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Abstract

The statistical problem of parameter estimation in partially observed hypoelliptic dif-
fusion processes is naturally occurring in many applications. However, due to the noise
structure, where the noise components of the different coordinates of the multi-dimensional
process operate on different time scales, standard inference tools are ill conditioned. In this
paper, we propose to use a higher order scheme to discretize the process and approximate
the likelihood, such that the different time scales are appropriately accounted for. We show
consistency and asymptotic normality with non-typical convergence rates. When only par-
tial observations are available, we embed the approximation into a filtering algorithm for
the unobserved coordinates, and use this as a building block in a Stochastic Approximation
Expectation Maximization algorithm. We illustrate on simulated data from three models;
the Harmonic Oscillator, the FitzHugh-Nagumo model used to model the membrane poten-
tial evolution in neuroscience, and the Synaptic Inhibition and Excitation model used for
determination of neuronal synaptic input.

1 Introduction

Hypoelliptic diffusion processes appear naturally in a variety of applications, but most parameter
estimation procedures are ill conditioned, especially when only partial observations are available.
Hypoellipticity means that the diffusion matrix of the stochastic differential equation (SDE)
defining the multidimensional diffusion process is not of full rank, but its solutions admit a
smooth density. In this paper we consider parametric estimation for hypoelliptic diffusions
defined as solutions to an SDE of the following form:

AV, = a(Vi,Up)dt W
dU, = A(V,,U)dt+T(V,,U,)dB,

where V; € Xy C R, U; € Xy C RP with p > 1 and B; is an m-dimensional Brownian motion,
from discrete observations of the full system (V;, UT)T, or from discrete observations of V; only
(partial observations), the latter being the most realistic in applications. Here, T denotes trans-
position. Thus, the noise acts directly on Uy, so these are the rough components, whereas V; is



only indirectly affected by the noise, which is propagated through a(-), and has to depend on U
for the model to be hypoelliptic, and thus, V; is the smooth component.

A prominent example is the large class of stochastic damping Hamiltonian systems, also
called Langevin equations, describing the motion of a particle subject to potential, dissipative
and random forces (Wu, 2001; Cattiaux et al., 2014b,a, 2015; Comte et al., 2017). In this case
a() = U, and A(:) = —c(V,,U)Uy — VP(V,), for some function ¢(-) and where P(-) is the
potential. They typically arise from a second order differential equation, which develops into a
higher dimensional system with some coordinates representing positions, and some coordinates
representing velocities. The noise is degenerate because it acts directly on the coordinates of
the momentum only, and not on the positions. These models have many applications, such
as molecular dynamics (Leimkuhler & Matthews, 2015, eqs. (6.30)-(6.31)), stochastic volatility
models, paleoclimate research (Ditlevsen et al., 2002), neural mass models (Ableidinger et al.,
2017), random mechanics or classical physics. Specific examples are the harmonic oscillator
(HO), where A(-) = —DV; —~U;, which will be our first example, the van der Pol oscillator where
A() = u(1—=V2)U; — V; and the Duffing oscillator where A(-) = —6U; — BV; — aV;3 +ycoswt. In
this setting, parametric estimation has been considered before, taking advantage of the special
structure of a(V;,U;) = U;. Samson & Thieullen (2012) propose contrast estimators based on
the fully observed system, by approximating the unobserved coordinate U; by the differences
of the observed coordinate V;. Pokern et al. (2009) propose a Gibbs algorithm in a Bayesian
framework, still relying on the simple form of a. The particular case of integrated diffusions,
where the dynamics of U; do not depend on V;, has been investigated by Genon-Catalot et al.
(2000); Ditlevsen & Sgrensen (2004); Gloter (2006).

