish to study the robustness of the control law (6)
designed in [4] with respect to A, i.e., in-domain damping
model mismatch. We are looking for a condition on A such that
the system (1)-(3), using the previous control (6) and adaptive
laws (9)-(10) (designed for A =0), is still Lyapunov stable
and convergent in a sense detailed in the following section
(see Theorem 1).

III. MAIN RESULT

In the following, the system state is denoted as

%(t) :[l/t(l‘), ut(t)> M(OJ); ut(()?t)’ q_é\(t)> d_(j(t)]T
€ Hy(0,1) x H;(0,1) x R* (27)

Indeed, due to the dynamical boundary (3), u(0,¢) and u,(0,7)
need to be considered, in addition to (u,u), to guarantee
the well-posedness of the system (see [8]). Furthermore, both
adaptive estimation terms are included in the state due to the
choice of the (adaptive) dynamical control law. Nevertheless,
as the goal of the control law is the control of velocity, we
introduce two vectors

2:(t) = [ (1), w (1), w(0,1), g—G(t), d—d(t)] (28)
Za(t) = [ux(,1), w(-1), w(0,1), d—d(r)]  (29)

The first vector is the partial state for which stabilization is
achieved. The second one satisfies a convergence property, as
emphasized below.

Theorem 1: Consider the closed-loop system consisting
of the plant (1)-(3) satisfying Assumption I, the control law
(6) and the parameter estimation laws (9)-(10). Define the
functionals T, & and Y as

D(25(t)) = (0,1) + [l (1) 12 + [l (1) — || + |z (1) |2

F e+ (g—G(0)* +(d—d(1)*>  (30)

E(Z(1) = Sgl[gélf(%(t—s» €2
Y(Za(t)) =ur(0,6)* + [Ju (0)|* + | (£) — d||?

+(d—d(r))? (32)

Then, for all cy > 0, there exist by(co) > 0, b (co,b2) > 0,
¥(co,by,b2) >0, such that, for

e b (O,Ez),

e b€ (blﬁoo>’

* %, Y% € (0,7),
there exists A(co,b1,ba,7, 25(0)) > 0 such that, when A €
(0,2), it follows,

(]

(25(1)) <R —1) (33)

and

lim Y(2;(1) = 0 (34)

for suitable R >0 and p > 0.

The parameters co, b1, by, ¥, and }; are tuning parameters
for the control law and adaptive laws. The scalar b, by, and
7 are the parameter bounds. A is the upper bound of the in-
domain viscous coefficient A for which the system (1)-(3) is

stable with respect to the subspace defined as the kernel of
E(). This is what (33) means.

As usual in adaptive control [10] (e.g. see [5] for a ap-
plication of it to the wave equation), this result includes two
distinct properties, (i) stability in term of the functional = and
(i1) convergence (attractivity) in term of the functional Y. This
is due to the fact that adaptive estimation terms may be stable
but not necessarily asymptotically stable, as the term g — g.

Note that Ve € R, u(x,t) = dx+ ¢ fulfills Y(2'(r)) = 0.
Recall that the objective of the considered adaptive control
law is to stabilize u(.,#). As the application considered in
Section V is the control of torsional vibration, we do not need
to control the angular position. This is a feature inherited from
the control law in [4] which is usual for the considered control
problem, e.g. [23], [22], and [20]. The presented method
just extends the result in [4] for in-domain viscous damping
mismatch, it does not change the goal of the considered
adaptive control law. Note that, if one is interested on the
position stabilization, one could study the robustness mismatch
of the adaptive control design in [5]. It is worth noticing that
U(t) =d for u(x,t) = dx+c, Vc € R. This is consistent with the
fact that d can be seen as a feedfoward bias, and the adaptive
control law d as an integral control.

It is worth noticing that, if the adaptation parameter g is
perfectly known (g = g), then the exponential stability of the
closed-loop system (1)-(3) with the control law (6) and the
adaptive law (10) in terms of the functional E follows ( see
Lemma 2). The associated attractor is the kernel of Z(-).

Comment of the closed-loop system well-posedness

Even if the well-posedness of the closed-loop system is not
tackled in this paper, the idea of its proof can be stated in
three steps, as follows

(i). For each solution of the original system (of state 2
defined in (27)) there is a solution of the Extended Target
system (of state 2, defined in Section IV-A6). Therefore
if one proves that the extended system is well-posed, then
so is the original system. Note that the Extended Target
system is a coupled hyperbolic PDEs plus ODEs system.
In [18], the authors study the local well-posedness of hy-
perbolic PDE-ODE systems. The Extended Target system
(of state 2, defined in Section IV-A6) is close to the one
considered in [18]. Indeed, the first order hyperbolic PDE
source terms, which are depending on ODE variables, can
be canceled using a change of variable (like the one in
the proof in Appendix A-1 (121)).

Using the particular property of the Extended Target sys-
tem (of state .2;), i.e., diagonal, Lipschitz and marginally
stable, we can use Theorem 5.2 in [18], which states the
local well-posedness. Then using the finite time blow-
up criterion from Theorem 5.3 in [18], and the stability
property from Lemma 2 in Section IV-B, one is able
to conclude the global well-posedness of the Extended
Target system (of state 2, defined in Section IV-A6).

(ii).

(iii).

IV. PROOF OF THEOREM 1

The method proposed in this section to prove Theorem 1
is to define an extended system (of state .Z,), whose stability



implies the stability of the original system in the sense of (33)
in Theorem 1.

The proof is organized as follows. First, in Section
Section IV-A, an extension of the system referred to as the
Extended Target system, is presented. Second, we define a
corresponding Lyapunov functional V(%;), the stability of
which is proved in Section IV-B. Then, in Section IV-C, two
lemmas detail the equivalence properties between V(Z.))
and E(Z;) introduced in (31). Finally, the convergence with
respect to the functional Y, defined in (32), is established in
Section IV-D, and the proof of Theorem 1 is concluded in
Section I'V-E.

A. Extended Target system

The different steps to build the Extended Target system are
listed below.

o First the system (1)-(3) is reformulated using the Riemann
invariants into coupled transport phenomena with an ODE
(19)-(23)

o The two transport phenomena are divided into two dy-
namics: the Estimated system and the Auxiliary system
(Section IV-Al).

« Delayed state variables are introduced to handle the fact
that the control design involves an output delay from (7)
and (24) (Section IV-A2).

o A backstepping transformation is performed on a subset
of these delay variables and the corresponding Target
system is computed in Section IV-A3.

o A new state variable is added to handle an adaptive error
term in the Lyapunov analysis (Section IV-A4).

« Finally, the system is extended with the time-and space-
derivatives of the Estimated and the Auxiliary systems
(Section IV-AS).

The last subsection (Section IV-A6) is a summary of the
Extended Target system.

The following subsection are organized this way: first we
define the variables we use to extend the system, second we
compute their associated dynamics, and lastly we comment
about their use.

