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SHARP NON-ASYMPTOTIC CONCENTRATION INEQUALITIES FOR THE
APPROXIMATION OF THE INVARIANT MEASURE OF A DIFFUSION

I. HONORE

ABSTRACT. For an ergodic Brownian diffusion with invariant measure v, we consider a sequence of
empirical distributions (vy)r>1 associated with an approximation scheme with decreasing time step
(Yn)n>1 along an adapted regular enough class of test functions f such that f —v(f) is a coboundary
of the infinitesimal generator .A. Denote by o the diffusion coefficient and ¢ the solution of the
Poisson equation Agp = f — v(f). When the square norm of |0*V|? lies in the same coboundary
class as f, we establish sharp non-asymptotic concentration bounds for suitable normalizations of
vn(f) — v(f). Our bounds are optimal in the sense that they match the asymptotic limit obtained
by Lamberton and Pages in [LP02], for a certain large deviation regime. In particular, this allows
us to derive sharp non-asymptotic confidence intervals. We provide as well a Slutsky like Theorem,
for practical applications, where the deviation bounds are also asymptotically independent of the
corresponding Poisson problem. Eventually, we are able to handle, up to an additional constraint
on the time steps, Lipschitz sources f in an appropriate non-degenerate setting.

1. INTRODUCTION
1.1. Statement of the problem. Consider the stochastic differential equation
(1.1) dY; = b(Yy)dt + o(Y:)dWr,

where (W;)¢>0 stands for a Wiener process of dimension € N on a given filtered probability space
(2,G,(G)i>0,P), b: R - R and o : RY - R?®@R" are Lipschitz continuous functions and satisfy
a Lyapunov condition (see further Assumption Ly/) which provides the existence of an invariant
measure v. Throughout the article, uniqueness of the invariant measure v is assumed. The purpose
of this work is to estimate the invariant measure of the diffusion equation (1.1).

In order to make a clear parallel with the objects we will introduce for the approximation of v,
let us first recall some basic facts on (Y;)i>0 and v.

Introduce for a bounded continuous function f and ¢t € R, the average occupation measure:

(1.2) w(f) =1 /0 F(V)ds.

Foremost, bear in mind the usual ergodic theorem which holds under appropriate Lyapunov condi-
tions (see e.g. [KM11]):

(1.3) w(f) 5 u(f) ::/fdu.

Under suitable stability and regularity conditions, Bhattacharya [Bha82] then established a corre-
sponding Central Limit Theorem (CLT). Namely, for all smooth enough function f,

(14) Vi) =) o X (0. [ 1 TetPrian).

t—+o0
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where ¢ is the solution of the Poisson equation Ap = f — v(f) and A stands for the infinitesimal
operator of the diffusion (1.1) (see (2.3) below for more details). In the following, we say that f is
coboundary when there is a smooth solution ¢ to the Poisson equation Ap = f — v(f).

Identity (1.4) is a Central Limit Theorem (CLT) whose asymptotic variance is the integral of the
well known carré du champ (called energy but we will say, from now on, by abuse of terminology,
carré du champ), for more precision, see [BGL14] and [Led99]. The carré du champ is actually a
bilinear operator defined for any smooth functions ¢, % by I'(¢,v) := A(p - ) — Ap - — ¢ - A,
and so:

V(LoD = [ Tloowlde) ==2 [ A idn) = [ |o"VPu(da).

Indeed, observe that v (A(p-1)) = 0. This is a consequence of the fact that v solves in the
distributional sense the Fokker-Planck equation A*rv = 0. Also, this observation yields that, in order
to bypass solving a Poisson equation, a common trick consists in dealing with smooth functions of
the form Agp.

From a practical point of view, several questions appear: how to approach the process (Y)i>0,
the integral v, and the deviation from the asymptotic measure appearing in (1.4)? Here, the first
question is addressed by considering a suitable discretization scheme with decreasing time steps,
(7&)k>1- The integral 14 can then be approximated by the associated empirical measure, whose
deviations will be controlled in our main results. In particular, we take advantage of the discrete
analogue to (1.4) established by Lamberton and Pages in [LP02] for the current approximation
scheme, to derive sharp non-asymptotic bounds for the empirical measure.

We propose an approximation algorithm based on an Euler like discretization with decreasing
time step, first introduced by Lamberton and Pages in [LP02] who derived related asymptotic
limit theorem in the spirit of (1.4), and exploited as well in [HMP17] where some corresponding
non-asymptotic bounds are obtained.

For the decreasing step sequence (7V)g>1 and n > 0, the scheme deriving from (1.1) is defined
by:

(S) Xn+1 =X, + 7n+1b(Xn) + \/'YnJrlO'(Xn)UnJrly
XO € L2(Q>anP)7

where (Up)p>1 is an ii.d. sequence of random variables on R", independent of Xy, and whose
moments match with the Gaussian ones up to order 3. In particular, more general innovations than
the Brownian increments can be used.

Intuitively, the decreasing steps in (S) allow to be more and more precise when time grows.

The empirical (random) occupation measure of the scheme is defined for all A € B(R?) (where
B(R?) denotes the Borel o-field on R?) by:

. 2 ket ’WféXkA(w)(A)
B 22:1 Yk .
We are interested in the long time approximation, so we need to consider steps (y;)g>1 such that
r,:= ZZ:l Yk 7 +00.
Under suitable Lyapunov like assumptions, Lamberton and Pages in [LP02] first proved the

following ergodic result: for any v — a.s. continuous function f with polynomial growth, v, (f) &5
n

v(f) = [ga f(x)r(dx), which is the discrete analogue of (1.3).

The main benefit of decreasing steps instead of constant ones is thus that the empirical measure
directly converges towards the invariant one. Otherwise, taking v = h > 0 in (S), the previous
ergodic theorem must be changed into: v, (f) % VI(f) = Jga f(z)v"(dz), where 1" is the invariant

measure of the scheme. So, an extra study must be carried out, namely the difference v — v"
should be estimated. For more details about this approach we refer to [TT90], [Tal02] and the

(1.5) Un(A) == vp(w, A) :
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work of Malrieu and Talay [MTO06]. This work first addressed the issue of deriving non-asymptotic
controls for the deviations of empirical measure of type (1.5) when v = v > 0 (constant step).
The backbone of their approach consisted in establishing a Log Sobolev inequality, which implies
Gaussian concentration, for the Euler scheme. In whole generality, functional inequalities (such
as the Log Sobolev one) are a powerful tools to get simple controls on the invariant distribution
associated with the diffusion process (1.1), see e.g. Ledoux [Led99] or Bakry et al. [BGL14]. Withal
Log Sobolev, and Poincaré inequalities turn out to be quite rigid in the framework of discretization
schemes like (S) with or without decreasing steps.

For the CLT associated with stationary Markov chains, we refer to Gordin’s Theorem (see [GL78]).
Note as well that the variance of the limit Gaussian law is also the carré du champ for discrete
Poisson equation associated with the generator of the chain.

Let us mention as well some related works. In [BB06], Blower and Bolley establish Gaussian
concentration properties for deviations of functional of the path in the case of metric space val-
ued homogeneous Markov chains. Non-asymptotic deviation bounds for the Wasserstein distance
between the marginal distributions and the stationary law, in the homogeneous case can be found
in [Boill] (see also Boissard and Le Gouic in [BLG14] for controls on the expectations of this
Wasserstein distance). The key point of these works is to demonstrate contraction properties of the
transition kernel of the homogeneous Markov chain for a Wasserstein metric, which requires some
continuity in this metric for the transition law involved, see e.g. [BB06].

In the current work, we aim to establish an optimal non-asymptotic concentration inequality for
Un(f) — v(f). When |0*Vy|? — v(Jo*Vy|?) is a coboundary, we manage to improve the estimates
in [HMP17]. Insofar, we better the variance in the upper-bound obtained in Theorem 3 therein:
when the time step is such that 7, =< n=%, for 6 > %, for all n € N, for a smooth enough function
¢ s.t. Ap = f — v(f), under suitable assumptions (further called Assumptions (A)), and if ||o||?
is coboundary then there exist explicit non-negative sequences (¢p)p>1 and (CN'n)nzl, respectively

increasing and decreasing for n large enough, with lim, C,, = lim, ¢, = 1 s.t. for all n > 1 and

0<a=o(Th):
P[VTulva(f) = v(H)| = a] = P[|v/Tura(Ap)| = a] < 2C,exp (-

Cna?

2PVl

In fact, we get below the optimal variance bound, namely the carré du champ v(|o*V|?), instead
of the expression v(||c||?)||Vi||%, as in the previous inequality. Up to the same previously indicated
deviation threshold, a = o(y/T,), we derive the optimal Gaussian concentration. Consequently, we
are able to derive directly some sharp non-asymptotic confidence intervals.

To establish our non-asymptotic results, we use martingale increment techniques which turn out
to be very robust in a rather large range of application fields. Let us for instance mention the work
of Frikha and Menozzi [FM12] which establishes non-asymptotic bounds for the regular Monte Carlo
error associated with the Euler discretization of a diffusion until a finite time interval [0, 7] and for a
class of stochastic algorithms of Robbins-Monro type. Still with martingale approach, Dedecker and
Gouézel [DG15] have obtained non-asymptotic deviation bounds for separately bounded functionals
of geometrically ergodic Markov chains on a general state space. Eventually, we can refer again to
the work [HMP17] in the current setting.

The paper is organized as follows. In Section 2, we state our notations and assumptions as well
as some known and useful results related to our approximation scheme. Section 3 is devoted to our
main concentration results (for a certain deviation regime that we will call Gaussian deviations),
we also state therein several technical lemmas whose proofs are postponed to Section 4. Impor-
tantly, we also provide a user’s guide to the proof which emphasizes the key steps in our approach.
Section 4 is the technical core of the paper. In Section 5, in view of practical applications, we
provide a Slutsky like result with deviation bounds independent of the invariant measure. We then
discuss in Section 6 some regularity issues for the considered test functions. Namely, we recall some
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assumptions introduced in [HMP17] which yield appropriate regularity concerning the solution of
Poisson equation. We also extend there our main results to test functions f that are Lipschitz
continuous, up to some constraints on the step sequence.

We proceed in Section 7 to the explicit optimization of the constants appearing in the concen-
tration bound deriving from our approach. Intrinsically, this procedure conducts to two deviation
regimes, the Gaussian one up to a = o(y/T,,) and the super Gaussian one for a > /T, which dete-
riorates the concentration rate. Even though awkward at first sight (see e.g. Remark 4 below), this
refinement turns out to be useful for some numerical purposes, as it emphasized in Section 8. We
conclude there with some numerical results associated with a degenerate diffusion and our Slutsky
like result. Some additional technical details needed in Section 7 are gathered in Appendix A.

2. ASSUMPTIONS AND EXISTING RESULTS

2.1. General notations. For all step sequence (7, )n>1, we denote:
n n
VR TP = of D= > =T
k=1 k=1

Practically, the time step sequence is assumed to have the form: ~, < n%, with 6 € (0,1], where
for two sequences (up)neN, (Un)nen the notation w, =< v, means that Ing € N, IC > 1 s.t.
Yn > ng, C o, < uy, < Cuy,.

We will denote by C' a non negative constant, and by (ep)n>1,(%n)n>1 deterministic generic
sequences s.t. e, — 0 and %, — 1, that may change from line to line. The constant C' depends,
n n

uniformly in time, as well as the sequences (ep)n>1,(%n)n>1, on known parameters appearing in
the assumptions introduced in Section 2.2 (called (A) throughout the document). Other possible
dependencies will be explicitly specified.

In the following, for any smooth enough function f, for & € N we will denote D¥f the tensor
of the k' derivatives of f. Namely D¥f = (9;, .. .0 f)i<iy,...in<d- However, for a multi-index
a € N§ == (NU{0})?, we set D*f = 92 o Ogaf RY — R.

For a (-Holder continuous function f : R — R, we introduce the notation

[f]ﬁ = sup ‘f(l') — f(l'/)|

< +00
xFx! |.%' - '%J’B ’

for its Holder modulus of continuity. Here, |2 — 2’| stands for the Euclidean norm of 2 — 2’ € R,
We denote, for (p,m) € N2, by CP(R?, R™) the space of p-times continuously differentiable func-

tions from R? to R™. Besides, for f € CP(R%,R™), p € N, we define for 3 € (0,1] the Holder
modulus:

|Df(z) — D*f ()]

[f®]g = sup < 400,
z#x!|al=p |‘/Zj - x/|ﬂ
where a (viewed as an element of N¢) is a multi-index of length p, i.e. |a| := Zgzl a; = p. Hence,

in the above definition, the |- | in the numerator is the usual absolute value. We will as well use the
notation [n, p], (n,p) € (No)?,n < p, for the set of integers being between n and p.
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From now on, we introduce for k € Ny, 8 € (0,1] and m € {1,d,d x r} the Holder spaces

CHARLR™) := {f € C¥(RE,R™) : Yo € N, |a| € [1, k], sup |D*f(z)| < +oo, [f®]s < +o0},
rERY
P (RER™) = {f € CPP(RER™) || flloo < +00}.
(2.1)

In the above definition, for a bounded mapping ¢ : R — R™, m € {1,d,d x r}, we write ||C|/o0 :=
sup,epd |[CCH ()] with [|¢(2)]] = Tr (¢¢*(x))Y?, where for M € R™ @ R™, Tr(M) stands for the
trace of M. Hence | - || is the Frobenius norm !,

With these notations, C¥#(RY R™) stands for the subset of C*(R? R™) whose elements have
bounded derivatives up to order k and A-Holder continuous k™ derivatives. For instance, the space
of Lipschitz continuous functions from R? to R™ is denoted by C%! (R4 R™).

Eventually, for a given Borel function f : R* — E, where E can be R, R¢, R? ® R",R¢ @ R?, we
set for k € Ny:
fi = f(Xg).
For k € Ny, we denote by Fj, := U((Xj)je[[o,k]]) the o-algebra generated by the (X;)e[o,x]-

2.2. Hypotheses.

(C1) The first term of the random sequence Xy is supposed to be sub-Gaussian, i.e. there is a
threshold Ay > 0 such that:

YA < Ao, Elexp(AXo|*)] < +oo.

(GC) The innovations (U,)p>1 form an iid. sequence with law x, we also assume that E[U1] =0
and for all (4,5,k) € {1,---,r}>, E[UIU]] = 6;;, E[UIU{UF] = 0. Moreover, (Uy,)n>1 and Xy are
independent. Eventually, U; satisfies the following standard Gaussian concentration property, i.e.
for every 1—Lipschitz continuous function g : R” — R and every A > O:

2
[ exp(Aa(U1)] < exp (E[g(U1)] + 5.

In particular, Gaussian and symmetrized Bernoulli random variables (in short r.v.) satisfy this
inequality.

Pay attention that a wider class of sub-Gaussian distributions could be considered. Namely,
random variables for which there exists @ > 0 s.t. for all A > 0:

o 2
22) E[exp(Mg(01))] < exp (XE[g(U)] + o).

It is well know that this assumption yields that for all » > 0, P[|U;| > r] < 2exp(—g).

