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Abstract

We consider weighted ray-transforms Py (weighted Radon transforms along straight lines) in R¢, d > 2,
with strictly positive weights W. We construct an example of such a transform with non-trivial kernel in
the space of infinitely smooth compactly supported functions on R%. In addition, the constructed weight W
is rotation-invariant continuous and is infinitely smooth almost everywhere on R? x S¢~1. In particular, by
this construction we give counterexamples to some well-known injectivity results for weighted ray transforms
for the case when the regularity of W is slightly relaxed.

Keywords: Radon transforms, ray transforms, integral geometry, injectivity, non-injectivity

AMS Mathematics Subject Classification: 44A12, 53C65, 65R32

1 Introduction
We consider the weighted ray transforms Py defined by

Pw f(z,0) = /W(ac +160,0)f(x +t0) dt, (x,0) € TS* ', d > 2, (1.1)
R

TS = {(z,0) e R* x$*! : 26 = 0}, (1.2)

where f = f(z), W = W(z,0), z € R% 6 € S¥~'. Here, W is the weight, f is a test function on R, In
addition, we interpret 7S?~! as the set of all rays in R?. As a ray v we understand a straight line with fixed
orientation. If v = ~y(z, ), (z,0) € TS*"!, then

v(z,0) ={y € Ré:y=n+10,te R} (up to orientation), (1.3)
where 6 gives the orientation of ~. '

We assume that
W=W2>c>0,WeL°Rx s, (1.4)

where W denotes the complex conjugate of W, ¢ is a constant.

The aforementioned transforms Pu arise in various domains of pure and applied mathematics; see, e.g.,
[Bey84], [Bom93], [BQ87], [Fi86], [Jollm16], [Kun92], [LB73], [MQ85], [Natt01], [Nov02], [Nov14], [Qui83]
and references therein.

In particular, the related results are the most developed for the case when W = 1. In this case Pw is
reduced to the classical ray-transform P (Radon transform along straight lines). The transform P arises, in
particular, in the X-ray transmission tomography. We refer to [GGV64], [Natt01] and references therein in
connection with basic results for this classical case.

At present, many important results on transforms Py with other weights W satisfying (1.4) are also
known; see the publications mentioned above with non-constant W and references therein.

In particular, assuming (1.4) we have the following injectivity results.

Injectivity 1 (sce [Fi86]). Suppose that d > 3 and W € C?*(R? x S?~'). Then Py is injective on LE(R%)
for p > 2, where L5 denotes compactly supported functions from LP.
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Injectivity 2 (see [MQ85]). Suppose that d = 2, W € C*(R? x S') and
0<co <W, |[Wl]c2maxsty <N, (1.5)

for some constants c¢o and N. Then, for any p > 2, there is § = §(co, N, p) > 0 such that Pw is injective on
LP(B(z0,6)) for any zo € R?, where

LP(B(w0,0)) ={f € LP(RQ) :supp f C B(wo,6)},
B(x0,0) = {x € R* : |& — x0| < 6}.

Injectivity 3 (see [Qui83]). Suppose that d = 2, W € C*(R? x S') and W is rotation invariant (see
formula (1.6) below). Then Py is injective on L% (R?) for p > 2.

In a similair way with [Qui83] we say that W is rotation invariant if and only if
W (z,0) = U(zh, |z — (20)8]), = € R?, § € S, (1.6)
for some positive and continuous U such that
U(r,s) =U(-r,s) =U(r,—s), r € R, seR. (1.7)

Injectivity 1 is a global injectivity for d > 3. Injectivity 2 is a local injectivity for d = 2. Injectivity 3 is
a global injectivity for d = 2 for the rotation invariant case.

The results of Injectivity 1 and Injectivity 2 remain valid with C®, « > 1, in place of C? in the assumptions
on W; see [Jollm16].

Injectivity 1 follows from Injectivity 2 in the framework of the layer-by-layer reconstruction approach.
See [Fi86], [Novi02], [JoIlm16] and references therein in connection with the layer-by-layer reconstruction
approach for weighted and non-abelian ray transforms in dimension d > 3.

In the present work we obtain counterexamples to Injectivity 1, Injectivity 2 and Injectivity 3 for the case
when the regularity of W is slightly relaxed. In particular, by these counterexamples we continue related
studies of [MQ85], [Bom93] and [GN17].

More precisely, in the present work we construct W and f such that

Pwf=00onTS" ' d>2, (1.8)
where

W satisfies (1.4), W is rotation-invariant (i.e., satisfies (1.6)),
W is infinitely smooth almost everywhere on R? x S*~! and (1.9)
W e C*(R* x $*71), at least, for any o € (0, ap), where ap = 1/16;

f is a non-zero spherically symmetric infinitely smooth compactly supported function on RY; (1.10)

see Theorem 1 of Section 3.
These W and f directly give the aforementioned counterexamples to Injectivity 1 and Injectivity 3.
Our counterexample to Injectivity 1 is of particular interest (and is rather surprising) in view of the fact
that the problem of finding f on R? from Py f on T'S*™" is strongly overdetermined for d > 3. Indeed,

dimR? = d, dimTS*™! = 2d — 2,
d<2d—2ford>3.

Our counterexample to Injectivity 3 is considerably stronger than the preceeding counterexample of
[MQ85], where W is not yet continuous and is not yet strictly positive (i.e., is not yet separated from zero
by a positive constant).

Using our W and f of (1.9), (1.10) for d = 3 we also obtain the aforementioned counterexample to
Injectivity 2; see Corollary 1 of Section 3.

In the present work we adopt and develop considerations of the famous work [Bom93] and of our very
recent work [GN17].

In Section 2 we give some preliminaries and notations.
Main results are presented in detail in Sections 3.
Related proofs are given in Sections 4, 5, 6, 7, 8.



2 Some preliminaries

Notations. Let

Q=R*xs", (2.1)
r(z,0) = |z — (20)0], (z,0) € Q, (2.2)
Qo (0) = {(z,0) € Q:r(z,0) > &}, (2.3)
Q1(0) = AN\Qo(0) = {(x,0) € Q:r(x,0) <6}, >0, (2.4)
QA) = {(z,0) e R* x S* ' : r(,0) € A}, A C [0, +00), (2.5)
To(6) = {(x,0) € TS* " : |z > 6}, (2.6)
Ti(0) = {(x,0) € TS* ' : |z| < 6}, 6 >0, (2.7)
T(A) = {(z,0) e TS* ' : || € A}, A C [0, +00), (2.8)
Tre = (r—e,r+¢e)N[0,+00), r € [0,+00), € > 0. (2.9)

The set To(d) in (2.6) is considered as the set of all rays in R? which are located at distance greater than
0 from the origin.

The set T1(8) in (2.7) is considered as the set of all rays in R? which are located at distance less or equal
than 4.