1) Estimated and Auxiliary systems

Consider the following distributed variables

~

) = Ll
1
2 [ QUata—)+ ol +x—)dx 69

anr) = () + 1 [ (Er—v+2)+ 0zt —x+ 1)z

1
A [ C@i—x—n)+o—x—)dz (6
Clxt) = §(xt) — E(x,1) (37)
o (x,1) = o(x,t) — O(x,1) (38)
Proposition 1: The state v (18) of the ODE (19) is solution
of
W(t) = alg— Dv(e) +a[C(0,0) + £(0,0) —d(r)]  (39)

The Estimated system satisfies

G(xt) = Culwr) —d() (40)
L1, =w(r) @1)
B (x,1) = —@.(x,1) +d (1) 42)
®(0,1) = 2g(1) — £ (0,1) 43)
in which g(t) = v(t), and the Auxiliary system is
L) =Glr ) —AC+0+L+D)(xr) (@4
¢(1,1)=0 (45)
B (x,0) = —@u(x,1) — AL+ @+ +@)(x,1)  (46)
(T)(O,t) = —C(O,t) @7

Proof : From (19) and the definitions (35)-(38) one
obtains (39).

From the definitions (35)-(36), considering the Riemann
invariants (20)-(23) one gets (40)-(43). (44)-(47) are obtained
in a similar manner. |

We choose to denote g = v in (43) because v can be
considered as a state and it can be express by other state
variables. Therefore we kept v to denote the state, and g denote
the values of v with respect to other state variables.

These definitions follow the same ideas as in [21]. The
system (20)-(23) is decomposed in two parts. The first part
(40)-(43) is referred to as the Estimated system and has the
same decoupled dynamics as the Nominal system (when A =0
in (20)-(23)). It can be seen as the part where the control
acts on, while the second part (44)-(47) encapsulates all the
remaining dynamics. This second system is referred to as the
Auxiliary system.

2) Delayed states

As the control law (6) uses a two units of time window, let us
introduce some variable function of delayed state variables

o~ ~

S(x,t) = C(x,t—1)+d(t—1)—d(t) (48)
Blx,t)=d(x,t—1)—d(t—1)+d() + ®(1,t —x)  (49)
S(x,0)=C(0,t+x—1) (50)
de.r) = { 5(vr),  x€(0,1/2] 1)
C2x—1,1), xe[l/2,1]
Proposition 2: The variables L, E, &, and & satisfy
() = alg— () +a[&(0.0) +3(0,0) ~d(1)]
70(471)5(1’t)+a»(21,t) (52)
Bi(x,1) = —Bu(x,1) + (1) (53)
B(0.1) =2u(r) — @(0.1) (54)
20 (x,1) = O (x,2) —2d(t) (55)
a(l,)=w(t (56)
8 (x,1) = 8¢(x,1) (57)
§(1,1)=C(0,1) (58)



Proof : From the definition (7) of u, using the defini-
tion (15)-(16), along with the definitions (37)-(38), applying
Lemma 6 in Appendix A-1 for the transport equation (40) and
(42) and finally using the definition (18), one gets that

1.
,u(t):v(t—l)+§w(1,t) (59)
According to the ODE satisfied by v (39), and using g and @,
i.e., (50), and (51), one gets the following ODE at time ¢ — 1

v(t—1) =a(g—1)v(t — 1) +a[a(0,r) + 5(0,£) —d(t)] (60)

Moreover, the time derivative of (59) gives (52).

Now, from the definition of B (49), using the transport
equation (42) and the associated boundary condition (43) along
with the expression (59), one gets (53) and (54).

Using the definition (48), the transport equation (40), and
the associated boundary condition (41), one gets (55) and (56).

Taking space and time derivatives of definition (50), one
obtains the transport equation (57) associated to the boundary
condition (58). |

In the following, we give some comments on these addi-
tional states.

First, i (52) is considered instead of v because the state the
control law (6) depends on_ .

_ Besides, the variable § accounts for the input delay
£(0,# —1) in (60). Similarly the variable 3 represents the delay
of the variable ®.

__ Furthermore, the state variable o represents the history of
¢ over a two units of time window. The idea behind gathering
¢ and 6 into (51) is to obtain a unique distributed variable to
perform a backstepping transformation (see the next section).
However, we still need the variable { for two reasons. First,
the boundary condition (43) depends on £(0,7). Second, in
the last part of the reformulation, we need to consider the
derivatives of the Estimated and Auxiliary systems (40)-(47)
which are depending on { so it eases the analysis.

Finally, one can observe that the last term of (52)
is  not expressed in the current set of variable, i.e.,
a, B, 5, ¢, @ C, @ u, G and d. This is why the
system representation is extended considering state derivatives
in Section IV-AS.

3) Backstepping transformation

Before presenting the Target system, the control law is refor-
mulated as follows.
Claim 1: W defined in (17) can be expressed as

Wﬁﬁvwm+ﬁﬂ—UGM@””Mﬂ

+2a/lezfl(c7<t)1)<1x)a(x’t)dx>
0

Proof : From (6)-(8) and (17), with the change of variable
X =t+2x—2, one gets

—(co+qlr) (

x (W(t+2x—2)+ +d(t+2x—2)— d(t))dx)

(61)

W(t) = )+ 2a / ! 2a@-1)(1-
0

(62)

Then, applying Lemma 6 in Appendix A-1 with y =1 on (55)
and using (56), one obtains (61). |
Consider the following backstepping transformation of o

axJ>=&cnn—+@o+au>—1>(8“ﬁ””ﬁwn

+2a / xeza@(wl)(u)a(x’t)dx)
0

Lemma 1: The backstepping transformation (63) together
with the control law (61) transform the plant (52)-(56) into
the following Target system

f1(t) = —acop(t) +alz(0,¢) + 8(0

(63)

)+ p(0)g(e) —d(0)]

g na(n+ 200 (©4)
2% (x1) = ﬂwﬂwﬁewﬂﬂ%MMﬁ
+ @) —d(r) +8(0,1)
+[—( ;1)5(1,t)+“”;’t)]]h(x,t) (65)
zZ(1,1) =0 (66)
B (x.t) = —Bu(x.t) +d(1) (67)
B(0,1) = (1+co+q(r))u(r) —2(0,1) (68)
in which

galet) = ~2 = dalco +3(0) - 1) [ 00Dy (69

h(x,t) = 2a(co+q(r) — 1)@ -1 (70)

gq(x,1) = 2e24@O=D% (1) 1 4a /Ox @O0 =)g (5. 1)ds
+(co+q(t)—1) (4axe2a<5<f>1>xu(t)
+8a® /Ox(x— x)eza(‘?(’)')(xl>6z(x,t)dx)

and in which O can be expressed via the inverse backstepping
transformation

0(x,1) =z(x,1) = (co+4(t) = 1) <€_2“C°xu(f)

