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GLOBAL EXISTENCE AND BLOWUP FOR A CLASS OF THE FOCUSING
NONLINEAR SCHRODINGER EQUATION WITH INVERSE-SQUARE
POTENTIAL

VAN DUONG DINH

ABSTRACT. We consider a class of the focusing nonlinear Schrodinger equation with inverse-
square potential

i0u + Au — clo| " %u = —|u|%u, u(0)=uo € H, (tz)eRxRY,

2
where d > 3, % <a< ﬁ and ¢ # 0 satisfies ¢ > —A(d) := — (%) . In the mass-critical

case a = %, we prove the global existence and blowup below ground states for the equation with

d > 3 and ¢ > —A(d). In the mass and energy intercritical case % <a< d;i? we prove the

global existence and blowup below the ground state threshold for the equation. This extends
similar results of [17] and [21] to any dimensions d > 3 and a full range ¢ > —A(d). We finally
prove the blowup below ground states for the equation in the energy-critical case a = %2 with

d
d>3and c > —&-H ().

1. INTRODUCTION

Consider the Cauchy problem for the focusing nonlinear Schrédinger equation with inverse-
square potential

i0u — Pou = —|u|%, (t,x) € R xR
Mo D (NL5e)
where v : R x R? — C,up : R — C,d > 3,a > 0 and P. = —A + c|z|~2 with ¢ # 0 satisfies
c>=\d) = — (%)2. The case ¢ = 0 is the well-known nonlinear Schrédinger equation which

has been studied extensively over the last three decades. The nonlinear Schrédinger equation
with inverse-square potential (NLS.) appears in a variety of physical settings and is of interest in
quantum mechanics (see e.g. [13] and references therein). The study of the (NLS,) has attracted
a lot of interest in the past several years (see e.g. [4, 25, 26, 28, 29, 18, 19, 17, 33, 21]).

The operator P, is the self-adjoint extension of —A + ¢|z| 2. Tt is well-known that in the range
—A(d) < ¢ < 1—A(d), the extension is not unique (see e.g. [13]). In this case, we do make a choice
among possible extensions, such as Friedrichs extension. The restriction on ¢ comes from the sharp
Hardy inequality, namely

A(d)/\x|_2|u(:ﬂ)|2dm g/\vu(x)\%zx, Vu e HL, (1.1)

which ensures that P, is a positive operator.
Throughout this paper, we denote for v € R and ¢ € [1, 00] the usual homogeneous and inho-
mogeneous Sobolev spaces associated to the Laplacian —A by W% and W"? respectively. We
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2 V. D. DINH

also use HY := W72 and HY := W2, Similarly, we define the homogeneous Sobolev space W74
associated to P. by the closure of C§°(R%\{0}) under the norm

.
[ullyirza = [V Pe ullLa.

The inhomogeneous Sobolev space associated to P. is defined by the closure of C5°(R?) under the
norm

lullwzs o= || (Pe)” ull Lo,

where (-) is the Japanese bracket. We abbreviate H) := W22 and H) := W22, Note that by
definition, we have

lullF, = / V() * + clz| 2 |u(z)*d. (1.2)
By the sharp Hardy inequality, we see that for ¢ > —A(d),

[l gy ~ llull -
Before stating our results, let us recall some facts for the (NLS.). We firstly note that the
(NLS,) is invariant under the scaling,
up(t,z) = )\%u()\zt, Az), A>0.
An easy computation shows
2_d
[ux(O)ll v = X777 [luo|l -
Thus, the critical Sobolev exponent is given by

d 2

Moreover, the (NLS,) has the following conserved quantities:
/|u t,x)|>dz = M(up), (1.4)
Eult) = [ 5Vult, o) + Slal 2u(t, ) -

It is convenient to introduce the following numbers:

4 4 ifd>3
— * L d—2 = 1.6
G=g @ {oo ifd=1,2. (16)

2\u(t7m)|‘x+2dm = E.(up). (1.5)

The main purpose of this paper is to study the global existence and blowup for the (NLS.)
in the mass-critical (i.e. a = ay), intercritical (mass-supercritical and energy-subcritical, i.e.
oy < a < a*) and energy-critical (i.e. @ = a*) cases.

1.1. Mass-critical case. Let us firstly recall known results for the focusing mass-critical nonlinear
Schrodinger equation, i.e. ¢ = 0 and o = ay in (NLS,;). One has the following (see e.g. [5, Chapter
6] for more details):

Theorem 1.1. Let ug € H' and u be the corresponding solution to the mass-critical (NLSy) (i.e.
c=0 and a = oy in (NLS,)).
1. Global existence [31]: If d > 1 and ||ugl|r2 < ||QollL2, where Qq is the unique positive radial
solution to the elliptic equation

AQo - Qo+ Q5 =0

then the solution u exists globally in time and sup,cy ||u(t)|| g1 < oo.



GLOBAL EXISTENCE & BLOWUP NLS INVERSE-SQUARE POTENTIAL 3

2. Blowup [23, 24]: The solution u blows up in finite time if one of the following conditions
holds true:
o d>1,Ey(up) <0 and zug € L?,
e d>2 FEy(up) <0 and ug is radial,
e d=1 and EQ(U()) < 0.

Remark 1.2. 1. By the sharp Gagliardo-Nirenberg inequality, the condition |lug||z2 < ||Qol| 2
implies Fo(ug) > 0.

2. The condition ||ug||L2 < ||Qollr2 is sharp for the global existence in the sense that for any
My > ||Qollz2 (even for My = ||Qol|z2, see Item 4 below), there exists ug € H' satisfying
||uol|Lz = Mp and the corresponding solution u blows up in finite time.

3. The assumption Eg(up) < 0 is a sufficient condition for finite time blowup but it is not
necessary. One can show that for any Ey > 0, there exists ug € H' satisfying Fy(uo) = Ep
and the corresponding solution blows up in finite time.

4. Tt is well-known (see e.g. [32] or [5, Remark 6.7.3]) that there exists a blowup solution to the
mass-critical (NLSg) with |Jug||rz = ||Qol| 2 by using the speudo-conformal transformation.

5. Note also that Merle in [22] proved the following classification of miminal mass blowup
solutions for the mass-critical (NLSp): Let ug € H' be such that |lug||zz = ||Qol|z2. If the
corresponding solution blows up in finite time 0 < T" < +00, then up to symmetries of the
equation, u(t,x) = S(t — T, z), where

1

1]

S(t,a) = —— e TQ () (1.7)

Now let us consider ¢ # 0 satisfy ¢ > —A(d). Let Cgn(c) be the sharp constant to the Gagliardo-
Nirenberg inequality associated to the mass-critical (NLS.), namely,

Can(e) =sup {If15:5% + 171531713, ] | £ € HI{0}}.
We will see in Theorem 4.1 that:

1. When —A(d) < ¢ < 0, the sharp constant Cgn(c) is attained by a non-negative radial
solution to the elliptic equation

_PCQC - Qc + Q?*—H = 0.
2. When ¢ > 0, Cgn(c) = Cgn(0), where Cen(0) is the sharp constant to the standard
Gagliardo-Nirenberg inequality
IF115:52 < Can(OIIZE 11

However, Can(c) is never attained. Moreover, if we restrict attention to the Gagliardo-
Nirenberg inequality for radial functions, then the sharp constant for the radial Gagliardo-
Nirenberg inequality associated to the mass-critical (NLS,), namely,

Can(e,rad) i=sup { | f15:52% + 171531713, | | £ € HA\{O}, f radial}
is attended by a radial solution Q. aq to the elliptic equation
_Pch,rad - Qc,rad + Q?,;;Ldl = 0.

Since Can(c) is never attained, the constant Con(c,rad) is strictly smaller than Cax(c).
We will also see in Remark 4.2 that for ¢ > —A(d),

L2
Cen(c) = —

- T s 1.8
2G0T (18)
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where ¢ := min{c, 0}. Moreover, for ¢ > 0,

oy + 2
Can(c,rad) = 72\\(,2* e (1.9)
c,rad ||,

Our first result is the following global existence and blowup for the mass-critical (NLS,.).

Theorem 1.3. Let d > 3 and ¢ # 0 be such that ¢ > —\(d). Let ug € H' and u be the
corresponding solution to the mass-critical (NLS,) (i.e. a = ).

L If ||luollz2 < ||Qzllz2, then the solution u exists globally and sup,cp ||u(t)|| ;1 < oo.