We also consider the projection

Q= TS (2.10)
m(z,0) = (mox,0), (z,0) € Q, (2.11)
mox = x — (x6)0. (2.12)

In addition, r(z,0) of (2.2) is the distance from the origin {0} € R to the ray v = y(n(z,0)) (ie.,
r(z,0) = |mgz|). The rays will be also denoted by

def

Y= (@,0) Y (r(2,0)), (2,0) € Q. (2.13)
We also consider
Pw f(z,0) = Pw f(n(z,0)) for (z,0) € Q. (2.14)
We also define
B(zo,6) = {z € R? : |x — 20| < 0}, B(w0,8) = {z € R? : | — x0| < 8}, 20 € RY, 6 >0, (2.15)
B =B(0,1), B=B(0,1). (2.16)

For a function f on R? we denote its restriction to a subset & C R? by f|s.

By Co, C§° we denote continuous compactly supported and infinitely smooth compactly supported func-
tions, respectively.

By C*(Y), a € (0,1), we denote the space of a-Holder functions on Y with the norm:

lulleayy = llulloyy + llullca vy,

lullcany = sup [uyn) = uly2)| (2.17)
viysey Y1 — Y[
ly1—y2|<1

where ||ullc(y) denotes the maximum of |u| on Y.

Rotation invariancy. Symmetry (1.6) of W can be also written as

W (z,0) = U(|z|,z6), (z,0) € Q, (2.18)

U(r,s) =U(-r,s) =U(r,—s), r € R, s e R. (2.19)

where U is positive and continuous on R x R.
Using the formula |z|* = [26]® 4+ 7% (z, 0), one can see that symmetries (1.6), (1.7) and symmetries (2.18),
(2.19) of W are equivalent.

Partition of unity. We recall the following classical result (see, e.g., Theorem 5.6 in [MCar92]):
Let M be a C* -manifold, which is Hausdorff and has a countable base. Let also {U;}52; be an open locally-
finite cover of M.

Then there exists a C°°-smooth locally-finite partition of unity {1;}i2, on M, such that

supp¥; C U;. (2.20)

In particular, any open interval (a,b) C R and 2 satisfy the conditions for M of this statement. It will
be used in Subsection 3.1.



3 Main results

Theorem 1. There exist a weight W satisfying (1.4) and a non-zero function f € C§*(RY), d > 2, such
that
Pwf=0 onTS", (3.1)

where Pw s defined in (1.1). In addition, W is rotation invariant, i.e., satisfies (1.6), and f is spherically
symmetric with supp f C B. Moreover,

W e C™(Q\Q(1)),

W e C*(R? x $*™1) for any a € (0, ap), ag = 1/16,
W >1/2 onQ and W =1 on Q([1, +0)),

W(z,0) =1 for|z| > R>1,0e 8",

—_ o~~~
SRR
S £l

where Q, Q(1), Q([1, +00)) are defined by (2.1), (2.5), R is a constant.

The construction of W and f proving Theorem 1 is presented below in Subsections 3.1, 3.2. In addition,
this construction consists of its version in dimension d = 2 (see Subsection 3.1) and a subsequent extension
of W and f to the case of d > 3 (see Subsection 3.2).

Theorem 1 directly gives counterexamples to Injectivity 1 and Injectivity 3 of Introduction. Theorem 1
also implies the following counterexample to Injectivity 2 of Introduction:

Corollary 1. For any N > 0,6 >0 and a € (0,1/16) there are Wy, fs5 such that

W satisfies (1.4), d = 2, (
Ws € C%(R* x S"), |[Wsllco@mzxst) < N, (3.
fs € CZ(R?), f5 # 0, supp f> € B(0,4), d =2, (
Pw, fs =0 on TS". (

The construction of Wjs, fs proving Corollary 1 is presented in Subsection 4.1.

3.1 Construction of f and W for d =2

In dimension d = 2, the construction of f and W adopts and develops considerations of [Bom93] and [GN17].
In particular, we construct f, first, and then W (in this construction we use notations of Section 2 for d = 2).

Construction of f. The function f is constructed as follows:

f:Zf—l?7 (3.10)

k=1~
fi(@) = Fi(lz]) = B(2"(1 — |a])) cos(8"[z]*), = € R, k € N, (3.11)

for arbitrary ® € C*°(R) such that

supp ® = [4/5,6/5], (3.12)

0< ®(t) <1fort € (4/56/5), (3.13)

®(t) = 1, for ¢ € [9/10,11/10), (3.14)

® monotonously increases on [4/5,9/10] (3.15)

and monotonously decreases on [11/10, 6/5]. '

Properties (3.12), (3.13) imply that functions ﬁ (and functions f) in (3.11) have disjoint supports:
suppf; Nsuppf; = 0 if i # j,
~ 4 (3.16)

suppfi = [1— 27 (g) S <g)], i, j ke,

This implies the convergence of series in (3.10) for every fixed z € R?.

Lemma 1. Let f be defined by (3.10)-(3.14). Then f is spherically symmetric, f € C§°(R?) and supp f C B.
In addition, if v € TS', yN B # 0, then f|, Z0 and f|, has non-constant sign.

Lemma 1 is similair to Lemma 1 of [GN17] and it is, actually, proved in Section 4.1 of [GN17].



Construction of W. In our example W is of the following form:

W (z,0) = ¢1(z) <Z &i(r(x,0)Wi(a, 9)) + ¢2(x)

N

= (bl(x) <§0(T‘($70))W0(x70) + Z&(T‘(x70))wz($70)> + ¢2($)7 (x79) €9,

i=1
where

@1, ¢2 is a C™-smooth partition of unity on R? such that,
p1=0for |z| >R>1,¢1 =1 for |z| <1,

¢2 =0 for |z| <1,

{&i(s), s € R}, is a C™- smooth partition of unity on R,
&i(s) =&i(—s), s€R,i=0,N,

Wi(z,0) are bounded, continuous, strictly positive and rotation invariant

(according to (1.6)), (2.19) on the open vicinities of supp & (r(z,0)), i = 0, N, respectively.

From the result of Lemma 1 and from (3.18) it follows that

Py f(2,0) = &o(|z]) Pw, f (2,0) + Y &illz]) Pw, f(x,0), (x,0) € TS',

i=1

where W is given by (3.17).
From (3.17)-(3.21) it follows that W of (3.17) satisfies the conditions (1.4), (2.18), (2.19).
The weight W) is constructed in next paragraph and has the following properties:

Wo is bounded, continuous and rotation invariant on ©(1/2, +00),
Wo € C(Q((1/2,1) U (1, +00))) and Wy € C*(2(1/2, +00)) for a € (0,1/16),
there exists 6o € (1/2,1) such that:
Wo(z,0) > 1/2 if r(z,0) > do,
Wo(z,0) =1 ifr(z,0) >1,
Pw, f(z,0) =0 on Q((1/2, +0)),
where Py, is defined according to (1.1) for W = Wy, f is given by (3.10), (3.11).
In addition,
supp &o C (—o00, —do) U (do, +00),
&o(s) =1 for |s| > 1,

where do is the number of (3.25).
In particular, from (3.25), (3.27) it follows that

Wo(z,0)6o(r(x,0)) > 0 if & (r(z,0)) > 0.
In addition,

&i(r(x,0))W;(z,0) are bounded, rotation invariant and C*° on €,
Wi(z,0) > 1/2 if &(r(z,0)) # 0,

Pw, f(x,0) =0 on (x,0) € TS", such that & (r(z,0)) # 0,
i=1,N, (z,0) € Q.

