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COMMENTS ON OBSERVABILITY AND STABILIZATION OF
MAGNETIC SCHRODINGER EQUATIONS

KAIS AMMARI, MOURAD CHOULLI, AND LUC ROBBIANO

ABSTRACT. We are mainly interested in extending the known results on ob-
servability inequalities and stabilization for the Schrodinger equation to the
magnetic Schrodinger equation. That is in presence of a magnetic poten-
tial. We establish observability inequalities and exponential stabilization by
extending the usual multiplier method, under the same geometric condition
to that needed for the Schrédinger equation. We also prove, with the help of
elliptic Carleman inequalities, logarithmic stabilization results through a resol-
vent estimate. Although the approach is classical, these results on logarithmic
stabilization seem to be new even for the Schrodinger equation.
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1. Introduction

1.1. State of art. Observability inequalities for the Schrédinger equation were
established by Machtyngier [23] by the multiplier method. The corresponding ex-
ponential stabilization results are due to Machtyngier and Zuazua [24]. Under
the so-called geometric control condition, Lebeau [20] showed that the Schrodinger
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equation is exactly controlable (or equivalently exactly observable) for an arbitrary
fixed time (see also Phung [33], Laurent [19] and Dehman, Gérard and Lebeau [13]
for the nonlinear case). In the case of a square, Ramdani, Takahashi, Tenenbaum
and Tucsnak [34] obtained an observability inequality by a spectral method which
is build on the fact that observability is equivalent to an observality resolvent esti-
mate, known also as Hautus test. This equivalence was first proved by Burq and
Zworski [10] (see also Miller [31]).

The case of Schrodinger equation on spheres and Zoll manifolds was studied in
Macia [25], Marcia and Riviere [26, 27]. While the Schrédinger equation on the
torus and the disk was considered by Anantharaman, Fermanian-Kammerer and
Macia [1], Anantharaman and M. Léautaud [4], Anantharaman, M. Léautaud and
Macia [2], Anantharaman and Macia [3].

Exact observability inequalities for the (magnetic) wave equation can transferred
to observability inequalities for the (magnetic) Schrédinger equation and vice versa
via a transmutation method (see Miller [31] and references therein) or by an abstract
framework consisting in transforming a second order evolution equation into a first
order evolution equation (see [36] for more details). There is wide literature on
control, observability and stabilization for the wave equation. We only quote the
following few reference [6, 11, 14, 15, 18, 35].

1.2. Main notations. Denote by dz the Lebesgue measure on R%, d > 1, and do
the Lebesgue measure on a submanifold S of R¥ of dimension & — 1. Let X be
an open subset of R? and Y = (X,du), Y = (S,du) or Y = (X x S,du), where
du=deif Y =X,dypu=doifY =Sandduy=dr®doif Y =X x S.

For f,g € L*(Y) = L3(Y,C) and E C Y is measurable, we set

(flg)os = /E fadu,

1/2
1 llo.s = ( [E |f2du)

and, if in addition f € H'(Y) = HY(Y,C), let

1/2

d
1z = { IF1E.2 + D 10:/15 2

Jj=1

Similarly, for F,G € L*(Y,C%), ¢ > 1, we define
O
E

1/2
()
E

For simplicity sake’s, the real part of (:|-)o,g is denoted by (:|-)o &.
Finally, for f € L>®(X,R%), £ > 1, we set

I1E|

[fllso = Al zoe (x ) -

Throughout this text, 2 is a C*° bounded domain of R™, n > 1, with boundary
T'. Let v denotes the outward unit normal vector field on I'.
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Henceforth a = (a1, ..., a,) € WH®(Q,R") is a fixed vector field. We define the
magnetic Laplacian and the magnetic gradient respectively by

Aa=D (05 +ia))* = A+2ia-V +idiv(a) - [al’

j=1
and
Va=V+:a.
We shall also need the notation
Oy, =Va-v=20,+ia-v.

The following identities will be useful in the sequel. There are obtained by
making integrations by parts

(1'1) (Aaﬂg)O,Q = *(Vaﬂvag)o,ﬂ + (81/5]0‘9)0,1‘7 fe HQ(Q)a g e Hl(Q)7
(1.2)  (Aaflgloo = (flAag)og, f,g9€ H*(Q)N Hy(Q).

Let A be a nonempty open subset of I and
(1.3) H={uec H(Q); u=00nA}.
The Poincaré constant of H will denoted by »(H):

[ullo.o < #(H)[IVulog, veH.

1.3. Magnetic gradient semi-norm. Consider on H}(Q) = H}(Q,C) the semi-
norm

f e Hy(Q) = [IVafllog-
By the fundamental relation of Jaffe-Taubes [17]

IVIfll <|Vaf| a.e. in Q.

As a consequence of this relation, we deduce that ||Va - |jo,o defines a norm on
H(2). This norm is not in general equivalent to the natural norm ||V - [o.q on
H (). For simplicity sake’s, even it is not always necessary, we assume that a is
chosen is such a way that ||Va - |jo,q is equivalent to |V - ||o,q. This is achieved for
instance if 0 is not an eigenvalue of the A,, under Dirichlet boundary condition.
We refer to [8, Proposition 3.1] for a proof and other equivalent conditions.

Note that if ||a]|« is sufficiently small then ||Va-|lo.q and ||V -]jo.q are equivalent
on H}(Q). Indeed, if 5 = » (H}(R)), then

1
(14)  —=(1—=V2]aler)|Vullog < [Vaulon < V2(L+ [[a]ocs)[Vulo,o-

V2

Whence, under the smallness condition

1
1.5 Al < —#,
(1.5) lall Y
[Va - llo and |V - |jo.q are equivalent on H}(€2).

More generally, if H is of the form (1.3) and ||la]|e < then ||V, -

1
<HIVE lo.0

and ||V - |lo.q are equivalent on H.
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1.4. IBVP’s for the magnetic Schréodinger operator. Consider I'y and I'y
two disjoint nonempty open subsets of I' so that I' = To U T}.

From now on, we assume

(i) 0 < ¢ € L™(Q) and there exist w, an open subset of Q, and ¢y > 0 so that
c > ¢y a.e in w.

(if) 0 < d € L*°(Ty) and there exist g, an open subset of 'y, and dy > 0 so that
d > dg a.e. on 7.

We deal with systems governed by IBVP’s for the magnetic Schrédinger operator
with different types of dampings. The first system we consider is given by the IBVP

iug + Agu+ic(z)u=0 in Q x (0,4+00),
(1.6) u=0 onI' x (0, 400),
u(+,0) = up.

As a consequence of (1.2) we obtain that the unbounded operator A : L?(Q) —
L?(Q) given by Au = Aju and D(A) = H?(Q) N H}(Q) is self-adjoint.
From inequality (1.1)

(Aulu)g = —||Vaull2 <0, ue€ D(A).

As a non negative self-adjoint densely defined operator, A is m-dissipative. Then
so is Ag = iA and, consequently, Ay generates a strongly continuous group e*0.
Let Ay = —iA, — ¢ with domain D(A;) = D(Ap). As a bounded perturbation
of Ay, Ay generates also a strongly continuous group e*41.
For ug € L?(12), define the energy for the system (1.6) by

1
£4,(0) = &l

If u(t) = e*1ug, we get by using identity (1.1)

d , ,
@50 = 2R @), u(t))o.o = 2R [(|Vau@®)[§.0 = [Veu®)llga] » > 0.

Hence
d o 2
71w ) = —IVeu®lo . t>0.

Therefore t — £ (t) is decreasing when ug # 0. We can then address the
question to know how fast this energy decay. This issue will be one of our objectives
in the coming sections.

The second system is associated with an IBVP with boundary damping.

iur + Agu=0 inQ x (0,+00),
Oy u+duy =0 onTyx (0,+00),
u=0 onT'; x (0,400),
u(+,0) = uo.

