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Riccati nonlinear observer for velocity-aided attitude edimation of
accelerated vehicles using coupled velocity measurements

Minh-Duc Hua, Tarek Hamel, Claude Samson

Abstract— Motivated by drone autonomous navigation appli- these derived in [6] and [8] in the simpler case of complete
cations we address a novel problem of velocity-aided attile  |inear velocity measurements in a single frame.
estimation by combining two linear velocity components mea  Tpg gesign of the observer proposed in this paper is
sured in a body-fixed frame and a linear velocity component dapted f t det inistic Riccati ob desi
measured in an inertial frame with the measurements of an 2d@pled irom a recen eterministc : iccali o server. Sig
Inertial Measurement Unit (IMU). The main contributions of ~ framework [5] that relies on the solutions to the Continuous
the present paper are the design of a Riccati nonlinear obseer,  Riccati Equation (CRE) and encompasses EKF solutions.
which may be viewed as deterministic versions of an Extended Accordingly, good conditioning of the solutions to the CRE
Kalman filter (EKF), and an analysis of observability conditions and, subsequently, exponential stability of the obtained o

under which local exponential stability of the observer is | diti fini b bilitywh
achieved. Reported simulation results further indicate ttat the ~ SEIVEr rély on conaiions ounitorm observabilitywhose

observer's domain of convergence is large. satisfaction calls for a specific analysis. Since only local
stability is demonstrated simulation results are usefuddb
. INTRODUCTION complementary indications about the performance and the

size of the basin of attraction of the proposed observer.

The development of reliable attitude (i.e. orientatiort}-es  Tpe paper is organized as follows. Notation, system equa-
mators is a key requirement for efficient automatic contfol ajons, and the measurements involved in the observer design
drones. Most existing attitude observers exploit the measu gre specified in Section II. In the same section some basic
ments of an IMU under the assumption of weak acceleratioRgfinitions and conditions about system observability are
of the vehicle to justify the direct use of accelerometefecgjied, together with elements of the deterministic Rlicc
measurements for the estimation of the gravity directiogpserver design framework proposed in [5]. In Section IlI
in a body-fixed frame [2], [7], [10], [13]. The violation the observer expressions are specified, and an analysis of
of this assumption, when the vehicle undergoes sustaingdsociated observability conditions is carried out in Beact
accelerations, jeopardizes the accuracy of the attitude Q¢ Simulation results illustrating the performance of the
timate (cf. [6]). To overcome this problem velocity-aidedypserver and showing that its domain of convergence can

attitude observers have been developed in the literature B¢ |arge are reported in Section V. Conclusions then follow.
fusing IMU measurements with the vehicle’s linear velocity

measurements done either in an inertial frame [4], [6], [9], _
[12], [15] or in a body-fixed frame [1], [3], [8], [17]. The A. Notation
prgsent paper gddresses a new problem of veIocity-aided{el,eQ,e?)} denotes the canonical basis Bf and [-]
attitude estimation where the vehicle’s linear velocity isienotes the skew-symmetric matrix associated with thescros
measured partly in a body-fixed frame and partly in aproduct, i.e.[u]xv = u x v, Yu,v € R®. The identity matrix
inertial frame. A motivating application of this work is of R"*" is denoted ad,, andw, £ I3 — zz', Vo € S2
related to quadrotor UAV navigation in situations whergthe unit 2-sphere), is the projection operator onto thegla
linear velocity’s components along two body axes orthogonarthogonal toz. Note thatr, = —[2]%, Vx € S2.

to the thrust direction and expressed in a body-fixed framg (T} = {0; 20, 70 k o} denotes an inertial frame at-
can be derived from accelerometer measurements combingdheq to the earth, typically chosen as the north-eastdow
with an aerodynamic linear drag model [11], [14] and Wher?rame and{B} = {G-? 7 K} is a body-fixed frame

the linear velocity’'s vertical component expressed in ahose origin is the vehicle's center of mass
inertial frame can be obtained from barometer measuremen,;s-l-he vehicle's attitude is represented by a rotation matrix

The important nonlinearities resulting from the use of sucrk € SO(3) of the frame{B} relative to{Z}. The element

measurements render the design of an attitude obser\éﬁrthe intersection of the’" row andj** column of R is

significantly more complex th_an Wh_en all the Iinea_r velo’_sity denoted ak; j, with i, j € {1,2,3}.

components are measured in a single frame, either mert@lv c R3 aﬁdQ c R3 are the vectors of coordinates of

or bpdy-fixed. They also exclude thg_possibility Of p.rovingfhe vehicle’s linear and angular velocities expressef.

semi-global, or almost-global, stability results similer The linear velocity expressed ifZ} is denoted aw ¢ R3
so thatv = RV.

