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Abstract

In this chapter, we present the empirical estimation of some reliability measures, such as

the rate of occurrence of failures and the steady-state availability, for a discrete-time semi-

Markov system. The probability of first occurred failure is introduced and estimated. A

numerical application is given to illustrate the strong consistency of these estimators.

Keywords: Semi-Markov chain, empirical estimation, rate of occurrence of failures, steady-

state availability, first occurred failure

1 Introduction

Semi-Markov chains constitute a generalization of Markov chains and renewal chains. For a
Markov chain, the sojourn time in each state is geometrically distributed, whereas for the semi-
Markov case, the sojourn time distribution can be any distribution on N. An introduction to
homogeneous semi-Markov chains is given by Howard (1971) as well as by Mode and Pickens
(1998) and Mode and Sleeman (2000). For non-homogeneous discrete-time semi-Markov systems
see Vassiliou and Papadopoulou (1992, 1994), whereas for ergodic theory of semi-Markov chains
see Anselone (1960). Moreover, for semi-Markov replacement chains see Gerontidis (1994). Barbu
and Limnios (2006) study an empirical estimator of the discrete-time semi-Markov kernel and
its asymptotic properties, with application to reliability. Chryssaphinou et al. (2011) establish
a discrete-time reliability system with multiple components under semi-Markov hypothesis. An
overview in the theory on semi-Markov chains oriented toward applications in modeling and
estimation is presented in Barbu and Limnios (2008).

In this work, the investigation of the rate of occurrence of failures (ROCOF) is addressed
for the first time for semi-Markov chains. The ROCOF may be interpreted as the expected
number of transitions of a semi-Markov chain to a subset of its state space at a specific moment.
Firstly, a simple formula for evaluating the ROCOF is derived. As a consequence of this result, a
statistical estimator of this function is proposed. The continuous-time version of the ROCOF is
calculated in a wide range of scientific fields including reliability (Lam, 1997; Ouhbi and Limnios,
2002) and seismology (Votsi et al., 2012).

Afterwards, we examine the steady-state (or asymptotic) availability by two different aspects.
At first, we consider the pointwise availability and we take its limit as the time tends to infinity.
Substituting with the empirical estimator for the pointwise availability, we obtain an estimator
for the asymptotic measure. Alternatively, the steady-state availability is written as the sum of
the stationary distribution of the semi-Markov chain in the working states of the system (see
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Barbu and Limnios, 2008). Two different proposed nonparametric estimators of the stationary
distribution are presented and the estimator of the availability is expressed in terms of them.
As a sequence, we derive the empirical estimation of the steady-state availability through three
different approaches.

Finally, we introduce the measure of the probability of the first occurred failure. Consider
a sequence of disjoint subsets of the failure states of a semi-Markov system. Given the initial
state of the system, the probability of first occurred failure expresses the probability to entry for
first time into a failure subset before any other one. An empirical estimator for the probability
of first occurred failure is then proposed. The asymptotic property of the strong consistency is
presented for the estimators of ROCOF, steady-state availability and probability of first occurred
failure.

In Section 2, the necessary preliminaries of a semi-Markov model are introduced and, in the
next one, the definitions of the reliability measures studied in this chapter are given. Section 4
depicts their empirical estimation and their strong consistency. Finally, we apply these results
to a numerical example in Section 5.

2 Discrete-time semi-Markov model

Let us firstly introduce some preliminaries from the theory of semi-Markov chains absolutely
necessary for our purposes. Let N be the set of nonnegative integers and N

˚ “ Nzt0u. Consider
a stochastic system with finite state space E. We suppose that the evolution in time of the
system is described by the following chains :

1. The chain J :“ pJnqnPN with state space E, where Jn is the system state at the n-th jump
time;

2. The chain S :“ pSnqnPN with state space N, where Sn is the n-th jump time. We suppose
that S0 “ 0 and 0 ă S1 ă S2 ă . . . ă Sn ă Sn`1 ă . . . ;

3. The chain X :“ pXnqnPN˚ with state space N, with Xn :“ Sn ´Sn´1 for all n P N
˚. Thus,

for all n P N
˚, Xn is the sojourn time in state Jn´1, before the n-th jump.

