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Abstract

This paper investigates the dynamic user equilibrium (DUE) on a single origin-destination pair with two alternative routes, a
freeway with a f xed capacity and the surrounding city-streets network, modeled with a network macroscopic fundamental diagram
(NMFD). We f nd using suitable transformations that only a single network parameter is required to characterize the DUE solution,
the freeway to NMFD capacity ratio. We also show that the stability and convergence properties of this system are captured by
the constant demand case, which corresponds to an autonomous dynamical system that admits analytical solutions. This solution
is characterized by two critical accumulation values that determine if the steady state is in free-f ow or gridlock, depending on the
initial accumulation. Additionally, we also propose a continuum approximation to account for the spatial evolution of congestion,
by including variable trip length and variable NMFD coverage area in the model. It is found that gridlock cannot happen and that
the steady-state solution is independent of surface network parameters. These parameters do a ect the rate of convergence to the
steady-state solution, but convergence rates appear virtually identical when time is expressed in units of the NMFD free-f ow travel
time.

Keywords: dynamic traffic assignment, macroscopic fundamental diagram

1. Introduction

The simplest models that incorporate the e ects of congestion on urban areas are reservoir models. They are based
on vehicle conservation inside the reservoir with its outf ow given by a known function of the accumulation. This
function, called the Network Macroscopic Fundamental Diagram (NMFD), was f rst introduced in Godfrey (1969) and
later used by Mahmassani et al. (1984, 1987), but only recently was shown to have strong empirical support suggesting
a rather stable shape Daganzo (2007); Geroliminis and Daganzo (2007); Wang et al. (2015). Many control applications
have been proposed since (e.g., Haddad and Geroliminis, 2012; Aboudolas and Geroliminis, 2013; Ampountolas et al.,
2014; Hajiahmadi et al., 2013; Knoop and Hoogendoorn, 2014; Yildirimoglu et al., 2015; Kouvelas et al., 2016).

Apart from the shape of the NMFD, the main assumption of a reservoir model is that the travel time of a vehicle
entering at time t is a function of the accumulation at the same time, which makes it applicable only when the inf ow
varies slowly. Otherwise it may be subject to the “inf nite-wave-speed problem” due to the lack of a space dimension
in the model. Thus, when fast inf ow variations occur, they have immediate repercussions on the outf ow meaning that
information travel is inf nitely fast inside the reservoir. Improved reservoir models have been proposed that guaranty
that all vehicles travel their trip length before exiting (Arnott, 2013; Fosgerau, 2015; Lamotte and Geroliminis, 2016;
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Mariotte et al., 2017) at the expense of mathematical tractability. But when demand varies slowly, the simple reservoir
gives good approximations, with the big advantage of being analytical. This has allowed extensions such as congestion
pricing (Arnott, 2013; Daganzo and Lehe, 2015).

This paper focuses on the simple reservoir model in the context of dynamic traffic assignment (DTA), in particular
the dynamic user equilibrium (DUE) when there is the alternative of reaching the destination using a freeway of lim-
ited capacity. Although there have been efforts in the past to combine DTA and MFD (Yildirimoglu and Geroliminis,
2014a; Leclercq and Geroliminis, 2013), existing methods are algorithmic or numerical. Apart from the numerical
errors introduced, this approach makes it difficult to answer fundamental questions such as: (i) what are the parame-
ters, or combinations thereof, that affect the solution? (ii) under what conditions is the simple reservoir model a good
approximation? (iii) will the system converge to gridlock and how fast?