(C2) There is a positive constant  s.t., defining for all z € R4, ¥(z) := oo*(2):

sup Tr(3(z)) = sup HU(:{:)H2 < K.
z€R4 z€R4

(Lv) We consider the following Lyapunov like stability condition:

There exists V : RY — [v*, +-00[ with v* > 0 s.t.
i) Ve C*R%LR), [|[D?V|le < 00, and limy,|0 V() = +00.

1. This notation allows to define similarly vector and matrix norms. In fact, R? vectors can be regarded as line
vectors. Then we define similarly for both cases the uniform norm || - ||
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ii) There exists Cy € (0,+0c) s.t. for all z € R%:
IVV (@) + [b(z)[* < OvV ().
iii) Let A be the infinitesimal generator associated with the diffusion equation (1.1), defined for
all p € C3(R?,R) and for all x € R? by:
1
(2.3) Ap(z) = b() - Vip(w) + 5 Tr(S(2) D*p(w),
where, for two vectors vy, vy € Rd, the symbol vy - v9 stands for the canonical inner product
of v1 and vy. There exist ay > 0, By € Rt s.t. for all z € R?,
AV (z) < —ayV(x) + By.
(U) There is a unique invariant measure v to equation (1.1).
For 3 € (0,1], we introduce:
(Ts) We choose a test function ¢ for which

i) ¢ smooth enough, i.e. ¢ € C* (R4 R),
We further assume that there exist C,,Cy,, > 0 s.t. for all x € R

ii) [|D*p(x)|| < Cyp/(1 + |2|),
iii) |p(x)| < Cyo(1+/V(2)).

(S) We assume that the sequence (y;)r>1 is small enough, Namely, we suppose that for all £ > 1:

< min( 1 il )
L 2/Cyé 20y D2V ]/

The constraint in (S) means that the time steps have to be sufficiently small w.r.t. the diffusion
coefficients and the Lyapunov function.

Remark 1. The above condition (Ly) actually implies that the drift coefficient b lies, out of a
compact set, between two hyperplanes separated from 0. Also, the Lyapunov function is lower than
the square norm. In other words, there exist constants K,¢ > 0 such that for all |x| > K,

(2.4) V(x)| < elzf?, [b(z)] < V/Cyelz].
Observe that we have supposed (U) without imposing any non-degeneracy conditions. Existence of

invariant measure follows from (Lv) (see [EK86]). For uniqueness, additional conditions need to
be considered ((hypo)ellipticity [KM11], [PVO01], [Vil09] or confluence [PP12]).

Remark 2. In (Tpg), conditions ii) and iii) are technical assumptions which greatly simplify the
analysis (see Appendiz in [Honl8] for a complete discussion). Hypothesis ii) is natural when there
is a function f € CYP(RY R) with v(f) =0 s.t.
If o € C;’B(Rd,Rd”),b € CYY(RERY) and ¢ € C3P (R R), differentiating the previous equality
(2.5) yields:
1 . _
|D2pb| = |V — DbV — Tr(§(D1(E)D2<p + zDﬂp)) <K,

for some K > 02. Indeed, each term (Db, %, DY(X), Vi, D?p, D3p) is assumed to be bounded (c.f.
i) in (Tg)). With conditions (Lv ), we see that there is C > 0 s.t. for allx € RY, |b(x)| > C(1+|x]),

2. For any tensor M and N, we denote by M N the contraction between M and N. In particular, DbV is a
vector with entries (le*Vgo)i = Zj.:l 9;biVep;, i € [1,d]?. Also D*(X)D?p, and D¢ are R? ® R* matrices.
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S0

K C
D%y(z)]| < = LA
1Dl < G+ Tay = 15 Jal
The above bound is consistent with Remark 2.7 in [KP10] for the parabolic equation associated with
(2.5).

Note that, a priori, a similar control holds almost everywhere under the weaker assumption that
b,%, D2y are Lipschitz continuous functions, thanks to the Rademacher theorem, see e.g. [Ste70].

We say that assumption (A) holds whenever (C1), (GC), (C2), (Lv), (U), (Tg) for some
B € (0,1] and (S) are fulfilled. Except when explicitly indicated, we assume throughout the paper
that assumption (A) is in force.

Assume the step sequence (y;)r>1 is chosen s.t. 4, < k=%, 6 € (0,1]. In particular, this implies
that, for any ¢ > 0, I'&) = n!1==0 if ¢ < 1, T =< In(n) if 6 = 1 and T = 1 if 0 > 1.

2.3. On some Related Existing Result. In [LP02], Lamberton and Pages, proved an asymptotic
result with the decreasing step scheme (S). Precisely, they obtain the discrete counterpart of (1.4)
established in [Bha82], emphasizing as well some discretization effects, leading to a bias in the limit
law, when the time step becomes too coarse. This last case is however the one leading to the highest
convergence rates in the CLT. We recall here their main results, Theorem 10 of the above reference,
for the sake of completeness.

Theorem 1. [Asymptotic Limit Results in [LP02]] Assume (C2), (Lv), (U) hold. If E[U;| =
0, E[U{@?’] =0, we get the following limit results where v, stands for the empirical measure defined
in (1.5).

(a) Fast decreasing step. If6 € (3,1] and E[|U;|%] < +oo, then, for all function ¢ € C>'(R%,R)N
C3(R% R), one has:

VT vn(Ap) _% N(O,/ 0*V|2dv).
n—o00 Rd

(b) Critical decreasing step. If 6 = % and if E[|U1|*] < +oo, then for all function ¢ €
C3HRY,R) NCHRY, R), one gets:

V FnVn(AQO) _>i> N(ﬁmv/ |O'*V(,0|2dlj),
n—oo Rd

where
(2)
7 o= ngrfm\l;%, m = _/Rd <Tr(%D2<p(x)b(x)®2) + (1)4($))V(dl‘),
Bi(o) = [ (3D o) + 5 DY) o)) u(du),

recalling that p denotes the law of the i.i.d. innovations (Ug)k>1 3,
(¢) Slowly decreasing step. If 8 € (0, %) and if E[|U1[®] < +oo, then for all globally Lipschitz
function ¢ € C3 (R, R) N CHR,R), one gets:
'y

P

(?.@XVith our tensor notations, D?p(z)b(x)®? € (R)®?, D3p(z)b(x)(o(z)u)®? € (R)®3, and Do (z)(o(z)u)®* €
(RT)=%.
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* 2
It is possible to relax the boundedness condition on o in (C2), considering limyg) 400 lo"Ve@)® _

V(x)
0 (strictly sublinear diffusion) in case (a) and sup,cpa % < 400 (sublinear diffusion) in case

(b). We refer to Theorems 9 and 10 in [LP02] for additional details.

Remark 3. First of all, observe that the normalization is the same as for (1.4). It is the square Toot
of the considered running time, namely t for the diffusion and Iy, for the scheme. In other words, a
CLT is still available for the discretization procedure. However, by choosing a critical time step, i.e.
for the fast convergence 8 = %, a bias is begot. It can be regarded as a discretization effect. Note
that, for all 6 > %, any step leads to the same asymptotic variance, namely the carré du champ,
Jga |0*V|?dv, like in [Bha82]. However, for the slow decreasing step, 0 < %, the discretization

3
effect is prominent and “hides” the CLT.

Let us also mention the work of Panloup [Pan08b|, where under similar assumptions for sto-
chastic equation driven by a Lévy process, the convergence of the decreasing time step algorithm
towards the invariant measure of the stochastic process is established (see also [Pan08a] for the CLT
associated with square integrable Lévy innovations).

In the current diffusive context, i.e. under (A), some non-asymptotic results were successfully
established in [HMP17]. It was as well observed there that if we slacken the regularity of the test
function ¢, a new bias looms. For ¢ € C>#(R% R) with 8 € (0,1), if § = ﬁ then /T v, (Agp)
exhibits deviations similar to the ones of a biased normal law with a different bias than in Theorem
1, c.f. Theorems 2, 3, 4 and 5 in [HMP17]. When /8 = 1, the two biases correspond. We willingly
shirk any discussion about bias appearance, which is discussed in the formerly mentioned article.
Our target is to refine Theorem 4 in [HMP17] that we recall:

Theorem 2. [Non-asymptotic concentration inequalities in [HMP17]] Assume (A) holds, if there
is ¥ € C3P(RY,R) satisfying (Tg) and s.t.

A9 = o]~ (o).

For 8 € (0,1] and 0 € (ﬁ7 1], there exist two explicit monotonic sequences ¢, < 1 < C’n, n > 1,

with lim,, C,, = lim,, ¢,, = 1 such that for alln > 1 and a > 0:

Cn

B PveR @)

P[|v/Tnvn(Ap)| > a] < 2C,, exp (
2
¢

(2.6) B, (a) == Ka2(1 - m))v (a%réan(l - %*n(%)%h)]?

/ _
where x4 = max(z,0) and &, == (%) 1/(||0H2)H0H002/36n with ¢, being an explicit nonnegative

sequence S.t. Cp lp 1.

Remark 4. Observe that two regimes compete in the above bound. From now on, we refer to
a

Gaussian deviations when N 0. In this case, asymptotically the right hand side of the

n

2
. a
2(le)IVellZ
with asymptotic variance equals to v(|o||?)|| V|2, which is an upper-bound of the carré du champ,
v(|o*V|?) (asymptotic variance in the limit theorem). Thus, this is not fully satisfactory. Through-

out the article, we refer to super Gaussian deviations when \/‘;— — +00. In this case, a subtle
n n

phenomenon appears: the right hand side gives a super Gaussian regime. In particular, the term
in the exponential of the r.h.s. of (2.6) is bounded from above and below by a4/3F}L/3. We anyhow

inequality (2.6) is 2exp( ) In other words, the empirical measure is sub-Gaussian
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emphasize that Theorem 2 in [HMP17] provides a non-asymptotic Gaussian concentration for all
deviation regimes:

Crna?

TRV

In particular, for super Gaussian deviations, the deviation (2.7) is asymptotically better. However,
it had already been observed in [HMP17] that the bound (2.6) turned out to be useful for numerical
purposes as it led to bounds closer to the empirical realizations. We will derive in Theorem 7 of
Section 7 a deviation bound similar to (2.6) with an improved variance bound. Namely, we succeed to
replace v(||o||?)|[Vo||%, by the carré du champ. We then observe in the numerical results of Section
8 that the associated deviation bounds match rather precisely those of the empirical realizations.
We will also employ the terminology of intermediate Gaussian deviations when \/‘11—” - C >

(2.7) P[|v/Tava(Ap)| = a] <2Cyexp (

0. For this regime, we keep a Gaussian regime with deteriorated constants. Again, we first deal with
Gaussian deviations, and we postpone the study of super Gaussian deviations to Section 7.

Remark 5. Actually, in the proof of Theorem 2, we can only use a map ¥ satisfying assumption
(Tp) s.t. AV > |0*Vp|> — v(|0*V|?). However, this inequality is equivalent to the coboundary
condition v — a.s.. In fact, we set the function f := A9 —|0c*V|? + v(|o*Vp|?) > 0, and

(2.8) v(f) =v(A9) =0.

As fis continuous and non negative, f =0 v — a.s. Hence AV = |0*V¢|? — v(|o*Vp|?) v — a.s.

3. MAIN RESULTS

Our main contribution consists in establishing a concentration inequality whose variance matches
asymptotically the carré du champ, see (1.4) and Theorem 1 in what we called the regime of Gaussian
deviations. In the numerical part of [HMP17], we see that changing the bound v(||o||?)|| V|2, by
the carré du champ, leads to bounds much closer to the realizations. Here, we state a simple and
“sharp” inequality.

Theorem 3 (Sharp non-asymptotic deviation results). Assume (A) is in force. Suppose that there
exists ¥ € C3P(RY R) satisfying (Tg) for some 8 € (0,1] s.t.

(3.1) AV = |0*V|2 — v(|o*Vel?).

Then, for 6 € (ﬁ, 1], there exist explicit non-negative sequences (¢p)n>1 and (Cy)n>1, respectively
increasing and decreasing for n large enough, with lim, C,, = lim, ¢, =1 s.t. for alln >1,a >0
a

satisfying il 0 (Gaussian deviations), the following bound holds:

CL2

ool

Remark 6. We obtain the optimal Gaussian bound with the carré du champ as variance which
corresponds to CLT. This is asymptotically the sharpest result that we can expect. This inequality is
very important for confidence intervals, as in this context a is supposed to be “small”, i.e. bounded.
Under suitable reqularity assumptions on f, which guarantee that the function ¢ solving Ap =
[ —v(f) satisfies (Tg) for some € (0,1], it readily follows from Theorem 3 that:

P[|v/Tovn(Ap)| > a] <2C,exp (-

a CL2

e+ ]

— — Cn———57)-

T, ) "2 el

The conditions on f that lead to the required smoothness on ¢ and ¥ are discussed in Section 6 (see

in particular Theorem 5 and Corollary 1). Briefly, it suffices to consider that, additionally to (C2)
and (Lv), ¥ is also uniformly elliptic, b € CYP (R4, R?), o € CM (R4, R? @ RY) and that the source

s Un(f) + 21—20nexp(—

Pv(f) € [valf) -



SHARP NON-ASYMPTOTIC CONCENTRATION FOR ERGODIC APPROXIMATIONS 10

f € CHB(RY,RY). This last assumption on f can be weakened to Lipschitz continuous (see Theorem
6) with some restriction on the steps.

On the other hand, in view of practical implementations of confidence intervals, i.e. to obtain
bounds with explicit concentration constants that do not depend on v(|o*V|?), we establish in
Theorem 4 of Section 5 a Slutsky like result.

3.1. User’s guide to the proof. Recall that, for a fixed given n € N and ¢ € C3’5(Rd,R), we
want to estimate the quantity

PlvIy|vn(Ap)| > a], Ya > 0,
where v, (Ayp) = ﬁ > req Ve Ap(Xk—1). We focus below on the term P[y/T'vy(Ap) > a]. Indeed,

the contribution P[v/I',,v,(Ap) < —a] can be handled by symmetry.

The first step of the proof consists in writing (Ago(X k_l)) ke[1n] with a splitting method to isolate

the terms depending on the current innovation Uy, for Ap(Xy_1). This is done in Lemma 1 below.
Precisely, for all k € [1,n] and ¢ € C3#(R?, R) we prove that:

1
o(Xk) —o(Xp—1) = mAp(Xp_1) + 7;3/ (1- t)Tr(D2<P(Xk—1 + tyebr—1)bp—1 ® bk—1)dt
0

1
(3.2) +57 Tr((D2¢(Xk—1 + Yibr—1) — DZSD(Xk—l))Ek—1> + Y (Xp—1, Ur),
where
U(Xk—1,Ux) = V0k-1Uk - Vo(Xp—1 + 7ibr—1)

1
+ ’Yk:/ (1— t)T‘r(D230(Xk_1 + Yebr—1 + t\/V0k—1Uk ) 0k—1U @ Ugor_q
0

(3.3) —D*o(Xp1 +’7kbk71)2k71>dt-

Observe that the term ¢ (Xy_1,Uy) in the r.h.s. of (3.2) is the only term containing the current
innovation Uy. Thus, the mapping u +— 1 (Xy_1,u) is Lipschitz continuous, because ¢ is.

