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TREES OF SELF-AVOIDING WALKS

VINCENT BEFFARA AND CONG BANG HUYNH

ABSTRACT. We consider the biased random walk on a tree constructed from the set of finite
self-avoiding walks on a lattice, and use it to construct probability measures on infinite self-
avoiding walks. The limit measure (if it exists) obtained when the bias converges to its critical
value is conjectured to coincide with the weak limit of the uniform SAW. Along the way,
we obtain a criterion for the continuity of the escape probability of a biased random walk on
tree as a function of the bias, and show that the collection of escape probability functions for
spherically symmetric trees of bounded degree is stable under uniform convergence.

Keywords: Self-avoiding walk, equivalent conductance, random walk on tree

1. INTRODUCTION

An n-step self-avoiding walk (SAW) (or a self-avoiding walk of length n) in a regular lattice
L (such as integer lattice Z2, triangular lattice T, hexagonal lattice, etc) starting at the origin
is a nearest neighbor path v = [y = 0,71,...,7,] that visits no vertex more than once. An
infinite self-avoiding walk is a self-avoiding walk of infinite length. Self-avoiding walks were first
introduced as a lattice model for polymer chains; while they are very easy to define, they are
extremely difficult to analyze rigorously and there are still many basic open questions about
them.

Let ¢, be the number of SAWSs of length n starting at the origin. The connective constant of
L, which we will denote by pu, is defined by

cn = 1" when n — oo.

The existence of the connective constant is easy to establish from the sub-additivity relation
Cntm < CnCm, from which one can also deduce that ¢, > p™ for all n. Nienhuis [16] gave a
prediction that for all regular plan lattices, ¢, = ,u"naJrO(l) where a = %, and this prediction is
known to hold under the assumption of the existence of a conformally invariant scaling limit,
see e.g. [11].

We are interested in defining a natural probability measure on the set of infinite self-avoiding
walks (SAW) (see the sections 5.2 and 6). Such a measure on the set of the infinite self-avoiding
half-plane walks has been constructed already as the weak limit of the uniform measures on the

finite self-avoiding walks (see [11]) by using the Kesten’s equality [9].

In this paper, we consider a one-parameter family of probability measures on SAW., denoted
by (Px)s,, defined informally as follows. Denote by H the upper-half plane in 72 and by Q the
first quadrant; let T2 (resp. Ti, T, with the appropriate modifications in the definition which
we will not specify in what follows) be the tree whose vertices are the finite self-avoiding walks
in the plane (respectively half-plane, quadrant), where two such vertices are adjacent when one
walk is a one-step extension of the other. We will call this tree the self-avoiding tree on Z>2.

Then, consider the continuous-time biased random walk of parameter A > 0 on 772, which
from a given location jumps towards the root with rate 1 and towards each of its children vertices
with rate A. If A is such that the walk is transient, its path determines an infinite branch in 772
which can be seen as a random infinite self-avoiding walk w§°; we will denote by Py the law of
ws°, omitting the mention of Z? in the notation, and call it the limit walk with parameter \.

It is well known that there exists a critical value A, such that if A > A, the biased random
walk is transient and if A < A, it is recurrent. In the general case of biased random walk on
a tree, the recurrence or transience of the random walk at the critical point depends in subtle
ways on the structure of the tree. The value of A, on the other hand is easier to determine:
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2 VINCENT BEFFARA AND CONG BANG HUYNH

indeed, Lyons [12] proved that it coincides with the reciprocal of the branching rate of the tree.
The following proposition give the critical value for self-avoiding trees.

Proposition 1.1. Let T2, Ty, Ty be defined as above. Then,
1
)‘C(TZ2) = )‘C(TH) = AC(TQ) = ;v

where  is the connective constant of lattice Z2.

This is a direct consequence of Proposition 5.10 below. Notice that it is clear from the
definition that p is the growth rate of T2; there are rather large classes of trees, including 772,
for which the branching and growth coincide (for instance, this holds for sub- or super-periodic
trees, cf. below, or for typical supercritical Galton-Watson trees), but none of the classical
results seem to apply to Ty or 1.

We now state some properties concerned with the geometry of the limit walk for this family
of probability measures.

Theorem 1.2. For all A > A, under the Py measure, the infinite self-avoiding walk (in the
plane or half-plane) reaches the line Z x {0} infinitely many times almost surely.

Theorem 1.3. For all A > A, then
Py(limsup Rwi®(n) = +o00) =1;  Py(liminf Rw"(n) = —o0) = 1.

These theorems are proved in Section 6.4. We are mostly interested in the behavior of the
limit walk as A — A, since this is a natural candidate to be in relation with uniformly sampled
long SAWs. We did not quite manage to prove the existence of the limit, but were able to
obtain a partial result in this direction by restricting the process to paths formed of bridges of
bounded height m, and letting m increase; see Theorem 7.3 for more details.

A useful tool in our proofs is the effective conductance of the biased random walk on
a tree T, defined as the probability of never returning to the root o of T and denoted by
C(\,T). Along the way, we will be interested in several properties of it as a function of A. Most
important for us will be the question of continuity: in a general tree, the effective conductance
is not necessarily a continuous function of \. We will derive criteria for continuity, which are
forms of uniform transience of the random walk, and apply them to prove that the effective
conductance of self-avoiding trees is a continuous function (see Section 5.5):

Theorem 1.4. The functions C(\,Ti) and C(X\,T72) are continuous on (Ac,+00).

A related question is that of the convergence of effective conductance along a sequence of
trees. More precisely, let (fy),, denote the effective conductances for a sequence (7},) of infinite
trees, and we assume that (f,), converges uniformly towards f # 0. The question is: is f the
effective conductance of a certain tree? We study this question on a class of particular trees,
spherically symmetric trees (recall that 7" is spherically symmetric if deg 2 depends only on |z,
where |z| denote its distance from the root o and degz is the number of its neighbors). If S
denotes the set of spherically symmetric trees and m € N* is fixed, define

Ap i ={T € S;Vz € T,degz < m} and F,, := {f € C°([0,1]) : 3T € A,,,, C\, T) = f(N)}.
Then (see Section 4.2):

Theorem 1.5. Let (fy),, be a sequence of functions in Fy,. Assume that f,, converges uniformly
towards f #0. Then f € Fp,.

The paper is structured as follows. In Section 2, we review some basic definitions on graphs,
tree, branching number and growth rate of a tree, as well as a few classical results about random
walks on trees. Section 3 gathers some relevant examples and counter-examples exhibiting
some similarities to the self-avoiding trees while being treatable explicitly. The criterion for
the continuity of the effective conductance is given in Section 4. Then Section 5 provides some
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background on self-avoiding walks and the self-avoiding trees, and some properties of the limit
walks are obtained in Section 6. Finally, we state a few conjectures and conditional results in
Section 7. Appendix A isolates the details of an algorithm to improve the readability of the
main text.

2. NOTATION AND BASIC DEFINITIONS

2.1. Graphs and trees. In this section, we review some basic definitions; we refer the reader
to the book [13] for a more developed treatment. A graph is a pair G = (V, E) where V is a
set of vertices and E is a symmetric subset of V' x V| called the edge set, containing no element
of the form (x,z). Two vertices are adjacent if their pair that they form is an edge. A path in
a graph is a sequence of vertices, any two consecutive of which are adjacent. A simple path is
a path which does not pass through any vertex more than once. A graph is connected if, for
each pair (z,y) € V x V|, there exist a simple path starting at  and ending at y. A connected
graph with no cycles is called a tree. We will always consider trees to be rooted by the choice
of a vertex o, called the root.

Let T be a rooted tree and x € V(T'), the symbol |z| will denote the height of z, that is
the distance from x to o in the graph distance, i.e. the length of the simple path joining o to
this vertex; degx will denote the number of neighbors of . Let 7}, be the set of vertices of
T with height n. The parent of a vertex is the vertex connected to it on the simple path to
the root; every vertex except the root has a unique parent. A child of a vertex v is a vertex
of which v is the parent. A vertex is called a leaf if it have no child. We define an order on
V(T) as follows: if z,y € V(T), we say that < y if the simple path joining o to y passes
through x. For each x € T, we define the sub-tree T% where V(T%) := {y € T : z < y} and
E(T*) = E(T)|v(x=)xv (T=)-

An infinite simple path starting at o is called a ray. The set of all rays, denoted by 07T,
is called the boundary of T. The set T'U 0T can be equipped with a metric that makes it a
compact space, see [13].

2.2. Branching and growth.

Definition 2.1. Given a graph G = (V, E) and A, Z two subsets of V| a set Il C V is said
to separate A and Z (or to be a cut-set between A and B) if every path starting at a point
in A and finishing at a point in Z must pass through a vertex of II. Similarly, if G is infinite
and equipped with a marked root o, II is said to separate o and oo if every infinite simple path
started from o must pass through a vertex of II; we also call II a cut-set. For example, let T" be
a tree, then for all n, T, is a cut-set of 1.

Definition 2.2. Let T be a tree.
e The branching number of T is defined by:

=S > :. _‘el
br(T) bup{)\/l nﬁf'Z)\ >O},

ecll

where the inf is taken over cut-sets of T'.
e We define also

g7(T) = limsup |T,,|™  and gr(T) = lim inf T, |

In the case gr(T") = gr(T'), the growth rate of T' is defined by their common value and
denoted by gr(T).

Proposition 2.3 ([13]). Let T be a tree, then br(T) < gr(T).

In general, the inequality in Proposition 2.3 may be strict: The 1-3 tree (see [13], page 4) is
an example for which the branching number is 1 and the growth rate is 2. There are classes of
trees however where branching and growth match.

Definition 2.4. The tree T is said to be spherically symmetric if deg x depends only on |x|.
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Theorem 2.5 ([13] page 83). For every spherically symmetric tree T, br(T) = gr(T).

Definition 2.6. Let N > 0: an infinite tree T is said to be

o N-sub-periodic if for every x € T, there exists an adjacency-preserving injection f :
T* — T7®) with |f(z)] < N.

o N-super-periodic if for every x € T, there exists an adjacency-preserving injection f :
T — T70) with d(z, f(0)) < N.

Theorem 2.7 (see [5, 13]). Let T be a tree that is either N-sub-periodic, or N -super-periodic
with gr(T) < oco. Then the growth rate of T exists and gr(T) = br(T).

2.3. Random walks on trees. Let T be a tree, we now define the discrete-time biased random
walk on T'. Working in discrete time will make some of the arguments below a little simpler, at
the cost of a slightly heavier definition here — notice though that the definition of the measure
Py and the main results of the paper are not at all affected by this choice.

Let A > 0: the biased walk RW) with bias A on T is the discrete-time Markov chain on the
vertex set of T' with transition probabilities given, at a vertex x # o with k children, by

— if y is the father of x,

T+EA
pa(z,y) == H% if y is a child of x,
0 otherwise.

If the root has k > 0 children, then py(o,z) is 1/k if = is a child of o and 0 otherwise. The
degenerate case T' = {o} where the root has no child will not occur in our context, so we will
silently ignore it. We also allow ourselves to consider the cases A € {0,000}, with the natural
convention that RWj remains stuck at the root.

Definition 2.8. Let G = (V, E) be a graph, and ¢ : E — R be labels on the edges, referred to
as conductances. Equivalently, one can fix resistances by letting r(e) := 1/c(e). The pair (G, ¢)
is called a network. Given a subset K of V, the restriction of ¢ to the edges joining vertices in K
defines the induced sub-network G|x. The random walk on the network (G, c) is the discrete-
time Markov chain on V with transition probabilities proportional to the conductances.