The chain pJ ,Sq :“ pJn, SnqnPN is said to be a Markov renewal chain (MRC) with state space
E ˆ N, if for all n P N, j P E and k P N, it satisfies almost surely (a.s.)

PpJn`1 “ j, Sn`1 ´ Sn “ k|J0, . . . , Jn;S0, . . . , Snq “ PpJn`1 “ j, Sn`1 ´ Sn “ k|Jnq.

If the above equation is independent of n, then pJ ,Sq is said to be homogeneous.
The process J is the embedded Markov chain (EMC) of the MRC pJ ,Sq with initial distri-

bution α :“ pαi; i P Eq, where αi :“ PpJ0 “ iq, and stationary distribution ν “ pνi; i P Eq. The
transition matrix P :“ pP pi, jq; i, j P Eq of J is given by

P pi, jq :“ PpJn`1 “ j|Jn “ iq, n P N. (1)

Moreover, for all k P N, we define the discrete-time counting process of the number of jumps
in r1, ks Ă N by Npkq :“ maxtn P N : Sn ď ku. The semi-Markov chain (SMC) Z :“ pZkqkPN is
defined as Zk “ JNpkq, k P N, and it gives the system’s state at time k. We have also Jn “ ZSn

and Sn “ mintk ą Sn´1 : Zk ‰ Zk´1u, n P N. We note that the initial distribution of the SMC
Z coincides with that of J .

The evolution of the discrete-time semi-Markov system is governed by the semi-Markov kernel
qpkq :“ pqijpkq; i, j P Eq, k P N, defined by

qijpkq :“ PpJn`1 “ j,Xn`1 “ k|Jn “ iq, n P N. (2)
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For all k P N
˚, the entries of the semi-Markov kernel qpkq are written as

qijpkq “ pij fijpkq, i, j P E,

where fijpkq :“ PpXn`1 “ k|Jn “ i, Jn`1 “ jq i, j P E, k P N, is the conditional distribution of
the sojourn time in state i given that the next visited state is j. In this case the sojourn times
are attached to transitions and when a sojourn time in a state i expires, we can determine the
next visited state j by using the probability of the EMC as well as the duration of this time.

Let us denote by Hipkq, k P N, the sojourn time cumulative distribution function in any state
i P E, i.e.

Hipkq :“ PpXn`1 ď k|Jn “ iq “
ÿ

jPE

kÿ

l“0

qijplq,

and by H ipkq, k P N, the survival function in any state i, i.e.

H ipkq :“ PpXn`1 ą k|Jn “ iq “ 1 ´Hipkq “ 1 ´
ÿ

jPE

kÿ

l“0

qijplq.

Also, consider the matrices Hpkq :“ diagpHipkq; i P Eq and Hpkq :“ diagpH ipkq; i P Eq, k P N.
The transition function P pkq :“ pPijpkq; i, j P Eq, k P N, of the SMC Z is defined by

Pijpkq :“ PpZk “ j|Z0 “ iq.

Let ψpkq :“ pψijpkq; i, j P Eq be the Markov renewal function given by

ψijpkq :“
kÿ

n“0

q
pnq
ij pkq,

where q
pnq
ij pkq :“ PpJn “ j, Sn “ k|J0 “ iq is the n-fold discrete-time convolution of qijpkq (see

Barbu et al., 2004). Then, the transition function P pkq of the SMC Z can be written as

P pkq “ ψ ˚ pI ´Hqpkq.

Also, the stationary distribution π :“ pπi; i P Eq k P N, of the SMC Z is defined, when it
exists, by

πi :“ lim
kÑ8

Plipkq, l P E.