(1.7)

Introduce
V ={ue H(Q); ur, =0}.
Then, as we have seen before, under the smallness condition
1
2(V)V2
IVa - llo,o and ||V - |lo,o are equivalent on V. In particular, V' endowed with the
norm ||V, - |lo,q is a Hilbert space.

(1.8) lafloe <



MAGNETIC SCHRODINGER EQUATIONS 5

Consider the unbounded operator A : V. — V given by
As =iA, and D(As) ={u€eV; A, € Vand J,,u+idAyu=0onTo}.
Applying one more time (1.1) twice in order to derive, for u,v € D(As),
(1.9) (Va(Aau)|Vav)o.a = —(Aau|Aav)oa + (Aau|du, v)o.r,
= —(Aau|Aav)o,0 + i(dAxulAav)or,
= (Vau|Va(Aav))o.q.
Whence —iAs is self-adjoint and
(Va(=i42)|Vau)o. = — | Aatllo.c < 0.

Hence As is the generator of strongly continuous group e*42.

The energy associated to the system (1.7) is given by
1 2
850(15) =3 HVaet‘%uoHO)Q, up € V.
We obtain by applying (1.9), where u(t) = e*42ug, ug € V,
(Va(Asu(t)|Vau(t))o,0 = —ill Aau(t) 5.0 — [VdAaul§ 1,
= —il|Aqu(t)llo.0 — [Vdu'®)|[5,r,, ¢ >0,
and then
d
%550 (t) = (Vau(t)|Vat/ (t))o,0 = (Va(A2u(t))|Vau(t))o,o
= —[VdAaullf r, = =IVadu' (®)[[5 r,, t>0.

Here again, we see that ¢ — 530 (t) is decreasing whenever ug # 0.
The third system is again an IBVP with a boundary damping

iur + Agu=0 inQ x (0,+00),
Op,u—1idu=0 onTIyx (0,+00),
u=0 on T’y x (0,400),
u(+,0) = up.

Define the unbounded operator Az : L?(2) — L?(Q) given by
Az =i, and D(A3) ={u€V; Ay € L*(Q) and 9, u — idu = 0 on Ty }.
In light of identity (1.2), for u,v € D(A3), we have
(1.11) (Aau|v)o,0 = —(Vau|Vav)o,o + i(dulv)or,
= (u, Aav)o,0,

from which we deduce that —iAs is self-adjoint and

(1.10)

(—iAsu, u)o,0 = —||Vaullo,a-

That is —iA3 < 0. We repeat the same argument for As in order to derive that Ag
generates a strongly continuous group el4s
The energy corresponding to the system (1.10) is

1 ) 2
Eay(8) = 5 [leuoll > uo € L*(9).
In light of (1.11), one gets

d
280 () = —IVdu@®)[§r,, >0,
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where u(t) = etsug, ug € L?(9).

One more time, we observe that, if ug # 0 then ¢ — 55’0 (t) is decreasing.

If Ty N T # 0, we do not have necessarily D(A4;) C H?(Q2). In order to avoid
this case, we assume in the rest of this text, even if it is not always necessary, that
TonT; =9.

Prior to give sufficient condition guaranteeing that D(A4;) C H2(Q), j = 2,3, we
introduce, for s € R and 1 < r < o0,

Byr(R") = {w € S/ (R"); (L+ [¢[)*2@ € L"(R" )},

where .%/(R"~!) is the space of temperated distributions on R"~! and @ is the
Fourier transform of w. Endowed with its natural norm

1wl s, ,n-1y = (14 €17)* 2@ g1y,

Bs -(R"™1) is a Banach space (it is noted that Bso(R"™!) is merely the usual
Sobolev space H*(R"~1)). By using local charts and a partition of unity, we con-
struct B ,-(I') from Bs . (R"™!) similarly as H*(T') is built from H*(R"1).

The main interest in these spaces is that the multiplication by a function from
Bs1(T'1), s > 0, defines a bounded operator on H*(I'1) (see [12, Theorem 2.1]).

Additionally to the previous conditions on a and d, we assume in the sequel
a-v € By :1(T'1) and there exists d € By/21(I'1) so that d = dp,.

Under these supplementary assumptions, for v € D(4,), j = 2,3, du €
H'/?(T) and, since

[2ia - V + idiv(a) — |a]*] u € L*(Q),
the usual H2-regularity for the Laplacian with mixed boundary conditions entail

uw € H?(2). Whence, D(A4;) C H*(), j = 1,2,3.

Remark 1.1. 1) Let ¢ € W2°°(,R) and denote by Ag’, j = 1,2,3, the operator
Aj in which we substituted a by a + V1. Straightforward computations give
e‘“"Vaew = Va+v¢, e_“/’Aaeiw = AaJrvw

and then

(1.12) A = emietAigt 1 93,

In particular,
1€ iy = 1€ | oy, H = L2(Q) for j = 1,3 and H = V i j = 2.

Let ¥ the energy corresponding to A;Z’, with ug € L?(Q), 7 = 1,3 and ug € V for
j =2. In light of (1.12), we have
gV = 5@%0, j=1,2,3.

€

2) Assume n =1 and let Q = (0,1). Denote by A? the operator A; when a =0,
j=1,2,3. Using that ¢(z) = fom a(t)dt satisfies 0,9 = a, we get from 1)
et = e el A and 850 = Eggiu , 7=1,2,3.
(0]

Here 535 is the energy corresponding to Ag, j = 1,2,3. Therefore, all the re-
sults existing in the literature without the presence of magnetic potential can be
transferred to the magnetic case.
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3) According to [36, Theorem 6.7.5 and Proposition 6.8.2], observability inequali-
ties for magnetic Schrédinger equations yield observability inequalities for magnetic
wave equations and conversely.

1.5. Outline. The rest of this text is organized as follows. Section 2 is devoted to
establish logarithmic decay of each of the energies 550, j =1,2,3. The main step
consists in proving a resolvent estimate via elliptic Carleman inequalities. Logarith-
mic energy decay is obtained by using an abstract theorem guaranteeing such decay
when the resolvent satisfies some estimates. Note that in the actual section we do
not impose any geometric condition on the subregion where the control acts. We
revisit in section 3 the multiplier method with the objective to extend the existing
results for the Schordinger equation to the magnetic Schérdinger equation, provided
that the magnetic potential satisfies certain conditions. In section 3, we need the
usual geometric conditions on the control subregion. Namely, the boundary control
region must contain a part of the boundary enlightened by a point in the space.
For the internal control region, its boundary must contains again a part of the
boundary enlightened by a point in the space. In the last section, we added supple-
mentary comments. Precisely, we give an exponential stabilization estimate based
on a direct application of a Carleman inequality and an observability inequality in
a product space.

2. Logarithmic stabilization

We firstly recall some interior Carleman estimates as well as boundary Carleman
estimates. For this last case we have several estimates depending on the a priori
knowledge we have on traces. Next, we apply these inequalities in order to get
resolvent estimates on imaginary axis, yielded to obtain energy decay of logarithmic

type.
2.1. Carleman estimates. Carleman estimates can be viewed as weighted energy
estimates with a large parameter. The crucial assumption is the sub-ellipticity
condition introduced in this context by Hérmander [16].
Henceforth
X =(-2,2) xQ and L=(-2,2) xT.

Denote by P an elliptic operator of order 2, with smooth coefficients. Denote
its principal symbol by p(y,n). For operators we consider in this text, we have

p(y,n) = [nl*.
Set, for p € €>°(R"1 R),

Po(y,s 1, 7) = p(y,n +itdp(y)).

Here d is the exterior derivative.

Definition 2.1. Let O be a bounded open set in R"*1 and ¢ € € (R" "1 R). We
say that (P, ) satisfies the sub-ellipticity condition in O if |Vp| > 0 in O and

(21)  pe(y.n,7) =0, (y,1) € OX R 7>0 = {Spy, Rp,}(y,n,7) >0,
where {-,-} is the usual Poisson bracket.

