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Abstract This paper proposes a description of a granular
medium as a stochastic heterogeneous continuum medium.
The heterogeneity of the material properties field recreates
the heterogeneous stress field in a granular medium. The
stochastic approach means that only statistical information,
easily available, is required to construct the model. The het-
erogeneous continuum model is calibrated with respect to
discrete simulations of a set of railway ballast samples. As
they are continuum-based, the equilibrium equations can be
solved on a large scale using a parallel implementation of an
explicit time discretization scheme for the Finite Element
Method. Simulations representative of the influence on the
environment of the passage of a train on a ballasted rail-
way track clearly show the influence of the heterogeneity.
These simulations seem to correlate well with previously
unexplained overly damped measurements in the free field.
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1 Introduction

The ballast is the uppermost layer of the railway track su-
perstructure. It is made of coarse crushed stone, whose size
distribution lies in the range 25−50 mm. This ballast layer
plays an important role in the transmission and repartition
of static and dynamic train loads, the absorption of mechan-
ical and acoustical vibrations, and the drainage of rain wa-
ter [44]. The noise and vibration impact on the environ-
ment can be important for all types of trains: heavy freight
coaches, whose low frequency impact in the soil carries far
away; high-speed trains, that generate high amplitude exci-
tations; and even tramways (although more rarely on bal-
lasted layers), which stand very close to surrounding build-
ings. With time and the repeated passage of trains, the bal-
last layer settles down. This induces a leveling defect of the
track and may force the train companies to locally reduce
the velocity of the passing trains for the comfort and se-
curity of passengers. These defects are therefore regularly
controlled, and costly maintenance operations are organized.
The modeling of the ballast aims at improving the under-
standing of the mechanical behavior of the track system and
providing clues to mitigate the issues listed above [41,22]. It
represents a challenging task because granular materials ex-
hibit various distinct behaviors (such as transition between
fluid-like and solid-like behavior) depending on the applied
stresses and strains.

The relative displacements between two grains in the
ballast layer are in general much larger than the strains within
one grain. Models can then be constructed [55] where each
grain of the ballast is a rigid body with a complex shape [59,
3]. At this local scale, the static variables are the contact
forces and moments between grains and the kinematic vari-
ables are the rigid body movements of the grains, and they
are related through equilibrium equations and contact laws,
such as Coulomb friction law. These models have given rise
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to various numerical implementations, among which the Dis-
crete Element Method (DEM) [24] and the Non-Smooth Con-
tact Dynamics method (NSCD) [65]. In the DEM, the non-
interpenetration condition at the interface between two grains
is relaxed through a stiff non-linear repulsion law. This gives
rise to an explicit scheme in time, which requires very small
time steps and needs to handle the changes in the topology,
which limits the scalability of parallel implementations on
memory-distributed clusters. The NSCD method can deal
with multiple contacts and velocity changes within a single
time step and reformulates the non-interpenetration condi-
tion as a quadratic optimization problem. It yields an im-
plicit scheme, which remains stable for larger time steps,
although the scalability of the parallel implementations of
these models is not sufficient [86,101,5]. The results ob-
tained with these granular approaches are able to reproduce
the solid to liquid transition and the inelastic deformations of
the ballast [81,84,11] as well as the seemingly random pat-
terns of contact forces [56,12] that can be observed experi-
mentally at that scale [28]. Because of the numerical issues
mentioned above, however, these models cannot reproduce
dynamical phenomena involving the passage of a train over
a large portion of a track. Also, the requirement of inputing
a precise geometry [94] and initial position of the seemingly
random assembly of grains is straining for most industrial
applications, even though large databases of digitized bal-
last grains have been created [11].

An alternative approach consists in modeling the ballast
as a continuous medium, using the stress tensor as the static
variable and the displacement field as the kinematical vari-
able. The stress and strain tensors can be derived, respec-
tively, from the contact forces network [111,91,14,67,92,
69] and the displacements of the grains [106,51,18,13,89,
29] in discrete simulations, but the relation between the pa-
rameters of the continuum and granular models is not ob-
vious. Such continuum models have been developed along
various directions [77,7]:

1. phenomenological approaches, that consist in postulat-
ing the form of the energy functional, introducing a heuris-
tic constitutive relation, generally non-linear, through ob-
servation of experimental results.

2. homogenization approaches, in which an equivalent ho-
mogeneous energy functional is derived from mathemat-
ical considerations and asymptotic analysis; these ap-
proaches can be extended to higher-order continuum ap-
proaches (such as Cosserat models [99]), with the intro-
duction of additional degrees of freedom and non-local
continuous operators;

Phenomenological approaches have yielded a wide variety
of non-linear models, either oriented to the description of
granular flows [43,33,48], to that of static pilings [60], in-
cluding the consideration of wave propagation [34,54]. The

homogenization of granular structures has been widely stud-
ied, for general lattice structures [64,102,61,74,40], ran-
dom packings of spheres [17,27,110,20,19,47,2], as well
as railway ballasted tracks [62,63,93,12].

Both the discrete and continuum approaches are inter-
esting in their own right. The discrete approaches provide
very detailed information about the micro-mechanical het-
erogeneity and behavior of the granular system, but the nu-
merical simulation of large packings is out of reach. The
continuum-based methods are more manageable on a large
scale but they lose the heterogeneity of realistic force net-
works, which has been shown to be fundamental to explain
many granular phenomena, such as the solid-fluid transi-
tion [70,85,98]. Because they allow to simulate larger bal-
lasted tracks as well as their surrounding environnement,
continuum-based approaches have nevertheless been preferred
for dynamic analyses, such as to evaluate the influence of
the passing train on the environment. Unfortunately, large
amplitude differences are generally found between the sim-
ulated and measured accelerations, in particular away from
the track [76,57].