In addition, we denote by m :“ pmi; i P EqJ the mean sojourn times of the SMC Z in any state
i defined by

mi :“ ErS1|J0 “ is “
ÿ

nPN

H ipnq.

and, then, the stationary distribution of the SMC is expressed in terms of the stationary distri-
bution of the EMC :

πi “
νimiř

kPE νkmk

.

We assume that the MRC pJ ,Sq is irreducible and aperiodic, with finite mean sojourn times.
Let U :“ pUkqkPN be the sequence of the backward recurrence times for the SMC Z defined

as follows :

Uk :“

#
k, if k ă S1,

k ´ SNpkq, if k ě S1,
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where, since S0 “ 0, we have that U0 “ 0. We note that, for all k P N, Uk ď k. The stochastic
process pZ,Uq :“ pZk, UkqkPN is a Markov chain with values in E ˆ N (Limnios and Oprişan,
2001). A study of this process is given by Chryssaphinou et al. (2008). It is worth noticing that
the Markov chain pZ,Uq is time-homogeneous.

We denote by rα the initial distribution of the Markov chain pZ,Uq, whereas its transition
matrix rP :“ p rP

`
pi, t1q, pj, t2q

˘
; pi, t1q, pj, t2q P E ˆ Nq can be written as :

rP
`
pi, t1q, pj, t2q

˘
:“ PpZk`1 “ j, Uk`1 “ t2|Zk “ i, Uk “ t1q

“

$
’&
’%

qijpt1 ` 1q{H ipt1q, if i ‰ j, t2 “ 0,

H ipt1 ` 1q{H ipt1q, if i “ j, t2 ´ t1 “ 1,

0, otherwise,

(3)

for every k P N such that PpZk “ i, Uk “ t1q ą 0. Let us further denote by prαrP k´1

qpi,mq the

pi,mq element of the vector rαrP k´1

.
After introducing the basic notation and giving a brief description of the model under study,

we proceed to the calculation of the ROCOF along with steady-state availability and the prob-
ability of first occurred failure for the semi-Markov case.

3 Reliability and probability of first occurred failure

Let us consider that the possible states of the semi-Markov chain Z belong to the set E “
t1, . . . , su, s P N

˚. Let U :“ t1, . . . , ru and D :“ tr ` 1, . . . , su be the subsets of the state space
E of the working states and the down states of the system, respectively, with U Y D “ E and
U XD “ H. We present now the reliability measures under consideration in this work.

3.1 Rate of occurrence of failures

We further consider an arbitrary subset B of the state space E, with B ‰ H and B ‰ E. Initially,
we are concentrated on the study of an important parameter in semi-Markov chains, the ROCOF.
Before providing a formula for the evaluation of the ROCOF, let us clarify its meaning. For all
k P N, we denote by NBpkq the counting process, up to time k, of the transitions of the SMC Z

from BA to B, namely

NBpkq :“
kÿ

l“1

1tZl´1PBA,ZlPBu.

The ROCOF is interpreted as the expected number of transitions of the SMC to the set B
at time k, i.e.

rrBpkq :“ ErNBpkq ´NBpk ´ 1qs.

The following proposition gives a simple formula of the ROCOF for semi-Markov chains.

Proposition 1. The ROCOF of the SMC Z at time k is given by

rrBpkq “
ÿ

iPBA

ÿ

jPB

k´1ÿ

m“0

rpra rP k´1qpi,mqs rP ppi,mq, pj, 0qq . (4)
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3.2 Steady-state availability

Another interesting measure concerning the asymptotic reliability theory is the steady-state
availability of a system. Firstly, let us define the pointwise availability A of a system at time
k P N as the probability that the system is operational at time k, independently of the fact that
the system has failed or not in r0, kq, i.e.

Apkq :“ PpZk P Uq.