Given a network (7', e) on a tree, let 7(0) be the sum of the conductances of the edges incident
to the root, and denote by 0o — oo the event that the random walk on (7', e), started at the root,
never returns to it. We will write C(0 <+ 00) := Plo — 00] and C(0 <+ 00) := 7(0)C/(0 +» ).
The latter is the equivalent conductance of the network, and its reciprocal R(o <+ oo) is the
equivalent resistance.

The particular case where, on a tree T, for an edge e = (z,y) between a vertex x and any of
its children y, c¢(e) is chosen to be M2l will play a special role, because in that case the random
walk on the network is exactly the same process as the random walk RW) defined earlier. Is
this setup, we will denote the equivalent conductance by C(\,T') to emphasize its dependency
on the parameter .

Theorem 2.9 (Rayleigh’s monotonicity principle [13]). Let T be an infinite tree with two
assignments, ¢ and ¢, of conductances on T with ¢ < ¢ (everywhere). Then the equivalent
conductances are ordered in the same way: Ce(0 4+ 00) < Cz(0 ¢+ 00).

Corollary 2.10. Let T, T’ be two infinite trees; we say that T C T" if there exists an adjacency-
preserving injection f : T — T'. If this holds, then for every A >0, C(\,T7") < C(\,T).

In the case of spherically symmetric trees, the equivalent resistance is explicit:

Proposition 2.11. Let T be spherically symmetric and (c(e)) be conductances that are them-
selves constant on the levels of T. Then R(o <> c0) =) where ¢y, is the conductance

of the edges going from level n — 1 to level n.

1
n=1 ¢, |Ty|’

Corollary 2.12. Let T be a spherically symmetric tree. Then RW) is transient if and only if
1
Yon ] < 00



TREES OF SELF-AVOIDING WALKS 5

Theorem 2.13 (Nash-Williams inequality, see [15]). If a and z are distinct vertices in a finite
network that are separate by pairwise disjoint cut-sets I11,1lo, ... II,, then
n
Rlar2)2) (Y ce)™
k=1 e—€lly

This theorem implies the following theorem

Theorem 2.14 (Nash-Williams criterion, see [15]). If II,, is a sequence of pairwise disjoint
finite cut-sets in a locally finite network G, then

-1

n e—€ll,

In particular, if ), (ZeEHn c(e))_1 = +o00, then the random walk associated to this family
conductances (c(e))e is recurrent.

We end this subsection by stating a classical theorem relating the recurrence or transience of
RW,), to the branching of the underlying tree:

Theorem 2.15 (see [12]). If A < WlT) then RW ) is recurrent, whereas if X > br(lT), then RWy

is transient. The critical value of biased random walk on T is therefore A.(T) := bT(lT).

2.4. The law of first k-steps of the limit walk. Let T" be a tree and (c(e)) be conductances
on the edges of T such that the associated random walk (X,,) is transient. For every k > 0, the
walk visits T}, finitely many times: we can define an infinite path w® on T' by letting w™ (k) be
the last vertex of T}, visited by the walk. Equivalently:

(1) w*®(k) =2 <= =z €T; and Ing,Yn >ngy : X, € T”.

Let k € N* and yo = 0,y1,¥2,...,Yr be k elements of V(T) such that (yo,y1,¥y2,...,yr) is a
simple path: we can then define

(2) ©e(Yo, Y1, Y2, - - -, Yk) = P(w™(0) = yo,w™ (1) = y1, ..., w=(k) = yi).

We will refer to this function as the law of first k-steps of limit walk. In the case of the biased
walk RW), we will denote tho function ¢y; this will not lead to ambiguities. We finish this
section with the following lemma.

Lemma 2.16. The value of vc(yo, - - -,yx) depends continuously on any finite collection of the
conductances in the network. More precisely, given a finite set U = {eq,...,es} of edges and a
collection (c(e)) of conductances, let é(uy,...,up) be the family of conductances that coincides
with ¢ outside U and takes value u; at e;: then the map

wU,c : <u17 cee 7“@) = @E(ul,...,ue)<y07 <o 7yk)

; ; * \{0
is continuous on (R%)".

3. A FEW EXAMPLES

The self-avoiding tree in the plane, which we alluded to in the introduction and will formally
introduce in the next section, is sub-periodic but quite inhomogeneous, and the self-avoiding
tree in the half-plane sits in none of the classes of trees defined above. To get an intuition of
the kind of behavior we should expect or rule out, we gather here a few examples of trees with
some atypical features.
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3.1. Trees with discontinuous conductance. Let 0 < Ay < 1. In the first part of this sec-
tion, we construct two tree T, T with A\.(T') = A\.(T) = Ao, such that the effective conductances
C(\,T) and C(A,T) of the biased random walk RW) on T and T satisfy C(A\.(T),T) = 0 but
C(A(T),T) > 0. In the second part, we construct a tree T such that C (), T) is not continuous
on (Mg 1).

Proposition 3.1. For every x > 1, there exist two trees T(z),T(z) such that:

o br(T(2)) = br(T(x)) = ;

o RW,, is recurrent on T(x) and transient on T (x).

Proof. We will construct spherically symmetric trees satisfying both conditions. Denoting by
[y] be the integer part of ym first construct the sequence (I;);en+ inductively as follows:

22 z3 z"
Iy = z, lo=|— 5 l3=|— s ey ln: _
R R i A L =

and let T'(x) be the tree where vertices at distance i from o have [; children, so that the sizes
of the levels of T'(z) are given by |T;,| = [[;-, li- We construct the tree T'(z) from the degree
sequence (I});en by posing I} = 2l; if i can be written under the form i = k2, and I} = I;
otherwise. Notice that [T,| = 2V?|T,|.

We first show that both trees have branching number z. Since they are spherically symmetric,
it is enough to check that their growth rate is x; the case x = 1 is trivial, so assume =z > 1.
From the definition,

n—1 n
" — le < Hli < 2" hence z" — 2" 'K |T,| <"
i=1 i=1

so gr(T) = z; the case of T follows directly.
The recurrence or transience of the critical random walks can be determined using lemma 2.12:

1 1
> =
2. AT ) Aizn oo
so the critical walk on T'(z) is recurrent, while for x > 1,

Z AR|T,| S Z A (g7 — gn—1)2[V/n] T r—1 Z 2[v/n] <o

so the critical walk on T'(z) is transient. In the case = 1 one gets > 2~V < o instead, and
the conclusion is the same. (]

Proposition 3.2. For every k € N* and \. € (0,1), there exists a tree T with critical drift
Ae(T) = Ae and such that the ratio C(\)/(A—Xo)F remains bounded and away from 0 as X — \T.

Proof. We construct a spherically symmetric tree T" which satisfies the conditions of this propo-
sition in a similar way as before. Letting © = 1/A. > 1, define inductively

.%‘2 563 "
I = = || =2 = ,
1 [x]7 2 |:2kl1:| P 3 |:3kl112:| ) ) [ an ll ]

and let T" be the spherically symmetric tree with degree sequence (I;). It is easy to check that
br(T') = z like in the previous proposition; in a similar way,

n n—1 "

n—1 n
X X
n_nkzl_[llzgnkzl_‘[lzgq;n hence ﬁ_(n—l)k\|T’ Y

Using Proposition 2.11, the equivalent resistance at parameter A > )\, is given by

Ck
me/z Ay N = Ak

with a lower bound of the same order but with a different constant, leading to the conclusion. [
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We end this subsection with the following proposition, showing that discontinuities can occur
elsewhere than at A.:

Proposition 3.3. There exists a tree T such that the function C'(\,T) is not continuous on
(Ae, 1).

Proof. Let 0 < A1 < A2 < 1. By proposition 3.1, there exists T,, T} such that \.(T,) =
)\1, )\C(Tb) = )\2 and

C(A\1,T,) =0,C(Ne, Tpp) > 0.
We construct a tree T' as follows 77 = {x1,x2} and T = T,, T*2 = Ty, then
Ae(T) = A1
We can see that the function C'(\,T') is discontinuous at A. O

Note that continuity properties at A > 1 are actually easier to obtain, and we will investigate
them further below.

3.2. The convergence of law of first k-steps. If limy_,y_ x>, C(A\,T) > 0, by lemma 6.16
the limit of the function o™ (yy, ..., yx) when A decreases to \. exists. If limyx a2, CN,T) =
0, the situation is more delicate and we cannot yet conclude on the limit of the function
©™M*(yy, ..., yr) when X decreases to .. Indeed, convergence does not always hold, as we will
see in a counterexample. The idea of what follows is easy to describe: we are going to construct
a very inhomogeneous tree with various subtrees of higher and higher branching numbers, at
locations alternating between two halves of the whole tree; a biased random walk will wander
until it finds the first such sub-tree inside which it is transient, and escape to infinity within
this subtree with high probability.

Proposition 3.4. There exists a tree T such that the function ™ (yo,y1) does not converge
as A — Ae.

Notation. Let T, T’ be two trees and A C V(T). We can construct a new tree by grafting a
A
copy of T at all the vertices of A; we will denote this new tree by T@T’. Note that for all

A z {=}
x €A, (TPT')* ~T'. In the case A = {z}, we will use the simpler notation TET" for TEPT".

Proof. Fix € > 0 small enough. By Proposition 3.1, for all 0 < a < 1, there exists a tree,
denoted by T, such that its branching number is % and C(a,T,) = 0. Let H = 7Z, seen as a
tree rooted at 0, so that the integers is the vertices of H (see the Figure 1). We are going to
construct a tree inductively.

Let (a;)i>1 be a decreasing sequence such that a; < 1 and denoted a. := lima;; assume

-2 2
ac > 0. Choose a sequence b; such that b; € (a;41,a;) for all i. First, set H? := (H@Ty, )P Ty,
We consider the biased random walk RWp, , then it is recurrent on 7,, and transient on 75,. On
HY, the biased random walk RW}, is transient, and in addition we know that it stays eventually
within the copy of T,,. There exists then N; > 2 such that the probability that the limit walk
remains in that copy after time N; — 1 is greater than 1 — e.

-N
Then we set H!' = (H° EBlTas). On H!, the walk of bias b; is still transient and still has
probability at least 1 — ¢ to escape through the copy of T, , because T}, is grafter too far to be
relevant. On the other hand, consider the biased random walk RWj,: it is still transient on H*
but only through the new copy of T5,. There exists then No > 2 such that the probability that
the limit walk remains in that copy after time Ny — 1 is greater than 1 — €.

N2
We can set H? := (H'@T,,) and continue this procedure to graft all the trees T,,, further
and further from the origin and alternatively on the left and on the right; we denote by H*
the union of all the HF,
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FIGURE 1. Tree H*®

It remains to show that the function ¢*'(0,1) for the biased random walk on the tree H>
does not converge. We have br(H*) = max; br(Ty,) = aic and ¢%1(0,1) > 1 —¢if i is odd while
@?1(0,~1) > 1 — ¢ if i is even. Then,

vk >0 WP10,1)>1—¢ ifi=2k+1
"lebt(0,1) < e ifi=2k+2

This implies that the function ©*!(0,1) does not converge when A go to a. O

The tree we just constructed is tailored to be extremely inhomogeneous. At the other end of
the spectrum, some trees have enough structure for all the functions we are considering to be
essentially explicit:

Definition 3.5. A tree T is called periodic (or finite type ) if, for all v € V(T') \ {0}, there is
an adjacency-preserving bijection f : T% — T/() with f(v) in a fixed, finite neighborhood of
the root of T

L(T)
Definition 3.6. Let T be a finite tree and L(T) be the set of leafs of T. We set T' =T @ T,
L(T") L(rr=t)
T’=T' @ T,...., T" =Tt @ T foreveryn > 2. We continue this procedure an infinite
number of times to obtain an infinite tree. This infinite tree is called T'-finite type and denoted
by T°T. Note that T°>7T is also a periodic tree.

Definition 3.7. Let T be a periodic tree and u,v € V(T'). We say that v and v have the same
type if there is an adjacency-preserving bijection f : 7% — T". We denote by type (u, v) :=
{w e V(T") : w has the same type with u}.