To answer these and other questions, here we establish the minimum set of parameters needed to fully characterize
the DUE solution. Towards this end, section 2 considers the simplest problem of a single NMFD (no DUE) to show
that the accumulation evolution is characterized by two critical accumulation values that determine if the steady state
is in free-flow or gridlock, depending on the initial accumulation. It also shows that the stability and convergence
properties of this system are captured by the constant demand case, which admits analytical solutions. Section 3
shows that only a single network parameter is required to characterize the DUE solution, the freeway to NMFD
capacity ratio. Section 4 proposes a continuum approximation to account for the spatial evolution of congestion, by
including variable trip length and variable NMFD coverage area, typically assumed constant in the literature (e.g.,
Haddad and Geroliminis, 2012; Aboudolas and Geroliminis, 2013; Hajiahmadi et al., 2013; Leclercq et al., 2015;
Yildirimoglu and Geroliminis, 2014b). Finally section 5 presents a discussion.

2. Single NMFD loading

We start by considering the simplest problem of the dynamic loading of a surface network using a single NMFD;
there is no freeware alternative, and therefore no DUE. It turns out that the solution to this problem is the building
block for the following sections.

We assume that the surface network can be well described by an outflow-NMFD, f (n), with capacity µ ≡ maxn f (n).
This function gives the production, i.e. the number of trip completions per unit time, as a function of the number of
vehicles in the network, n. Let λ(t) be the demand inflow into the network at time t. 1 The NMFD dynamics studied
in this paper are given by the following ordinary differential equation (ODE):

n-ODE:

{

n′(t) = λ(t) − f (n), (reservoir dynamics)

n(0) = n0, (initial conditions)

(1a)

(1b)

where primes denote differentiation, λ(t) the inflow and n0 specify the initial conditions. A key point is whether or not
demand is restricted by the supply function of the NMFD, Ω; i.e.,

λ(t) ≤ Ω(n(t)). (supply constraint) (2)

Although this appears to be a standard assumption in the latest literature, we argue that this constraint negates the
fact that distance traveled within the reservoir may increase with congestion. Therefore, we are interested here in
the unconstrained system solution. We will show how solutions to the constrained system can be derived from the
solutions presented here.

It is convenient to express system dynamics in terms of the dimensionless variables occupancy, k(t), and demand
intensity ρ(t):

k(t) ≡ n(t)/(κL), 0 ≤ k(t) ≤ 1, (occupancy) (3a)

ρ(t) ≡ λ(t)/µ, (demand intensity) (3b)

1 The word “demand” is used in the traffic flow context to distinguish the willingness to traverse a bottleneck (demand) from the ability to do so
(flow); it is not used in the economics context to reflect cost elasticity. Here, the demand is an inelastic and exogenous time-dependent function.
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where κ is the jam density for one lane, assumed identical for all lanes in the network, and L corresponds to the length
of the network, such that and κL is the maximum number of bumper-to-bumper vehicles inside the NMFD coverage
area. We assume a general speed-occupancy NMFD, Vk(k), of the form:

Vk(k) = ug(k), (MFD speed-occupancy) (4)

where u is the NMFD free-flow speed (which is ≤ FD free-flow speed as it includes the effects of signals) and g(k)
is an arbitrary function of the occupancy satisfying g(0) = 1, g(1) = 0 and g′ < 0. The speed-accumulation NMFD,
V(n), and the f (n) can be derived as follows (Daganzo, 2007):

V(n) = Vk(n/(κL)), (MFD speed-accumulation) (5a)

f (n) = V(n) n/ℓ = g(n/(κL))nu/ℓ, (outflow-MFD) (5b)

where ℓ is the trip length, assumed identical for all commuters.
The key observation here is that ℓ and u can be eliminated from the formulation by noting that the free-flow

travel time inside the NMFD coverage area, namely τ∗ ≡ ℓ/u, corresponds to the timescale of our problem, and that
therefore it can be eliminated by rescaling time. To see this, (i) let t̂ ≡ t/τ∗ be the rescaled time, so that demand
becomes ρ(t̂) = ρ(t/τ∗), and (ii) express the NMFD capacity as µ ≡ κLc/τ∗ for some positive constant c. This constant
is the single supply parameter needed in this formulation and defines the “shape” of the NMFD, e.g. c = 1/4 for
parabolic and c = 1/2 for isosceles f (k). Dividing (1) by κL and using (3a) gives that in original time the occupancy
ODE of the system can be expressed as:

k-ODE:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

k′(t) = F(t/τ∗, k)/τ∗, (reservoir dynamics)