Proposition 2. Given a stochastic system described by a SMC Z, the pointwise availability is
given by

Apkq “ αP pkq1s,r, (5)

where 1s,r is a s-column vector whose the r first elements are 1’s and the last s´ r ones are 0’s.

The steady-state availability A8 of a system is defined as the limit of the pointwise availabil-
ity, when the limit exists, as the time tends to infinity, i.e.

A8 :“ lim
kÑ8

Apkq.

Proposition 3. For a semi-Markov system, the steady-state availability is given by

A8 “
ÿ

iPU

πi. (6)

3.3 Probability of first occurred failure

The measure of the probability of first occurred failure is introduced here. We consider the subset
U of the working states, as defined in the previous subsection. We further consider the partition
of the subset D to k subsets of failure states pCkqkPN with D “ YkCk and Ck X Cl “ H, k ‰ l.

Let TD :“ mintn P N : Zn P Du be the first hitting time of the subset D. We consider the
process Z 1 :“ pZ 1

kqkPN defined by

Z 1
k :“

#
Zk, t ă TD,

∆, t ě TD,

where ∆ is an additional absorbing state .
Denote by TCk

:“ mintn P N : Z 1
n P Cku the first hitting time of the subset Ck and

ρCk
:“ pρCk

piq; i P UqJ the column-vector of probabilities defined below. If, j P N
˚, TCj

ă 8,
then TCk

“ `8 for any k ‰ j. Under this notation, for any i P U , we define the probability of
first occurred failure and get

ρCk
piq :“ PpTCk

ă 8|J0 “ iq

“ PipTCk
ă 8q

“ PipJ1 P Ck, TCk
ă 8q ` PipJ1 P U, TCk

ă 8q

“ PipJ1 P Ckq `
ÿ

jPU

P pi, jqρCk
pjq.

Let P 00 be the restriction on the subset U ˆ U of the transition matrix P of the EMC J

and P 0k the column-vector defined as P 0k :“ pP pi, Ckq; i P UqJ with P pi, Ckq :“
ř

jPCk
P pi, jq.

Then, we have
ρCk

“ P 0k ` P 00ρCk
.

Consequently, we obtain the following proposition :
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Proposition 4. For a stochastic system governed by the modified process Z 1 and given a failure
class Ck, if the matrix I ´P 00 is nonsingular, the probability of first occurred failure is given by

ρCk
“ pI ´ P 00q´1P 0k. (7)

Note that ÿ

k

ρCk
“ 1,

where 1 is a column-vector with all entries equal to 1.

4 Nonparametric estimation of reliability measures

In this section, we follow the next observational procedure concerning the statistical inference of
stochastic processes : a single realization of the process is observed over the fixed time interval
r0,M s, M P N

˚. The asymptotic property of strong consistency is obtained as the censoring
time M tends to infinity (practically, when it becomes large). We consider an observation HM

of the ergodic MRC pJ ,Sq, censored at a fixed arbitrary time M P N
˚, defined by

HM :“

#
tJ0, X1, J1, . . . , XNpMq, JNpMq, UMu, if NpMq ą 0,

tJ0, UM “ Mu, if NpMq “ 0,

where NpMq is the discrete-time counting process of the number of jumps in r1,M s and UM :“
M ´ SNpMq is the censored sojourn time in the last visited state JNpMq. Let us consider the
following set : TM :“ t0, . . . ,Mu.

Additionally, for all states i, j P E, let us define the counting processes :

1. NipMq :“
řNpMq

n“1
1tJn´1“iu is the number of visits to state i of the EMC, up to time M ;

2. NijpMq :“
řNpMq

n“1
1tJn´1“i,Jn“ju is the number of transitions of the EMC from i to j, up

to time M .

The proposed empirical estimator pqpk,Mq :“ ppqijpk,Mq; i, j P Eq, k P TM , M P N
˚, of the

semi-Markov kernel (2) is defined by the following equation

pqijpk,Mq :“
1

NipMq

NpMqÿ

n“1

1tJn´1“i,Jn“j,Xn“ku.

