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Fractional Order Stochastic Image
Integration Models and Deep Learning of
Multi-Fractional Interactions

Abdourrahmane M. ATTQ'

Abstract—The paper provides 3 main contributions
for the analysis and simulation of fractionally inte-
grated stochastic image fields. The first two contribu-
tions are dedicated to the definition of fields either
directly on discrete spatial grids or by referring to
continuous spatial frameworks. For the discrete spatial
grid framework, the paper proposes a new class of
fractionally integrated fields and derives their spectral
characterizations, as well as a procedure for stochastic
simulation of their samples. Concerning the continuous
spatial framework, the paper proposes a stochastic inte-
gration framework for providing a sense to some classes
of generalized fractional Brownian fields. For both con-
tinuous and spatial frameworks, a practical challenge is
the determination of model intrinsic dimension in terms
of minimum description length. In this respect, the
paper addresses the identification of fractional singular
frequency points (called poles), that is the number of
interacting fractional integral operators, by designing
a deep convolutional neural network trained on spectra
of simulated multi-fractional textures. Dimensioning
these multiple interactions is shown intricate due to
the fact that fractionally integrated fields may exhibit
infinite variances at several frequency points, leading
to almost undistinguishable situations.

Keywords — Fractional integration, Stochastic fields,
Spectral analysis, Texture synthesis, Spectral learning.

I. INTRODUCTION

ISUAL information is a concept where the notion
Vof variation plays a central role: for both static
and dynamic vision systems, perceptual information is
associated with edges and changes in optical flow in order
to infer shapes of objects (in a single image or a static
scene) or scene reconfiguration (in a video or a dynamic
vision system). When edges are abundant in a given scene,
the observation refers to the notion of tezture and the
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scene under consideration is more complex for visual anal-
ysis/compression/interpretation due to a large amount
of variations to handle. A theory of visual information
has to take into consideration, parsimonious descriptions
for textures in terms of their descriptions with as few
parameters as possible.

The issue addressed in this paper is some contributions
in visual information theory by the proposal of a parsimo-
nious framework for synthesizing non-trivial textures: 1)
from basic inputs such as white noise samples and 2) when
considering fractional integration operating on very few
parameters. White noise has, by definition, a flat spectral
response whereas natural images exhibit wide spectral
variability, specifically in presence of texture. Starting
from a white noise, one can build integration procedures
so as to constrain the output for presenting shapes, forms
and textures that deserve interests in visual perception.

Most relevant integration solutions in terms of deriving
rich spectral content and visual texture impact involve
stochastic fractional order frameworks [1], [2], [3], [4].
Early works in the 1980s have concerned feature extraction
from a one-dimensional fractional Brownian motion model
[5], [6], [7]- The 1990s decade has established the founda-
tions of the first spatial extensions in terms of isotropic
fractional Brownian fields [8], [9], [10] or estimating a
fractal dimension from object and scene observations [11],
[12]. In the following decade (2000s), efforts have been con-
centrated on different issues raised by fractional integral
image processing, for instance: synthesis schemes in cases
of either isotopic guidelines [13] or anisotropic concerns
(limited to a pre-specified elliptical form) [14], but also
the highlights and benefits of fractional order modeling
for biomedical applications [15], [16], [17]. The 2010s have
been ages of:

« optimization of algorithms for simulating [3] and char-
acterizing transformations [18] of the oldest but “con-
sistent” isotropic fractional Brownian field model;

« investigations of different methods for parameter es-
timation [19], [20], [21];

» spreading out fractional analysis to image processing
applications such as feature enhancements [4], [22],
[23], [24] and feature extraction for clustering, seg-
mentation or pattern recognition purposes [25], [26],



[27], [28].

This paper provides 3 types of contributions. First, it
proposes new explicit discrete domain fractional integra-
tion models that ease deriving structured image content
from few parameters. Second, it provides a mathematical
sense to a general class of continuous domain integration
models introduced in the conference paper [1]. Third, it
addresses counting multi-fractional interactions in images
from deep learning of integral operator interactions and
provides an attractive solution that can handle moderately
the curse of power observed when non-linearity implies
multiple spectral explosions and overlays of mutual spec-
tral grows.

The paper is organized as follows. Section II provides,
in a discrete 2D framework, some preliminary results on
discrete fractional integration and a new class of multi-
fractional parametric forms that makes possible the syn-
thesis of textures with rich visual content. Section III
recall some extensions of continuous domain generalized
fractional order Brownian fields introduced in [1] and
provides a mathematical sense to their definition. Section
IV addresses estimation of the number of multi-fractional
interactions from a simulated database of order frac-
tional textures. Section concludes the paper. The overall
presentation is centered on presenting the specificity of
discrete and continuous domain integration models, prior
to addressing multi-fractional interaction count.

II. FRACTIONAL ORDER STOCHASTIC 2D INTEGRAL
FIELDS

In this section, t,s are discrete time variables, t,s €
N,Z,.... The section starts (Section II-A) with a presen-
tation of the framework described in [29, In French| for
discrete domain fractional order image integration before
proposing (Section II-B), from this framework, a new class
of parametric forms that have their energy concentrated
in few spectral frequencies.

A. Discrete domain fractional order spatio-stochastic
integration

1) Bastcs on discrete spatial fractional order integra-
tion: An integrated field X can be seen as combinations
of spatial contributions of an elementary field Z (white
noise in general) measured via a spatial shift operator B.
Discrete domain integrated fields involve sums:

« that depend only on integer powers of B (integer order

integrals) or

« may depend on non-integer real values at the power

of B (fractional order integrals).
The shifts associated with operator B require computing
a sub-pixel measure for the latter case.

In practice, not any sum forms an integrated process: for

integration terminology, operator B must be chosen so that

(1— B)f(t,s) behaves approximately as a discrete partial
spatial deriwvative of the function f(t,s). The following
provides spatial operators B that respect this requirement.

Definition 1 (Gradient shift operators): Operators

Barag-v : X(t> s) — X(t — 135) (1)
BGrad—H : X(t» S) — X(t» §$— ]) (2)
BGrad-D IX(t,S) — X(t_ ],S—]) (3)

are associated with Vertical (Grad-V), Horizontal (Grad-
H) and Diagonal (Grad-D) gradient components. [ |

These gradient based operators apply strict “back-
shifts” and one can check that since Bgrag.vX(t,s) =
X(t—1,s), then (1—Bgrag-v)f(t,s) = f(t,s) —f(t—1,s) is
the standard discrete partial derivative of function f with
respect to variable t. Note also that

Bérad—vf(t) S) = BGrad-VBGrad-V ‘e BGrad-V f(t, S)

k terms

=f(t—Xk,s)

so that shifting to position t — k involves k times compo-
sition of the elementary operator Barad.v.