2. If E.(up) < 0 and either zug € L? or g is radial, then the solution u blows up in finite
time.

Remark 1.4. 1. In [8], the authors proved the global existence for the mass-critical (NLS,)
with —A(d) < ¢ < 0 under the assumption ||ug||r2 < ||Qc||L2. Here we extend their result
to any ¢ # 0 and ¢ > —A(d).
2. By the sharp Gagliardo-Nirenberg inequality associated to (NLS.), we see that the con-
dition |Jug|/rz < ||Q<||r2 implies that E.(ug) > 0. Indeed, applying the sharp Gagliardo-
Nirenberg inequality and (1.8),

1
Ee(uo) = 5ol — —— lluoll7:%
*
Lo 2 1 N
= S luollyy = 5 — 5 Can(@)lluollz3 [[uolly,

Lo l|uoll 2 \
> ~uolZ, |1 — .
2 gl 1= () 120

3. When —A(d) < ¢ < 0, the condition ||ugl|r2 < ||Qzllr2 = ||Qc||r2 is sharp for the global
existence. In fact, for any M. > ||Q.|lr2 (even for M, = ||Q.|/z2, see Item 5 below),
we can show (see Remark 6.1) that there exists ug € H?! satisfying ||ug||zz = M, and
the corresponding solution u to the mass-critical (NLS.) blows up in finite time. When
¢ > 0, the condition |lugllrz < ||Qollr2 is not sharp. Indeed, if ug is radial and sat-
isfies |luoll2 < ||Qcradllr2, then the corresponding solution exists globally. Note that
|Qcradllzz > ||Qollz2. Moreover, for any M, > ||Qc¢.radl|z2 (even for M, = ||Q¢ radll L2, S€€
again Item 5 below), we can show (see again Remark 6.1) that there exists ug € H! radial
satisfying ||ug||z = M. and the corresponding solution blows up in finite time.

4. The condition E.(ug) < 0 is a sufficient condition for finite time blowup, but it is not
necessary. We will see in Remark 7.1 that for any E. > 0, there exists ug € H' satisfying
E.(ug) = E. and the corresponding solution blows up in finite time.

5. Recently, Csobo-Genoud in [8, Lemma 1] made use of the speudo-conformal transformation
to show that for —A(d) < ¢ < 0, there exists a blowup solution to the mass-critical

(NLS,) with [Jup|lrz = ||@c|lzz. By a similar argument, we can show (see Remark 6.2)
that for ¢ > 0, there exists a radial blowup solution to the mass-critical (NLS.) with
H’UIOHL2 = ||Qc,rad||L2-

6. In [8], the authors also proved the classification of miminal mass blowup solutions for the
mass-critical (NLS.) with —A(d) < ¢ < 0. Their result is as follows: Let ug € H' be such
that ||ugllrz = ||Qcl|L2. If the corresponding solution blows up in finite time 0 < T < +00,
then up to symmetries of the equation ', u(t,x) = S(t — T, x), where S is as in (1.7). We
expect that a similar result should hold for radial blowup solutions with ¢ > 0.

IThe (NLS.) does not enjoy the space translation invariance and the Galilean invariance.
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1.2. Intercritical case. We next consider the intercritical (i.e. mass-supercritical and energy-
subcritical) case. Let us recall known results for the focusing intercritical nonlinear Schrodinger
equation, i.e. ¢ =0 and o, < a < a* in (NLS,). The global existence, scattering and blowup were
studied in [12, 9, 10]. In order to state these results, let us define the following quantities:

H(0) := Eo(Qo)M(Qo)7,  K(0) := [[Qoll g1 |Qoll 7z,

where

1% _4-(d=2a (1.10)

7 Ye da—4

and @ is the unique positive radial solution to the elliptic equation

AQo— Qo+ Q5T =0.
Theorem 1.5 ([12, 9, 10]). Let d > 1,up € H' and u be the corresponding solution to the
intercritical (NLSg) (i.e. ¢ =0 and o < a < a* in (NLS,.)). Suppose that Eo(ug)M (up)® < H(0).
L. If [Juo || g1 ||uol|F= < K(0), then the solution w exists globally in time and

[u(®)] g lu@)|Z2 < K(0),
for any t € R. Moreover, the solution u scatters in H'.
2. If |luol g1 [|uol| T2 > K(0) and either
o zugy € L2,
e ord > 3, ug is radial,
e ord=2, ug s radial and o, < a < 4,
then the solution u blows up in finite time and
[u(®)] g lu@) T2 > K£(0),
for any t in the existence time.

Now let ¢ # 0 be such that ¢ > —A(d), and let Can(c) be the sharp constant in the Gagliardo-
Nirenberg inequality associated to the intercritical (NLS.), namely,

da
Cax(e) i=sup {If 1552 + [If] FFARFE: AV
We will see in Theorem 4.1 that:

1. When —A(d) < ¢ < 0, the sharp constant Can(c) is attained by a solution Q. to the elliptic
equation

4—(d—2)a
2

_Pch - Qc + Qngl = 0
2. When ¢ > 0, Can(c) = Can(0), where Can(0) is again the sharp constant to the standard
Gagliardo-Nirenberg inequality

—2)

4—(d da
IF15522 < Can(O)If 1z ™ IFIl,-

Moreover, Can(c) is never attained. However, if we restrict attention to the Gagliardo-
Nirenberg inequality for radial functions, then the sharp constant for the radial Gagliardo-
Nirenberg inequality associated to the intercritical (NLS.), namely,

[ 14— (d—2)a

da .
Can(evad) = sup {|F1552 + [IAI=7 U715 ] | £ € HA{(0}, f radial}
is attended by a radial solution Q. raq to the elliptic equation
_Pch,rad - Qgrad + Q?yjald =0.

Since Can(c) is never attained, the constant Can(c,rad) is strictly smaller than Can(c).
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We define the following quantities:
H(c) = Ee(Qa)M(Q2)?,  K(c) = [|Qell 2 | Qzll 72 (L.11)

where ¢ = min{c,0}. Our next result is the following global existence and blowup for the inter-
critical (NLS,).

Theorem 1.6. Let d > 3,0, < a < a* and ¢ # 0 be such that ¢ > —\(d). Let ug € H' and u be
the corresponding solution of the intercritical (NLS,) (i.e. an < a < a*). Suppose that

E.(up)M(up)? < H(c). (1.12)
1. Global existence: If
[[uoll g1 luollZz < K(c), (1.13)
then the solution u exists globally in time and
lu(®) g2 lu@®)l|Z2 < K(c). (1.14)
for any t € R.
2. Blowup: If
[uoll 71 luollZz > K(c), (1.15)
and either xug € L? or ug s radial, then the solution u blows up in finite time and
lu() g2 lu@®)l|Zz > K(c), (1.16)
for any t in the existence time.
Remark 1.7. 1. In [17], the authors considered the cubic (NLS.) in 3D (ie. @ = 2 and

c > —%) and proved that the global existence as well as scattering hold true under the
assumptions (1.12), (1.13) and the blowup holds true under the assumptions (1.12), (1.15).
Recently, Lu-Miao-Murphy in [21] proved a similar result as in [17] for the intercritical
(NLS,) with

¢c>—3 ifd=3, 3<a<2
c>-Ad)+ (52— 1) if3<d<6, max{zZ b <a<

Here we extend the global existence and blowup results of [17, 21] to any dimensions d > 3
and the full range ¢ > —A(d). We expect that the global solution in Theorem 1.6 scatters
in H' under a certain restriction on c. Note that the scattering of global solutions depends
heavily on Strichartz estimates which were proved in [4, 2]. In order to successfully apply
Strichartz estimates, we need the equivalence of Sobolev norms between the ones associated
to P. and those associated to —A (see Subsection 2.2 for more details). This will lead to
a restriction on the validity of c.

2. Theorem 1.6 says that the condition (1.13) is sharp for the global existence except for the
threshold level

luoll gz [[uol|72 = K(c)-

It is an interesting open problem to show that there exists blowup solutions to the inter-
critical (NLSp) and (NLS.) equations at this threshold.

3. It is worth mentioning that if the energy of the initial data is negative, then (1.12) is always
satisfied. Indeed, we will see in (4.9) that

do — 4
BT

hence H(c) is always non-negative.

do — 4
Q=172 = WHQEH%@
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In the case ¢ > 0, we have the following improved result for radial solutions.

Theorem 1.8. Letd > 3,0, < a < o* and ¢ > 0. Let ug € H' be radial and u the corresponding
solution of the intercritical (NLS.) (i.e. o < a < o*). Suppose that

E (up)M(up)? < H(e,rad) =: Eo(Qcrad) M (Qcrad)’ - (1.17)
1. Global existence: If
lutoll s 172 < K (e, xad) = | Quevadll s | @evaclle. (1.18)
then the solution u exists globally in time and
[u(®)|] g lu®) |72 < K(c,rad). (1.19)
for any t € R.
2. Blowup: If
[uoll 71 [[uollZ= > K(c,rad), (1.20)

then the solution u blows up in finite time and
()l g2 [[u(®)|72 > K (e, rad), (1.21)
for any t in the existence time.

Since Cgn(c,rad) < Can(c), we will see in Remark 4.2 that H(c) < H(c,rad) and K(c) <
K (c,rad). This shows that the class of radial solutions enjoys strictly larger thresholds for the
global existence and the blowup.