This property is crucial to proceed with a martingale increment technique. Indeed, introducing
the compensated increment Ap(Xg_1,Uk) := Vi (Xk—1,Ux) — E[op(Xg—1, Ug)|Fr—1], assumption
(GC) allows to derive:

A [ (Xp—1, ')]%)
).

The corner stone of the proof is then to apply recursively this control to the martingale M, :=
> hey Ak(Xk—1,Ug), m € [1,n].

(3.4) VYA > 0, Elexp(—AA(Xp—1,Ur))|Fr-1] < exp (

To control the deviation, the first step is an exponential inequality which combined to (3.2) yields:

PlVTovn(A) > a] < exp(— o )E[ exp(wn(A9))]

VT,
(3.5) < exp(—\;%)E[eXp(_/\(ﬁ\lfn)}l/q N

for A >0, ¢ > 1 and R,, is a remainder (whose behaviour is investigated in Lemma 6). The main
contribution in the above equation is the one involving M,, which can be analyzed thanks to (3.4).
Namely:

E [ exp (- 1‘{:Mn)} — Efew (- ;{i\LMn_l)E[exp (- 1‘{:An<xn_1, U)|Fuci]]
(3.6) < E{exp (- I({‘iMnl) exp (q2)\2[1/};)r(g_1, )ﬁ)} .
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A first approach in [HMP17], in order to iterate the estimates involving the conditional expectations,
consisted in bounding uniformly [¢(X,—1, )1 < VInllollecllV@l|leo (Which is easily deduced from
(3.2)). Iterating the procedure led to the estimate

a
(3.7) P[\/Thim(Ap) > a] < exp ( Nl
Optimizing over A, letting as well ¢ |, 1 in a suitable way, gives the deviation upper-bound
Ch exp(—cnm), with C),, ¢, > 0 respectively increasing and decreasing to 1 with n (see
Theorem 2 of [HMP17] for details).

2
) exp (2 o2 [ Voll2) R
ar

To obtain the expected variance corresponding to the carré du champ v(|o*Vp|?), the key point
is to control finely the Lipschitz modulus of 15 (X%—1,-) in (3.4), (6.4).

From (3.2), we get the following simple expression of the derivative Vg (Xp—1,u)|u=v, =
VK0 _1Vo(Xk). Hence, there is a remainder term R (g, Xp—1,Uyg) s.t.
(3.8) Vi (Xe—1,w) lu=0, = V-1 Vor-1 + R(Vk, Xp—1, Ug).

In order to exhibit for each evaluation of the conditional expectations in (3.4), the contribution
v(|o*Vp|?), we use the auxiliary Poisson problem:

(3.9) AV = |0*Vp|> — v(|o*Vp|?).

We then write for the main term to control in (3.5),

AgM,, 1 el
(3.10) Elexp(-“1—1)] < 77 7, 7,
for p > 1 where:
) 2q2)\2 n
7 = Eexp ( — pF - p2F2 Z’YkAﬂ(Xk—l))a
" k=1
2o &
3.11 T = Bexp (=t N 4 A9 (Xj1)).
&1 (5= 1y 2 AV e0)
Exploiting (3.9), we can now rewrite
g\ PPN ¢ . .
T = Eexp(—pr— nT Tore %UU Vo(Xp-1)? = v(lo V@‘Q)])
" nog=1
2 242 2.2\2 7
) . g\ PgA .
(3.12) = exp (S (10" Vo)) Eexp (= pi-My = == > mlo* V(X1 ).
" " " k=1

The first term in the above r.h.s. yields the expected variance when we optimize over A for ¢ and
p going to 1, which is the case in the regime of so called Gaussian deviations in Theorem 3. It
improves the previous bound (3.7). Introduce now for m € [1,n],

@ p2q2)\2 m

r, ™ o

(3.13) S i=exp (— Wlo* V(X 1) ).

k=1

Bringing to mind that M,, = > " | Ap(Xp_1,Uk), where E[Ag(Xg—_1, Ug)|Fr—1] = 0 and [A(Xp—1, )1 =
[V (Xk—1,)]1, we get from (3.8), that, up to the remainder term (R(vk, Xi—1,Uk))re[in]> Sm can

be viewed as a super martingale (see Lemma 5 for details). We actually rigorously show that, in

the Gaussian regime (i.e. for \/‘127 —0), for 0 € (1/3,1)

E[S,| < By — 1.

n—-+00
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For 0 = 1, or for super Gaussian deviations (i.e. for \/‘127 — 400, see Section 7) with 6 € (1/3,1)

we get:

1 pq)\Q p3q3)\4
E[S,]7 < % ( )
s <t (P2 4 L0,
where e, > 0 decreases to 0 with n and %, > 0 is still going to 1 with n. The difficulty in the
above control is that the optimized X also depends on n and p (see (3.30) below).

The second term .7 is estimated directly repeating the arguments of the proof of Theorem 2 in
[HMP17] which are recalled above (see equations (3.5) to (3.7)). We apply the previous martingale
increment technique that previously led to (3.7). Denoting by Mff the martingale associated with
the (@b}z (Xg_1, Uk))ke[[l,n]] deriving from the expansion of A¥ similarly to (3.2), we obtain:

NP p*gMy \11/a Mq'plq
3.14 Ty <E|exp (- 52T | TR < (7 9% )R
( ) 2 > exp( 2(/)_ 1)F%) eXp 8(/) )2F3 H H HV Hoo
for ¢ > 1 and where the superscript ¥ means that we only need to replace ¢ by ¥ in the previous
definitions. Like in (3.5), RY is here a remainder.
Eventually, by (3.5), (3.12) and (3.14) with the different controls of E[S,,] (see Lemma 5):

a A2 A4
(315) P[\/ Fnl/n(.AQD) > a] < exXp ( — \/Tfn + FnAn(p) + F%Bn(P)><@m
. 792 3 3,5
with Z, — 1, A,(p) := ,0(7(11/(“72V19| ) 4 en), B := ﬁ%(iq‘w Vs 4 ¢ n)
0 with n.
We perform an optimization over A with the Cardan method. However, the optimal choice of A
depends on p. So an optimization can be done for p too. In Lemma 4 below, we choose p for the

for e, > 0 decreasing to

regime of Gaussian deviations (i.e. \/% — 0) which yields:
CL2
P | 7% > <2C, (_ ni)a
V(A9 = a] < 2Coexp (= eng b

for ¢,,, Cy, > 0 respectively decreasing and increasing (for n big enough) to 1 with n.
The optimal choices of A and p for the regime of super Gaussian deviations (i.e.

a :
i +00) is
eventually discussed in Section 7. This leads to

a4/3F1/3
PlvThvn(Ap)| > a| <2Chexp | —cn n .
| | ( 2|ra||3é3||wn§é3)

3.2. Technical lemmas and Proof of the Main Results. We first give a decomposition lemma
of v, (Ayp) which is the starting point of our analysis. Its proof can be found in [HMP17] (see Lemma
1 therein).

Lemma 1 (Decomposition of the empirical measure). For alln > 1, k € [1,n] and ¢ € C*(R%, R),
the identity (3.2) holds and we have:

Covn(Ap) = o(Xy) [nyk/ (1—1) (DQcp(Xk—l + tyebr—1)bp—1 ® bk_l)dt
1 n
(3.16) +§ Z’yk Tr((DQcp(Xk_l + Yibrp—1) — D290(Xk_1))22_1) + Z¢k(Xk_1, Uk)} ,
k=1 k=1

where Y (Xk—1,Uy) is defined in (3.3).
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Remark 7. In spite of the square terms in Uy appearing in the r.h.s. of (3.3), we have that,
conditionally to Fr_1, u — Yp(Xk—1,u) is Lipschitz continuous. Indeed, on the r.h.s. Uy only
appears in Yy, and on the l.h.s. we know that @ is Lipschitz. Hence, for all (u,u’) € (R%)?:

(3.17) [ (X1, 0) — Un(Xier, )] < yARloro 1V plloolu — o]

Our strategy consists in controlling how far the Lipschitz modulus in (3.17) is from |o}_;Vg_1].
The first step is to obtain an explicit derivative of VYi(Xk_1,-), see (3.21) below.

For notational convenience we introduce, for a given n € N* the following quantities:

Ry, = ¢(Xn) Z%/ (1-1) TF(D290(Xk—1 + tvebk—1)br—1 ® bk—l)dt
- *Z’Yka( O(Xp—1 + Mbr—1) — DQSO(kal))Ziq),

(3.18) My = Y Mp(Xp—1,Uk), Rpi=Rn— Y E[p(Xi1, Uk)| Frcr],

k=1 k=1
where for all k € [1,n]:
(3.19) Ap(Xi—1,Us) = tp(Xp—1,Uj) — E[p(Xp—1, Ug)| Fo—1]-
From these definitions, Lemma 1 can be rewritten:

1 -~

(3.20) vn(Ap) = F(Rn — M,),

where M, is a martingale. The key idea of the proof is to control more precisely the Lipschitz
modulus of 9, (X,,—1,-) than it was done in [HMP17]. From the definition in (3.2), let us write for
all k € [1,n]:

Ve(Xp—1,Ur) = 0k — 01 + Ri_11,

where
Ri_1p = _'VkA‘P(Xk—l)_'Vk/ (1-6)T ( O(Xp—1 + tykbr—1)bp—1 ® bj— 1)d
D?

- %%Tr«D O(Xg—1 + Mmbr—1) — D (X 1))2]%—1)'

Hence, by derivation

(3.21) Vo (X—1, ) lu=v, = VW51 VP(Xk).
We will establish that the value of V9, (Xk—1,u)|u=v, is not “too far” from \/yio;_;V(Xk_1).

3.2.1. Proof of Theorem 3 for bounded innovations. We first give the complete proof in this partic-
ular case. We will specify the additional required controls for possibly unbounded innovations in
the next subsection.

A key tool in the derivation of our main results is the following lemma whose proof is postponed
to Section 4 for the sake of clarity.

Lemma 2. [Remainders from Taylor decomposition] Under (A), for all ¢ > 1 and A > 0, we have:

A A 2 A2
a ) (E exp ( — %M,J) ! exp(F—en)%n.

(3.22) P[VTova(Ap) > a] <exp (- N R n



SHARP NON-ASYMPTOTIC CONCENTRATION FOR ERGODIC APPROXIMATIONS 14

We will now sharply control the Lipschitz constant of ¥ (Xg_1,-), or equivalently Ag(Xg_1,-),
which appears iteratively to handle the martingale term in (3.22).
In case of bounded innovations, we see by assumption (T3) i) (smoothness of ¢) that:

Vil (Xg—1, ) |u=t,,| = [V k-1 Vo(Xk)|

< W0 k-1 Veo(Xk—1)| + [V k051 [Ve(Xk) — Vo(Xg—1 + yibr—1)] |
-1 V(X1 + br—1) — Vo(Xp-1)] |

< VAKloE1 V(X 1)| + ellow-1 1P D%¢lloo | Uk [l

1
(3.23) +7]§/2‘0k1"bk1/ D2¢<Xk,1+t7kbk,1)dt‘.
0

Let us deal with the last term 'yi/QHJk,lH br_1 fol D%o(X) 1 + t'ykbk,l)dt‘. Because we have as-

sumed (Tjp) ii), [ D%p(2)| < %@l Recall as well from (Lv) ii) that o] < C‘1//2V1/2. We introduce

now the partition {|Xy_1| < K} U {|Xk_1| > K} for a given constant K > 0. The Lyapunov

function Vj_; is then bounded on the random set {|Xj_1| < K}, and for {|Xj_1| > K} we write:
C

1+ [ X1 + tyrbr—1]

This control allows to balance the growth of Vji_;. Indeed from (Ly) for a given threshold K > 0

there are constants Cy, ¢ := ¢(V, K) > 0 s.t. V]z| > K,|V ()| < ¢z|?, |b(z)| < veCy|z| (see also

Remark 1). Hence, since t € [0, 1],

| Xi—1 + tybk—1] > (| Xk—1| — Yelbr—11)+ > [Xi—1|(1 = v/ ECy)+.

From assumption (S), we have that for £ > 1, (1 — y+/¢Cy) > 1/2 (equilibrium of the steps and
the constants). Thus:

|D?p(Xg—1 + tyrbe—1)] <

2C
(3.24) |D%p(Xp—1 + tyebr—1)| < [ID*@lloclyix, 1<k} + mﬂﬂxk,lpx}-

Hence,

1
’YZ/ZHO’kH‘bk—1/ DQSO(Xk—l‘f't'kak—l)dt‘
0

1 20
< ’YZ/ZHUk—ﬂ\/CV/O [Vl/z(Xk—l)HD2<PHoo]1{|Xk,1|§K} + Vl/z(Xk—1)7|Xk_1|]]‘{‘Xk71|>K} dt
< vZ/ZHo—k_MOV(ls&% (V2(@)) | D%pll o + VE2C) < CH2.
(3.25)

Plugging in (3.23) the control (3.25), we then derive, recalling that we consider first ||Ug|oo < C:
Vule(Xi—1, W) |u=03] < Vw01 Vo(Xp—1)| + Ci,

then
(3.26) [Ak(Ximr, I < lo” Vol (X + O,
Let us introduce for all (m,n) € N3, m <n and (p,q) € (1, +00)%:
g\ 2(aN? .
(3.27) T i=exp ( — pF—Am(Xm_l, Un) — P Q(I‘Q) Y| Vo Xm—1)]?).

From the definition of Sy, in (3.13), we write Sy, = [[;- Tk. The coefficients (T),)m>1 can be
viewed as multiplicative increments of (Sy,)m>0. Inequality (3.26) precisely allows to quantify the
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martingality default for (Sp,)m>0. These factors appear when we exploit the auxiliary Poisson
problem (3.9) in the definition of .7} in (3.11).
2242

PoqA

y pu—
1 exp( 2Fn

Thereby, from the upper-bound (3.26) of the Lipschitz modulus, we directly obtain from (3.27) and
(GC)

v(|o* Vo)) E[Sp_1E[T,| Fn1]]-

2 A 2 . \
E[T|Fu-1] = exp (-~ p2(lfi2) Ynlo V(,O(Xn_l)|2)E[exp (%An(xn_h(]n)) Fn_l}
2 2
p~(q)
<ox (“10510)
Hence, iterating:
PAN? g PPN 3
Ji < exp( 5T v(|o*V|?))E[S,—1] exp (nyn C)

xp (T3 (0" ol?)) exp (I B 0) = oxp (I (10" W) + )

or, or, T,
——

=en

o,

where e, — 0. The controls for 7 are deduced from (3.14). We now gather the previous estimates
p—1

1
into (3.10) (we recall E[exp(—’\%—ﬂf")} < 7”7, ” ) in the following lemma. Note also that the term
Rﬁ appearing in (3.14) is controlled similarly to remainders in Lemma 2.