+2a/ ~2acol =27y, t)dx)
0

Proof : The proof is established from the time and space
derivatives of (63), using the expressions (55)-(56) and (52).
As the computations are fairly standard, they are omitted. W

(71)

(72)

4) Adaptive error term

Consider the following variable

dy (1) = —acop(r) — ad (1) (73)
Proposition 3: The dynamics of dNH is
c;';l(t) = —acoc;';l( t)—a co[ (0, t)+5(0 1)+ u(r)q(t)
1 ~ | A
—Z(q—l)w(l,t)Jrzaa),(],t)} +ad(t) (74)



and g in (43) can be expressed as

o(1,t)
2

1 -
+a/ VDG (x /2,1) + 8 (x,1)ldx
0

ela=1) _ 1
qg—1
in which O is expressed using the inverse backstepping trans-
formation (72).
Proof : Computing the time derivative of (73) and using
(64), one gets (74).
Using a prediction of the ODE (60), Lemma 6 in

Appendix A-1 for the transport phenomena (55) and (57), and
thanks to the definition (59), one obtains

g(1) =0 D u(r) — e~

+ [com(r) + (75)

eala=1) _ I .
8(0) = (1) = V() - (10 +a [ a0
Jo
~ < ~ |etlah)
X [a(X/zat)+5(X7t)]dx_d(t) ? (76)
Finally, using (73), one gets (75). |

A first objective of this proposition is to reformulate the
functlon g ] in terms of the variables of interest, that is u, z,
ﬁ C o, ¢, o, 5, g, and d. A second objectif is to handle
the last term of (76) involving a d(t ( ). Usually, the update law

d could be designed to cope with this term. However, in the
nominal case A =0 in [4], the Lyapunov analysis was carried
out in a cascaded manner. First the stability of Z, i, and B is
established. Secondly using Gronwall’s inequality the stability
of @ is obtained (for more details see [4]).

Here, we cannot use the same developments, due the inter-
connections between the variables generated by the in-domain
damping. This compels us to perform a Lyapunov analysis
of the entire system, and to deal with the d term appearing in
(76). The additional variable dy, is thus introduced to overcome
this difficulty.

5) Introduction of the first-order derivatives of the Estimated
and Auxilary systems

Note that (64) and (74) are both depending on @ (1,7). To
get that type of term in the Lyapunov analysis we have to
take under consideration the dynamic of @,. As presented in
the sequel, the dynamic of @, is coupled with the dynamic of
&, @, and (,. Therefore we extend the system by considering
derivatives of the state variables of the Estimated and Auxiliary
systems (40)-(47), as follows.

Proposition 4: The dynamics of EX and O, are

Cu,t) = Gl 1) | (77)
Ce(L,1) =W () +d(r) (78)
Oy (X,1) = — By (x,1) (79)
@.(0,1) = —28(t) + 5,(0,1) (80)

in which the expressions of the time derivative of g and W are
given in Appendix B. The dynamics of {; and @, are

G (1) = G () = A (G + @y + G — @) (x,1) @1)
G(1,0)=0 (82)
B (x,1) = —Bur(5,1) = A( G+ B+ G~ D) (1) (83)
@ (0,1) = ~&(0,1) (84)

Proof : Taking a space-derivative of the Estimated system
transport (40) and (42), one gets respectively (77) and (79).
From (40) evaluated for x = 1 and the boundary condition (41),
one gets (78). With a similar argument on (42) and (43), (80)
follows.

Adding the Estimated system transport phenomena (40) and
(42), one obtains

Gt O =& — 0 (85)
Thus, the time derivative of the Auxiliary system (44)-(47)
gives (81)-(84). |

The state variables of the Extended Target system are
detailed explicitly in the next section.

6) Summary of the Extended Target system

To summarize, the Extended Target system whose state is

%xﬁzwa»anﬂ>Ak>Eo,@o L),
O(t), du(r), &), Bu(t), G(0), @i(0), (), ()]

e{R, L,(0,1)%, H;(0,1)*, R, L»(0,1)*, R*} (86)

consists of (64)-(68), (57)-(58), (40)-(47), (77)-(84), and (74),
with the update laws (9)-(10).

Figure 1 illustrates the different steps detailed previously to
build the Extended Target system.

Estimated and ~ Delayed Estimated and
Riemman Auxiliary variables ~ Backstepping  Adaptive Auxiliary systems
Invariants systems (52)-(56)  Transformation Error term Derivatives
(19)-(23) (40)-(47) (57)-(58) (64)-(68) (74) (77)-(84)

(Y —a—
TO—)
V@8 —(p)
\@

O

9
©
@)
@

v v u

@
6 (@)

Fig. 1. Schematic view of the successive transformations and extensions to
obtain the Extended Target system, variables of which are encircled.

B. Lyapunov analysis

This section focus on the stability analysis of the Extended
Target system. First, we formulate the following claim



Claim 2: The estimation laws (9)-(10) can be rewritten as

Y ay, —~,
i0) =2 sprong {0 (0420 @
1 N
X (co+q(t) — 1)/0 62(“(‘7(’)_1)+Dx?(x,t)dx) }
o B ayy e
d(t) = TEND PROJT, 5 {d(r),u(t) +2b, (88)

1 .
x (co+q(t)—1) /0 e2<a<q<’>1)+i>xz(x,z)dx}

N(t) = ()2 +2by /

1 1 ~
exf(x,t)zdx+b2/ e B (x,1)%dx
0 0

(89)

in which E is defined in (49) and 7 in (63).

Proof : The proof follows arguments similar to the ones
of Claim 1 in Section IV-A3. |
Then, one is able to establish the following key lemma.

Lemma 2: Let us consider the Lyapunov functional

V(Z(t)) =Vi(t) +Va(t) + Va(r) + Va(t) + Vs () (90)
with
gt dr)?
Vi(t) =log(1+N(1)) + +— o1
Ya Ya
| N |
Va(t) :b3/ exC(x,t)zdx—i—lM/ e @(x,1)dx (92)
0 0
| 1
Va(t) :bs/ exC(xJ)zdx—i—bé/ e @ (x,1)dx
0 0
| B
s / 8 (x,1)2dx 93)
0
Vi(1) = bgdy (1) (94)
| N 1
Vs(1) = bo / e Cu(x,1)2dx+bro / @, (x,1)2dx
01 ~ 01
+b]1/0 exgt(x,z)zdx+blz/o e 7Y@y (x,1)%dx  (95)

in which N is expressed as (89), and b3, ...,b12 > 0.
For all co > 0, there exist by(co) > 0, by(co,b2) > 0,
¥(co,by,b2) >0, such that, for all
e hhe (O,Ez),
e b€ (Qlaoo):
®* Y, ’}/6] € (077)’
there exist b; > 0,i € {3,...,12} and A(cq,by,b2,7, 2 (0)) >0,
such that, for all A € (0,1), it follows

V(1) < 7%1%) 20,02+ 8(0,0)2 + (1)? + i (¢)?
+8(0,02+8(0,0* + 212+ IBIP + IS + 11> + | @]
DI+ 1812+ 1S+ 1C> + @2+ llanl?|  ©96)
for a suitable ¢ >0, and
V(Z(1) <V(2(0)), 120 ©7)
Proof : The proof is given in Appendix C ]

C. Relation between the functionals T'(Zs) and V(%)

In order to establish the stability condition (33) of
Theorem 1, we formulate the following two lemmas.