1.3. Energy-critical case. We finally consider the energy-critical case. As above, we recall known
results for the focusing energy-critical nonlinear Schrodinger equation, i.e. ¢ = 0 and @ = «* in
(NLS,). The global existence, scattering and blowup for the energy-critical (NLSy) were first stud-
ied in [14] where the authors proved the global existence, scattering and blowup for the equation
under the radial assumption of initial data in dimensions d = 3,4,5. This was extended to di-
mensions d > 3 in [15]. Later, Killip-Visan in [16] proved the global existence and scattering for
the equation with general (non-radial) data in dimensions five and higher. They also proved the
existence of blowup solutions in dimensions d > 3. The global existence and scattering for the
energy-critical (NLSg) for general data still remain open for d = 3,4. To state their results, we
recall the following facts. Let

Wo(w) i= (1+ il )_%;2 (1.22)
x) = — . .
0 d(d—2)
It is well-known that W solves the elliptic equation

AWy + |[Wo|* Wy = 0.
In particular, Wy is a stationary solution to the energy-critical (NLSp). Note that Wy € H' but it
need not belong to L2.
Theorem 1.9 ([14]). Let d = 3,4,5. Let ug € H' be radial and u be the corresponding solution
to the energy-critical (NLSp) (i.e. ¢ =0 and a = o* in (NLS.)). Suppose that Ey(ug) < Eo(Wp).

L If |Juoll 1 < [Woll g1, then the solution u exists globally and scatters in H'.
2. If |luollgr > [Woll g1 and either zug € L* or ug € H' is radial, then the solution u blows
up in finite time.

Theorem 1.10 ([16]). Let ug € H' and u be the corresponding solution to the energy-critical
(NLSp). Suppose that Eg(ug) < Eo(Wo).
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L. Ifd>5 and |luol g1 < ||Wol g1, then the solution u exists globally and scatters in H'.
2. If d > 3, |luo|l g > IWoll g and either xug € L? or ug € H' is radial, then the solution u
blows up in finite time.

Remark 1.11. Note that the conditions Eg(ug) < Eo(Wy) and ||ug|| 51 = ||[Wol| 71 are incompat-
ible.

Now let ¢ # 0 satisfy ¢ > —A(d), and let Csg(c) be the sharp constant in the Sobolev embedding
inequality associated to the energy-critical (NLS,.), namely,

Csi(e) i=sup { | fll o2 = 1y | /€ HA{0}}
We will see in Theorem 4.3 that:

1. When —A(d) < ¢ < 0, the sharp constant Csg(c) is attained by functions f(z) of the form
AW, (pz) for some A € C and p > 0, where

Wae) i [dd — 27 [ 1

c(z) = [d(d - 2)57] {W} )

with 8 =1 — 22 (see (2.3) for the definition of p).
2. When ¢ > 0, Csg(c) = Csg(0), where Csg(0) is the sharp constant to the standard Sobolev

embedding inequality

(1.23)

[fl[per+a < Cse(0)[f]] 1-
Moreover, Csg(c) is never attained. Note that the constant Csg(0) is attained by functions
f(z) of a form AWy (ux + y) for some A € C,y € R? and p > 0. However, if we restrict
attention to radial functions, then the sharp constant for the radial Sobolev embedding
associated to the energy-critical (NLS.), namely,

Csp(e,vad) = sup {7 o = 1L gs | € HI\{0, f radian}
is attained by functions f(x) of the form AW, (ux) for some A € C and p > 0.

Our last result concerns with the blowup for the energy-critical (NLS,).

Theorem 1.12. Let d > 3 and c # 0 be such that ¢ > —(‘i%)dz)\(d), Let ug € H' and u be the

corresponding solution to the energy-critical (NLS,) (i.e. a = a*). Suppose that E.(ug) < Ez(Wz)
and ||uol| g1 > |Wzl| 1, where € = min{c,0}. If xug € L? or ug is radial, then the solution u blows

up in finite time.
Remark 1.13. 1. As in Remark 1.11, the conditions E.(up) < Ez(Wz) and |uoll;n =
IWz|| g2 are incompatible.

2. Theorem 1.12 was stated in [19] without proof. In this paper, we give a proof for this result.
The restriction of ¢ comes from the local theory via Strichartz estimates (see Proposition
3.3).

3. We expect that the global existence as well as scattering for the energy-critical (NLS,)
hold true for ug € H! satisfying E.(up) < Ez(Wz) and |luo|| gz < [|[Wel|z:- It is a delicate
open problem. ‘

In the case ¢ > 0, we have the following blowup result for radial solutions.

Theorem 1.14. Let d > 3 and ¢ > 0. Let ug € H' radial and u be the corresponding solution to
the energy-critical (NLS,) (i.e. a = o). Suppose that E.(ug) < E.(W.) and ||uo|| g1 > ||Well g1 -
Then the solution u blows up in finite time.
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Since Cgn(c) > Can(e,rad), we have from (4.19) and (4.22) that Eq(Wy) < E.(W.). This
shows that the blowup threshold for radial solutions is strictly larger than the one for non-radial
solutions.

The paper is organized as follows. In Section 2, we recall some preliminary results related to the
(NLS,.). In Section 3, we recall the local well-posedness for the (NLS.) in the energy-subcritical
and energy-critical cases. In Section 4, we recall the sharp Gagliardo-Nirenberg inequality and the
sharp Sobolev embedding inequality for the (NLS.) by using the variational analysis. We next
derive the standard virial identity as well as the localized virial estimate in Section 5. Section 6 is
devoted to the proofs of global existence results. Finally, we give the proofs of blowup results in
Section 7.

2. PRELIMINARIES

In the sequel, the notation A < B denotes an estimate of the form A < CB for some constant
C > 0. The notation A ~ B means A < B and B < A. The various constant C' may change from
line to line.

2.1. Strichartz estimates. Let J C R and p,q € [1, 00]. We define the mixed norm

”U”LP(LLQ) = (/] (/Rd |U(t,x)|qu>%)%

with a usual modification when either p or ¢ are infinity.

Definition 2.1. A pair (p, ¢) is said to be Schrédinger admissible, for short (p,q) € S, if

2 d d

2 — - = =
(p,q) € [2,0]%, (p,q,d) # (2,00,2), SteT 3

We recall Strichartz estimates for the inhomogeneous Schrodinger equation with inverse-square
potential.

Proposition 2.2 (Strichartz estimates [4, 2]). Let d > 3 and ¢ > —A(d). Let u be a solution to
the inhomogeneous Schridinger equation with inverse-square potential, namely

t
u(t) = ePeug + / =P P (s)ds,
0

for some data ug, F'. Then, for any (p,q), (a,b) € S,
ullLe@® ey S lluollez + 1Fll Lor g, o) (2.1)
Moreover, for any v € R, (p,q), (a,b) € S,
HU’”LP(R,W;"'Q) 5 ||u0||H;Y + ||F||L?’(R’W:fb’) (22)
Here (a,a’) and (b,b') are conjugate pairs.

Note that Strichartz estimates for the homogeneous nonlinear Schrédinger equation with inverse-
square potential were first proved by Burg-Planchon-Stalker-Zadeh in [4] except the endpoint
(p,q) = (2, 2%). Recently, Bouclet-Mizutani in [2] proved Strichartz estimates with the full set
of Schrodinger admissible pairs for the homogeneous and inhomogeneous nonlinear Schrodinger
equation with critical potentials including the inverse-square potential. We refer the reader to
[4, 2] for more details.
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2.2. Equivalence of Sobolev norms. In this subsection, we recall the equivalence between
Sobolev norms defined by P. and the ones defined by the usual Laplacian —A. In [4, Proposition
1], the authors proved the following:

lull gz ~ lull g Yy € [-1,1].

Later, Zhang-Zheng in [33] extended this result to homogeneous Sobolev spaces W74 and W74
for 0 < v <1 and a certain range of ¢q. Recently, Killip-Miao-Visan-Zhang-Zheng extended these
results to a more general setting. To state their result, let us introduce

pi= -2z _ (d;Q>2 +ec. (2.3)

Proposition 2.3 (Equivalence of Sobolev norms [18]). Let d > 3,¢ > —A(d),0 < v < 2 and p be
as in (2.3).

1. If 1 < q < oo satisfies 'YT'“’ < % < min{l, d%d”}, then
1 i S 1 llvireas
for all f € C§°(RU\{0}).
2. If 1 < q < oo satisfies max {2, 2} < % < min{l, %}, then
fllwaea S 11l
for all f € C°(RU\{0}).