Because the gradient operators Bgrag-v, Barad-H,
Baraa-p apply back-shifts, they are called causal (their
shifting does not involve an f(t’,s’) witht’ > tor s’ > s).
Shift operator B can also be chosen anti-causal or “nei-
ther causal, nor anti-causal” with possible neighborhood
consideration: for instance, since the standard Laplace
operator satisfies:

Af =f(t+1,8)+f(t—1,8)+f(t,s+1)+f(t,s—1) —4f(t, s)
then one can derive, by seeking Br.p such that (1 —
Brap)f(t,s) o< Af(t,s):

Definition 2 (Laplace shift operator): The operator
Brap defined by:

1
BrapX(t,s) = 7 (X(t+1,8) + X(t—1,5)
+X(t,s+1)+X(t,s—1)) (4)
is called Laplace shift operator. [ |

The Laplace shift operator Br.p is a combination that
applies on the 4 closest variables pertaining to the neigh-
borhood of X(t,s), without taking the latter into consid-
eration. The following shift operators called Canny and
Prewitt are compositions including the random variable
X(t,s) and are neither causal, nor anti-causal.

Definition 8 (Canny shift operators): Canny Vertical
(Can-V) and Horizontal (Can-H) shift operators are de-
fined by:

Bean-v : X(t,8) — X(t,s) + X(t—1,5)
—X(t+1,s) (5)



Bcan-u : X(t,s) — X(t,s) + X(t,s — 1)
—X(t,s+1) (6)
|
Definition 4 (Prew:itt shift operators): Prewitt Verti-

cal (Pre-V) and Horizontal (Pre-H) shifts consist in:

1
BprevX(t,s) =X(t,s)+ ) X(t—1,5—k)
k=—1

1
- > X(t+1s-k (7

k=—1
and

1
BprenX(t,s) = X(t,s) + ) X(t—ks—1)

k=—1
1
— Z X(t—k,s+1) (8)
k=—1

Remark 1 (From deriwation to integration): For
B = Bgrad.v defined by Eqg. (1), we have seen that
(1 — Baraa-v)f(t,s) = f(t,s) — f(t — 1,s) is a discrete
partial derivative. When considering the inverse (thus
integral) operator (1 — Bgraa.v)”', We obtain, provided
that function g used below is chosen so that the following
sum exists:

(1 - BGrad—V)_1 Q(t» S) = Z Bérad—\/g(t) S)
k>0

= Z g(t -k, s)
k>0
[ |

Remark 1 above illustrates that one can switch from
partial derivation induced by the difference operator (1 —
B) to partial integration by inverting the latter and this,
for any of the shift operators given by Egs. (1), (2), (3),
(4), (5), (6), (7) and (8).

More generally, we can consider a derivation scheme
represented by a function of operator, say G(B), and equa-
tions having the form G(B)f(t,s) = h(t,s). The following
properties then holds true: if G(B) is a derivation operator,
then f is an integral of h and wvice versa. Note that
G(B) can operate integer or fractional order derivation,
for instance:

e (1 —Bgraa-v)f [from integer power “1” at the power
of (1 — Bgrad-v)] is the integer order derivation of f
whereas

o (1—Bgrada.v)/?f is the fractional order “1/2” deriva-
tion of f with respect to B.

Finally, when h is the solution of (1 — Bgraa.v)f = h
where 0 < A < 1, then f is said to be associated with a
fractional order A integral of h.

2) Fractional order spatio-stochastic K-factor
Gegenbauer series: In the following, we consider
equations with the form G(B)X(t,s) = Z(t,s) where X, Z
:NXxNx Q — R are random fields and G(B) behaves as
a fractional order derivation operator (see Section II-A1l).

Field X will be said fractional integral of Z.
Definition 5 (K-factor Gegenbauer field): Field X(t,s)

will be called spatial (2D) K-factor B-Gegenbauer (K—B—
G) field if it satisfies:

K
[T (1—2vkB +B%)"" X(t,5) = Z(t, ) (9)

k=1
where |vi| < 1 for any k = 1,2,...,K and Z(t,s) is
assumed to be a zero-mean white Gaussian field. ]

In Eq. (9), a term (1—2vB + Bz)b behaves as (1 — B)%"
when v is close to 1. Hence K-factor Gegenbauer fields
include standard fractionally integrated fields especially
when one among the v,k = 1,2,...,K is close to
one. Assuming a revertible power series expansion of any
(l—kaB +Bz)bk, synthesis of a K-factor Gegenbauer
involves computing:

K
X(t,s)= [[ (1—2viB+B?) " Z(t,s)  (10)
k=1

where:

_ 2) bk _+Oo bi)! e
(1-2wB+B2) =) (vi) B®  (11)

{
=0
and the Gegenbauer function (bz“)T(o) being:

b\t [¢/2]
(V) = X om

m=0

(=1)MT(b +¢—m)
m! (£ —2m)! T'(by)

(12)

with || denoting the floor function (|z] is the largest
integer less than or equal to z) and the Gamma function
is defined by:

I'(x) = J']R+ wleUdu (13)

Samples of K-factor B-Gegenbauer fields are given by
Figure 1 when B is one among the operators defined by
Eas. (4), (5), (6), (7) and (8). Depending on the operator
used, one can obtain either a stochastic texture without
any privileged orientation (case of B-Gegenbauer) or tex-
tures associated with a main Vertical/Horizontal/Diagonal
edge orientation. Note that white noise shows no edge
and the texture properties is driven by the operator B
selected. More precisely, these texture feature orientations
can be inferred from the spectral properties of K-factor B-
Gegenbauer fields given below.

Proposition 1 (Power Spectral Densities, PSD, of
K—B—G fields [29]): The PSD associated with K-factor B-
Gegenbauer fields are given below (PSD notation yk_p_g
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Fig. 1. 5-factor Gegenbauer (see Eq. (9)) Laplacien (see Egs. 4), Canny (see Egs. (5) and (6)) and Prewitt (see Egs. (7) and (8)).

for field notation Xy _p_g) respectively for the gradient,
Laplace, Canny and Prewitt operators, where 8, = 1+ vy
and & =1 — vy

() PSD of Xg_g_g for gradient shift operators (see Egs.
(1), (2), (3), respectively):

217K —2b
0 [Ty 2777

’YK*BGrad_vfG (w1 ) wz) - K (14)
H |cos w1 — kaZbk
k=1
217K —2b
0 [ [y 2 P«
YK-Baragu—G (W1, w2) = b (15)
H |cos wy — \/k|2bk
k=1
217K 5-2b
0 [ [y 27"
YK—Boraan—G (W1, W2) = — =] (16)
chos(un +wy) — v PP
k=1

(vt) PSD of Xx_p_g for Laplace shift operator (see Eq.
(4)):

YK-Brap—C (W1, W2)

= o (17)

K w; W, R 2by
H (cosz( 3 )—l—cos (2) Gk) + 0 Ex

k=1
(v11) PSD of Xx_p_¢ for Canny shift operators (see Egs.
(18), (19), respectively):

YK-Beanv—G (W1, W2)
277K 9—2b
o [ 27°°x
- — k (18)
H ‘4sin4 w1 —4 v &x sin? w1 + éi
k=1
YK—Bganu—G (W1, w2)

217K —2b
o L 274bx
- Hk—1 (19)

- 4 .2 2|Px
I I ‘4s1n Wy —4 vy & sin” wy + &
k=1

bk

(wv) PSD of Xx_g_g for Prewitt shift operators (see Egs.