Lemma 3 (Gaussian concentration term). With notations of (3.18), under (A), for a bounded
p > 1, we have:

Aq 1 A2 A
Eexp ( — F—nMn) < exp (F—nAn + F—%Bn)%’n,
where
* 2 3.3 12 [.912
(3.28) fln = p(M + en) and Bn = d q—(QHJHOOW]l + en),

2 p—14 2

for some 1 < q:=q(n) — 1, and with: e, — 0, %, — 1 uniformly in \.
n n—+o00 n—+00

As a consequence of the previous Lemmas 2 and 3, we obtain (3.15), namely:

(3.29) P(v/Thvn(Ap) > a) < Crexp (P(N)),

with P(\) := _\%\7 + %An + ?—an, where A, = A, (p) = pgn and B, = By,(p) := ppfslgn with
_ % 2 _ 3 allelZ IvoI2
Ao g g ORI

Next, like enunciated at the end of the User’s guide to the proof, we optimize a fourth order polyno-
mial by the Cardan method, see (3.30) below (and Section 4 in [HMP17]). If A\,, = arg min, P(\),
then

a 2A 4N\3
P(A\)=———+ "4+ 2B, =0.
The Cardan-Tartaglia formula yields only one positive real root. Namely, setting
a a? 24, 3.1\ 3 a a? 24, 3.1\ 3
o= (g G 0 D) (e (s )
(@) T, B, (Bgrn (v )(3Bn) ) T, B, (Bgrn (v )(3Bn) )
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this conducts to take A = \,, with:

W=

(3.30) Ap 1= I;L(p_pl)q)n(a,p).

Moreover, remark from the binomial Newton expansion that:
2a 2(p — 1)'/34,
VT, B, By,

From (3.30) and the above expression, P(A,) = Pmin(a,In,p) = An( — \/‘11,— + %An + 1é—Z“LBn), we

@n(a,p)?’ = @y (a, p).

thus obtain

3% (g _
(3.31) Prin(@, T, p) = _VIulp ;;p Pn(a, p) (3a — /Tulp — 1)/34,8,(a, p)).

Then, from (3.29):

(3.32) P(\/Tarn(Ap) > a) < Cyexp (Puin(a, T, p)),

which is exactly the same bound appearing in Remark 11 in [HMP17], up to a modification of A,
containing here the expected carré du champ.

The optimization over A leads to study how p should asymptotically behave. The following lemma
indicates that, when a = o(y/T',,), taking p — 1 < —% yields a Gaussian concentration inequality in

VTn
(3.29) with the optimal constant.

Lemma 4 (Choice of p for the Gaussian concentration regime). For Ppin(a,I's,p) as in (3.31),
there is p :== p(n,a) > 1 s.t. If %= — 0, taking p — 1 < —2&
n

VIn VIn
( ) T (1+0)
Ppin(a, Ty, p = — 1+o0(1)).
0 20(j0*VeP)

For the sake of clarity, the proof of Lemma 4 is postponed to Section 4.2. From (3.32) and Lemma
4, we conclude the proof of Theorems 3 and 8 for bounded innovations.

3.2.2. Proof of Theorems & for unbounded innovations. Switching to unbounded innovations re-
quires additional technicalities. Our strategy consists in considering a truncation argument writ-
ing Ap(Xp_1,Ux) = Ak(X’f—l’Uk)[]lka”“T*” + ]l\Uk|>TkT‘"]’ to control the Lipschitz modulus of
Yr—1 where (74n)n>1k<n iS a suitable sequence specified in (3.37) below. In particular, r, =
Tkn((A), A, p) where X > 0,p > 1 are as in the User’s Guide to the Proof.

For our choice below, we will have that, for all £ € [1,n], rx Tn +00. That choice for ry,, also
yields that when |Uy| < ry 5, our controls behave like for the bounded case. But when |Ug| > 7,
we will handle this large deviation regime by assumption (GC). We indeed know that for all K > 0:

(3.33) pl{la] > K}) < 2esp(~ ).

Let us recall from the definition of Ag(X,_1,U) in (3.3) and (3.18) that:

(3.34) Ap(Xk—1,Uk) = V0k-1Ui - V(X1 + Wbr—1) + Ex(Xi—1, Ug),
where for all (k,u) € [1,n] x R":

1
Ep(Xg_1,u) := Vk/ (1-— t)Tr<D2<p(Xk_1 + Yebr—1 + t/ VK Ok—1U)T—1U @ uoy,_4
0

(3.35) —E[D*p(Xp—1 + Yebr—1 + t/V0k—1Uk) 01Uy @ Uk0271|fk—1])dt-

For the terms (T})x<, defined in (3.27), the lemma below controls the “super martingality” default
of Sn = HZ:I Tk.
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Lemma 5. For all k € [1,n]
E[Ty|Fr-1] < Rpe (A e, 7o)

with
pgA r2 N 242)\2
(3.36) Nin(X Ve, Thm) = (1+2exp(—Cr} ) eXp( Cvl/z exp(—%)) exp (£ = v ),
and
n = C(1 4 P22y (L Y1/ 0e (i),
B3 ren = @A =] 0= CUF I Gm) T Jor 0€ (51
C(1+42)In(n+1)Y*In(k + 1)"/2, for 6 =1,

for C >0 s.t. r11 > ey/7llollol| Vel for € large enough (every ¢ > 8 works, see the proof of
Lemma 5, and equation (4.22)). This choice is briefly explained in Remark 8 below.

Remark 8. The specific form of the truncation and of the time steps chosen yields
O((1+42)n"3"), if 6 € (2/3,1),
T = O((1+ qu) In(n)~ 1/4n12), if 6 =2/3,
O((1 + f"” ng), if 6 € (1/3,2/3).
Anyhow, we always have for each k < n, 14, — +oo. Identity (3.38) in the following lemma

can give an intuition of our choice in (3.37). This result ensures that the terms Ny (X, Vg, Tkn)
can be viewed as remainders (observe indeed that some e, — 0 appear in the exponential (3.38)
n

below). From the optimization in A performed in the proof Lemma 4 (see equation (4.11)), the
contribution % appearing in (3.36) will be large in the regime of super Gaussian deviations (see
as well Remark 16). The above choice of r ., actually permits to control the remainders in all the
considered regimes.

For 0 € (3,1), the choice in (3.37) can seem natural in order to absorb the term

pq>\ 1/2 7‘% n pq)\ (1/2) 1"2 . . .
[T 1exp( C, exp(—ﬁ)) = exp( CTy, exp(—l—’é)) coming from the iteration of (3.36).
For 0 =1, the choice is a bit different due to the associated logarithmic explosion rates (i.e. T, <
In(n)). Actually, for the Gaussian deviations (\/‘1’;— — 0), we have % —n 0, see again (4.11) and

Remark 16 below, and the term % could be removed in (3.37). On the other hand, the contribution

exp( q A 072/27"]% ) will eventually yield a negligible contribution in the polynomial appearing in

Lemma 3 We refer to the proof of Lemma 5 for details.

Lemma 6 (Control of “super martingality default” of S,). There exist non negative sequences
(Zn)n>1, (€n)n>1 8.t. B —> 1, €, —> 0, and for alln > 1:
- - n n

n 2242 4 444
_ PIEAT P
(3.38) Bl < TTNenl0wrin) = @esp (57 + Fpg)en).

Observe that a term in A* appears here for the control of E[S,]. This is Speciﬁcally due to the

2)2 3/2
a q C’yk/ Tk n)

unbounded contributions. Namely, the exponential term in (3.38) comes from exp(“

(3/2)
in (3.36), the definition of 7, in (3.37), and using as well that e, < F’lzn — 0. The other terms

n—oo
n (3.36), corresponding to sub-Gaussian tails, give the remainder %,,.

Note now carefully that, reproducing the arguments of the bounded case and using as well Lemma
6 to control E[S,] yields that Lemma 3 remains valid, up to a modification of the remainders e,.
The proof then follows similarly to the bounded case. To sum up, the specificity of the unbounded
innovations was to precisely control the Lipschitz constants, considering a suitable truncation, as
well as the “martingality default” of .S,, appearing in 7.
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4. PROOFS OF TECHNICAL LEMMAS
4.1. Remainders from the Taylor decomposition.

Proof of Lemma 2. For the control of remainders from Taylor expansion in (3.2), and in Lemma 1,
we recall a useful result from [HMP17] (see Proposition 1 therein). Under (A), there is a constant
cy :=cy((A)) > 0 such that for all A € [0,¢y], £ € [0,1]:

(4.1) I‘s/ .= sup E[exp(A\V}$)] < +o0.
n>0

We also refer to Lemaire (see [LemO05]) for additional integrability results of the Lyapunov functions
in a more general framework. B

From the notations in (3.18), we recall (3.20): v, (Ap) = ﬁ(Rn — M,,). The idea is now to write
for a, A > 0:

P[\/ﬁz%@‘@) > CL] < exp ( - \;L%)E[exp (r%;(ﬁn - Mn))]

a\ g

E [ e - =

o) Elexe (-

for % + % =1, p,q > 1. We rewrite the Taylor expansion with the same notations as in [HMP17]:
En =Ly, — (Dapp+ Daxp + G,) where:

(4.2) < exp(-— Mnﬂl/qﬂ*]{exp( \R |)r/p

D2,b,n = Z’yk/ l—t Tr(D2 (Xk,1+t’ykbk,1)bk,1®bk,1>dt,
Dys, = Z le”< O(Xp—1 + br—1) — DQSD(Xk—l))Ei—l),
k’:
G, = Z [Vr(Xp—1, Up) | Fr-1],
o=
(4.3) Lo = cp(Xn)— o(Xo).

From (4.3), (4.2) and the Cauchy-Schwarz inequality, we get:
aX qA A 2pA 2
P[\/ﬁyn(/lcp) > a} < exp ( - m) (Eexp ( - F—nMn)) X (Eexp (—’Ln‘))

dpX | = = SpA = =
(4.4) X (Eexp (F—n‘Gn‘D v (Eexp (Tn‘DQEn‘)> " (Eexp (—‘Dg b nD) .
The term L,, in (4.4) is controlled in Lemma 4 in [HMP17] (for j = 2 therein):

3]96"2/7 A2 cy )\2
ﬁ-{- ) R €XP (F—en)

(4.5) (Eexp (4p)\’ ’))E < (I‘l/)ﬁ exp (

for p = p,, —p +00 s.t. ﬁ —n 0.
Thanks to Lemma 3 in [HMP17], we obtain:

(3)]6H0Hi:BEUU1!3+B} (22

m

\G‘I

e Rt o Ty i et
Moreover, a, oo = 0 for 6 € (ﬁ, 1]. Hence, for all p > 1:

i A A2 a2p A2
(4.6) (Eexp (—|G |)> P <exp (man) < exp (2Fn + %) = X, exp (F—nen).
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for p = pp —+, +00 s.t. a2p —, 0.
We handle the term Ds x5, in (4.4) by Lemma 5 in [HMP17]: there exists C := C1((A),¢) >0
such that

(2)\2 2
pA2 (T 1 A
(4.7) (Eexp ( )) z <exp (C} ”(Wn))(lxlf)‘lp = K exp (F—Zen),
n
(2) (2)
for p = p,, —n +00 s.t. p( ) —, 0 (we recall that for all 6 € (3 1], L i 0).
We deal with the term Dbe,n from (4.4). Because for all z € R?, |D?p(z)| < 1+| | for some

constant Cy, > 0 (the first case considered therein), thanks to Lemma 5 in [HMP17], we know that
there exists Cy := C2((A), ¢) > 0 such that:
2 (17(2)y2 2
48 (Bew (P |Dya)) " <ow (@RS 1 Lyyatyh = dew (Re)
n P 1%
)
also for p = p, =, +00 s.t. p~L—=— —, 0.
We gather (4.5), (4.6), (4. 7) "and (4.8) into (4.4), which allows us to control the remainder
involving R, previously decomposed in (4.3). There are non-negative sequences (Zn)n>1, (€n)n>1
st. lim %, =1, lim e, =0 and:

n—-+o0o n—+o0o

09 PV = o] <esp (- <) (Ben (- 235) ) o (o) 2,

O

4.2. Asymptotics in the parameter p. We first begin with the proof of Lemma 4 which is purely
analytical and rather independent of our probabilistic setting. We recall that we use it for both
bounded and unbounded innovations.

Proof of Lemma 4 . From the expression of ®,(a, p) in Theorem 8, remember that

a a? 2A i 1 a a2 212171 3% 1
(mBn+(Ban+(p_l)(3Bn)) ) +(mén_(égrn+(p_l)( =)") ) :

Here, p > 1 is a free parameter. Let us set:

(I)n(aa p) =

27 Bna
4.10 —1:=&—
(4.10) =
for a parameter £ := &(a,n) > 0 to optimize. This choice yields

1/3

a
p(a,p) = W((l VIO 41— V1T 3.
Hence, from the definition of A, in (3.30):

@10 = o= DY) = (0 VIR DY (- VI O)
We point out that & — 51/3((1 +v1+ 5)1/3 +(1—v1+ 5)1/3) is a bounded function from [0, +00)
to [0, 2). In fact,

(L4 VITEY 4 (1 VIT )

_ 1/3 1/6 (11—
(4.12) T P+ (1+ (1

1 )) N 2
\/1—|—£ £—+00 3

) +of

1 1
3VI+¢E 3VITeE
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From the definition of Pyin(a,p,I'n) = P(A\,) = ming>o P(z) in (3.31) and from the definition of
P()) in (3.29),

— N3y -
P()‘") - N (p ) ) an)Sn(a7 p) (3a Y Fn(p - 1)1/3An¢'n(aa P))
- 1)39, VT, .
_ _(P ) 5 (G,P) x o % (3G—An /Fn(p_ 1)1/3<I>n((1, P))
32 a®
— e ERA+VI+OYVE+ (1 - V1+6Y)
: ) 24 27Bpa?
(4.10),(4.11) An(€ T 1)
¢ye 1/3 1/3
(1= (4 VIF P+ (1= V149
32

(4.13) = “HiA a*fu(§),
for

_ 9(§)
(4.14) fu: €€ Ry — G
where

1/3

g:E— B+ V1I+OP+ (1 -1+ Y3 (1 - %((1 VIOV (1 -1+ §)1/3)),
and

27 Bpa® / (410) p—1
4.]. W = — = = _—
(4.15) 8 A%Fn( ¢ )
We bring to mind that we consider “Gaussian deviations”, namely \/‘li— — 0.

From (7.11) and the asymptotic of A, defined in (7.24), i.e. 44, —, 2v(]c*Vy|?), we want to

choose € := &(a,n) s.t. A(€) = 3:fu(§) — 1. This would indeed yield P(\,) ~ —-2.
720 Fm0

From the definition of ¥ in (7.13), we have ¥ = 27577%‘12 — 0. Observe then, that, taking £ going
nIn 2550

n

to infinity such that

(4.16) & 0
\/‘IETLHO
yields A(§) = g—i% — 1, noting from (4.12) and the above definition of g that g(¢§) —
\/‘117—>0 E—+o0
2\ 2
(5)" D

Remark 9 (Controls of the optimized parameters A and p for Gaussian deviations). We give here
some useful estimates to control the remainder terms in the truncation procedure associated with
unbounded innovations, see proof of Lemma 6. They specify the behaviour of the quantity ’})‘—:.