Lemma 3: Consider I" defined in (30) and V defined in
(90). There exists R > 0, such that

D(2(t)) <R(e"(Z<0) 1) (98)

Proof : The details of the proof are given in Appendix D.
|
To establish Theorem 1, we also need to bound V by a function
of I'. This is the purpose of the next lemma.
Lemma 4: Consider T defined in (30) and V defined in
(90). There exists p > 0 such that

V(Z.(t)) < p max T'(Z5(t —s)) 99)
s€[0,3]
Proof : The proof is given in Appendix D ]

D. Convergence analysis

We conclude on the convergence with respect to the func-
tional Y (32). N _

Lemma 5: v(1), o), IE@)I, 1), and [|@(t)|| tend
to zero as t tends to infinity.
The proof, based on Barbalat’s lemma, is presented in Ap-
pendix E.

E. Conclusion on the proof of Theorem 1

Gathering (98) from Lemma 3 and (99) from Lemma 4, one
gets the existence of R >0 and p > 0 such that

[(2:(1)) < R(eP™boa T ), (100)

Then, (100) along with (97) from Lemma 2 give the stability
result (33) in Theorem 1.

Finally, using Lemma 5, (15)-(16) and (37)-(38), it follows
that u,(0,¢) = v(¢), ||u(¢)|| and |luy —d(¢)|| and also d —d(r)
tend to zero as t tends to infinity. In other words, (34) holds.
This concludes the proof of Theorem 1.

V. APPLICATION TO DRILLING TORSIONAL VIBRATIONS

For illustration purposes, the control law presented in Sec-
tion II is applied to a nonlinear drilling model, presented in
the next section.

A. Drilling context and nonlinear model

One of the possible applications of the control law (6)
associated with the wave equation model (1)-(3) is to attenuate
the torsional vibrations occurring in drilling facilities (e.g. [3],
[4], and [22]). Such vibrations can lead to the so called stick-
slip phenomenon [12]. Indeed, the friction at the bottom of
the hole, between the rock and the drillbit, forces sometimes
the bit to stop, while the surface is still rotating. After some
time, the bit will start moving again at velocity higher than
the top velocity (see Figure 5 before 15 s). This torsional
dynamics can be modeled by a wave equation with a nonlin-
ear boundary condition uy (0,7) = aF (u;(0,1)) 4 au,(0,1) (see
[23], [24]), accounting for the friction between the drillbit and



Symbol Description Value
L Length of the drillstring 2000 m
J Drillstring second moment of area 1.19 e-5 m*
G Shear modulus 79.3 €10 N/m?
I Drillstring inertia’s moment per length unit 9.5 e-2 kg.m?
I, BHA moment of inertia 311 kg.m
Dy, Outer diameter of the drill pipe 127 e-1 m
dap Inner diameter of the drill pipe 1.08 e-1 m
i Field viscous coefficient {0,10,20} Pa.s
Cp Sliding torque coefficient 2 e3 N.m.s/rad
Tiob Torque-on-the-bit parameter 75¢e2 N.m
ap, 0, 03 Friction parameters 5.5; 2.2; 3500
Y Damping parameter 0.03 N.m.s/rad

These value are taken from [22] and [11]. The friction phenomenon is described by the
model in [27].

TABLE 1
PARAMETERS VALUES OF THE NONLINEAR MODEL USED IN SIMULATION

the rock. Even if there exist phenomenological expressions
of this friction F (see [27], [24] and [19]), they depend on
some parameters, such as the weight on the bit, drilling mud
properties, and the nature of the rock. So they may change
during operation. This is the reason why using an adaptive
controller is of high interest for this application.

Following [24], the nonlinear dynamical model of the
drillstring rotatory angle is denoted 6(&,t) at length & and
time t. By convention, the top boundary is at £ =0 and the
bottom boundary at £ = L, and the torsional dynamics can be
modeled by

GJOge(E,t) =16 (E,t) —AB(E,t) =0 (101)

along with the boundary conditions
GJO:(0,t) = ca (6:(0,t) — Q(t)) (102)
1,0 (L,t) = -GJ O (L,t) — Tpir(6:(L,t)) (103)

in which Q(t) is the angular velocity of the rotatory table rotor
the actual actuator at time t, Tg;r is the nonlinear rock-on-
the-bit friction term and other constants are listed in Table I.
Note that there exist alternative models of this phenomenon,
such as proposed in [23] which takes into account the axial
vibrations.

Following [22], we consider the changes of variables

E=L(1—x) (104)
1
t:L,/atécﬂ (105)
u(x,t) =0(&,t) (106)
Lcg, 1
v =" (a@n-tun) a0
L .
F()=—cTeir <c,> (108)
with the following constants
I AL
=L—, 2A=—= 109
T VGII (10%
This allows to rewrite (101)-(103) as
Uy (1) = Uy (x,7) — 20, (x, 1) (110)
ue(1,6) = U(1) (111)
ur (0,1) = aF (u;(0,1)) + au(0,1) (112)

Now, we consider a first order Taylor approximation of F(.)

around an equilibrium u{ef, ie.,

F(ur(0,)) = q(ur(0,1) — ") —d

in which d = —F(u’") and g = F(«). Then, assuming
u{ef: 0 for the sake of conciseness, the torsional dynamics
model can be reformulated under the form (1)-(3).

For simulation, the friction term Tp7(.) is taken as (see
[27])

(113)

2Tt0b
T

Teir(x) =vx + (061}6670‘2‘)” —l—arctan(ag)()) (114)

where the parameter values are gathered in Table 1.

The drill pipe is a hollow cylinder of outer diameters Dy,
and inner diameter dy,. The drill is in contact with a viscous
field, of viscous dynamical coefficient u,,. Direct computation
gives the associated damping coefficient

T
A= n> (D, +dg,) (115)

In Figure 2, we provide a brief illustration of the simulation
scheme.

Q( ) 61: (Lvt
4 System >
6.(0,t
(101)-(103) +(0,t) R
(107) g
ut(l,t)
Adaptive feedback [¢ et
ut™) (6)-(11) ¢
l M 1/¢ >
u(r) Hun (1)

Fig. 2. Simulation scheme.

Simulation are performed in the sequel for A =0 (nominal
case), A = 0.45 and A = 0.9. It is worth noting that all
simulations presented below have been performed using the
nonlinear model (101)-(103).