Il. PRELIMINARY MATERIAL

M.-D. Hua and T. Hamel are with 13S, Université Cote d’AzGNRS,

Sophia Antipolis, France’zua(thamel)@i3$.unice.fr. B. System equat|0ns and measurements
C. Samson is with INRIA and 13S UCA-CNRS, Sophia Antipolisaffice,

claude.samson@inria. fr, csamson@i3s.unice. fr. The vehicle’s attitude satisfies the differential equation



R = R[]« 1)

with = = [{,2]]", =1 € B (the closed ball inR™ of

We assume that the vehicle is equipped with an IMUadiusr), z; € R", y € R™, A(z1,t) a continuous matrix-
consisting of a 3-axis gyrometer that measures the angulglued function uniformly bounded w.rt. and uniformly
velocity € R? and of a 3-axis accelerometer that measuregPntinuous w.r.tz; of the form

the specific acceleration € R3, expressed i B}. Using
the flat non-rotating Earth assumption, we have [3]

V =—[Q.V +as+gR es 2)

with ¢g the gravity constant. A 3-axis magnetometer is also
available to measure of the normalized Earth’s magnetid fiel

vector expressed iiB}. Let mz = [mq,ma,m3]’ € S?

| A 0

- Agyl(xl,t) A272(t)

and C(x,t) a continuous matrix-valued function uniformly
bounded w.r.tz and uniformly continuous w.r.tz. Apply
u=—PC"Qy (7
with P € R27"*x2" a symmetric positive definite matrix

A(l‘l,t)

denote the known normalised Earth’s magnetic field vectgolution to the following CRE

expressed in{Z}. The vectorsms and e; are usually
assumed to be non-collinear so tifatan be estimated from

P=AP+PA" — PCTQ(t)CP + S(t) (8)
with P(0) € R?"*2" a symmetric positive definite ma-

the observation (measurements) in the body-fixed frame @ix, Q(t) € R™>*™ bounded continuous symmetric posi-
the gravity vector and of the Earth’s magnetic field vectotive semidefinite, and(t) € R?"*2" bounded continuous

The magnetometer thus measures = R mz. We further

symmetric positive definite. Then, from Theorem 3.1 and

assume that the vehicle is equipped with sensory devices ti@orollary 3.2 in [5],2 = 0 is locally exponentially stable

provide measurements of the two first component® @nd
the third component of, i.e., V4, V5 and vs. A possible

combination of sensors providing such measurements in the

case of a flying drone was evoked in the introduction.
C. Recalls of observability definitions and conditions

The following definitions and conditions are classical and
just recalled here for the sake of completeness. Consider,

linear time-varying (LTV) system
& = A(t)x + B(t)u 3)
y =C(t)x
with z € R™ the system state vector, € R* the system
input vector, and; € R™ the system output vector.

Definition 1 (uniform observability) Syste(3) is uniformly
observable if there exist © > 0 such that (s.t.Jyt > 0

1 [t+o
W(t,t+6) = g/ D' (t,8)CT (5)C(5)D(L,s)ds (4)

with ®(t, s) the transition matrix associated witd(t), i.e.
such thatL ®(t, s) = A(t)®(t, s) with ®(¢,t) = I,,.

whenQ(t) andS(t) are both larger than some positive matrix
and the pair(A*(t), C*(t)), with
A*(t) = A(0,1), C*(t) = C(0,1)
is uniformly observable.
I1l. OBSERVER DESIGN
Let R € SO(3) andV e R? denote the estimates dt
afd V', respectively. The proposed observer is of the form
R = R[Q)x — [or]«R
vV o= —[Q]XV +ap + gRTe3 — oy
whereor, oy € R? are innovation terms specified thereafter.
Defining the observer errors
R2RR", VAV -V
then the design objective is the exponential stability of
(R,V) = (I3,0). From (1), (2) and (10) one verifies that
R = R[UR]X
V. =—[QV+gRT(RT — I3)es + oy
The next step consists in working out first order approxi-