Remark 2.1. Note that the sub-ellipticity condition is not really too restrictive. To
see that, pick ¥ € €°(R"*! R) such that Vi (y) # 0 for every y € O. Then
o(y) = e satisfies obviously the sub-ellipticity property in O if A is chosen
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sufficiently large. This gives a method to construct a weight function having the
sub-ellipticity property in O but other choices could be possible.

2.1.1. Interior Carleman estimate. The following Carleman estimate is classical
and we can find a proof in Hérmander [16, Theorem 8.3.1].

Theorem 2.1. Let U be an open subset of X and assume that (P, ) obeys to the
sub-ellipticity condition in U. Then there exist C > 0 and 19 > 0, such that
(2.2) e fllgx + Tl VG x < Clle™ PG x,
forallT > 1, f € 65°(U).
Remark 2.2. This theorem still holds if we substitute P by P plus a first order
operator Q having bounded coefficients. For that it is enough to observe that
e Pfllox <[le™ (P +@Q)fllox + [le™Qfllo,x
and that the term [|e”?Q fl]o,x can be absorbed by the left hand side of (2.2), by

modifying 7y if necessary.

2.1.2. Boundary Carleman estimates. For simplicity sake’s, we use in the sequel
the notation

Y =(-2,2) x Q.
Let yo € L and O be a neighborhood of yg in (—2,2) x R™. We say that f €
E5°(O)x) if there exists g € 65°(0) such that f = gjy. In particular f € €°°(Y).
This definition allows functions with non null traces on 0X but with null traces on
0(0ONX)\ L. The following theorem is proved in [22, Proposition 1].

Theorem 2.2. Let yg € 0X and O a neighborhood of yo in (—2,2) x R™ and
assume that (P, ) satisfies the sub-ellipticity condition in O N X. We also assume
that O,(y) £ 0 in 0O NOX. Then there exist C > 0 and 19 > 0, such that

e fllgx + Tl VIS x + Tlle™ VI L
<C (e Pflgx + e flIg,L +7lle™ D flI5 1) »
for all 7> 19, f € 65°(0x).

This Carleman estimate is useful when we know Dirichlet and Neumann traces
of f on a part of the boundary. It allows to estimate the function f in an interior
domain by its Dirichlet and Neumann traces on a part of the boundary and Pf.

The two next theorems only assume that the knowledge of the Dirichlet trace or
Neumann trace. They allow to estimate the function f up to the boundary by P f
and a priori knowledge of f in a small domain contained in X.

Henceforth, V denotes the tangential gradient on . The following theorem is
proved in [21, Proposition 1]

Theorem 2.3. Let yo € 0X and O a neighborhood of yo in (—2,2) x R™, as-
sume that (P, @) satisfies the sub-ellipticity condition in O N X and 0,¢(y) <0 on
00 NOX. Then there exist C > 0 and 179 > 0, such that

Tl e flIg x + TIe™PV NG x + Tlle™ 0 FII5 1
<C(lePfllo.x + e FIIg.L +Tle™*Vrfll5 L)
forall T > 10, f € 65°(0x).
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The following theorem is a consequence of [22; Lemma 4].

Theorem 2.4. Let yo € 0X and O a neighborhood of yo in (—2,2) x R™, as-
sume that (P, @) satisfies the sub-ellipticity condition in O N X and d,¢(y) < 0 on
00N OX. Then there exist C > 0 and 79 > 0, such that

e fllg x +Tlle™ VIS x + e FII5 L + ™V IS L
<C(e™*PflI§ x +7lle™ D fll5.2) »
forallT> 7, f € @(O‘X).

2.1.3. Global Carleman estimates. We can patch together the interior and bound-
ary Carleman estimates to obtain a global one. The global Carleman estimate we
obtain will be very useful to tackle the stabilization issue for system (1.6).

Theorem 2.5. Let Z be a open subset of X and assume that (P, ) satisfies the
sub-ellipticity condition in' Y \ Z. Assume moreover that 0,¢(y) < 0 in L. Then
there exist C' > 0 and 79 > 0, such that

C(rPlle™ flIg x + Tlle™ YV fIIg x + Tlle™ 0, fI5,1.)
< e PFI§ x + ™ FI5 1 + Tlle™* Vr flF L
+le™ f1I5 2 + 17V FIIG 2,

forall T > 19, f € €(X).

We now state a theorem that we will use to deal with stabilization issue for
systems (1.7) and (1.10)
Set

Lj = (—2,2) X Fj, j: 0,1

Theorem 2.6. Let A an open subset of Ly. Assume that (P, ) satisfies the sub-
ellipticity condition in'Y and d,¢(y) < 0 in L\ A. Then there exist C > 0 and
70 > 0, such that

C(T3le™ fII5 x + eV IIG x + 3™ fllg.L + Tle™VFI3 L)
< Hewpr(Z),X + 73||€wf|3,L1 +7[le™*Vrf 3,L1

+ 710 FII Lova + TNl FIIE A + Tlle™ 0 FIG A,

for all T > 19, f € €°(X).

The assumptions on the weight function may impose some constraints on the
topology of Q. In Theorem 2.5, if ¢ satisfies d,¢(y) < 0 in L, ¢ has a maximum in
X, thus we have to impose that this maximum belongs to Z. In Theorem 2.6, we
need Vo # 0 in Y. This is always possible as long as we do not assume that J,¢
is of constant sign on Z. However one can construct weight functions ¢ obeying to
the assumptions of the preceding theorems.

Proposition 2.1. Let Z an open subset of X. There exists 1) € €°°(X) such that
Yy <0onLand Vi #0inY \ Z.

Proposition 2.2. Let A be an open subset of Ly. There exists 1) € €(X) such
that 9,9 <0 on L\ A and Vi #0 in Y.



10 KAIS AMMARI, MOURAD CHOULLI, AND LUC ROBBIANO

To prove the existence of such functions v, we first construct ¥ in a neighborhood
of L (resp. L\A). Next, we extend this function to ¥ and approximate the extended
function by a Morse function. Finally, we push the singularities in Z along paths to
singularities in a point in Z (resp. in the exterior of X along paths passing through
A). We refer to Milnor [32] and Fursikov-Imanuvilov [14] for a proof. One can then
check that ¢ = e’ possesses the assumptions of Theorem 2.5 (resp.Theorem 2.6)
for ¢ constructed in Proposition 2.1 (resp. Proposition 2.2).

2.2. Stabilization by a resolvent estimate. The resolvent set of an operator B
will denoted by p(B).

The following abstract theorem is the key tool in establishing the logarithmic
stabilization for each of the three systems we are interested in.

Theorem 2.7. Let B the generator of a continuous semigroup e'® on a Hilbert
space H. Assume that

(i) sup [|le'? || sy < o0,
>0
(i) iR C p(B),
(iti) (B = ip) "M ) < CeX Il e R, for some constants C > 0 and K > 0.
Then there exists a constant C1 > 0, such that

Cq
B flla < m“f”D(Bk), f € D(B¥)

or equivalently

_ Cy
BB~k < ——.

This result is a particular case of [7, Theorem 1.5].

2.2.1. Interior damping. We deal in this subsection with the system (1.6). Specif-
ically we are going to apply Theorem 2.7 with B = A; and H = L?(Q). We
have

Theorem 2.8. For every p € R, Ay —ip is invertible and

(i) 1(Ay —iu)_1||@(Lz(Q)) < CefVI e R, for some constants C > 0 and K > 0,
(ii) there exists a constant Cq > 0, such that

C
tAq 1
e uollz(r2() < e

—||u o, ug € D(AY).
(2+t)” ollp(ary, uo € D(AT)

Proof. Let us first consider the resolvent equation (A; — iu)u = g, g € L*().
Changing g by —ig, we are lead to solve

(2.3) Aqu +icu — pu = g.
Multiplying this equation by w and integrating on €2, we have
(Aaulu)o,o +i(culu)oo — p(ulu)o = (glu)o,0;
We obtain by applying (1.1)
(2.4) ~IVaull3 o +i(culu)o,o — plulg = (glu)o.0-
Taking the real part of this equation, we obtain

—[[Vau

(2J,Q - M”U”gn = (glw)o,Q-
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If > 0, this estimate entails
IVaulloo < llgllo.e

and hence

lulloe < #klglloe, w=0.