Fact 3.8 (see Lyons [12], theorem 5.1). Let T' be a periodic tree and (yo = 0,y1,Y2,--.,Yk) be a
simple path on T. Then the function o *(yo,y1,...,yr) converges when A decreases to Ae(T).
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Moreover, the limit of this function is:

k—1
. Ak _ [v]
Jim ooy, --ue) =] D, A

=0 ve type (Yi,yit+1)

To keep this paper self-contained, in the rest of this section we provide a proof of a particular
case of fact 3.8:

Proposition 3.9. Let T be a finite tree and (yo = 0,y1,%2, ..., yk) be a simple path on T>T.
Then the function o™ (yo,y1,...,yx) of T°T converges when X\ decreases to \o(T°>7T).

Before showing the proposition 3.9, we study an explicit example of a tree of finite type.
Example 3.10. We define a finite tree T' as follows:

T = {z1, 22}
T> = {y} and x4 is parent of y
T,=<foralln >3

We can see that T°7 is 1-super-periodic. By theorem 2.7, we obtain br(T°7T) = gr(T°>T).
Recall that [, is the number of children of a vertex at distance n from o. It is easy to see that
lpn+1 =1y +lp—1 forall n > 1 et I3 = 2,13 = 3. Then we obtain,

25, V5 25, V5

ln (1—}——)(14——) (1——)(1——) for all n > 1.
This implies that A.(T>) = 1+\[ We have
F00 LIz <1+2\/5)n
D )T =) =+
n=1 e—€T>® n=1 n

By theorem 2.14, the biased random walk RW)_(pe,ry on T is recurrent. It remains to show
that gp’\’l(o, x1) converges; after the calculations, we obtain

A
SO)\71(07 1,‘1) = ~ )
1+ 2\C(A, TT)

and then o™ (o, x1) converges to A, when X\ go to A.
Lemma 3.11. Let T be a tree such that dego = dy and

T1 = {SUl,xg,...,de}
forallt € {1,2,...,do} , \e(T) = Ae(T) = Ae and C (A, T) = C(Ae, T%) =0

(dw; —1)AC(N,T%)
do(1+(de; —1)AC(A\,T%1))’

Then for all i, 5’()\,T",xi) =

C(A\TO,z;)
C(\T%)

where dy, = degxz;. In particular, if

converges towards a limit when A go to Ac, then this limit is equal to %.

Proof. We can see that

~ 1 I
C\T x;) = & [me + m*(1 = c)e+m3(1 —¢)%c + - ] = d—omc Z(m(l — o)k,
k=0

(do; —1)AC(N,T%0)

where m = Ll))\/\ and ¢ = C(\, T%). Then we obtain C(\,T°, z;) =

T+ (de, —1) do(14+(dw; —~1)AC(N,T%3)) "
C()\T 1‘1) Ti\ — C(AT .Z‘l) ( I,L ) c
If Toursy converges and as C(Ae, T%) = 0, then Doue converges towards ~——=. [

Proof of proposition 3.9. First, the biased random walk RW), on T is recurrent (see [12],
theorem 5.1). Recall that L(T') is the set of all leafs of finite tree 7" and S* be the set of all
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finite paths starting at origin, ending at one element of L(T") and pass through z;. We have,
for all x € L(T'), (T*°)* ~ T and we apply several times successive Lemma 3.11 to obtain

C)\Too ‘ Zfl f|7|( )C ()‘TM)
~eS?
where f'(\) = m%_l(1+:1n:iiic(>\,:mi)) and m,, = d,, — 1. Since C(A\, T = C (A, T™), then
CONT™ ) =Y fI(A e [ NCT™).
veS?

By Lemma 6.16, we obtain

C
oM (2) = g;)\TTOO Z A f\v\( )-
’ yeS?

We observe that for all v € S%,m,, = m(y},), this implies that @M (x;) converges when \
decreases towards A.(7°°) and

(3) lim M (z;) = Z Abl, O

A=A (T2°) o

Remark 3.12. The equation (3) gives us a way to calculate the critical value of RWy on T,
as the solution of the equation

Mo
IPIFLES
i=1 yeSt
4. THE CONTINUITY OF EFFECTIVE CONDUCTANCE

We end the first half of the paper with a few results on the conductance functions of trees,
namely we give a criterion for the continuity of C'(\,T") in A and study the set of conductance
functions of spherically symmetric trees of bounded degree.

4.1. Left- and right-continuity.
Lemma 4.1. Let T be a locally finite tree, then C(\,T') is right continuous on [0, 1].
Proof. We define Sy, := inf {k > 0 : d(0, X};) = n} where X,, is RW,. Then
C(\,T) =m(o) nll)&loo P(S, < So).
We set C'(\,n) := 7(0)P(S, < Sp). It is easy to see that C'(A\,n) = C(A\,n + 1). Moreover,

by theorem 2.9, C'(A,n) is a continuous increasing function for each n. It implies that C'(\,T')
is the decreasing limit of increasing functions. Therefore C(\, T') is right continuous. O

Definition 4.2. Let T be a locally finite tree. For each x € T, we let X denote the biased
random walk on 7% (i.e X§ = z,Vn > 0: X7 € T"). We say that T is uniformly transient if

VA > A, Jay > 0,Ve € T,P(Vn > 0, X # x) > ay.

It is called weakly uniformly transient if there exists a sequence of finite pairwise disjoint
cut-sets II,,, such that

—+o00
YA > Ae, o > 0,Va € | I, P(Vn > 0, X7 # 2) > .
k=1

We can see that if \.(T") = 1, then T is uniformly transient.

Theorem 4.3. Let T be a uniformly transient tree. Then C(X\,T) is left continuous on (A, 1].
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Proof. Fix A\ > A., we will prove that C'(\,T) is left continuous at A\;. Choose \g € (A¢, \1).
By theorem 2.9, we can find a constant a > 0 (does not depend on A\ € [Ag, A1]) such that

Ve [)\0, Al],Vx € V(T),P(Vn > O,Xﬁ 7’5 .T) > .

We give a family of conductances c(e).cpr) € [0, 1]¥, and Y, that is the associated random

walk. Let A C [0,1]F be a subset of elements of [0,1]¥ such that Y;, is transient. Then we
define the following function

A3 c(e)ecr — Y(c(€)ecr) = CC(E)ceE(O < 00).
Recall that T}, is the collection of all the vertices at distance k from the root: then we have
CONT) =M A, N2 N2 N2 ).
—
T1] T2
We will abuse notation until the end of the argument, writing

YA, A3, ) for (A, Ap, . AL AR NSNS L)

Vv vV
|1 T2 |

so that in particular C(\,T) = (X, A2, A3, ...).
Let € > 0, we choose L € Nsuch that (1—a)” < e. For A € (A, \1) we have |C(A\1,T) — C(\,T)| =
W(Al, AN ) — (N A2 N3, )} and by the triangular inequality, we get

(4) [CAL,T)=CANT)| < [0(A1,-- AT b)) — (N, AR b))+ [N, AT ) — (A, A D)

where b := (ALF),o 1 and by := (AR,
Let X' € [Ao, 1] we denote S, the first hitting point of T, by the random walk with conduc-
tances

A AZAZ A2 AL AR E B OO I (N B
——

|T1| |T2| [T | | T +1] [T 42|

We can see that the law of 521 and the law of S 2 are identical. When the random walk reaches
Tr, it returns to o with a probability strictly smaller than (1 — «)”. It implies that

(5) WA, A b)) — (A, AR D)) < 2(1 — o) < 2e
It remains to estimate ’@Z)()\l, oAb =, LN b1)|. By theorem 2.9, we have
VA1, .. AE b)) > 0and (N, ..., AE b) > 0.
We apply the lemma 2.16 to obtain
(6) 30> 0,YA € [Ag, A1] such that Ay — A <& [p(Ar,..., AL, br) — (A, ... AP by)| < e
We combine (4), (5) and (6) to get
36 > 0,V € [Ao, A1] such that \y — A <6 :|C(\,T) —C(\,T)| < 3e.

This implies that C'(A,T') is left continuous at A;. O

In the same method as in the proof of theorem 4.3, we can prove the slightly stronger result
(the proof of which we omit):

Theorem 4.4. Let T be a weakly uniformly transient tree: then the equivalent conductance
C(\,T) is left continuous on (A, 1].
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4.2. Conductance functions. Let S denote the set of spherically symmetric trees. Fix m €
N*, and we set
Ap, ={T € S;Vx € T,degz < m} and

Frp = {f€C°([0,1]) : 3T € Ay, CA\,T) = f(N)} ,F:={f € C°([0,1]) : 3T, C(\, T) = f(\)} .
Definition 4.5. Let T™ be a sequence of trees. We say that T converges locally towards T
if V&, Ing, Vn = no, T2, = T2}, where Ty, is a tree defined by
{V(Tgn) ={z € T,d0,z) <n}
E(T<n) = By (Te,)xV(T<p)

We are now ready to prove Theorem 1.5. We need the following lemma:

Lemma 4.6. Let (f,,)n be a sequence of functions in F,,. Assume that f, converges uniformly
towards f. Then, there exists a function g € F,, such that

VA, F(A) < g(A).
Proof. Let (T™),, be a sequence of elements of A, such that
v, fn(A) = C(\,T").

Since the degree of vertices of T are bounded by m, we can apply the diagonal extraction
argument. After renumbering indices, there exists a subsequence of (7™),, denoted also by
(T"™),, converges locally towards some tree, denote by T°°. As for all n,T™ € A,,, then T €
Ap.

We set g(A\) = C(A\, T°°). It remains to show that

VA, f(A) < g(N).

Assume that there exists Ag such that f(Ao) > g(Ao). We set ¢ = f(Ao) — g(Ao) > 0. The
sequence fy,(Ag) converges towards f(Ag), thus
31> 0% > 11, fa(ho) > F() = 7.
Moreover the sequence Cy, (Ao, T°) := m(0)Py,(Sn < S,) decreases towards g(\o), It implies
that

3l > 0,90 > Iy, Ca(Ro, T) < g(Xo) + 5.

We take [ > 0 such that
{ Ji(ho) > f(Xo) — §
Ci(Ao, T) < g(Xo) + §
We have Cj(Ao, T') = Ci(Ao, T), then Ci(Xo, T) < g(Xo) + &.
Moreover, the sequence Ci (g, T") decreases towards f(Ag) when k goes to +oo, thus
)

c
f(Xo) — 1< fi(Ao) < g(Xo) +
Then we obtain ¢ < j It is a contradiction. O

Remark 4.7. The lemma 4.6 is still valid if we take A, := {T € T;Vx € T,degxz < m} and
(fn)n converges simply to f, where T denote the set of locally finite trees.

Proof of theorem 1.5. Fix a diagonal extraction and we take the function g(\) as in the proof
of the lemma 4.6. We will prove that f = g.
By lemma 4.6, we have f(\) < g(A\). Assume that there exists \g such that 0 < f(A\g) < g(Xo)-
We prove that
YA < Ao, f(A) =0.

By proposition 2.11, if we set Sy = )%O, then

0o k
Vn, R(\o, T") = S %
k

R0, T%) = X3 iy
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We write

R(Xo, T™)

D IEES pps

k<n k>n

As VEk > n,|T| = |T¢°|, then

R(Xo,T™)

+3 2

k<n k>n ‘Tn '

We know that

lim,, 00 R(Xo, TT) = f(io) < 00
limy,—s00 (Ao, T°°) = o < 0

We obtain

limzﬁg— Lo 1 oy
n—~+00 iom ‘Tlg f()\()) g()\o) '

Now we take 8 > By and we apply the proposition 2.11 in order to get

1 1
jij\zvl i kr"} jg: VF“ > ()" oy~ 707

k>n

It implies that lim, 4. fn(%) = lim,— 400 m = 0. It means

YA < Ao, FOA) = 0.
As f #0, we define A\, :=inf {0 <A < 1: f(\) > 0}. We proved that
VA > A, f(A) = g(N).