F(t/τ∗, k) ≡ cρ(t/τ∗) − kg(k),

k(0) = k0, (initial conditions)

(6a)

(6b)

(6c)

where F(t/τ∗, k) is an auxiliary function. It follows from the chain rule that in rescaled time (6a) becomes k′(t̂) =
F(t̂, k), which is independent of τ∗. Hence, hereafter we will analyze the solution of

k-ODE:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

k′(t) = F(t, k), (reservoir dynamics)

F(t, k) ≡ cρ(t) − kg(k),

k(0) = k0, (initial conditions)

(7a)

(7b)

(7c)

where we have dropped the hat for clarity (and from now on). Notice that this rescaling eliminates τ∗ regardless of
the shape of both g(k) and ρ(t), which are the only parameters involved in our problem. As shown next, however, an
additional transformation can be applied to time and space to justify a linear parameter-less function for g(x).

2.1. A Greenshield approximation

It has been shown (Laval and Castrillon, 2015; Daganzo and Knoop, 2016; Laval and Chilukuri, 2016) that in
the context of the Kinematic Wave model (Lighthill and Whitham, 1955; Richards, 1956) with triangular FD for
road segments, under a set of linear transformations of flow, occupancy, space and time, individual delays (and other
measures of performance) are invariant. This means that individual vehicular delays remain the same regardless of the
parameters in the transformation. As argued in Laval and Castrillon (2015) this can be used to streamline calculations
by choosing the FD that simplifies the problem the most. In particular, they showed that for an isoscele triangle FD the
resulting network NMFD becomes smooth and symmetric with respect to the y-axis. This gives the strong indication
that a parabolic NMFD should a good approximation, which here means that:

g(k) ≡ 1 − k. (Greenshield approximation) (8)

The NMFD capacity becomes µ = f (κL/2) = uκL/ℓ/4 = κL/(4τ∗), which means that c = 1/4. Model (8) will be
assumed at some point in each section below.
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Fig. 1. Single NMFD loading, constant demand case. Illustration of the analytical solution (12), which depends on the single parameter ρ. Recall
that t is measured in units of τ∗

2.2. Analytical solutions

The ODE (7) (or (1)) cannot be solved analytically for general ρ(t) and g(k). However, when demand is constant,
i.e. ρ(t) = ρ, then F(t, k) = F(k) = cρ − kg(k). In this case (7) is said to be an autonomous system since its evolution
depends only on the occupancy and not on other time-dependent functions. Autonomous dynamical systems are well
understood (see e.g. Teschl, 2010), and despite their simplicity, they capture most of the dynamics under more general
demand patterns in our case.

In the case of traffic flow, the solution of these systems is fully characterized by two critical occupancies that are
the roots of F(k∗) = 0: one in free-flow, k∗1, and another in congestion, k∗2; see Fig. 3 (inset). Since F′(k∗1) < 0 and
F′(k∗2) < 0 2 it follows that k∗1 is stable (attractor) and k∗2 unstable (repellor). This means that initial conditions “close
to” k∗1 will tend to k∗1 as t → ∞, and that initial conditions close to k∗2 will diverge away either to k∗1 or to gridlock.