Here s is the Poincaré constant of H{(£2) and k is a constant so that |[|[Vwl|joq <
k|| Vawlo.q, for each w € H} (). In other words, we proved the resolvent estimate
when p > 0.

Next, simple computations show that (iA4;1)* =4A; + 2ic. Whence
ind(iA; + p) = —ind(i4; + 2ic + p) = —ind(:4; + p)
and then ind(¢A; + p) = 0. Therefore, A; — ip is invertible if and only if it is
injective.

To prove that A; — iu is injective, take, for g = 0, the imaginary part of equa-
tion (2.4) in order to obtain that v = 0 in w. Hence Ayu + icu — pu = 0 in Q and
u = 0 in w. Then, by the unique continuation property, v = 0 in €.

We complete the proof by establishing the resolvent estimate when p < 0. By
continuity argument, we are reduced to prove the resolvent estimate for large |u|.
To do that, we obtain, by taking again the imaginary part of equation (2.4),

(2.5) collullf., < llullogllgllon-

Now are now going to apply a Carleman inequality to estimate ||ullo.o in term
of ||ullo,w. To this end, define f(s,z) = e**u(x), where @ = \/—p. Since u is the
solution of (2.3), we easily get that f satisfies
(2.6) D2 f 4+ Aaf +icf = e*g.

Fix w’ € w and set
X;=(-1,1)xQand Xy =(-1/2,1/2) x .
Pick x € €5°(R), such that x(s) =1 for |s| < 3/4 and x(s) =0 for |s| > 1. We put

L,O(S,.f) = eA(_ﬁSZ'H/’(x))’

where v satisfies Proposition 2.1 and § > 0 fixed in what follows. The critical
points of —3s? + ¢(x) are located in X5. Then for A sufficiently large (but fixed
from now on) (P, ¢) satisfies the sub-ellipticity condition according to Remark 2.1,
with P = 92 + Aa +ic. We can apply Theorem 2.5, with yf instead of f. We
obtain as x f satisfies the Dirichlet boundary condition

(2.7)

T lle™xfllg x + Tl VIAIG x S €7 (920¢f) + Dalxf) +iex )5 x
e flI3 x, + 1€V FIE x, -

Here and until the end of this proof, @1 < Q2 means that Q1 < CQs, for some

~

generic constant C, only depending on 2, ¥, a and c.
We have

02(xf) + Da(xf) +iaxf = e**xg +20:x0s f + [O2x.
As Osx is supported in the set {s € R,3/4 < |s| < 1}, we get
(2.8) 1€7%(205x0s f + FO2)F x S ae T2 |ulff g,

with Cl = e)‘(*93/16+maxQ w)
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On the other hand

(2.9) 17 £113.x, + lle#V 1]
(2.10) lemex 3.0 < €O+>lgl2 o.

ftl (1 P2

2
0,X2 Sae

where Cy = 2e} maxa ¥,
Inequalities (2.8), (2.9) and (2.10) in (2.7) yield
(2.11)
Tlle™ x5 x +Tle? VOIS x S ae™ 2 (|[ullf o + llgllf o) +ae” T2 ullf o

Let x2 € 65°(w) where xo = 1 on w’. We multiply (2.3) by x2u and we make
an integration by parts. We obtain

IVullf o < allullf.. + l9l3 o

for which we deduce
(2.12)
e xS x TNV IXAIE x S o®e™ 2 (JJullf, + 9115 o)+ T2 |ulf o

In the set X N{(s,x); |s] <1/2}, x =1 and

o> eM—B/4+ming ¥)

Then e27¢ > eTCZ, where

Cy = 9eMN—B/44ming ¢)

Fix then 8 sufficiently large in such a way that C; < Cy < C5. From (2.12) we
thus obtain

T ullf o S 0®em P2 (Jullf L, + lglIF o) + ae T ulf o

Taking 7 = ya = v+/|u| with v sufficiently large, there exist Cy, C5 > 0 such that
[ull.o S e“*([ullfo + llgllF.a) + e ullf o
For « sufficiently large, we have
ullg.o S e (lullf o + 916.0)-
From (2.5) we have
lullg o < Ke“* ([ullogllglo.e + lgll3.q) -

As

Ke“|ulloglgllo.q < llullf o/2 +e*lgllf o,

we obtain
c
ullg o < €*“*llgllf q

which is exactly the expected resolvent estimate. [
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2.2.2. Boundary damping. Similarly to the first system, we have for (1.7) the fol-
lowing result.

Theorem 2.9. For every p € R, Ay —ip is invertible and

(1) [[(Az — i)~ Hzv) < C’eK\/m, € R, for some constants C > 0 and K > 0,
(ii) there exists a constant Cq > 0, such that

et

Ch
uolly < 2 l[woll peaxy, wo € D(A5).

(2+1)

Proof. We are going to prove that B = Ay obeys to the conditions of Theorem 2.7
when H = V. As in the preceding proof, we solve the resolvent equation: for g € V,
find u € D(A) satisfying

(Ay —ip)u = g.
Substituting g by —ig, we are reduced the following equation: find u € D(As) so
that

(2.13) Apqu — pu = g.
Multiply this equation by @ and integrate over 2 in order to get
(Aaulu)o,0 — pulu)oe = (glu)o,q;
In combination with (1.1), this identity yields
~[IVaullg o = ullulg o + (@vaulu)o,r, = (glu)o.a.
As 0,,u = —idAsu and Ayu = pu + g on ', we have
(2.14) —[IVaull§ o = pllullg.q — il Vdulor, = (glu)on + i(dglu)o,r,.
Taking the real part, we get
(2.15) ~[IVaullg o — ullulg o = (glu)o.e + (idglu)o,r,-
For y1 > 0, we have

IVaulls o + ulullf o < lgllosllulos + ldlwlgllo.rlullo.r,.

We know that ||V, - [0, is equivalent to the natural norm of V induced by that
on Hi(2). Therefore, the trace operator tr : V — L?(Tg) is bounded when V is
endowed with norm ||V, - ||o.q-

Thus, we have

IVaull§ o + pllulls < 522 (1Vaglllo.ol Vaullo.o + Il It/ VagllloellVaulllo.o
< (34 + lldllsc1tx]1?) [[Vagllool[Vau

|0,Q 0,05

where ||tr| denotes the norm of tr in Z(V, L?(I'g)) and 3¢ is the Poincaré constant
of V. In particular

(2.16) IVaulloe < (o + lld]1tr]?) [IVagllo.o

This is nothing but the resolvent estimate for p > 0.

Now as 1Ay is self-adjoint, ind(iAs + p) = 0 for any p € R. Then Ay — iu will
be invertible if we show that it is injective. If p # 0, take ¢ = 0 and then the
imaginary part in part (2.14) to get u = 0 on g yielding d,u = 0 on 9. Whence
u = 0 by the unique continuation property. Obviously, g = 0 and p = 0 entail
Vau =0 and then v = 0.
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To complete the proof, it remains to prove the resolvent estimate for p < 0. As
in the preceding proof it is enough to establish such an estimate for |u| large. To
this end, taking one more time the imaginary part of (2.14), we obtain

(2.17) —pl|Vdul[§ v, = —(iglu)o.o + (dglu)or,-
From (2.17), we get by using the continuity of the trace operator tr and |u| > 1,

(2.18) dollullg 5, < lldlllltx]*|VagllollVaulo,o-

>0

Next we proceed as in the preceding theorem. We first use a Carleman inequality
to estimate ||Vaulloq by ||ullor,. Set f(s,z) = e**u(x), where s € (—2,2) and
a = /—u. Then it is straightforward to check that f satisfies
(2.19) Pf=0%f + Aaf = ™.

Recall that
X=(-22)xQ, X;=(-1,1)xQ
and define
by =(-1/2,1/2) x .