9)

(10)

(11)

W (t,t+0) is called the observability Gramian of System (3)mations of the error system (11) complemented with first
When (4) is satisfied one also says that the pdiit), C(t))  order approximations of the measurement equations. The
is uniformly observable. The following useful conditionapplication to these approximations of the Riccati observe
points out a sufficient condition for uniform observability design framework reported in [5] will then provide us with

Lemma 1 (see [16]) If there exists a matrix-valued functionth® expressions of the innovation termg andoy .

M (-) of dimensionp x n) (p > 1) composed of row vectors
of No = C, Ny = Ny—1A+ Ni—1,k =1,--- such that for
some positive numbers i and Vi > 0
t+6
% M7 (s)M(s)ds > il, (5)
t
then the observability Gramian of Systé€B8) satisfies con-
dition (4).

D. Recalls of a Riccati observer design framework

For this application we need to make the following tech-
nical (but non-restrictive) assumption.

Assumption 1 The vehicle’s horizontal velocity
vy 2(t) £ [v1(t),v2(t)]T, horizontal acceleration
D12(t) = [01(t),92(t)]T and angular velocityQ(t) are
bounded in norm by some non-negative numhgrs,, ..,
@I,Qmam andﬂmamr i.e. |U1,2(t)| < Umax» |i11,2(t)| < iJl,Qmam
and |Q(t)] < Qmaa-

First order approximations of the attitude error equation

The proposed observer design is adapted from the detés-derived by considering (local) minimal parametrizagion

ministic observer design framework reported in [5]. Coesid
the nonlinear system
{g'c = Az, )z +u

y =Clx,t)x )

of the three-dimensional group of rotatior)(3). The
parametrization here chosen is the vector parof the

Rodrigues unit quaternio) = (go,§) associated with?.
Rodrigues formula relating to R is



R =1+ 2[dx(Gols + [@x) = Iz + [N x + O(|A]?) local exponential stability of the proposed observer. ttsop

with X 2 9sign(do)q. Then, in view of the dynamics o Is based on the facg that (18) is equivalent to
in (11) one verifie§ (see also [Ei]) that % " XTD(s)Xds > p| X2
A=0or+O(\||o (12) t
As for the d . ; (|bt||'R|) VX = [z7,y"]" € RS and ¥t > 0, which, by simple
s for the dynamics ol one obtains computations, is also equivalent ta:, y € R3:

V= —[Q0uV + gR [es]x A+ oy + O(A2)  (13) ”5 2, 2R 2
Concerning the measurement@f one has 5 ), ’mz 8 I’ 9 H (S)eg]X[e?’]Xx‘
) o)

v — e RV—83 (R—L)R(V +V)+ej RV + ((esx(s)) ) ((e3><v(s)
=—e3 [RV]xA+eq RVO(A|V]) +O([V||A]?) ‘
(1
As for the measurement of.z one obtains
Rmpxmz = R'mz x mz = 7, \O(|A]?) (15)
In view of relations (12), (13), (14) and (15), by setting the

+ i+ s+ ( (5 €3) y [e3x )]xy‘z (20)

+2((v(s) xe3) " ( RT(s)eg Ty)) ds

system output vector equal to 2 N(|917|2 +ly?)
Vi— Vl Proposition 1 (Proof in Appendlx A) Assume that
B Vo — V2 1 [t
Y= v — ] TRV 39, p >0 s.t. g/t R373( s)ds > p, YVt >0 (21)
(Rmg) x mz Then for the following cases:
one obtains LTV first order approximations in the form (6) 1) Motion along the vertical direction, i.ex(t) x e3=0;
with 2) Pure translation, i.e€(t) = 0;
B A 5 oy [or 3) Motion such that 2maz max g@%, with U1 2ma anq
R £ 74 B e A P Qumax standing for the bounds af; » and Q defined in
0 T Assumption 1;
13 elT (16) 4) Persistently accelerated translational motion suchttha
A: |: A03><3 03><3 :| C: 01>/<\3A 62 ~ Elpl > O Vt > O
gRT[es]x —[Q)«x]’ —es[RV]x ed R 1 [t
Tz O3x3 5/ v1,2(s )U1 2(s)ds > p11> (22)
o : ¢
From there the proposed observer is given by (10) with 5y persistently accelerated translational motion suchttha
andoy determined from the input calculated according to Jps > 0, V¢ > 0
(7) and (8). 1 [tto