Under the Greenshield approximation we have:

k∗1 =
(

1 −
√

1 − ρ
)

/2, (attractor) (9a)

k∗2 =
(

1 +
√

1 − ρ
)

/2, (repellor) (9b)

Note that ρ is the single parameter that describes the system.
The solution of autonomous dynamical systems can be obtained by the standard techniques for separable ODEs. In

our case, we write (7) as dk/F(k) = dt and integrate to obtain t = T (k) − T (k0), where T (k) =
∫

dk/F(k). This gives:

k(t) = T−1 (T (n0) + t) , (autonomous case solution) (10)

It can be shown that in our case:

T (k) =
1

c1
tanh−1

(

1/2 − k

c1

)

, (11)

with c1 =
√

1 − ρ/2, and thus the solution (10) can be expressed as:

k(t) = 1/2 − c1 tanh (T (k0) + c1t) . (autonomous, Greenshield solution) (12)

Fig. 1 shows the occupancy k(t) for 4 initial values k0 = k(0) and 2 values for ρ. We can see that (i) when ρ ≤ 1 then
k → k∗1 if k0 ≤ k∗2 and to 1 (gridlock) if k0 > k∗2, as expected, (ii) the convergence to gridlock happens at an increasing
rate, (iii) the relaxation time of the system is comparable to 5τ∗ in most cases, (iv) when ρ > 1, i.e. when the demand
exceeds the MFD capacity, the system converges to gridlock for all initial occupancies, as expected because the inflow
is unrestricted.

2 Since F′(k∗) = (k∗g(k∗))′ corresponds to the wave speed of the k-MFD.
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Fig. 2. Single NMFD loading, exponential demand case, given by (13a) with q0 = 0, ρ = q1/µ = 0.9, for 4 initial values k0 = {0, .3, .8, .94}, and for
2 different β values. Notice that for k0 = 0.94 the steady-state solution is different for different values of β.

2.2.1. Rush-hour demand patterns

We have been able to find analytical solutions for a family of demand curves well suited to model rush-hour
periods, but only under the Greenshield approximation. These include second degree polynomial, exponential, and
logistic functions. In particular, consider the following demand functions:

λ(t) ≡ q0 + [1 − exp(−t/t∗)](q1 − q0), (exponential) (13a)

λ(t) ≡ q0 + [1 + exp(−t/t∗)]−1(q1 − q0), (logistic) (13b)

where q0 and q1 are the initial and final demand flows, respectively, and t∗ is the time scale, which regulates how fast
this transition takes place and which could be measured by fitting the appropriate functional form to empirical data.
Since e−4 ≈ 0 we can say that the relaxation time is ≈ 4t∗ for exponential and ≈ 8t∗ for logistic demands.

The analytical solutions (produced with mathematical software) are too lengthy in general to include here; a few
simple examples are included in the appendix. The important point is that (i) these solutions can be evaluated with
arbitrary precision, even under a time-varying demand, and (ii) in the case of the rush-hour patterns considered here,
at most two dimensionless parameters are needed to evaluate k(t) if time is measured in units of τ∗:

ρ ≡ q1/µ, (steady-state intensity) (14a)

β ≡ t∗/τ∗, (time scale ratio) (14b)

The parameter ρ is now the steady-state intensity, which should be ≤ 1 if (2) is assumed. The significance of the β
parameter is that it can be used to discern when model (1) is a good approximation. To see this, note that time scale of
NMFD dynamics (or relaxation time) should be comparable to the average trip time, which should be a small multiple
of τ∗, and we have already noted that the demand time scale is proportional to t∗. It follows that β is proportional to the
ratio of demand and supply time scales. The constant of proportionality depends on the type of demand function, but
in general large values of β indicate that the demand varies slowly compared to the speed at which the MFD converges
to equilibrium.

For these more general demand patterns we found that the solution is qualitatively very similar to the autonomous
case where λ(t) = q1. This is as expected because in the steady-state, demands (13) are constant (and equal to q1). The
main difference is in the transition to the steady-state solution, in particular the initial value above which the system
tends to gridlock, which equals k∗2 in the autonomous case, but here it depends on β; see Fig. 2.

It is important to remember that when the supply constraint (2) is active, the solution changes such that gridlock is
impossible: if k0 > k∗2 then k(t) = k0, else k(t) tends to k∗1 exponentially.