The objective of this paper is to explore an intermediate
approach. The granular medium is replaced, as in the clas-
sical homogenization approaches, by a classical continuum
medium, but with a heterogeneous Young’s modulus, fluc-
tuating over a characteristic scale equal to the diameter of
the ballast grains. Because of the heterogeneity of the mate-
rial parameter, the stress and strain fields fluctuate within
the continuum sample, as in a realistic granular medium.
As the model is continuum-based, very efficient parallelized
numerical techniques allow to solve large-scale dynamical
problems. Although, this would not be sufficient for many
types of problems, we concentrate here on a simple linear
elastic model, where the Young’s modulus is heterogeneous.
To simplify the parametrization of that fluctuating modulus,
we consider a stochastic model. Hence, the model is param-
eterized only by statistical information on the sample (av-
erage diameter of the particles, mean, variance and autoco-
variance of the Young’s modulus). These parameters have to
be experimentally identified, and the inverse problem is de-
scribed in this paper. We propose an identification technique
using the numerical results based on granular samples sim-
ulated with a discrete approach (NSCD), rather than actual
experimental measurements.

The paper is organized as follows. Next section (Sec-
tion 2) describes discrete numerical samples of a granular
medium, whose normal force distributions can be simulated
with the NSCD. These simulations are used to identify the
random model of Young’s modulus. The following section
(Section 3) constitutes the core of the paper, where the randomly-
heterogeneous continuum model of the ballast is introduced.
Section 4 describes the identification of the parameters of
that model, based on the numerical samples described in
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Section 2. Finally, in Section 5, we present large scale sim-
ulations of the influence of the passage of a train over a bal-
lasted railway track. The simulation clearly shows the influ-
ence of the heterogeneity, in particular through the observa-
tion of apparent damping in the free-field response.

Before starting with the bulk of the paper, it should be
stated that the model introduced here clearly lacks important
features for a granular medium. These features include the
dependance of the wave velocity on the applied pressure [73,
60]. However, we focus here on discussing the statement that
heterogeneity is essential, even for continuum-based mod-
els. More complex constitutive relation and continuum-based
models can be derived in forthcoming works.

2 Discrete model of a granular medium and numerical
samples

This section introduces discrete samples of a granular medium,
and describes their force distributions, as estimated with the
NSCD. These samples will be used to identify the param-
eters of the randomly heterogeneous continuum model in
Section 4. The link with the continuum models is performed
through equivalent stresses.

2.1 Description of the discrete numerical samples

We consider 29 samples of 2700 granular particles, on aver-
age, contained in cylindrical boxes with a radius of R=35 cm
and a height of H =39 cm (see Fig. 1). The particles are
convex polyhedra with diameters between 2.5 cm and 5 cm,
whose shapes have been obtained by digitalization from real
ballast [11]. The 2700 granular particles are randomly drawn
from a larger database so the particles are not the same in
all samples. An isotropic confinement pressure of 60 kPa is
applied on all samples. A vertical load of 63 kN is also ap-
plied on the upper face. Gravity is considered within all sam-
ples, with particles having a density of 2700 kg/m3. Con-
tact forces in each of the samples are estimated using the
LMGC90 software [1], which is built on the NSCD and con-
siders Coulomb dry friction and mutual exclusion as contact
laws. The preparation (creation of the granular assemblies
by free fall of randomly-rotated particles in the cylindrical
box from grid positions in the air) and simulation of one
granular sample takes on average 6200 s of CPU time.

For each sample, only the contacts contained within a
48×48×32 cm3 hexahedral box are considered, to limit the
influence of the boundary conditions. Finally, results from
the 29 samples can be aggregated, yielding approximations
of the distribution of the contact forces. For instance, Fig. 2
presents the probability distribution function for the normal
contact forces normalized by their average value estimated
from the 29 samples, and plotted in log-log scale.

Fig. 1 Example of one of the 29 samples of granular medium simu-
lated with the NSCD.

Fig. 2 The probability density function of the logarithm of normal
contact force normalized by its average (solid line), and exponential
approximation (dashed line, see Eq. (1)).

In the literature, there seems to be a consensus about
the exponential distribution for the modeling of the proba-
bility distribution of higher-than-average normal forces (so-
called strong forces). This consensus is built at the same
time over theoretical considerations [23,12,31], experimen-
tal evidence [62,68,105,42] and numerical simulations [71,
82]. For the samples considered here, the higher-than-average
force distribution is proportional to:

P( fn) ∝ exp
(

β
fn

〈 fn〉

)
. (1)

where β = 1.13. Note that the latter value is compatible with
the values found in the literature 0.88 < β < 1.71 [9,83,
90], and matches the coefficient of [11], obtained for similar
samples. For lower-than-average forces, the situation is not
so clear and several models are competing [62,30,42]. In
that respect, the size of the particles [62], the shape of the
particles [11], and the mean packing fraction [42] seem to
be influential.

Finally, the anisotropy of the behavior is reflected in Fig. 3
and well approximated by the following spherical harmonic
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Fig. 3 Anisotropy of the normal contact force distribution, averaged
over the 29 discrete samples (in circles), and first spherical harmonic
approximation (solid line, see Eq. (2)).

model [80,10]:

Pn(φ)≈
1

2π
[1+ac(3cos2(φ −φc)−1)], (2)

where ac = 0.3 is an anisotropy parameter related to the fab-
ric tensor [80]. The coefficient φc ≈ 0.03 rad is the most
probable contact angle. As is the case here, it is usually
collinear with the principal load direction.

