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Skew Reed-Muller Codes

Willi Geiselmann*and Felix Ulmer!
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Abstract

We extend the classical Reed-Muller codes by using non-commutative
iterated skew polynomial rings instead of classical commutative polyno-
mial rings. This involves the construction of iterated skew polynomial
rings and the definition of the notion of points and evaluation at those
points for iterated skew polynomials. Our approach is based on the notion
of a left module Grobner basis in iterated skew polynomial rings.

1 Introduction

Let A be a ring and # an automorphism of A. A 6-derivation is a map
d : A — A such that 6(a + b) = d(a) + 6(b) and (ab) = (a)b + 6(a)d(D)
for all @ and b in A. In the following we denote by A% C A the fixed field of @
and we will also use the notation a’ for 6(a) and a® for §(a).

Consider a ring A, an automorphism 6 of A and a #-derivation on A. On the
set {an X"+ ...+ a1 X +ap|a; € A and n € N} we consider the usual addition
of polynomials and define a multiplication by the basic rule X a = 6(a) X +
d(a) for a € F, and extend this rule to all elements of R by associativity and
distributivity. This defines the skew polynomial ring A[X;0,6] (see [9]). The
classical commutative polynomial ring corresponds to A commutative, § = id
and § : a — 0. By repeating this construction we obtain the iterated skew
polynomial ring Ry = (--- (A[X1;01,61]) ...)[X¢; 64, 6] in £ variables over A,
which we simply note Ry, = A[X7;61,01][X2;02,02]...[Xy;00,0¢. For a finite
field F, and an automorphism 6 € Aut(F,) the univariate skew polynomial ring
F,[X;0] is a left and right euclidean ring (see [9]).

Definition 1.1 A code C of length n € N over a finite commutative ring A is
a nonempty subset of A™. The elements of C are called codewords. The code C
is a linear code if it is an A-submodule of A™. If A is a finite field Fy, then
a linear code of length n and dimension k is a k-dimensional subspace of Fy.
The Hamming distance between two vectors of Fy is defined as the number
of coordinates at which the two vectors differ. The minimal distance d of
a k-dimensional linear code C C Fy is defined to be the minimum Hamming
distance between two distinct codewords of C. In this case we say that C is a
code with parameters [n,k,d],.
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The Reed-Solomon codes over F, that we will now define are examples of
algebraic codes, whose construction and properties result from the algebraic
structure of the code. Reed-Solomon codes are constructed using evaluation of
polynomials in F[X]. In order to construct a Reed-Solomon code C C Fy; with
parameters [n,k,n — k + 1], (where n < g) we start with the k-dimensional
space of polynomials Zf:_ol b; X" € F [X] of degree < k and n distinct elements
ai, ..., o of Fy. The encoding of the message (bo, b1 ..., bk—1) of length k corre-
sponding to the polynomial f = Zfz_ol b; is the vector (f(an), f(as),..., f(an)) €
C C Fy. The minimal distance of this code is known to be best possible and the
algebraic structure of the code can be used to efficiently correct up to < "*Tk“
transmission errors. Note that the length of a Reed-Solomon code is bounded
by the size g of the alphabet F,.

There exist two generalizations of Reed-Solomon codes to skew polynomial
rings:

1. In [3] the evaluation of a skew polynomial f € F,[X;6] at a point b € F,
is defined as the remainder f(b) of a right division f = ¢(X —b) + f(b) of
f by X —bin F,[X;6] (cf. [8]). This allows for a direct generalization of
Reed-Solomon codes using univariate skew polynomial rings.

2. Consider ¢ = p™ and 0 : F; — Fq;y — y? the Frobenius morphism. The
map ¢ : F,[X;6] — End(F,), >0 a; X" — Y  a;0" is a ring morphism.
One can define the evaluation of a skew polynomial f € F,[X; 0] at a point
b e F, as ¢(f)(b), which corresponds to the evaluation of the linearized

polynomial Z:‘io a; X9 at b. This evaluation leads to “Gabidulin codes”
[7].