Weights W1, ..., Wx of (3.17) and {&}L, are constructed in Subsection 3.1.
Theorem 1 for d = 2 follows from Lemma 1 and formulas (3.17)-(3.26), (3.29)-(3.32).

(3.17)

(3.22)

(3.25)

(3.26)

(3.29)

(3.30)
(3.31)
(3.32)

We point out that the construction of Wy of (3.17) is substantially different from the construction of
Wi,...,Wx. The weight Wy is defined for the rays v € TS' which can be close to the boundary B of B

which results in restrictions on global smoothness of Wj.



Construction of Wy. Let

{1} be a C™ partition of unity on (1/2,1), such that suppey C (1 -2 1 -2 ke N,
(3.33)

first derivatives 1}, satisfy the bounds: sup |y} | < C2%, (3.34)

where C is a positive constant. Actually, functions {t }5;2, satisfying (3.33), (3.34) were used in consider-
ations of [Bom93].
Note that
1—27®=2=1 1 _97%6/5), k > 3. (3.35)

Therefore,
Vso, to € R : so € supp¥p_2, to € supp ®(27(1 —t)) = so < to, k > 3. (3.36)

Weight Wy is defined by the following formulas
Yr—2(r(z,0))

1= G(,0) S kfu() L 1/2 < r(2,0) < 1,
k=3

Wo(x,0) = Hy(z,0) , (3.37)
1, r(z,0) > 1
Glo.0) = [1)dy, Hi(w.0) = [y, v € B 0 €S, (339)
v(z,0) v(z,0)
where f, fi are defined in (3.10), (3.11), respectively, rays v(z, 8) are given by (2.13).
Formula (3.37) implies that Wy is defined on Q(1/2) C Q.
Due to (3.11)-(3.14), (3.33), (3.36), in (3.38) we have that
Hy(z,0) # 0 if p_o(r(z,0)) #0, (z,0) € Q, (3.39)
Yrar@,0)) o ooy 2, 1)), (3.40)

Hk(l',a)

where r(x,0) is defined in (2.2), Q, Q(-) are defined in (2.1), (2.5), d = 2.

Also, for any fixed (z,0) € Q, 1/2 < r(x, ), the series in the right hand-side of (3.37) has only a finite
number of non-zero terms (in fact, no more than two) and, hence, the weight Wy is well-defined.

By the spherical symmetry of f, functions G, H, in (3.37) are of the type (1.6) (and (2.18)). Therefore,
Wy is rotation invariant (in the sense of (1.6) and (2.18)).

Actually, formula (3.26) follows from (3.10), (3.11), (3.37), (3.38) (see Subsection 5.2 for details).

Using the construction of Wy and the assumption that r(z,0) > 1/2 one can see that Wy is C™ on its
domain of definition, possibly, except points with r(z,0) = 1.

Note also that due to (3.10), (3.11), the functions fx, G, Hi, used in (3.37), (3.38) can be considered as
functions of one-dimensional arguments.

Formulas (3.23)-(3.25) are proved in Subsection 5.1.

Construction of Wy, ..., Wy and &, ...,¢n
Lemma 2. Let f € C§°(R?) be spherically symmetric, (zo,00) € TS", fly(z0,00) Z 0 and fly(zg.00) changes
the sign. Then there exist e0 > 0 and weight Wy, 6.),c, Such that

€0

PW(Ioﬁo),Eof =0on Q(jr(zoﬁo)yfo)? (3.41)
Wizo.00),e0 15 bounded, infinitely smooth,

3.42
strictly positive and rotation invariant on QT (zg,00),60) ( )

where QU Tr.eo ), Tr,eo are defined in (2.5) and (2.9), respectively.
Lemma 2 is proved in Section 6.
Let f be the function of (3.10), (3.11). Then, using Lemmas 1, 2 one can see that
V6 € (0,1) there exist {J; = Tri.e0, Wi = Wia, 0,).e5 e
such that J;, ¢ = 1, N, is an open cover of [0, ] (3.43)
and W; satisfy (3.41) and (3.42) on Q(J;), respectively.
Actually, we consider (3.43) for the case of § = dp of (3.25).

Note that in this case {Q(J;)}iL, for J; of (3.43) is the open cover of Q1 (d).
To the set Q0(do) we associate the open set

Jo = (—00,00) U (b0, +00) C R. (3.44)

Therefore, the collection of intervals {£J;, ¢ = 0, N} is an open cover of R, where —J; is the symmetrical
reflection of J; with respect to {0} € R.



We construct the partition of unity {&}X, as follows:

§i(s) = &i(ls]) = %(51(8) +&i(=9), s€R, (3.45)

supp& C J; U (=J;), i =0, N, (3.46)

where {£;} is a partition of unity for the open cover {J; U (—J;)}}L, (see Section 2, Partition of unity, for
Ui = Ji).

Properties (3.27), (3.46) follow from (2.20) for {&}X, with U; = J; U (—=Ji), the symmetry of J; U
(=Ji), i =1, N, choice of Jy in (3.44) and from (3.45).

In turn, (3.28) follows from (3.44) and the construction of J;, i = 1, N, from (3.43) (see the proof of
Lemma 2 and properties (3.43) in Section 6 for details).

Properties (3.30)-(3.32) follow from (3.43) for § = o and from (3.44)-(3.46).

This completes the description of Wi, ..., Wx and {&}1,.

3.2 Construction of W and f for d > 3

Consider f and W of Theorem 1, for d = 2, constructed in Subsection 3.1. For these f and W consider f
and U such that

f@) = f(ll), W(z,0) = Uzl |20]), = € R*, 0 € S". (3.47)

Proposition 1. Let W and f, for d > 3, be defined as
W (z,0) = U(|z|, |20]), (z,0) € R x 871, (3.48)
(@) = f(z]), = € R, (3.49)

where U, f are the functions of (3.47). Then
Pwf=0onTS" " (3.50)

In addition, weight W satisfies properties (3.2)-(3.5), f is spherically symmetric infinitely smooth and com-
pactly supported on R, f 2 0.

Proposition 1 is proved in Subsection 4.2.
This completes the proof of Theorem 1.

4 Proofs of Corollary 1 and Proposition 1

4.1 Proof of Corollary 1
Let

X, = {z1e1 + zoea + res : (z1,22) €ER*}, 0< r < 1, (4.1)
S =XoNS* = {(cos ¢,sin$,0) € R* : ¢ € [0,27)} ~ S, (4.2)

where (e1, e2, e3) is the standard orthonormal basis in R3.

Without loss of generality we assume that 0 < § < 1. Choosing r so that /1 — 2 <r < 1, we have that
the intersection of the three dimensional ball B(0,1) with X, is the two-dimensional disk B(0,d'), §' < §
(with respect to the coordinates (x1,z2) induced by basis (e1, e2) on X).

