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LOCALIZATION DUE TO DAMAGE IN
FIBER-REINFORCED COMPOSITES

FraNcors HiLDT, PER-LENNART LARSSONI and FREDERICK A. LECKIE

Deparument of Mechanical and Environmental Engineering, University of California,
Santa Barbara, CA 93106, U.S.A.

Abstract—Fiber pull-out is one of the fracture features of fiber-reinforced ceramic matrix
composites. The onsct of this mechanism is predicted by using Continuum Damage Mechanics. and
corresponds to a localization of the deformations. After deriving two damage models from a uniaxial
bundle approach. different configurations are analysed through analvtical and numerical (F.E.
calculations) methods. For one model some very simple criteria can be derived. whereas for the
second one none of these criteria can be derived and the general criterion of localization has to be
used.

1. INTRODUCTION

The aim of this paper is to study the failure of fiber-reinforced ceramic-matrix composites.
One of the features of their behavior is fiber pull-out due to fiber breaking. The occurrence
of this mechanism is assumed to be described by the appearance of a2 macro-crack and will
be described by a localization of the deformations. The initiation of macro-cracks in a
structure during service often constitutes the early stage of the final failure of the structure.
Starting from a material that is assumed to be free from any initial defect, the initiation of
macro-cracks can be predicted using Continuum Damage Mechanics. This approach has
successfully been used for ductile materials (Billardon and Doghri. 1989a.b : Doghri. 1989).
The initiation stage is considered as the onset of a surface across which the velocity gradient
is discontinuous. Under small deformations assumption, this phenomenon is mainly driven
by the damage mechidnism that causes strain-softening. For ceramic-matrix composites, the
damage mechanism is related to fiber breaking.

Stationary waves were studied by Hadamard (1903) in elasticity, by Hill (1962) and
Mandel (1962) in elasto-plasticity. Rice (1976) related the localization of plastic shear bands
to jumps of the velocity gradient. Recently, Borré and Maier (1989) have given necessary
and sufficient conditions for the onset of modes inside the body. which extended the resuits
given by Rice (1976). Rice and Rudnicki (1980) and Rudnicki and Rice (1975).

This type of approach will also be used in the study of fiber-reinforced composites.
Although localization can be studied at the scale of fibers bonded to a matrix through an
interface (Benallal er al.. 1991), i.e. at a micro-level. localization can also be analysed at a
meso-level. where the material is assumed to be homogeneous. Continuum Damage Mech-
anics, which represents a local approach to fracture. constitutes an efficient tool for this
purpose. The progressive deterioration of the material is modeled by an internal variable
defined at the meso-level. This variable is called damage. The damage state and the evolution
of this variable is obtained through a uniaxial study based on fiber breaking (Coleman.
1958). A 2-D plane stress analysis is performed based on an extended model. The loss of
uniqueness and the localization are studied for shear free states. A criterion referring to a
critical value of the damage can describe the localization, which constitutes an objective
criterion. from a design point of view.

This approach is also used to study a spinning disc made of a fiber-reinforced ceramic-
matrix composite, The same criteria are implemented and studied through Finite Element
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computations. A mesh dependence study is performed and a comparison is made with
realistic situations.

2. LOCALIZATION AND LOSS OF UNIQUENESS

The failure at a meso-level, i.e. initiation of a macro-crack, is defined as the bifurcation
of the rate problem in certain modes, viz. the appearance of a surface across which the
velocity gradient is discontinuous (Billardon and Doghri, 1989a). This phenomenon is
referred to as localization, and corresponds to the failure of the ellipticity condition (Benallal
. etal., 1991). The condition of localization can also be compared to the loss of uniqueness

of the rate problem.

Under small strain assumption and in elasticity coupled with damage, the behavior of
a material is assumed to be described by the following piece-wise linear rate constitutive
law :

. (E:é if D=0, B
TT\Hie if Do, M

where ¢ and é respectively denote the stress and strain rates, E and H are fourth rank
tensors, [k is assumed to be positive definite, and D is either a single damage variable or a
set of damage variables.

Localization occurs inside the body, if and only if (Borré and Maier, 1989 ; Benallal et
al., 1991)

Det(n-H-n) =0, forany vectorn # 0 and at any point inside a structure Q. (2)

This criterion corresponds to the failure of the ellipicity condition of the rate equilibrium
equation (see Appendix A); it can also be used as an indicator of the local failure of the
material, i.c. at a meso-scale (Billardon and Doghri, 1989a).