B. Velocity regulation of the nonlinear model

Here, the control law (6) and adaptation laws (9)-(11) are
not used for stabilization but for regulation, i.e., we wish
to stabilize u,(x,t) —u®" instead of u,(x,¢). Note that in all
simulation cases, the control law is turned on at t = 15 5. ¢ is
chosen such as aco = 1. Besides, we chose by = 1074, b; =1,
Y2 =0.5 and ¥, =0.01.

The reference ™' is taken such that the unnormalized de-
sired velocity is 8" =5 rad/s. The top and bottom velocities
0:(0,¢) and 6 (L,t) along with the unnormalized equivalent
of u defined as
u(r)

Ct

Wan(t) = (116)
are all displayed in Figures 3, 5, and 8 for A =0, 0.45, 0.9
respectively. The estimations of d and ¢ are displayed in
Figure 7 for the case A =0.45.
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Fig. 4. Time response of the control laws Q(t) and U(t) in the case A =0.

One can notice that the oscillations existing in the open-
loop phase, i.e., before 15 s in Figures 3 and Figure 5, are
mitigated by the application of the control law and regulation
is obtained.

In Figure 3, as excepted when A = 0 from (24), (106),
and (116), one gets Uyn(t) = 6;(L,t —¢;). Moreover, the top
and bottom velocities 60;(0,t) and 6;(L,t) reach 95% of
the reference, at respectively 23.54 and 23.37 s, which are
reasonable performance compared to the oscillation period.
The time responses of the associated control laws Q(t) and
U(t) are displayed in Figure 4.
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Fig. 5. Simulation of the top, and bottom and delayed bottom estimated
velocities for 4 = 0.45.
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Fig. 6. Time response of the control laws Q(t) and U(t) in the case A =0.45.

In Figure 5 (A = 0.45), the top and bottom velocities
0:(0,t) and 6 (L,t) reach 95% of the reference at respectively
22.00 and 21.74 s. One observes that these settling times are
close to the nominal case. Here, as excepted from (86), (106),
and (116), yn(f) is only an approximation of 60(L,t —c¢;).
The time responses of the associated control laws Q(t) and
U(t) are displayed in Figure 6.

The fact that the system for A = 0.45 in Figure 5 has a
settling time lower that in the nominal case (A =0 in Figure 3)
can probably be explained by the fact that the respective
velocity values are not the same when the controller is turned
on. Moreover, notice that the magnitude of the oscillations
before t = 15 s is lower in Figure 5 (case A = 0.45) than in
Figure 3 (case A =0), which is clearly explained by the fact
that the in-domain damping adds dissipation.
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Fig. 7. Evolution of the parameter estimates d and § for A = 0.45.

~

In Figure 7, as expected, d(t) converges to d. Even if
velocity regulation is obtained, one can observe that the
estimation g(t) does not converge to the value of g. Note
that this latter observation does not contradict the conclusion
of Theorem 1. This is deeply linked with our control goal, i.e.,
regulation (stabilization). Indeed, the control laws associated
with this goal are not frequentially “rich” enough (as pictured
in Figure 4 and Figure 6) for g(¢) to converge towards g.
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Fig. 8. Simulation of the top, bottom and delayed bottom estimated velocities,
for A =0.9.

In Figure 8, a high damping value is considered (A = 0.9).
Consequently, the open-loop system does not exhibit an os-
cillatory behavior. Therefore, the benefits of the feedback
controller used after 15 s are quite reduced. However, this
simulation highlights the robustness capabilities of this control
law since the closed-loop convergence is still well-achieved.

VI. CONCLUSION

We propose here a theoretical study of the mismatch ro-
bustness of an adaptive prediction-based control design. We
wish to emphasize that the different ideas may be transposed
to similar contexts. Finally, the interest of this result has been
illustrated through simulations.

Future interesting works could include the study of ro-
bustness to other types of model mismatch, such as Kelvin-
Voigt damping (a distributed term in u,,) which represents
the dissipation within the matter.

Also, a future path to explore could be to develop control
algorithms taking explicitly into account in-domain damping.
A first step has been done in this sense in [20], but could be
generalized by including adaptive control.

APPENDIX A
INTERMEDIATE RESULTS

1) Relationship between transport equation and delay

Lemma 6: Consider

fi(6t) +efe(x,t) = F(x,t) 117
f(0,6) = f(r) if ¢ >0, and f(1,1) = f(t) if c <O (118)
f(,0)=fo (119)

in which F € L((0,00) x (0,1)), f € L»(0,%), fo € L»(0,1),
and ¢ € R\{0}. There exists a unique weak solution
S € Ly((0,00) x (0, 1)) for the abstract Cauchy problem result-
ing from (117)-(119). This solution satisfies, for all x € [0,1],
t €[0,00), and s such that 0 < c(s—1)+x < 1

Fle(s—1) +x,5) =f(x,1) +/[S§5(c(fft) +x,7)dT (120)

Note that we can deduce for any x the values of the distributed
state f(x,#) with the knowledge of its boundary and .%.

Proof : Without lack of generality, consider ¢ < 0 and the
following variable

mx,t) = f(x,1) —/Oxéﬂ(s,t-i-

§—X

)ds (121)

One gets that, if % € L»((0,00) x (0,1)),

m € Ly((0,00) x (0,1)) & f € Ly((0,0) x (0,1))  (122)
Moreover, m satisfies

my (x,1) +cmy(x,1) =0 (123)

m(l,t):f(t)—/oléy(s,t—i-szl)ds (124)

m(x,0) = fo(x) f/ox%ﬁ(s, s (125)

which is a standard transport equation. Following [7]
Example 2.2.4 or Exercise 3.14, this system is well-posed
and its solution satisfies m(x,7) = m(1,t —Z) which, in turns,

implies (120). |

2) Intermediate result for Lyapunov stability

Proposition 5: Consider x; € Ly(R), (i <m, i, m € N), and
V a positive definite functional of (xlz) . Assume there
exists a increasing function K such that

i=1..m

(126)

in which ¥i € [0,m], a; > 0.
IfVi, ai—K(V(0)) >0 then Vi, ¥t >0, a; —K(V(¢)) > 0
Proof : For the sake of simplicity, take p = 1 (similar
arguments hold for the general case). By contradiction, as-
sume the existence of #op > 0 such that a; — K(V (1)) < 0.
By continuity, there exists at least one 7 € [0,7] such that
a; —K(V(t)) =0. We denote #; > 0 the smallest. One has

Vie[0,41], a—KWV())>0 (127)

and thus V(1) < V(0) according to (126). Consequently, a; =
K(V(t1)) < K(V(0)) as K is an increasing function, which is
a contradiction. |

APPENDIX B
EXPRESSIONS OF ¢ AND W

Proposition 6: The time derivative of g (75), can be
expressed as

g() =Y [a[f(OJ) +8(0,) +1(1)G(1)] +du (1)

— a9/ 50
_E(a—l)w(l7t)]+{e (e=D1=2) [2+6(%7I)]]x—0

1 o ~
+a/0 e“W*l)“*%)a(q—1){%%(%,;)}@5 (128)

The time derivative of W defined in (17) can be expressed as
. 2 ~ l o~ —~
W(r) = —q(r) (eZu(q(rH)u(;) +2a/ e2a(<1<t)f1)(lfx)a(x’t)dx)
0

(o431 -1) <2ar?(r)ez“@”)u(t) T @0 [a[f(&r)
ay(1,1) }

+8(0.0)+ 1G] +du (1) = 5 (g = (L1 + =

S

. .
+2a/0 2@ ag(r) (1 — y)a(x,t) —d(r)  (129)

1
+a<a—1>a<x,r>}dx+a[e2“<?<’>*1<1*%>a<x.,z>} )
x=0



in which a can be expressed using the inverse backstepping
transformation (72).