However, many applications need to allow for a more flexible formulation of function a(-).
For example, it can be convenient to model parts of a large deterministic system exhibiting
multiple time scales by a low dimensional stochastic model, leading to a hypoelliptic structure
on the reduced model (Pavliotis & Stuart, 2008). An important field of application is neuronal
models of membrane potential evolution, where the noise only acts on the input, or on the ion
channel dynamics, leading to hypoelliptic SDEs. Examples are the FitzHugh-Nagumo (FHN)
model (DeVille et al., 2005; Leon & Samson, 2017), which is our second example, the Hodgkin-
Huxley model (Goldwyn & Shea-Brown, 2011; Tuckwell & Ditlevsen, 2016), or conductance
based models with stochastic channel dynamics (Ditlevsen & Greenwood, 2013). Also neural
field models are often hypoelliptic (Coombes & Byrne, 2017; Ditlevsen & Lécherbach, 2017).
It is therefore important to develop reliable estimation methods for this class of models. A
particular sub-class are hypoelliptic homogeneous Gaussian diffusions, where the drift is linear
and the diffusion is constant, which were considered by Le Breton & Musiela (1985), and where
the transition density is explicitly known. A simple example is the HO mentioned above.

Ergodicity of these models have been studied, based on the hypoellipticity of the system (Mat-
tingly et al., 2002). But even if the model is ergodic, the degenerate noise structure complicates
the statistical analysis and many standard tools break down. The main difficulty with hypoel-
liptic models compared to the elliptic case is the transition density for time A, which converges
towards a point measure when A — 0 at a faster rate, 1/A? (Cattiaux et al., 2014a; Comte et al.,
2017), compared to the elliptic case of 1/A. In general, the transition density is unknown, and
the estimation fails if approximating by the Euler-Maruyama scheme, since the scheme can fail
to be ergodic for any choice of time step, even if the underlying SDE is (Mattingly et al., 2002).
Intuitively, the problem arises because the diffusion matrix is not of full rank, and lower order
schemes will have a degenerate variance matrix, even if the underlying model does not, thanks
to the hypoellipticity. Pokern et al. (2009) suggested to circumvent this problem by adding the
first non-zero noise terms arising in the smooth components of the Ito-Taylor expansion of the
process. However, this only remedies the estimation of the diffusion parameters, whereas drift



parameters are poorly estimated, see their Fig. 4 and our Table 1. Instead we suggest to approx-
imate the unknown transition density with a higher order scheme, namely the order 1.5 strong
Taylor scheme (Kloeden & Platen, 1992), which leads to the same approximation of the variance
up to leading order as in Pokern et al. (2009), but also approximates the mean correctly. We
propose a contrast based on this scheme, and prove consistency under the standard asymptotics
of A — 0 and nA — oco. The proof relies on the higher order approximation of the mean, and
thus, provides an explanation of why the consistency failed for the estimator proposed by Pokern
et al. (2009). To our surprise, we also obtain asymptotic normality, but with faster convergence
rates for parameters of the smooth components than the usual rates of the rough components.

When only partial observations are available, i.e., only some coordinates are observed, the
statistical difficulties increase. One particular problem is that the system is coupled, such that
the unobserved coordinates are not autonomous, and the hidden Markov model framework is
degenerate. We therefore embed the approximation into a filtering algorithm for the unobserved
path and a Stochastic Approximation Expectation Maximization (SAEM) algorithm, as sug-
gested in Ditlevsen & Samson (2014) for the elliptic case. This framework furthermore extends
the class we can handle considerably by allowing for general drift functions also for the smooth
components, as well as for state dependent diffusion matrices.