2.2 Distribution of equivalent stresses and relation between
discrete and continuum models

The forces in a granular model are point forces localized at
the interface between grains. These quantities have no coun-
terpart in continuum models. It is however possible to de-
fine generalizations of the notion of stress tensor to discrete
media. Several proposals have been made in static [28,88,
66] and dynamic regimes [35,92], and we introduce here
equivalent stresses for static (or quasi-static) loads. Given a
network of contact forces f c

α (at contact points c and with
coordinates α) in a granular medium, the equivalent stress
field [58,111,66,102,108,72] is defined as

σ
V
αβ

=
1
V

Nc

∑
c=1

f c
α`

c
β
= nc

〈
fα`β

〉
= σ

V
βα

, (3)

where `c is the so-called branch vector, linking the centers
of the two particles in contact at c, the sum in Eq. (3) is on
the Nc contact points in a cell with volume V , and nc =Nc/V
is the density of contacts (see [111] for more details). Obvi-
ously, this quantity depends on the size of this cell volume
(with more variability over the whole sample for smaller
volumes). One of the main advantages of this definition is
that it makes sense from the smallest scale (that of one con-
tact point) to the largest one (that of the sample). It is also

Fig. 4 Probability distribution function of the vertical component of
the equivalent stress σV

zz , as a function of the averaging volume: V =
(2 cm)3 (solid line), V = (4 cm)3 (dashed line) and V = (8 cm)3 (dash-
dotted line).

an additive quantity, with respect to the volume (Lebesgue)
measure.

Fig. 4 presents the probability distribution functions of
the different components of the equivalent stress σV (in a
cylindrical basis) for different averaging volumes in a cube:
V = (2 cm)3 = 8 cm3, V = (4 cm)3 = 64 cm3 and V =

(8 cm)3 = 512 cm3. Due to the type of loading, the verti-
cal component σV

zz is obviously much larger than the other
components. It is also clear that the distributions are wider
(there is more variability) when the averaging volume is
smaller. When averaging over larger volumes, a more ho-
mogeneous distribution is obtained, less variable and more
clustered around the average value.

3 Randomly-fluctuating heterogeneous continuum
model of a granular medium

In this section, we introduce the random model of Young’s
modulus. The random field is assumed stationary and er-
godic, and we describe the choices that are made for the first-
order marginal law and correlation model. Most parameters
are based on geometrical and mechanical information of the
granular particles, obtained directly from the observation of
discrete samples, and summarized in Section 3.1. The only
exception is the variance, that is identified by solution of an
inverse problem in Section 4.
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Fig. 5 Ballast gradation proposed by EN 13450 for railway ballast.
The solid line represent the maximum limit, and the dashed line the
minimum limit.

3.1 Geometrical information on the granular packing

The average diameter is defined as the mean (over all con-
tacts and all samples) of the branch vector lengths:

d =

〈
1

Nc

Nc

∑
c=1
|`c|

〉
, (4)

where 〈·〉 indicates an average over all discrete samples. In
the set of cylindrical samples that we considered, we obtain
d ≈ 3.9 cm. Alternatively, in the context of ballasted railway
tracks or other engineering works, it would be possible to
identify that average diameter directly from the normalized
granulometry curves. Using for instance the minimum and
maximum ballast gradations proposed by the standard EN
13450 (Fig. 5), one obtains average diameters between d =

3.6 cm and d = 4.5 cm.
On the same granular packings, we can also measure the

packing density, defined as the volume of the grains relative
to the total volume of the cylinder:

φ =

〈
Vgrains

4πR2H

〉
, (5)

where Vgrains indicates the cumulated volume of all the grains
in a given sample. Note that, as we will consider a con-
tinuum model with volume 4πR2H (that is to say with no
holes), we will consider a density

ρ = φρgrains, (6)

where ρgrains is the density of the constituent of the grains.
This diminished density ensures that the total weight of the
continuum samples will be the same as that of the discrete
samples. It might be interesting to consider a fluctuating
model of the density, but this will be investigated in a fu-
ture work. In our model we use for density model: ρgrains =

2700 kg/m3, φ = 0.5830 and ρ ≈ 1574 kg/m3.

3.2 Correlation model for Young’s modulus

Considering the geometrical information above, a correla-
tion model for the random field of Young’s modulus is now
chosen. In order to propose a theoretical correlation model,
we assume in this section that the considered material is ide-
alized as a two-phase medium: void matrix and impenetrable
spheres. Even though the random field of Young’s modulus
corresponds to a unique phase, it is believed that proceeding
this way will provide an appropriate order of magnitude of
the scale of fluctuations in space. The amplitude of fluctua-
tions (variance) will be identified in Section 4. We propose
to consider the correlation structure of a dense packing of
impenetrable spherical particles of diameter d, with volume
ratio φ , developed by Torquato and coworkers [104,103,79].
This function depends only on φ and d, and shows in partic-
ular the impenetrability condition and cosine decaying be-
havior, more pronounced with increased volume ratio. This
theoretical model is based on the Meyer representation of
the canonical function, by which the 2-point matrix prob-
ability function S2(r) can be written as a sum of a finite
number of terms. Formally, this relation reads, using also
the Ornstein-Zernike relation:

S2(r) = 1−nV2(r)+n2F−1
[

m̃(k)2 c̃(k)
1−nc̃(k)

]
, (7)

where F−1[·] denotes the inverse Fourier transform of a
function of the k variable, n (denoted ρ in the original pa-
pers [104,103,79]) is the number density of the particles and
V2(r) is the volume of the union of two spheres whose cen-
ters are separated by r, equal to