Remark 2.4. 1. When ¢ > 0, we have p < 0. Therefore, ||ully ... is equivalent to [[ully~.q
provided that 0 < v < 2 and

v 1 d
-<-<1 o 1<g<-—. 24
i< 5 (2.4)
2. When —A(d) < ¢ < 0, we have 0 < p < %52 Thus |julj., ~ [[wllyir>a provided that
0<~vy<2and
Yy+p 1 d—p d d
— < =< <qg< . 2.5
d ¢~ a % a=,°1 31, (25)

We next recall the fractional derivative estimates due to Christ-Weinstein [7]. The equivalence
of Sobolev spaces given in Proposition 2.3 allows us to use the same estimates for powers of P,
with a certain set of exponents.

Lemma 2.5 (Fractional derivative estimates). 1. Lety > 0,1 <r <ooandl < pi1,qi,p2,q2 <
o0 satisfying % = p% + q% = p% + q% Then

VPGl S WAL VI gllza + 11V Fllzez 9] o -

2. Let G € CY(C),y € (0,1],1 <7,q < oo and 1 < p < oo satisfying % =4 %, Then

1
p

VPG S NG Olee 1V £l o
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2.3. Convergences of operators. In this subsection, we recall the convergence of operators of
[19] arising from the fact that P, does not commute with translations.

Definition 2.6. Suppose (,,)neny C R?. We define

Pl:=-A+—— PX:.=

2.6
c |Z‘+l‘n|27 c ( )

C —A+m lfxn—>$oo€Rd7
—A if |z,| — oo.

By definition, we have P.[f(x — x,)] = [P?f](x — 2,,). The operator P>° appears as a limit of

(&
the operators P! in the following senses:

Lemma 2.7 (Convergence of operators [19]). Let d > 3 and ¢ # 0 be such that ¢ > —\(d). Suppose
(tn)nen C R satisfies t, — too € R, and (,)neny C RY satisfies x, — 1o € R? or |z,| — .
Then,

Jim [P f =P fllga =0, forall fe H', (2.7)

nli%rr;OHe*“"P:f —e T fl =0, forall feH (2.8)

lim [|VPEf = /PEfle2 =0, forall feH. (2.9)
Furthermore, for any (p,q) € S with p # 2,

nlin;o e~ f — eiitpfofHLp(R,Lq) =0, forall felL? (2.10)

We refer the reader to [19, Lemma 3.3] for the proof of Lemma 2.7.

3. LOCAL WELL-POSEDNESS

In this section, we study the local well-posedness for the (NLS,) in the energy-subcritical and
energy-critical cases. To our knowledge, there are two possible ways to show the local well-
posedness in H' for the classical nonlinear Schrédinger equation (NLSp): the Kato’s method
and the energy method. The Kato’s method is based on the contraction mapping principle using
Strichartz estimates. This method is very effective to study the (NLSp) in general Sobolev spaces.
The energy method, on the other hand, does not use Strichartz estimates and only allows to prove
the existence of solutions in the energy space. But, on one hand, it provides a useful tool to
study the (NLSp) in a general domain €2 where Strichartz estimates are not available in general.
We refer the reader to [5] for more details. In the presence of the singular potential c|z|~2, even
though Strichartz estimates are available (see [4, 2]), the Kato’s method does not allow to study
the (NLS,.) in the energy space with the full range ¢ > —A(d). The reason for this is that the
homogeneous Sobolev spaces I/VC“Y ¢ and the usual ones W7 are equivalent only in a certain range
of v and ¢ (see Subsection 2.2). Moreover, Okazawa-Suzuki-Yokota in [26] pointed out that the
energy method developed by Cazenave is not enough to study the (NLS.) in the energy space.
They thus formulated an improved energy method to treat the equation. More precisely, they
proved the following:

Theorem 3.1 ([26]). Let d > 3,c > —\(d). Then the (NLS,) is well posed in H':

e Jocally if 0 < a < a*,
e globally if 0 < a < .

Here oy, a* are given in (1.6).

We refer the reader to [26, Theorem 5.1] for the proof of this result.
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Remark 3.2. 1. The energy method developed by Okazawa-Suzuki-Yokota is only available
for the energy-subcritical case (i.e. @ < o*) and not for the energy-critical case a = o*.
The last case should rely on Kato’s method (see Proposition 3.3 below).
2. Theorem 3.1 tells us that H*! blowup solutions may occur only on a, < a < a*.
3. The same well-posedness for the (NLS.) as in Theorem 3.1 holds true when one replaces
R? by a bounded domain 2 (see again [26]). In this consideration, Suzuki in [29] proved a
similar result for the (NLS.) on Q with ¢ = A(d).

We now consider the energy-critical case o = a*.

Proposition 3.3. Letd > 3,c > —(’i;f;)d? A(d) and o = o*. Then for every ug € H', there exist
T.,T* € (0,00] and a unique strong H' solution to the (NLS.) defined on the mazimal interval
(=T, T*). Moreover, if ||uoll 1 < € for some € > 0 small enough, then T, = T* = oo and the
solution is scattering in H', i.e. there exist uf € H' such that

: itP.,  + _
Jim[u(t) — e = 0.

Before giving the proof of this result, let us introduce some notations. In this section, we denote
_2(d+2) _2d(d+2)
T d—2 0 T et
It is easy to check that (p,q) is a Schrodinger admissible pair and
1 1 1

p q d

The last equality allows us to use the Sobolev embedding Wha ¢ LP. Moreover, in the view of

(2.4) and (2.5), it is easy to check that W1 is equivalent to W4 provided that ¢ > — Ei;i;‘)i (d).

Proof of Proposition 3.3. We only consider the positive time, the negative time is similar. Let us
define

X o= {ue C Y N LW | ull o giay < M |
equipped with the distance
d(u,v) := [lu = v e(r,L9),
where I = [0,7] with T, M > 0 to be chosen later. By the Duhamel formula, it suffices to prove
that the functional
. t . *
D(u)(t) = e ey +i / e~ = Pe |y (5)|* u(s)ds =: Unom () + Uinn (t)
0
is a contraction on (X, d). Using Strichartz estimates and the fact ||u|| 1.0 ~ ||u|}j1.q, Wwe have

||uhom||Lp(I,W1=f1 ~ |[unom|| o Wk S Nuoll g ~ Mol -
) ( ) :

This shows that HuhomHLp(LWl,q) < € for some € > 0 small enough provided that 7" is small
or |[ug|| g is small. By Strichartz estimates, the equivalence [|ul|y,1.a ~ |[u|lj1.4, the fractional
derivative estimates and the Sobolev embedding W7 C L?,

"

* *
ol ey ~ Wl iy S Ml o~ Wl
S ||u||%p(17[]p)||u||LP(I’W1,q) S ||u||zp?_117W1,q)~
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. 17ﬂ . _2d L.
Note that it is easy to check that W, *** ~ Wl Similarly,

* * * *
el = ol o] S (el e,y + 10015 .2 ) It = o2

2d
L2(I,L3+7)
= (A ] ARG [ e Ptas
This implies that for any u,v € X, there exists C' > 0 independent of T' and uy € H! such that
1) g ity < €+ CM L,
d(®(u), ®(v)) < CM d(u,v).
If we choose € and M small so that

« 1 M
CMa S 57 €+ — S M7

2 2
then ® is a contraction on (X, d). This shows the local existence. It remains to show the scattering
for small data. As mentioned above, when ||ug||p: is small enough, we can take T = oco. By
Strichartz estimates, we have for 0 < t; < to,

e Peufta) = Pt s ~ €™ utta) = e Pty = | = [ Pl us)as]
1 c
*
< Nl gk
L2([t17t2]7WC )
~ -
L2([t1,t2], W™ d+2)

a*+1
/S ||u| Lp([tl,t2],Wl,q)'

Similarly,

‘Pc -Pc * *
e Peulta) = € Poutta) e S Ml vl ae S Tl gl oo

This shows that
||e“2pcu(t2) - empcu(tl)HHl — 0,

as t1,ty — +00. Thus the limit uér limy 4o €Peu(t) exists in H'. Moreover,
. +oo . *
u(t) — e eyd = —i/ e 1= Pe ()| u(s)ds.
t

Estimating as above, we get

. __—itP., + _
Jimu(t) — e~ *Peuf [ = 0.

The proof is complete. O
4. VARIATIONAL ANALYSIS

In this section, we recall the sharp Gagliardo-Nirenberg and the sharp Sobolev embedding
inequalities related to the (NLS,).
Let us start with the following sharp Gagliardo-Nirenberg inequality:

115 (4.1)

4—(d—2)
2
2

IF11357: < Can(o)lIfII
The sharp constant Cgn(c) is defined by
Can(c) == sup {Je(f) : f € H\{0}},
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where J.(f) is the Weinstein functional

T = A = [l = A,

We also consider the sharp radial Gagliardo—Nirenberg inequality:

1715342 < Can(e,rad) Hf||Lz ||f|\H1’ [ radial, (4.2)
where the sharp constant Con(c,rad) is defined by
Can(c,rad) :=sup {Jc(f) : f € HI\{0}, f radial} .