In both generalizations of Reed-Solomon codes the length of the resulting code
is smaller than the length for the corresponding Reed-Solomon codes in the
commutative case. For Gabidulin codes this follows from the fact that the
solution space of an operator Y " a;0" is a vector space over F,, therefore
the evaluation points need to be linearly independent over F,,. This reduces
the number of possible evaluation points, i.e. the length of the code. The
vector space structure of the solution of an operator Z;ZO a;0" is also the reason
why the notion of a rank distance is more appropriated than the notion of a
Hamming distance, when dealing with Gabidulin codes. A future project will be
to generalize the notion of rank distance for the codes presented in this paper.
Reed-Muller codes are based on the evaluation of multivariate polyno-
mials. A polynomial f € Fy[Xy,..., X, of total degree s < ¢ — 1 contains
k= (ZJSFS) coefficients (bo, ...,bx—1). In order to construct a Reed-Muller code
C C Fj we choose n < ¢’ points a; = (ia,...,q.0) € IFf;. The encoding
of the message (bo,b1...,bx—1) of length k corresponding to the polynomial
[ € Fy[X1,...,X,] is the vector (f(a1), f(a2),...,f(an)) € C C Fy. Reed-
Muller codes, unlike Reed-Solomon codes, are not optimal with respect to the
minimal distance. However, the maximal length of the code is n = ¢, so that
the alphabet size ¢ can be exponentially smaller than the length of the code.
The paper is organized in the following way: In the first section we give
some constructions of iterated skew polynomial rings. We then give a definition
for an evaluation of a multivariate skew polynomial using left module Grébner
basis computations. In the third section we define skew Reed-Muller codes and



provide some examples. In Section 4, we extend the notion of skew Reed-Muller
code to skew polynomial rings over chain rings.

2 Iterated skew polynomial rings

The construction of iterated skew polynomial rings is a difficult problem because
little is known about the automorphism ring and the derivations of

Rg = ( c (A[Xl;ﬂl,él}) .. .)[Xg;@g,(;g].

Classical examples are quantum Weyl algebras where the ground ring A is cen-
tral ([6], Section 2.3.3), iterated skew polynomial rings of derivation type ([12])
and iterated skew polynomial rings whose variables commute ([5]). None of
those examples turned out to be sufficiently general. In this paper, our exam-
ples will be built using inner automorphisms and inner derivations.

Example 2.1 Consider a ring A and an invertible element v in A. Then 0} :
A — A;a — v lav is an inner automorphism of A. The automorphism 0.
is the identity on A if and only if v is a central invertible element in A.

Example 2.2 Consider a ring A, an automorphism 6 € Aut(A) and an element
B e A. The map 5';’9 A — Aja— Ba—a®B is an inner 0-derivation on A.

It is well known that skew polynomial rings that differ by inner derivations
or inner automorphisms are isomorphic (see [1]), which explains why rings that
differ by inner derivations or inner automorphisms will often lead to equivalent
codes. A more general family of skew polynomial rings would probably lead to
better codes.

Example 2.3 Consider Fy = {0,1,a,a%}, 01 : Fy — Fy;y — y? the Frobenius
automorphisms. We give an example of in iterated skew polynomial ring over Fy
constructed using inner automorphisms and inner derivations. The parameters
used are random but meet Definition 3.2 allowing to later compute a Grébner
basis over this ring.

1. In the ring Ry = Fy[X1;0, 5?4’9} we have the commutation relation
Xia=0() X1 + 6% () =a?X; + (1-a—0(a)-1) = a’X; + 1.

R
2. In the ring Ry = Ry [X2;9§1,6§1f31} we have the above commutation

relation X1 = o®2X; + 1 together with

Ry
Xoa = 08 ()X, + 6)12;?3 (@) = aXs + (X1 + a@)a — *(X1 + )
= O[XQ + X1 + 1,
R
XoXi = O ()Xo + 05005 (X)

= o’X1aXs+ (X1 4+ a)a — 2 Xja(X; + a))
= X1 Xy +aXy +aX? 4 aXy.