Proof : Taking the time-derivative of (76), using the
transports (55) and (57), applying integration by part on 0
and O, and expressing d with (73), one gets (128).

From the time derivative of (61), in a similar way, one gets
(129).

APPENDIX C
LYAPUNOV FUNCTIONAL ANALYSIS

Before stating the proof of Lemma 2, one establishes the
following proposition.

Proposition 7: There exist positive Mo, Mgy, My,
{1,2,...,8}, C;,i €{1,2,...,8} such that

M,-(bl),ie

, 4 da~
Vi) < —acop(t)? + 220,12 + =5(0.1)°
0 0

1
1+N(t)

a 2502, Lo

—(g—1)"o(1,t —awy (1,1
+ e elnT+ = a(l)

+b1[*2(0,[) *ﬂﬁ»Yqu(

+ YaMa (by) (1 (1)* +217)
+ Mo8(0,1)% + M@ (1,6)% + My iy (1,1)?]
+ by [—B(1,0)2 +2e(1 +co+G(1)) 21 (1)? +2¢2(0,1)2

—11BIP -+ vaMs (b1) (1 () + |27 + 11 B11)]

bi) ((e)* +21%)

(130)
Va(t) <bs {— £(0,0% = [|ZI +Ca () +1IZ17] + FaMa(by) (1)

TR anﬂ by [—au,r)Z— 18P +20£(0.0?
FC (1) +dp (1) + 2% + 18] + &(1,1)?]

+7aMs (b1) (1) + |27 + Hfﬁllﬂ (131)
Vs (1) < bs H(o,r)t (L+2M)IEI2+AC (I 12 + 117 + |@] 2
1) + 05| (1.7 + L0714 20) 3
+Ac4(|\a~)u2+|\Z||2+||a>n2+||2u2)}
+n| €00, - 5(0.0° - 312 (132)

Vs<t><b9[ 20,2 B2+ Gl (1,0 + 1t + d(1)?

+2(0,0)7 4+ 212 4 8(0,6)% + B(1,1)*] 4 yaMr (br) [ (r)?

+ 2P + M (b1) [ (1) + Hﬂlz}} +b1o {— Bu(1,1)° — | &x?

+38:(0,0)2 + Cr () +dyu (£)2 +2(0,0)2 + |27 + 152
+5(0,0)2+@(1,0)%+ Z(o,z)Z]} +by {— 5(0,1)2

— (142G 1P+ ACs (16112 + 1 Gl + Nl @l + H&HZ)}
+b12[ (102 — (14 20) B + & (0.1)?

+ACy (H@|\2+||&||2+||@H2+||Ef\\2)} (133)

V() < bg(facoc’ziia)zwmﬁ(bl)[u(z)z+ EP 34

+Cs[u2+72(0,6)2+8(0,0) 2+ (1,6)% + cT),(l,r)2]>

Proof : For simplicity, we only detail the proof of (130),
as the remaining inequalities can be obtained with similar
arguments. From the definition of V;(¢) one gets,

Lo N(@) gl
V](t)_l-f'N(l)—Z Y W

From the expression of N (89), it follows that

1 1 o~
N(z):Zﬂ(z)u(t)+4b]/ exEE,dx+2b2/ A BRdx (136)
0 0

Then, using (64), and Young inequality, one obtains

da < a
25(0.02+ (g 1)?

€0

<o
xau,r)u%ml 0%+ 2a(0) (1(0)(0) — d (1))

2R(0)(t) < —aco () + 4—“2<o,t>2 50,02+

(137)

Finally using (65)-(68), and Young and Cauchy-Schwarz
inequalities, with integrations by parts, one obtains

'W My (1) ()2 + EIP)

+ Mo (b1) (u(t) +\H| ) +MoB(0

+ Moy @ (1,1)*] +2a(co+q(1) — 1)
)=

< [ 00 ) u()dt0) — a0
0

1
4 / FTdx < —2(0.1)2 —

)24+ Mypd(1,1)?

(138)

2/01 e BBdx < —B(1,6)2 +2e(1+co+4(t)) u(t)? (139)
+262(0,0)> = ||BI1? + yaMs (b1) (1 (1) + 12112 + 1 BII)

Gathering (135)-(139), and using Claim 2 concludes the proof
of (130). |

Proof of Lemma 2: Gathering inequalities (130)-(133) of
Proposition 7, we obtain

V(Z2e0) < Y, Sufr()V (140)
ves
in which
7 ={u, 120, BN 181, 11, @i, 11, lall,
du, G 1@, 1S, lléxl, 2o, Bl1, 8]0
£jo, @1, £Jo, @|1, &0, @1, &lo, @1} (141)

where @|1 denote the boundary of @ for x =1, i.e., @(1,t)

1 : 21 R
5%{ Y € GORIEL 1B B 1



and with

4
Lo, V(1) = C*a — by +2eby + [bgCs +boCs + b1oCyle’ V) (143)
0

Fspobi) = (144)

Fu(bi, V(1)) = —aco +b1yuMy + by yaMa + 2eby (1 +co + §)*

+ by M3 + /0 [b3C1 + b3YuMy + baCy + by yyMs
+bgYaMe + bgCs + boCe + bo YgM7 + bo YaMs

4a
o + b 1My — b7+ bgCs + bgCg + b190C7
0

+b10C7] (145)
f:l (bi) = byCy — acobg + bgCg + b19C7 (146)
fao(bl) =—b3+2eby (147)
_fao(b,) —bs +ebg + eb7 +b19oCy (148)
fa1(bi) =—(g—1)* +b1Me +b4C2 — be

+bgCs + bgCg + b19gCqy (149)

b
Tz (i, V(1) = —Zl +b1YMy +byyaMa + by yaMs + eV [b3Cy
+b3YaMy + baCr + bayyMs + bgYaMe + by Ce