(20) and (21), respectively):

YK—Bprev—G (W1, w2)

= (20)
K 2by
H ‘4(1 + 2 cos w,)? sin? w; — E,z‘
k=1
’YKprre_HfG(w])wz)
217K p-2bk
— o Hk:] (21)
K 5 2by
H ‘4(1 +2cos wi)? sin® wy — &ﬁ‘
k=1
|

Directed vertical, horizontal or diagonal edges occur
when a given PSD has its energy concentrated on certain
frequency bands or varies only across one single variable
(case for gradient and Canny operators). In particular,
gradient fields exhibit an infinite number of poles along
many axes but in the same direction towards:

« frequencies
{(wy, w;) € R?/w; = acos(vy),k=1,2,...,K}

for field Xx—Bg,aav—Gs
« frequencies

{(wy,w;) € R?/w; = acos(vi),k=1,2,...,K}

for field Xk_Bg,uqn—c and
» frequencies

{(w1,w32) € R*/wy + w; = acos(vi), k=1,...

K}

for field XK_BGrad-D_G .

K-factor Canny-Gegenbauer fields present strong similari-
ties with their analog gradient fields by construction, but
they admit no pole when |vy| < 1 for any k.

From Proposition 1, only Laplace and Prewitt fields
show more complex PSD. However, K-factor Laplace-
Gegenbauer fields Xk p,,, ¢ have no pole (dominant
frequency) when the absolute value of every vy is < 1 and
are isotropic up to the mapping: w; — cos(w;i/2) (same
property whatever the direction). The motivation of the
following section is the proposal of spatial field models
with richer PSD content in terms of spectral variability as
well as limiting the number of poles.



B. PFractionally integrated fields from double indezred
Gegenbauer polynomsials

For being able to generate textures with parsimonious
spectral information, we need to control PSD behavior in
specific frequencies of interest. This cannot be achieved
straightforwardly when using Definition II-A2. To over-
come this limitation, the main contribution of this sec-
tion is the construction of double indexed spatial multi-
fractional integral models.

Definition 6 (K-factor doubly indezed Gegenbauer
field):

Field X(t,s) will be called K-factor Doubly Indexed
Gegenbauer (K-DI-G) field if it satisfies one of the equa-
tions given below:

K

[T (erBi2 (1 2mcBr +B) +
k=1
2\ P«
€2B57 <]1—2ka2+85) ) X(t,s) = Z(t,s) (22)
or

K
H(€1Bz (1— 2By +B2) +
k=1

b
€2B} (1— 2B, +B§)2) X(t,s) = Z(t,s) (23)

where |uk| < 1 and [vk| < 1forany k =1,2,...,K; By and
B, are spatial shift operators chosen conveniently; Z(t,s)
is a zero-mean white Gaussian noise and €7, €, are positive
real valued parameters. [ |

Egs. (22) and (23) show a balance between two Gegen-
bauer polynomials, the balance being governed by param-
eters €7 and e€;. When B; and B, are causal operators
(gradient operators for instance), then Eq. (22) presents
backward and forward shifts whereas Eq. (23) highlights
only backward shifts.

Synthesis of sample X(t, s) satisfying Eq. (22
computing:

) requires

K
X(t,s) =[] <€1 B2 (1— 2B +BI) +
k=1

b
e2B32 (]leVszJrB%)Z) “Z(t,s) (24)

thus, decomposing the fractional double indexed polyno-
mial as series involving integer powers of By and B, (field
Z(t,s) is available only for t,s € Z in the discrete domain
framework). For this purpose, we write:

2

1o )

k=1
—by
B! +B ?
e2<22+2—vk>> Z(t,s) (25)

and set, for i =1, 2,

Bi = vei(By ' +Bi)/2 (26)
In this respect, we are concerned by:
K
— 2
X(tys) = H( (B — veEr k)
k=1
_ 2\ — bk
+ (B2 — vervi) ) Z(t,s)  (27)

which amounts, by noting T, = \/€11k, Vk = \/€2Vk and
Ck = Hy + Vi, to:

K
= H (Ck — Zﬁk§1
k=1
—b

— 2%B, + B, +§§) “Z(t,s) (28)
The latter is an extension of the Gegenbauer polynomial
introduced in [30, Egs. (1) and (18)].

Denote, for k =1,2,...,K,
Xi(t,s) = (Ck — 2By

— 2% By + Ef + Eﬁ) Xy 1(tys) (29)

with the convention X, =
implies Xx = X and we have:

Z. The recursive Eq. (29)

Proposition 2: Xi(t,s) = lmm, Notoo Xi,Mm,N(tS)
with

M
XM (ts) = Y Chl (T, Vi) By By Xk 1(t,s) (30)

m,n=0
where function Cgl)n is defined by:

[m/2][n/2]

>

p=0 q=0

(=1Prar(fb+m+n—p—q)
Fb)p! q! (m—2p)! (n—2q)!

(2p)™ 2P (2v)" 24
x ¢cm+n—p—q+b

C%,n(u) V) =

(31)

and the Gamma function is given by Eq. (13). [ |

Proof: See Appendix A. [ |

At this stage, we should specify B; and B, in Eq. (30)
before continuing. When By = BGrad v and By = Bé‘rad_H,
we have from Eq. (26),

— Y(t
BB, Y(ts) = ﬁB1< m; (,S+rz)>
thus:
g]ﬁzY(t,S) =
NGO

(Y(t—h,s—rz)+Y(t+r1,s—r2)

JrY(t*ThSJrTz)+Y(t+ﬁ»3+T2))



In practice, computing §T§;Y(t, s) consists in { recursive
applications of operator BB, followed by either m — ¢
compositions with By or n—{ applications of By, where { =
min{m, n}. Textures given in Figure 2 have been obtained
by using r1 =1, = 1.

Figure 2 highlights that the doubly indexed polynomials
of Eq. (22) yield a more powerful texture synthesis frame-
work than the single one given by Eq. (9). In order to give
a more formal proof of the latter assertion, let us derive
the PSD associated with K-DI-G. We have:

Proposition 3: For By = B, ,4v and By = B a1

the PSD associated with a K-DI-G given by either Eq. (22)
or (23) is:

'Y((U],(Uz) =
217K 9—2by
¢ Tl 2 (@)
H(€1 (cos(T1w1) — p)* +€2 (cos(raw) — Vk)z) ’
k=1

Proof: The proof follows from straightforward com-
putations, by taking the moduli of Egs. (22), (23) and by
replacing in these quantities, By by el™t“¢ for { =1,2.

|

The PSD of Eqg. (32) shows poles at frequencies

(wr,wyz) = (%,%) for k = 1,2,...,K. Thus,

we can specify specific frequency points associated with

energy concentration, which makes K-DI-G a more concise

framework for the synthesis of textures with multiple
orientated features.