In the regime of Gaussian deviations, we get from (4.11) and (4.12):

b
(4.17) P 0,0 = ayT,.
T, J=—0 =0
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4.3. Technical Lemmas for Unbounded Innovations. We proceed with the proof of Lemmas
5 and 6 which are specifically needed for unbounded innovations.

Proof of Lemma 5. We use a partition at the threshold ry , on the variable Uy, to control finely the
term Ag(Xp_1,U):
P

A
E[GXP (- FiAk(Xk—la Uk)) !ﬂ:q} = E[eXp (- %An(Xk—h Ui)) Lju, | <rg [ Fho1

A
(4.18) —i—E[exp (- %Ak(xk_l, Uk))]l|Uk|>rk’n\]-"k_1} — M 4+ TN,

where T} and T} stand for the contributions in E[Ty|Fj_1] associated with the martingale incre-
ment A(X_1,U) for which the innovation is respectively small and large.
Let us first write:

A A
T4 = B[ exp (= B2 An(Xe1, Un) Ly [Pt | = /| e (= BE A (X, Uk)) ().
u STk,n

n n

Observe now that, similarly to the computations of Section 3.2.1 for bounded innovations, see
equation (3.26), if |u| < rg,, v € R — Ay (Xp_1,u) is s.t.

(4.19) A Xkt 0 (o) < Wloto VoXn1) P+ Cr >,

where [A,(Xj_1,-)]? B(0.r,,,) denotes the Lipschitz modulus of Ay (Xj—1,-) restricted on the ball
B(0,7,,) of R" with radius ry,.

Let us now extend u € B(0,r,) — Ap(Xg—1,u) into a Lipschitz function on the whole set R”
which globally verifies the bound of equation (4.19). The easiest way to do so is to consider:

ueR — A(Xk-_l,u) = A(Xk_l,HB(O,T.k’n)(U)),

where 5, () denotes the projection on B(0,7k,), namely for u € B(0,7%.), M0, (W) = u,

for u & B(0, 7). Hp (u) = ﬁrk,n‘ It is readily seen that:

Oark,n)

[A(Xp-1, ) < Wlof 1 Veo(Xe )2 + Cr/ %2 .

Hence:
P N
M = /|| exp (— ”FiAn(Xk_l,Uk))M(du) gE[exp(—%An(xk_l,Uk))m_l}
u|<rgn n n
2.2\2
PN A 2 PAAA
Go exp ( or2 [A(kal,-)]l_TnE[A(Xk:flyUk)])

2 2/\2 . A _

(420) < exp (- (uloiy Ve (Xim) 2+ Gy} ) — EEEA (X, UL)).

Bearing in mind that E[A(Xj_1,Ux)] = 0, and observe now:

EA(Xk—1,Ur)] = E[A(Xk—1, ULy <ry ] + BIA (X1, Un) L >0, ]
= —E[AXk-1, Un) Ly >r, ) + EIA (X1, 0,0y ) (Uk) L 2]
< (EIAG-1, U P2 + EIA (Xemt, (o, ) (U012 )BT 2 7]/

1/2 i
< Oyt exp(-51),
exploiting (3.33), (3.34) and (3.35) for the last inequality. Plugging this bound into (4.20) yields:
2,22 2
q A * q)\ Tk,n
(421) T < e (Ol Ve (X2 4+ 09 ) + 0 PR exp(— 1)),
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The remaining term in (4.18), involving also the large deviations of the innovation, can be controlled
as follows:

A
TY = E[GXP(—%Ak(Xk—l,Uk))]l|Uk|>rk,n|fk—1}

)
n

2pg)\ 1/2 1/2
SIE[exp( pq Ak(Xk 17Uk))‘}—k—l} E[]IIUkbmm]
/\ 1/2 ri.
SQE[eXp( 204 Ag(Xg— 1,Uk))|.7:k—1} exp(— Z )
(GC) 2 2)\2 n
< 2exp (B mllo %I Vel% - =52).

Let us proceed from our definition of 74, = 1, ((A), A, p) in (3.37) and write ry , = (1 + %)ukm.
One has that for all k& < n, ug, — +oo. In other words, with the previous inequality, recalling
n

2 2)\2
T = Uiy (14 Pf):

2 242 2 2
qpA uj, u,
Ter < 20 (Fg—(nllolZlVels — %) = %)
n
2,212 2 u?
(4.22) < 2exp (- CTE 0 — B < gexp (- O ),
n

since uk > 1671]|0]|%|| V|2 (which explains our choice for the constant 7y, in (3.37)). Plugging
(4.21) and (4.22) into (4.18) yields:

A
E[exp ( — %Ak(‘xk—ly Uk))|-7:k—1]

2 242 2
PEgEN qA Tken
< exp ( T2 (7k|ak Vi 2+ C’y3/2 2 ) p 071/2 exp(— 1 )) + 2exp ( — C?“,%’n)
2,212 2
ol b\ 8/2,. PGA Tkn
<exp (g 572 (vklog_1 Veor—1]* + C; / ) 071/2 exp(——4 ) (1+ 2exp(—0rz’n))
2,2)2

P q *
=: exp (721“2 Yelok—1 Veor—11%) % Rio (X, Yoy Thon)
n

A T2n 242 )2
N (A Yooy Th) = (1 + 2exp ( Crk n)) exp (pq C’yl/2 exp(—%)) exp (p 1({2 C”y,i/zr;n).

We have thus isolated the “significant” term exp (p 2‘%2 7k:|0'k 1Ver-1|?). The result follows from

the definition of 7}, in (3.27). O

Proof of Lemma 6. We recall for convenience the definition of r,, in (3.37):

. rn—c(1+pq>\)( (1;;72))1 4a for9€(1 )
o C((1+ pq’\)ln(n + 1)1/4 In(k +1)Y2, for 6 =1.
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From the above definition of Xy, ,, (X, vk, 7k »), we introduce two remainders:

n n
PN -, 1/2 Tk;,
R}L = H (1 + 2exp ( — CT}%,n)) X H exp (F—nC'yk/ eXp( Tn))
k=1 k=1
=: R}Ll X R}f,
2. 2y2 1
PEgA 3/2
(4.23) R2 = exp (?Czyk/ 2.)s
n k=1
that naturally appear when we iterate Lemma 5. Precisely:
n
(424) E[Sn] < E[Snfl]Nn,n()\a’anrn,n) < H Nk,n()‘yr)/k)rk,n) = R# X Rq%
k=1

e For 6 € (1/3,1):
We have chosen ry, ,, = ry, in (3.37), so, Rl = <1 + 2exp ( — C’r%)) exp (qu CF(1/2) exp(—%)) =
RURLZ and:

R = (1 + 2exp (— Cr%))n < exp (n In (1+ 2exp(—C’(F1(1;)72) )1/2)))
< exp (2n exp(—C(Fg;/‘Q) ) 1
as, for 6 € (1/3,1), (%) i > n(n) where
(4.25) n(n) == C(n(lfe)ﬂ]lee(z/?),l) + (n'/3 111(”)71)%]19:2/3 + n9/4]19€(1/3,2/3))7

see also Remark 8. For the remaining of the proof, we will thoroughly exploit this kind of arguments.
Precisely, we recall that:

(4.26) V¢eRy, 3C: > 1, s.t. VO L B < (,Vx € Ry, 28 exp(—2?) < Ce¢ exp(—Cc_lch).

Thus, for the remaining term R.? in R, exploiting (4.26), up to a modification of the constant
C > 0 from line to line:

2
R2 < exp(pq)\CF(l/z)e p(— Zn))
2242
PIA ~p(1/2) PN C Tn g SR YN
< eXP( CTy, ( r2 4(F(3/2)) )eXp( 4(11%3/2)) ))
242
1/2) 1/4 _pq>\ g r, 1/2 _g I, 1/2
C Tn 10 1-0/2_—n(n)y (4:25),(4.26)
< exp (CTY/? exp( g(r,(g»/m) ) < exp (Cn'™7e™) ot
Hence R. = RIRI2Z — 1.
Introducing
/2
eIl .= oy = — 0,
I', n—+

we get from the definition of 7, in (3.37) and (4.23)

2 .21\2 4 4\4
2 PN piTAT g
Rngexp<( T + 3 )ens >
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Recalling, from (4.24), that E[S,] < RLR2, we thus get from the above computations:

2, 212 4 444
q°A QA
E[Sy] < %, exp (('0F +pF3 )en),

which gives the result for 6 € (1,1).
e For # = 1, using the previous notations:

0 < In(RM)<In ( ﬁ (1+ Qexp(—Cr,%’n)» - Zn: In (1 +2exp (- Cr,%ﬂn))
k=1 k=1

IN

C Z exp (— Cr,%,n) < CZ exp (— Cln(n + DY 1n(k + 1))
k=1

b
Il
—

NE

= CY (k4 1) RO < 0Ot o / Nt gy
2

i
I

21fcln(n+1)1/2 _ nlfCln(nJrl)l/z

CQ—Cln(n+1)1/2 —5 0.

Cln(n+1)Y/2 -1 n—400

We deduce that:

R = ﬁ (1 + 2exp (— C’r,%m)) — L

n—-+4o0o
k=1

Like for the case 6 € (1/3,1), we get the control:

12 )\ 1/2 TI%,n
R, < eXP( CV eXP(—T))

PAA

ex (4 nc e Sl (P i+ 1) 21+ 1)

IN
=T E: i :]: ==

< exp —[1 —l—C’(@)Q] In(n + 1)1/21n(/€+1)))
(4:26) 4 Ly
1 —C'In(n+1)1/2
< exp (Ck1/2(k+ 1)~¢In(n+1) ) e 1,

B
Il
—

1/2
/—>O.

n

in fact, we have already established for the control of R that S°7_,(k + 1)~C+1)
Thus, we proved that R} = RIRIZ — 1.
n

Let us now turn to the other contribution in (4.23):

) 2)\2 n 3/2
R, =exp ( C’Z ke

22 4 44 n
< exp (2C(p 7 A + 219 A )1n(n+1)1/2272/2ln(/€+1))

2 T4
" n k=1
P22\ dgtat S 173/21n(k+1)
< exp (2C( T + 2 3 ) Vi )

2. 212 4 2v4
PEGEAT | pREEAT g
= exp (( T + 3 )6191 1)’
n
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with 6?2 = 2C—= 1 Zk 1 ln]igj;l ST 0, and recalling that /T, = In(n + 1)'/2 for the last
inequality.
To sum up, for all § (%, 1], thanks to inequality (4.24), we know that there exist non negative

sequences (Zn)n>1, (én)n>1, S.t. %n —> 1, e, — 0, and
- - n n

2,22 tgiad
E[S,] < %y exp ((p l(in + P ;]‘3 )en>.

5. SLUTSKY TYPE CONCENTRATION RESULTS

When f? — v(f?) is coboundary and for f satisfying suitable growth assumptions, we state a
Slutsky like Theorem. The following result is a by-product of Theorem 3. The idea is to divide
the normalized deviations by the term +/v,(f?) —v(f)? in order to get rid of the contribution
v(|o*V|?) in the upper-bound. In fact, the purpose of our work is to estimate the invariant
measure v. Upper-bounding the deviation by this very measure is not natural from the practical
viewpoint.

Theorem 4 (Slutsky type concentration result). We suppose that (A) holds, for f € C1#(R4 R),
f? e CYB(RER), B € (0,1], and 6 € (2+/3’ 1]. We assume as well that there are solutions ¢, p, 9 €
C3P(RALR) to Ap = f—v(f), Ap = 2 —v(f?) and AV = |0*V|? — v(|0*V|?) respectively,
satisfying (Tg). If there are constants Cy,y >0, n € [, 3], s.t. for all x € R%:

(5.1) F@)| < Cr (14 V2 (x)),

n
and a = o(T'y"*"), then there exist two explicit monotonic sequences ¢, < 1 < Cp, n > 1, with
lim, C,, = lim, ¢, =1 s.t.

[|\/> —vi) |>a]<20nexp(—cna—2)
\/Vn f2 —w(f)* T 27

a~/Unp — vy av/vp, — Uy a?
P € bt - AL ZlIE gy g D20 5 4 g (- ).

(5.2)

n
Remark 10. We obtain here, Gaussian deviations, up to the threshold a = o(Tn**"). This condition
is more stringent than in Theorem 8 and Theorem 5 in [HMP17]. However this is still perfectly
suited for confidence intervals (in fact, a is allowed to go to +o00 as far as —%— —, 0).

n

The smaller deviation range is here the price to pay to get deviation bounds which are asymptot-
ically independent of the gradient Vi of the associated Poisson problem. This improves, up to the
previous indicated restriction on a, the result of Theorem 5 in [HMP17]| where an upper-bound of
V|, depending on [f]1 and the Lyapunov conditions, appears. Here, the normalization is explicitly
computable and only the remainder terms do depend on the auziliary Poisson problems. Namely,
the Cy, ¢y, in (5.2) depend on ¢, p, 1.

However, to obtain this Slutsky like theorem, we have to consider a test function f, s.t. f? is
Lipschitz continuous which is natural in order to have the required smoothness on the corresponding
Poisson problem solved by ¢. This imposes the restriction for the growth condition in (5.1). Again,
to have V@ bounded, where Ap = f? — v(f?), it is natural to impose that f? has linear growth.
This still comes from the fact that V@ will be controlled by [f%]1 and the Lyapunov conditions, see
Section 6 below (especially Theorem 5 and Corollaries 1 and 2) and Lemma 6 of [HMP17].
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Proof of Theorem 4. Observe, that for all f € CH?(R%, R), we have:

Vary(f) = v(f*) = v(f)* = v(If = v(H)IP) = v(lo*Vel?),

see for instance [BGL14].
Furthermore, we get that:

va(f?) = ()2 = w(f?) = v(f)?]
= vn(f? = v(f?) = () = (1)) = 2 (S)v(f) + 2v(f)?
(53) = Vn(-A@) - Vn(-A(p)2 - 2V(f)Vn(-A90)'

Hence, like for the proof of Theorem 3 in [HMP17|, we proceed foremost with an exponential
Bienaymé-Tchebychev inequality. For all n > 0, and A,, > 0 introduced in (3.30), we have:

vn(f) — v(f) al =Plu (f— v a o (F2) — (f)2
P[m\/yn(f2)_yn(f)22} Plva(f - v(f) 2 n(f2) = v(f)]

5

< B [exp (= 2l = (1) exp (h(A)) | = exp (= S /o) = 77

<Bexp (= S [Voul ) = a7 = Vo) = 7P ]) exp (hurn(A¢)

~ exp (‘jg (72— (1)

—adn  vn(f?) —vn(f)? = v(f?) + v(f)?
ex ex aVn(A
XE[ p(m \/l/n(fQ)_Vn(f)2+\/V(fQ)_l/(f)Q) p(/\ ( (p))j|
" exp (2l ToP)

—a\, Vn(ASZ) - Vn(A90)2 _ 2V(f)’/n(~'490)
VEn \/v(f2) = va(f)2 + /v (F?) = v(f)

(5.4) xE[eXp ( 2) exp ()\nl/n(.A(p))]

By the Holder and Cauchy-Schwarz inequalities, we obtain from (5.4) and for p, ¢ > 1, s.t. %—l—% =1:

Pl o) s e (= @ V(|U*W|z)>1a[exp(Anqyn(Am)}uq

V() = a2~ R ~
<E [ exp (- “\fpi: VORI an;;(«jw& o V(f)Q): 1/(2p)
<E[ exp (- f? Nt —(ilf)(f<f\>} S 149

(5.5)  =iexp(— f;;i\/u(la*wP))E[exp (Andun(Aso))} l/qnn’rg.