R
3. In the ring Ry = Rg[Xg;ng,(Sf;f“Q] we have the above commutation

relations together with

R
Xsa = 0f2(a)X5+ 55)2(’]9“2 (o) = aX35 + aX; + «,
Ry Ry,0%2 2
X3Xy = 0, (Xl)X3+5aX1 (X1) =" X1 X3 + aXs,
_ R Ra, 02
X3Xo = 0.,2(X2)X3 +d,x, (X2)

= XoX3+ (aX1 +a) X3+ (?X1 + ) Xy + a2 XE + a2 X,

3 Left ideal Grobner bases and skew Reed-Muller
codes

In order to generalize Reed-Muller codes we need to define the evaluation of
an element of an iterated skew polynomial ring. The evaluation of a classical
polynomial f € Fy[X1,..., X, at the point (ai,...,a) can be seen as the
remainder of successive divisions of f by X1 — aq,..., Xy — ay, i.e.:

f=a(Xi—a)+...+q(Xe—ap) + flag,...,a).

The result is independent of the order of the division, which corresponds to the
fact that {X; — a1,..., X — ay} is a Grobner basis for the ideal generated
by this set. We refer to [2] for the definition of a Grobner basis and a reduced
Grobner basis.

There exist several generalizations of the notion of Grobner basis to various
types of iterated skew polynomial rings in the literature [10, 11].

We refer to [10] for the classical definition of a monomial ordering < on N™.
Classically a monomial ordering induces an ordering < on the set of monomials
M={X*=X"X5? - X2 |a; € N} (note that the variables need to be in a
precise order when dealing with a non-commutative ring) via X® < X# if and
only if a < 3. For any expression f =} cym coX® where only finitely many
constants ¢, are nonzero, the monomial X7 = max{X*|c, # 0} is the leading
monomial of fand c, is the leading coefficient of f, denoted respectively by
Im(f) and lc(f). Then the least common multiple of X* and X? is defined as
lem(X®, X#) = X7 where v; = max(a;, 3;). We will be interested in left ideals
I of skew polynomial rings R, = A[X71;601,61][X2;02,02] ... [X¢; 0, be].

A Grobner basis can be computed in a Poincaré-Birkhoff-Witt extension
(PBW) (see also [10], Definition 1.2):

Definition 3.1 (see [11], Definition 3.2.1) Let A and B be two associative
rings with A C B. The ring B is called a (finite) Poincaré-Birkhoff-Witt PBW
extension (PBW extension) of A if there exist X1, Xa,..., X, in B such that

1. the monomials X?Xél -~-Xz"‘ form a basis for B as a free left A-module,
where i1,...,1 are in N;

2. Xja—aX; =[X;,a] € A for eachi € {1,...,n} and any a € A;
3. XZ‘Xj—Xin = [Xl,XJ] EA+AX 1+ -+ AXy foralli,j in {1,...7n}.
We write B = A(Xq, ..., Xy).



In [10, 11] algorithms are given for computing Grobner bases of a left ideal T in
solvable polynomial algebras and skew solvable polynomial rings. We will work
with the following slight generalization of the last definition

Definition 3.2 Let Ry = (--- A[X1;61,01])...)[Xe; 00, 00] be an iterative skew
polynomial ring in n € N. We call the ring left-lex-solvable, for the lexico-
graphical order 1 < X7 < ... < Xy, if

1. foranya € A and any i € {1,...,n}, X;a = bX; + pi o whereb € A and
Dia € Ri_1;

2. for all j < iin{l,...,n}, X;X; = bX;X; +p,; where b € A and all
monomials in p; ; are < X;X;.

Suppose now that Ry is a left-lex-solvable iterated skew polynomial ring in
the (non commuting) variables X ..., X,,,. We say that X* € M is divisible
by X? if X = Im(X“X?#) for some X¥ € M (note that X* X” may no longer
be a monomial, but that the non leading monomials of X“X# are < X).