III. CONTINUOUS SPATIAL DOMAIN FRACTIONAL ORDER
INTEGRATION MODELS

In this section, t, s are continuous time variables, t,s €
R,,R,... and X (t,s) — X(t,s) = X(t,s) =
X¢,s(w) € R or C is a spatial stochastic field assumed
to be centered in what follows. We recall that a stochastic
field X = (X(e,e)) is Gaussian if the random variable
X(t,s) is Gaussian for every couple (t,s) pertaining to
the domain of interest. Assuming that X is Gaussian,
we can focus on its second-order statistics and since X
has been assumed centered, then this field is entirely
characterized by its autocorrelation function. Thus, for
synthesizing sample realizations of X, we only need to
know the analytic form of this autocorrelation function.

As in previous section (dedicated to discrete domain
models), the aim addressed in reference [1] was the deriva-
tion of a continuous domain fractional field framework
associated with parsimonious spectral contents. This aim
has led [1] to propose a class of generalized fractional
Brownian fields, the generalization concerning a model
with 1) an arbitrary number of Hurst parameters and
2) an arbitrary number of spectral singularity points.
However, the mathematical sense of these generalized

fractional Brownian fields remains unspecified at present
time. This section proposes a sense to these fields as a
main contribution.

Section recalls the construction that has led to gener-
alize fractional Brownian fields and Section shows that
the convolution involved in their construction converges
in quadratic mean sense.

A. Generalized Fractional Brownian Fields (GFBF)

GFBF are associated to spatial domain convolution and
modulation operators over a sequence of Fractional Brow-
nian Fields (FBF). Process Gy, (w,,v,) is called Modulated
Fractional Brownian Field (MFBF) if it can be written

in the form:
G, (woyvo) (X1, X2) = eM0X1 eV Fy, (x1,%3) (33)

where Fy is a centered isotropic FBF with autocorrelation

RFH(XbXZ)y])yZ)
o’ 2 2\H 2 2\H
27((7(1 +x3)" + (Y1 +y3)

—[(x1 —y1)? + (x2 *yz)z]ﬂ) (34)

Field Gy, (u,,v,) is complex valued and results as the
interaction between a stochastic FBF (see first row of
Figure 3) and a deterministic phase term (see second
row of Figure 3). Field Gy (y,,v,) is centered and its
autocorrelation

RG () (x1,%2,Y1,Y2)

= E[Gy, (uv) (X1,%2) Gy, (upv) (Y1,Y2)] (35)

simplifies as

RGH,(uO,vO) (x1,%2,Y1,Y2)

= Rr,, (x1,%2, Y1, yp)etto rmvletvobamuzl - (36)
where Ry, (x1,%2,Y1,Y2) is given by Eq. (34). Thus,

RG’H,(u‘V) (X1’X2)y1)92)

0.2

_ 7eiu()q -y )eiv(xz—yz) ((X% + X%)H

oyt +ud ™ = [0 —y)? + e —u2]") (87)

The GFBF is an integral representation involving in-
teractions of several MIFBF: consider two sequences, the
first

ﬁQ :{Hl)HZ)“-)HQ}

composed of Hurst parameters and the second

{(ug,v1), (u2,v2),..., (ug,vo)}

associated with modulation parameters (poles) of Q in-
dependant MIFBF (G”Hs,(us‘vs))

6=1,2,..Q having auto-
correlations: (RGHS

w512, A GFBF £y, has



Fig. 2. 1 to 5-DI-G fields generated from random selection of wy, vy by using Eq. (30) with By = Bgngv and By = Bgpa-n defined by Eq.

(1) and (2) respectively.
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Fig. 3. Examples of MFBF samples. Row 1: 1sotropic FBF Fy; associated unth different Hurst parameters H.. Row 2: phase terms of
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Fig. 4. GFBF samples Syjq for q = 2,3,4,5,6. Texture £, includes all features issued from gqu , q < 5, whether these features are visible

or not.

been defined in [1] as the stochastic Gaussian process with
autocorrelation given by the convolution:

_ 4 Q
Rog = *Z1RGa, (uive)

GFBF &y, can be seen as the spatial convolution, with
respect to spatial variables, of Q independent MIFBF:

55’)Q = *SQ:1 GHS»(US Vs )

and this makes synthesis possible from convolution of
samples of MIFBF (see examples of GFBF given by Figure
4). However, this convolution cannot be understood as a

(38)

(39)

standard function operator since otherwise, non-regularity
(due to stochasticity) and infinite energies (autocorre-
lation of MIFBF has fractional polynomial form) make

straightforward calculus inefficient. The following section
provides a mathematical sense to the convolution of two
MIFBF in terms of integrals associated to kernel based
measures.

B. On convolution of MIFBF (to GFBF)

The MIFBF is Gy, (1g,v0) (X, y) = e (MoXTVoUIFy (x,y),
a zero-mean Gaussian process with autocorrelation given
by Eq. (37). We want to provide a sense to

G7‘h J(ug,v) ¥ G'Hz»(uzwzJ (t,s)

=JR Gty s v (6 8) Gt (v (£ — 05 — )R (%, )



This sense will be associated to quadratic mean conver-
gence. For the monovariate stochastic process case the
complete steps of proof are given in Appendix B. Here-
after, we focus on the specific extension of Appendix B
to the multivariate spatial case. The extension will be
performed by:

« considering stochastic integrals

Yk(t)s) :J GHK‘(uk,Vk)(X)y)duq)u,s)(x)y) (40)
R

e providing a quadratic mean sense to the following
convolution of these integrals

Y1+ Ya(t,s) =J Y106 y)Ya(t — x, s — y)dxdy
R

e associating the quadratic mean convergence of
G’H],(uhw) * G'Hz,(uz,vz) to that of Y; Y, from
properties of @.

The convergence of Y; x Y, will be obtained hereafter
by considering in Definition of Eq. (40), a separable mea-

sure dug . ., (%,Yy) = dua(x)dp(y)dxdy where ¢ is the
function described in Appendix B-A (having sufficiently
fast decay in time and frequency). From this measure and
by imposing that $ annihilates at frequencies =+ (wy, vy ):

~

o (tuy) = d(+vi) =0, we obtain:

1) Field Y(t,s) defined by Eq. (40) is a second order
stochastic process : Indeed,

RY(X»y»ta s)
:J RGH,(U,V)(XMXZ)UHHZ)
]R4
duﬁb(x‘g, (X1 yY1 )dud)u,s, (XZ)QZ)
= J L R (X2, 1, 92) b (31 )by (Y1)
R
bi(x2)ds(y2)dxrdxady dy,

where Rg,, .., is given by Eq. (37) and (w,v) €
{(wy,v1), (uz,v2)}. Let us analyze the 3 additive terms
involved by expanding Eq. (37) in Eq. (41) separately.
First

iuw X1—Y1 iv(xy— H
JR46 (rimun et =u2) (x2 4 x3) ™ oy (x1 )by (1)
b1 (x2)Ps(y2)dxidxodyrdy2
= Constant x d/);(u)&(v)
= Constant x e~ V¥ e 1V (u)d(v)