3. Freeway bottleneck vs NMFD

In this section we add a freeway as an alternative to the city street network (CS) modeled as in the previous section.
It is generally agreed that freeways cannot be well approximated with an MFD because of the infinite-wave-speed
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Fig. 3. Freeway vs CS network: constant network length model.

problem and hysteresis loops (Saberi and Mahmassani, 2013; Mahmassani et al., 2013; Geroliminis and Sun, 2011;
Leclercq et al., 2014). In this section we present the results for the UE between a freeway, modeled as a bottleneck of
capacity µ0, and the CS, modeled with an NMFD, f (n), of capacity µ1 and with constant network length, L, per the
previous section; see Fig. 3. In general, the subindex i=0 will be used for freeway and i = 1 for the CS, except for
CS-only variables, where it will be omitted.

We consider here the following system dynamics:

τ0(t) = τ∗0 + w0(t), (freeway travel time) (15a)

τ1(t) = n(t)/ f (n(t)), (CS travel time) (15b)

n′(t) = λ1(t) − f (n(t)), (reservoir dynamics) (15c)

λ(t) = λ0(t) + λ1(t), (demand conservation) (15d)

where λi(t) denotes the demand flow to each route, τ∗1 ≡ ℓ/u is the free-flow CS travel time, and w0(t) is the freeway
queuing delay, which is given by w0(t) = A0(t)/µ0 − t ≥ 0; see Laval (2009). As in this reference, we set t = 0
when travel times are identical on both alternatives; i.e., τ0(0) = τ1(0). This enables us to use the UE condition in
differential form for t ≥ 0, which equalizes the rate of change in travel times: τ′0(t) = τ′1(t), with τ′0(t) = λ0(t)/µ0 − 1
and τ′1(t) = (1 − n f ′/ f )n′/ f . This gives:

λ0(t) = (1 + τ′1(t))µ0, (differential UE condition) (16a)

= (1 + (1 − n f ′/ f )n′/ f )µ0. (16b)

Combining (15d), (15c) and (16) to eliminate λ1 gives the ODE describing system dynamics:

UE-ODE:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

n′(t) =
(λ − µ0 − f ) f

(1 − n f ′/ f )µ0 + f

n(0) = n0,

(17a)

(17b)

which is an explicit nonlinear first-order ODE of degree 1, and is valid for t ≥ 0. Unfortunately, (17) does not admit
an explicit analytical solution without specifying λ(t) and f (t). However, one can still extract valuable insight. In
particular, one can see that:

(i) the equilibrium travel time τ(t) increases with n′. To see this, notice that τ′(t) = (1 − n f ′/ f )n′/ f and that

1 − n f ′/ f ≥ 0, (18)

for concave NMFDs.
(ii) a steady-state accumulation is reached when n′(t) = 0, i.e. when λ − µ0 − f = 0. It follows that, qualitatively,

the steady-state solution in this section is similar to the single NMFD loading problem, which is characterized by two
critical accumulations (one attractor and one repellor) that are the roots of f (n∗) = λ − µ0.
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Fig. 4. Freeway vs MFD, constant network length model. Occupancy k(t) and the resulting CS inflow λ1(t) for 4 initial values k0 = k(0), and for
different ρ,m values.

(iii) the flow diverted to the CS network as function of n can be obtained combining (15c) and (17a), which gives:

λ1(t, n) =
λ − µ0n f ′/ f

1 + (1 − n f ′/ f )µ0/ f
(19)

This expression indicates that: (a) diversion always takes place as both the numerator and denominator in (19) are
always positive. This is a consequence of (18) and of λ > µ0 (recall that congestion in the CS can only happen if the
freeway is already congested), (b) at the CS capacity, f ′ = 0 and thus λ1 = λµ1/(µ0 + µ1) is a constant. This diversion
pattern was called diversion type-2 in Laval (2009) who modeled the CS as a bottleneck: the total demand is split
proportionally to each alternative’s capacity, (d) the limit of λ1 as n→ Lκ is always zero, and the limit of λ1 as n→ 0
is always positive, but depends on the NMFD, e.g., a linear free-flow branch gives λ − µ0.