We follow the definition of an S-polynomial given in ([10], Definition 2.5).
If X7 =Im(lem(X*XP)), t; = X7~ and t, = X?~P, then

le(ty f)
le(tyg)

If the iterative skew polynomial ring Ry is left-lex-solvable, then, according
to ([10], Section 2.2) the classical Buchberger algorithm, applied to the above S-
polynomials using a lexicographic order X; < ... < Xj, produces a left Grobner
basis of any left ideal I Cy. For a given Grobner basis G = {g1,...,gs} of a left

SPoly(f,g) =ty f — ctyg, where ¢ =

ideal I C Ry, the right reduction of f by G is the unique polynomial TG € Ry
in the decomposition f = (ijl q; - g7;> +?G with the property that no leading

. o . =G
monomial of any g; € G divides any monomial of f .

Definition 3.3 Let F be a field, B a left-finitely generated algebra over F' and
=< an admissible monomial ordering on B. We call a left Grébner basis By =
{91,-..,9s} of aleft ideal I C R an evaluation base if

1. I=(q,-.-,9s) # {1} (we exclude the “always zero” evaluation which is
of no interest for Reed-Muller type codes).

2. the right reduction ?BI of any f € B by By belongs to F.

Proposition 3.4 Let F be a field, Ry a left-lex-solvable skew polynomial ring
over F generated by X1, ..., X, and < an admissible monomial ordering. If the
ordering < 1is a well ordering, then any reduced evaluation basis By is of the
form

{Xl —Oll,Xg —CYQ,...,X[ —Olg}

where a; € F.

PROOF. For an evaluation basis B; each generator X; must reduce to a; € F*:
X, = (Zg,;GBI hig;) + a; € F. Therefore X; — a; = (ZQiGBI hig;) € I. We
suppose that X; < --- < Xy and proceed by induction on :



1. Since < is a well ordering and 1 ¢ Bj, the monomial X; is minimal among
the leading monomials in B; and therefore X; — a; must belong to the
Grobner basis By.

2. Suppose that X;—aq, ... X;—aq; belongs to B;. A reduced evaluation basis
By cannot contain any other monomial divisible by X7, ..., X;, and X1 is
a minimal leading monomial among the other polynomials of B;. Suppose
that X; € {X;,...,X;} divides the monomial X;;1, then X, 1, = MX;
for some monomial M which must contain a variable in {X;41,..., X}
Reordering the variables in M X using (2) in Definition 3.2, we obtain
a leading term containing X; and therefore a contradiction. As a result,
Xit1 — aj4+1 belongs to Br.

Therefore By contains X7 — aq,..., Xy — ap. Since the basis is reduced it can
only contain those polynomials, showing that for a lexicographic order a re-
duced Grobner basis of an evaluation ideal is always of the form (X —aq, Xo —
OZQ,...,ng(Jég). n

Example 3.5 In Ezample 2.3 we constructed the iterate skew polynomial ring

Ry = F4[X1; 0,60 ][X5; 05 05 0 [X: 00, 6,507,

Ot’()zXl

For this ring and the lexicographic order Xs > Xo > X1 only 28 ideals of the
form (X1 — a1, X — a9, X3 — a3) are distinct from (1) = Rz. For example
(X1, X2, X3) is a Grébner basis, but for (X1,Xa, X3 — 1) the Grébner basis
turns out to be (1) since (a*X3 + a) X1 + (aX; +1)(X3 —1) = 1.

Definition 3.6 [, Consider an iterated skew polynomial ring
Ry =TFy[X1;61,01][X2;02,02] ... [ X500, 0]

over a finite field F,, and < an admissible monomial ordering on R and a list
Br,,...,Br, of Grobner bases which are evaluation bases for R, over Fy. If
an Fq-subspace W of polynomials of Ry is of dimension k, then a skew Reed-
Muller encoding of length n of f € W is given by

—B =B
(f nooT ) €.
The resulting code is a linear code with parameters [n, k).