. . 2
IV. OBSERVABILITY ANALYSIS 5/ (main(s) = main(s))"ds 2 2 (23)

According to [5, Corollary 3.2], good conditioning of the condition (18) is satisfied. Consequently, the paid*, C*)

solutionsP(t) to the CREs and exponential stability of thediven by(17) is uniformly observable and the equilibrium
previously derived observer rely on the uniform obsenighbil (f:V) = (I3,0) of the proposed Riccati observer is locally
of the pair (A*(t), C*(t)) obtained by setting: = 0 in the €xPonentially stable.
expressions of the matrice and C' derived previously. In ~ Some comments on Proposition 1 are provided next.
view of (16) one has e The third case of Proposition 1 encompasses the first and
O2x3 second cases.

A*_[ OT?’X3 033 ], Cr= [—eg[v]x} A (17) e Condition (21) is violated when the gravity direction

gB les]x [ Ty 0353 expressed in the body-fixed frar{é8} (i.e. R"e3) always
With A 2 ey | ea | RTes]T € R3¥3, remains on ':lhe IEJIane spannegdqyzrzd)eg or appro(aches) it

- _[Diy Di2] & 44T . N c* asymptotically. For instance, ift Tes € span(ep, e2

Define D = {DM Dm] _*M*M' Wl.th M= [C*A”rc'*}'_ then the uniform observability sufficient condition (18) is
From Lemma 1 the paifA*, C*) is uniformly observable if . satisfied since in that case the last row and last column

30> 0, > 0 such that of D (given by (19)) are equal to zero. However, this very

5
l/” D(s)ds > pulg, Wt >0 (18) particular situation of non observability is not supposed t
_ o .Jy . _ occur in the case of VTOL UAV navigation.
Straightforward calculations yield « Condition (22) means that the normagf (t) is not null for
D11 = Ty + 9°7es — g%(e3 x Res)(e3 x Res)" all time and its direction is not constant for all time. As for

+ (5 x v)(es x 0) T + (e3 x 0)(e3 x 0) T condition (23), it is not satisfied it : “2Et; = 22 which, a

- (19) part from the case of constant horizontal linear velocity. (i
Dy =Dy, = [v]xeses R+ gles]x Rme, [ x 01 = 1y = 0), is also very particular. Note that even when
Dop=ATA — Q7 [Q)« both conditions (22) and (23) are violated, the condition
The following proposition points out more explicit conditis  of the third case, which does not rely on the horizontal

whose satisfaction ensures uniform observability and thumear accelerations, may still be satisfied. Moreovertta!
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five cases (combined with condition (21)) only provide nonfo|lowing initial estimation errors
minimal sufficient conditions for the validity of condition

(18) and their violation thus does not necessarily lead ¢o th 9(0) = [-5;5; —=5](m/s) (24)
violation of (18). G(0) = [cos(Z);sin(Z)ei]
V. SIMULATION RESULTS This extreme case corresponds to an initial attitude erfor o

Simulations are conducted on a model of a vertical take-80(deg) in roll w.r.t. the true attitude. The time evolutions of
off and landing (VTOL) aerial drone, also used in [6]. Thethe estimated and real attitudes, represented by Euleesing|
vehicle is stabilized along a circular reference trajecteith  along with the estimated and real velocity are shown in Figs.
the linear velocity expressed in the inertial frafi€} given 1 and 2, respectively. The observer ensures the asymptotic
by v, = [—15asin(at); 15acos(at); 0] (m/s), with « =  convergence of the estimated variables to the real values
2/4/15. Due to aerodynamic forces the vehicle’s orientatiomlespite the extremely large initial estimation errors,hwit
varies in large proportions. The normalized earth’s magnetquite good convergence rate.
field and the gravity constant are respectively equahio= o simylation 2: This simulation is conducted with the
[0.434; —0.0091;0.9008] andg = 9.81(m/s?). same initial condition (24) as in Simulation 1. However,
The proposed observer is tuned analogously to Kalmagye measurements are now corrupted by Gaussian zero-mean