=0

(41)

(42)
Second

J ett(x1—y1)pivix2—y2) (y%+y%)7{¢x(x])¢y(y])

R4

1 (x2)ds(y2)dxidxadyrdy,
= Constant x d/);(—u)d/)\t(—v)
= Constant x e*i"“e*iw@(fu)a)(*v)

=0 (43)

Thus, Ry reduces to the contribution of the third term,
that is:

RY(X»U»’C>S) = (44)
—J dxdxdy dy et Yl givixa—y2)
]R4
Gx (x1) Py (Y1) e (x2) s (y2)

H
[(x1 —y1)* + (x2 —y2)?] " (45)
and from a change of variable:

Ry (x,y,t,8)= (46)
—J dzydz,dy dy,et? etVz2 [z% + zﬁ
R4

dxl(z1 +y1)dy(yr)delza +y2)dbs(y2) (47)

]H

which exists and is finite provided that z?¢p(z) € L' (R) U
L?(R) (fast decay required for ¢). In addition, after some
steps of calculus similar to those of Appendix B-B, we
derive:

RY(X)yatas)
1 [ .
_ (x—twi Hily—s)w
T 42 ,[Rze i ‘e 2y ) (Wi, w2) (48)

2 2
¢(w1)‘ ‘¢(wz)‘ dwidw;

where

0221 2  sin(mH) M2 (1 + H)

(w1 —w)2? + (wy —v)2)"!

Y’H,(u,v](wth) = (49)

Thus, Ry (x,y,t,s) = Ry(x —t,y —s) so that stationarity
holds true for Y and we can use the following two-
dimensional version for its autocorrelation:

Ry (48] = o | ey g (wr,w2)
R

=
~ 2 2
[blwn)| [plwa)| dwrdws  (50)
associated to the following PSD:
Yy (w1, wz)
~ 2« 2
— Yo (@1, @2) [plwn)|” [dlwa)|” (51)

2) Convolution Y1 Y, is a second order stochas-
tic process: The convolution Y; x Y, being with
zero-mean, it is a well-defined second order process if
Ry, * Ry, (x1,%2,Y1,Y2) exists and is finite for every



X1,X2,Y1,Y2 € R. Indeed, in this case:
E [Y7 xY2(x1,%2) Y1 xY2(y1,Y2)]

= Elj . Y1(x,y)Y2(x1 —x,x2 —y)dxdy
R

J . Yi(t,s)Ya(yr —t,ys —s)dtds
R

_ J dxdydtdsEY; (x,y) Y1 (5, 5)]
R4

E[Y2(x1 —x,x2 —y)Y2(yr — t,y2 — s)]
= J dxdydtdsRy, (x,y,t,s)
R4

Ry, (x1 —%,%X2 —Y,y1 —t,y2 —s)

£ Ry, * Ry, (x1,%2,Y1,Y2) (52)

The existence of the convolution Ry, x Ry, of autocor-
relation functions is thus the main criteria for providing
a sense to the existence of Y; x Y,. Since Y; and Y,
are stationary (see Section III-B1), we can focus on the
two-dimensional versions of their autocorrelations. The
problem then becomes the existence of:

Ry, *Ry, (x,y) = J . Ry, (t,s) Ry, (x—t,s—y)dtds (53)
R

where Ry, is given by Eq. (50). To solve this problem,
we thus impose, in addition to annihilating frequencies
+(uy, v ), that $ is well localized in such a way that vy
defined by Eq. (51) belongs to L'(R?) N L2(R?). In this
respect, both Ry, and Ry, pertain to L' (R?)NL?(R?) and
we can conclude that Y xY, is a second order stochastic
field that converges in quadratic mean.
Moreover, we have from Eq. (53):

Yy +Y, (W1, w2)
= vy, (w1, w2) X vy, (w1, w>)
=Yy, (w1 1) (W1, W2) X Vo, (15,v,) (W1, W2)

edtan] x [pwa)| 69

The quadratic mean sense of Gy, (u, vi) * G2y, (1sv2)
follows from the fact that we can provide a sequence
((b,[cn]> (of wavelets for instance) where every ¢£n] €

n
L' (R)NL?(R) which converges to a Dirac distribution: the

result follows as a limit case and makes PSD association
to Gy (wrvi) * Gy, (ua vy ) @8 (set @ =1 in Eq. (54)):

VGt (uy w11 %Gty (g vy ) (RTH W2)

0221+2M1 sin(nH1 )T2(1 + Ho)
)2y

(w1 —u1)? + (w2 —vy

0321 +2%2 sin(mH, )T (1 + Ha)
X Hor

(55)
(w1 —uz2)? + (w2 —v2)?)

Moreover, by iterating convolutions, we derive the PSD

associated with a GFBF:
Yén, (W1, w2)

Q
[T of2" " sin(m1 )T (1 + o)
k=1
Q

I (w1 —w)? + (w2 —vie)?]

k=1

(56)
Hyx+1

PSD which highlights Q spectral poles when all couples
(uk,vi) for k =1,2,...Q are different.

IV. MULTI-FRACTIONAL PSD POLE IDENTIFICATION

Fractionally integrated fields presented in Sections II
and III share one common property: they have PSD
admitting many frequency points associated with infinite
variances called poles. In practical applications requiring
multi-fractional model selection, determining the number
of interacting fields requires counting the number of fre-
quency points with very high energy (exponential growth
near the pole). Several solutions can be investigated for
this problem. The easiest one involves selecting local max-
ima of the PSD and affecting them to poles. This has many
drawbacks in terms of under- and over-determination (not
any local maximum is effectively a pole and some poles can
be squeezed when they are located near a pole with very
high exponential growth).

We propose hereafter, after a long run search, a so-
lution based on Convolutional Neural Network (CNN).
The experimental setup concerns associating an observed
multi-fractional GFBF! field to a category indexed by
Q € {1,2,...} corresponding to the number Q of poles
used for sample generations.

The database generated for experimental tests contains
1200 images per specified value of Q: thus a total of
4800 GFBF images when the number of poles pertains to
the category labels {1, 2, 3,4}. For any category, poles and
Hurst parameters are generated randomly, following the
gamma distribution so as to impose a significant energy
concentration in ]0, 7t/2[x]0, 7t/2[ for poles and ]0, 1/2[ for
Hurst exponents. An overview of this database?, denoted
D hereafter, is given by Figure 5.

A. Darect learning of multi-fractional texture features

Because multi-fractional interactions are obtained by
convolution operators (filtering white noise so as to im-
pose a desired structure), deep CNN architectures seems

LGFBF are chosen because their synthesis on the basis of fast
Fourier transform requires less computational cost than the deluge
of I' computations for synthesis of K-DI-G fields.