As the sequence (fy,), converges uniformly to f, then f is continuous, and then f(\,) = 0. By
lemma 4.1, g is right continuous. Then we obtain

FO) = Jlim F(N) = lim g(3) = g(y,) =0

Moreover f and g are two increasing functions, then VA € [0,1], f(A) = g(\). O

5. SELF-AVOIDING WALKS

5.1. Walks and bridges. In this section, we review some definitions on the self-avoiding walk,
bridges and connective constant (see [(],[17]). Denote by ¢, the number of self-avoiding walks
of length n, starting at origin on the graph considered. If G is transitive, the sequence 0711 "
converges to a constant when n goes to infinity. This constant is called the connective constant

of G.

Definition 5.1. An n-step bridge in the plane Z? (or half-plane H) is an n-step self-avoiding
walk (SAW) ~ such that

Yi=1,2..m m(0) <) <nn)

where 71 (4) is the first coordinate of (7). An n-step zero-bridge is an n-step SAW ~ such that
7(0) < y1(2) < 11(n),Vi = 1,2,...,n. Let b, denote the number of all n-step bridges with
~(0) = 0. By convention, set by = 1.

We have by, 4n > b - by, hence we can define

up = lim bn = Supb"

n—-+o00

Moreover, b, < ' < p'".
Definition 5.2. An n-step half-space walk is an n-step SAW ~ with v1(0) < ~1(4), Vi.
We set h,, is the number of all n-step half-space walk with v(0) = 0.
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Definition 5.3. The span of an n-step SAW ~ is

ax Y1 (7) — Join m (4).

Definition 5.4. Given a bridge (respectively a zero-bridge) 7 of length n, ~ is called an ir-
reducible bridge (respectively irreducible zero-bridge) if it can not be decomposed into two
bridges (respectively zero-bridges) of length strictly smaller than n. It means, we can not find
i € [1,n — 1] such that v, 7|ji,n) are two bridges (respectively zero-bridges). The set of all
irreducible-bridges is denoted by iSAW.

5.2. Kesten’s and Lawler’s measures. For this section, we refer the reader to ([9],[1]) for a
more precise description. Denote by SAW,, the set of all self-avoiding walks on the plane Z?
or half-plane H. In this part, we review the Kesten measure. He defined a probability measure
on the SAW, of half-plane from the finite bridges. We let B denote the set of bridges starting
at origin and B° the set of zero-bridges starting at origin. We let also I denote the set of
irreducible bridges starting at origin and I° the set of irreducible zero-bridges starting at origin.
Let p,, denote the number of irreducible bridges starting at origin, of length n and ¢, denote
the number of irreducible zero-bridges starting at origin of length n.

We will define a notion of concatenation of paths. If ! = [’y(l),’yll,...,’y%l] and 7?2 =
(8,71, ---,72] are two SAWSs, we define y' @ +? to be the (m + n)-step walk (not necessarily
self-avoiding walk)

V= [0 o T W T T T8~ 0]
Similarly, we can define ' @42 @ --- @ +*. We begin with the following equality
Fact 5.5 (Kesten [9], Theorem 5). We have

+o00
n*l’u

Let us now to define the Kesten measure on the SAW, in the half-plane. We fix g < i and
let Q° denote the probability measure on I defined by

&) :@ I
Q% (w) Zﬁ,we

where Zg =" 1 Bll. By the fact 5.5 and the remark 5.6 below, Zg is finite and thus Qfis a
probability measure on I.

Remark 5.6. We have also Ag < oo if B < % If 6 > % then Zg = +o00, and then QP can not
be defined.

If k > 1, we consider the product space I* and define the product probability measure QZ . We

write Qj@ for an extension to SAW in H as follows, Q°(w) = 0 if w is not of form w' ®w?@- - -Gwk
and

QE\T) =0Q/w ew’ e 8w) = QW) x Q(W?) x -+ x Q(WP).
We define ng on % it is called the S-Kesten measure on SAW, in half-plane.

Fact 5.7. Under the B-Kesten measure, the infinite self-avoiding walk, denoted by w?’ﬁ, does
not reach the line Ox almost surely. Moreover, if f < %, we have then

P(lim sup Rw2’ (n) = +00) = 1; P(lim inf Rw3X’ (n) = —o00) = 1.

Now, we define an other probability measure on SAW,, in half-plane from the finite zero-
bridges. Then
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Fact 5.8 (see [1]). For every § € (0, %], we have

+oo
Z nB" < +00.

n=0

In the same way, we can define a probability measure L? on Iy. The infinite half-plane SAW
starting at 0 is obtained by choosing
e .. ,
where w!,w?, ... are independent; w! is chosen from L?; w?, w
law of infinite half-plane SAW is called g-Lawler measure.

3 ... are chosen from QFf. The

Fact 5.9. Under the 8-Lawler measure, the infinite self-avoiding walk, denoted by wzo’ﬁ, reaches
the line Ox with a probability p which satisfy 0 < p < 1 and it reaches the line Oz a finite number
of times almost surely. Moreover, if 8 < %, then

P(lim sup %wzo’ﬂ(n) =+4o00) =1 and P(lin%linf %wzo’ﬁ(n) =—00) = 1.
n

5.3. The self-avoiding tree. Consider the self-avoiding walks in the lattice Z? starting at the
origin. We construct a tree T2 from these self-avoiding walks: the vertices of T2 are the finite
self-avoiding walks and two such vertices joined when one path is an extension by one step of
the other. Formally, denote by €, the set of self-avoiding walks of length n starting at the origin
and V := U:i% Q,,. Two elements x,y € V are adjacent if one path is an extension by one step
of the other. We then define 772 = (V, E). We can define with the same way for Ty, T, where
H is a half-plane and Q is a quarter-plane.

We know that gr(Ty2) = br(Ty2) = p where p is the connective constant of lattice Z2. We
calculate the branching number and the growth rate of T and Tg, that is the contents of the
following proposition.

Proposition 5.10. Let T, Ty be defined as above. Then,
gr(Th) = br(Th) = gr(Tg) = br(Tg) = 4,
where i is the connective constant of the lattice 7.

Notation. In [9], Kesten proved that all bridges in a half-plane can be decomposed into a
sequence of irreducible bridges in a unique way. For every m € N*, we set:

Ap = {w € iSAB,|w| < m}.

An infinite self-avoiding walk is called “m-good” if it possesses a decomposition into irreducible
bridges in A,,. We can construct a tree 7™ from these m-good walks, which we will refer to as
the m-good tree.

Proof of proposition 5.10. We know that (see [1], [7]) there exists a constant B and ny € N
such that Vn > ng : ¢, < b,ePV™. This implies that gr(Th) = p. Let b7 be the number of
bridges of length n which possess a decomposition in A,,. Then, Vn, |T*| > b}
We have T™ C Ty, then br(T™) < br(Ty). Moreover, T™ is m-super-periodic, so we can
apply theorem 2.7 to get br(T™) = gr(T™). Then Ym,br(Tyx) = br(T™) = gr(T™). We will
1

prove that lim gr(1T™) = p. We have byin = binbn, by 1, = b0 and g = limy, o0 by . Fix
€ > 0, there exists ng such that

For each n > ng, b, = b and b5 > (b7)* = (b,,)* by sub-additivity. It implies that
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1
T V2

The sequence (b}')7 increases toward fi,,, then ( kn)ﬁ T < gr(T™). We obtain gr(T") >
— 00

w— ¢ and then p > gr(T") > p —e,¥n = ng. This implies that lim gr(7™) = p and then
br(Tw) > p.

We apply the proposition 2.3 in order to get br(Twm) < ¢r(Tm) = wp. This implies that
br(Tw) = p and in the same method we obtain gr(Tg) = br(1p) = p. O

5.4. Self-avoiding walks in a wedge. Let Cy be a cone of angle 6 of H. Denote by T the
tree which is constructed from the self-avoiding walks in Cp.

Theorem 5.11. Denote by br(Ty) (respectively gr(Ty)) the branching number (respectively the
growth rate) of Ty. Then br(Ty) = gr(Ty) = p where p is the connective constant of Z2.

In order to prove this theorem, we have to show the convergence of the connective constants
of strips of H with increasing widths and the associated convergence of the branching numbers
of the trees constructed from self-avoiding walks of these strips.

The convergence of connective constant. Let (Br)r, be the sequence of strips of H where By, is a
strip between three lines Sz = 0 and Sz = L. We show the convergence of connective constant
of By, towards the connective constant of Z2. We need the following lemma.

Lemma 5.12 (The subadditivity property). Let L,n be two positive natural numbers, we denote
by bL the number of bridges of length n starting at origin in the strip Br,. Then,

{VL,n,m e N*: b2k > bhpl

n+m
VL,n,k € N*: bzﬁ > (bEHk
Remark 5.13. bFL > (bL)* is much easier by sub-additivity.
Proof of Lemma 5.12. We divide the strip By, into two small strip of size L, B%L, BgL (see the
figure 1)
We denote by S, the symmetry with respect to the line which goes through z and orthogonal
to the line Ox. We consider 71, 2 two bridges in the strip B% 1, of length m and n, we concatenate

1, Y2, we obtain a path i3 1= v1 ® ¥a.
We can see thatvy;o is a bridge of Bsy, of length m + n. This implies that

for all L,n,m € N*, b2l > bLpL.

’Yn+m
Next, if one takes the third bridge 3 of B% 1, of length p, we concatenate 71,72, 3 as follows.
{ Y123 = 12 © 3 if R(712(|712]) < L
Y123 = V12 D Sy (o)) (13) I R(v12(]112))) > L
We can see that 7103 is a bridge of Boy, of length m +n + p. If we take m = n = p, then
b2L > (bE)3. We repeat the same strategy to obtain the result of lemma 5.12. O

Proposition 5.14. We denote by puy, the connective constant of the strip B, then limp uy, = p
where p is the connective constant of Z2.

Proof. We define bg the number of bridges of Q of length n, then

VL : lim, (bE)w = py,
L 3Q
VL : by = by
lim,, (b2)» = p
VL,n,k: b2k > (bL)k
From these relations, we prove that limp pu; = wp. Let ¢ > 0, we take ng such that:
1
‘(bg)% - ,u‘ < g,Yn > ng. The sequence (biﬁg)m converges towards pon,. Moreover bi’;g >
1 1
(bro)*, thus (bpe®)Fro > (bro)wo .
By making & tend to 400, we obtain pa,, > 1 —e. As the sequence (ur)r is an increasing

sequence, thus VL > 2ng : pup, > p— €.
This implies that the sequence p, converge towards p when L goes to +oo. O
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FIGURE 2. A concatenation of 3 bridges in Bi; .

Proposition 5.15. limy, br(Ts,) = 4.

Proof. Recall the definition of A,, in the proof of Proposition 5.10. An infinite self-avoiding
walk of By, is called “m-good walk” if it possesses a decomposition into irreducible bridges in
Ap,. We construct a tree T3, from these m-good walks. We set bE™ be the number of bridges of
By, of length n which possess a decomposition in A,,. We know that all bridges in a half-plane
can decompose into a sequence of irreducible bridges of the unique way. This implies that all
bridges in the strip B, can decompose into a sequence of irreducible bridges of the unique way.

Then for all n, ((Tg; Y| = b,

VL,n,k: b2 > (bL)*

VL, m,nk: 020 > (b

Let € > 0, we apply the proposition 5.14, there exists Lo such that: pu > pur, > p —e.