When ¢ = 0, Weinstein in [31] proved that the sharp constant Cqn(0) is attained by the function
Qo, which is the unique positive radial solution of

AQo— Qo+ Q5! = (4.3)

Recently, Killip-Murphy-Visan-Zheng extended Weinstein’s result to ¢ # 0. More precisely, we
have the following;:

Theorem 4.1 (Sharp Gagliardo-Nirenberg inequality [17]). Let d > 3,0 < a < o* and ¢ # 0 be
such that ¢ > —A(d). Then we have Cgn(c) € (0,00) and
1. if =\(d) < ¢ <0, then the equality in (4.1) is attained by a function Q. € HL, which is a
non-zero, non-negative, radial solution to the elliptic equation

—P.Q.— Q.+ Q> =0. (4.4)

2. if ¢ > 0, then Can(c) = Can(0) and the equality in (4.1) is never attained. However,
the constant Con(c,rad) is attained by a function Q. raa Which is a solution to the elliptic
equation

_Pch,rad Qc rad T Q?jald = (45)

Proof. In [17, Theorem 3.1], the authors gave the proof for d = 3 and a = 2. For reader’s
convenience, we provide some details for the general case. Since ||f|lz1 ~ [|f[|z1, we see that
Jo(f) ~ Jo(f). Thus the standard Gagliardo-Nirenberg inequality (i.e. (4.1) with ¢ = 0) implies
0< CGN(C) < oQ.

Let us consider the case —\(d) < ¢ < 0. Let (f,)n C HX\{0} be a maximizing sequence, i.e.

Je(fn) / Can(c). Let f be the Schwarz symmetrization of f,, (see e.g. [20]). Using the fact that
the Schwarz symmetrization preserves L? norm and does not increase H' norm together with the
Riesz rearrangement inequality

/ cla] 2| (@) < / cla| 211 () 2d, (4.6)

for ¢ < 0, we see that J.(fn) < Jo(fZ). Thus we may assume that each f, is radial. Note that
(4.6) plays an important role in order to restore the lack of compactness due to translations. We
next observe that the functional J, is invariant under the scaling

Faou() = Af(px), X\ p>0.

Indeed, a simple computation shows

Wl = X2 I ale = X1, Il g2 = X2 g2
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We thus get Jo(fx,.) = Je(f). We now rescale the sequence (fy,), by setting g, (z) := A\, fr(n),
where

d/2—1
S A1 17
- 9’ n — .
AN ol
It is easy to see that ||gn|/z2 = ||gnll;: = 1. We thus get a maximizing sequence (g, ), of J¢, which

is bounded in H!. We have from the compactness lemma (see e.g. [31]) that H ;(RY) < LoT2(R?)
compactly for any 0 < a < ﬁ. Therefore, there exists g € H} such that, up to a subsequence,
gn — g strongly in L2 as well as weakly in H!. By the weak convergence, ||g||zz < 1 and

llgllzz2 < 1. Hence,

Can(c) = nlgréo JC(gn> = HQH%ZFEZ < Je(g) < CGN(C)'

Thus, we have J.(9) = ||g]|$47. = Can(c) and ||g||z2 = ||gllz: = 1. Therefore, g is a maximizer

for the Weinstein functional J., and so g must satisfy the Euler-Lagrange equation
= _OJc(g +€h) =0, Vhe CPRN{0}).

Taking into consideration that ||g||rz = ||g||7: = 1 and Can(c) = [|g]|$ 17, we get

4—(d—2)

d
~ S Can(OPeg — —— 5" Can(c)g + (a +2)g°*! = 0.

If we define Q. by g(z) = A\Q.(ux) with
A= (d—-2) 4 —(d—2)a
S = e

then Q. solves (4.4). This proves Item 1.
In the case ¢ > 0, we consider a sequence (z,,), C R? with |z,| — co. Let Qg be the unique
positive radial solution to (4.3). Using the definition (2.6) and (2.9), we have

1Qo(- = 2u)llFs = IVPeIQo( — 2n)llZ2 = I[VPEQol(- — )72 = IIVPEQollZ2 = 1Qoll%s-

We thus get

Je(Qo(- — xn)) = Jo(Qo) = Can(0),
hence Can(0) < Can(c). Since ¢ > 0, it is obvious that || f|| ;1 < [|f| g1 for any f € H\{0}. The
sharp Gagliardo-Nirenberg inequality for ¢ = 0 then implies

(d—2)a
2
2

4— 4—(d—2)a da
2
2

da
Hf”%ﬁ? < Can(O)|If1I, ||fHI;1 < Con(0)[fIIL Hf”fil’

whence J.(f) < Cgn(0) for any f € H'\{0}. Since H' is equivalent to H!, we obtain Cgn(c) <
Cin(0). Therefore, Can(c) = Can(0). The last estimate also shows that the equality in (4.1)
is never attained. Note also that the estimate (4.6) fails to hold true when ¢ > 0. If we only
consider radial functions, then the estimate (4.6) is obviously holds true. Thus the result for radial
functions follows exactly as the case —A(d) < ¢ < 0. The proof is complete. O

Remark 4.2. 1. When —A(d) < ¢ < 0, the proof of Theorem 4.1 shows that there exist
solutions to the elliptic equation (4.4), which are non-zero, non-negative and radially sym-
metric. However, unlike the standard case ¢ = 0, we do not know that the uniqueness
(up to symmetries) of these solutions. Moreover, any positive maximiser of J. is radial.
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Furthermore, if Q. is a maximiser of J., then by multiplying (4.4) with Q. and z - VQ,
and integrating over R?, we obtain the following Pohozaev identities:

d—2 d
1QellFy + 1QelZz = 1QelZe?: = — = 1QellF + g\Ichlia - IIQCII‘iifz =
In particular,

4—(d-2)a (d - 2)a

Qs = TG 10, = S IRz (17)
and
200 +2) [4—(d—2)a® 1
Canle) = [ ] 48
O T @-al  da | TG )
~ 2(a+2) [ do } e g
do - (d_Z)a ”Qc”i}cl
[2(a+2)]°T 1
- 4—(d—2a da aa+2) *
[4—(d=2)a] =7 " [da]% Q.| .2,
In particular, all maximizers of J,. have the same L2, H L LT 2-norms. We also have
da —4 do—4
Bo(Q) = — = 1Qu% = = Z(Qu3. 4.9
(@) = g QeI = I, (19)
In particular, in the mass-critical case, i.e. o = 5, we have E.(Q.) = 0.
. Since the identities (4.7) — (4.9) hold true for c = 0, we have from Theorem 4.1 that for
any ¢ > —A\(d),
200 +2) [4—(d—2)a7® 1
Can(c) = [ ] 410
SO @al da | TG 10
2+ 2) [ do !
dox —(d=2)a Q=%
[2(a + 2)]F 1
- 4—(d—2) da aat2) ?
[4—(d=2)a] 77 " [da]F Q4| .2,

where ¢ = min{c, 0}.

3. Let H(c) and K(c) be as in (1.11). Using (4.7), (4.8) and (4.9), it is easy to see that

4
da—4

H(c) = d(;d; 4 [2(adi 2)0GN(C)] B (4.11)
and
do e
K(e) = [mcm o] (4.12)
In particular,
H(c) = d;‘d;‘lf{(c)?. (4.13)

4. When ¢ > 0, we see that the same identities as in (4.7), (4.8), (4.9), (4.10), (4.9), (4.11),

(4.12) and (4.13) hold true with Q. rad, Con(c,rad), H(c,rad) and K(c,rad) in place of
Q., Cen(c), H(c) and K (c) respectively.
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Let us now consider the sharp Sobolev embedding inequality:
[fllpex+e < Csu() | fll 2 (4.14)

where the sharp constant Csg(c) is defined by

Csu(e) = sup {If | o2+ 15 = f € HA{0}].
We also consider the sharp radial Sobolev embedding inequality
[fllpex+e < Csp(c,rad)|[f] g, f radial (4.15)

where the sharp constant Csg(c,rad) is defined by

Csi(c,1ad) i= sup { |/ | gosz = fll gy = f € B[O}, f radial} .

When ¢ = 0, it was proved by Aubin [1] and Talenti [30] that the constant Csg(0) is attained
by functions f(x) of a form AWy (uz + %) for some A € C, > 0 and y € R?, where Wy is given in
(1.22).

When ¢ # 0, Killip-Miao-Visan-Zhang-Zheng in [19] proved the following result.

Theorem 4.3 (Sharp Sobolev embedding inequality [19]). Let d > 3 and ¢ # 0 be such that
¢ > —=Xd). Then Csg(c) € (0,00) and
1. if =A\(d) < ¢ < 0, then the equality in (4.14) is attained by functions f(x) of the form
AW, (ux) for some A € C and some p > 0, where W, is given in (1.23).
2. if ¢ > 0, then Csg(c) = Csg(0) and the equality in (4.14) is never attained. However,
Csg(c,rad) is attained by functions f(x) of the form A\W.(ux) for some A € C and some
> 0, where W, is again given in (1.23).