For further study of the asymptotic properties of the proposed empirical estimator, see Barbu
and Limnios (2006). Once the estimator of the semi-Markov kernel is obtained, any measure
conserning the SMC can be estimated, after having been expressed as a function of the semi-
Markov kernel.

4.1 Estimation of ROCOF

The estimators pHipk,Mq and pH ipk,Mq, k P TM , M P N
˚, i P E, for the sojourn time cumulative

distribution functions Hipk,Mq and the survival function H ipkq, respectively, are given by

pHipk,Mq :“
ÿ

jPE

kÿ

l“0

pqijpl,Mq and pH ipk,Mq :“ 1 ´
ÿ

jPE

kÿ

l“0

pqijpl,Mq.

Consider also the estimators xHpk,Mq :“ diagp pHipk,Mq; i P Eq and xHpk,Mq :“ diagp pH ipk,Mq; i P
Eq.
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The empirical estimator
prPM :“

ˆ
prP

`
pi, t1q, pj, t2q

˘
; pi, t1q, pj, t2q P E ˆ N

˙
of the transition

matrix (3) of the Markov chain pZ,Uq has entries defined by

prPM

`
pi, t1q, pj, t2q

˘
“

$
’’&
’’%

pqijpt1 ` 1,Mq{ pH ipt1,Mq, if i ‰ j, t2 “ 0,

pH ipt1 ` 1,Mq{ pH ipt1,Mq, if i “ j, t2 ´ t1 “ 1,

0, otherwise.

On the basis of Proposition 1, we propose the following estimator prrBpk,Mq, k P TM , for the
ROCOF (4) of the semi-Markov system,

prrBpk,Mq “
ÿ

iPBA

ÿ

jPB

k´1ÿ

m“0

rpprαprP k´1

M qpi,mqs
prPM

`
pi,mq, pj, 0q

˘
, (8)

pprαprP k´1

M qpi,mq is the pi,mq-th element of the vector prαprP k´1

M . The following proposition gives the
uniform strong consistency of the ROCOF’s estimator.

Proposition 5. For any arbitrary k P N fixed, the estimator (8) of the ROCOF (4) at instant k
is strongly consistent in the sense that

prrBpk,Mq
a.s.
ÝÝÑ rrBpkq, as M Ñ 8.

4.2 Estimation of the steady-state availability

Concerning the stationary distribution π of the SMC, we consider two empirical estimators
pπpMq :“ ppπipMq; i P Eq and rπpMq :“ prπipMq; i P Eq, defined as follows :

rπipMq :“
1

M

Mÿ

k“1

1tZk´1“iu, (9)

pπipMq :“
pνipMq pmipMqř

kPE pνkpMq pmkpMq
, (10)

where pνipMq and pmipMq are the empirical estimators of the stationary distribution νi of the
EMC J and the mean sojourn time mi, respectively, given by

pνipMq :“
NipMq

NpMq
and pmipMq :“

ÿ

ně0

pH ipn,Mq.

For any censoring time M P N
˚, we consider the estimators pψpk,Mq :“ p pψijpk,Mq; i, j P Eq

and pP pk,Mq :“ p pPijpk,Mq, i, j P Eq, k P TM , of the Markov renewal function ψpkq and the
transition function P pkq of the SMC Z, respectively, taking the form

pψpk,Mq :“
kÿ

n“0

pqpnqpk,Mq and pP pk,Mq “ pψ ˚ pI ´ xHqpk,Mq.

Then, the empirical estimator pApk,Mq of the steady-state availability Apkq, k P TM , can be
written as

pApk,Mq “ pαpP pk,Mq1s,r. (11)
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Remark 1. Formally, the estimator of the initial distribution α is defined as pα :“ δZ0
. In our

case, as one trajectory is taken into account, the estimation of the initial distributions α and rα
is trivial.