We obtain,
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Moreover, jir, = lim(bTLLO)%, there is also m: (b{;{))% > pr, — €. Then,
(Bpo™) T > (E0™) o = (BEO)™ > gy — & > o — 2e.
We obtain gT(TngLO) > p—2e. As Tg‘%o is (m + 2Lg)-super-periodic and gr(TgZLO) < 400, we
apply the theorem 2.7 to get gr(Tg;LO) exists and gr(Tg;Lo) = br(TBmQLO). Moreover TBmzLO C
Tp,,,, then br(Tp,; ) = p — 2e. The sequence br(Tz,) is an increasing sequence, we obtain:
VL > 2Ly :br(Tp,) > p— 2e.
Moreover br(Tp,) < p because T, C Ty. This implies that limyz, br(Ts,) = p. O
5)

Proof of Theorem 5.11. Let € > 0, we apply the proposition 5.14 and 5.15, there exists a con-

stant L such that: br(Tp,) > p—¢c and gr(Tp,) > p—e¢.

We take N such that: Ntanf > L. We have the cone Cy contains a strip of size greater than
L, origin at (N tan6,0). This implies that br(Ty) > p —¢e;g9r(Ty) > p — e.

As ¢ is arbitrary, then br(Ty) = p and gr(Ty) = p. O

5.5. Continuity of C on Ty. Now, we apply the results in Section 4.1 for the self-avoiding
trees Ty and Ty2.

Theorem 5.16. The function C(\,Ty) (or C(\,Tz2)) is continuous on (%, 1), where u is the
connective constant of the lattice Z.2.

Proof. The right continuity of C'(\, Tj) is a consequence of the lemma 4.1.

In order to prove the left continuous, we seek to apply the theorem 4.4. For this, we prove
that Ty is weakly uniformly transient. In the half-plane H, we define a sequence of rectangles
(Rp)n>1 where R, is the rectangle with 4 vertices

(_nv 0)5 (_nv n)5 (n7 n)§ (n> O)'

We define a sequence of pairwise disjoint cut-sets from these rectangles as follows:

I, := {fy :v(|v]) € Ry, and VEk < |y],~v(k) € Rn} .
We set I' := [JII,,. It remains to verify that
1
VA > A(= ;),Ha,\ >0,Vr € I',P(Vn > 0, X} # z) > ay.

Recall that T denote the self-avoiding tree from a quarter-plane. We can see that, for every
x € I', T contains the tree Ty or Tp. We conclude thank to the proposition 5.10. O

Remark 5.17. The self-avoiding trees Ty and Ty2 are not uniformly transient.

Recall that B, is a strip of H and T, is the self-avoiding tree which is constructed from
self-avoiding walks in B,,. Let f, () := C(\, Tg,).

Theorem 5.18. The sequence of functions (fn)n converges uniformly towards a continuous
function f if and only if RW)y_ on Ty is recurrent, where /\% = p s the connective constant of

lattice 7.
In order to prove the theorem 5.18, we need the following lemma.

Lemma 5.19. For all k, fk(i) =0.
Proof. We use the theorem 2.14 for this proof.
We fix k € N* and for each n, we define the rectangle R, with 4 vertices
(_na 0)7 (_na k)v (’I’L, k)a (’I’L, 0)

We define a sequence of cut-sets from these rectangles as follows

IL, .= {v: R(v(]7]) € {—n,n};Vk < |n|,|R(y(k)] <n and 0 < S(y(k)) < k}.
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We will estimate (ZeEHn c(e))_l. We can see that a self-avoiding walk v € II,, of length ¢
can expand into a bridge of length i + k + 1 and as v € II,, then n < |y| < 2kn, it implies that

an an
T efe) < 3 Uik ¢ g Z < 2kgtn,
ecll, i=n M
and then
-1
1
S () =X gt
n ecll, n
It means RW1 on T'g, is recurrent and then fk(i) =0. O

m
Proof of Theorem 5.18. Assume that (f,), converges towards a continuous function f. We will
prove that RW(%, Tyy) is recurrent.

We set g(\) = C(\, Ty), we prove that VA > %, FA) =g\N).

We fix A > % and define a sequence of pairwise disjoint cut-sets O,, by considering the first

time reaches the rectangles (as in the proof of the theorem 5.16).
Let T be an arbitrary tree and C' denote its cut set. Weset T(0 <» C) :={x € T : Jy € C,z < y}.
We can see that

Vn, TR, (0 <> O,) = T (0 <> Oy).
We proved that lim A.(T,) = i, then we can find [ > 0 such that A\.(T,) < A. Then we set
m = C(X\,Tp,) > 0.
Then, there exists k£ > 0 such that

PA(O < On) > g()‘) — £
V””?{ (1-m)" <e
We obtain
Vi>k+1 fi(A) > g(\) —2¢
Then g(A\) > f(A) > g(\) — 2e. This implies that f(\) = g(A).
Since f is a continuous function, thus
1 1
f(=) = lim f(A) = lim g(A) = g(=).
1% )\—>7 >\—>f 1%
By lemma 5.19, we have f ( ), and then RW1 on Ty is recurrent.

Conversely, if RW1 on Ty is recurrent, it is easy to see that

VA€ [0,1], F(A) = g(A).

By theorem 5.16 and moreover g(i) = 0, we have then g is continuous function and then f
is continuous. U

In the same way, we can prove the following:

Proposition 5.20. With the same notations as in the proof of the proposition 5.10, set f,(\) 1=
C(N\,T™). Then the sequence of functions (fn)n converges towards a continuous function f if
and only if RWy, on Ty is recurrent, where /\% = is the connective constant of lattice Z>.

6. THE BIASED WALK ON THE SELF-AVOIDING TREE

We now begin the study of our main object of interest, which is the biased random walk
on the self-avoiding tree. We will use the results obtained in the previous section to prove
properties of the limit walk; in the next section, we will gather a few natural conjectures.
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6.1. The limit walk. Let A € [0, +oc]. We consider the biased random walk RW) on Ty or
Ty2. By proposition 5.10, we have A.(Tx) = Ae(T72) = % We take A > )., the biased random
walk is transient. Then almost surely, the random walk do not reach T} after n steps, with n
large enough. We can then define the limit walk, denoted by w$® in the following way:

00 xiETi
wy () =z < {Elno,Vn >ng: X, € T’”}

We can see that wS® is a random ray. Denote by Py be the law of w$® in the half-plane and
Qx be the law of w$® in the plane. We can see also that P\ (respectively Q) is a probability
measure on SAW, in the half-plane (respectively the plan).

We remove all of finite branch of Tz where R is a regular lattice, then we obtain a tree which
have no leaf, denoted by T'SLg.

6.2. The case A = +00 and percolation. First, we review some definitions on the percolation
theory. Percolation was introduced by Broadbent and Hammersley in 1957 [3]. For p € [0, 1], we
consider the triangular lattice T, a site of T is open with probability p or close with probability
1 — p, independently of the others.

This can also be seen as a random coloring (in black or white) of the faces of hexagonal lattice
T* dual of T.

We define the exploration curve as follows. Let (2 be a simply connected subgraph of the
triangular lattice and A,B be two points on its boundary. Then we can divide the hexagonal
cells of 0f2 into two arcs, going from A to B in two directions (clockwise and counter-clockwise).
These arcs will be denoted by B and W such that A,B, B,W is in the clockwise direction.
Assume that all of hexagons in B are colored in black and all of hexagons in W are colored
in white. The color of the hexagonal faces in €2 is chosen at random (black with probability p
and white with probability 1 — p), independently of the others. We define the ezploration curve
~ starting at A and ending at B which separates the black component containing B from the
white component containing W.

Then the exploration curve « is a self-avoiding walk using the vertices and edges of hexagonal
lattice T*. We can define this interface v by an equivalent way: It is a self-avoiding walk. At
each step, v look at its three neighbors on hexagonal lattice. One is occupied by the last step
of . For the next step, v chooses randomly one of these neighbors which have not yet occupied
by . If there is just one neighbor which has not yet occupied, we choose this neighbor and if
there are two neighbors, we choose the right neighbor with probability p and the left neighbor
with probability 1 — p.

We know that there exists p. € [0,1] such that for p < p. there is almost surely no infinite
cluster, while for p > p. there is almost surely an infinite cluster. This parameter is called
critical point. We can see in [2], the critical point of site-percolation on the triangular lattice
equals 3. The lower bound of critical point was proved by Harris in []. A similar theorem in
the case of bond percolation on square lattice by Kesten in [10].

For this section and the next section, we take {2 = T . The hexagons on the boundary of €
(0R2) and on the right of origin (denoted by Q) are colored in black and the hexagons on 9
and on the left of origin ( 9~2) are colored in white. In this case, the exploration curve is an
(random) infinite self-avoiding walk. Denoted by Tr+ be the self-avoiding tree is constructed
from the self-avoiding walks in T% . For simplify, we set T = T" .

In the case A = +o0, by the construction of the exploration curve, the limit walk w® on
T'S L7 has the same law with the exploration curve «. Then all the properties of v is until valid
for w*> of RW,. One of these properties is v reaches the boundary of {2 an infinite times almost
surely. This property is until valid in the case RW), for all A > A, (see theorem 6.3 below).

6.3. An inequality.

Theorem 6.1. Let A > \. and A be a subset of Q\ {0} which is surrounded by a simple curve
v, and such that Q\ A is simply connected. We denote w™ (respectively w4 ) the limit walk
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of RWy for the tree Tq (respectively To\a). We denote by P (respectively f”) the associated
probability measure, then

P(w® Ny # 2) = P(w® Ny £ 2).

Proof. We prove this theorem by a coupling method. Recall a family of random variables
(Uz)z in the section 2.3. We set Wy = 0, Wy = 0 almost surely. Assume that we constructed
(Wo, W1,...,Wy) and (Wy, W1,...,W,). We construct W, 1 and W41 as follow:

o If W), & 0A, we set:
Wn+1 = UWn and Wn+l = Wn+1.

o If W, € JA and Wn € 0A, let Y be a random variable of uniform law on [0,1] and

C(\, TY™) (respectively C(), Tg(’;‘)) is the effective conductance of parameter A on the

tree Tg;v " (respectively Tg@). By the corollary 2.10, we obtain

CATY™) = COTH).

We take randomly a value of Y (uniform law):
-IfY € [0, C(A, Tg@)}, for all k > n+ 1, we set
Wy=",W, =T.
_IfY e [C(A,Tg@), C(A,TgVn)}, we set
Wpi1 =Wy 1 andforallk >n+1: W, =T,

—IfY € [C(A,Ty"),l], we set:

Wyps1 = Wy and Wn—&—l = W1

o If W, € A and W,, = T, let Y be a random variable of uniform law on [0,1] and

C(A,Tg@) is the effective conductance of parameter A\ on the tree Tg@‘. We take

randomly a value of Y (uniform law):
Iy e [0, (A, Tg@)}, for all k> n + 1, we set:
W=7
_Ifye [C(A,T&”A), 1},
Wit = Wh_1.

Let p (respectively v) be the law of random walk (W,),, (respectively (Wn)n) We can see
that

P(w®* Ny # @) =p(@n > 0,W, =7) and P(w® N~y # @) = v(3n > 0, W,, = T).
By the construction of W,, and Wn, we have
p(@n > 0,W, =7) <v(E@n>0,W, =T).
This completes the proof of theorem. O

Remark 6.2. The random walks W,, and W,, are not the biased symmetric random walks. Then
the coupling in the proof of theorem 6.1 is not a coupling between the biased symmetric random
walks on Tq and T\ 4. The theorem 6.1 is until valid if we replace a subset A and a curve v
by any subset B and C' such that if we want to reach B, we must be through C.
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6.4. Some property of P, and Q). We will prove the following theorem:

Theorem 6.3. For all A\ > ., under the Py (or Q) measure, the infinite self-avoiding walk
reaches the line Ox (i.e the line Z ® {0} ) an infinity of times almost surely.