+b9YyM7 + byYyMs + b1oC] (150)
S (i) = —b2 +bayaMs (151)
fHEH (bi,l) —b3 +b3’)/dM4 +b5lC3 + b61C4 (152)
£y (BisA) = =bs(1422) +bsAC; + bACy (153)
@) (bisA) = —ba +bayaMs +bsACs + bsACy (154)
ng)H(b,,l) = —bg(1+2A4) +bsAC3 +bgACy (155)
115 (bi) = baCa = b1 +b10Cr (156)
f&‘o(b ) = —bg +3ebyg (157)
fz0(bi) = b1 +ebp (158)
Ja1(bi) = 7+blet+b8C5 +b9Cs —b12 (159)
iz, i) = b9+b11/1C8 +b12ACy (160)
MH( iyA)=—b11(14+2A)+b11ACs+b12ACy (161)
fia) (bi,A) = —b1o+b11ACs + b12ACy (162)
fH(UrH( iyA) = —b12(142A)+ b1 ACs +b12ACy (163)
Note that, we used that 1 +N(z) < ") (from the definition
of V (90)).

A sufficient condition for the stability of the Extended
Target system of state 2. (86) is therefore the existence of

parameters b;, ¥,, Ya, and A such that
fr()<0, ¥ves (164)

This is the condition we investigate in the following.
With this aim in view, we follow the following procedure
to select the different parameters

by — b1 — (bg, by, b12) = (b11, bs)
= (Y Ya) — (b3,b3) — (bo,ba) — bio
First, from (143) and (145) we choose b, and by such that

4co (165)

by < —— 0
2> 2e(1+co+q)?

4
by > -2 4 2eby (166)
co

Then from (144), (149), (159) we choose respectively b7, b,
and by, such that

4
by >~ + b1 My (167)
[&0)
b6>cﬁ(q—1)2+b1Mw (168)
0
1
bio > — + b1 My (169)
aco
b1 is taken, according to (157), such that
b11 > ebqp (170)
and from (148) we choose bs as
bs > e(bg + b7) (171)

¥, and Y, are chosen, according to (145), (150), (151), (152),
and (154), as

acy —2eby(1+co+q)?
bi\M +biMa+boM3

Yq+Ya <min{ (172)

by 1 1 1
4(biMy + b1 My +boM3) M3" My Ms }
Note that, if b; < 1,i € {3,4,8,9, 10}, this implies the existence
of M(Z.(0)) > 0 independent of b;,i € {3,4,8,9,10}, such
that V(.2.(0)) < M(Z.(0)) which is simply denoted M in the

following. Consequently, the parameter b3 is fixed, according
to (145) and (150), as'

' —Ju(b34,89,10=0,M)
bz <minq 1, 489,
’ { eM[Cy + yyMy)
—fia)(b3.489,10 = 0,M) }
eM[Cr + 1M

(173)

Then, bg is taken according to (143)-(145), (149), (150), and
(159), as

bg < min {1 —fz0(bag 9,10 =0,M) —fg‘o(b4,8,9,1o =0)
’ eMCS €MC5 ’
—fu(bsgo10=0,M) —fg|i(bago,10=0) 17
eM [y Mg+ Cs] Cs ’
—fiz1(bago, 10 =0,M) —fg1(bago10=0)
eMyaMs ’ Cs }

From (143)-(146), (149), (150) and (159), by is fixed as

. —F0(bag,10=0,M) —T50(P49.10)
bg < min { 1, oo Cocl 7
—fulbsoio=0,M) ~13,(b4900=0) — 15, (bs10=0)

eM[Co + YgM7 + YaMs]’ Cs ’ Cs ’
—fiiz (ba9.10 = 0,M)  —fg1(bao,10=0) }
M(Co -+ yyM7 + YaMs]’ Co

(175)

By fu(b3459,10=0,M) we mean fy(by,by,b3
0,b9 =0,b19 = 0,b11,b12,V = M)).

=0,b4 =0,bs,bg,b7,bg =



From (145)-(146), (147), (149), (150), and (156), b4 is chosen
with respect to

—fulbaro=0,M) —fg,(ba10=0)
b4<min{l, Ju(bajo=0,M) —Jq, 7b—37
Cr + vaMs ¢ 2
—fa1(b410=0) by —fjz(bs10=0,M) } (176)
CZ ’ C27’ CZ +’ydM5

The parameters bjq is fixed according to (143)-(146), (148),
(149), (150), (156), (157), and (159) as

bio < min{ 1 —Fzo(b10 =0,M) S50(b10=0) —fu(bro =0,M)
10 ’ CreM ’ CreM CreM ’
3. (010=0) ps —ebg—eby —fa1(b10=0) by —byC,
Gy ’ Cy ' Cy G
—fiz(b1o=0,M) by
1 e 177
) 177

Finally, a upper bound for A is found according to (152)-
(155), and (160)-(163) as
A <min{b3(1_qu4), bs ’
bsC3+beCy " bs(C3 —2) +beCy
by — bay;Ms bg
b5C3+bsCs’ bsCs +bgCy — 2bg
by bi
b11Cs +b12Cy” b11(Cs —2) +b12Co’
bio bir }
b11Cs +b12Cy” b11Cs +b12(Co —2)
by assuming that C3 > 2, C4 > 2, Cg > 2 and Cy > 2, which
can be taken as such.

Using Proposition 5 in Appendix A-2, with this choice
of parameters, one obtains the existence of ¥ > 0 such that
fr () <=0 forall ¥ € .. From (164), this implies that (96)
holds which concludes the proof of Lemma 2. ]

(178)

APPENDIX D
PROOFS OF LEMMAS 3 AND 4

Proof of Lemma 3: We start by observing that

w(0,7) = ¢V (u(r) — 2a5(1,1))

T+1—t =R ~ ~
+2a [ VD /2,0) 4 8(x.0) — d(D)dx
0
which can be obtained by arguments similar to those used to
prove (76).
Then, using the fact that

(179)

ot
a(1,1) :/0 @ (x,1)dy +@(0,1) (180)

£(0,1) = 7/01 C(x,t)dx +C(1,1) (181)

together with (44) and (74), @(1,t) can be expressed as

~ 1 o ~
a(1.0) = [ G0 - @z

which implies, with Young’s and Cauchy-Schwarz’s inequality,
that

(182)

a(1,0)2 <2(|1G]17 + lan %) (183)

Therefore, from (179) and (183), and using Young inequality
on (72), there exists C; > 0 such that

ummfsm@af+mP+MW+ﬂﬁ

+|C,|2+|&3,||2} (184)
which gives the existence of r; > 0 satisfying
u (0,02 < (V= 1) (185)

Furthermore, from the definition of the Riemann variables,
(15)-(16) and (37)-(38), one gets