Also, any loss of uniqueness, considered as bifurcation of the rate boundary value
problem, is excluded as long as the operator

H, = 4(H+H &)

is strictly positive definite everywhere within the structure. This condition is equivalent to
the condition of hardening

&:€&>0. 4

In this study, the quantity that defines loss of uniqueness and localization is the linear
tangent modulus H. In the following, we analyse loss of uniqueness and loss of ellipticity
(i.e. localization) for states when

811 = aezz With fXER
(5)

8|2’ =0

These particular states only are considered, since we will deal with axisymmetric calcu-
lations, which are shear free. These states lead to a tangent modulus that takes the form



Hyyw Hja 0
H=|Hy Hua 0 . (6)
0 0 Hyz1z

For problems under hypothesis (5), the non-vanishing components of vector n are n, and
n,, and the matrix A = n-H - n reduces to (Ortiz et al., 1987)

_ |: niH,;  +n3iH 50, n!"z(H1212+H!122)] D

nna(H gia+ Hyp)  #iH a2 +15H 5,

If we rewrite (n,,7,) = (cos 8, sin ), X = tan? 9, then the localization condition is to find
real positive roots of the following equation:

aX*+bX+c=10 ®)

with
a= H\ 333332, (9a)
b= HyyHypa—Hy 12200~ HiunH sy — Hop Hiagas (9b)
¢=HyHyy,. (9¢)

[f real positive roots are found, then the localization direction is perpendicular to the vector
(n,,n,0) = (cos 0, sin 6,0), characterized by the angle 8 (Fig. 1).

The values of Ay, Ha122, Hi122, Haz11 and Hy,3 are model-dependent and specific
models are now developed.

3. UNJAXIAL STUDY

This section is concerned with the development of a single damage variabie model for
tensile behavior of unidirectionat fiber-reinforced ceramic-matrix composites. A schematic

Fig. 1. Localization mode.



-----------------------------

oM

> E

A Eom

Fig. 2. Schematic uniaxial stress—strain curve (after Hayhurst er al. (1988)).

stress—strain diagram is shown in Fig. 2 for such a specimen. The micro-structural phenom-
ena responsible for the features of curve ABCDF are now discussed. On initial loading
from point A to B of Fig. 2 the composite behaves as a virgin, i.e. undamaged. elastic
material with modulus £. Further loading from point B to C causes cracking of the matrix.
The cracks traverse the entire load-bearing section within the homogeneously stressed
region (Hayhurst es al., 1988). Further loading along CDF (Fig. 2) involves further
development of matrix cracks, which involves two processes. First the process of fiber
debond, both at the front of the crack and in its wake, which is necessary to cause the
stresses to redistribute. The seécond process is fiber failure, which precedes the process of
fiber pull-out. Itis the latter, predominantly irreversible process, which absorbs considerable
energy and is responsible for giving such materials their toughness and ductility {Hayhurst
et al., 1988).

The characteristics of fiber failure are determinied by a statistical distribution of fiber
strength (Coleman, 1958). This single mechanism is the onfy one considered in this study.
Future development can be carried out by modeling the fiber pull-out mechanism.

The model is based upon the assumption that the nominal stress applied to a bundle
of fibers in parallel can be expressed in terms of a damage variable, denoted by D = r/n,
where r is the number of failed fibers and # is the total number contained within the load-
bearing cross-section. This type of approach has been applied to perfectly brittle fiber
systems (Krajcinovic and Silva, 1982 ; Hult and Travnicek, 1983). It is shown that the
nominal applied stress ¢ is related to the uniaxial strain ¢ by

o= E(l1-D)e = Ee, (10)

where E is the Young’s modulus of each non-broken fiber and £ the Young's modulus of
the damaged bundle. If the nominal stress is the total current load divided by the total
initial fiber area, then the average stress in the unfailed fibers is

o

T (11)

G =

This later expression refers to the concept of effective stress (Rabotnov, 1963 ; Lemaitre
and Chaboche, 1990). Although the nominal stress does not always increase with the applied
strain &, the stress & in the unfailed fibers does increase whatever the applied strain &. We
assume that the probability of fiber survival at a stress & is given by a Weibull distribution :