2The complete database is available for download at: http://am.
atto.free.fr/AlbumTexturesGFBF.htm.
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Fig. 5. Sample elements of GFBF database D, where every SﬁQ is associated with a number Q of distinct poles.
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adapted per nature® to their discrimination. In this re-
spect, we have first investigated several existing architec-
tures that are trained on millions of images to discriminate
textures in D after retraining only the last convolutional
layer. But none of them outruns more than 16% of good
classification, the architecture achieving these 16% being
“AlexNet” CNN [31] (trained on ImageNet [32], a database
with 1000 categories and 1.2 million training images)
which is known to yield more than 90% accuracy in
standard image classification tasks!

These poor results are due to that multi-fractional tex-
tures are not objects with deterministic geometries: for the
latter, feature recognition implies identifying similar struc-
tures up to elementary transformations whereas multi-
fractional textures can present similar structures (Figure
5 shows almost more visual inter-category similarities
than intra-category similarities), while having a different
number of interactions: the issue is not thus a standard
pattern recognition, but counting the number of visible
pseudo-patterns.

We have thus been forced to retrain full CNNs by
varying different features of the network. The most rel-
evant architecture is still very close to [31], but with a
significant improvement of convolution filter lengths to
ensure the results given in Table I. These results are
unsatisfactory and the conclusion has been seeking multi-
fractional feature interactions from an indirect learning
(see next section).

B. Indirect learning from PSD as inputs

As highlighted in the previous section, we have to force
learning in not focusing on a recognized fractional feature
since the same feature can appear in textures pertaining
to different categories. For this purpose, we propose to
perform learning of multi-fractional interactions from PSD
features. Table II presents the best relevant results derived
from the CNN described in Appendix C.

It follows from Table II that counting the number of
multi-fractional interactions can be performed with good
performance from CNN based approach associated with
spectral inputs. A study of the first convolutional layer
of the CNN shows specializations in 3 main convolution
categories (see Figure 6):

« very selective filters in frequency and fast decay near
the frequency selected (40% of first level convolution
filters),

o selective filters in compact frequency blocks (rounded
and wide support near the central frequency, 30% of
first level convolution filters),

» multiple frequency selection filters (30% of first level
convolution filters).

3Because they involve many layers of convolution filters and sev-
eral non-linear transfer functions

11

Note that from Table II, increasing the number of
interactions leads to a significant loss of performance. The
reason is linked to the spectral content estimated from
GFBF textures: 4 interactions means that 4 frequency
points are associated with infinite variance (energy for
zero-mean field) in ]0,7t/2[x]0,7t/2[. In addition, because
of the exponential decays near these singular points, cer-
tain poles dominate others (the latter become almost non-
visible in spectra as illustrated in Figure 7). Moreover,
Figure 7 highlights that when the number of interactions
is large, then:

« only few poles (bright values dominating their sur-

rounding neighborhoods) are ‘visible’ in the PSD,

o the overlays of poles yield bright intersections that

can be confused with poles.

V. CONCLUSION

The paper has shown that fractional order stochastic
integration is a powerful tool for modeling with few param-
eters, image edge and texture information. Two categories
of fractional field models corresponding to discrete and
continuous domain integrals have been studied.

For discrete domain modeling, the main contribution
proposed by the paper is the derivation of a category
of fields where any field is associated with an arbitrary
number of poles having their location controlled by a
double indexed Gegenbauer polynomial.

For continuous domain modeling, the main contribution
proposed by the paper is the proposal of a mathematical
framework that provides a concise sense to convolutions of
modulated fractional Brownian fields, any term involved
in the convolution having the role of creating a spectral
pole.

Because both discrete and continuous domain models
can admit a pre-specified number of spectral poles, they
are multi-fractional (a Holder exponent is associated with
every pole) and this property raises the issue of counting
the number of poles, given an image observation and for
model selection purpose.

The paper has then proposed a third contribution con-
sisting in providing a deep neural network architecture
involving spectral information inputs and large size con-
volution filters at first network layers so as to make pole
identification possible. This network is shown efficient for
discriminating up to 4 neighbor poles, which is a good
performance in a tricky problem: every pole is a spectral
point associated with an infinite theoretical variance and
its presence affects significantly the observability of other
poles located in a close neighborhood.

APPENDIX A
SPATIAL GEGENBAUER FIELDS
The problem expressed by Eq. (28) is expanding
(C —2uT —2vS +T? + 32)—7‘ as a discrete series involv-
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ing integer powers of T and S. This can be done by
noting that the Gamma function given by Eq. (13)
has equivalent expression (change of variable u —
(c—2uT —2vS + T2 4 $%) x):

—(c—2uT —2v§ + T2 +52)"

“+oo
X J e
0

so that we can write:

I'(A)

(e=2uT—2vS+T2+8%)x A1 4y (57)

(c—2uT—2vS+T2 452"

_ ! Jﬂo —exy A1 (20T =T?)x o (2vS—5%)x 45
F'(A) Jo

The latter can be written in terms of the Hermite-Kampé
de Fériet polynomials [33]:

(c— ZpT 2§+ T2 45%) "

= mZ nZ — mesnx

“+o00
< e XM TH L (2ux, —x)Hap (2vx, —x)dx)

where
[k/2] k=25, j
X Y
= k! I
j=0
Thus
(c—2uT—2vS+T2+82) 7"
=) ) Chalm,v)Tms" (59)
m=0n=0
with
Cﬁl,n ( IJ') V)

R T T
~ m! nlcAmtn T'(A)

“+o00o
<J e x M TH L (2ux, —ex)Hn (2vX, cx)dx) (60)
0

Now, by using Eq. (58), we derive that:

+oo
J e X TH,,
0

(2ux, —cx)Hyp (2vx, —ex)dx

lm/2] [n/ ZJ

w3 Y

p=0 q=0

m Zp(ZV)n Zq(

c)pta
x
(n—2q)! p! q!

m2p

+oo
J efoAerf'ernqu] dx
0

which, by noting that

+oo
J e MM P TaT gy — TA+m4+n—p—q)
0
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leads us to conclude that Eq. (60) is equivalent to:

1 1
A —
Cman 0 V) = xmim T

[m/2] [n/2]

Z Z FTA+m+n—p—q)x
p=0 q=0

(=1)P 9P a (2™ 2P (2v)™ 24

61
p! q! (m—2p)! (n—2q)! (61)
In particular, when b=1, we note C}_ ,| = Cm,n, which
reduces to:
1
Cmn(p,v)= mx
[m/2] [n/2]
Z (m+n—p—q)! x
p=0 q=0
(1)P 9P (2 ™ 2P (2y)" 24
(62)
p! q! (m—2p)! (n—2q)!
since I'(1) =1 and I'(k+ 1) = k! when k is a non-negative

integer.

APPENDIX B
ON CONVOLUTIONS OF MODULATED FRACTIONAL
BROWNIAN MOTIONS

A. Context
Consider a stochastic zero-mean process: X : (t,A) €
RxQ or ZxQ +— X(t,w) = X(t,A) = X((A) = Xi(t) &

X(t) € R. Assuming that X is a second-order stochastic
means, for all t:

X120 EUX(UIZ]ZJQIX(t)IZdP(A)<oo (63)

where O = R in the following and P is a probability
measure on elements of B(R). Under property given by Eq.
(63), functions [mean]: t — EX(t) and [autocorrelation]
(t,s) — E[X(t) X(s)] = R(t,s) are well-defined and real
valued.