The running examples throughout the paper are the HO model, where we compare with
the estimators proposed in Pokern et al. (2009) and Samson & Thieullen (2012), the FHN
model, where we allow for a general a(-) in the drift of the smooth component, and the Synaptic
Inhibition and Excitation (SIE) model, where p > 1 and the diffusion matrix is state dependent.
In Section 2 we introduce the general model, the likelihood and notation, we discuss conditions
for hypoellipticity, give formulas for moments and introduce the three example models. In
Section 3 we give the discretization scheme and present some theoretical results of the scheme
needed to show consistency of the estimators. In Section 4 we present contrast estimators for the
completely observed case, which will serve as a basis for the partially observed case, where the
unobserved components have to be imputed before employing the contrast estimator. In Section
5 we introduce the particle filter to impute the hidden path and the SAEM algorithm to estimate
by alternating between imputation and estimation from the fully observed system, and we give
indications of how to choose the initial parameter values for the algorithm. In Section 6 we
conduct a simulation study on the three example models, and we compare with other estimators.
In Appendix, proofs are gathered.

2 Models

In this paper we consider parametric estimation for hypoelliptic diffusions defined as solutions
to an It6 SDE of the following form:

avy = a(VuUt;w)dt (2)
dUy = A(Vi, U p)dt +T'(V, Up; 0)d By

where V; € Xy C R, U; € Xy C RP with p > 1 and B; is an m-dimensional Brownian motion.
Denote the full state space by (V;,Ul)? € X C RP*1. Functions a : X — R and A : X — RP
are drift functions depending on an unknown parameter vector 5 = (1, ¢). Denote the full drift
vector by b = (a, AT)T. Furthermore, I' : X + RPX™ is a partial diffusion coefficient matrix
depending on an unknown parameter vector o, the full diffusion matrix being

(0,15 0) = [ o Om ] (3)

v, U;0)



where 0,, is the m-dimensional row vector of zeros. Equation (2) is assumed to have a weak
solution, and the coefficient functions a, A and I" are assumed to be smooth enough to ensure the
uniqueness in law of the solution, for every § and o. Most importantly, the process is assumed to
be hypoelliptic, meaning that it admits a smooth density with respect to the Lebesgue measure,
see Section 2.3. We will restrict attention to diagonal noise in the examples below, such that
m = p and

o1(v,u;0) 0 0

I'(v,u;0) = 0 0 (4)
0 0 op(v,u;0)

where o (v,u;0) > 0 for (v,u’)T € X and j =1,...,p. In the applications below p = 1 or 2.

2.1 Likelihood and objectives

In model (2), the parameters 1, p and o are unknown. The objective of this paper is to estimate
these from observations of the first coordinate V; at discrete times tg, %1, ..., t,, with equidistant
time steps A = t;411 — t;. The ideal would be to maximize the likelihood p(V.n; 8, 0) of the
data Vo., = (Vo,...,V,), where we write V; := Vi, for j = 0,1,...,n. However, the likelihood
is intractable, not only because the transition density of model (2) is generally unknown, but
also because Vp.,, is not Markovian, only (V;,U;) is Markovian. Even if there is no noise on the
first coordinate, the hypoellipticity condition implies that the transition density of model (2)
exists. Denote the unknown transition density by p(Viqa, UriralVs, Us; 8, 0), then the complete
likelihood, assuming all coordinates observed and using the Markov property of (V;, Uy), is given
by

n—1

p(V0:77,7 UOZ’!L; ﬂa U) = H p(%-‘-la Ui+1|V%a UZ, Bv U)' (5)

i=0
The marginal likelihood of V;.,,, when only the first coordinate is observed, is a high-dimensional
integral,

n—1
pVoi50) = [ ] plVisr, Usial Vi, Us .0) U0, (6)
=0

which is difficult to handle.

A standard approximation to the unknown transition density is given by the Euler-Maruyama
scheme, where the transition density is normal with mean and variance given by the drift and
diffusion coefficients multiplied by A. However, since the diffusion coefficient on the first coordi-
nate is zero, the normal distribution of the scheme is singular, and the estimation breaks down.
The same happens for the slightly improved Milstein scheme. We suggest instead to approximate
with a higher order scheme with strong order 1.5, where, as we shall see, a stochastic term of
order A3/2 appears in the first coordinate, which is a filtered version of the stochasticity from the
other coordinates. This stochasticity is enough to ensure that the estimation procedure works,
as long as drift terms of the same order is maintained in the approximation. Denote by

PA(Vig1, Uit1|Vi, Ui; B, 0) (7)

the approximated transition density from this scheme.