We refer the reader to [19, Proposition 7.2] for the proof of this result. Note that the non-
existence of optimizers to the Sobolev embedding inequality for ¢ > 0 is a consequence of the
failure of compactness due to translation. If we restrict our consideration to radial functions, the
compactness is restored. To end this section, we recall some properties related to W, (see [19,
Section 7] for more details). It is not difficult to verify that W, solves the elliptic equation

P.W, = |W,|* W..
This implies in particular
HWPH%(S = ||Wc| %a-*‘rfz' (4.16)

Combining with Theorem 4.3, we have for —A(d) < ¢ < 0,

IWel%y = IWell gt = ()™, (4.17)
1 2 1 a*+2 ~1 —d
E(We) = IWellfy = ——5 Wl = a7 Csnle) ™ (4.18)

Note that (4.17) and (4.18) hold true for ¢ = 0. In particular, we have for any ¢ # 0 satisfying
¢ > —\(d),

1

_2 _aX+2 1
Cs(c) = [Well i = Wellpota = [dE(We)]7 7. (4.19)
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Similarly, we have for ¢ > 0 that

IWellZy = IWell5.72 = Csp(e,rad) ™, (4.20)
1 _ _
E(We) = §||WC||§‘{L1 - *+2IIW |92, = d7'Csp(c,rad) ™. (4.21)
_2 _or42
Csp(e,rad) = [Well 5 = [Well por s = [dE(We)) 4. (4.22)

5. VIRIAL IDENTITIES

In this section, we derive virial identities and localized virial estimates associated to the (NLS.).
Given a smooth real valued function x, we define the virial potential by

V) = [x@lu(t.0)Pds (5.1)
By a direct computation, we have the following result.

Lemma 5.1. Let d > 3 and ¢ > —\(d). Ifu: I x R* — C is a smooth-in-time and Schwartz-in-
space solution to
i0iu — Pou = N(u),
with N(u) satisfying Im (N (u)u) = 0, then we have for any t € I,
d
@VX(” =2 [ Vx(x) -Im (u(t,z)Vu(t, z))dz, (5.2)
Rd
and

%V /A2 z)|u(t, z)]| dx—|—4];1/8jkx x)Re (Opu(t, x)0;u(t, x))dx .
e / V() - ﬁ\u(t,x)ﬁdm +2 / V(@) - {N (), u}y(t, 2)de

where {f, g}, := Re (fVg — gV f) is the momentum bracket.
We note that if N(u) = —|u|%u, then
@
N =— oty
(N, uy = =S5 9(ul*+?)
Using this fact, we immediately have the following result.

Corollary 5.2. Let d >3 and ¢ > —A(d). If u: I x R — C is a smooth-in-time and Schwartz-
in-space solution to the (NLS.), then we have for anytel,

dt2 /A2 z)|u(t, z)|*de + 4 Z / z)Re (Opu(t, x)0;u(t, x))dx
k=1 (5.4)
+4c/VX 4\u(t z)|2dx — 7/AX Yu(t, z)|*2d.

We now have the following standard virial identity for the (NLS.).
Lemma 5.3. Let d >3 and ¢ > —\(d). Let ug € H' be such that |x|ug € L? and u: I x R¢ — C
the corresponding solution to the (NLS.). Then, |x|u € C(I,L?). Moreover, for any t € I,

2 Ada .
@qu(tmi? = 8||U(t)||§qcl - m”u(t)”Lﬁm (5.5)
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Proof. The first claim follows from the standard approximation argument, we omit the proof and
refer the reader to [5, Proposition 6.5.1] for more details. It remains to show (5.5). Applying
Corollary 5.2 with x(z) = |z|?, we have

P 2 )
Vi (1) = S lleu(t) :8/|Vu(t 2)? + clal fult, ) P — /|u (12| 2da
4da ot2
= 8Jlu(t)| % — g lu®lzes.
This gives (5.5). O

In order to prove the blowup for the (NLS,) with radial data, we need localized virial estimates.
To do so, we introduce the smooth, non-negative function 6 : [0, 00) — [0, c0) satisfying

72 ifo<r<l1, 17
O(r) = { const. ifr > 2, and 0"(r) <2 forr >0. (5.6)

Note that the precise constant here is not important. For R > 1, we define the radial function
or(x) = ¢r(r) := R*0(r/R), r=|z|. (5.7)

It is easy to see that

o >0, 2- PRI S0 9g A >0 5.8
QOR(T)— 9 r - Y, (PR(CC)_ . ()

Here the last inequality follows from the fact A = 92 4+ 419,

Lemma 5.4. Let d > 3,¢ > —\(d),R > 1 and g be as in (5.7). Letu: I x R* — C be a radial
solution to the (NLS.). Then for anyt € I,

d? 4do o Da a
O Von(t) < 8l — 2 u(t) 552 + O i), 69
Proof. We apply (5.4) for x(z) = ¢r(x) to get
d? 2 2
EVWR(t) = Afpg(x)|u(t, z)|*dx + 4 Z 8jk<pR z)Re (Opu(t, x)0;u(t, x))dx
7,k=1
+4c/V<pR(x) . ﬁ\u(t,x)ﬁdw - 7/A¢R Yu(t, z)|*2dx.
x
Since gr(z) = |z|? for |z| < R, we use (5.5) to have
d? 4ddo o 4do o
73 Von (8) = 8llu()llFy — —Ilu@IZe22 = 8l (o) ry + o5 1 OIEE 21 )
[ Aenlu(tas + 4 3 / 02 rRe (Dyu(t)0;u(1))da (5.10)
|z|>R jk=1 |z|>R
x 2a
—|—4c/ Vor - —|u(t)|*de — 7/ Applu(t)|“2da.
|z|>R |z[* a+2 )z >R
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Since |Apgr| <1 and |A2pr| < R72, we have

2 ,  Ada
t) = 8l — — @Iz +4 (t))d
Y Vien®) = SB35, + ;k - [, Boonte @i

+4c/ Ver- |4|u()|2dm—8||u(t)||§g(‘x|>R)
|z|>R

+0(/ R2[u(t)? + |u(t)|0‘+2dm>.
|z|>R
Using (5.8) and the fact that

T 0 Tix Tix
0y = Lo, of = (- Th)o, + T2,

J r3

we see that

d
> prOpudiT = @l (r)|0pul? < 2(0.ul? = 2|Vul?,

F k=1
and .
VR o= @R~ o= ppr < 2r* = 2Jaf”.
r
Therefore
d
43 / orRe (8ku8jﬂ)dx—|—4c/ Vg - zlz| ™ u?de — 8||u(t )||H1 (el>r) < 0-
Jk=1 |z|>R |z|>R
The conservation of mass then implies
d? 4da
2 vo<s t2' i at2 | (/ R2{u(t)|? tO‘Hd)
g2 Ver(t) < 8l — == llu®)lzase + ion [u(®)]” + |u(t)|* " da
4do a — «
< Sl — SO +O(R + w5 )

It remains to bound ||u(t) ||%j32(‘m|> )~ To do this, we recall the following radial Sobolev embedding
(27, 6]).

Lemma 5.5 (Radial Sobolev embedding (27, 6]). Let d > 2 and % < s < 1. Then for any radial
function f,

d=2s —s s
sup 2| = | f(@)] < C(ds )| 1= - (5.11)
Moreover, the above inequality also holds for d > 3 and s = 1.

Since H' ~ H!, we have in particular
d=1 L 1
sup [z 7= f(2)] S I FI|Z2 1171 £ - (5.12)
x#0 ¢
Using (5.12) and the conservation of mass, we estimate

522 oy < (50 Ju@)]) ()13

|z|>R
(d=De d—1 o
= (sup J2 T ut)]) )2
|z|>R
_ (d—Da a a9 o
S R ), @)1 7 S Ol
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The proof is complete. O

The localized virial estimate given in Lemma 5.4 is not enough to show blowup solutions in the
mass-critical case, i.e. « = a,. In this case, we need a refined version of Lemma 5.4. We follow
the argument of [23] (see also [3]).