3.1. Analytical solutions

It turns out that the problem in this section can also be expressed as k′(t) = F(t, k)/τ∗1. The derivation is similar to
that of (6); divide (17) by κL, use (3a) and (5). This means that the parameter τ∗1 can be eliminated by rescaling time,
and that one may solve the simplified problem:

k-UE-ODE:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

k′(t) = F(t, k), (reservoir dynamics)

F(t, k) ≡
cρ(t) − kg

1 − cmg′/g2
,

k(0) = k0, (initial conditions)

(20a)

(20b)

(20c)

where t is measured in units of τ∗1, and the dimensionless parameters m and ρ are given by:

m = µ0/µ1, (capacity ratio) (21a)

ρ(t) ≡ (λ(t) − µ0)/µ1 = λ(t)/µ1 − m, (MFD demand intensity) (21b)
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Notice how as m→ 0 (no freeway) then ODE (20)→ ODE (7), and therefore the solution to the single MFD loading
problem in section 2 is a special case of the solution in this section. Unfortunately, unlike section 2, we were not
able to find analytical solutions for ODE (20) under any time-dependent demand ρ(t). The autonomous case ρ(t) = ρ,
however, can still be solved analytically, and it turns out that the solution has a lot in common with the single NMFD
case: we have the same two critical occupancies, k∗1 and k∗2, with the same stability properties as given by (9). To see
this, it is clear from (20b) that the solution of F(k∗) = 0 is still given by (9); for the stability properties, one can verify
that F′(k∗) is proportional to −(k∗2g′(k∗) − cρ), which can be written as k∗(k∗g(k∗))′. This expression is proportional
to the wave speed (k∗g(k∗))′ and the conclusion follows.

Therefore, the solution of (20) in the autonomous case ρ(t) = ρ is also given by (10), which depends upon the
shape of the MFD. Under the Greenshield approximation we obtain F(k) = (ρ − 4(1 − k)k)/(4 + m/(1 − k)2), and
T (k) =

∫

dk/F(k) is given by :

T (k) =
(

1 + (2 − ρ)m/ρ2
)

T 1(k) +
m

ρ2

(

ρ

1 − k
+ 2 log

(

ρ − 4(1 − k)k

(1 − k)2

))

(22)

where T 1(k) is the corresponding T -function for the single NMFD loading problem, given by (11). Again, as m → 0
(no freeway) then T → T 1 and therefore the solution to the single MFD loading problem is a special case of the
solution in this section. Similarly, as m→ ∞ (no CS) then T → ∞, which means that the CS will never be used.

Fig. 4 shows the occupancy k(t) given by (10)-(22) and the resulting CS inflow λ1(t)/µ1 for 4 initial values k0 = k(0),
and for different ρ,m values. As mentioned earlier, we can see that the evolution of the system is very similar to single
NMFD case in Fig. 1, and therefore the same conclusions apply here. The main differences are that (i) the convergence
to gridlock happens at a decreasing (rather than increasing) rate, and (ii) the relaxation time of the system might be
larger. Notice the demand patterns produced in the CS are not time-independent (as one might have expected from an
autonomous case). In fact they appear to be exponential for free-flow initial conditions, and logistic or bell-shaped for
congested initial conditions.

4. A continuum approximation for off-ramps

In this section we combine the formulation proposed in the previous sections with the continuum approximation
(CA) proposed in Laval (2009). In this approximation, the set of discrete off-ramps is treated as a continuum, where
vehicles can exit the freeway at any given location x ≥ 0 upstream of a freeway bottleneck located at x = 0. They
show that when the CS speed is constant the UE solution is characterized by an “information wave”, ξ(t), that marks
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the most upstream location where vehicles divert; i.e., vehicles divert in 0 ≤ x ≤ ξ(t). Assuming a constant lateral exit
capacity, φ, in units of vehicles /(time×distance), the total lateral diverting flow at time t, λ1(t), can be expressed as:

λ1(t) = φξ(t). (23)

Here, the CS speed is given by the NMFD over a coverage area that increases (quadratically) with ξ(t).
To illustrate, let δ be the average distance between two parallel and consecutive streets ad in Fig. 5. The number

of blocks inside a coverage area A is then A/δ2, each contributing 2δ to the network length, assuming that only
southbound and eastbound links will be used. Taking an area given by a quarter-disk of radius ξ(t), gives that the
network length can be expressed as:

L(ξ) =
πξ2

2δ
, (24)

We assume that the trip length is proportional to the network length, i.e. that:

γ ≡ L/ℓ (25)

is a constant. With all, system dynamics are identical to the previous section, except that now there are two unknown
functions, n(t) and ξ(t); i.e.:

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

λ(t) = (τ′1(t) + 1)µ0 + φξ(t) ,

n′(t) = φξ(t) − f (n(t), ξ(t))

(n(0), ξ(0)) = (n0, ξ0),

(26a)

(26b)

(26c)

where n0 < κL(ξ0) has to be imposed so that the initial accumulation does not exceed jam accumulation, and f (n, ξ)
is given by (8) with L = L(ξ) and ℓ = ℓ(ξ), as prescribed in this section.

It can be verified that in steady-state we have the following equilibrium values:

λ1,ss = λss − µ0, ξss =
λ1,ss

φ
, ℓss =

πξ2ss

4γδ
, Lss = ℓssγ µ1,ss =

1

4
γκu1, τ∗1,ss =

ℓss

u1
. (27)

where the subscript ”ss” means the steady-state of the variable, e.g. ξss ≡ ξ(t → ∞). The two critical occupancy
values k∗1 and k∗2 are still given by (9) with ρ = λ1,ss/µ1,ss. Notice that the steady-state location of the information
wave, ξss, is independent of the supply parameters on the CS, and it is only a function of the steady-state demand and
the exit capacity. This means, for example, that the free-flow speed, or the number of lanes on the CS facilities does
not affect the solution for large times. These parameters do affect the rate of convergence to the steady-state solution,
as shown next.

Unfortunately, we were not able to find analytical solutions even for the Greenshield approximation under constant
demand, and therefore we resort to numerical methods. Fig. 6 shows the evolution of various quantities of interest
for problem in the case of a constant demand λ(t) ≡ q for 4 different free-flow CS speed u1, and for empty CS initial
conditions ξ0 = 0+, n0 = 0 (a very small value 0+ is needed since the NMFD has to cover a nonzero area).

The first column in the figure uses regular units, while the second uses the dimensionless forms from the last section
to express the of convergence to steady-state values measuring time in units of τ∗1. The main result of this figure is the
low scatter observed for the solution n(t), ξ(t) in the dimensionless form. This means that the solution to our problem
can be cast independently of the CS free-flow speed u1. Also, we have verified that kss → k∗1 if k0 ≤ 1/2, as opposed
to k0 ≤ k∗2 in the previous subsection.

The congested initial conditions case k0 > 1/2 is shown in Fig. 7, which indicates that the CS occupancy tends to
gridlock shortly after t = 0 but then eases back to the equilibrium occupancy k∗2. We have verified that the effect of the
initial condition for ξ0 (=1 km in the figure) is only transient, and the solution quickly converges to the solution when
ξ0 = 0+.
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Fig. 6. Freeway vs NMFD, variable network length model. Evolution of various quantities in the case of a constant demand λ(t) ≡ q for 4 different
free-flow CS speeds u1, and for empty CS initial conditions. First column: regular units; second column: dimensionless. We took: number of
freeway lanes = 3, Q0 = 2500 veh/hr/ln, κ = 150 veh/km/ln, γ = 4, δ = .1 km, φ = 1500 veh/hr/km.