We define Ws on R? x S and fs on R? as follows:

N

Ws = ——W|x,xs, 4.3
Wloam s X (4.3)

fs = flx., (4.4)
for r = /1 — 62,

where W and f are the functions of Theorem 1 for d = 3.
Due to (3.2), (3.3), (3.4), (4.3) we have that

N

| = ——
2[[Wllce @2xst)

 [IWell o @2 xsty < N. (4.5)
Properties (4.5) imply (3.6), (3.7).

In view of Lemma 1 for the function f of Theorem 1, we have that fs is spherically symmetric, fs €
C5°(B(0,8")), fs #0.

Using (3.1), (4.3), (4.4) one can see that (3.9) holds.

This completes the proof of Corollary 1.



4.2 Proof of Proposition 1

Let
1(r) = / Tyl ) F(lyl) dy, v > 0, 3 = 7(rea, 1), (4.6)

Ir

where (z, ) is defined by (1.3), (e1,...,eq) is the standard basis in R,
Due to formula (3.1) of Theorem 1 for d = 2 and formulas (3.47), (4.6) we have that

I(r) = Pw f(rez,e1) =0 for r > 0. (4.7)
Next, using (1.1), (3.47), (4.7) we have also that
P f(x,0) = / Uyl ly — (90)61) f(ly) dy = I(|z]) = 0 for (x,6) € TS" ", (4.8)
v(z,0)

where «y(z, 0) is defined in (1.3).

Formula (4.8) implies (3.50). Properties of W and f mentioned in Proposition 1 follow from properties
(3.2)-(3.5) of W and of f of Theorem 1 for d = 2.

This completes the proof of Proposition 1.

5 Proofs of formulas (3.23)-(3.26)

5.1 Proof of formulas (3.23)-(3.25)
Lemma 3. Let Wy be defined by (3.37), (3.38). Then Wy admits the following representation.:

Wo(e,0) = Uo(at, [z — (20)0)), (x,0) € Q(1/2, +00)), (5.)
—_C(r 0 F $2 4 p2)1/2 Yr—2(r) r
Uo(s,r) = 1= )kgg,k'fk(( 7 ﬁk(r) << 177 (5.2)
L,r>1
Go)* [ Fway. i) [ Fouan, F= 3055, (53)

s €R, z € R?, ~, is an arbitrary ray in T(r), r>1/2,

where T(r) is defined by (2.8), d =2, fx are defined by (3.11). In addition:

Uo is infinitely smooth on R x {(1/2,1) U (1,+00)}, (5.4)

Uo(s,7) = 1 as 7 — 1 (uniformly in s € R),

Uo(s,r) =1 if s> + 12 > 1, (5.6)

1= Uo(s,7)] < Co(1 — ) log? (ﬁ) (5.7)
forseR,1/2<r <1,

[Uo(s,) — Un(s',7")| < Culs — | + Culr — /|2, (5.8)

for a € (0,1/16), 5,8 € R, r,7" > 1/2,

where Co, Cy are positive constants depending on ® of (3.12)-(3.14).

Lemma 3 is proved Section 7.

Lemma 3 implies (3.23)-(3.25) as follows.

The continuity and rotation invariancy of Wy in (3.23) follow from (1.6), (1.7), (5.1), (5.8).
Due to (3.33), (5.1), (5.2), (5.3) we have also that

Uo admits a continuous extension to R x [1/2, +00). (5.9)

Properties (5.6), (5.9) imply the boundedness of Wy on Qo(1/2), where Qo(-) is defined in (2.3), d = 2. This
completes the proof of (3.23).

Formula (3.24) follows from (5.1), (5.4), (5.8) and from the fact that 20, |x — (x0)6| are infinitely smooth
functions on Q0(1/2) and are Lipshitz in (z,6) for € B(0, R), R > 1.

Formula (3.25) follows from (3.23), (5.1), (5.2), (5.5), (5.6).

This completes the proof of (3.23)-(3.25).



5.2 Proof of formula (3.26)
From (1.1), (3.10)-(3.13), (3.33), (3.37), (3.38) it follows that:

I FW) fe(y)dy

Pw, f(z,0) —W(Z))f(y) dy — G(z,0) kzza Kl (r(z, e))”(z"”Hk o0 (5.10)
- (fe) fi(y)dy
:7(1/79)]0@) dy —Wé)f(y) dyé%z(’“(%a))W (5.11)
— [iwdr= [1@)dyY ra(r@0) =0 tor @) € D1/, (12)
+(@,0) +(@,0) k=3

where v(z, 0) is defined in (1.3), Qo(-) is defined in (2.3), d = 2.
Formula (3.26) is proved.

6 Proof of Lemma 2

By u € R we denote the coordinates on a fixed ray v(z,0), (z,0) € Q,d = 2, taking into account the
orientation, where v = 0 at the point z — (z6)6 € v(x, 0); see notation (2.13).
Using Lemma 1, one can see that

flrv@o) € C5T(R), flay,0) (W) = flyw,0)(ul), u €R. (6.1)

Using (6.1) and the assumption that f|, ., e,)(%) changes the sign, one can see that there exists 1(z,,90)
such that

¢(zo,90) € C(?O(R)7 ¢(zo,90) > 07 7/1(10,90)(“) = ¢(Zo,9o)(|u|)7 (NS R: (62)
[ oo do #0. (6.3)
~(z0,00)
and if
/ fdo#0 (6.4)
~(z0,00)
then also
sen( [ 1do)sen [ Fuapa do) = -1, (6.5)
~(z0,00) ~(z0,00)

where do = du (i.e., o is the standard Euclidean measure on ~(z,0)).

Let
[ fdo

(z,0)
Wiag,00)(%,0) =1 — w(zo,eo)(xe)f L

— Y zeR?0eS, (6.6)
w(z,Q)fw(x()aeo) do

where do = du, where u is the coordinate on ~(z,0).
Lemma 1 and property (6.2) imply that

/f do and /f’l/}(zo’go) do depend only on r(zx,0), where (z,0) € Q, (6.7)

v(z,0) v(x,0)

where 7(z,0) is defined in (2.2), Q is defined in (2.1), d = 2.
From (6.2), (6.6), (6.7) it follows that W, g,) is rotation-invariant in the sense (1.6).
Formulas (6.3), (6.6), (6.7), properties of f of Lemma 1 and properties of ¢, 6,) of (6.2) imply that

Je1 >0: /fl/)(xo’go) do # 0 for (z,0) € UTr(w0,00),c1)> (6.8)

v(x,0)

where sets Q(Js,c), Js,c are defined in (2.5), (2.9), respectively.
In addition, using properties of f of Lemma 1 and also using (3.10), (3.16), (6.2), (6.6), (6.8), one can
see that

Wizg,00) € C7 (UTr(20,00),21))- (6.9)



In addition, from (6.1)-(6.7) it follows that

J[fdo
. (z0,00)
if r(x,0) = r(xo,00) then W, z,0) =1—1, z)— 00l
( ) ( 0 O) ( 0’00)( ) ( 0’00)( ) ( ffqzb(zo,eo)da
(0,00

[ fdo

v(20,00)
—1- ¢(zo,90)(x9)m >1, (6.10)
zo,Y%0

v(20,00)
where r(z,0) is defined in (2.2), d = 2.
From properties of f of Lemma 1, properties of (4,9, of (6.2) and from formulas (6.6), (6.8), (6.9),
(6.10) it follows that