Lemma 5.6. Let d > 3,¢ > —A(d), R > 1 and pr be as in (5.7). Let u: I x R* — C be a radial
solution to the mass-critical (NLS,.), i.e. a = a. Then for any ¢ >0 and any t € I,

d2

€ d 2
_ < _ - L2 2 -2 -2 — = p—2
e Vior (t) < 16E:(uo) 4/$|>R (Xl,R P 2X27R>|Vu(t)\ dr + O(R +eR“+e€¢ 2R )’
(5.13)
where
X1,k =2— ¢k, X2k =2d— Apg. (5.14)

Proof. Using (5.10) with a = «a, = % and . 6jzkcp38ku8jﬂ = ¢|0rul? and rewriting ¢ =
2—(2—-¢%) and Apr = 2d — (2d — Agg), we have

d2
Ven() = OE(u®) ~ [ Npuful)Pdz—4 [ (@2 dp)loule)Pis
|z|>R |z|>R
4 4
+— (2d — Apg)|u(t)|i2dx
d+2 Jiz>r mlult)
—|—8/ |6Tu(t)|2dx+4c/ Vor .gc\cc|_4|u(t)\2da:—8||u(t)||§~{1(‘$‘>R)
|z|>R |z|>R ¢

4 s
< 16E.(ug) + O(R™?) — 4/ x1.g|Vu(t)de + —— / Xa.r|u(t)| 2 3dz.
|z|>R d+2 Jiz>r

We now bound the last term. Using the radial Sobolev embedding (5.11) with s = 1 and the
conservation of mass, we estimate

4 4 4
/ e rlu(®)[F+2de = / Il () fu(t) Pz
|z|>R |z|>R

4 i
< ( sup g p@ut.2)l) " Ju@)
|z|>R
2(d—2)

< R " a4

~

v (k)| oz
V(XQ%,Ru(t)) !

d
We next use the Young inequality ab < ea? + ¢ 7 b7 with % + % =1 and € > 0 an arbitrary real
number to have

2(d—2)

<R

2

2(d—2)
—2d2)

R

; +0 (6_ﬁR72).

v () [}, % ¥ ()|
d Yl S

Here we apply the Young inequality with p = % and ¢ = 7% It is not hard to check ‘V(Xz, R
R~! for |z| > R. Thus the conservation of mass implies

v (o), 27+ kvt

Combining the above estimates, we prove (5.13). O

2

2’
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6. GLOBAL EXISTENCE

In this section, we give the proofs of global existence given Theorem 1.3 and Theorem 1.6.

6.1. Mass-critical case. Thanks to the local well-posedness given in Theorem 3.1, it suffices to
bound [[u(t)||z: for all ¢ in the existence time. Applying (4.10) with o = a, we see that

oy + 2

Can(c) = 3G

By the definition of energy, we have
2 (0%
lu(t)llF: = 2Ec(u(t)) + F) lu(®)] 712

The sharp Gagliardo-Nirenberg inequality and the conservations of mass and energy imply

2 (03
(D)3 < 2Bu(t) + — Con( O 530
2 a
= 28, () + 25 Can (o3 1u(t)
U 2\ X
=28, u0) + (i) (o)

Thus,

[~ ()" ol < 25000

Since [lug||lr2 < [|Qzl|z2, the above estimate shows the boundedness of [u(t)||z:. Hence [lu(t)||m:

is bounded by the conservation of mass. This proves the global existence of Theorem 1.3.

Remark 6.1. Let us show Item 3 of Remark 1.4. Let —A(d) < ¢ < 0 and M, > ||Q.||r2. Let
A= M./|Qcllr2 > 1. Set ug(z) = AQc(x). We have |ugl|2 = M. and

/\2 9 )\a*+2 at2
E.(u) = E.(A\Q.) = ?HQcHHé - mHQcHLa*H
o )\oz*+2 _ )\2
= \2E(Q.) — fHQCHEg'

Since E.(Q.) = 0 and A > 1, we see that E.(up) < 0. On the other hand, it is obvious that ug is
radial. Thus by Item 2 of Theorem 1.3, we see that the corresponding solution with initial data
ug blows up in finite time.

We next show for ¢ > 0 that if ug is radial and satisfies ||ug||z2 < ||Q¢,radllL2, then the corre-
sponding solution exists globally. It follows similarly as the beginning of Subsection 6.1 by using
the sharp radial Gagliardo-Nirenberg inequality

111722 < Can(erad)lFIZ: 0 fIl7,,  f radial.
Note also that by Item 4 of Remark 4.2, we have

oy +2
2HQc,rad”%§.

To complete the proof of Item 3, we show that for any M, > ||Qcradllr2, there exists ug € H!
radial satisfying ||ug||rz = M. and the corresponding solution blows up in finite time. We proceed

Can(e,rad) =
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as above. Let A = M./||Qcradllz2 > 1 and set ug(x) = AQcrada(x). We see that |Jug||2 = M. and

E(to) = Fo0Qurad) == o |@eraa By — 2o Qe raallga?
U = == — . e —— =
c\to c c,rad 9 c,rad H1 Oé*—|-2 c,rad || [,ox+2
)\a*+2 _ )\2
= Aa*JrzEc(Qc,rad) - 9 ||Qc,rad||?.‘ﬂ .

Since Q¢ raa is a solution to the (4.5), we see that E.(Q¢rada) = 0. This shows that E.(ug) < 0.
Thus the corresponding solution blows up in finite time.

Remark 6.2. Let us show Item 5 of Remark 1.4, that is to show when ¢ > 0 there exists a radial
blowup solution to the mass-critical (NLS.) with |luo|r2 = [|Qc radllz2. Since Q¢ raa is a solution
to the elliptic equation

_Pch,rad - Qc,rad + Q?,;:dl =0,

it is easy to see that u(t) = €"Qraq is a solution to the mass-critical (NLS.). Then a direct
computation shows that for any 0 < T < +o0, the function

ur(t,z) = o e_i4(‘itli>+ﬁQ <7x )
T\Y |t*T|d/2 c,rad t—T
is also a solution to the mass-critical (NLS.) which blows up at T and ||ur(0)|| L2 = |Qc radl L2

6.2. Intercritical case. Again thanks to the local well-posedness of the (NLS,) given in Theorem
3.1. It suffices to show that ||u(t)|/z: is bounded as long as t belongs to the existence time. Let
up € H' be such that (1.12) and (1.13) hold. By the definition of energy and multiplying both
sides of E.(u(t)) by M (u(t))?, the sharp Gagliardo-Nirenberg inequality (4.1) implies

o __ 1 . o 2 1 a+2 20
E )M 0) = 2 (a0l iy Iu)15:) — 5 ) 522 (0l
1 - 2 CGN(C) 4—(d—2)a 120 da
> — 1 5 — , 2 2
> 2 (@ l®12)” ~ “X D o (o)
= fUlu®)] g lu(®)]Z2), (6.1)
where
_ 1, CGN(C) da
f(z) = 2% ponp e (6.2)
Using (4.12) and (4.13), we see that
_da—4 2 _
P = B k(2 = (o) (63
We have from (6.1), the conservations of mass and energy and the assumption (1.12) that
FUlu@ll g2 () 72) < Ee(uo)M(uo)? < H(c). (6.4)

Using this together with (1.13), (6.3) and (6.4), the continuity argument shows

lu()ll g lu(®)72 < K(c),
for any ¢ as long as the solution exists. The conservation of mass then implies the boundedness of

l[w()|la; -
The global existence of Theorem 1.8 is proved similarly as above using Item 4 of Remark 4.2.

7. BLowup

This section is devoted to the proofs of blowup solutions given in Theorem 1.3, Theorem 1.6
and Theorem 1.12.
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7.1. Mass-critical case. Let us consider the case E.(ug) < 0 and zug € L?. By the standard
virial identity (5.5),

d2 2 2 4d0l* a,+2
aiz 17e®e = 8llu®l, — =5 lu®)llzase = 16E(uo) < 0.

By the classical argument of Glassey [11], it follows that the solution u blows up in finite time.
We next consider the case E.(ug) < 0 and ug is radial. Applying the localized virial estimate
(5.13), we have

d2

@V

or(t) < 16E:(up) — 4/

b )P s o+ R),

where x1,r =2 — ¢ and x2,r = 2d — Apr. We seek for a radial function ¢ defined by (5.7) so
that

d

€ 4
Xl,R - mXQ’R 2 0, VT > R7 (71)

for a sufficiently small e > 0. If (7.1) is satisfied, then by choosing R > 1 sufficiently large depending
on ¢, we see that
2

dt?
for any ¢ in the existence time. This shows that the solution u must blow up in finite time. It
remains to show (7.1). To do so, we follow the argument of [23]. Let us define the smooth function

Vior (t) < 8Ec(ug) <0,

2r ifo<r<iI,
I(r) = 2r— (r—1)3] ifl<r<1+4+1/V3,
' ¥ <0 if14+1/V3<r<2,
0 if r > 2,

and

O(r) := /OT I(s)ds.