Let x € 65°(R), such that x(s) =1 for |s| < 3/4 and x(s) =0 for |s| > 1. We

set

(p(s’x) = eA(_ﬁsz‘Hb(x))’
where 1) satisfies Proposition 2.2 and § > 0 fixed in what follows. The function
—pBs? 4+ 1(x) has no critical point in X. Then for A\ sufficiently large (but fixed
from now on) (P, ¢) satisfies the sub-ellipticity condition of Remark 2.1.

In the rest of this proof Q1 < Q2 means 1 < CQs, for some generic constant
C, only depending on n, 2, a and d.

We can apply Theorem 2.6, with xf instead of f. As xf satisfies Dirichlet
boundary condition on T'y and as d,, = 8, +1a, we get 7%(|e™# f|[3 , +7/e7¢D, fI[ 4,
is equivalent to 73|[e™ f||5 . + 7e7#d,, fI§ 5, Then

(220) 7™ xfll5 x + Tl VNG x S e PG x
+ 7™ 00 115, oves + TN F IR 0 + Tl 00 1B -
We recall the constants defined in the previous section,
(2.21) C; = 2eM—98/164supq ¢)7
Cy = 2eM—B/4+ming @b)7
C3 = 2e*swPa ¥(@),

Similarly to the previous section, we have

(2.22) e PO)I5x S €T Vaglif o + €| Vaul§ o
e f15.0y < €T AT NulG 5, < €227 Vaglogl Vaulloe,

from (2.18). The two other terms of the right hand side of (2.20) may be estimated
by ||6T¢auafH31L0. We have

(al/Af)lLo = eas(auAu)ll"o = 7Z‘d€as(Aau)‘1—~0 = 7ideas(g + ,U'U)\I"U~
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Whence
(2.23) €700 F115.20 S €Tl 0y + |1l ullf r,)
< et (IVagllt.o + @*IVagllo.l Vaulloe) -
On the other hand, it is straightforward to check
(2:24) [l xf N5 x + e VXN x 2 TN FIG (1/2,1/2)x0
(2.25) + T||€wvf||g,(—1/2,1/2)xn
2 e (Jull§ o + IVullf 0)-
Inequalities (2.20) and (2.22) to (2.24) yield
T Vaullf o
S e FOT(|[Vagll§ o + I Vagllo.llVaulogn) + ae** T Vaul§ .

As we have done in the preceding proof, taking g sufficiently large, we have C; <
Cs < C5 and, for 7 = ya with 7 sufficiently large, we find Cy > 0 and C5 > 0 so
that

IVaulg o < Ce“ ([Vagl§ o +a'[[Vag 0.0) + Ce™ | Vaullf .
Choose a sufficiently large in such a way that Ce~%>® < 1/4. Then
Ca'e“?||Vagllo,ollVauloe < C?a®e®“*||Vagl[§ o + [IVaull§ o/2.
The last two estimates entail
(2.26) [Vaullg o < CeC(|Vaglld o
The proof is then complete. O

0.2/ Vaul

We move now to the system (1.10) for which we aim to prove the following
theorem.

Theorem 2.10. For every p € R, As —ip is invertible and
(i) |[(As — i,u)_1||%‘(Lz(Q)) < CefVIH 1 e R, for some constants C > 0 and K,
(ii) there exists a constant Cy > 0, such that

C
tAs 1
e By < ——7-—
H OHO,Q =] 2k(2 t)

Proof. As in the preceding two proofs, we first solve the resolvent equation: for
g € L?(Q2), find u € D(A3) so that

(2.27) Apqu — pu =g.
With the help of identity (1.1), we get

Hu0||D(A’§)7 uy € D(A).

—[IVaull§ o = pllulld o + @y ulu)or, = (glu)os.

As 0, ,u = idu, we have

(2.28) —[IVaull§ o = pllullg o + illVdull§ r, = (9u)o.0-
Take the real part of each side in order to derive
(2.29) —[[Vau (2),9 - M”U”gn = (g|u)o,Q-

When p > 0, we obtain
(2.30) IVaullo.o < lgllo.o-
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This and Poincaré inequality on V imply the resolvent estimate when p > 0.

As for A,, since iAj is self adjoint ind(¢As+p) = 0 and then Az —ip is invertible
since it is injective. This last fact is again a consequence of a unique continuation
property.

Next assume that pu < 0. We get by taking the imaginary part of each side
of (2.28)

IVdul§ r, = —(igluo.a-
Hence

(2.31) dollu

|(2),'m < ||9||0,Q||U||0,Q-

In this proof < has the same meaning as in the proof of Theorem 2.9.
With the notations of the preceding proof, we have

(2.32) le™ POIG x S T Ngllf o + ae® T |ullf o
e FI1§ £y < €T AT Nul T2y S €T llgllogllullo
where we used (2.31).

The two other terms of the right hand side of (2.20) are estimated by [e"#d,, fII5 .-
We have

(aVaf)lLo = eas(al/au)“"o = ideasuu'\().

Whence, using (2.31), we get
(2.33) lle™* 0., f

|(2),L0 S @2a+037||\/gu‘|(2),ro

< e glo.allul

0,Q-
On the other hand,
(2.34) lle™ x5 x + TV NG x 2 T e FIIB, —1/2.1/2)x0
+ T||€wvf||g,(71/2,1/2)xsz

2 e (ullf o + [Vullf o)-
Estimates (2.20) and (2.32) to (2.34), imply

(235) T ulf g £ (g

6.0t llglloalullo.e) + e lulf o.

~

Similarly to the proof of the preceding theorem, we can take § large enough in
order to ensure that C; < Cy < Cs and, for 7 = ya with v sufficiently large, there
exist Cy > 0 and C5 > 0 so that

c -c
lullf o < Ce““*(llgll§ o + llglo.ellullon) + Ce™ 5 |ullf o.
Pick « large enough in such a way that Ce=%5® < 1/4. Then

Ce“?gloallulon < C**“glf o + [lullf o/2-

The two last estimates yield
(2.36) lull.o < lluli o < Ce“llgl o

That is we proved the resolvent estimate for p < 0. O
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3. Exponential stabilization

3.1. Observability inequalities. In this section, we use the following notation
Q=0x(0,T), ¥=Tx(0,T) and ¥; =T; x (0,T), j=0,1.

Following Lions and Magenes notation, the anisotropic Sobolev space H?1(Q)
is given by
H>H(Q) = L*((0,T), H*(2)) N H'((0,T), L*(52)).

We use frequently in the sequel the following Green’s formula
(3.1) (95 +iaj)ulv)o.0 = —(ul(9; +iaz)u)o.q + (ulvv;)or.
The following proposition is a key tool in the multiplier method.
Proposition 3.1. Let X € C?(Q,R"), u € H>'(Q) and set
f =10+ Ayu.
Then

1

i(dw( JulVau - 1/)02—7( (N-v)|0u)o 5
1

=(D NVau\Vau>oQ+ (quw( ) Vat)o.0

%(uatmv u)o,Q — 3 [(uN|Vau)0’Q]g dx

+ (MRVau)o,q + 5 (d“’( Julfo,q
Here DX = (0;Ny) is the Jacobian matriz of N.
Proof. For simplicity sake’s, we use in this proof the following notation
dj = 0j +ia; and dj = 8; —ia
First step. We prove
(3.2)

<Aau\N . Vau>0¢Q = —<DNVaU|Va’LL>07Q
1 1
+ §(|Vau|2|c11v(>z))0,Q — §(|Vau|2|N Vox + (Vau VR - Vau)g .