G(@) =1-F(d) = l——exp[——;;(i)m], (12)

o-ﬂl
where m is the so-called Weibull modulus, g, is 2 scale parameter and V,, is a reference
volume (for instance a specimen volume for which m and ¢, were identified). Therefore the
ratio r/n characterized by damage variable D is
rin = D = G(d). (13)
This definition is consistent with the bounded values of D for which D = 0 for no failed

fiber and D = 1 for complete failure of all fibers.
The damage is therefore related to the nominal stress through relation (11):

vV o 4
=1— — R S s i ; 14
D=1 exp[ 7z {(l—uD)am} ], if ¢e>0 and £€>0, (14)

or to the uniaxial corresponding strain by

V L
D=l—exp[—7(8—a-):l, if e>0 and £>0, (152)

with
&, = 0/ E. (15b)

The relationship between the nominal stress ¢ afid & can be either implicit

V m
a=Escxp[——V—{(l—_%)—o_—} :l, if ¢e>0 and £>0, (15¢)
or explicit
a=Eaexp[—7V{f—} ], if e>0 and é>0. (15d)

The peak in the stress=strain plane (o, ¢) is given by (Fig. 3)
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Fig. 3. Normalized stress (a/aom) vs normalized strain (e/ggy) when m = 4.



D =D, =1—exp(—1/m). (16)

It can be noticed that the critical value of the damage is independent of volume V of a
considered structure Q. Conversely, the maximal nominal stress Gom depends upon volume
V.

Vm 1/m
am:U’"(W) exp (— l/m). (17

The higher the volume, the lower the maximal nominal stress (that is, the strength of the
structure). This result agrees with experiments and is known as a volume effect (Weibull,
1939a,b; Coleman, 1958 ; Kadlecek and Spetla, 1967 ; Davies, 1973 : Katamaya and Hattori,
1982). The criticai value of damage, D., is only related to the Weibuil parameter m by (16)
and is therefore a material dependent parameter. Coaversely, ooy depends upon the volume
of the considered structure, so that it is not a material parameter.

Finally, as it has been mentioned above, this model does not consider fiber pull-out.
Thus this model constitutes a lower bound estimate after the maximal nominal stress is
reached, for a strain-controlled test. Indeed, the puil-out mechanism often delays-the
decrease of the curve (g, 5) (Hayhurst et al., 1988). If the test is stress-controlied, then the
point for which ¢ = o4y constitutes the ultimate stable point.

4. 2-D STUDY

This section deals with the study of a 2-D model extending the ideas of the previous
section. The fibers are assumed to be parallel to the 2-direction. In clasticity, under the
plane stress hypothesis, with the small strain assumption, the relationship between stresses
dnd strains is given by

en 1/E, —va[Es 0 g
€92 | = | —ViafE, 1/ £, 0 Oan |. (18)
&2 0 0 1/2G|2 T9n

When fiber breaking in the 2-direction is considered. the damage state is described by
damaged elastic constants £y, E,, ¥,,, v, G, instead of E,, Es, v\1, Va1, G/, respectively.
The Young’s modulus £, is no longer constant but depends upon the degradation of the
fibers characterized by D, to become £, = E.(1— D,):itis a straightforward extension of
relation: (10), Since pulling in the 1-direction has no effect on the strains in the 2-direction,
V12 1s constant and equals v,,. Finally we assume that £ i = E, (no effect of the damage D
in the l-direction) and that G,, = G,, (the shear properties are slighily altered by fiber
failure). We also suppose that the material is hyperelastic so that

2l (19)

It can therefore be noticed that ¥,, = v,,(1—D>) and if D, = 0 then the behavior is purely
elastic and is described by relation (18). This model has a general form very close to the
model proposed by Allix et al. (1985). However. the damage evolution is generally different.
The relationships between strains and stresses are given by (k = E,/E,)

o o .
= k(1 —vi,(1—D1)k] (611 +vi2(1 = Ds)ke,s], (202)
E;(1-D,)

(20b)

Oy = T—vL(1 _D!)k(ﬁzz'*"’lzan)-



As mentioned in Section 2, the damage state of fibers in the 2-direction, D,, can be
related to the stress or strain state either through an impiicit relationship for model No. 1
(D21):

V 2 g
Dy = l—explt—~7{(—1:*%‘j!—)&—} ], if >0 and €5, >0, (20c)

or through an explicit relationship for model No. 2 (D)

V fesn ™ .