The first idea of the following is to get rid of the F,,-dependency of the denominator appearing in
the exponential terms Y1, Y2, T3 (namely v, (f2) — vn(f)?).
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Let us deal with the term T;:
v, o (— apAn 2vp (AQ)
s bl Vo) =0+ NP o
< aph,  2v,(Ap)
(B[ew (T2 T ) I 0]
apin 2v, (A 1/(2p)
‘HE[GXP( \57 \/fﬁ(f(py)) vn(AP) <0:|> g

< (e [exp(apA An(AP) )T”P[%(A@zow?

VI )~ T2

}1/(2;5)

el (- U %ﬂ el ag) < 0pv7) "
pla’ ) 2|2 %) 1/2 ~ 1/2\1/(2p)
< g exp (75 <|| IZIVEI + ) (Blon(AB) > 012 + Ply (A7) < 0]2)1/C.
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The last inequality is a consequence of inequalities (3.5)-(3.7) (see also the proof of Theorem 2 in
[HMP17]). We choose p = p(n) — +oo, s.t. % — 0 (we recall that for Gaussian deviations,

\/% —n 0). Consequently, we obtain

(Plvn(AP) > 0]V + Plun(A) < 0]1/2)% < 2% — 1.

n

Then:
)\2
(5.6) T, < %, exp (F—”en>.
We proceed with the same method for the term Y3, to obtain also:

(5.7) T3 < X, exp (1)1\7216”)

Let us now deal with T5. Observe that this term leads to new difficulties. Namely we have to
handle the exponential of the square of the empirical measure. The control of this term constrains

us to assume that f is controlled by the Lyapunov function V. This last choice is made in view of
exploiting the exponential integrability of V' (see (4.1) and Property 1 in [HMP17]).

e For the sake of clarity, we will first deal with a bounded function f corresponding to the case

n= % in (5.1). This analysis will be a starting point to handle T in whole generality.

Let us first try to control this term directly by the boundedness assumption of f.

Ty = E[ exp (P2 v (f = v(f))? 1/(4p)
= P Vol w7+ o o f)?”
(ap)\ 16||f||2 )1/(4p) (a)\ 4||f||2 )

VI u(f2) = v(f)? VI u(f2) = ()2

observing that |v,(f) — v(f)| < 2||f|lcc- The problem is that there is no reason why

tend to 0. Actually, for Gaussian deviations (—% — 0), we have:

Vin n
A = a\I,,
e
see Lemma 4 and (4.17) in Remark 9. Hence \‘71‘% Rl a? A 0

Wi should
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To get through this problem, we introduce a threshold @ = a(n) > 0 associated with the empirical
measure vy, (Ap). The idea is then to dominate, with previously established Gaussian concentration
results, the contributions associated with |v,(A@)| > a. Namely,

T, < ( {exp (ap)\ 4uy, (Ap)? )]]-|yn A¢)|>a}

VEn () = v(f)?
aph,  dvp(Ap)? 1/(4p)
[e p(\/i\/ﬁ) \Vn(ASDKa})
aprn  Svp(Ap)? 1/2 .
< (Blew (Ot ——m=s)| " PlatAv) 2 a2
[ex (ap)\ 442 )Dl/(4ﬁ)
B ErHE
D (e (2P I,

VO Vo) iR

ain 4pa’ ) 1/(4p)

—,a°T, )
AllolZ Vel

nXp(

(5.8) +exp (

)

for explicit non-negative sequences (¢, )n>1 and ((Nl'n)nzl, respectively increasing and decreasing for

n large enough, with lim,, C;,, = lim, ¢, = 1, where the last inequality is a consequence of Theorem
2 in [HMP17] (see also (3.7) in the User’s guide).

Next, we tune the threshold a. The first term will be controlled by the Gaussian tail exp ( %)

for a°T",, big enough. On the other hand, we will show that the explosive contribution for the second

term coming from p can be absorbed letting ayliﬁ —n 0 which is possible for @ small enough. In
other words, we choose a such that:
2 = =2
apy, 16]] 115 ena’Ty, a\

nﬁ~2<0

Vo o) — (IR SlolEIVelR” VT

By definition of A, in (3.30) and Remark 9 we know that for Gaussian deviations, A, = aIy,.
v 0

So, there is a constant Cg > 0 s.t. A\, < Cga+/1',,. Then our pick of a is, for a suitable constant C,

equivalent to:

- . Ca’p C
(5.9) Ca*p < @Iy, d*pa’ < C — TP 52 < =
n asp
A choice for a is thus possible as soon as
2~ 452
a C a
2P - = Ly
L, ~a% Iy

We recall that p = p(n) — +oo (possibly arbitrarily slowly). Hence, our conditions on a can be
n
fulfilled for # — 0.
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Plugging this choice into (5.8) yields:
aphn,  4vp(Ap)? )] 1/(4p)

Ty = E|exp (WJP—

~ —cna’T 4pa* 1/(4p)
< (26, exp (——n92n__
(e (o) U o078 o)
—n0, <1 <c
(5.10) < (2C, 4+ C)Y*) = 7, - 1.
e We assume now that f satisfies (5.1) for n € [, 3) (i.e. there are a constant Cy,; > 0, s.t. for

all z € R%: | f(x)] < Cy (1 + Ve "(x))). In particular, the function f is not necessarily bounded
anymore and 7 is lower bounded by % which gives that f2 has linear growth.
To begin with, we proceed like for n = % (f bounded). Namely, we use the same threshold a

satisfying CFL? <a’< a%. With this hypothesis, we change the last inequality of (5.8) into

apAn 8n (24 V1) +u(V2 ) 172 —,0°Ty
Yo < (Efex (Gt | V(1) — I h] e, P (I, [Vl
ain 4pa® 1/(4p)
+exp(\/ﬁ\/ﬁ)
< (Blexp (P OV (P €yl enp ()
VT o (P2 — ()2 VIn /v(f2) — v(f)? AolZ Vel
n 4pa? 1/(4p)
+exp(ﬁ\/ﬁ>
aph, Cuv,(V1721) A 1/(4p)
(5.11) S( [eXp(r\/fQ—)} (m)JFC) :

The penultimate inequality comes from the Cauchy Schwarz inequality. The previous choice of
a yields the last inequality. The difficulty, here, is to establish the exponential integrability of
exp (aﬁ)\n Cup (V1727) )
VIn \/u(f2)—v(f)?
From (4.1) and Property 1 in [HMP17], we still have some freedom for the tuning of the parameters
to establish the exponential integrability of v, (V1727). Namely, by the Young inequality, we get for

all e > 0:

Vit < (1- 2n)€ﬁV + e,
Plugging this control into (5.11) yields:

1 1
aph, C[(1 —2n)eT=21v, (V) + 2ne” 2]\ ~ —&,aTy, 1/(4p)
To < (E|exp 20 exp (=—5—=—5 .
2 ( [ (\/ﬁ v(f2) — v(f)? )] (8H0H%OHWH§O) )
(5.12)
In particular, by the Jensen inequality:
1 1
aprn, C(1 — 2n)51—2n un 1 & ap)\n C(1—2n)e™2V (Xg_1)
5.13 exp — Vi €Xp .
( ) ( T, /) f2 — F ;1 \/Fn \/V(fQ) — V(f)2 )

-
We now aim to pick € s.t. exp (‘f%\—: 0(17273/)(8;2_)2_”;(/;;2('“*1)
Property 1 in [HMP17]), that there is ¢y > 0 s.t. for all A < ¢y, I}, := sup,,>o E[exp(AV,})] < +o0.

) is integrable. Recall now from (4.1) (see
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So, we need to have:

aph, C(1— 2n)5ﬁ < a5 C(l - 277)51 =7
> = Cy,
VI \/u(f?) —v(f) V) — ()2
where the constant Cg > 0 is s.t. A, < Cgav/I',,. Hence, we choose:

— (& v(f?) - V(f)2)1—277
~ Ca?Ca(1 - 2n)p ‘

(5.14)

This pick yields thanks to (5.13):
aln, Crp(VI=21)p ]

» s Jm =P

Moreover, we write for the contribution in e in (5.12):

(5.15) [ p( Z’ykE{exp (cv V(X 1))} <Ii.

CQns_%
v(f?) —v(f)?

1
aﬁ)\ czns‘%
e (Yt ) <
1—-279 ~1_,’_1 2n

(5.16) < exp (Ca T p2 ) = exp (C %ﬁ%)
Plugging (5.15), (5.16) into (5.12) yields:

)

exp (C(;a2

—&,a°T, ) )1/(413)
8llollZ Vel '

Hence, to get the upper-bound converging to 0 (thanks to p —,, +00), we need to consider:

(5.17) Ty < (I‘l/ exp (Ca%ﬁ%ﬂén exp (

1 1
Canpan _
P72
Fn

But we have already considered in (5.9), a? < 2~ which implies that:

1 1 C 142n 1+27]
anp?2n a n 2n
e 5= G P <C.
I, a“p I,
_n_ 1427 1;217
In other words, we need to have a = o(T';"*") in order to choose p s.t. % —n 0.

We obtain directly by this constraint that:
(5.18) Ty < (215Cyexp (— Ca2T,) +C)/ P = %, -, 1
Gathering (5.6), (5.7) and (5.10) for n = 3 or (5.18) for n € [, 1) into (5.5):

Vn(f) — V(f) a
AN e

A2 An 5 1/q
< A,exp (F—"en) exp ( — jﬁ V(|0*Vg0\2)) X E{exp ()\nql/n(.Ago))}
A2 2 An 2
< Ppexp (F—”An + F—3Bn) exp (— % v(|o*V|?)) = P exp (— %(1 +0(1))).
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The last inequality comes from the proof of Theorem 3, where A, = §A,, and B, = ¢°B, (see
as well the User’s guide to the proof where the A, and B, are defined ). The last equality from
the definition of A, (see Lemma 4). The non-asymptotic confidence interval result is a direct

consequence of the previous result.

g
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6. REGULARITY RESULTS AND CONSEQUENCES

This section is devoted to some regularity results for the Poisson problem

(6.1) Ap = f—v(f)

In particular, we state below some Schauder like controls, which are, because of our methodol-
ogy that requires pointwise controls of the derivatives, more adapted than the standard Sobolev
estimates (see e.g. Pardoux and Veretennikov [PVO01]).

There are two kinds of assumptions that guarantee the solution ¢ of (6.1) enjoys the required
smoothness of Theorems 3 and 4.

(a) If b, o and f are smooth, under suitable confluence like conditions stated below in (D), the
probabilistic representation p(z) = — 0+°°E[(f(Yt0’x) — v(f))]dt of the solution of (6.1) can be
differentiated using iterated tangent flows to establish that ¢ € C3#(R%,R), for some 3 € (0,1]. Tt
suffices for that to have f € C*S(R% R) and b € C3F (R4, R?), 0 ¢ Cg”B(Rd,Rd ® R"). We refer
to Section 5.3 of [HMP17] for additional details. Importantly, under such assumptions, specific
non-degeneracy conditions are not needed.

(b) If we do not assume such an a priori smoothness on f,b, o, we need to make an extra non-
degeneracy assumption which will allow some regularity gain (elliptic bootstrap). Precisely, assum-
ing that the bounded diffusion coefficient ¥ is also uniformly elliptic, we exploit the results of Krylov
and Priola [KP10] (Theorems 2.4-2.6) to derive that, up to an additional technical condition on 3
when d > 1, we actually have ¢ € C>#(R? R) for some 3 € (0,1), as soon as f € CL#(R? R) and
be CHP(RY,RY), 0 € O} (R R @ RY).

We point out that the second set of assumptions is very important in order to go towards the
usual setting of functional/transport inequalities which typically involves Lipschitz continuous test
functions. This is for instance the case for the controls of the Wasserstein distances between the
law of Y; in (1.1) and the invariant measure v (see e.g. [BGL14]). We are thus able, in the non-
degenerate framework (b), to consider directly sources f € C1#(R%,R). Observe that, when 3 — 0,
we are almost Lipschitz. Actually, we can, in this setting, handle functions f € C%!'(R?, R) up to a
spatial regularization which leads to a constraint on the steps (see Theorem 6 below).

6.1. Assumptions and Regularity Results. The regularity results stated here can be found in
Section 5 of [HMP17]. Let us now recall the useful assumptions needed.

(UE) Uniform ellipticity. We assume that » > d in (1.1) and that there is ¢ > 0 such that
VE € R, (o0 (2)€,€) > al¢f”

For g € (0,1), we introduce the following condition.
(R15) Regularity Condition. From equation (1.1), we suppose b € C1#(R%,R%), 0 € C;’B(Rd, RY).

(D) Confluence Conditions. We assume that there exists « > 0 and p € [1,2) such that for all
r eR? £ e RY

x x)* : o.i(x 2
(6.2) <Db( )‘;Db( ) £7§>+;Z<(p_2)’<D J’(é-‘2)§’€>‘ +‘DU~j§’2) S_a‘§’27

j=1
where Db stands here for the Jacobian of b, o.; stands for the j'! column of the diffusion matrix o
and Do; for its Jacobian matrix.

There are others assumptions than (D) which yield, in the non-degenerate setting, Schauder es-
timates. This is the case for the so-called Bakry and Emery curvature criterion ([BE85, BGL14])
which is however pretty hard to check for general multidimensional diffusion coefficients.
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We eventually introduce, as in [HMP17], a technical condition on the diffusion coefficient o. It
allows to prove that each partial derivative 0, of the solution of (6.1) satisfies an autonomous
scalar Poisson problem. We suppose:

(2) for every (i,j) € [1,d]? and = = (z1,...,24) € R, 5 j(x) = X4 (Ting, - > Td)-

We say that assumption (Ppg) is satisfied if (UE), (D), (Ry3), and (X) are in force. From
Section 5.3 of [HMP17] we have the following result.

Theorem 5 (Elliptic Bootstrap in a non-degenerate setting). Assume (Pg) holds for some 3 €
(0,1) and that f € CYP(RY R). Then, there is a unique p € C>P(R% R) solving (6.1).

Note as well from Remark 2, that there exists C > 0, |D?p(x)| < C(1 4+ |z|)~!. In other words,
the solution ¢ of (6.1) satisfies (T3).

Remark 11 (On Schauder estimates for § = 1). We insist on the fact that 5 € (0,1) in the
above theorem. Indeed, it is well known that the Holder exponent B cannot go to 1 in the Schauder
estimates. Note that, for the particular case f € CH1(RR), we also have f € CYP (R4 R) for
all B € (0,1). This means that, for such f, the elliptic bootstrap works up to an arbitrarily small
correction.