In order to prove the theorem 6.3, we need the following function:
H:zeV(T) = xy € 7?* where T = Ty or T = Tje.

The proof of theorem 6.3 consists of several steps. The first step, we study the trajectory of
the biased random walk X,,. We prove that, under the Py-measure and Q)-measure, it reaches
the line Ox almost surely. In the second step, we prove that it reaches the line Ox an infinite
number of times almost surely. The third step, we prove that under Q) -measure, the limit
walk reaches the line Ox an infinite number of times almost surely and the last step we prove
that under Py -measure, the limit walk reaches the line Ox an infinite number of times almost
surely.

The first step. In this step, we study the trajectory of RW). We begin with the following
lemma:

Lemma 6.4. Let A > \., we consider the biased symmetric random walk RW on Ty2 or Ty.
Then lim sup |R(IL(X,,))| = +o0 almost surely.

Proof. We prove the lemma in the case Tyy. In the same way, we obtain the result for T72.
Assume that p = P(limsup |[R(II(X,,))| < +o0) > 0, thus 1 — p = P(limsup |R(II(X,))| =
+00) < 1, then
dng > 0: P(—no < R(IL(X,)) < ng,Vn) =q > 0.
For each i > 0, we set T* := inf {n : S(II(X,)) = i}. It is easy to see that T® < +oo on the
event {—no < R(II(X,,)) < no, Vn}, because the biased random walk is transient. We remark
that, at time 77, we can always go towards the left or the right. We define:

Si = {3k [RILU(Xg))| =no + 1,3(Xk) =i and Vn # k : —ng < R(II(X,,)) < no} .
If the walk is at time 7%, we go towards the left or the right to reach the domain
{Rz =no+ 1} J{Rz = —ng — 1},
and after, we go back to Xp:. We need at most 2ng steps to do it. Then, there exist a constant
¢ > 0 such that P(S;) > cq, Vi.
Moreover, % Si € {|RX(X,)| < no+ 1,Vn} and these S; are disjoints. Then,
P({|{RII(X,))| < mo + 1,¥n}) = > P(S;) = +00
This is a contradiction and then lim sup |®(X,,)| = 400 almost surely. O
Theorem 6.5. Let A > A.. We consider the biased random walk RW on Ty2 or Ty. Then,
{n > 0: SI(X,) = 0}] > 1,
almost surely.

Proof. To simplify, we set Y,, := I1(X,). We will prove this theorem by contradiction. First, we
prove that [{n > 0,3Y,, = 0}| > 1 a.s for the tree T7;.
We set: p =P(Vn > 0,3(Y,) > 0). Assume that p > 0, then
P(3n >0,3(Y,) =0)=1-p<1
We write {3n > 0: (Y,) =0} = U2 {30 < k <n: (Y = 0)}.
As the sequence ({k < n: §(Yy) = 0}),, is an increasing sequence. Thus,
P(3n : 3(Y,) =0) =1limP(3k € (0,n] : 3(Yx) = 0).

Let € > 0, there exist then ng such that: ¥n > ng, P(3k € (0,n] : J(Yy) =0) > 1—p—e.
We know that the biased random walk does not reach the line Ox with a probability p > 0.
By lemma 6.4, the random walk X, must reach the domain H := {R(z) = no} J{R(z) = —no}
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with a probability 1. We consider the first time S, that the random walk X,, reaches H and
we assume that it reaches the line {R(z) = no}. We go on the random walk one step to reach
the line {R(z) = no + 1}. We consider a new half-plane at origin Ys. We have also the random
walk after the time S will stay in this half-plan with a probability p. Thus,

A\p?

P(Vk < ng : 3(Y3) > 0 and 3k > ng : 3(Y;) =0) = o

As two events
{Vk <np: I(Yy) > 0;3k > ng : S(Yr) =0)} and {3k € (0,n0] : S(Yx) = 0}

are disjoint and they are included in the event {3n > 0: ¥(Y;,) = 0}, then:

/\p2

143X\
If we take € small enough, we will find a contradiction. It implies p = 0.

Now, we prove that [{n : (Y,) = 0}| > 1 a.s for the tree Tg. We set p =P(3In > 0: J(Y,) =
0). Assume that p > 0, as the random walk in the domain {J(z) > 0} of half-plane is the same
law with the random walk in this domain of the plan. It implies that the random walk X,, on
the plan does not reach the line Ox with a positive probability. That is a contradiction with
the step 1 and then p = 0. (]

P{In>0:3(Y,) =0})=1-p=>1—p—c+

The second step. The goal of this step is to prove the following theorem:

Theorem 6.6. Let A > A.. We consider the biased symmetric random walk RW)y on Ty2 or
Tw. Then,

{n > 0:3(Y,) = 0} = +o0,

almost surely.

Proof of theorem 6.6 in the case Ty. Denote by A the following event:
A:={{n>0:93Y, =0} =o0}.
We can write:
A={Vk,In >k :3Y, =0}.
Suppose that P(A) < 1, we have then P(A¢) > 0. We write the event A° under the form:
A¢:={3k,Yn >k : Y, > 0}.

We set AS, := {Vn > m : JY,, > 0}, then A° =[] AS.

We can see that it is an increasing union, thus Ing : P(A7, ) > 0 and then P(Vn > ng : SX,, >
0) =c>0.

Now, we consider the random walk until time ng. Denote by €2,,, the set of all configurations
(Yo,Y1,...,Y,,). For each w € Q,,, we define the event A, as follows: The random walk does

not reach the line Ox after time ng and (Yo, Y1,...,Y,,) = w, then
> P(Ay) =c>0.
wEQnO

As the cardinal of €, is finite, then there exists wp € 2y, such that: P(A,) = c¢1 > 0.

We add a new line under the line Ox and we consider a new half-plane H' with the origin at
O’ (see the Figure 4).

We consider the biased random walk RW) on Tgr. We consider the random walk begin at
O’, it comes to O in the first step, and after it does a trajectory as the configuration wp, we
obtain a configuration wy, (see the figure 2). The random walk on T and Ty do not have the
same law until the time ng, but as ng fix, therefore the configuration Awé occurs with a positive
probability, where A% is defined as the same way with A,,,. This means that the biased random
walk on T does not reach the line O’z with a positive probability. It is a contradiction and
then P(A) = 1, that concludes the proof of theorem 6.6 in the case T.
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Y

FIGURE 3. A configuration w

Y

FIGURE 4. A new half-plane H’

Proof of theorem 6.6 in the case Ty2. Suppose that the random walk reaches the line Ox an
infinite number of times with a probability strictly greater than 1.

By using the same argument as in the case Ty, then there exists a configuration w and a
number ng such that P(A,) > 0 where A, is an event that the random walk does not reach the
line Ox after the time ng and (Yp,Y1,...,Y,,) = w (see Figure 5).

v

FIGURE 5. A configuration of A,
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Let A1 = (a1,0),B; = (01,0)...,Ar = (ag,0), Br = (bg,0) be k point of intersections of
the line Z x {0} with w along the curve w such that there exists a self-avoiding walk C,, in
w starting at (a;,0) and ending at (b;,0) which is below the line Z x {0}. Let (a,0) be the
last point of intersection of the line Z x {0} with w before that the random walk does not
reach the line Z x {0}. We set A := (x,0) be one of (a;,0) or (b;,0) which maximize the first
coordinate. We take B = (x,1) and we consider a new plan P with the origin at B as in the
figure 4, and we consider the random walk RW) on the tree Typ from the self-avoiding walks
in the half-plane of the plan P. Let C = (Cy,, Ca,, ..., Cy,) be a set of [ self-avoiding walks in
w which connect (a;,0) to (b;,0). If there exist ¢, j such that [a; A bj,a; V bj] C [a; A b, a; V by,
then we remove the self-avoiding walk Cy; in C'. Finally, we obtain a set of self-avoiding walk
C' = (C,.C,,...,C} ) which there are not i,j such that [a; Ab;,a; V bj] C [a; A by, a; V by
and we can assume that C' = (Cy,,Cy,,...,Cy, ) and that a3 > ag > -+ > a,, and for all
i € [1,m],a; < b;, this hypothesis implies that A = (b1,0). We consider the configuration w’ as
follows (see the Figure 6):

Set u=sup{l <i<m:a; >a}. Then we define the self-avoiding walk

wll = ([BA] 7Ca17 [(62’ O)v (a17 0)] ’Cazﬂ [(637 0)7 (a27 0)] yree 7Cau7 [(aw 0)(G’U7 1)})
wé = ([(aw 1)7 (am7 1)] ) [(am7 1)7 (aTm O)] 7Cam7 [(bm’ 0)7 (am—h O)] v 7Ca'u.+17 [(bu+17 0)’ (a7 O)])
W3 1= Wijg,n] Where w(t) = (a,0)

We take w' := w] & wh S wy.

Then, we can see that the random walk reach a finite number of times the half-plane of P
with a strictly positive probability. This is a contradiction with the case Ty that we proved in
the first case. (]

FIGURE 6. The configuration w’

Remark 6.7. All of results that we proved in the first step and second step for Tz2 and Ty, are
still valid for TSLy and T'SLy2. We can see that it is suffice to prove the theorem 6.3 in the

case TSLy and TSLy2, (it means the biased random walk on T'SLy and T'SLz2 reach the line
Oz an infinite number of times).

The third step. In this step, we give a proof of theorem 6.3 in the case Q\-measure. We start
with the following definition

Definition 6.8. Let C be a closed, simple curve of Z2. The interior of C, denoted by I(C) is
a sub-domain of R? which is surrounded by C (see the figure 7). Denote by S(C) is the area of
this domain. The exterior of C is defined by

E(C):=R*\ I(0).

Lemma 6.9. Let ((a1,0), (a2,0),...,(am,0)) be a sequence of points on the line Z x {0} such
that a1 < ag < -+ < agy. For each i, we denote ~y; the self-avoiding walk starting at (ag;—1,0)
and ending at (ag;,0) which is below the line Z x 0. Suppose that

Vi, s Ny =G.
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FIGURE 7. A closed, simple curve C of Z? with its interior in red

We set A :=Jv; and B =0AU (U [a2i—1, azi]) x {0}) where,
0A = {z€Z2 cdr e A,0<d(x,2) < \/5}
Then there exists a self-avoiding walk in B starting at (a1 — 1,0) and ending at (agn+1,0).

Proof. The statement is intuitively clear, but its proof is a little messy; we postpone it to
Appendix A. O

Remark 6.10. By the same argument as in the proof of Lemma 6.9 (see Appendiz A), we can
see that: Given v € Z x {0} such that there exists an infinite self-avoiding walk which is below
the line 7 x {0} starting at v, there exists a self-avoiding walk in B starting at v and ending at
(aQn + ]., 0) .

Proof of theorem 6.3 in the case Qy-measure. Denote by A the following event:
A:={|{n>0:Sw(n) =0} =o0}.
We can write A under the form:
A :={Vk,3n >k : Sw(n) =0} .

Assume that P(A) < 1, then P(A€) > 0. By the symmetry, the following event has a positive
probability
{={3k,Yn >k : Sw(n) < 0}

We set A7, := {Vn >m: Sw(n) < 0}, then A7 = J A.

We can see that it is an increasing union, thus 3ng : P(A7, ) > 0 and then P(Vn > ng :
Sw(n) <0)=c>0.