Jeo > 0(c0 < €1) : Wigg,00)(,0) > 1/2 for (z,0) € QU Tr(20,00),20)- (6.11)
Let
W(Ioﬁo),ﬁo = W(IOvGO) for (:E,e) S Q(JT(IU,G[)),E())7 (6.12)
where Wz, 9, is defined in (6.6).
Properties (6.7), (6.9), (6.11) imply (3.42) for W, ,0,),e, Of (6.12).
Using (1.1), (6.6), (6.8), (6.12) one can see that

PW(IOaQO)aEO /W(Zoﬁo) fda
v¥(z,0)
Jfdo
(z,6)
fdo i /fwz 60y do =0 for (2,0) € QU Tr(zg.00).c0), (6.13)
/ ffi/fm,eo)da (z0,00) (z0,00),€0
~(z,6) v(z,0)

where Q(-) is defined in (2.5), d = 2, J;. is defined in (2.9). Formula (3.41) follows from (6.13).
Lemma 2 is proved.

7 Proof of Lemma 3

Proof of (5.1)-(5.3). Using (2.2), (3.10), (3.11), (3.38), (5.3) we obtain

G(z,0) = (z,0)) f(z)dz, (7.1)
s
Hy(z,0) = Hi(r(z,0)) :/f;f(x) de, (7.2)
~(z,0)
Fe(zl) = Fe((|20]” + |z — (20)0]*)"/?), (z,0) € Qo(1/2), (7.3)

where Qo(+) is defined in (2.3), d = 2, v(x,0) is defined as in (2.13).
Formulas (3.37), (3.38), (7.1)-(7.3) imply (5.1)-(5.3).

Proof of (5.4). Let

Ap=(1—27F3 127" LeN k>4 (7.4)
From (3.33) it follows that, for k > 4:

supp ¢¥r—1 C (1 — 2 kT2 1 _ 24“)7

supp Yr—2 C (1 — PRLERS 2_k+1) = Ay,

supphg_3 C (1 —27FH4 1 — 2772y (7.7)

Due to (5.2), (5.3), (7.5)-(7.7), we have the following formula for Up:

Us(s,r) =1 - G(r) <(k — DIfea((s* + T2)1/2)7§1Zj((:))
F((s2 4 r2)1/2 Yr—2(r)
kR ((s* +77) )Tk(r) (7.8)
¢k—1(7‘)

(ke + D) frrr (82 + 7)) =

forr € Ag, seR, k> 4.
Hyqa(r)
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From (5.3), (7.8) it follows that

n _ ny 2 2\1/2
o (5= —Gr) (b — 2 Lemr s ) ) vis ()
asm asm Hy_1(r)
n g 2 2\1/2
OS5~ +77) ) tra(r) (7.9)
Os™ Hy(r)
n g 2 2\1/2
e @B (4 )
8s Hiqa(r)
oG, o o"H o
_ 9" 2 212 moy_ [ 9" 72 212
o) = [ st ds, TRy = [ SR ) ds (7.10)
reN,seR m>1,n>0,k>4,
where G, H,, are defined in (5.3).
Using Lemma 1 and formulas (3.10), (3.11), (3.33)-(3.40), (5.3) one can see that:
fy fm—2, G, Hy, belong to C5° (R), w}[n_Q belongs to C5°((1/2,1)) for any m > 3. (7.11)

From (7.9)-(7.11) it follows that Up(s,r) has continuous partial derivatives of all orders with respect to
r € Ak, s € R. It implies that Uy € C*°(R x A). From the fact that Ax, k > 4, is an open cover of (1/2,1)
and from definition (5.2) of Uy, it follows that Uy € C*°(R x {(1/2,1) U (1, +00)}).

This completes the proof of (5.4).

Proof of (5.6). From (3.11)-(3.14) it follows that

F(lz|) = 0if || > 1 for k € N. (7.12)
Formula |z|> = |20]> + |z — (z0)0)?, z € R?, § € S', and formulas (5.2), (7.12) imply (5.6).
Proofs of (5.7)-(5.8).

Lemma 4. There are positive constants c, k1 depending on ® of (3.12)-(3.14), such that
(i) for all k € N the following estimates hold:

Il <1, (7.13)
|fi] < 8", (7.14)

where f}, denotes the derivative of fi defined in (5.3).
(i3) for k> ki and 1/2 < r <1 the following estimates hold:

w}’fﬁ(;) < 2k, (7.15)
kT
4 (Yr=a(r) < 2% (7.16)
dr \ Hy(r)
where ¥y, are defined in (3.33), Hy, is defined in (5.3).
(iii) for k>3 and > 1— 27" the following estimates hold:
~ 2\/5 —k
IG(r)| < A k!) ; (7.17)
dG gk
%(7‘) < Tk (7.18)

where G is defined in (5.3).
Lemma 5. Let Uy be defined by (5.2)-(5.3). Then the following estimates are valid:

oUy

c oUy
Z=0 < =
ds (S’T)‘ - 1=r)¥ ‘

W(s,r)‘ < = fors e R, r € (1/2,1), (7.19)

_C
(1=7)
where C is a constant depending only on ® of (3.12)-(3.14).

Lemmas 4, 5 are proved in Subsections 8.1, 8.2, respectively.
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Proof of (5.7). From (7.15), (7.17) it follows that

G(r)] < e(2V2) "7/ (k - 3)!, (7.20)
% < 2", (7.21)

for r € Ak, k > max(4, k1),

where Ay is defined in (7.4).
Properties (7.5)-(7.7) and estimate (7.15) imply that

Yr-1(r) =0,

’ Ges() | gpen B (127K 127, (7.22)
kal(’f‘) -

Yr—2(r) =0,
U1 () | e i TE( - PRLSEN I B ) (7.23)
Hya(r) |~
k—-3\T) =

for k > max(4, k1).
Note that the assumption that r» € Ay is splitted into the assumptions on r of (7.22), (7.23), (7.24).
Using formulas (7.8), (7.20)-(7.24), we obtain the following estimates:

(5 = a6 1 7)) B 0 4 22y B2

< e(2V2)TF 3 ek — 2)(k — 1)2°71 + c(k — 2)(k — 1)k25)
<2°V2R27R KR i e (1—27FF8 1 27,

1= Us(s,r)| = |G(r)]

(7.25)

KV P ((s2 4 r2)1/2 M k4 I Feur (0% + r2)/2 151@71(7‘)
fe((s"+7%) )Hk(r) + (k+ Dk (0" +77) )Tﬂ(r)
< e(2v2)TF3 (2 (k - 2)(k — Dk + 2" (k — 2)(k — 1)k(k + 1))

<2'0V2cf2 7R it re (12782 1 — 27k,

1= Uo(s,7)| = |G(r)]

(7.26)

Fo((s2 4 p2)1/2 Yr—2(r)
Bk((s" 1) )f{rk(r) (7.27)

<2'2cP2 7R if p =127k

1= Us(s,7)| = |G(r)]

for s € R, k > max(4, k1). Estimates (7.25)-(7.27) imply that
|1 —Uo(s,r)| < C27"2k* 1 € A, s € R, k > max(4, k1), (7.28)
where C' is a positive constant depending on ¢ of Lemma 4.