From Theorem 5 we readily have:

Corollary 1 (Smoothness for the Poisson problem with Carré du champ source). Assume (Pg)
holds for some B € (0,1) and that f € CHP(RY,R). Then, there is a unique ¥ € C*P (R4 R) solving

A) = |o*Vpl? = v(|o*Ve]?)
and satisfying (T3).

Indeed, it suffices to observe from Theorem 5 and the assumption (Ryg) in (Pg) that f :=
|0*V|? € C1#(R?, R) and to apply again Theorem 5 for this source.

_ In relation with our previous Slutsky like Theorem 4, we also have from Theorem 5, taking
f := f? as source, the following corollary.

Corollary 2 (Smoothness for the Poisson problem for the square of the initial source). Assume
(Pg) holds for some B € (0,1) and that > € CYP (R4 R). Then, there is a unique ¢ € C>*(R% R)
solving

Ap = f? = v(f?)
and satisfying (Tg).

6.2. Concentration bounds for a Lipschitz source in a non-degenerate setting. As indi-
cated in the introduction of the Section, we aim at controlling deviations for Lipschitz sources. In
the current Lipschitz framework we aim to address, we need a slightly different set of assumptions.
Namely, we will assume that (C1), (GC), (C2), (Lv), (U), (S) and (Pg) are in force and we will
say that (Lg) holds. Under this new assumption, we have the following result.

Theorem 6 (Non-asymptotic concentration bounds for Lipschitz continuous source). Assume that
(Lg) is in force. Let f be a Lipschitz continuous function. For a time step sequence (V)ip>1
of the form v, < k=%, 0 € (1/2,1], we have that, there exist two explicit monotonic sequences
cn <1< Ch, n>1, with lim, C,, = lim, ¢, = 1 such that for all n > 1 and for every a > 0:

a

2
(6.3) P(|/Tn (v (f) — v(f))] > a] SZCnGXP(—an)a

where ¢ € COH(R?, R) N WQQJOC(Rd, R) is a weak solution of the Poisson equation Ap = f — v(f).
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Sketch of the proof. To prove the above result, the starting point consists in regularizing the source
f by mollification. Namely, we consider fs; = f x 15, where * denotes the usual convolution,
for a suitable mollifier ns(-) := 6%17(3), 0 > 0, where n is a compactly supported non-negative
function s.t. [pan(z)de = 1. We then write vy, (f) — v(f) = vn(fs) — v(f5) + (vn —v)(f — f5) =
Up, (f5 — V(f(;)) + R, s. We aim at letting ¢ go to 0 so that R,, s can be viewed as a remainder. On the
other hand, we will apply the same strategy as in the proof of Theorem 3 to analyze the deviations
of vn(fs — v(f5)) = vn(Aps). Precisely, reproducing the arguments of Section 5.4 of [HMP17] to
equilibrate the explosions of the derivatives of g in the proof of Theorem 3 yields that there exists
two explicit monotonic sequences ¢, < 1 < (), n > 1, with lim,, C,, = lim,, ¢, = 1 s.t.

2

(6.4) PvTo (vn(f) — v(f))] > a] < 2C, exp (- W).

From the previous Schauder estimates, we know that g5 € C>° (Rd, R) for all § > 0 with explosive
C3# norm in § but with bounded gradient. Recall indeed that, for all 3 € (0,1),

(6.5) I sllers < 057, Vigy] < ot _ Ll

We again refer to Lemma 6 and Section 5.4 in [HMP17] for details. On the other hand, it is well

known, see e.g. [PVO01], that ps5(z) = — 0+°° E[f5(Y ") — v(fs)]dt. From their Proposition 1, we

have in our case that, denoting by v the law of Y;O"r we have the following control for the total

thO,ac
variation between Vyo.e and v. There exists constants (C,c) := (C,c)((Lg)) s.t.

(6.6) Hl/YtO,z —v||rv. < Cexp(c|z|) exp(—at).

Introducing now fs = f5 — f — 1/( fs—1f ), we rewrite that, for all z € R%:

+oo _
(ps—9)(@) = - /0 E[f5 (),

+o0o
=)@l < [ ([ 1BwREme ) @) e vl

9 c _ +oo a
< CPexp(GlaDll Al [ e (= Gt)ar
(6.6) 2 0 2
Recalling that f is Lipschitz and that (f — f5)(z) = [gu (f(z —y) — f(2))ns(y)dy , we actually

have || fs|leo < C[f]10, which establishes the p01ntW1se convergence @s(x) Fav 0+°OIE[f(YtO’I) -
H

v(f)]dt =: p(z) which is the only weak solution of (6.1) in ngoc(
[PVO1]).
Let us now prove that

,R),p > 1 (see Theorem 1 in

(6.7) lim v(|o*Vs|?) = v(|o*Vp|?).
0—0
For all € > 0, there is a compact K := K (¢) such that, denoting by K¢ := R¥\ K, we have:

L1965 = Vel @)t @plde) < 419l [ Leawids) <

| ™
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Also, since ¢ € ngoc(]Rd,]R), we write:

Rd iy
! 2
:/ / (/ D?p(w = A2)2dN) ps()dz| L (a)v(da)
Rd ' JRE " Jo

1
0 R4
1 3
< [an( [, @lelosta) [ 1070 = 3a) PLiclaiv(do)) < Ol sz < 5
0 R4 Rd 2( ) ) 2

for ¢ small enough, using the Cauchy-Schwarz inequality for the penultimate control and denoting
by K a compact set such that for all z € B(0,C¢) D supp(ns), ¢ € K, z —z € K. This in particular
gives (6.7). Hence, setting

/Rd (VSD(x —z)— vg0($)>p§(z)d2"Q]IK(x)y(dl-)

2
1x(z)v(dx)

D?p(x — \2)zps(2)dz
R4

_ - v(o"Vel?)
Cn 1= Cnv(]U*VgO(sP) —n 1,
and recalling from Section 5.4. in [HMP17] that § := §(n) —, 0%, we derive that (6.3) follows from
(6.4) up to a modification of é,.
Furthermore, let us point out that, the result can alternatively be stated replacing the carré du
champ in (6.3) by the variance of the Lipschitz source under the invariant law. In fact, we can write
by the dominated convergence theorem:

(63) lim u(0"Vesl?) = lim v ((f5 = v(f5))*) = v((f = (1)) = v(Jo" Vi),

g

Remark 12. The new threshold 0 > % comes from the specific Lipschitz reqularity of the test

function f. Intuitively, this threshold naturally appears when we consider f — 0 in the previous
condition 0 € (ﬁ, 1] induced by the regularity of ¢ € C3P (R, R) which holds, under (Pg), when
f € CYB(RLR). We underline anyhow that, for B = 0, the Schauder estimates do not directly
apply.

7. OPTIMISATION OVER p UNDER Gaussian AND super Gaussian deviations

In Lemma 4, we performed an asymptotic estimation of the upper-bound for Gaussian deviations.

However, from a numerical point of view, it appears to be more significant to optimize over p in

whole generality, i.e. not only when \/‘127 — 0. This procedure conducts to deviations bounds that

are much closer to the realizations.

In particular, in super Gaussian deviations framework (i.e. —2

VTn
concentration inequality than the Gaussian one, which precisely comes from the optimization over

p for this regime. This loss of concentration, with the terminology of Remark 4, is intrinsic to our
method, as it will be shown in the proofs of Theorem 7 and Lemma 7 below, see also Remark 18.

— 0), we provide here a “weaker”

Theorem 7 (Deviations in the super Gaussian regime). Assume (A) is in force. If there exists
9 € C3P (R R), B € (0,1] satisfying (Tg) s.t.

(7.9) A = 0"V o|* = v(|o* V),
4. which was anyhow constrained to go to 0 sufficiently slowly in order to balance the explosions in the derivatives

coming from the Schauder estimates, see (6.5). It is specifically this feature that led to the condition 7, =< n=?0¢c
(1/2,1].
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then, for 0 € (ﬁ, 1] , there exist explicit non-negative sequences (cn)n>1 and (Cp)n>1, Tespectively
increasing and decreasing for n large enough, with lim, C,, =lim, ¢, =1 s.t. foralln >1, a >0,
the following bounds hold. When \ﬁ — 400 (Super Gaussian deviations):

4/3F1/3
P[|VTavn(Ap)| = a] <2C,exp (= cn W)'

Remark 13. Observe from Corollary 1, that, the function ¢ enjoys the required smoothness as soon
as assumption (Pg) introduced in Section 6 holds.

Remark 14. For super Gaussian deviations, we obtain a sharper bound than in Theorem 2.
Nonetheless, asymptotically, this regime is less sharp than Theorem 2 in [HMP17] which provides
a Gaussian bound with deteriorated constants (see also the User’s guide to the proof in Section 3.1
below). FEven if, from a numerical point of view, the deviation bounds in Theorem 8 below yield
sharper controls with respect to simulated empirical measures (see Figure 1 in the numerical Section
below).

For “intermediate Gaussian deviations”, i.e. for F — C' > 0, the constants in the Gaussian

bound deteriorate. So, it seems reasonable to see this sztuatzon like for the first regime \/% — 0,
n o n

namely where there are constants Co > 1, oo < 1 such that lim, C,, = Cy, lim, ¢,, = ¢ and

a2

PlIVEwn(Ap)] 2 ] £2Cpexp (= enorto—)

Observe that for such regimes, there is an equivalence, up to multiplicative constants, between the
bounds in Theorem 3 and in Theorem 7.

The idea of the proof of Theorem 7 follows the same lines as for Theorem 3, except for the
optimization over p which is more fussy, see Lemma 7 below.

We recall that the analysis in the proof of Theorem 3 leaving open a possible optimization over
the parameter p which we now perform The next lemma indicates that this optimization implies a
Gaussian regime for \/1“7 — 0 and a super Gaussian one for W — 4o00.

n - n

Lemma 7 (Choice of p for the concentration regime). For Ppin(a,I'y,p) as in (3.31),

51/2
(a) If \/‘li—n - 0, taking p == p(a,n) s.t. p—1=1 By/"a (1+0(1))

FN

a2
Pun(@,Tnp) = —s—o (14 0(1)).
T a0 20(l0*Vp]?)

(b) If \/‘117 — 00, taking p := p(a,n) s.t. p—1 =3+ o(1)

4/3F1/3

Phin(a, Ty, p) = —(1 +o(1)).
dmotoo 2||o| 208

~1/2
Remark 15. For Gaussian deviations, p — 1 = %Ag’;\/%(l +o(1)) < \/‘li—n which corresponds to
our choice in Lemma 4. We then retrieve the Gaussian regime. In the super Gaussian deviations
framework, the optimization over p leads to consider p —1 = % + o(1) which yields the loss in the

concentration inequality.

Let us first continue with the proof of Lemma 7 which is purely analytical and rather independent
of our probabilistic setting.



SHARP NON-ASYMPTOTIC CONCENTRATION FOR ERGODIC APPROXIMATIONS 36

Proof of Lemma 7 . We keep the notations of Lemma 4, that we bring to mind.

a a? 2/~1n31 5 a a? 2[1”31 1
P,(a,p) = — + (——+ (p—1)(==2)7)2 — — (—— + (p—1)(==2)7)2
1/3
%((1 FVIHOYE (1 - /1463,
B,/ "Ty
for
27 Bja?
1 —1:=&6—=
(7.10) p &3 Ao,
where £ := £(a,n) > 0 is a parameter that we are going to optimize. Furthermore:
32,
(7.11) POw) =~ 0 fu(©)
for
_ 9(¢)
(7.12) fq,.§€R+n—>lD§+1,
where
1/3
g:Er— EB A+ V1I+OY3 4+ (1 - /1+6)Y3) (1 - %((1 +V/1+OY3 (1 -1 +5)1/3)),
and
27 Bpa? | (1.10) p— 1
(7.13) y . 27 Bna ((4:10) P=2)

§

a

8 A3T,

e Let us first focus on case (a), “Gaussian deviations” (

= — 0). We, now anyhow, want to
n n

maximize A in £ to obtain the best possible concentration bound. Let o := {£ € [0,400] : fy (&) =
|| follco} be the set of points where fy reaches its maximum. Observe that for a fixed ¥, fy () 5—> 0.
—00

Thus, +0o € &7. Let now &, be an arbitrary point in /. From the smoothness of fy, the optimality
condition writes:

Py 9 Vg&) 9'(&)  _ Vfe(&) _g(&)
(T14) - folt) = W+ 1) (We 1?2 VT a1 Wwe 1) O o(&) ==y~
Recall now that we want to maximize over the § s.t. { — +o0, {0 — . 0. Indeed, from the proof
VT

of Lemma 4, we saw that for such a choice, we obtain the expected Gaussian concentration, namely
2
P ()‘n) ~ v

o0 A
From the computations of Lemma 8 in Appendix A, we have:
8 1

1 ! = == —=).

So,
1

7.16 A&, = —I1 1 -,
(7.16) ) S rmart o) g

In

where o(1) denotes here a quantity going to 0 as & — +oo and &W¥ = . 0. Inspired by the
v,
identity (7.16), and motivated the numerical simulations (see Section 8), we set

- 91/2 22121?/2 T,

1 L= —
(7.17) § 33/2\/T 39512,
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which indeed satisfies (4.16), so that

2 2 2

min P(hn) < =2 AE) (A +o(1) = (1 +0) | v  —g

n n

Observe as well that this choice yields:

ol2¢ 1 BY?

(7.18) Pl = SRy 2 12T n‘

[43

W—%I—oo

Note that we cannot expect a Gaussian regime in this case. In fact, for ¥ going to infinity
(see definition (7.13)), by (7.14), to get a Gaussian regime at a maximizer &, of A, we have from

(7.11) that fy(&) = % has to remain separated from 0 when W
U — 400, this imposes to consider points £ — 0 in order to exploit the asymptotic behaviour (see
n

— +00. SIHCG in this case

again Lemma 8 for more details):

, 21/3
7.19 = 1+ 0(1)).
(719) 90 5 47 (1+ o))
In other words, from (7.19), we expect that there is a constant K, > 0 s.t.
21/3

~ S S K,
&0 3¢23g —

< W \I!£+1

S0 6 < 3G, 0. Now, [fu(6)] = 4
stay in a Gau551an regime.
We now still look at the optimal &, — 0 which allows to stay at “the biggest possible regime”.

Thenceforth, we will estimate £, directly from the map fy defined in (7.12):

| < g(&)] —>0 0. This means that it is impossible to

*

21/351/3
2 = 1 1)) =: 1 1)).
(7.20) Ful©) =) e (1 0(0) = fual€)(1 +0(1)
It can be directly checked that argmaxecp, fw,0(§) = 2‘1, We therefore get:
1 1 4A3T r
7.21 —+o = = 4 o(—) — 0.
(7.21) Sy 2w T & —+o0 27B,a2 )
From (7.11) and (7.20), we get:
32 21/351/3 32 a2
inP(\,) < —— 1+0(1) = -2 ———— 031 +001
Ig{l ( )F—H-oo 24Ana \I’§*+1( +0(1)) (7.21) 24An(%+1) (1+0(1))

32 a? 23431,

< -2 2 O/3 (1 4 (1
@ie) 2*A,(3+1) 33Bna2) ( )

4/3P1/3 (3.25) 4/3F1/3
= L (140(1)) L _(140(1)).
e 2B e 2oL

From equations (4.10) and (7.13), the choice (7.21) yields:

(7.22) po 1=l = % +o(1).
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Remark 16 (Controls of the optimized parameters A and p for super Gaussian deviations). We give
here some useful estimates to control the remainder terms in the truncation procedure associated
with unbounded innovations, see proof of Lemma 6. They specify the behaviour of the quantity &5 2
In the regime of super Gaussian deviations, identities (4.11), (7.13) and the choice (7.21) (z e.
& = ﬁ) yields:
2

2
% =cUP((1+V1+6) P+ -/1+6)P? - 4.