Now we consider the limit walk until the step ng, (w$°(0),w°(1),...,ws?(no)). By using the
same argument as in the second step, there exist w(0),w(1),...,w(np) such that the following
event has a strictly positive probability (see Figure 8):

Vn > ng : Sw(n) <0
We fix k£ > 0 and define:

D= ({Sz>0}n {§Rz < inf m;ou)}) U({Sz>0}n {?Rz > sup mg%@})

0<i<no 0<i<ng

B {@O(O) = w(0),w3*(1) = w(1),. .., ws(no) = w(no)

Let V be a subset of Z \ D such that for all x € V, there exists an infinite self-avoiding walk
starting at x and it does not reach the path (w$°(0),w3°(1),...,ws?(no)).

For each © € V, we denote by v, the path starting at x, which does not reach the path
(w(0),...,w(ng)), and reaches the domain D at only one point and such that, for each z € ~,, z
belong to the line Zx {0} or z belong to the boundary of self-avoiding walk (w(0),w(1),...,w(ng)).
By the lemma 6.9 and the remark 6.10, v, as above exists. We set then p := sup,cy 72|
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FIGURE 8. A configuration of B

Let T be a tree defined by:
‘Ti‘ =1foralli<p
Ty = {v}
T =Ty
We apply the theorem 6.6, almost surely, the random walk reaches the line Ox an infinite
number of times, and thus, it reaches the line Ox at least k£ times almost surely. Every time
it reaches the line Ox at a point x, we can go on the random walk at most p step to reach
the domain D (we can do it, because T'SLz2 have no leaf and then x belong to V). Then, the
limit walk stays within the half-plane &z < 0 after the step ng with a probability smaller than
(1—C(\T)), where C(A\,T) is the effective conductance for the tree T. In general, we have:

Vk>0:P(B) < (1—-C\T)*
As we have C'(\,T) > 0 (because it contains the tree Tg), then P(B) = 0. That is a contradic-
tion, and it implies the theorem 6.3 in the case Q)y-measure. O

The last step. In this section, we give a proof of theorem 6.3 in the case Py-measure. We
begin with the following:

Proposition 6.11. We consider the biased random walk RWy on T'SLy. Let (By), be the
sequence of strips of H where By, is the strip between two lines Sz =0 and Sz =n. We define
ps := lim,, br(Tg, ), where T, is a tree which is constructed from the self-avoiding walks in By,.
Suppose that A > p%' Then the limit walk WS touch the line Oz an infinite number of times
almost surely.
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FIGURE 9. A configuration of B with a path -,

Proof. We fix A > ps. First, we prove that there exists L > 0 such that the limit walk on the
tree T'S Ly reaches the strip Br, almost surely.

Assume that, for all L > 0, the limit walk reaches the strip By, a finite number of times with

a strictly positive probability. We take Lg such that A\ > br(Tig)' We use the same argument
Lo

as in the second step, then there exists a sequence of vertices of H, w(0),w(1),...,w(ng) such
that the following event has a strictly positive probability (see the figure):

g = JeX(0) =w(0),w(1) = w(1),..., w5 (no) = w(no)
© | V> no: Swe(n) > Lo

We set b := supgc;cn, RwS®(7) — infocicn, Rw3® (7). Let T be a tree defined by:

~

T;

=1forallt<b
T, =v
T”:TBL0

By theorem 6.6, we know that the random walk reaches the line Ox an infinite number of
times and then it must to reach the line &z = Ly an infinite number of times almost surely. By
using the same argument as in the third step, then:

vk > 0:P(B') < (1 - C(\, Tg,,))*



TREES OF SELF-AVOIDING WALKS 29

FIGURE 10. The random walk reaches the line Z x {0} at z and it go to D by
the path -,

As we have C(A, T, ) > 0 (because we have taken A > A;(Tp, ), then P(B’) = 0. That is a
contradiction. We conclude that there exists L > 0 such that the limit walk on the tree T'S Ly
reaches the strip By, almost surely.

We fix a number L such that the limit walk reaches the domain B an infinite number of
times almost surely. Now, we prove that the limit walk reaches an infinite number of times the
line Ox almost surely.

Assume that P(|n : Sw™(n) =0 < 4o00|) > 0, then there exists ng; 21, 22, . . ., 2n, such that
the following event occurs with a strictly positive probability:

o {w§°(0) = 0;w5e(1)

= 21;...;w%(n0) = Zng
Vn > ng @ Swe(n) >0

Let T* be a tree defined by
|T}|=1forallt <L

Recall that Y,, := I1X,,. Let U be a set of naturals n such that: RY,, = SUDo<i<n:Y;eB, RY; or
RY,, = infoci<ny;en, NY;. For each n € U, we go on the walk in the vertical direction until it
reaches the line Ox. When it reaches the line Ox, it remains reach the line Ox with a probability
which is greater than ¢ x C'(\,T*) where c¢ is a constant that does not depend on n (see the
figure 11).
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FIGURE 11. A configuration of B’

As the walk touches the line Ox an infinite number of times almost surely, we have then
|U| = 400, p.s. This implies that P(C') = 0. That is a contradiction.

In order to complete the proof of Theorem 6.3, we must have ps = br(Ty). This equality is
the content of Proposition 5.15. O

Remark 6.12. In the prove of the proposition 6.11, if P(B") = 0, we have then P(B”) > 0,
where
B’ — wio(o) = w(O),wio(l) = W(l), s 7w§0(n0) = W(TLO)
Vn > ng : Sw(n) < Lo

By the same argument with the case P(B') > 0, we can find a contradiction.
Theorem 6.13. For all A > \., we have
Ry (limsup Rws®(n) = +o00) = 1; Ry (lim inf Rw(n) = —o0) =1,
n

n

where R € {P,Q}.

Proof of theorem 6.13 in the case Z?. Assume that P(limsup, Rw$®(n) = +00) < 1, we have
then P(3A > 0,3ng > 0,Vn = ng : Rw(n) < A) > 0.

Now we consider the limit walk until the step ng, (w$°(0),w°(1),...,ws%(no)). By using the
same argument as in the proof of theorem 6.6, there exists w( )s w(l) w(no) such that the
following event have a strictly positive probability:
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FIGURE 12.

M {w§°(0) = w(0), (1) = w(1), ..., ws(no) = w(no)
Vn > ng : fws®(n) <0

By the symmetry, the theorem 6.3 implies that the infinite self-avoiding walk touches the line

Oy an infinite number of times almost surely. Then, we use the same argument as in the third

step 6.4 to find a contradiction, and then P(limsup, Rw®(n) = +00) = 1. By the symmetry,

we also have P(liminf, RwS°(n) = —oc0) = 1. O

Proof of theorem 6.13 in the case half-plane H. We perform the procedure of the prove of theo-
rem 6.3 to obtain: The trajectory of the biased random walk X, reaches the line {0} x Z* almost
surely, then it reaches the line {0} x Z* an infinite number of times almost surely. Finally, we
use the same argument as in the third step 6.4 to conclude. O

Remark 6.14. The theorems 6.3 and 6.13 are still valid in the other regqular lattices such as
hexagonal lattice, triangular lattice.

6.5. The law of first k-steps of limit walk. We consider the biased random walk RW) on
Ty. Recall that w$® is the associated limit walk and [Py denote its law.

Let £ € N* and y1,y2,...,yr be k elements of V(Ty) such that (y1,ys2,...,yx) is a simple
path. For each A\ > )., recall that the law of first k-steps is defined by:

(7) @Ayk(yby% v 7yk) = P)\(wio(l) = ylvwio(Q) =Y2,... 7"‘)30(]{:) = yk})

We prove the continuity of this function.
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Theorem 6.15. For every k € N* and (y1,v2,...,yr) € VF, the function ¢™* is a continuous
function of A on (Ae, +00).

We begin with some notation. Let T" be a tree and = € V(T'), recall that C(\,T%) denote
the effective conductance of biased random walk X7 on the tree T*. If y € (T%);, we define
C\T,y) =P(Vn >0,X, >z X{ =y).
In order to prove the theorem 6.15, we need the following lemma:

Lemma 6.16. We have

/\,k( C(A7T07y1> C(}\,Ty17y2) C<)‘7Tyk717yk) )

ylay%--'ayk) é(A,TO) G(A,Tyl) é(A,Tyk—1>
Proof of lemma 6.16. We prove this lemma in the cases k = 1 and k£ = 2. In the case k > 3, we
use the same method.

The case k = 1 We let C*(\,T) denote the probability return to origin k times before go to
the infinite for the biased random walk on the tree 7. We define the events A := {w3°(1) = y1}
and A; denote the random walk return to origin & times before goes to the infinite by passing
through y;. In other words,

A = {w1) =y1;ln>0: X,, = 0| = k}.

The events A; are disjoints, then we can see that

+oo
A=A
=0

We have P(Ag) = C(\,T°,y1); P(A;) = C(\, T, 41)C*(\, T°),Vi > 1, we obtain then

¥

P(A) = iP(Ai) = (1+ +Z CHN, TO)C(N, T, ).
Moreover, by the Markov p:)i)erty, we have ;:lslo
— i oV) -— ~ oV\i _ 1
(1 +;c (A, T°)) = iz;u —C(\,T°) = T
Then we obtain ™ (y1,2,...,y%) = P(A) = %

The case k = 2 We define the events A := {wS°(1) = y1,w°(2) = y2} and A;; denote the
random walk returns to origin ¢ times and after the last time that it returns to origin, it returns
to y1 7 times. In other word,

Aij i ={w(1) =y1;0(2) =y25In > 0: Xy, = 0| =45 |n > S Xy = 1| = 4},
where §; satisfy Xg, =0;|0 <n < S;: X,, =0| =i—1. Then
+00 00

A=J A4y
i=0 j=0
The events A;; are disjoints, thus
+00 +o0
P(A) =) > P(Ay).
i=0 j=0

Moreover, it is easy to see that
P(A;j) = C'(A,T%) x C(A, T y1) x CI(N, T¥) x C(A\, TV, y2).
Then we get

“+00 400
P(A) =) CUATY) x C(A T, 1) x CI(A,T¥) x C(A, TV, 110).
i=0 j=0
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Then
+oo +oo
P(A) =Y C'(\T%) x C(AN T y1) Y CONT) x O\ T ).
i=0 §=0

By the Markov property, we have

+oo . 1 +00 . .
ZC’J()\,TM) = ~7§201(A,T0) =
3=0 COT™) 55 C(A,T)

We get P(A) = C(N)\’To’yl) X C(N)‘zTyl 1Y2) -

C(AT9) C(ATYL) -
Proof of theorem 6.15. By lemma 6.16, we have

0 1 -1
S0)\,k(y17y2’”.’yk) _ CE,)\’T ayl) % CQ)‘va ay2) N, CE/)‘aTyk ayk)
C(\,T9) C(\,Ty) C(\, TYx-1)
It is enough to prove that C'(\,TY,y,11) and C(A\,TY) are continuous. For the continuity
of C(\,TY), we use the same method as in the proof of theorem 5.16. For the continuity
of C(\,T¥%,y;+1), this function can be written in terms of A and C'(\,T%+1). It implies the
continuity of this function. O

Remark 6.17. Theorem 6.15 is still valid in the case Ty2. Beside, let k € N* and z € V(Ty).
We define

(N k, z) :=Py(w3°(k) = 2).

Then o(\ k, z) is a continuous function on (%, +00). Indeed, we can write

o\ Kk, 2) = Z C(A\, T, ~(1)) y C(\ T, ~(2)) CO, TV )

HeSAWnO=0n(t)=:  CNTY) C(\, ™) C(\, TH(k=1)

7. THE CRITICAL PROBABILITY MEASURE THROUGH BIASED RANDOM WALK

7.1. The critical probability measure. In this section, H is the upper-half plane and we
now consider the self-avoiding tree T' defined by either T' = Ty or T' = T2. We aim to construct
a critical probability measure through the biased random walk on self-avoiding tree. First, we
review the construction of Madras and Slade (see [11] for detail). Recall that b,, be the number
of all n-step bridges that begin at 0 and B, denote the set of all n-step bridges that begin at
0. Given n > m and an m-step self-avoiding walk ~ in H. Let ]P’ﬁ,n('y) denote the fraction of
n-step bridges that extend -, it means
[Fu(1) N Bl _ 1Ful3)]

PD () =

where F), () is the set of all n-step bridges which extend ~. The equality (8) is the probability
that a long bridge (uniformly chosen from among all n-step bridges) is an extension of . Define

(9) Py (w) = lim P (7).