From Green’s formula (3.1), we have

(3.3)  (AauX-Vau)oo = (dFuR|dyu)o,0
J.k=1

(djuld;(Nediw))o.o + Z (djuv; [Ny dyu)o.r

J,k=1 j,k=1
= > (djuld;(Redu))o.o + (Vau- v[R - Vau)or

Elementary calculations show
d; (Nedru) = 0;Rpdru + Nypd;dpu.
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Therefore
(dju|dj(deku))0’Q = (aijdjulde)O,Q + (djuNk|djdk’U,)()’Q
Hence
(3.4) (djuld;(Redru))o.o = (DRVau|Vau)oo + Y (djuly|djdru)oq
ik=1 ik=1

Introduce the auxiliary function v; = d;u. Then
djud; dyu = v;dyT; = v;040; — iaglv;[?
and then
_—— _ 1 o 1 5 1 9
%[djudj dku] = %(Ujakvj) = i(vjakvj + ’Ujakvj) = §3k|v3| = §8k|d]u| .
Whence

n

1
>~ Mudsuld;diu)oe = 5(VIVaul? N0

ij=1
1 .
—§(|VaUI2ldW( Noo + 5 (IVaU\ IN-v)or

This and (3.4) lead

> (Nedjuld; (Redyu))o.o = (DRVau|Vau)o.o
7,k=1

— S (Va0 + 3 (VauPIR 0o

Combine this identity with the real part of (3.3) and integrate with respect to ¢ in
order to get the expected identity.
Second step. We have

2R [i0u (R - Vau)] = i0u (N - Vau) — idu (R - Vau)
=i [u (R Vu) — da (X - Vu)] + (R - a)(0uu + udyu)

An integration by parts with respect to ¢ gives
T
(N a|at|u|2)0,(o,T) = — (O - a||U|2)0,(0,T) + [(N : a)|u|2]0
Therefore

(3.5) (10puR|Vau)o g = [(BtuN|Vu)0Q (Vul0puR)o,q]

l\')\N

1 T
- i(atN -alul*)o,q + 3 [(R-allul*)o.0], -

Next we calculate the first term in the right hand side of the identity above. Inte-
grating with respect to ¢, we find

=T
(8tU|N : VU)07(Q7T) = —(u|8tN . Vu)()’(oj) — (U‘N . 3tVu)07(o,T) + [U(N . VU)}O
On the other hand, Green’s formula yields
(uR]|0Vu)o,g = —(div(R)u|0wu)o,o — (R - Vuldiu)o,g + (R - v)u|0wu)o .
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Hence

(3.6) [(BtuN|Vu)0Q (Vu|0yuR)o gl = (u(“)tN\Vu)oQ + - (le( JulOpu)o,q

N .

+ 5 [UN\VU)QQ]O dr — i(u(N -V)|0u)o,5

Step three. We calculate the term (div(R)u|0;u)o.¢ in (3.6). Using i0,u = —Azu+
f, we find

(3.7) i(div(R)u|Oru)o,q = (div(R)u|Aau)o.q — (div(R)u|f)o,o
But

n

(38)  (div(¥)ulAau)oo = 3 (div(N)uld;dju)o g

7j=1
=— Z i(div(R)u)|du)o,q + Z (div(R)uvj|d;jw)o,x
J=1
=— Z (div(R)djuld;u)o.q — Y (9;div(R)uld;u)o.q
j=1

+ ) (divR)uvj|dju)os
=1

J
—(@iv(R)[[Vat[2)oq — (uV(div(N)| Vau)oq
+ (div(R)u|Vau - v)o 5.
A combination of (3.5) to (3.8) entails
(3.9) (i0uR|Vau)o,o = — (OtN|Vu)0 Q- f(dw( )M Vaul*)o,q
1
(uV (div(®)|Vau)oq — 5 (@ - ORl[ul*)o.q
(div(R)ulf)o.q

[(uR|Vu)o.)d de + %[(uN\ua)o ol dx

l\DM—‘[\D\H[\'}\@

»—ll\?\&

+ 5(div(N)uWau VU)o — 5( u(R - v)|0u)o,s

We put together the first and the fourth terms of the right hand side of this in-
equality. We obtain

1 1 7
—§(u8tN\Vu)O,Q — i(BtNu\ua)o’Q = —g(uatmvau)o,Q.

Similarly, we put together the sixtieth and the ninetieth terms for the right hand
of (3.9). We get

[(uN|Vu)0 Q] dr + = 5 ([(uN|ua)0 Q] do = % [(uN|Vau)07Q]g dx.

DO .

Then (3.9) becomes

~



20 KAIS AMMARI, MOURAD CHOULLI, AND LUC ROBBIANO

) 1, ..
(3.10) (10uR|Vau)o,g = — = (0:X|Vau)o,g — 5(d1v(N)||Vau|2)07Q

— = (uV(div(R))|Vau)o,0
+ 5 (div(®)ulf)o,@

+ = [(uR|Vau)o.o)d dx

NS NN =N

+ 5 (V)| Vau - v)o,s = 5 (u(R - v)|dhu)o.s-
Step four. We complete the proof by noting the expected identity follows from
(3.2), (3.10) and
%[i@tuN-m] + R [AauN-W] =R [me .
([
Bearing in mind that D(Ag) = H(Q) N H?(Q), we derive that, for ug € D(Ay),
u(t) = e'oug € C([0,T), D(4g)) N C*([0,T), L*(Q)) C H>!(Q).

Corollary 3.1. There exists a constant C = Cy + CoVT > 0, the constants Cy
and Cy only depend on Q, so that, for any ug € D(Ag) and u(t) = e'*ougy, we have
(3.11) [Vaullo,x < C|[Vauollo,0-
Proof. We firstly note that according to [8, Lemma 3.2],
(3.12)  lu(-;)]lo.0 = lluollo,o and [[Vau(:,t)[lo,0 = [[Vauollo,o, 0 <t <T.

Let us choose X € C(Q,R™) as an extension of v. In that case the left hand side of
the identity in Proposition 3.1 is equal to the square of the left hand side of (3.11).
While the right hand of the identity in Proposition 3.1 is bounded by the square of
the right hand side of (3.11). This a consequence of Cauchy-Schwarz’s inequality
and (3.12). O

In the rest of this section, xg € R" is fixed, m = m(z) = ¢ — xp, € R™ and
Ip={zeT; m(z)- v(z)> 0}

Observe that in the present case the condition ToNI'; = 0 is satisfied for instance
if @ = Qp\Qq, with Q; € Qo, Q; star-shaped with respect to zg € 1 and I'; = 09,
7 =0,1.

Proposition 3.2. There exists a constant C > 0, only depending on Q and T, so
that, for any ug € D(Ag) and u(t) = et4oug, we have

(3.13) [Vatollo,o < Cl[Vaullo,s, = Clldv, ullo,s,-
Sketch of the proof. Take X = m in the identity of Proposition 3.1. We get
7
(m - vl|0v,ul?)o,s = [IVaulsq — 5 [(um|Vau)o,alg -
Whence, in light of (3.12),

1
T|Vauol g < (m - vl10n 15, + 5 |[(@mlVawoalf |
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But, for 0 < € < T, there exists a constant C. > 0, independent on T, so that
1

5 |[@mIVawo.alf | < el Vauolld g + Celluoll3

where we used again (3.12). Hence
(T = O)IVauoll§ o < llmlcl|Ov,ull§ 5, + Celluollf o-
As ||Va-lloo and ||V +]|o,q are equivalent on H} (), we can repeat the compactness

argument in [23, Proposition 2.1] to complete the proof. O

Let O and O be two open C'* bounded subsets of R™ so that O € 0 and
Ty C ONT. Set then w = ONQ, @ = ONN and assume in addition that Q\w # 0.

Proposition 3.3. There exists a constant C' > 0, only depending on Q, T, Q2 and
Lo, so that, for any ug € D(Ap) and u(t) = et“ouqg, we have
(3.14) uollo,e < Cllullo,q.-
Here Q, = w x (0,T).
Sketch of the proof. Fix 0 < 6 < T. Let v, € C*(Q,R") be an extension of
v, 0 < ¢ € C3°(0,T) satistying ¢ = 1 in [0,T — §], and ¢p € C5°(R™) so that
supp(¥)) NQ C @ and ¢ =1 on Ty.