For a second-order stochastic process, continuity (that
is X(t) — X(s) as t — s) is related to the so-called
quadratic mean sense (use of the norm associated to
[2(Q)) and consists in:

lim [|X(t) (S)HIZ_Z[Q)

t—s

=lmEX(t)—X(s)]? =0
t—s

A consequence of using the quadratic norm is the fol-
lowing: X is continuous (in quadratic mean) if functions
t — EX(t) and (t,s) — E[X(t)X(s)] = R(t,s) are
continuous (standard function continuity). We assume
that X is with zero-mean in what follows.

A second-order zero-mean stochastic Gaussian process
is completely specified by its autocorrelation function.
For the Fractional Brownian Motion (FBM) denoted Xy

with Hurst exponent/parameter H, 0 < H < 1, this
autocorrelation function is given by:
2
o
Racltys) = o (HR7 + 152 — [t —s2%)  (64)



The FBM Modulation (FBMM) by a deterministic ex-
ponential wave, denoted Xy ., (x) = e™o*Xy(x) is a
Gaussian process with zero-mean (as a consequence of
zero-mean assumption on Xy ) and autocorrelation:

= E[XH,uo () XH,uo (3)]
— ol Ry (1)

RXH,uo (t, S)
(65)

where Ry is given by Eq. (64).

Consider now two independent FBMM Xy, ., and
X14,,u,- We want to provide a quadratic mean sense to
the following convolution operator between FBMM:

XH] g * XHz,uz (t)

?

2 jR X1ty ey (0K sty (£ — x)dps(x)  (66)

In practice, if we assume that p is the Lebesgue’s measure,
it would have been sufficed that Rx, . and Rx,, .,
pertain to L?(R?). However, this is not true for FBMM
as it can be observed by taking Eq. (64) and Eq. (65)
into account. Nevertheless, we can go beyond these func-
tional limitations by selecting an appropriate parametric
measure that transforms X4, ., and X4, 1., into Y; and
Yz:

Yilt) £ | Xty () a0 (67)
for k = 1,2 and with convergence of the latter integrals
in quadratic mean sense. Note that for the convergence
of Eq. (67) to hold true, it suffices to provide a kernel ¢
satisfying

e d € L'(R)UL?(R),

o (14+x3)d(x) € L'(R) UL(R),
and let dpg(x) = ¢py(x)dx where ¢y (x)
such a measure,

= ¢p(x — At). For

J' 2 eito (x—y) |y 2H b+ (x) s (y)dxdy
R

and
J eiuo(X*H”X—y|2Hk¢t(X)¢S(U)dxdy
R2

exists and are finite, thus,

2
A

2
1Y) li2(q)

J X700 s (%) it (x)
R

L2(Q)

_ JRZ Rxs, o, (% Y) e ()b (y)dxdy

< 00

in case where Rx,, . has the form given by Eq. (65).
The quadratic mean sense of Xy, ., follows from this
last property as a limit case, given that we can provide
sequence (¢£n} such as wavelets where every d),[tn]
L'(R) N L?(R) aﬁd parameterized by an upper index n
which makes them converge to Dirac distributions.

15

B. PSD association to FBMM Xy, 1, Via that of Yy

In the following, we assume that the following property
holds true for k=1, 2:
[Blocking frequency +uy] function ¢ introduced in
sAection a’tpve satisfies at the specific real values £uy:
$(w) = d(—ux) =0
where we have used the following definition of the Fourier
transform:

ble) = | e gax (68)
R
Consider the autocorrelation function Ry, of Yi:
Ry, (t,5) = JRZ Ry . (%) e (x) s (y)dxdly
o’ 2H 21 2%
= | (PP PR x g2
R
e Y gy (X) s (y)dxdy  (69)
Under frequency +uy blocking by ¢, we obtain:
2
R (1,5) == | e Wiy (0 ey
R2

This integral can be re-written, from a change of variable:

2

o ‘
=5 J e =z i (z + y) s (y)dzdy
RZ

By decomposing |z|?*x with respect to [34], we deduce:
02 T(2H + 1) sin(mH)
RYk (t, S) = —7 - X
cos(zé,
ZFae) bz + ) ly)ay (70)

. 1—
iuyz d
J']Rle (J']R |2

and by noting:

RYk (t) S)

21'(2H + 1) sin(tH,
yule) = IR () (71)
we derive:
RYk (t) S) =
1
o JRv(a)dax

JRzew (1= cos(zE)) de (z +y) s (y)dzdy (72)

By taking again into account, the kernel ¢ frequency +uy
blocking property, we have:

o~

|| ety (y)dzay = et

and thus:

—w ) () =0

1
RYk(t7S) = EX

JR dey(E) JRZ €2 cos(28) b (z + y) s (y)dzdy (73)

which is equivalent to

1
RYk(t S) T

17.2, —iz&
Jdﬁv JW +e bi(z +y)ds(y)dzdy



The latter corresponds, after some Fourier based calculus:

RYk(t)S):

1 1

7 ) v »

(®e(—& —wds(—& — 1) + br& — wbs (& — we))
thus,

Ry (65) = 5 | V(& + w0 (€. E)de

Now, since we have assumed that t in notation ¢ denotes
a translation parameter, then: ¢¢(§) = e (&) and
b (&) = e 8¢ (&) so that:

Ry, 1,5) = 5 | v(E+we )

and finally:
1 ic(t—s)& | 2
Ry (t5) = o [ V(E—w)e % G
TR
which converges provided that sup:_,,, <y ’d) /E,’
oo for some > 0. In this case, Yy is a stationary*

stochastic process with autocorrelation in the reduced one-
dimensional form:

Ry, (t) = ;—n JRv(E —uy) \@(a)(z elctédg,

and associated with PSD (derived from inverse Fourier
identification in the latter form):
~ 2
Yy (8) = V(E—w) | $(8)
Assuming that ideal ¢ behaves approximately as a Dirac
distribution (limit case as discussed at the end of the

previous section), we can associate the following PSD to
Xkl

o2T"(2H + 1) sin(ntH)
&y 2R

Yx, (&) = V(£ —w) =

C. Convolution between FBMM Xy, vy, X, u, Via
characterization of Y1 Y

The sole condition required for the convolution

J Y (x)Y2(t—x)dx 4 Y +xY;(t)
R

4Por a zero-mean second order stochastic process X, stationarity
(second-order or Wide Sense Stationarity, WSS) holds true if:

Rx(t,s) = Rx(t—s,0) =Rx(t—s=x)
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to make sense as the definition of a second order stochastic
process Y1 x Y, is the existence of:

ﬂEm ()Y (t —x)¥7 (4] Ya(s —y)ldxdy
= HE[Y1 (x)Y 1 (YIE[Y2(t —x)Y2(s — y)ldxdy

= J] RY1 (X)H)RYZ (t — %S _y)dXdy

= Ry, * Ry, (t,s) (74)

If Ry,, Ry, € [?(R?), then this condition is satisfied. The
latter is not very restrictive since ¢ can be chosen well-
localized in time frequency.