In order to verify that this gives an F,-linear code we need to show that

C= {(73“,...,781") | feW}

is a subspace of F/. In order to see this we note that for all s in {1, ..., ¢}, for all

: . 2B, 7. oy F 5 =B
fin Rewith f = (2, e, hig)+f " all fin Ry with f = (5, ¢, higi)+f
and all A in F, we have:

s

Af = (Z Muigi) + A- T (1)
gi€BI,
~ ~ iBIs —Br
Ff = (D> (hi+hg)+F " +F " (2)
gi€Br,



The result now follows from the uniqueness of the reduction by a Grébner basis.
We note that, even if the evaluation map is a ring homomorphism

Re—Fyfe o,

the fact that we obtain a linear code over [, relies only on the fact that the

—B
map Ry = Fg; f— f *is an Fg-linear map.
Example 3.7 In Example 2.3 we constructed the iterate skew polynomial ring
, Ry,0%1 R»,05%2
Rz = F4[X1;9,5154'9][)(2;95175)(;3 MX3;9§276(1)2(1Q J.

While classical Reed-Muller codes are of length 64, for this ring and the lexico-
graphic order X3 > Xo > X7 we obtain 28 evaluation points with Grébner bases
of the form (X1 — a1, Xo — ag, X3 — ag) distinct from (1) = Rs (the indicated
distance is the hamming distance):

1. Considering the vector space of all polynomials of degree 1 we obtain a
[28,4,12]4.

2. Considering the vector space of all polynomials of degree 2 we obtain a
[28,10, 6]4.

3. Considering the vector space of all polynomials of degree 3 we obtain a
(28,17, 3]4.

4 Skew Reed-Muller codes over finite chain rings

A finite commutative ring with identity 1 # 0 is called a finite chain ring if
its ideals are linearly ordered by inclusion. In order to define skew Reed-Muller
codes over finite chain rings we need to define the notion of a Grébner basis
to finite chain rings. We do that by following [4]. In a finite chain ring A the
unique maximal ideal is generated by an element w of nilpotency index m (i.e. m
is the smallest integer such that w”™ = 0) any element a can be written in the
form paw™e where 0 < my, < m — 1 and p, is a invertible element of A, unique
modulo w™ ™™,

Example 4.1 The ring A = F4[z]/(2?) is a chain ring of order 16. The unique
maximal ideal of A is (z) whose nilpotency index is m = 2. The invertible
elements of A are

{a,z+a,az+a,a’z+a,1,z4+1,az+1,0°2+1,0% 2 +a?, az+a?, o’z + a?}.

We can construct an iterated skew polynomial ring using inner automorphisms
and inner derivations in the same way than in Example 2.3. Two simple exam-
ples that we will use later are

1. The ring homomorphism 05 : A — A defined by a — a and z — o?z is an
automorphism of order 3 of A. In the ring Ry 3 = A[X1;03][X2], we have
the commutation relation

Xl()é = 03(@)X1 = OéX1; Xlz = 93(Z)X1 = OéQZXl

and Xo is a central element.



2. The ring homomorphism 6 : A — A defined by a +— a? and z — az is an
automorphism of order 2 of A. In the ring Ro 2 = A[X1;0][X2], we have
the commutation relation

Xl()é = 92(0&)X1 = 042X1; Xlz = (92(2’)X1 = OéZXl
and Xo is a central element.

We follow the definition of an S-polynomsialin ([4], Definition 3.4). Suppose
now that R is a left-lex-solvable iterated polynomial ring in the (non commut-
ing) variables X7 ..., X,, over a finite commutative chain ring A. Recall that
lem(X®, X#) = X7 where v; = max(a;, 3;) and that X® € M is divisible by
XA if X =1Im(X“X?) for some X¥ € M (note that the product of monomial
X« X5 may no longer be a monomial, but that the non leading monomials of
X“XP are < X® in a left-lex-solvable iterated polynomial ring).

Adapting ([4], Definition 3.2) to the non-commutative situation we define
that the polynomial g reduces the monomial ppw™f X if

1. Im(g) = X? with 8 < q;
2. if le(X*Pg) = p,w™s with m, < my.
The corresponding reduction step is the result of
ppw™ X — pppg ™ e X g,

We say that a polynomial g reduces a polynomial f if g reduces 1t(f).