We have from Proposition 3.2 with X = v.¢1), in which (0,7) is substituted by
(57 T - 5)7
(3.15)  [IVauollo,o = [[Vau(-;0)[lo,0 < Clldv,ullo,rox(s,7—-6) < CI(R- 1)y, ullo,s-
As in the proof of Corollary 3.1, we obtain by applying Proposition 3.1, where
QLD = @ X (05 T)a
(3.16) IO Bullos < [Vaullogs + lullo.c-

On the other hand, using Ayu(-,t) = —idyu(-,t) in Q and Caccioppoli’s inequality
in order to obtain

(3.17) C||Vaul 0,Qs < ||U||0,Qw + ||atuHL2((O,T),H*1(w))'
Inequalities (3.16) and (3.17) at hand, we can mimic the interpolation argument in
the end of the proof of [23, Proposition 3.1] to complete the proof. O

3.2. Stabilization by an internal damping.

Theorem 3.1. There exists a constant o > 0, depending only on Q, T, Q2 and T’y
so that
Ea () < e &) (0), up € L*(9Q).

Proof. By density it is enough to give the proof when uy € D(Ap). Fix then
up € L?(Q) and let u(t) = e'41uy. We decompose u into two terms, u = v + w,
with

t
v(t) = etouy and w(t) = fi/ e(t=)40 ey (5)ds.
0
As &, is non increasing, we have

1
Euo (1) < €4,(0) = 5 luo|

2
0,Q-
Hence
Eay () < C0l3 0, < ClVeull§ o, + Cllwll o,
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by Proposition 3.3. Whence, using that ¢ > ¢g > 0 a.e. in w,
(3.18) &4, () < ClIVerll§ o < ClIVeull§ g + Cllwll§ o-
On the other hand, it is straightforward to check that
[wl3.q < lleulld o < llellssllVeull§ -
This and (3.18) entail
d
£8,(1) < CllVaull g = ~C £L,0)
Or equivalently
d _
%5,50@) <-Cc7'E ().
This yields the expected inequality in a straightforward manner. O
3.3. Stabilization by a boundary damping. In this subsection we take d(z) =
m(z) - v(x), © € 'y, which satisfies obviously the assumption required in Section 1.

Let ug € V and recall the £2,(t) = 3 HVaetAmOHi o, satisfies

2
d
ﬁggo(t) = —[[vm-vid'®)lor, = —lvVm-vAa®)lor,, t>0.
Here u(t) = et42uq.
Introduce,

2
& () = S(u(t)|m - Vu(t))o,a-
Lemma 3.1. For any ug € V and u(t) = e*42ug, we have, where t > 0,
(3.19)

d )
&5’50 (t) = 2(Aaulm - Vu(t))o,0 — nl|Vau(t)[§ o — ((n +i)(m - v)u(t)|u' (t))o,r,-
Proof. By density it is sufficient to give the proof when ug € D(A2). In that case,

we have

%530 (t) = [« () m - Vu(t))o,e + (u(t)|m - Vi'(¢))o,q] -
An integration by parts yields
(u(t)|m - V' (t))o,0 = —(div(u(t)m) ' (t)o,0 + (w(t)(m - v)[u'(t))o,r
= —n(u(t)|u'(t)o,0 — (m - Vu(t)[u'(t))o,n + (u(t)(m - v)|'())o,r
Hence
%530 (t) = S/ (H)|m - Vu(t))o,o — n(u(t) v (t))o,0]
= S [(Vu(t) - mu'(t)o,0 + (u(t)(m - v)[u'(t))o,r]-
Since
(W' (t)|m - Vu(t))o,o — (Vu(t) - m|u'(t))o,0 = 2iS(u'(t)|m - Vu(t))o,a,

we obtain

%5120 (t) =23 (u/()[m - Vu(t))o.o — nS(u(t), u'(t))o.0 + S(u(t)(m - v)[u' ())or-
But /() = iAau(t). Therefore

%é’fo () = 2(Aqulm - Vu(t))o,o — n(u(t), Aa(t))o.o + S(u(t)(m - v)[u'(t))o,r.
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This and
(Aau(t), u(t))oo = = Vau(®)|§ o + (O, ult)ult))o.r
entail
d
(3.20) %@“’30 (t) = 2(Aaulm - Vu(t))o.o — nl|Vau(t)[§ o

+ (O, u(t)[ut))o.r + S(u(t)(m - v)[u'(t))o.r-

Using that 9, u = —(m - v)u/(t) on Ty and w =0 on I'y, we get
1Oy, u(®)|u(t))o.r + S(u(t)(m - v)[u' ())or = =((n+ i) (m - v)u(t)|u'(t))o.r,-
In (3.20), this identity yields

d
%@“’50 () = 2(Aau(t)|m - Vu(t))oo — || Vaut)|lf o
— {(n+)(m - v)ut) ' (t))o,ry,
which is the expected inequality. ([l

In the sequel, 511 = 3(V), the Poincaré constant of V.

Lemma 3.2. Assume that ||a|c < 2—}{1 Then, for any u € D(As2), we have

n—2
2

(3.21) (Aqu,m - Vuo,o < (1 +d(lallec) I Vaull§

1
+ (Byu|lm - Vu)or, — §(|Vu|2|m “V)0.Ty s

where the function §, depending only on Q and Ty, satisfies 6(p) — 0 as p — 0.

Proof. By simple integration by parts, we have

-2 1
(822 (VulV(m-Vw)oa =" Vuldq+ 5(IVulPlm - v)or.
But
(3.23) (Aau,m - Vu)o o = (Aulm - Vu)o.o — 23(a - Vulm - Vu)o o

+ ([idiv(a) — |a|2]u|m -Vu)o o

Integrating by parts, the first term in the right hand side of inequality (3.23) in
order to get

(Aulm - Vu)o.qg = —(Vu|V(m - Vu))o.q + (G,ulm - Vu)o r.
This identity combined with (3.22) yields

n—2 1
(3.24) (Aulm-Vu)oq = THV’UH%Q + (Byulm - Vu)or — 5(\Vu\2\m “V)or-

n—2
= (IVaull§ o + 23 (ula - Va)o,o — |lalul[§ o)

1
+ (Gyulm - Vu)or — §(|Vu|2|m “V)or-

Under the assumption on a, straightforward computations show
IVullo.e < 2([Vaulloo

and
llullo,0 < 224 || Vaullo.qo-
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These inequalities enable us to derive from (3.24)

n—2

(3.25) (Aulm - Vu)o.o < 5

(1+ 80)[IVaullg o + (dyulm - Vu)or

1
- §(|VU|2|m'V)0,F7

where
S0 = 4(23e1 + 57) |2 oo
Similarly, we have
(3.26) |—2S(a - Vulm - Vu)o o + R([idiv(a) — [a|*]ulm - Vu)o g
n—2
2

the constant 6; = d1(]|a||o) is so that §;(p) — 0 as p — 0.
In light of (3.25) and (3.26), we get from (3.23)

<

01 Vaull§ o,

—~

n—2
(3.27) (Aqu,m - Vu)o.a < T(l + 5)|\Vau|\(2)’g + (Opulm - Vu)o r

(IVul*lm - v)or.