In Section 4, we assume all coordinates (V;,UT)T observed at discrete time points, and
explain how we can estimate the parameters in that case. In Section 5 we assume only V;
observed, and suggest to impute the hidden coordinates U, and discuss how to maximize the
likelihood pa (Vo.n; 8,0). Before detailing the estimation approaches, we give further details



on hypoellipticity and some moment properties of the process. Section 3 is devoted to the
discretization scheme of order 1.5.

2.2 Notation

We write 0,a(V;, U;) for the row vector of partial derivatives evaluated at time ¢;,
(Ou,av,u), ..., Ou,a(v,u))|(v,u)y=(v;,u,), and likewise for the Jacobian matrix of A and o. Let

Vi() = Yo 0F(v,u) 8‘3;? () denote a weighted Laplace type operator, where we choose this
notation not to confuse with the time step A. Operated on vectors it is applied componentwise.
Write I'(v,u) = (o1 (v,u),...,0,(v,u)) for the vector of entries in the diagonal of matrix (4). Let
O, f* denote the n-dimensional row vector of partial derivatives of the ith component of a generic
function f: X — R™ with respect to the elements of x, or just 9, f if n = 1. We will sometimes
use notation b for the drift, and sometimes a, A, depending on what is most notational convenient.
Note that by = a and bjq = A; for j = 1,...,p. We sometimes write X; = (V;,UL)T for the
process, but use V; and Uy when we need to distinguish between the smooth and the rough parts
of the process. Let I, denote the identity matrix of dimension p and 1, the p-column vector of
ones.

2.3 Hypoellipticity

An SDE is hypoelliptic if the diffusion matrix is not of full rank, but its solutions admit a
smooth density with respect to the Lebesgue measure. Hormander’s theorem asserts that this is
the case if the SDE in its Stratonovich form satisfies the weak Hérmander condition. We write
o7 : RP — R? for the m column vectors of the diffusion matrix I', and 67 : RPt! — RPT! for the
m column vectors of the diffusion matrix (3), such that 57 = (0, (¢7)7)7.

For smooth vector fields f(z) and g(z) : R™ — R™, the ith component of the Lie bracket
[f, 9] is defined by [f, g]* = (0.9°)f — (Ouf")g , i = 1,...,n. Define the set L of vector fields by
the initial members 67 € £,j = 1,...,m and recursively by

Lel = [bL],[6",L],...,[6™ L€ L. (8)

The weak Hormander condition is fulfilled if the vectors of £ span RPT1. Assume that the initial
members span RP, which in particular is the case if I'(v,u) is given by (4). Therefore, we only
need to check if there exists some L € £ which has the first element different from zero. The
first iteration of (8) for system (2) yields

[b,67) = —9,a(v, u)o? (v, u)

64,671 =0

for i,7 = 1,...,p. This leads us to the following sufficient and necessary condition for system
(2) to be hypoelliptic.

(C1) Y(v,u™T € X, dya(v,u)o? (v,u) # 0 for at least one j = 1,...,p.

This is a natural assumption; the noise on some of the components of u should be propagated to
the first coordinate, which can only happen if a(v,u) depends on at least one component of u.
Note that the system has to be in its Stratonovich form, whereas we assume model (2) in its Tto
form. However, the condition still holds, since it only involves the drift of the first component.
If T'(v,u) in (4) does not depend on (v,u”)?, the It6 and the Stratonovich forms coincide. If it
is state dependent, a conversion from Itd to Stratonovich form will change the drift functions of
the U; coordinates, but not of V;.