In addition, for r € Ay we have that 275" < (1 — r) < 273 which together with (7.28) imply (5.7).
This completes the proof of (5.7).

Proof of (5.8). We consider the following cases of s, s’, , " in (5.8):

1. Let
5,8 €Rand r,r’ > 1. (7.29)
Due to (5.2) we have that
Uo(s,r) =1, Up(s',r") = 1. (7.30)
Identities in (7.30) and assumption (7.29) imply (5.8) for this case.
2. Let
5,8 €ER1/2<r<landr’ >1. (7.31)
Then, due to (5.2), (5.7) we have that
11— Uo(s,r)| < C(1—r)"/?, (7.32)
Uo(s',r") =1, (7.33)
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where s, ', r, v’ satisfy assumption (7.31), C'is a constant depending only on ®. In particular, inequality
(7.32) follows from (5.7) due to the following simple property of the logarithm:

logy (ﬁ) < C(a,e)(1—r) " forany e > 0,7 €[0,1), a >0, (7.34)

where C(a, ) is some positive constant depending only on a and .
Due to (7.31), (7.32), (7.33) we have that

|Uo(s",7") — Uo(s,7)| = |1 — Up(s,7)| < C(1 — 7')1/3

(7.35)
§C|’r‘—7“/ 1/3 SC(|7’—T/ 1/3+| |1/3)
where C' is a constant depending only on ®.
Estimate (7.35) and assumptions (7.31) imply (5.8) for this case.
3. Let
5,8 € Rand r,7’ € (1/2,1). (7.36)
In addition, without loss of generality we assume that r > 7.
Next, using (5.4) one can see that
Uo(s,r) = Uo(s',7")| = [Uo(s,) = Un(s',r) + Uo(s',7) — Uo(s',7")]
< _ / ! _ ! /
|(;o(s ;1) —Us(s',7)| +((|9U0(8 ,7)—Uo(s',r")] (7.37)
UO UO /AN
<| B2 (50| 13— 1+ | B2 (5,7 I =)
for s,s' € R, r,7’ >1/2, and for appropriate 3, 7.
Note that 3,7 belong to open intervals (s,s’), (r’, ), respectively.
Using (5.7), (7.19), (7.32), (7.37) and the property that 1/2 < r’ < # <7 < 1 we obtain
[Uo(s,r) — Uo(s',7")| < C((1 =)+ (1 —1")/%), (7.38)
Uo(s.7) = Vol )| < s (ls =+ =), (7.39)
where C' is a constant depending only on ®.
We have that
A=)+ 1= = A=) (A=) + (=)
<21 =) 4 pr — |3
3 /1/3 i1 — < o
|r — |1 i i r<|r—r'], (7.40)
3(1=r)34f 1 —7 > |r—1'],
where 7,7’ satisfy (7.36). Note that in (7.40) we used the following inequality:
(a+b)"™ <a™+b"™ fora>0,b>0,meN. (7.41)
In particular, using (7.38), (7.40) we have that
|Uo(s,7) — Uo(s',7")|"® <3°C™(1 —=r)®if 1 —r > |r —7¢|, (7.42)
where s, s', 7,7’ satisfy assumption (7.36), C' is a constant of (7.38), (7.39).
Multiplying the left and the right hand-sides of (7.39), (7.42) we obtain
|Uo(s,r) — Uo(s',7)|'® <3°C*(|s — &'| + |[r —#']), if 1 —7 > |r —+|. (7.43)
Using (7.38), (7.40) we obtain
[Uo(s,7) — Uo(s',7")| < 3C|r — /|3, if 1 —r < |r — /|, (7.44)

where C is a constant of (7.38), (7.39) depending only on ®. Using (7.43) and (7.41) for m = 16, a =
|s — s'|, b=|r —r'|, we have that

Uo(s,7) = Uo(s',7")| < 3C(|s = '[V10 + r = ¢/[V/1), it 1= 1 > |r =, (7.45)
where s, s’,r, 7’ satisfy assumption (7.36), C' is a constant of (7.38), (7.39) which depends only on ®.

Formulas (7.44), (7.45) imply (5.8) for this case.

Note that assumptions (7.29), (7.31), (7.36) for cases 1, 2, 3, respectively, cover all possible choices of
s,8',r,r" in (5.8).

This completes the proof of (5.8).

This completes the proof of Lemma 3.
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8 Proofs of Lemmas 4, 5

8.1 Proof of Lemma 4

Proof of (7.13), (7.14). Estimates (7.13), (7.14) follow directly from (3.11)-(3.14).

Proof of (7.17). We will use the following parametrization of the points y on ~(z,0) € TS, (z,0) €

Q, r(z,0) # 0 (see notations (2.1), (2.2), (2.13) for d = 2):
y(B) = x — (20)0 + tan(B)r(2,0) 0, 5 € (=7/2,7/2),

where 3 is the parameter.
We have that:

rdf.

cos? B8

do(B) = rd(tan(B)) =

,r=r(z,0),

where o is the standard Lebesgue measure on v(z,6).
From definitions (3.10), (5.3) it follows that

where T'(r) is defined by (2.8).
Using (3.11), (8.1), (8.2), (8.4) we obtain the following formula for G:

/2

~ o k B T k 7’2 dﬁ
Gi(r)=r / ) <2 <1 cosﬂ)) cos (8 cos2ﬂ> —COS2ﬂ
/2

-

—+oo

={u=tan(8)} =2r / d (Qk (1 —rvu? + 1)) cos (8k7"2(u2 + 1)) du

o

SE

:{t:u2}:r/<1>(2k (1= rVE+T)) cos (852t + 1)

= rcos(8"r?) / P21 —rvi+ 1))Mdt
+

Vit

8Fr?t)

,rsin(Skvﬁ)/@(2k(1fr\/t+1))sm(\/z dt

=8 %27 cos(8%r?)

Dyt r)&\/g)dt, r>1/2,

— 87 F/2p L sin(8"r?)

O\‘é’ O\

where

D (t,r) = B(2°(1 —r/8=kr=2t 4+ 1)),t >0, r > 1/2, k € N.

For integrals arising in (8.5) the following estimates hold:

+oo .
sin(t)

/ @t )=t

0
—+ o0

/ Dy (t,r) CO\S/(;) dt

for1/2<r<1,k>1.

< Ch < oo,

<O < 4+,
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where @y, is defined in (8.6), C1, C2 are some positive constants depending only on ® and not depending on

k and 7.
Estimates (8.7), (8.8) are proved in Subsection 8.3.
From (8.5)-(8.8) it follows that

|Gr(r)| < 2-87F/2(Cy + Cy) for r > 1/2, k € N.
Note that for y € ~,, the following inequality holds:
Fa—yh <2 -r) <" <1/2<4/5for 1 -2 <r <1, k<m, m>3,

where v, is a ray in T'(r) (see notations of (2.8), d = 2).
Formulas (3.11), (3.12), (5.3), (8.10) imply that

v Nsupp fr =0 if r >1-2"", k <m,
In turn, (8.4), (8.11) imply that
Gr(r)=0forr>1—-2"" k<m, m>3.