Fact 7.1 ([11], Theorem 8.3.1). Let vy be an m-step self-avoiding walk in H. Then the limit (9)
erists.

The existence of the measures P2 allows us to define a measure P2 on the set SAW,, of H.
For each 7> € SAW,, denote v [0, m] be v*°(0),7v>(1),...,7*°(m), then

PZ (v [0, m] = 7) = PE(v), for every 1.

Fact 7.2 ([14], Theorem 8.3.2). P2 is the i—Kesten measure, where [ s the connective constant
of the square lattice.

We state now the main theorem of this section.
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Theorem 7.3. Recall that for allm > 1, T™ is the m-good tree. Fiz k > 1 and y1,y2,...,yx €
V(Tw), the function @™ M (yy, .. .,yk) (respectwely ONE(yy L yk)) denote the law of first
k-steps of RWy on T™ (respectively Ty ). Then,
(1) The function @™ (y1, ..., yx) converges towards a limit, denoted by o
when X\ decreases towards Ny, = A(T™).
(2) The function @™ ™k (yy, ... y) converges towards a limit, denoted by p *(y1, ..., ys).
(3) Moreover, we have the following diagram

m’)\m’k(yla e 7yk)

m\k m—+00 I Ak
¥ (ylv"'ayk))\>)\ (TH)QO (yla"'ayk)
A—)AC(TW)\L J{?
¢m7/\m’k(y1>"'7yk)4)30 © (y17"'ayk)

m—+00

Proof of points 1 and 2 of Theorem 7.3. It is suffices to prove the theorem in the case
k = 2 and we use the same method for all k£ > 3. By fact 3.8, we have

. mA2(, o — ol
forall i€ {1,2,3} lim o™ (yo =041 =) = g A
ry 1

where S is a set of all irreducible bridges which pass through z; and A\.(T") = A.,,. Let p;, be

the number of irreducible bridges of length n which are pass through z;, we obtain

li m,\, 2 -0 )\n
jlm @™ (o = 0,9:) sz n

This implies that @™ m2(yg = 0,91 = ;) = > o PimAl. Moreover, for all m, Ay, > Ao(=
Ace(Tw)) since T™ C Ty. Then,
m
"Ry = 0,51 = @) = > pinAp.
n=1

We need to prove that ¢™*m2(yy = 0,y; = ;) converges. Assume that there exists a subse-
quence (my)y such that

{w € {1,2,3}, limj oo @™ 02 (yo = 0,51 = 3;) = o
a1 > 3002 praAl

We can see that oq +as+ a3 =1 and for all i € {1,2,3},0; > Zn 1p1n)\" By Fact 5.5,

we have ZZ D 1pm)\ —1andthen1—a1+a2+a3>zl 1 X pin A} = 1. That
is a contradiction. It implies that for all i € {1,2,3},a; = Zn 1 Pin ”. We conclude that
@2 (yg = 0,1 = ;) converges towards > 1> p; AP when m — +oo. O

Proof of point 3 of Theorem 7.3. It remains to prove that

m,/\,k:( H,A,k(

lim @ Yy ooy Yk) = ¢ Yls - Uk)-

m—+00,A>Ac(Th)
It is suffices to prove the theorem in the case k£ = 2, the same method will extend for all k£ > 3.
Fix A > A.(Tg) and € > 0. By the proof of proposition 5.10, we have lim;,,— o Ac(T™) =
Ace(Tw). Then there exists mg > 0 such that,
Vm = mo, A > A (T™)
Vm = mg, (1 —C\,T™))™ < e
Let T be a tree defined by:
|T;| =1 for all i <m
T, = {v}
T'U — Tm
We choose ng (depends on m) such that for all n > ng, (1 — C(X\))" < e. By considering the
self-avoiding walks in the rectangle whose vertices are ((—nqg, 0); (—ng, mo); (no, mo); (no,0)) and
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a simple argument, we can see that for all i > mgny, |<pi’)"k(y1, ceYk) — goH’A’k(yl, . ,yk)| < 2e.
Since ¢ is arbitrary, this complete the proof of theorem. O
Remark 7.4. o Theorem 7.3 allows us to define a critical probability measure Py, on

Ty. We can see that this critical probability measure is exvactly Kesten’s measure as in
Section 5.2.

o Let T(m) = Tyz,, be the finite tree which is construct from self-avoiding walks starting
at origin of length smaller than m. Fix k > 1 and y1,y2,...,yx € V(Iy2), recall that

T(m)OO’T(m) is T'(m)-finite type and gom’)"k(yl, .y Yk) 18 the law of first k steps of RW)y,

on T(m)>>T) | Then the function @™ * (y1, ..., yx) converges towards a limit, denoted
by @™ AmE(yy, . yk) when X decreases towards Ay, = Ae(T(m)>>T™). We hope that
the function @™ F(yy, ... yx) converges when m — ooc.

7.2. Conjectures. If we take the cut-set II,, := T}, and we set c(e) = (i)'d, then

+oo
SUS et = Z%n.

n  e€ll,
If the prediction of Nienhuis holds, we obtain

+00Mn +oo 1 B
S5y e
n=1 Cn n:lnE

By Theorem 2.14, we can establish the following conjecture.
Conjecture 7.5. The biased random walk RW), on Ty (or Ty2) is recurrent.

Finally, we believe that for every & > 1 and y1, 42, ...,yx € V(Tu),

lim @H,A,k( )\c,k(

A—Ac(Ta) yla"'ayk‘):(to

Yty .- 7yk‘)

Conjecture 7.6. The following convergence diagram holds

m\k Mmoo HAk
® (y17"'7yk)/\>)\c(TH)90 (yla"‘7yk)
A_»\C(Tm)l l)x—»\c(TJHI)
(’Dm,)\me(yl’ cee ayk’) = SO)\ak(yla cee ayk)

m— 400

APPENDIX A. PROOF OF LEMMA 6.9

We give here an algorithm to prove Lemma 6.9. By a recursive argument, it is suffices to
prove lemma in the case n = 1. Let w := 71 and w’ be a self-avoiding walk in Z? \ w, starting
at (a1 —1,0) and ending at (ag + 1,0). Then we obtain a polygon ww’ (see the figure 5).

We follow the following algorithm:

INPUT: Two self-avoiding walk w and w’.

OUTPUT: A self-avoiding walk + which is in B.

1. Let v :=w',U := {z € v\ B}

2. We choose an element z = (a,b) of U

Case 1: If the edge (z, (a,b+1)) € v and the square (z, (a,b+1), (a+1,b+1), (a+1,b)) € wr.
We remove the edge (z,(a,b+ 1)) and we add 3 edges ((a,b+ 1),(a + 1,b4+ 1)); ((a + 1,0 +
1),(a+1,b)); ((a,b+1),(a+ 1,b)) to 7. We choose a new self-avoiding walk 7 in ~ starting at
(a1 — 1,0) and ending at (a,, + 1,0).

Case 2: If the edge (z, (a,b+1)) € 7 and the square (z, (a,b+1), (a—1,b+1),(a—1,b)) € wr.
We remove the edge (z,(a,b+ 1)) and we add 3 edges ((a,b+1),(a — 1,6+ 1));((a — 1,b+
1),(a—1,b)); ((a,b+1),(a — 1,b)) to 7. We choose a new self-avoiding walk 7 in ~ starting at
(a1 —1,0) and ending at (a, + 1,0).

Case 3: If the edge (z, (a,b—1)) € v and the square (z, (a,b—1), (a+1,b—1), (a+1,b)) € wy.
We remove the edge (z,(a,b — 1)) and we add 3 edges ((a,b —1),(a +1,b—1));((a + 1,b —
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AN

7

FIGURE 13. The self-avoiding walk w (in red) and w’ (in blue) and the polygon
between w and w'.

1), (a+1,b)); ((a,b—1),(a+1,b)) to v. We choose a new self-avoiding walk 7 in v starting at
(a1 —1,0) and ending at (a, + 1,0).

Case 4: If the edge (2, (a,b—1)) € v and the square (z, (a,b—1),(a—1,b—1),(a—1,b)) € wy.
We remove the edge (z,(a,b — 1)) and we add 3 edges ((a,b —1),(a —1,b—1));((a — 1,b —
1),(a —1,b)); ((a,b—1),(a —1,b)) to v. We choose a new self-avoiding walk 7 in 7 starting at
(a1 —1,0) and ending at (a,, + 1,0).

Case 5: If the edge (z, (a+1,b)) € 7 and the square (z, (a+1,b), (a+1,b—1), (a,b—1)) € w~.
We remove the edge (z,(a + 1,b)) and we add 3 edges ((a + 1,b),(a + 1,b — 1)); ((a + 1,b —
1), (a,b)); ((a,b+ 1),(a + 1,b)) to 7. We choose a new self-avoiding walk 7 in v starting at
(a1 — 1,0) and ending at (a, + 1,0).

Case 6: If the edge (z, (a+1,b)) € v and the square (z, (a+1,b), (a+1,b+1), (a,b+1)) € wry.
We remove the edge (z,(a + 1,b0)) and we add 3 edges ((a + 1,b),(a + 1,b+ 1)); ((a + 1,0+
1), (a,b4+1)); ((a, b+ 1), (a+ 1,b)) to 7. We choose a new self-avoiding walk 7 in v starting at
(a1 — 1,0) and ending at (a, + 1,0).

Case T: If the edge (z, (a—1 b)) € ~ and the square (z, (a—1,b),(a—1,b0—1), (a,b—1)) € w.
We remove the edge (z,(a + l,b)) and we add 3 edges ((a — 1,b),(a — 1,0 —1));((a — 1,b —

1), (a,b—1));((a,b—1),(a —1,b)) to 7. We choose a new self-avoiding walk 7 in ~ starting at
(a1 —1,0) and endlng at (anp —|— 1,0).

Case 8: If the edge (z, (a—1 b)) € ~ and the square (z, (a—1,b), (a—1,b+1), (a,b+1)) € wy.
We remove the edge (z, (a 1 ,b)) and we add 3 edges ((a — 1,b),(a — 1,0+ 1));((a — 1,b +
1), (a,b4+1)); ((a,b+1),(a —1,b)) to v. We choose a new self-avoiding walk 7 in y starting at
(a1 —1,0) and ending at (a2 + 1 ,0).

3. Let v:=7;U :={z Ev\B}.

4. While U # O go back to 2.

5. Return .

We can see that whenever U is not empty, we can decrease the area of the interior of the
polygon w~. Indeed, for example if we are in the case 5, we have seven possibilities as in the
figure 14. The first possibility (the left picture in Figure 14), the area of the interior of the
polygon wy decrease 1. The second possibility (the right picture in Figure 14), the area of
interior of the polygon w~y decrease at least 1 (the blue zone). Similarly, the possibilities in
Figures 15, 16 and 17, the area of interior of the polygon w~ decrease at least 1.

Since the ere of the initial polygon is finite, then we can find a self-avoiding walk which is in
B, starting at (a1 — 1,0) and ending at (a, + 1,0) after a finite steps of algorithm.
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B — .

]

FIGURE 14. The self-avoiding walk w (in red) and &’ (in blue and the polygon
between w and w').

/I; _V/L _V

/] /]

1]

2]
3]
[4]
[5]

[6]

FIGURE 15. The self-avoiding walk w (in red) and &’ (in blue and the polygon
between w and w').
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between w and w’).
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