It is easy to see that 6 satisfies (5.6). Define pg as in (5.7). We will show that (7.1) holds true for
this choice of . Indeed, by definition,

Pr(r) = RY'(r/R) = RO(r/R), @p(r)=0"(r/R)=0'(r/R), Apg(x)=¢g(r)+ ?‘PIR(T)'

When r > (1 + 1/v/3)R, we see that ¥'(r/R) < 0, so x1.r(r) = 2 — ¢4(r) > 2. We also have
X2,r(r) < C for some constant C' > 0. Thus by choosing e > 0 small enough, we have (7.1).
When R < r < (1+1/v3)R, we have

(T 2 (T 2 (d-=1)(r/R-1) T 2 d—1
XLR(T)—6(§—1) ; X2,R(T)—6<E_1) [1+ 5 /R }<6(E—1) (1+m).
Since 0 <r/R—1< 1/\/37 we can choose € > 0 small enough, for instance,

d—1\—d/2
<(d+2)1+ ——
e<@+)(1+52)

to get (7.1). The proof is complete. O
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Remark 7.1. We now show Item 4 of Remark 1.4 that is to show the condition E.(ug) < 0 is a
sufficient condition but it is not necessary. Let E,. > 0. We find data ug € H' so that E.(up) = E.
and the corresponding solution w blows up in finite time. We follow the standard argument (see
e.g. [5, Remark 6.5.8]). Using the standard virial identity with a@ = cvx, we have

d2
& leu(t) 3 = 16E.(uo),
hence

Jou) 2 = 82 Eeuo) + 4t ([ oz - Vuod) + fouol[3= = £(0).
Note that if f(t) takes negative values, then the solution u must blow up in finite time. In order
to make f(t) takes negative values, we need

2
(Im /ﬂox : Vuodm> > 2E.(uo)||zug |32 (7.2)

Now fix § € C5°(R?) a real-valued function and set v (z) = e‘i|w‘29(x). We see that ¢ € C§°(R?)
and

Im /@m -Vpdr = —2/ |z|?6%(z)dx < 0.

‘We now set

1 2 1 42
A=l B=— Wl
C = a2, D=-Im /ax Ve

Let A, u > 0 be chosen later and set ug(z) = A(ux). We will choose A, > 0 so that E.(ug) = E.
and (7.2) holds true. A direct computation shows

1 1 A&
_\2,2,—d 2 a,+2,,—d a,+2 _ y2,2-d
Eo(uo) = N p2p Gl A2 Ilgatt = Xt~ (A =~ B),

and
Im /Hox - Vuodz = N2~ %m /@x - Vipdr = =N\ ~D,
and
lzuollz> = Np= "2 a1, = Nu~72C.
Thus, the conditions E.(ug) = E. and (7.2) yield

A2y2d (A S B) = E., (7.3)
D2 2\
= > Q(A -2 B). (7.4)
Fix 0 < € < min {A, %} and choose
A 2* B=A—-c¢
1

It is obvious that (7.4) is satisfied. Condition (7.3) implies

B = @-d)a
N1 =F, or E(A ) N2 = E.
—€

This holds true by choosing a suitable value of A.
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7.2. Intercritical case. We firstly show (1.16). We have from (6.1) that
FUlu@ g lu@z2) < Ee(u(t)) M (u(t))?,
where f is defined as in (6.2). Note that f(K(c)) = H(c). By our assumption (1.12), we have
FUlu@ g2 lu@®)z=) < H(c).
Using (1.15) and the continuity argument, we get
a2 w72 > K (e),

for any ¢ in the existence time. This proves (1.16).
We next pick § > 0 small enough so that

E.(up)M(up)? < (1 —=6)H(c). (7.5)

This implies

FUlu@®ll g lu(@®lz2) < (1= 6)H(c). (7.6)
Using (6.2), (4.12) and (4.13), we have from (7.6) that

w(t) | g ||w(®)||F2\ 2 W) || g ||w(®)|| T2\ L
dox (H O g2 lu@)I7 ) 4 (II @) g2l ) ¥ 1 s
do — 4 K(c) do — 4 K(c)

The continuity argument shows that there exists 8’ > 0 depending on § so that

[w()l| g lu(@)]7
K(c)

We also have for € > 0 small enough,

>146 o Ju®lg @l > (1+8)K(). (7.7)

4do
8llu®)lF: — o 2l fate +efu®)Fy < —c <0, (7.8)
for any ¢ in the existence time. Indeed, multiplying the left hand side of (7.8) with a conserved
quantity M (u(t))?, we get
LHS(7.8) x M (u(t))” = 4daE.(u(t)) M (u(t))” + (8 + € — 2dav) |[u(t)[|,, M (u(t))°.
The conservations of mass and energy, (7.5), (7.7) and (4.13) then yield
LHS(7.8) x M(ug)® < 4da(l —8)H(c) + (8 4 ¢ — 2da)(1 + §')? K (c)*
=2(da — 4)(1 = §)K(c)* + (8 + € — 2da)(1 + &')? K (c)?
= K(c)*|2(da—4)(1 =5 — (1 +8)?) +e(1+8)?|.

By taking € > 0 small enough, we prove (7.8).
Let us consider the case zug € L? satisfying (1.12) and (1.15). By the standard virial identity
(5.5) and (7.8),
d? 4do o
lleu(®)Es = Sl - S u(@ll§ < —c <o
This shows that the solution blows up in finite time.
We now consider the case ug is radial, and satisfies (1.12) and (1.15). Using the localized virial
estimate (5.9), we have

d2
dt?

4da o _ _(d=Da 2
Vo t) < 8lu®)lyy = =5 Iu®lg2% + (B + B2 ()15, ).
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We next use the Young inequality to bound

= 9 _2(d 1)a
R IIU()IIH1N6HU()HH3+€ TR
for € > 0 an arbitrary real number. We thus get
d? at2 _ 2(d=1)a
7 Von(t) < 8lu®lf, — 5 @) |5HE + elu@l}, +O(R™2 + e =R,
By taking € > 0 small enough and R > 1 large enough depending on €, we obtain from (7.8) that
d2
ﬁV‘PR(t) S —0/2 < 0.

This shows that the solution must blow up in finite time.
The blowup of Theorem 1.8 follows by the same argument as above and Item 4 of Remark 4.2.

7.3. Energy-critical case. By definition of the energy and the sharp Sobolev embedding inequal-
ity (4.14),

1 1 a*
Beult) = S0l ~ ol
[Csg(e))*"+ o
< S~ O a5 = g0 ).
where
L [CSE(C)]O‘*“ 42
_ 1o o 7.9
oly) = 5v7 — 1 (7.9
We have from (4.19) that
9(IWell ) = Ee(We).
By the conservation of energy and the assumption E.(ug) < Ez(Wz),
g(lu®)ll72) < Ee(u(t)) = Ec(uo) < Ea(We).
We thus have from the assumption ||ugl| ;1 > ||[Wel| ;2 and the continuity argument that
lu@llzy > Well g2 (7.10)

for any ¢ as long as the solution exists. We next improve (7.10) as follows. Pick § > 0 small enough
so that

E.(up) < (1 —0)Ez(W=). (7.11)
This implies
g(lu@ ) < (1 = 8) Ea(We). (7.12)
Using (7.9) and (4.19), we have from (7.12) that

il<||u(t)||H§)2 B d— Q(HU(t)HHci )Ot*+2 1
Well g2 2\ IWellgn -

The continuity argument shows that there exists 8’ > 0 depending on § so that

[u(®)] 472

T 2 18 or [t > (1+8) Wl g (7.13)
Wl c c
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We also have for € > 0 small enough,

2 4do” a* 42 2
||H01 - m“u(t)ﬂmwz + 6||U(75)||Hcl < —c <0, (7.14)

for any t in the existence time. Indeed,

LHS(7.14) = ddo” Ec(u(t)) + (8 + € — 2da*) [u(t) %,

8lu(?)

The conservations of mass and energy, (7.11), (7.13), (4.17) and (4.18) then yield

S (
LHS(7.14) < 4da*(1 — 6) Ez(Wz) + (8 + € — 2da*) (1 + 6')?||W3|1 %

— i _ 1|12 _ i N2 112

= =5 A= IWelldy + (= 75 +¢) (L + ) IWel%s
16

= Wl [ o5 (1= 8= (14 8)%) + (1 +8)7]

By taking € > 0 small enough, we prove (7.14).
Let us consider the case zug € L? satisfying F.(ug) < Fz(Wz) and |lug|| g1 > [|[Wz|| 1. By the
standard virial identity (5.5) and (7.14),

2 , ,  ddo io
@wa(t)nm = 8||U(t)\|gg - m”u(t” Tarte S —c<0.

This shows that the solution blows up in finite time.
We now consider the case ug is radial, and satisfies E.(up) < Ez(Wz) and |luo| g2 > |Well ga-

Using the localized virial estimate (5.9), we have
d2 4d0[* * _ _ (d—la* a*
O Ven(0) < SO — o a0 4% + O(R 4 B o)l )

Using the fact “7* = 425 < 2, the uniform bound (7.10) and (7.14), we see that for R > 1 large
enough,

d2
dt?

Therefore, the solution must blow up in finite time.
The blowup of Theorem 1.14 follows by the same argument as above and (4.20) — (4.22).

Vior(t) < —c¢/2 <0.
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