From equation (6), we may obtain two different estimators for the steady-state availability :

rA8pMq “
ÿ

iPU

rπipMq, (12)

pA8pMq “
ÿ

iPU

pπipMq, (13)

where pApk,Mq, rπipMq and pπipMq are given in (11), (9) and (10), respectively.

Proposition 6. For any fixed k P N, the estimator (11) of the pointwise availability Apkq, and
the estimators (??), (12) and (13) of the steady-state availability A8, are strongly consistent,
i.e.

pApk,Mq
a.s.
ÝÝÑ Apkq,

rA8
a.s.
ÝÝÑ A8,

pA8
a.s.
ÝÝÑ A8,

as M Ñ 8.

4.3 Estimation of the probability of first occurred failure

The empirical estimator pPM :“ p pPM pi, jq; i, j P Eq, M P N
˚, of the transition matrix (1) of the

EMC J is given by

pPM pi, jq :“
NijpMq

NipMq
.

Based on the estimation pP of the transition matrix (1), we obtain the estimators pP 00pMq and
pP 0kpMq of P 00 and P 0k, respectively. For any failure subset Ck, the estimator pρCk

pMq :“
ppρCk

pi,Mq; i P UqJ of the probability of first occurred failure (7) takes the form

pρCk
pMq “ pI ´ pP 00pMqq´1 pP 0kpMq. (14)

Proposition 7. For any M P N
˚, the estimator (14) of the probability of first occurred failure

(7) of the failure subset Ck, is strongly consistent, i.e.

pρCk
pMq

a.s.
ÝÝÑ ρCk

, as M Ñ 8.

5 Numerical application

In this section, we apply the previous results to a four-state semi-Markov system, as described
in Figure 1.

The state space of the system E “ t1, 2, 3, 4u is partitioned into the up-state set U “ t1, 2u
and the down-state set D “ t3, 4u. Since B is arbitrary chosen, for sake of simplicity, we set
B ” D and BA ” U . The initial law α and the transition matrix P of the EMC are given by

α “
`
1 0 0 0

˘
and P “

¨
˚̊
˝

0 0.8 0.2 0

0.9 0 0 0.1

1 0 0 0

0 1 0 0

˛
‹‹‚.
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2

q21p¨q
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KK

4

q42p¨q

KK

Figure 1: Four-state discrete-time semi-Markov system.
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Figure 2: ROCOF plot.

We suppose that the conditional sojourn-time distributions f13p¨q and f24p¨q are geometric
ones defined by

fpkq :“

#
pp1 ´ pqk´1, if k ě 1,

0, if k “ 0,

with p “ 0.8 and p “ 0.8, respectively. The distributions f12p¨q, f21p¨q, f31p¨q and f42p¨q are
discrete-time Weibull ones with

fpkq :“

#
qpk´1qb ´ qk

b

, if k ě 1,

0, if k “ 0,

where pq, bq “ p0.8, 1.6q for the transition 1 Ñ 2, pq, bq “ p0.7, 1.6q for the transition 2 Ñ 1,
pq, bq “ p0.4, 0.7q for the transition 3 Ñ 1 and pq, bq “ p0.3, 0.7q for the transition 4 Ñ 2.

Three independent trajectories of the SMC up to fixed censoring times M “ 500, M “ 1000

and M “ 2000 are obtained by means of a Monte Carlo method. In the following figures, we
present the plots of the theoretical and estimation values for the ROCOF and the availability of
the system for the first 100 time units. In Table 1, the estimation of the steady-state availability
is depicted.

Remark 2. Note that, since M Ñ 8 and k Ñ 8, the estimation of the point-wise availability
converges to the steady-state availability. Thus, we may derive an alternative estimation for the
steady-state availability through the availability function.
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Figure 3: Availability plot.