Both models describe the material behavior when subjected to uniaxial tension. However
the models give different predictions for multiaxial loading states. It is worth noting that
the stress 6,, depends upon the fiber volume fraction, whereas the strain g, is still independent
of the fiber volume fraction.

4.1. Model No. 1
For model No. | the tangent operator takes the form:

FyF Fy

H =F — e — 21a

1t ! ]"‘FSFT ( )
Fg

Horrg = ———, 21b

SRS BNCY Y o (210)

Hyz = Hay = vi2H2222, (21¢)

Hpypn = 2G,,, (21d)

where the explicit expressions for F, are given in Appendix B.

Also, it can be noticed that if D, = D, then F; tends to infinity. Therefore H 22,
Hayay, and Hoyay vanish simultaneously and 'y, 1212 are strictly positive. This point
corresponds to the loss of uniqueness and to a localization with 6 = n/2 (i.e. perpendicular
to the fiber direction). It can be proven that Dy = D, (viz. Haj2: =0 and therefore
Hy122 = Hayp = 0) constitutes a necessary and sufficient condition for loss of uniqueness
and localization. An initiation criterion can therefore be (Fig. 4)

(D= DD
{

Localization

/

Fig. 4. Normalized damage at loss of uniqueness (Dyy/D,) and localization (D¢ /D.) vs strain ratio
« for model No. 1.
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Fig. 5. Normalized stress level at loss of uniqueness and localization in the fiber direction (on/am)ﬂ
against the corresponding stress perpendicular to the fiber direction (6 11/T0m)-

Dz 1 = Dc' (223.)

Since the condition (22a) implies that o4, [see relation (20c)] is constant and equals ayy,
another criterion may be (Fig. 5)

G322 = Ogy.- (22b)

[t can also be shown that the criterion (22b) can be expressed in terms of the strain energy
release rate density ¥ (Lemaitre and Chaboche, 1990), reaching a critical value ¥, ;

1 O'SM

f= S iRa-pyr

(22c)

where Y = p(0y,/0D1)), p¥ (o, D»,) is the strain energy density, which is a function of the
Cauchy’s stress tensor @, and the damage variable D,,, p denotes the material density, here
assumed to be constant. The strain energy density pyr takes the form

1 0'%1 <V|2 V"l) 0?2 <—‘0'22>2 (022>2 ]
=t _ (N2 VY sitics ! 22d
le Z[E‘ E| + Eg O-llo-22+G12+ EI +E2(1 *DZI) ( )

where (- ) denotes McCauley’s brackets: ¢+ > = 4[(*) +]-[].

Moreover, criterion (22b) can be rewritten in terms of €1, (Fig. 6) by using relation
(20b) and yields

exa(l+avy) = &, (22¢)

where &, corresponds to the localization strain when « = 0.

The localization angle, as expected, is equal to 7/2 (viz. a localization mode per-
pendicular to the fiber direction) whatever the strain ratio « (Fig. 7).

It is worth noting that if the failure of the matrix is considered, then localization cannot
always océur : there exists another limit given by, for instance, the criterion o, = oy, where
owm is the strength of the matrix (see Fig. 5) in the transverse direction.

Knowing the analytical results, it is interesting to study the numerical sensitivity of the
detection of the localization point (and therefore the loss of uniqueness as well). The
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Fig. 6. Loss of uniqueness and localization in (¢,-¢,) plane.

convergence in terms of the damage is rapid compared to the convergence in terms of the
direction of localization (Fig. 8(a)). This phenomenon can also be observed in Fig. 8(b).
To get accurate information in terms of the damage at Jocalization, direction of localization
and stress at localization. it is necessary to be as close as possible to the actual localization
state. This trend has also been observed when using a F.E.M. code to compute some more
complicated situations. These trends are very close to observations drawn from the study
of buckling where the detection also has to be as accurate as possible.

[n summary, model No. | leads to some very simple results. First, loss of uniqueness
and localization occur simultaneously. Second, some very simple criteria (22) can be derived
from criteria (2) and (3), and show that the relevant parameters are Weibull’s parameter
m and Poisson’s ratio v,,. Third, the results are independent of the Young's modulus ratio
k = E,/E,. Fourth. whatever the strain ratio «, the direction of localization is constant and
perpendicular to the fiber direction. This model gives the same results as those found in a
uniaxial approach and constitutes a straightforward generalization to 2-D cases. From a

Localization

o

Fig. 7. Localization direction (f) vs strain ratio (o).



i.
90
0
80 .8
AN /
60 // .6
0 (%) D= D
u- ML
40 \‘1 / 4
~3
20 ' 2
Diy= Dy
0 .0
-8 -6 -4 -2
logA€99

Fig. 8 (a). Damage at localization (D) and at loss of uniqueness (D,,,), direction of localization
(0) for different increments of deformation (Ag;,) when o = 0.
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Fig. 8 (b). Damage at localization (D), angle at localization (6) and normalized stress at localization
(012/00m) Vs normalized strain in the fiber direction (£12,89) Wwhen 2 = 0.

numerical standpoint, it is important to be as close as possible to the localization point to
get accurate information.