V2(r < d) =
4π

3

(
1+

3
4

2r
d
− 1

16

(
2r
d

)3
)

(8)

for r < d and V2(r > d) = 8π/3 otherwise. The Fourier
transform of the indicator function of the particle (equal to
1 inside the particle, and 0 outside) m̃(k) is equal to

m̃(k) =
4π

k

(
sink
k2 −

cosk
k

)
(9)
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and, using the Percus-Yevick approximation, the Fourier trans-
form of the direct correlation function is given by:

c̃(k) =−4π

k3 {λ1 [sin(2k)−2k cos(2k)]

+
3ηλ2

k

[
4k sin(2k)+(2−4k2)cos(2k)−2

]
+

ηλ1

2k3

[
(−2k4 +6k2−3)cos(2k)

+(4k3−6k)sin(2k)+3
]}

, (10)

with η = 4πn/3, λ1 = (1+2η)2/(1−η)4 and λ2 =−(1+
η/2)2/(1−η)4. Finally, the sought correlation model R(r),
which is a normalized autocovariance, is directly related to
the 2-point matrix probability function through the relation
(see [103, Chapter 2]):

R(r) =
S2(r)− (1−η)2

η(1−η)
. (11)

The reason for normalizing is to remove the discontinuity at
the origin, in order to obtain a continuous model of Young’s
modulus. The variance will be identified in Section 4. Other,
more complex, theories describe the correlation pattern for
polydisperse packings of sphere [109,15,16,36,25,52,103]
and are expected to behave better at long distance, but have
not been considered to date. The Meyer representation pro-
posed by Quintanilla [79] for randomly oriented ellipsoids
may be studied in future works. Theoretically, the Percus-
Yevick approximation is not appropriate for dense arrays of
particles, such as those that we are considering, but this ap-
proximation can be improved, in particular using the Verlet-
Weis [107] or Kincaid-Weis [49] semi-empirical modifica-
tions to the Percus-Yevick radial distribution. In this work,
we considered and used the modifications proposed by Verlet-
Weis. A correction is therefore applied on the diameter and
on the coefficient η . The corrected value of the diameter is
given by dw

3/ηw = d3/η = 6/(πn), where ηw =η−η2/16,
and ηw is the corrected coefficient η . These corrections re-
place the original values in the formulas. This empirical cor-
rection tries to reduce, for large r, the main maximum of the
structure factor, and the small difference in the phase in the
radial distribution function. Finally, the correlation model of
Eq. (11) is plotted in Fig. 6, for different volume fractions
and diameters.

3.3 First-order marginal law for Young’s modulus

We now turn to the choice of the first-order marginal law.
Young’s modulus is a positive quantity, and the choice of
first-order marginal law should reflect that physical require-
ment. We consider in this paper two of these: (i) log-normal
law, and (ii) Gamma law. Both models are parameterized

Fig. 6 Correlation function for an impenetrable sphere packing with
constant diameter d and volume ratio φ . Four cases were presented
here: d = 3.9 cm and φ = 0.5682 (solid line); d = 3.9 cm and φ = 0.2
(dashed line); d = 6 cm and φ = 0.5682 (dotted line); d = 6 cm and
φ = 0.2 (dash-dotted line).

by an average µE and variance σ2
E . The probability density

function of the log-normal distribution is:

P(E) =
1

Es
√

2π
exp
(
− (lnE−m)2

2s2

)
(12)

where s2 = ln(1+σ2
E/µ2

E) and m = ln(µE)− s2/2 are the
variance and mean of the underlying Gaussian distribution.
The probability densify function of the Gamma distribution
is:

P(E) =
Ek−1

Γ (k)θ k exp
(
−E
θ

)
, (13)

where θ = σ2
E/µE and k = µ2

E/σ2
E are the shape parameters

of the Gamma distribution, and Γ (k) =
∫ +∞

0 tk−1 exp(−t)dt
is the Gamma function. An example of these two densities
(for µE = 1 N/m2 and σ2

E = 10µ2
E ) is plotted in Fig. 7. They

mainly differ in the tails, that is to say for the description
of very small and very large values. Note also that, as de-
sired for a positive parameter, the support of both functions
is limited to R+.

3.4 Generation of realizations of the stochastic field of
Young’s modulus

As realizations of the stochastic field of Young’s modulus
will be required for the numerical simulations in the next
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Fig. 7 Probability density function for the Gamma distribution (solid
line) and log-normal distribution (dashed line) for µE = 1 N/m2 and
σ2

E = 10µ2
E .

sections (cylindrical samples in Section 4 and a ballasted
railway track in Section 5), we conclude this section with
a description of a numerical strategy for the generation of
samples. This can be performed in two different ways: either
in the space or in the spectral domain. The latter is widely
used for its simplicity and efficiency [95]. It consists in sum-
ming a large number of functions oscillating with random
phases and with amplitudes designed to match the desired
correlation model:

E(x) = 2
N

∑
j=1

√
σ2

ER̂(k j)∆kζ j cos(k jx+φ j) (14)

where the ζ j are independent unit centered gaussian random
variables, the φ j are independent random variables, uniform
over [0,2π], N in the number of terms in the sum, ∆k is the
discretization step in wave-number space, and R̂(k j) is the
normalized power spectral density function in wave-number
space, that is to say the Fourier transform of the normal-
ized autocovariance introduced in Eq. (11). Although writ-
ten here for simplicity in 1D, the extension to 3D is de-
scribed in full details in [96]. This algorithm generates ran-
dom fields that are asymptotically Gaussian and asymptot-
ically ergodic, so that a Rosenblatt transformation [87] is
then applied to obtain the desired first-order marginal den-
sity. Note that this pointwise transformation is known to
modify in general the correlation structure [37,78].