M “ 500 M “ 3000 M “ 5000

A8 0.9024

Ã8pMq 0.8760 0.8830 0.8955

Â8pMq 0.8795 0.8829 0.8954

Table 1: Estimation values of the steady-state availability.

To investigate the estimation of the probability of first occurred failure, we consider two
failure subsets C1 “ t3u and C2 “ t4u with C1 Y C2 “ D. The probability of first occurred
failure and its estimation, given the subsets C1 and C2, is presented in Table 2.

M “ 500 M “ 1000 M “ 2000

ρC1
p0.7143, 0.6429qJ

ρC2
p0.2857, 0.3571qJ

pρC1
pMq p0.6813, 0.5772qJ p0.8227, 0.7635qJ p0.7267, 0.6528qJ

pρC2
pMq p0.3187, 0.4028qJ p0.1773, 0.2365qJ p0.2733, 0.3472qJ

Table 2: Estimation values of the probability of first occurred failure.

The consistency of the estimators of the ROCOF, the steady-state availability and the prob-
ability of first occurred failure seems to be verified by the results of the preceding plots and
tables and, the estimation values approach the true ones as the length of the trajectory becomes
larger. Also, we see that two proposed estimators of A8 tend to coincide, with a slightly better
estimator to be Ã8pMq.

References

Anselone, P., 1960. Ergodic theory for discrete semi-Markov chains. Duke Math. J. 27 (33-40),
483–498.

10



Barbu, V. S., Boussemart, M., Limnios, N., 2004. Discrete-time semi-Markov model for reliability
and survival analysis. Comm. Statist. Theory Methods 33, 2833–2868.

Barbu, V. S., Limnios, N., 2006. Empirical estimation for discrete-time semi-Markov processes
with applications in reliability. J. Nonparametr. Stat. 18 (7–8), 483–498.

Barbu, V. S., Limnios, N., 2008. Semi-Markov Chains and Hidden Semi-Markov Models Toward
Applications. Springer, New York.

Chryssaphinou, O., Karaliopoulou, M., Limnios, N., 2008. On discrete-time semi-Markov chains
and applications in words occurrences. Comm. Statist. Theory Methods 37, 1306–1322.

Chryssaphinou, O., Limnios, N., Malefaki, S., 2011. Multi-state reliability systems under discrete
time semi-Markovian hypothesis. IEEE Transactions on Reliability 60(1), 80–87.

Gerontidis, I., 1994. Semi-Markov replacement chains. Adv. Appl. Probab. 26, 728–755.

Howard, R., 1971. Dynamic Probabilistic Systems. Vol. II. Wiley, New York.

Lam, Y., 1997. The rate of occurrence of failures. J. Appl. Probab. 34, 234–247.

Limnios, N., Oprişan, G., 2001. Semi-Markov Processes and Reliability. Birkhäuser, Boston.

Mode, C., Pickens, G., 1998. Computational methods for renewal theory and semi-Markov pro-
cesses with illustrative examples. Ame. Statist. 42, 143–152.

Mode, C., Sleeman, C., 2000. Stochastic Processes in Epidemiology. World Scientific, New Jersey.

Ouhbi, B., Limnios, N., 2002. The rate of occurrence of failures for semi-Markov processes and
estimation. Stat. Probab. Lett. 59, 245–255.

Vassiliou, P.-C., Papadopoulou, A., 1992. Non-homogeneous semi-Markov systems and maintain-
ability of the state sizes. J. Appl. Probab. 29, 519–534.

Vassiliou, P.-C., Papadopoulou, A., 1994. Asymptotic behavior of non homogeneous semi-Markov
systems. Linear Algebra Appl. 210, 153–198.

Votsi, I., Limnios, N., Tsaklidis, G., Papadimitriou, E., 2012. Estimation of the expected number
of earthquake occurrences based on semi-Markov models. Methodol. Comput. Appl. Probab.
14(3), 685–703.

11