4.2. Model No. 2
The tangent operator for model No. 2 takes the form

Hy=F, (23a)
Hiypy = Fg—FF,, (23b)
Hy\3: = F4—F,F,, (23¢c)
Hiyy = Fy, (23d)
Hi22 = 2G, (23e)

where the explicit expressions for £; are given in Appendix B.

[t may be noticed that the tangent operator does not possess the same remarkable
properties as those exhibited by model No. 1. In particular, the previous necessary and
sufficient conditions do not apply. Indeed, the relationship between the damage variable
D1, of model No. | and the damage variable D,, of model No. 2 is given by using relations
(20):



1_ 2 _ m
D22=1—exp|:( v D“)) ln(l—D2,)], if £,,>0 and &, >0. (24)

l+avy,

On the other hand, the strain energy density takes the form for model No. 2:

1 0%1 (vl2 Vﬂ) 0'%2 ("0092 (0'12>2 j|
R LA SR T4 —_ = 25
4k 2[E. ETE) NG T T E T E(-Dy) (23)

and can be rewritten in terms of D, by using relation (24):

| aiy Via Vzl) oty | {—02)’
p'\bl = 2 (El + E2 611022+ G|2 + El

& (022)° . (26)

1_”%1(1”Dzl)k)" ]
E, exp [( T are In(1-Dj)

From an energetic viewpoint, the two models are different as shown in Fig. 9 for a uniaxial
case (0|, = 6~ = 0). For model No. 1, the strain energy density only depends upon D,
whereas for model No. 2, the strain energy density depends upon D, but also upon k,a
and v,.. Therefore the two models are completely different,

This difference can also be highlighted by the study of localization and loss of unique-
ness. Whereas the loss of uniqueness and the localization can be characterized by very
simple criteria for model No. 1, it is no longer the case for model No. 2. First, the results
in terms of damage at localization D,, (Fig. 10), of strain &,, (Fig. 11) and of stress 71,
(Fig. 12) are no longer independent of the strain ratio a. Furthermore, the quantities D»,,
21, and 01, at localization (Fig. 13) depend upon the Young’s moduli ratio k. Instead of
having on¢ localization angle (model No. I), model No. 2 leads to two localization angles,
which vary with o and & (Fig. 14). The same criteria as those used for model No. 1 do not
apply and no straightforward criterion seems to apply.

Although derived from the same uniaxial analysis, models No. 1 and No. 2 lead to
different results when applied under plane stress conditions, Whereas loss of uniqueness
and localization can very simply be described for model No. 1, model No. 2 does not admit
such simple descriptions. Moreover, loss of uniqueness and localization do not occur for
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Fig. 9. Normalized strain energy vs normalized stress in the fiber direction for model No. | and
model No. 2.
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Fig. 12. Stress in the fiber direction at localization vs strain ratio « for model No. | and model

No. 2.

the same load level. Nevertheless the two load levels are very close together (as will be
shown in the next section).

These results show that a straightforward generalization from unidimensional models
to two-dimensional problems can lead to different types of results. A way to choose the
most realistic one is to perform experiments,
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5. F.EM. ANALYSIS: SPINNING DISC

A problem that is given special attention is the case of a circular disc made out of a
fiber composite material. The analysis of this problem is performed not only due to its
significant practical importance in, for example, turbines, but also due to the presence ofa
non-homiogeneous stress state, a feature that distinguishes this problem from the 2-D study
performed above,

The geometry of the problem is shown in Fig. 15. Here w represents the angular
rotation speed, with dimension rad s~*. The outer boundary of the disc, r = a, is assumed
to be free from kinematic constraints and accordingly the loading can be considered here
as stress controlled.