Due to (8.3), (8.4), (8.9), (8.12) we have that:

G <> Gr(r)|/k!
k=m
<2(Cy + 02)% (2\/5)*’C = cl%ﬁ, a=(C1+ 02)72j%/§ 1

forr>1—-2"",m > 3.

This completes the proof of estimate (7.17).

Proof of (7.18). Using (8.3), (8.4) we have that:

Formulas (3.11), (7.10) for n =1, (7.14), (8.4) imply that

~ +oo o
G = | [rlE e
ar ST

+oo
< / |ﬁz<<32+r2>”2>|ds:/|ﬁ;<|y|>|dy§cs’“/dyszcs’“,

—0 Yr vrNB(0,1)

where B(0, 1) is defined in (2.15), d = 2.
At the same time, formula (8.12) implies that

dGr(r)
dr

=0forr>1-2"",k<m,m>3.

Formulas (8.14), (8.15), (8.16) imply the following sequence of inequalities:
— 1

<D %
k=m

The series in the right hand-side in (8.17) admits the following estimate:

d@(r)
dr

dék(T)

dr

8" o= mi8"

c e
T oml &~ (k 4+ m)!

,r>1-2"""m>3.

— ml8" — 8"
Z — < Z = = ¢® and the estimate does not depend on m.

Formulas (8.17), (8.18) imply (7.18).
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Proof of (7.15). For each 9 from (3.33) we have that

[x] < 1.

Therefore, it is sufficient to show that
Hy>C2 " for k> ki, C=c '

Proceeding from (5.3) and in a similar way with (8.5) we obtain the formulas

T 9ok —
Hilr) =7 / VAP D) cos? (8512 (¢ + 1)) dt = His (1) + Healr), 7> 1/2,

Vit

~ r T 2o —r

Hia(r) = 3 / ®2(2%(1 \/E\/t+1)) dt.

~ r a2k — 1/

Hk,2(7"):§ / LalCAC 7 t+1)) cos(2~8kr2(t+1))dt.

In addition, we have that:

supp,®*(2°(1 —rvE+1) C [0,3] for 1/2 < r <1 -2 k>3,

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

where supp, denotes the support of the function in variable t. Property (8.24) is proved below in this

paragraph (see formulas (8.26)-(8.29)).
Note that

A —ry > 27" > 95 6/5for 1/2<r<1—27" k>3
From (3.12), (3.13) and from (8.25) we have that:
supp, ®>(2°(1 — rvt + 1) C [0,400) for 1/2 <r <1—27F" k>3

We have that
(k) _ (k) (k) _ (k) (k) o (k) 281 — 7/t +1) =11/10,
Y =t (r) > 0,ty =ty (r) >0, ¢ty >1t;’, such that
28(1 — ry/t$F) 4 1) = 9/10,
k k k (k) 27F 27k
15 — 9] (Wém—%ﬁ +1) =5 250

for1/2<r<1-2""" k>3,

In addition, from (8.27) it follows that

1 — 2 kL2 11
tﬁ’“:g—1g4(1—2"“—)2—1<3

—= )

r? 10
k92
w _ (1=27"55) k1l
ty =—————-1<4(1-2""—=)"-1<
2 7‘2 — ( 10) _37
for1/2 <r < 1—27%1 k>3
Using (3.12)-(3.14), (8.22), (8.24), (8.27)-(8.29) we have that
£ 3[40 — (R
= r dt _r dt
i S B 3
w0z [ 723
(0 3
1
3458 —{R)) X
r T (k k 2- _k
zg/dt:gﬁg)—tg”z%for 1/2<r<1-2"%"' L>3
3
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On the other hand, proceeding from using (8.23) and, in a similar way with (8.5)-(8.9), we have

T a2 T
|Hy.2(r)| z /(I) @' -rvitD) cos(2- 85 r?(t 4+ 1)) dt

2 Vit
0
i cos(2 - 8"r%t)
< =|cos(2- 8 r?)] /@2(2k(1—r\/t+1))7dt
0
—+oo
(. gk 2 (8.31)
+ Zsin(2 - 8%r?))| /@2(2k(1—r\/t+1))wdt
2 J Vi
T (21) T g s
< gkl /q) 172250 gy 4 g-r/2T /(bg £y S22 4,
= 2 J k:( ) \/E 2 / k:( T) \/E

<87F2C for1/2<r<1—27"" k>3,

where @ (¢,7) is defined in (8.6), C' is some constant depending only on ® and not depending on k,r. In
(8.31) we have also used that ®2(t) satisfies assumptions (3.12)-(3.14).

Note also that ®*(t) satisfies assumptions (3.12)-(3.14) for ®(t).

Using (8.21)-(8.23), (8.30), (8.31) we obtain

\Hi(r)| > [Hia (r)] = | Hya(r)|

Y

27" k/2
e
30

(1 c’
> — — —— 8.32
> (55 (ﬁ)k) (8.32)
>C27% for1/2<r <1 -2k >k >3,

1 k1
C—%fC(\/_) ,

Y

where C’ depends only on ®, k; is arbitrary constant such that k1 > 3 and C is positive.
Formulas (7.15) follows from (3.33), (8.32).
This completes the proof (7.15).

Proof of (7.16). The following formula holds:

d <w52<r)> _ _HOYioaln) = Heha) oy (5.33)
dr \ H(r) HE(r) ’ ’

where H}, ¥},_, denote the derivatives of Hy, v, defined in (5.3), (3.33), respectively.
Using (3.11), (5.3), (7.10), n =1, (7.13), (7.14) we have that

A / s VR R ) d
2 / ]ﬁ(x/r2+s2)ﬂ(\/r2+s2)‘ ds:2/|ﬁ(|y|)j§;(|y|)|dy (8.34)
- Ir

< 2¢8* / dy < 4e8", ~, € T(r), k>3, r>1/2,

YrNB(0,1)

where we use notations (2.8), (2.15), d=2.
Using (3.33), (3.34), (7.15), (8.32)-(8.34) we have that

d [ he—2a(r)
dr ﬁk(r)

for 1/2<r<1—2"F" Ek>k >3,

< CP*(HL(r)| + [ Hi(r)] - [ ()] < C'2°, (8.35)

where C’ is a constant not depending on k and r and depending only on ®.
This completes the proof of Lemma 4.
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8.2 Proof of Lemma 5

It is sufficient to show that

laU()a(j,T) < (1 fT)37 (836)
AUy (s, ) C
o | S Ta=r (8.37)

for s € R, r € Ak, k > max(4, k1),

where C' is a positive constant depending only on @ of (3.11), Ay is defined in (7.4), k1 is a constant arising
in Lemma 4 and depending only on ®.

Indeed, estimates (7.19) follow from (5.4), (8.36), (8.37) and the fact that Ay, k > 4, is an open cover of
(1/2,1).