(1) + B (x,1) + L (1) + D (x,1)

g (x,1) = 5 (186)
MX(XJ) _j(t) _ C('x7t) - (T)()CJ) ;_ C(X,l) - &v)(x’t) (187)
we.t) = Lelx,1) + u(x,1) ; G (x,1) — @ (x,1) (188)
L) = @) + G, 1) + By (x,1)
Uy (x,1) = 5
FACL+B+E+0)(x,1) (189)

and, applying Young’s, Cauchy-Schwarz’s inequalities, one
can get

e | < SN2 + @1 + 1E]12 + | @] (190)
s P < 5 (1EIP-+ 1817+ 1P + 1812 ) + 5302 a9m
el < N GellP + 1@l + 1112 + 1@ (192)
e[ < ATNG? + 1812 + 1S 12+ 13 ]2
+8A2[ICI2 + 1@ + IS + @)1 (193)
Therefore, from (190)-(193)
[ 7 e [ s [N
< <r2+5yd> (" 1) (194)
for a given rp, > 0. Finally
d(t) +4(1) < (a+1)V () (195)

Consequently, gathering (185), (194)-(195), we obtain (98).
This concludes the proof of Lemma 3. |

Proof of Lemma 4: From the definition of V (90), one
obtains

V(1) <p(t)* +2eby |[2])* + eba || B|| + ebs || £||* + ebl| @
+ebs||||* + ebe||@||* + ebr || 5]|* + bsd, (1) (196)
+ ebol|&l|* + ebio| @y ||* + ebri || & |1* + ebra || 6]
From (59), using (183), it holds
() < 2ur (0,6 = 1>+ |G )1* + || |)?

Then, from the backstepping transformation (63) and from the
definition of & (51), there exists C, > 0 such that

(197)

71 < 2 | (0 + max [[Ee =) +dle—s7] | (198)

s€[0



Besides, according to the definition of E (49), one obtains the
existence of C3 >0

IBIF <Cs i = DI+ max [dle—s)*

H G =) + ot )] (199)
Furthermore, from the definition of d:i (73) one writes
3Ci>0,  du(t) <Cy[u(t)?+d(1)?) (200)

Finally, by the definition of E, , E, and @, (35)-(38) and
using the expression (186), one gets

Z’(x,t):fZA/xlut(x,terfx)dx (201)
E)(x,t):—ZA/OXM,(x,t—x—f—x)dx
+27L/01ut(x,tfxfx)dx (202)
C(x,1) =u (x,7) +ux(x,t) —d(t) — §(x,1) (203)
O (x, 1) =uy (x,1) — uy(x,1) +d(1) — ©(x,1) (204)

and concludes, applying Cauchy-Schwarz’s inequality, that

€017 <422 max (e —s)]P (205)
lo@)|? <8/'lzsren[g§] e (£ = )17 (206)
1E@ I <4l ()2 + as (1) — ||+ (r)?
447 max [l (1 —s)) (207)
@) 1> <4 ([l ()]]* + [lua () — | +d (1)
+ Slzsren[g;;] e (2 —5)]1%) (208)

Similarly, there exist positive constants Cs, Cg, C7, Cg, and Co
such that

I3[/ <cs max, flu(e—s)]? (209)

1517 <Co max [lss(s =)+ e =9)I] 210)

162 <C7 max [[luxe(e —5)[1 + ur (1 = 5)||*] 211)
s€[0,2]

[| @ <Cs <HWXH2+521[3)§] [Hum(tfs)H2 + [|ug (2 fs)Hz]) (212)

I1Ze)1> <Co <HurxH2 +£1[8.)§] (ot (£ — )| + [Jue (¢ fs)\P]) (213)

Thus, gathering inequalities (196)-(200), and (205)-(213), it
holds for a suitable p > 0

V(1) < p max T(Z;(t —5)) (214)
5€[0,3]
This concludes the proof of Lemma 4. ]

APPENDIX E
PROOF OF LEMMA 5

From (97), one can easily get that N(r), §(¢), d(t), and V5 (t),
V3(t) and V4(t) are uniformly bounded for # > 0. Therefore,

w(), [EOILIB@. 1801, 1S, 1@, )] 1)

s )

dy (), (@01, [ Ee(@)]]. 11 (2)]] and || @ (¢)]| are also uniformly
bounded for ¢t > 0.

From there, applying Young’s inequality to (9) and (10), one
can obtain that g(r) and j(t) are uniformly bounded for ¢ > 0.
Similarly, applying Cauchy-Schwarz’s inequality to (6), one
can obtain that {(1,7) and thus @(1,7) are uniformly bounded
for ¢ > 0. Moreover, using Lemma 6 in Appendix A-1, {(x,7)
is al/§o uniformly bounded for 7 > 1+ x and, in particu-
lar, £(0,7) is uniformly bounded for ¢ > 1. Similarly, using
Lemma 6, 0(x,?) is also uniformly bounded for r > 2(1 —x)
and, in particular, &(0,7) is uniformly bounded for ¢ > 2.

Further, using the fact that

1~ -
- [ Gz +Z.
and from (44), it holds, for x € [0, 1],

215)

Ce0) <SG 12+ 22(IE 1P + 1] + 1E112 + 18]%)] 216)

Consequently, C (x,7) is uniformly bounded for ¢ > 0 and, in
particular, £(0,¢) is uniformly bounded for 7 > 0. With similar
arguments, as @(0,7) = —{(0,7) is uniformly bounded for ¢ >
0, it holds that @(x,¢) is uniformly bounded for ¢ > 0, and, in
particular, @(1,7) is uniformly bounded for # > 0. As (r) and
®(1,t) are bounded for t > 0, one knows that v(¢) is bounded
for t > 1. Therefore, from (46) and (76), ®(0,¢) is uniformly
bounded for 7 > 1, and, using Lemma 6, 6(x,t) is uniformly
bounded for ¢t > 1 +x.
Further, from (40)-(46), and (39),

40P = 2av(0) (<q— (i) + £(0.0) + E(0.1)

dt
V(070 -d0)) e
21gar=za, t)zro,z+2/‘z“2,dx Q1)
E\I(T’t)llsz(lt a(0,1) +2/ (o)d(t)dx  (219)
*||C()||2 £(1,0)2 = 8(0,1)2
+22 /0 N[+ @+ + ) (x,1)dx (220)
SIo0) = (1,07 - 5(0,1?
+2/1/01 B(x,0)[C+ @+ C +d)(x,1)dx 221)
] (222)

Using (9)-(10), Cauchy-Schwarz’s inequality and the pre-
vious considerations, it is straightforward that the right-hand
terms in the previous equations are all uniformly bounded for
t > 2. Finally, integrating (96) from 0 to oo, it follows that
u(0). (o). [8O. 1S 1S 18I &1, and (|
are square integrable. Therefore, with (183), so is @(1,), and
finally v(¢). Moreover, as dﬂ( ) and u(¢) are square integrable,
so is d(t).

We conclude this proof with Barbalat’s lemma. ]
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