In the present setting, the stress state is axisymmetric, at least up to the point where
localization occurs, and hence a cylindrical coordinate system is introduced in Fig. 15. If it
is assumed that the fibers are oriented in the circumferential direction and coordinates x,
and x, in the previous section are replaced with r and ¢ respectively, then the constitutive
equations become

B k(1 _"'rz«u(1 _Dm)k]
L __E(1=D,)
¢ = TvL(1-Dy)k

a,

[e, + V(1 —Dy)ke,l, (27a)

(ep+Vrpr)s (27b)
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Fig. 15. The circular disc.

in obvious notations. It should be remembered that no shear stress g, is present due to
axisymmetry. The expression for the damage parameter D, is in this problem given by

l—exp| L% U] . :
D, =1 exp‘: Py {(I—le)am} ], if €, >0 and ¢, >0 (28a)

for model No. 1 and by

D‘,2=l—cxp{—L(@-) ] if £,>0 and &,>0 (28b)

T'm \&m

for model No. 2. In relations (28), r,, is a material constant representing the volume
dependence of the problem, while all the other parameters are defined earliér.

To describe completely the axisymmetric boundary value problem, small strain kin-
ematics and equilibrium equations also have to be introduced. At this stage, it proved
impossible to derive a closed-form solution for the stress state and for the damage variable.
Instead the problem was solved using the finite element method. Constitutive relations (27)
and (28) were implemented into a standard finite element code ABAQUS (1989), and a
solution was sought by discretizing the problem using 2-node axisymmetric shell elements.
Since the linear tangent modulus H also had to be implemented into the finite element code,
the load, or angular rotation speed, required for loss of uniqueness and localization could
be conveniently calculated using ABAQUS through a UMAT routine. The conditions for
these phenomena to occur were previously discussed and will not be dwelt upon further in
this section.

It should be noted that due to the non-explicit expression for the damage parameter
given in (28a) an iterative procedure had to be outlined to determine the damage state
characterized by D, every time the calculated strain field did change at a certain Gauss
point. This was done by using a standard bisection method and should not in any way be
a problem regarding the accuracy of the solution.

The finite element procedure, as described, was checked by analysing the problem of
a thin walled pressure vessel and a thin rotating ring. Then, the stress state can be derived



in a closed form through the equilibrium equations and comparisons between the analytical
and the finite element results were possible. Without going into details, excellent agreement
was found between the two solutions, a fact that gives confidence in the numerical procedure
outlined above.

A test of mesh dependence of the numerical resuits is also performed. The number of
elements proves to have a very weak infiuence on the solution and satisfactory resuits for
the stress and state variable can be obtained by modeling the disc with only 20 elements.

Before focusing attention on explicit results, one should first mention that the non-
homogeneity of the stress field in this axisymmetric problem did not in any way change
the important features of the mechanical (damage) behavior. All the conclusions drawn in
the 2-D study are essentially confirmed. Therefore, it seems appropriate merely to comment
on some numerical results derived from the finite element computations.

In Fig. 16, the engineering stress is plotted as a function of the strain at the point
within the rotating disc where loss of uniqueness and localization first occur. The material
analysed herein is a ceramic-matrix composite defined in Appendix C, and the geometry of
the disc is chosen with practical applications in mind, namely a = 0.3 m and /4 = 0.01 m.
For model No. 1, localization and loss of uniqueness occur at the same value of w and
where r has the approximate value 0.248 m. Other criticai values of important parameters
are

pw* =0.585980 10" kgm s 2, (292)
D,, = 0.221199, (290)

where especially the value of D,,; gives further confidence in the numerical procedure since
the critical value of the damage was previously proven [see relations (16) and (22a) when
m = 4] to be 1 —exp (—1/4) = 0.2211992 . ..

The direction of localization coincides with the direction perpendicular to the fiber
direction, as already shown analytically. To find the actual value of the localization direc-
tion, the point at localization has to be determined with high accuracy, as mentioned in the
2-D study.