The efficiency of this technique mainly lies in the possi-
bility to take advantage of the efficiency of the Fast Fourier
Transform (FFT) algorithm in a straightforward way [95,
96]. However, when simulating realizations over large clus-
ters of computers, as required in the simulation in Section 5,
the algorithmic complexity of the FFT is too large. We there-
fore consider a particular implementation of the spectral rep-
resentation method, which considers independent realiza-

Fig. 8 One realization of the random model of Young’s modulus for
a cylinder of the same size as in Fig. 1: radius R =35 cm and height
H =39 cm.

Fig. 9 One realization of the random model of Young’s modulus for
a portion of ballasted track, with the same size as in Fig. 21: height
H =48 cm, width between Lb =5.00 m at the bottom and Lb =3.90 m
at the top.

tions (obtained with the scheme above) over each proces-
sor and overlap and merging to retrieve the continuity and
correlation over the global domain. More details on this im-
plementation can be found in [75]. Two examples of realiza-
tions of random fields are proposed: a typical sample used
in Section 4 is presented in Fig. 8 and a typical sample used
in Section 5 is presented in Fig. 9. Finally, in Fig. 10, a com-
parison is proposed between the target correlation structure
and the correlation structure estimated from one single real-
ization of the Rosenblatt-transformed random field (gener-
ated for the cylinder of Section 4 and Fig. 8). As expected,
a slight shift in the correlation length seems to be observed,
but the shape remains quite unchanged. The influence of the
correlation structure of the random field is discussed in more
details in Section 4.5.

4 Identification of the continuum model parameters

This section discusses the identification of the variance of
the stochastic model of Young’s modulus described in the
previous section. The reference for the identification is the
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Fig. 10 Comparison of the theoretical correlation model, used to gen-
erate the Gaussian random fields (solid line) and the correlation esti-
mated from one cylindrical sample of the Rosenblatt-transformed ran-
dom field (dotted line).

distribution of equivalent stresses pr(σzz) in the set of nu-
merical granular samples described in Section 2.

4.1 General methodology

4.1.1 Identification process

The steps of the identification process are summarized in
Fig. 11 and listed below:

1. an initial value of the variance is chosen
2. a realization of a heterogeneous Young’s modulus field

is generated
3. the distribution of stresses p(σzz) in the Finite Element

model (described in Section 4.1.2 below) is computed
4. The L2 distance between that distribution and the refer-

ence is computed

Lr =
∫

Σ

(p(σzz)− pr(σzz))
2dσzz. (15)

The interval Σ ∈R is chosen so as to remove the tails of
the experimental distribution, for which the data is too
scarce to ensure statistical convergence. In this work, we
have considered the interval [1× 104− 7× 106] N/m2,
which corresponds to 90% of the experimental probabil-
ity density of σzz.

5. Depending on the distance obtained, and using a simplex
algorithm [53], new values of the variance are proposed,
and an iterative process is considered on steps 1-5.

Fig. 11 Optimization scheme.

6. If convergence is not obtained, a new value of the vari-
ance is proposed and a new iteration starts at step 2; else
the algorithm exits.

Note that in the entire process, only the variance evolves.
The remaining parameters (average Young’s modulus, cor-
relation length and model, first-order marginal density), as
well as the averaging volume for the reference distribution,
are fixed. Note also that the Kullback-Leibler distance [8]
has been tested instead of Eq. (15) and yielded the same
qualitative results as those presented below.

4.1.2 Description of the continuum samples used for
identification

The continuum samples that are used for the identification
process imitate the discrete samples described in Section 2.
They are cylinders of radius R=35 cm and height H =39 cm,
loaded with an isotropic confinement pressure of 60 kPa on
the lateral face and with a vertical pressure of 63 kN on
the upper face. Gravity is also considered within the model.
The generation of one realization of the random field and
the simulation the corresponding response took on average
4800 s of CPU time.

We consider a homogeneous density ρ = 1574 kg/m3

(see Section 3.1) and a homogeneous Poisson ratio ν = 0.23 [45].
As the identification process is driven by stress distribu-
tion, and because we are considering a linear model, the
average Young’s modulus is expected to be ill-constrained
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Fig. 12 Evolution of the L2 distance during the optimization process
for a Gamma first-order marginal distribution and averaging volume
V = (4 cm)3 as a function of the normalized variance σ2

E/E2.

in this experiment. We therefore choose to fix its value at
E = 80 MPa [45], and will investigate this further in Sec-
tion 4.6.

All simulations are performed with the Finite Element
Method (COMSOL software) with a mesh of close to 380’000
linear hexahedra, corresponding to elements of size h≈ 0.7 cm,
much smaller than the correlation length.To simplify the post-
treatment process, note that output stresses are extracted only
within a box of size 48×48×32 (cm)3, inset into the cylin-
ders. It was checked that there is no significant difference
between the stress distribution within the box and within the
full cylinder.

4.2 Identification of a Gamma model for averaging volume
V = (4 cm)3

Considering a Gamma first-order marginal density, and the
experimental distribution of equivalent stresses obtained with
an averaging volume of V = (4cm)3, the optimization pro-
cess leads to the evolution of the L2 distance plotted in Fig. 12.
Although there is variability between samples, there is clearly
a minimum of the L2 distance, with a normalized variance
close to σ2

E/E2 ≈ 11. Note that the minimization was re-
started several times to make sure that no bias resulted from
sample-to-sample variability. In each restart the departure
point changed.