N |

Here § = §p + 01.
On the other hand,

1
(3.28) (Opulm - Vu)or, — 7(|Vu|2|m “V)or,

2
1
= (0uul’lm - v)o,r, = 5 (18uul*lm - v)or,

1
= §(|8yu|2|m -v)o,r, <0.
A combination of (3.27) and (3.28) yields
n—2

(Aqu,m - Vu)oq < (14 0)[[Vaulg g

1
+ (Qyulm - Vu)or, — §(|Vu|2|m “V)0.Ty -
The proof is then complete. 0

Theorem 3.2. There exists 0 < ¢ < i, depending on xo and ), with the property

that, if ||allcc << anda =0 onTy, then there exists two constants C > 0 and ¢ > 0,
depending only on xg and §2, so that

EL(t) < Ce &L (0), ug € V.
Proof. Let ug € V and set u(t) = e*42uy. Since a = 0 on Iy, we have
(Dyu(t)m - Vu(t))or, = —((m - v)u'(t)|m - Vu(t))or,-
This inequality and (3.21) entail
2(Bau,m - Vu)o,o < (n = 2)(1 + (]|afleo))[Vaullg o
—2((m - ) (t)|m - Vu(t)or, — (m - v||Vul*)or,-
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Using this inequality in (3.19), we get
d
(3.29) 76 (t) < = [Vau®)[g.a = 2((m - v)u/ @)m - Vu(t))o,r,

— (m - v|[Vul?)or, — ((n + d)u(®)|u' (t))o,r,,
provided that § < —5. This last condition is satisfied whenever [|alls < ¢, for
some 0 < ¢ < i

Define, for € > 0,
Eat = Euy By
From inequality (3.29), we have
(3.30)

D e26(1) < ~€2, (1) — m - vl (Do,

— e [2((m- ) (O)m - Vu(t))or, + (m - vI[Vul*)or, + {(n+ du(t)]w(t))or,] -
Let ||tr|| be the norm of the trace operator
ueV = vm-vupr, € L*(T),
when V' is endowed with the norm ||V, - |jo,o. Then

(3.31)

) tr||?
() D) oy < T (2 1)l ()3,
1 2
+ anm ~vu(t)|5 r,
tr 1
< Iz vy ), + S IV D3 0
Also,
(3.32) 2|u’(8)(m - Vu(t))] < [lml[Z]’ (5)]* + [Vu(®) .
If 9 = “t;“ (n? + 1) + ||m||%,, then inequalities (3.31) and (3.32) in (3.30) entail
d 5. € ,
@555 (t) < *5550(0 — (L= e))|Vm v ()3 r,-
That is
d 2 € -9 .
. Le2ey < —< — e > 0.
(3.33) CEL() < —SE2,(0) i 1- 920

On the other hand, as
Em (1) < 2501 |m|oo [ Vau(®)[§ o = 25l &5, (1),
we have
Em(t) < (L+ e[| mlloo)EZ, ().
This in (3.33) yields
d .o, . 1
() < —enif(t), 0<e<e =

Here p = . Hence

1
244521 [mlle

En () < emER(0)
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But
(1= 251 [ mlloo) €y (8) < EF(t) < (14 2301 |Im|oc) EZ, (1)
Therefore
14+ 25 |mlleo _ . 1
2 eut 02
#) < — 2L ep < — ).
&, (1) < ) e &.,(0), 0<e<min | €, Tl

The proof in then complete. U

4. Additional comments

4.1. Exponential stabilization via a Carleman inequality. Assume that w
can be chosen in such a way that there exists ¢ € C*(Q) satisfying

Yp>0inQ, Vy#0inQ\w, 0,40 <0onl
and the following pseudo-convexity condition: there exists @w > 0 so that
V(@) - €2 + V()€ - € 2 wlé®, 2 eQ\w, £€C.

Here where V2t = (9;;1).

Note that since V21 is symmetric, V29¢€ - € is real.

We call this condition on w by (G).

Let us provide a domain w obeying to condition (G). In fact, any neighborhood
w of I' in € possesses this property. To see that, pick w a neighborhood of I in €2, o
an arbitrary point in R”\ and 0 < x € C§°(Q) satisfying x = 1 in a neighborhood
of @\ w. Then it is obvious to check that 1 (z) = 1 + x(x)|r — z¢|? satisfies all
the conditions listed in (G). This construction can be improved to include domains

satisfying the condition for the exponential stabilization discussed in the multiplier
method. To this end, fix again z¢ an arbitrary point in R™ \ Q and set

To={zeT; v(z)- - (x—x9) > 0}.
Pick w a neighborhood of T’y in  and let 0 < x € C§°(Q2) with x = 1 in a
neighborhood of Q\ w and supp(x) N Ty = . A straightforward computations
show that ¢ (z) = 1 + x(x)|z — z0|? fulfills condition (G).
Substituting, if necessary, ¥ by ¥+ C, for some large constant C', we can assume
that

2 L =
v> Sl in @
In the sequel, the two functions 6 and ¢, defined on @, are given by

0 eV (@) e2MYlleo _ oA ()
t = — t =
Here X is a parameter to be specified later.

Let
A ={w e L*((0,T), Hy(); i0: + Aa € L*(Q)}-
A straightforward modification of the proof [29, Corollary 3.2] gives

Lemma 4.1. There are three constants \g > 1, sg > 1 and Cy > 0 such that for
all X\ > Xy, s > sg and w € F, it holds

[V AsBe™*¢Vaw|lo.o + ||\250V s0e*Pw]|o.o
< Cy (||e_s‘9(i8t + Aa)wlo,g + [|[VAsle™*?Vawl|lo.q, + ||)\289\/§e_ww||0’Qw) .
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Pick up € D(Ap) and let u(t) = e*oug. Taking into account that
[u@®)llo = [[uollo,e and [[Vau(?)|lo.e = [[Vauollo,e;
we obtain by applying Lemma 4.1 the following observability inequality
Corollary 4.1. There exists a constant C' > 0, depending on €, a, w and T, so
that for any ug € D(Ap) and u(t) = e!4ouy, we have
(4.1) Vauollo.o < C ([Vaullo,q. + llullo.q.) -

This observability inequality at hand, we can proceed similarly to the proof of
Theorem 3.1 in order to get the following theorem.

Theorem 4.1. Assume that w 3 wo where wy obeys to the condition (G). Then
there exists a constant o > 0, depending only on Q, T, w, so that

Eu,(t) < e7E) (0), ug € L*(9).

Remark 4.1. As in Theorem 3.1, one step in the proof consists in establishing the
following observability inequality

luolloe < Clle“*ugllo,q., uo € L*().

According to [30, Theorem 5.1], under the assumption of Theorem 4.1, this in-
equality is equivalent to the following the so-called observability resolvent estimate:
there exists two constants Ng and R, depending on 2, w and a so that, for any
@€ Rand u € D(Ap), we have

[ulld o < Roll (Ao — ip)ul[§ + RafJullf ..

4.2. Observability inequality in a product space. We consider the case in
which Q@ = Q; xQy, with ; a C*° bounded domain of R, j = 1,2 and n; +ny = n.
Assume that

a(r1,z2) = (a1(x1),a2(x2)) € R™ @R, (z1,22) € Q.

where a; satisfies the same assumptions as a when (2 is substituted by €;, j =1, 2.
Denote by Ap ; the operator Ag when Q = §); and a is substituted by a;, j = 1,2.

For ug ; € L2(;), j = 1,2, it is not hard to check that
(42) etAO (’LLO’l (24 UO,2) = etAO’lu(M X 6tA0'2U0’2.

Let wy be an open subset of Oy, Q,, = w1 X (0,T), w = w1 X Qg and Q,, =
w x (0,7).

Following a simple idea in [10], we have
Theorem 4.2. Assume that there exists a constant C > 0 so that the following
observability inequality holds
(4.3) luoallg.0, < Clle** ugallo.q., > o1 € L*(1).
Then

luollge < Clle*uolloq., uo € L*(R).

Proof. Denote by (¢x)k>1 an orthonormal basis consisting of eigenfunctions of Ag 5.
For ug € L?(2), we have

uo(w1,w2) = Y Yr(@1)di(w2).

k>1
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Here

V(z1) = (u(z1,)|dr)o0. € L* (1), k>1

In light of (4.2) we have, where (iA;) C iR is the sequence of eigenvalues of Ay 2,

Moug(zr,wa) = Y €M 0ty (21) gy ().
E>1

We get by applying Parseval’s identity

and

le"ou| o =D lle“ yild o, = D Ivklda, = luolld o

k>1 k>1

(4.4) le*4ouollg o =D llet ot enll3 -

E>1

On other hand, apply observability inequality (4.3) in order to obtain

A
luollf o = Z [ CZ le* 0’1¢k||3,Qw1'

k>1 k>1

This and (4.4) entail

luollf o < Clle™uollf g -

This is the expected inequality. (I
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