In turn, estimates (8.36), (8.37) follow from the estimates

AU (s, ) k
— T < . .
’ 2l < e 8, (8.38)
0 0(37T) k
— 7K . .
¢ 2 C-(32)", (8.39)

for s e R, r € Ay,

and from the fact that 271 < 1 —pr < 27%¥3 | > max(4, k1), for r € Ay, where C is a positive constant
depending only on ®.
Estimate (8.38) follows from formula (7.9) for n = 1 and estimates (7.14), (7.15), (7.20)-(7.24).
Estimate (8.39) follows from (7.8), (7.13)-(7.16), (7.20)-(7.24) and from the estimates:

i wk—i(T) 5(k+1)
dr <ﬁki+2(7“)> = ' (8.40)
dG(r) gkt

ar | == (8.41)

for r € Ag, 1 € {1,2,3},
where c is a constant arising in Lemma 4.
Estimate (8.40) follows from (7.16) (used with k —1, k, k+ 1 in place of k). Estimate (8.41) follows from

(7.18) (used with k — 3 in place of k).
This completes the proof of Lemma 5.

8.3 Proof of estimates (8.7), (8.8)

We use the following Bonnet’s integration formulas (see, e.g., [Fich59], Chapter 2):

/ AR dt = fi(a 7h (8.42)
/ fa(O)h(t) dt = fa(b j (t (8.43)

2

m

for some appropriate &1, &2 € [a, b], where

f1 is monotonously decreasing on [a,b], f1 > 0,
f2 is monotonously increasing on [a,b], f2 > 0, (8.44)

h(t) is integrable on [a, b].

Let
sin(t) cos(t)
t) = , Lt >0, 8.45
91(t) \/ 92(t) = 7 (8.45)
r cos(t)
dt, s > 0. 8.46
(= [“=Ha.s> (8.46)
0 0
We recall that
. . T
Jdm Ga(s) = Jim_Ga(e) =5 47



From (8.45), (8.46), (8.47) it follows that
G1, G2 are continuous and bounded on [0, +00). (8.48)

Due to (3.12)-(3.15), (8.6) and monotonicity of the function 2% (1 —7v/8=*r=2¢ 4+ 1) in ¢ on [0, +00) it follows
that

@ (t,r) is monotonously decreasing on [0, +00), if 2’“(1 —r) <11/10, (8.49)

@y (t,7) is monotonously increasing on [0, to] for some ¢ > 0

and is monotonously decreasing on [to, +00), if 2(1 —r) > 11/10. (8.50)
forr > 1/2, k € N,
Moreover, due to (3.12)-(3.14), (8.6), for Ty = 8%, k € N, we have that
Oy (T, r) = B(2"(1 — r/r=2 + 1)) = B(2°(1 — /1 +7-2)) =0, (8.51)
Oy (t,r) =0 for ¢t > Ty, (8.52)
|®x(t,r)] <1fort >0, (8.53)
r>1/2, keN
Using (8.6), (8.45)-(8.50), (8.52) and (8.42)-(8.44) we obtain
+o0 Ty, 3
/ Dy (t,1r)gi(t) dt = /@k(t,r)gi(t) dt = ®4(0,7) /gi(t) dt
0 0 0
= &4 (0,7)Gi(€) for appropriate & € [0, Ty], if 27(1 —r) < 11/10, (8.54)
oo Ty, tg Ty
[eeng@a= [oann@i= [eeng@dr [oengoa
0 0 0 to
to 134
= Py (to,r) /gi(t) dt + @k(to,r)/gi(t) dt
134 to
= @y (to,7)(G:(£") — G4(£")) for appropriate & € [0,%0], £ € [to, Tk, (8.55)

if 28(1 —7r) > 11/10,

where i =1, 2.
Estimates (8.7), (8.8) follow from (8.45), (8.46), (8.48), (8.53)-(8.55).

References

[Bey84] Beylkin, G., The inversion problem and applications of the generalized Radon transform. Com-
munications on pure and applied mathematics, 37(5):579-599, 1984.

[BQ87] Boman, J., Quinto, E.T., Support theorems for real-analytic Radon transforms. Duke Mathematical
J., 55(4):943-948, 1987.

[Bom93] Boman, J., An example of non-uniqueness for a generalized Radon transform. Journal d’Analyse
Mathematique, 61(1):395-401, 1993.

[MCar92] Do Carmo, M. P., Riemannian Geometry. Birkhduser Basel, 1992.
[Fich59] Fichtenholz, G.M., A course of differential and integral calculus, volume II, Moscow, 1959.

[Fi86] Finch, D., Uniqueness for the attenuated X-ray transform in the physical range. Inverse Problems
2(2), 1986.

[GGV64] Gel'fand, I. M., Graev, M. L., Vilenkin, N. Ya., Generalized Functions, Volume 5: Integral Geom-
etry and Representation Theory. AMS Chelsea Publishing, 1966.

[GN16] Goncharov, F.O., Novikov, R.G., An analog of Chang inversion formula for weighted Radon
transforms in multidimensions. Furasian Journal of Mathematical and Computer Applications,
4(2):23-32, 2016.

[Gonl16] Goncharov, F.O.; An iterative inversion of weighted Radon transforms along hyperplanes. Inverse
Problems (https://doi.org/10.1088/1361-6420/aa91a4), 2017.

[GN17] Goncharov F.O., Novikov, R.G. An example of non-uniqueness for Radon transforms with contin-
uous positive rotation invariant weights. hal-01593781v1, 2017

19



[GuNo14] Guillement J.-P., Novikov R. G., Inversion of weighted Radon transforms via finite Fourier series

weight approximations. Inverse Problems in Science and Engineering, 22(5):787-802, 2014.

[Jollm16] Ilmavirta, J., Coherent quantum tomography. SIAM Journal on Mathematical Analysis,

[Kun92]
[LB73]
(MQ85)]
[Natt01]
[Novi02]
[Nov02]

[Nov14]

[Qui83]

48(5):3039-3064, 2016.

Kunyansky, L., Generalized and attenuated Radon transforms: restorative approach to the numer-
ical inversion. Inverse Problems, 8(5):809-819, 1992.

Lavrent’ev, M. M., Bukhgeim, A. L., A class of operator equations of the first kind. Functional
Analysis and Its Applications, 7(4):290-298, 1973.

Markoe, A., Quinto, E.T. An elementary proof of local invertibility for generalized and attenuated
Radon transforms. SIAM Journal on Mathematical Analysis, 16(5):1114-1119, 1985.

Natterer, F., The Mathematics of Computerized Tomography. SIAM, 2001.

Novikov, R.G., On determination of a gauge field on R? from its non-abelian Radon transform
along oriented straight lines. Journal of the Institute of Mathematics of Jussieu, 1(4), 559-629.,
2002.

Novikov, R.G., An inversion formula for the attenuated X-ray transformation. Arkiv for matematik,
40(1):145-167, 2002.

Novikov, R.G., Weighted Radon transforms and first order differential systems on the plane.
Moscow Mathematical Journal, 14(4):807-823, 2014.

Quinto, E.T., The invertibility of rotation invariant Radon transforms. Journal of Mathematical
Analysis and Applications, 91(2):510-522, 1983.

20