The distributions of continuum stresses are plotted in
Fig. 13 (solid lines) and compared to the experimental equiv-
alent stresses (dashed lines). The identified stress distribu-
tions match very well with the discrete ones, both for the
σzz coefficient, which was used to drive the identification,
and the other coefficients, that were not used in the iden-
tification. The only apparent deficiency of the model lies

Fig. 13 Distribution of the logarithm of the equivalent stresses for the
discrete samples and averaging volume V = (4 cm)3 (dashed line), and
for the identified continuum model with Gamma first-order marginal
density (solid line).

in a slightly higher value of the lower-than-average shear
stresses in the identified continuum model with respect to
the experimental ones. Note that, on each plot, there are ac-
tually several continuous lines, corresponding to different
realizations of cylindrical samples with the same statistical
parameters. This shows that a cylindrical sample is statisti-
cally representative for the distribution of stresses, because
there is almost no variability from sample to sample.

4.3 Identification of Gamma models for different averaging
volumes

Still considering the Gamma first-order marginal density, we
now consider a different averaging volume V = (8 cm)3 and
compare it to the previous volume V = (4 cm)3. The op-
timization process produced the results plotted in Fig. 14.
A clear reduction of the normalized variance can be ob-
served, from σ2

E/E2 ≈ 11 for V = (4 cm)3 σ2
E/E2 ≈ 4 for

V = (8 cm)3 compared to the variance for V = (4 cm)3. Note
that we do not consider here the identification for the aver-
aging volume V = (2 cm)3 because the generation of ran-
dom fields with Gamma first-order marginal densities and
normalized variances larger than 26 resulted in numerical
issues. This is linked to the inversion of the Gamma cumu-
lative function in the Rosenblatt transform and will be inves-
tigated later.

The obtained distributions of identified continuum stresses
(σzz component) are plotted in Fig. 15 and compared to the
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Fig. 14 Evolution of the L2 distance during the optimization process
for a Gamma first-order marginal distribution and different averaging
volumes: V = (4 cm)3 (crosses), and V = (8 cm)3 (circles), as a func-
tion of the normalized variance σ2

E/E2.

Fig. 15 Distribution of the logarithm of the vertical equivalent stresses,
σzz for the discrete samples (dashed lines) and for the identified contin-
uum models with Gamma first-order marginal density (solid lines), for
averaging volumes V = (4 cm)3 (black lines) and V = (8 cm)3 (blue
lines).

experimental equivalent stresses. The variance reduction is
clearly visible. The agreement between both groups of curves
is very good, although less for the larger average volume,
where the lower-than-averages forces are slightly overesti-
mated. However, it should be noted that they correspond to
very low probability of occurence (two orders of magnitude
below the maximum), so that a larger experimental database
might be desirable.

Fig. 16 Evolution of the L2 distance during the optimization process
at V = (4 cm)3 as a function of the normalized variance σ2

E/E2, for a
Gamma (crosses) and log-normal (circles) first-order marginal distri-
bution.

4.4 Influence of the first-order marginal density

Considering the averaging volume of V = (4 cm)3, we now
consider a log-normal first-order marginal density, and com-
pare the results obtained with those of the Gamma first-
order marginal density (Section 4.2). The optimization pro-
cess leads to the convergence presented in Fig. 16. It can
be seen that the variance corresponding to the log-normal
density is much larger than before: σ2

E/E2 ≈ 72. It is also
interesting to remark that there is much more variability in
the L2 distance depending on the particular realization of
cylindrical sample that is considered.

The stress distributions are then plotted in Fig. 17. Al-
though the distribution for the σzz coefficient matches rel-
atively well the experimental equivalent stress, as expected
out of the optimization process, all the other coefficient are
rather badly approximated. This is probably due to the very
large difference between the log-normal and Gamma distri-
butions for the lower-than-average values (see Fig. 7). The
log-normal first-order marginal density can therefore not be
considered as appropriate to model Young’s modulus in the
ballast.

4.5 Influence of the correlation model

To consider the influence of the correlation model in the
identification process, we compared the model presented in
Sec. 3.2 with a cardinal sine correlation model [97,100]. The
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Fig. 17 Distribution of the logarithm of the equivalent stresses for the
discrete samples and averaging volume V = (4 cm)3 (black dashed
line), for the identified continuum model with Gamma first-order
marginal density (black solid line), and for the identified continuum
model with Log-normal first-order marginal density (red solid line).

optimization process leads to the convergence presented in
Fig. 18. A remarkable influence of the departure point on
the values at convergence was observed. Indeed, when the
departure point was lower than about 10 (σ2

E/E2 ≈ 10), the
results were quite consistent, and the minimum was found
close to σ2

E/E2 ≈ 5. However, when the initial point was
larger than 10, the convergence process became stuck in lo-
cal minima (see the square markers in Fig. 18). Note that
the normalized variance found in this case is quite different
from the value found in Sec. 4.2 for the same volume and
first-order marginal law.

The stress distributions are then plotted in Fig. 19. The
distribution for the σzz around and above the mean value is
quite satisfactory, except for one realization of the optimiza-
tion process. The lower-than-average stresses are however
poorly represented. For all other components of the stress
tensor, both the below-than-average and above-average stresses
are badly represented. Finally, note that the realization with
a departure point larger than 10 presents stress distributions
whose shapes are completely different from the granular ones.