%n —+00

_9l/3
=273

Remark 17. Theorems 3 and 7 are actually a consequence of the more general following result
which has a real importance for numerical applications. Indeed, for a given n € N, we have to
control the non-asymptotic error in Theorems 3 and 7 . Furthermore, in Section 8 (see Remark 19)
we will see that for 6 € (1 1], for “reasonable” n (e.g. n =>5-10% in the followz’ng Section 8) and
a (= 1) we are already “out” of the Gaussian deviations regime, namely F = 1. This illustration

justifies the interest of optimizing over p for Gaussian deviations and super Gaussian deviations.

Theorem 8. Let the assumptions of Theorem & be in force. For 6 € (5, 1], there exist explicit non-
negative sequences (cp)p>1 and (Cp)n>1, respectively increasing and decreasing for n large enough,
with lim,, C,, = lim,, ¢, =1 s.t. for all n >1 for all a > 0,

PU V Fnl/n<v4§0)’ > a] <2Cpexp (Cnpmin(aa Iy, p)):
where p > 1 and

Pain(@, T p) = = =D VI®al@0) (g /iy 131034, (a, ),

P 8
with
(7.23) , ) 1 , ) 1
a a 2A4,,.3.1\ 3 a a 24, 3.1\ 3
D, (a,p) = (\/ﬁén + (B%Fn +(,071)(E) )2)3 + (mgn - (B%Fn Jr(p—l)(gén) )2>3
_ % 2 _ 3 o112 2
(7.24) A, = qy(|a2Vg0]) +e, and B,= i(W + en>,

where q:=q(n) >1, §:=q(n) >1 withq — 1, ¢ — 1, and e, is an explicit sequence going to 0.
n n
The results of Theorem 3 explicitly follow taking (see for more details the proof of Lemma 7):

1 31/2
p—1 = ) , for
2An/ /T VT,
1 a
-1 = - — .
p 5 for\/ﬁ—)—l-oo

Remark 18. It is natural to wonder if it is possible to get a sharper variance for super Gaussian
deviations. Thereby it would be tempting to bootstrap Lemma 8. Such an iteration would lead
to optimize polynomials of higher degrees. Recall from Lemma 4, that we already have to handle
a polynomial of order 4 in the current setting. This illustrates that for very large deviations the
highest term dominates and deteriorates the concentration. This is intrinsic to our approach. Such
a phenomenon would even more pregnant when iterating the procedure the polynomial of higher
degree yields, for a certain very large deviation regime, concentration bounds that become closer
and closer to the exponential. However, bootstrapping might allow to improve the constants in the
successive deteriorated concentration regimes. As indicated in Remark 17, this could be useful for
some numerical purposes.
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8. NUMERICAL RESULTS

8.1. Degenerate diffusion. Here, we have chosen to highlight the possible absence of non-degene-
racy assumption for our results. To oversimplify, simulations are done with r =d =1, Xy and U;
follow the standard normal distribution. Naturally, for a better convergence speed, we take 6 ~ %,
precisely 6 = % + ﬁ.

For this first example, we choose ¢ (solution of the Poisson equation). We take ¢ = o = cos
and for all z € R, b(z) = —%. By this pick, we compute numerically v(|o*V[?) ~ 0.1515 and
v(|o|?) =~ 0.4171 (that we provide here for comparison with the previous results in [HMP17]), with

the same parameters (6 = 1 n=>5-10* and MC = 10%).

1
3 T T000°
Heed, for a non trivial test function ¢, with our method, we cannot choose functions b and o # 0
canceling at the same point (0 here). Otherwise, the Poisson equation associated with the carré du
champ source, AV = |0*V|? — v(|o*V|?), would imply that —v(|c*V¢|?) = 0, then Vi = 0, v
almost surely.

Let us now check that the Confluence Conditions (D) are satisfied. For p € [1,2), we have for
all z € RY, € € R?

z x)* . o.j(x 2
<Db( >+2Db( ) 575>+;Z((p—2)|<D J’(fp)&@l +|D0_j€,2)

j=1
1

(8.1) = @ (@ 1),

So, for p = %, we directly obtain:

Db(z) + Db(x)* 1+w—/,3 (Do (x)€, &)
(8.2) = —%52 + %sm%x)g? < —352 = —a’.

Note that, we have chosen a diffusion coefficient o which degenerates on {km,k € Z}. However,
thanks to the smoothness of the diffusion parameters, we can still here apply Lemma 6 in [HMP17]
which gives us a pointwise gradient bound of the solution of the Poisson problem in the current
degenerate context. In other words:

*v 2
o™Vl = 4[cos? sin?]; = 4sup(cos(2x) sin(2z)) = 2.
«Q z€R

[0]: <

Hence, this inequality leads us to approximate [¢]; by 2. Pay attention that the control of the
Lipschitz constant [¢]; is important for the super Gaussian deviations. Like illustrated in Remarks
17 and 19, this regime appears “sooner” than we might expect.

From Theorem 3, the function a +— g, (a) := In(P[v/Ty|vn(Ap)| > a]) is s.t. for a > 0:
2

TNy /T sw— 9\ 1 2 nj)y
o) T )

9n (a) <

where (¢p,)n>1 and (Cy,)n>1 are sequences respectively increasing and decreasing for n large enough,
with lim,, C,, = lim,, ¢,, = 1.

For Figure 1, the simulations have been performed for n = 5-10%* and the probability esti-
mated by Monte Carlo simulation for M C = 10* realizations of the random variable /T, v, (Ap)|.
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The corresponding 95% confidence intervals have size at most of order 0.0016. We introduce the
functions:

a? a?

S = - Ssu == .
@) = = overy Sl = S Vel

Like in Theorem 8, we take

_ )8 a N
Pain(0, Ty p) = ~ LD D00 3 (p—1)15, 2100 ) VT,

where A,, B, and ®,(a, p) are defined in (7.24). Through our numerical results, we take e, = 0.
We set also:

1_‘_1 B}I/Qa
po = 5 379 —» Poo = 5-
QAi/Q T, o 2

We recall here that p and po, respectivly correspond to the optimal values of p in the Gaussian
deviations and super Gaussian deviations (see Lemma 7). Eventually, we introduce:

Pn70,oo (CL) = min (Pmin (CL, Iy, ,00), Prin (CL, Iy, poo)) 5
P,(a) := min Py(a,Ty,p).
p>1

Note that, the function P, o~ takes into account the multi-regime competition. We have estimated
P, (a) by a mesh method for p € (1,2) and for a grid with 5 - 107 steps.

From the above notations, we add the subscript o to mean that we change v(|oc*Vp|?) into
IVelZv(llol?), ie.

2

a
So(a) = — , Pouo(a) i= min Puio(a, T, p),
) = ey @) R Phine (0T )
and we have changed A,, into
g W)

The quantities with subscript o are those associated with the results in [HMP17], recalled in the
previous Theorem 2, where the variance is less sharp than the constants appearing in Theorems 3,
7 and 8. Thus, we can compare our main results with Remark 10 of [HMP17] which is a weakened
form of Theorem 8 where the carré du champ is changed into || Vi||% v (||o||?) like in Theorem 2.

Figure 1 reveals that the asymptotic curve S is much less sharp with respect to the realizations
gn than our main estimations P, and P, 0. In fact, these latter are very close to the realization
Jgn. This claim enhances the significance of controlling finely, non-asymptotically, the deviation of
the empirical measure.

In this plot, we can see that our pick of p for P, o «, set in Lemma 7, is very close to the numerical
optimization of P, over p. Nevertheless, observe that for a > 0.5, P, 0 oc(a) and P, (a) slightly differ.
It means that progressively the regime goes from Gaussian deviations (i.e. —%= — 0) to intermediate

VTn
Gaussian deviations (i.e. \/‘% = O(1)). Hence, the importance of optimizing globally the function

p — Pmin(a,I'y, p) (appearing in (3.32)) in all regimes.
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FIGURE 1. Plot of a — gn(a)
with ¢(x)=0(z) = cos(x).

8.2. Slutsky like property. In this subsection, we display the deviation result in Theorem 4, for
a multidimensional process, precisely for r = d = 2 . The innovations (Uj),>1 are Gaussian random
variables. We take 6 = ﬁ + TIO()’ for g = 0.5, to get a fast convergence without any bias. We use
a “toy model” for which assumption (Pg) introduced in Section 6 holds. Namely, we pick for all
z = (z1,22) € R%:

. ‘$|1+6 B B 4y + 62y . B cos(z1+x2) +1 sin(x1) sin(z2)
f(w) = sl (W)’B = 0.5, b(l’) ~ \—=5zy — Bz )’ %4 ({E) - sin(m21)4sin(m2) 1— siln(;cg).

Note, that f is in C;’B (R4, R), which corresponds to 1 = % in statement of Theorem 4. The

non-degeneracy condition (UE) is fulfilled by ¥ = o0, and also the assumption (X), namely
Yij(x) =% (xi, ..., zq), for all 1 <i < j <d. By the Cholesky decomposition, we get:

os(r1+x

() 7CS(§ 2)+1 0

o\r in(x1) sin(x in(z1)? sin(z2)? in(z
sin(z1) sin(z2) sin(z1)? sin(z2) 1 5(22)

4 /COS(I§+IQ>+1 lﬁ(cos(z%+z2)+l)

We have chosen exactly the same coefficients as in [HMP17], in the part 6.2.2 (except for the test

function f), thereby the computations are identical. Furthermore, remark that hypothesis (D) is

Db+Db*
d, =5

satisfie is a constant matrix whose eigenvalues are {—@, @}, hence for all z € RY,
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and & € R%:

<Db(w) sz($)*§7§> + %Z |Doj(x)E? < —3.085¢2.
j=1

It is obvious that (R g) is true for these parameters. Hence by Theorem 5 (see also, Theorem 6 in
[HMP17]), under assumptions (P3) and (A), the Poisson equation Ay = f —v(f) admits a unique

solution ¢ € C*#(R% R), and there exists C,, > 0 s.t. for all z € R%, |D%p(z)| < ﬁrx‘ °,

To compute the deviation, we need firstly to estimate v(f). We do it thanks to the ergodic
theorem (v, (f) <3 v(f)), and we take vpe(f) ~ 0.5848 for a “large” n°® = 5-10°. Running
MC = 10? samples, we find that the size of the associated 95% confidence interval is to the order
of 10™%. Finally, the simulations are performed for n = 5-10%, and the probability is calculated by
the Monte Carlo algorithm for M C = 103 realizations. Remark that the running time /T &~ 51.2
while the running time for the computation of g}, is /I'y, = 25.7. In other words, the empirical
measure v, is compared to v,c which is approximately twice as accurate (even if the mean reversion
assumption, i.e. the linear growth of b, may lead to a faster convergence).

For this plot, we set

vn(f) —v(f)
Un(f?) = vn(f)

estimated by the Monte Carlo method (MC = 10%). Gathering Theorem 4 and Theorem 3, we
obtain immediately, under the same assumptions, that, there exist two explicit monotonic sequences

cp, <1 §n Cp, n > 1, with lim, C,, = lim,, ¢, = 1 such that for allnm > 1, for all 0 < a = O(P}LM)

gn(a) = n(B[y/T,|

51 > a),

(= o(T12"), for 1) = 3., as established in Theorem 4 for a bounded source f) , with the previously
introduced notations:

cna?

gn(a) < In(2Cy)

In the following graphic we also take

The graphic 2 reveals that we can control properly the log probability of the discretized process
(Xn)n>0 without any knowledge of the solution of the Poisson equation Ap = f — v(f).

Remark 19. Remark that for the graphics 1 and 2, we chose n =5 -10%, but for 6 ~ %, VT, ~ 37
and for 0 = ﬁ, VT, ~ 26. In other words, for a ~ 1 we have intermediate Gaussian deviations as
emphasized by the graphics. Hence the importance of the study of both regimes, Gaussian deviations
(\/‘1’;—" — 0) and super Gaussian deviations (\/(11“7 — 400).

5. Pay attention that, here, the explicit knowledge of ¢ is not needed. We only use some of its quantitative
properties deriving from Theorem 5.
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FIGURE 2. Plot of a — g¥(a).

APPENDIX A. COMPUTATION OF ASYMPTOTIC ANALYSIS

In this section, we perform asymptotic analysis for the map ¢’ defined in (7.12) in proof of Lemma
4. We recall that for all £ € R:

9(€) = €3 (1 + VIFOY+ (1= VIFOY) (1= 2 (A + VIFOV + (1= VT ).

Lemma 8.
21/3

_ + O(i
€0 3¢5 &2

Proof. Denote h(€) == &/3 (1 4+ VT FE)V3 4+ (1 — yTF)3), s0 g(€) = h(¢)(1 — &), Differen-

tiating, we get:

(1+0(1), 4'(¢) )-

g€ oo 382

W) — <1—m>%+2<1+m>%
3¢s
+€5 ( ! ;- ! )
6VIFEQ+VITES 6VIFE(—vVITES
_ Q- VIFE 4 (1 4VIFD | 1 (- VIFE - (4 VTFE
3¢5 6Vt ¢ 2E '
(a) For € — 0,

he) =, 217 4 ole!?),
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and
21/3 ) 1 22/3 1 21/3 1

+&8 (6 % 92/3 52/3) +0(§2/3) = 362 +O(§2/3)’

h'(€)

which yields that

60 363

’ ’ 2!/3 1
g'(&) = 1) (1 - h(¢)) 5o 357% - ‘1‘0(@)‘

(b) For £ — 400,
In order to estimate ¢’ we need to do a Taylor expansion up to the third order:

_ 1/3 1/6 L s o 1 G
Mo =, €PN+ )P - (L o))
_ 1/3 1/6 1 2x5
= P9+ 3VITE 31+ 31 1E)e
(1— 1 B 1 _ 2x5 1
U= 3/ire 2019 333!(1+£)3/2) +O(W))
Coanis oy (2 10 1
= PG G s g @)
1 1 2 1 10 1
e o +0(E))(3\/g ~ 37 - 311 )72 +o(§3/2))
2 1 1 10 1
- f1/2(3\/5 + 32¢3/2  3¢3/2 + 34(1 4 €)3/2 + 0(§3/2))
28 1
— 3 @ + o(g).
Differentiating the above expression, we get:
ey — 8 L2
h (g) f—;—oo 81&2 + 0(£2)a
which yields that
. , 8 1 2 8 1
g€ = WA -hno) o (8T§2 +0(§2)) (1- 3t S1€ +0(§))
16 8 1 8 1
- v we ) Twe )
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