Furthermore, under the stationarity induced by ¢-
measure on Y1, Y, then:

o from the change of variable t «+ t—s and x + x —y,
we can write:

Ry oy, () = JRY1 (x)Ry, (t — x)dx

« and, provided that Ry,,y, obtained just above ad-
mits a Fourier transform, we can deduce the PSD
Yy,+Y, of Y1 xY; as:

Yy, v, (&) = JRY1 * Ry, (t)e *tdt
=Yy, (E)yv, (&)
~ |4
=y(E—w)v(E—w) [b(&)] (75)

Finally, the PSD associated® to Xy, u, * Xg, 0, via
kernel ¢ is:

Y Xty uy Xty s (6)
=vy(& —w)y(E—u2)
=YXty 0, (E) X VX, 0, (E)
07 O‘ZF(ZH1 + 1T (2H; + 1) sin(ntH4 ) sin(7tH7)
& —w [P TE — up|[2Hat]

AppPENDIX C
CONVOLUTIONAL NEURAL NETWORK (CNN)
ARCHITECTURE FOR MULTI-FRACTIONAL POLE

IDENTIFICATION

The CNN proposed for multi-fractional interaction
count is presented in Table III. This CNN is characterized
by a first convolution layer with long-size impulse response
filters so as to possibly allows for a concise frequency
selection and surprisingly, up to 40% of the filters have
been specialized (starting from a white noise initialization)
in frequency selection (see Figure 6).

In the CNN of Table III, sizes of convolution filters have
been decreased progressively, from layer to layer, in order

5Deduction must be understood as a limit case involving an

L'(R) N L2(R) sequence <d)£n]> that converges to a Dirac distri-

n

—

bution, thus (c[)[[n]) tends to constant function 1.

n



to limit the overall CNN complexity. From Table III, we
have the following correspondences:

[10]

(11]

Rectified Linear Unit (ReLU), function

x if x>0
0 if x<O0

XH(X)+:{

Normalization (cross-channel):

max{N—1,m+n/2} —B
K+«

max{0,m—n/2}

2

Xm = Ym = Xm X

where N is the number of kernels used in the layer
and n is the normalization neighborhood size (same
spatial position, n adjacent channels);

Softmax:

n

X = (X))

n
N AN
i=1
this loss function is used for the prediction of a single
category between Q mutually exclusive Q-fractional
categories.

i=1
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TABLE I

19

TEST CONFUSION MATRIX FROM A DIRECT LEARNING: AVERAGE RETRIEVAL PER TEXTURE CATEGORY AND AVERAGE INTER-CATEGORY
CONFUSION (IN %). THE D3 DATABASE IS COMPOSED BY 3 GFBF CATEGORIES (1800 TEXTURES FOR TRAINING, 1800 FOR LEARNING). THE D%
DATABASE IS COMPOSED BY 4 GFBF CATEGORIES (2400 TEXTURES FOR TRAINING, 2400 FOR LEARNING). THE CNN USED IS DESCRIBED IN

APPENDIX C.

Test on D3 Test on DF
X 1-GFBF | 2-GFBF | 3-GFBF X 1-GFBF | 2-GFBF | 3-GFBF | 4-GFBF
1-GFBF 94.50 3.83 1.67 1-GFBF 94.83 0 0.17 5.00
2-GFBF 89.17 8.33 2.50 2-GFBF 89.33 0 1.33 9.33
3-GFBF 85.00 10.50 4.50 3-GFBF 84.50 0 1.83 13.67
4-GFBF 84.83 0 2.00 13.17
H Mean accuracy H 35.78 H H Mean accuracy ” 27.46 H

TABLE II

INDIRECT LEARNING (PSD FEATURE EXTRACTION PRIOR TO DEEP LEARNING STAGE): THE CONFUSION MATRIX (AVERAGE RETRIEVAL PER
TEXTURE CLASS AND AVERAGE INTER-CLASS CONFUSION, IN %) SHOWS RELEVANT PERFORMANCE. THE D3 DATABASE IS COMPOSED BY 3
GFBF CATEGORIES (1800 TEXTURES FOR TRAINING, 1800 FOR LEARNING). THE D* DATABASE 1S COMPOSED BY 4 GFBF CATEGORIES (2400

TEXTURES FOR TRAINING, 2400 FOR LEARNING).

Test on D3 Test on D?
X 1-GFBF | 2-GFBF | 3-GFBF X 1-GFBF | 2-GFBF | 3-GFBF | 4-GFBF
1-GFBF 100.00 0.00 0.00 1-GFBF 98.75 1.25 0.00 0.00
2-GFBF 2.08 84.59 13.33 2-GFBF 2.50 77.92 19.16 0.42
3-GFBF 0.00 16.67 83.33 3-GFBF 0.00 7.92 67.92 24.16
4-GFBF 0.00 6.25 32.08 61.67
H Mean accuracy ” 89.31 H H Mean accuracy ” 76.56 H

TABLE III
RecTIFIED LINEAR UNIT (RELU), ARCHITECTURE: CNN, TYPE ALEXNET / FULL TRAINING

7+ of Layer | Content #N of Elements Element size n X n  # of Channels
1 | ‘Practional Images’ 4800 448x448 1
2 | ‘Convolution’ 96 16x16 1
3 | ‘ReLU’ Element-wise (one to one)
4 | ‘Normalization’ Cross channel with 5 channels/element and (x =1, =0.75,k = 1)
5 | ‘Max Pooling’ Sub-sampling: maximum over a 3x3 spatial neighborhood
6 | ‘Convolution’ 128 9x9 96
7 | ‘ReLU’ Element-wise (one to one)
8 | ‘Normalization’ Cross channel with 5 channels/element and (x =1, =0.75,k = 1)
9 | ‘Max Pooling’ Sub-sampling: maximum over a 3x3 spatial neighborhood
10 | ‘Convolution’ 384 Y 128
11 | ‘ReLU’ Element-wise (one to one)
12 | ‘Convolution’ 192 5x5 384
13 | ‘ReLU’ Element-wise (one to one)
14 | ‘Convolution’ 128 3x3 192
15 | ‘ReLU’ Element-wise (one to one)
16 | ‘Max Pooling’ Sub-sampling: maximum over a 3x3 spatial neighborhood
17 | ‘Fully Connected’ Neuron matrix [Input size 8192 / Output size 16 |
18 | ‘ReLU’ Element-wise (one to one)
19 | ‘Fully Connected’ Neuron matrix [Input size 16 / Output size 4 |
20 | ‘Softmax’ Probability distribution with respect to 4 outputs
21 | ‘Classification’ Cross-entropy loss function with 4 categories as output