4.6 Influence of the average of Young’s modulus

Finally, we consider a different average Young’s modulus
and compare the results to the case in Section 4.2. Fig. 20
presents the convergence of the L2 distance for E = 80 MPa

Fig. 18 Evolution of the L2 distance during the optimization process
at V = (4 cm)3 as a function of the normalized variance σ2

E/E2. The
crosses represents the realizations where the departure point, for the
optimization process, were below 10, σ2

E/E2 ≤ 10. The square marker
represent the realization where the departure point was greater than 10,
σ2

E/E2 ≥ 10.

Fig. 19 Distribution of the logarithm of the equivalent stresses for the
discrete samples and averaging volume V = (4 cm)3 (black dashed
line), for the identified continuum models with Gamma first-order
marginal density and cardinal sine correlation model (red solid lines).

(with crosses) and E = 800 MPa (with circles). It is clear
from the orders of magnitude of the L2 distance (compared
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Fig. 20 Evolution of the L2 distance during the optimization process
for a Gamma first-order marginal distribution at V = (4 cm)3 and E =
80 MPa (crosses), and for V = (4 cm)3 and E = 800 MPa (circles), as
a function of the normalized variance σ2

E/E2.

to the previous figures) that the average Young’s modulus
has very little influence on the identification. This was to be
expected because the identification is performed on stress
distributions rather than on kinematical quantities. The stress
distributions are not plotted because they almost overlap in
the two cases.

As a general conclusion to this section, it seems that
modeling the Young’s modulus as a random field with Gamma
first-order marginal density and granular correlation model
allows to reproduce very convincingly the stress distribution
in a granular sample. The variance depends on the averaging
volume for the equivalent stresses and has been identified as
close to σ2

E/E2 ≈ 11 for V = (4 cm)3. As expected, the aver-
age is not well constrained by the chosen experimental data.

5 Application to the modeling of the ballast

In this section, we consider the stochastic model of Young’s
modulus developed in the previous section and analyze the
impact of the heterogeneity it models on a dynamic simula-
tion of the passage of a train on a ballasted railway track. As
discussed in the introduction, this simulation is not realistic
because there is no dissipation involved. However, we be-
lieve it illustrates very clearly the importance of considering
heterogeneity in the numerical modeling of granular media.

Fig. 21 Geometry, loading, boundary conditions and mesh for the
wave propagation analysis.

5.1 Description of the numerical model of the ballast

We consider the model depicted in Fig. 21. It is a 38 m-long
one-way track segment, with a ballast (in yellow on Fig. 21)
of height 48 cm and width between 3.9 m at the top and 5 m
at the bottom. Below the track, the soil is numerically mod-
eled on a width of 20 m and a depth of 5 m. The concrete
sleepers have dimensions 20×30×200 cm3, are separated
by d = 0.6 m, and are embedded in the soil on a height of
10 cm. This simple setup is representative of a realistic bal-
lasted railway track.

In the simulated domain, the wave field is the solution of
the wave equation:

∇ ·σ −ρü = 0 (16)

where the material is assumed isotropic and linear, so that
the strain is ε =(∇u+∇uT )/2 and the stress is σ = λ (x)TrεI+
2µε , with λ and µ the Lamé parameters, and I is the iden-
tity second-order tensor. The density is denoted ρ . The Lamé
parameters are related to the wave velocities through Vp =√

(λ +2µ)/ρ and Vs =
√

µ/ρ . The soil is assumed homo-
geneous in all simulations, with Vs = 180 m/s, Vp = 350 m/s,
and ρ = 1900 kg/m3. The concrete sleepers are assumed
homogeneous in all simulations, with Vs = 2500 m/s, Vp =

4500 m/s, and ρ = 2400 kg/m3. In the simulations where the
ballast is assumed homogeneous, we consider Vs = 150 m/s,
Vp = 380 m/s, and ρ = 1900 kg/m3. In the simulations where
the ballast is assumed heterogeneous, the random model of
mechanical properties is the one described in the previous
section, and the average values are taken equal to those of
the homogeneous case.

The vertical loading considered is a classical one for
modeling the influence of a train-rail system (one bogie)
on the sleepers [38]. It considers the flexibility of the rail
by transferring the point loads of the boggie of a train onto
consecutive sleepers. The movement of the train is taken into
account by moving the position of the point loads at the ap-
propriate velocity. The loading on each of the sleepers (and
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on each side of each sleepers, as indicated on Fig. 21) is
given by:

Fi(t) =
QY
2

[
C

(v0(t−δi)−a)2

d2 +C
(v0(t−δi)−a−L)2

d2

]
(17)

where Q is the load magnitude, L = 3 m is the wheelbase,
a = 5d = 3 m is the critical distance, beyond which the load
is assumed to vanish, v0 = 100 m/s is the chosen train veloc-
ity, and C = 0.61 and Y = 0.41 are constants that depend of
the soil-ballast combination. The latter values are obtained
from the experimental values in [4]. In order to produce a
”moving load” each sleeper is associated with a delay δi.
The Fig. 21 highlights the region where the vertical point
loads are applied at the top of the sleepers at the initial time.
The transmission of the point load to the ballast layer takes
place through the sleepers. Only five sleepers are loaded in
the image because the influence of the boggie on further
sleepers almost vanishes.

In the inset of Fig. 21, the refinement of the mesh is also
shown. The mesh is discretized with 0.81 millions of hexa-
hedral elements. High-order polynomials of order 7 are used
in the spectral element solver (see Section 5.2), which corre-
sponds to 343 degrees of freedoms (DOFs) for each element,
and a total of close to 175 millions of DOFs for the entire
mesh. On the exterior of the soil box (green area in Fig. 21),
a Perfectly Matched Layer [32] is added to absorb outgoing
waves.