Regarding model No. 2, the earlier finding that loss of uniqueness occurs slightly before
localization is confirmed by the finite clement computation. Yet, the analysis shows that
both events take place at the same point, i.e. for the same value of the radius (r = 0.263
m). Critical values as regards loss of uniqueness are
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Fig. 16. Engineering stress ¢,, as a function of strain &, at the point on the circular disc where loss

of uniqueness and localization occur, £, = 20 GPa. E, = 140 GPa,v,, = 0.02143. G, = 13.0 GPa,

m=4,0, = 1453 MPa.r,, = 0.002m.a = 0.3m.A = 0.0l m. (——) damage model No. [ (r = 0.248

m), (-——) damage model No. 2 (r = 0.263), (*) point on the stress-strain curve indicating that loss
of uniqueness and localization occurred.



pw? =0.59712010' kgm =352, (30a)

D,, = 0.217816, (30b)
and for localization

pw? = 0.59712210'"kgm 352, (30c)

D,; = 0.217822. (30d)

For this model, the direction of localization formed an approximate angle + 14° with the
r-axis, which implies that the axisymmetric analysis is no longer valid after localization.

In Fig, 17, the stress field is plotted as a function of the radial coordinate r at pw? = 0.55
10'® kg m~* 572, that is just before localization. A comparison is made with an elastic
solution where the effect of damage is ignored. As might be expected, the introduction of
damage reduces the maximum stress acting within the disc.

Though no methodical attempt was made to analyse the stability behavior of the disc,
some calculations were performed with model No. 1, under axisymmetric conditions, in the
“post localization” region. In this case, the material behavior is assumed still to be described
by constitutive equations (27) and (28). This computation constitutes the so-called homo-
geneous response of the structure since no new constitutive law is introduced in the local-
ization band. It can be noticed that no fiber pull-out effects are considered after localization.
The finite element results can therefore be described as a lower bound to the real solution.
The calculations show that the additionat load, represented by pw?, required for instability
proves to be only a few percent of the localization load. This finding is significant from a
practical point of view since the load required for loss of uniqueness and localization is very
close to load levels reached during service in turbines for example. It may be remembered,
as mentiofied earlier, that a phenomenon such as fiber pull-out may significantly increase
the load-carrying capacity of a structure, as shown by Hayhurst ez al. (1988).

6. CONCLUSIONS

Using a one-dimensional study of fiber breaking modeled by a single damage variable,
two models are derived. Both of them are then generalized to a 2-D plane stress analysis, and
differ from an energetic point of view. Whereas model No. 1 constitutes a straightforward
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Fig. 17. Engineering stress g, as a function of the radial coordinate r. E, = 20 GPa, E, = 140 GPa,

v, = 002143, G,, = 13.0 GPa, m=4, ¢,, = 1453 MPa, r,, =0002 m, ¢=0.3 m, A=0.01 m.

pw* =0.5510'" kg m~? s~% (—) damage model No. 1, (-~-) damage model No. 2, (~+~--)
linear elastic model when D, = 0.




generalization of the elementary study, model No. 2 exhibits different features. Indeed, loss
of uniqueness and localization can be described by some very simple criteria referring to
Continuum Damage Mechanics for model No. 1. Conversely, these simple criteria do not
apply for model No. 2. This study shows, if necessary, that an identification that seems to
be equivalent in an unidimensional analysis can differ significantly in a two-dimensional
study. An experimental analysis may decide which model is closer to reality, especially the
prediction of the direction of localization.

The conclusions drawn from the 2-D study are essentially confirmed by the finite
clement analysis of a spinning disc. This result is in itself interesting since it shows that
the important features regarding loss of uniqueness and localizition in fiber reinforced
composites are independent of whether or not a homogeneous shear free stress field is
present.

The finite element results also show that loss of uniqueness and localization occur very
close to load levels used in service ; a finding that underlines the importance of giving due
consideration to such failure modes, also at the manufacturing stage.
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APPENDIX A

&y = Hygéu,

[X] =Xt _XV_‘v
(] =0,
[&,m;] = 0.

Maxwell’s compatibility equation [¢,] = {[gn,+ng,),

0={o,n]= {61, = [Hi€ssIm,.

If we assume there is a discontinuity across the surface characterized by n, then H* = H-

[Higr€aln; = Hipylédn, = H; [ $(gn, +n,g0)in; = 0.

Since we assume that A has the minor symmetries H, ,, = H e = Hijnes

[, H .m0, 18 = 0.
This equality has to be satisfied for g different from zero. This imposes that for the matrix n* H-n to be singular

{ Det(n*Hn) = 0.
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APPENDIX C

Material parameters for the ceramic-matrix fiber composite analysed in the finite element calculations are

£, =20 GPa.
E, = 140 GPa,
G2 = 13 GPa,
vy» = 0.0214,
=4,
g, = 1453 GPa.
ro = 0.002 m.