¢ i -1 i . . . .. .
Bucy filters where the matriceS and Q" are interpreted ,qgitive noises with standard deviations reflecting thevabo
as covariance matrices of the additive noise on the systeffgice of @ (0.2m/s for vy and V; 5 and 0.1 for mg)

state and output_respectively. The foIIO\_/ving parametees aLnq of S (0.17ad/s for Q and1m/s® for az). Moreover,

chosen:P(0) = diag(2/3,2013), Q(t) = diag25/3,10013),  they are discretized with update frequencies20fH z, for

S(t) = diag(0.0113, I3). the measurements dfy, Vs, vz and mp, and of 50 Hz,
Two simulations are reported next. for the measurements 6t andaz. The results reported in

e Simulation 1: In this simulation, the observer is simulatedFigs. 3 and 4 indicate that important noises and low update

in the ideal case (i.e. noise-free measurements) for a setfefquencies of the measurements only marginally affect the

initial attitude and velocity estimates corresponding te t overall performance of the observer.



VI. CONCLUSIONS

In this paper, a new problem of coupled velocity- a|ded

attitude estimation has been addressed and a nonlinear

server has been proposed on the basis of a recent determip!
istic Riccati observer design framework. It is supported by ¢ ./;

comprehensive stability and observability analysis, alsd a
by convincing simulation results.
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APPENDIX

A. Proof of Proposition 1
Case 1 In this casev x e3 =0 x e3 =0 and

t+98
% X "D(s)Xds
t
=+ I/ (Imzxal>+ £22 | [R(s)es)x[es] xa”
2 2
i+ 5+ (R(s)es) Ty)” — e |[ea] < [Qs )]xy\2
T
+ (A e Tz o] 02(5)) ) ) ds
Er
> |mzxz|? + 5/ 1+ge )63]X[€3]X$’2d8

t+t5
+y? +y3 + 5/ (R7(s)es) Ty)” ds — .92, |yl

with &, > 0 such thaBp!, > 0: (25)

1 t+5
sty [ (R e)s) dsz i+ 92l @6)
t

A numbere, satisfying this inequality is calculated next.

Definingy £ RTes € S? one gets

2
(7Ty)” = (v3y3)* +2(n1y1 +72y2) (Y3y3) + (191 +7292)°
> 5(13y3)? = 5 (ny1 +1292) > 5 (1393)° — (11y1)* = (1292)°
when using the following Young inequalities

2(y1y1 + 72y2) (13y3) = —2(v3y3)? — 2(niy1 + 2y2)?
(v1y1 +7292)% < 2((M1y1)? + (1292)?)

Sincev; = R3 3 one deduces from (21) that
1 t+0 9
Vi+yst g ((R7(s)es)Ty)" ds — .92, |yl
1 o 2 2 2 2 1.2 2
=5/ (T=A7(s)yi + (1=173(5))y3 + 573 (5)y3) ds
_ETQ?naw|y|2
5 r
> (% (s )dS — e ey > pylyl? 27)
with py = 2 p/3 — .02, . Therefore, any number, such

that0 < e, < p/(3Q7,,,) ensures that; in (27) is positive.

Let us now consider the term

t+6
|mI><:v|2 5 / Erg

(s)es]« [eg]xgcfds

involved in the last mequallty of (25) By simple computa-

tions one obtains

—R373 O O —R3731171
[Reg]x[eg]xx: 0 —R3)3 Olx= —R373$2
Riz Roz 0 Ry 321+ Ro 322
L Erg

Thus, definings, H; and using (21) one deduces

&
g R(s)es]« [eg]xgcfds

ZX.I'|2 5/

ob- (mawa— m2$3
e
(E’TR3 3(8) (@3 +23)+&,(R13(s)m1 +R273(S)(E2)2)d8

> (msxz —mox3)?+ (msz1—mizs)? + &.p(xf + 23)

2
— 2
B ( m3 3)
M1 3

2
2
+ 1y m3 \/ﬁ 3)
(m?+m3)ep 22 2
T e, s 2 iyl

m31171 —m1173) +(maoz1—myxa)?