5.2 Description of the solver

To approximate the solution of the wave equation, the solver
used in this paper is based on the Spectral Element Method
(SEM, see [21] for mathematical details and [50] for an ex-
ample in seismology). The SEM is a high-order FEM that
uses a Gauss-Lobatto-Legendre quadrature rule for integra-
tion and Lagrange polynomials based on the nodes of that
quadrature. Inserting the polynomial functions and quadra-
ture rules into the variational form of Eq. (16) leads to a
system of ordinary differential equations:

MV̇ = Fext−Fint(U) (18)

where U and V are vectors containing the components of
the displacement and velocity at the nodes, respectively, M
is the mass matrix, and the vectors Fext and Fint contain the
influence of the passing train and the internal forces, respec-
tively.

As it uses high-order polynomials, the method is ex-
ponentially accurate: an increase of the polynomial order
leads to an exponential decrease of the error. This property,

called spectral precision, gives its name to the method. Us-
ing under-integration, the mass matrix becomes naturally di-
agonal, which allows to use an explicit second-order finite-
difference scheme in time. Even though the stability condi-
tion requires to use very small time steps, the construction
of the solution at each time step is very easy because the
inversion of the mass matrix is instantaneous. This feature
does not occur in classical high-order FEM. Our implemen-
tation of the SEM has demonstrated scalability for more than
10’000 cores [39] while other implementations in the litera-
ture have even been shown to scale over 100’000 cores [50].

5.3 Influence of heterogeneity of the ballast on the
wavefield

To discuss the influence of heterogeneity of the ballast on
the wave fields induced by the passage of a train, we con-
sider two different models, and compare them. The models
are similar in all features except for the mechanical parame-
ters in the ballast layer: one of the model has homogeneous
properties in the ballast, while the other is heterogeneous.
Note that the average value of the heterogeneous Young’s
modulus is equal to the value of the homogeneous Young’s
modulus. Note also that the input force is normalized a pos-
teriori in order to make sure that the total energy introduced
in the two models is the same.

The displacement field at time t = 0.27 s in the case
when the ballast is homogeneous is plotted at the top of
Fig. 22. The pattern is quite simple, with an energy clearly
concentrated under the moving load. There seems to be a
guided wave within the ballast layer, connecting with Rayleigh
wave in the soil. At the bottom of Fig. 22, the same dis-
placement field is plotted in the case of the heterogeneous
ballast. The wave pattern is very different, with most of the
energy remaining within the ballast, and not necessarily con-
centrated below the moving load. The energy seems to be
trapped within the ballast layer, and not propagating for-
ward as in the case of guided waves. This localization of the
energy, known as Anderson localization [6], is due to the
strong heterogeneity of the material properties, and eventu-
ally leads to a lower radiation of energy towards the sensors.
For the sensors in the free field, amplitudes are therefore
small, which may be mistaken for damping or dissipation.

Note that there is no energy dissipation in our model, so
that the later part of the recordings is probably not very re-
alistic. Within an actual ballast, a large part of the energy
trapped in the ballast layer would be dissipated by friction
and crushing of grains. To incorporate this dissipation in a
generalized model requires developing a continuum dissipa-
tion model adequate for granular materials, with parameters
homogeneous in space or not [46]. Even though there is no
dissipation, sensors located in the free field would still feel
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Fig. 22 Displacement fields at time t = 0.27 s. The upper figure cor-
responds to the simulation with homogeneous ballast, while the lower
one corresponds to simulation with heterogeneous ballast.

apparent damping because most of the energy does not es-
cape the ballast, resulting in smaller displacements of those
sensors.

The fact that the two images in Fig. 22 are so different is
a clear demonstration that heterogeneity in the ballast should
be taken into account. Indeed, the results obtained here can
be shown to be much more compatible with actual observa-
tions made in the field [26] than previous models.

6 Conclusions

In this paper, we introduced a novel approach to the mod-
eling of ballasted railway tracks. In between homogeneous
continuum models, that cannot reproduce the complex dy-
namical behavior of realistic tracks, and discontinuous mod-
els that are difficult to simulate at the appropriate scale, we
proposed a heterogeneous continuum model. Young’s mod-
ulus was modeled as a randomly-fluctuating parameter whose
statistics have been identified on discrete simulations of gran-
ular samples with realistic shapes. The identified stress dis-
tributions match extremely well the equivalent stresses in
the discrete simulations, even for components that have not
been used in the identification process. The impact is enor-
mous on the wave field produced by the passage of a train
on a typical ballasted railway track, so that this heterogene-
ity should clearly be investigated further.

Although the first results are extremely encouraging, sev-
eral aspects should be improved. Only Young’s modulus has

been modeled as random here, whereas it might be more
appropriate to model the entire constitutive tensor as ran-
dom, potentially introducing anisotropy [100], and certainly
considering constitutive non-linearities [46]. It would be in-
teresting to discuss in detail the impact of the heterogeneity
on wave propagation velocities, as this feature is classically
observed in wave propagation in granular media.

In terms of limitations of the model, it should be stressed
that the model can obviously not take into account situations
when grains re-arrange. It is therefore not appropriate for fa-
tigue simulations or long-term behavior of the track. Also,
it considers locally averaged stresses and strains, so that it is
probably not appropriate to predict local stress states, some-
times required for fatigue simulation at the interface with the
sleepers for instance.

Finally, it should be reminded that the identification pro-
cess was performed in statics. More realistic or predictive
simulations would require the inverse problem to be per-
formed on dynamical measurements. This is currently under
process, using experimental campaigns on French railway
tracks, and can hopefully be introduced soon.
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