5. Discussion

We analyzed two formulations of the dynamic user equilibrium on a freeway with a fixed capacity and the sur-
rounding city-streets network, modeled with an NMFD. The traditional approach of constant network and trip lengths
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Fig. 7. Freeway vs MFD, variable network length model. Similar to Fig. 6 but with congested initial conditions.

for the NMFD was amenable for analytical solution in the constant total demand case, which could be used as building
block for more general demand patterns. When network and trip lengths are allowed to vary to reflect that off-ramp
capacities are finite, analytical solutions become impossible, but numerical solutions reveal that the system shares
many similarities the constant length model. The main difference being that in the varying length model gridlock does
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not happen, and that the steady-state solution is independent of surface network parameters. In all cases we find that
convergence rates are very similar when time is expressed in units of the NMFD free-flow travel time.

Our results can be extended in the number of directions. It is expected that formulations for the trip length other
than (25) might lead to different dynamics. Also, queue spillbacks are not considered here. As argued in Laval
(2009), these should not be a problem for the freeway queue because the information tends to travel faster than the
shock wave, and since chances are that the freeway bottleneck capacity is higher than the off-ramp capacity, off-ramps
located inside the freeway queue would not be starved, i.e. able to discharge at capacity. Spillbacks from off-ramps
queues could be a problem if they starve the freeway bottleneck, however. These and other extensions are being
studied by the authors.
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Appendix A. Expression k(t) in section 2 for a few special cases.

Exponential demand function with β = 1/2, q1 = 0 and arbitrary k0, q0:

k(t) =
e−t

(

ρ sin(a) + 2
√
ρk0 cos(a)

)

2
√
ρ cos(a) − 4k0 sin(a)

, (A.1)

where t is measured in units of 2t∗, ρ = q0/µ and a = (1 − e−t)
√
ρβ.

Exponential demand function with β = 3/2, q1 = 0 and arbitrary k0, q0:

k(t) =
3ρe−t

(

sin(a) (3ρ − 4k0) + 6k0
√
ρ cos(a)

)

2
(

3
√
ρ cos(a) (4k0 (et − 1) + 3ρ) − 2 sin(a) (9k0ρ + et (4k0 − 3ρ))

) , (A.2)

where t is measured in units of 2t∗ and ρ, a same as above.

Exponential demand function with β = 1/(2
√

(1 − ρ)), q0 = 0 and arbitrary k0, q1:

k(t) =
sinh(a)

(

k∗1

(

k∗1 − 4k0

)

− ρe−t
)

+ 2
√
ρ cosh(a)

(

k∗1
(

1 − e−t) + k0e−t
)

2
√
ρ cosh(a) − 4 sinh(a)

(

k0 − k∗1

) , (A.3)

where t is measured in units of 2t∗, ρ = q1/µ and a = ρ
(

1 − e−t) /(2
√

(1 − ρ)ρ).

Logistic demand function with q0 = 0 and arbitrary k0, q1:

k(t) =
ρβet/β (Het (4(β − 1)B (k0 − 1) + ρβG) + 4(β + 1)DFk0 − ρβIF

)

− 4A(β − 1) (4(β + 1)Dk0 − ρβI)

4 (−a(β + 1)Cet (4(β − 1)B (k0 − 1) + ρβG) − A(β − 1) (4(β + 1)Dk0 − ρβI))
(A.4)

where t is measured in units of τ∗, ρ = q1/µ and: a = k∗1β, b = k∗2β, A = W[a,−b, 1 − β,−et/β], B = W[a,−b, 1 −
β,−1],C =W[a,−a, 1 + β,−et/β],D =W[a,−a, 1 + β,−1], I =W[1 + a, 1 + b, 2 + β,−1], F =W[1 − a, 1 − b, 2 −
β,−et/β],G = W[1 − a, 1 − b, 2 − β,−1],H = W[1 + a, 1 + b, 2 + β,−et/β], and W[·] is the Hypergeometric 2F1
function.
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