Erp mams

R I i

+ E7TTP$1 —
+%(x% +23) +
28

with z7 £ min (Egp, % which is positive ginge
mz and es are non-collinear. From (25), (27), (28) one
then deduces tha} [, [ XTD(s)Xds > p|X|? with p 2
min (g, py,) > 0. Th|s concludes the proof of the first case.

Case 2 The proof proceeds analogously to the proof of
the first case. SincB(¢) = 0, similarly to (25) one deduces
that the left-hand side of (20) satisfies

1 t+6
- XTD(S)XdS>
o Jy
2
Vit / S (R ) ds (9)
t+96

HR(S)€3]X [63]X$’2d8

+|mz><x|2—|—g

0
_Etvl 2mazx (Il + I2)
with someeg, > O Relatlon (28) is now replaced by

|mz><:c|2+? HR( Jes]x[e3] xff‘ ds =107 opaq (47 +13)

M_
2

in (9P 2
Zmln( 5= — €tVT 2maxs

>

(m1+m2)g P2
S 2ma1) (2% + 23) + mitglo L3

(m1+m2)g P |1'|2
2m3+g2p

> k||

(ml +m2)‘7 14
2m3+g2p

) This num)

ber is positive ifs; is chosen such thdt < e; < 5
Relation (27) is now replaced by

vtk + (15 / (R (5)es)w) ds

14 e
_5/

W3 +u3 + (v (s)y)?)ds > pl |y|?
A Etp

with My = 3ty From (29), (30), (31) one thén zie-

duces thatl [ XTD(s)Xds > ulX|2, with u 2

min (g, pl)) > 0. This concludes the proof of this case.
Case 3 Using the same procedure as the one used to

derivetgreslations (25), (27), and (28) one deduces

1
XT"D(s)Xds

1 [t+s
2
> |mz X x| +5/
t

o J
—511)1 2ma;v('rl + 'r2)

i t A s gar 2
with Hgp = 1T (T — &ty ,2max)

1 2max

1+€t

2
€
2962 ‘[R(s)e3] |es] Xw‘st

+y1+y2 5/ 1_|_ 1( ) dS EQQ?naz':ng
4 _

Z ( E:fﬁ LT 2ma1) (23 +23) %?;;[JIQ

+ ( (1+5 mam) |y|2



2 ) . m24m2 L.
with 5, 2 1519 andey, e, > 0 chosen such that Choosing any positive number, < i)fl;;aj and defining
€9 .
2 o with an A 203 orman &9 £ min (%,ml +m3 — eg0? QWW) > 0, one
14 &9 b e % (32) deduces from (35), (36) and the relations
L Qoeq, With ag £ 3nae (mom1—maa2)? = (mf +m3)a3, I+ 73 =af +a3
One then vérifies that positive solutionséfande, to (32)  that s
exist if cyay < 1 or, equivalently, ifvy 240 Qmaz < %. 1 X "D(s)Xds
From here (18) follows immediately. 0 Ji ) )
Case 4 Using (22) one obtains E 52(5”; +3) ‘z(mi’;f?_m?gli%g +(m23$1 —my3)
1 44 —€1Y1 2max \T +x + 7| |
g/ ((egxi)(S))Tx)QdS - 1,2 ( 1 2) 3(1+51) ) .
t S (22 2 2 2 (mf +m3)é2 ,
_a 1T (1 tte _ (33) 2 E1V7 2mag ) (T1 +73) + ~—F —5———13
_ |72 . T T2 2 2mg + &2
= < b1,2(8)0y 5(s)ds €1 9
n ]\ | o el
3(1+e1)

> pi(af + a3)
Then, proceeding similarly to (25), (28), (31), and using)(3 where the last inequality is obtained by proceeding analo-
one deduces from the right-hand side of (20) that gously to (28) . From here by choosing any positive number

1 [t+o €1 < 522—, (18) then directly follows.
g/ XTD(s)Xds b
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