Let f and g be two non zero polynomials whose leading monomials are
X and XP. If X7 = Im(lem(X“, XP)), ay = 1e(X772f) = ppw™, by =
le(X7Pg) = pgw™s and my, = max{mys,my}. We follow the definition of an
S-polynomial of ([4], Definition 3.4):

SPoly(f,g) = ‘uglwmf,g*mfxvfaf _ ,Uzgilwmf'gimgX'Y*ﬂg_

According to [4] we also need the notion of an A-polynomial. Consider f
with le(f) = pew™e with m, > 0 (i.e. a non invertible zero divisor):

APoly(f) = w™ ™ f

A basis of an ideal is a Grobner basis if all S-polynomials between the
elements of the basis and all A-polynomials of the elements of the basis reduce
to zero.

Similarly to Z[X] where (X, 2) is a maximal ideal, the maximal ideals in an
iterated skew polynomial ring are no longer all of the form (X7 —aq, ..., Xi—ay).

Example 4.2 Consider A = Fy[2]/(2%) and Raay = A[X1;0:][X2] as defined
in Example 4.1. With lex order Xo > X, there are 88 evaluation points with
Grobner bases of the form (X1 — a1, Xs — as) and 12 additional evaluation
points with Grobner bases (X1 — a1, Xo — a9, 2). For example the Grobner ba-
sis of (X1 —1,X2 —2) is (X1 — 1, Xo,2).

Using only the 88 evaluation points whose Gréobner bases are of the special form
(X1 — a1, Xo — ag), we obtain the following skew Reed-Muller codes (the indi-
cated distance is the hamming distance):



1. Considering the evaluation of all |A]> polynomials of total degree 1, we
obtain a linear code of length 88 over A which maps, using the mapping
A — F2 given by (a1 + az2) = (a2, a1 + az), to a [176,6,88], code.

2. Considering the evaluation of all |A|® polynomials of total degree 2, we
obtain a linear code of length 88 over A which maps to a [176,12,16]4
code.

3. Considering the evaluation of all |A]° polynomials of total degree 3, we
obtain a linear code of length 88 over A which maps to a [176,18,8]4 code.

Using all 96 evaluation points, including those with Grébner bases of the form
(X1 — a1, Xo — ag, ), we obtain the following skew Reed-Muller codes (the in-
dicated distance is the hamming distance):

1. Considering the evaluation of all |A]* polynomials of total degree 1, we
obtain a linear code of length 96 over A which maps, under the above
mapping, to a [192,6,96]4 code.

2. Considering the evaluation of all |A|® polynomials of total degree 2, we
obtain a linear code of length 96 over A which maps to a [192,12,16]4
code.

3. Considering the evaluation of all |A]° polynomials of total degree 3, we
obtain a linear code of length 96 over A which maps to a [192,18,8]4 code.

Example 4.3 Consider A = F4[2]/(2%) and Ra3 = A[X1;03][Xs] as defined
in Example 4.1. With lex order Xo > X1 there are 112 evaluation points with
Grébner basis of the form (X7 — a1, Xo—as) and 12 additional evaluation points
with Grébner bases of the form (X1 — a1, Xo — aa,z). For example the points
(X1—a,Xs—a,z) or (X1 —1, X, z). Using only the 112 evaluation points with
Grébner bases of the form (X1 — a1, Xo — aa), we obtain the following skew
Reed-Muller codes (the indicated distance is the hamming distance):

1. Considering the evaluation of all |A]> polynomials of total degree 1, we
obtain a linear code of length 112 over A which, under the mapping A — F3
with (a1 + agz) — (a2, a1 + @), map to a [224,6,96]4 code.

2. Considering the evaluation of all |A|® polynomials of total degree 2, we
obtain a linear code of length 112 over A which under the mapping A — F?
with (a1 + agz) — (a2, a1 + az), map to a [224,12,64]4 code.

3. Considering the evaluation of all |A]° polynomials of total degree 3, we
obtain a linear code of length 112 over A which under the mapping A — F3
with (a1 + agz) = (e, a1 + a2), map to a [224,20,32]4 code.
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