2.4 Moments

The distribution of X; = (V;,UL)T in eq. (2) is in general unknown, but moments can be
approximated when X; is ergodic. For sufficiently smooth and integrable functions f : X +— R,
then

ko Ad
E(f(Xea)lXe =) = 3 S0 () +0(ak) 9

=0

where L is the generator of model (2)-(4),

Liw) = @uf@)h)+ 5 72 S)

and L'f means i times iterated application of the generator (Sgrensen, 2012). This yields the
first conditional moment of the j'th component of X3,

) ) A2
EXalXe=2) = o9+ Abj(x) + 5-Lbj(x) + O(A?). (10)

In particular, for model (2) we have

A? A?
EVigalXe =2) = v+ Aa(z)+ 78,;(1(1‘) b(x) + Ve v% a(x) + O(A®), (11)
A? A?
E(Upa|Xe =2) = u+AA(x)+ 783614(3:) b(x) + e v% A(x) + O(A?). (12)
Furthermore,
A3
Var(Viya|X: = 2) = ?&aFI‘T(@ua)T +O(AY) (13)
Var(Ul, | X: = 2) = Ao} (z)+ (14)

A? 1
- (Ajaujajz-(x) + 20?(1:)8%. Aj(x) + 20?(3:)85;_0?(3:)) +0O(A?)

Note how the order of the variance of the first coordinate is A%, whereas the mean is of order
A. This is the cause of the statistical difficulties of estimating the parameters.

2.5 Three examples
2.5.1 Harmonic Oscillator

Harmonic oscillators are common in nature, and the model is central in classical mechanics.

Consider the damped harmonic oscillator driven by a white noise forcing (Pokern et al., 2009),
dVy = Ut (15)
dUt = (—DV} — ’}/Ut)dt + O'dBt

with v,D,0 > 0. Here, p = 1. The process has no parameter ¢, which makes parameter

estimation much easier, and thus = ¢ = (D,). The drift function and diffusion coefficient

are Lipschitz. For this linear model we know the true distribution. The process is an ergodic

Ornstein-Uhlenbeck process, i.e., a Gaussian process. Define

=) (5 1) o)
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Figure 1: Simulated traces of the three example models. Left: Harmonic Oscillator. Middle:
FitzHugh-Nagumo model. Right: Synaptic Inhibition and Excitation model. Upper plots: The
smooth coordinate V. Lower plots: The rough coordinates U. Parameter values are given in
Section 6.

Then
dX; = MX,dt + XdB;

and the conditional distribution is

0

A
(Xt+A|Xt = .T) NN <6AM$, / €SMZET€SMTdS> . (16)

Let d = 11/72 — 4D, then

E(Xya|X; =) = e 274 ( ((COSh (dA) + 3 sinh (dA)) @1 + (§ sinh (dA)) 22 ) .

— L sinh (dA)) 21 + (cosh (dA) — 2L sinh (dA)) 2 (17)

To compare with the analysis of the other models, we make a Taylor expansion in A up to order
2 obtaining

E(Xi4alXe = z) =2+ ABp(z) + O(A®) (18)
where )A
— (Dz1 +v22)5
AB =A vz = (D1 2 ) : 19
HO (") < —(Dxy +~y22) + (y(Day + y3) — D)5 (19)
Furthermore,
o> [1 0
Var(Xt+A|Xt = :c) = 2’Y7D |: 0 D :| + (20)
oZe A %— 4 sinh (2dA) — 55 cosh (2dA) cosh (2dA) — 1
442 cosh (2dA) — 1 % +dsinh (2dA) — 7 cosh (2dA)




with Taylor expansion up to order 3 in A

1A3 1A2 1A3

_ 2 3
Var(Xyial X =) =0 { %AQ 1A37 A — 7A2 1A3(27 — D)

] +0(AY (21)
where we need a higher order for the variance for later convergence results, since otherwise the
variance of the first coordinate is zero.

The invariant distribution is Gaussian,

o2 [1 0
Xoo ~ 0, — .
(5500 0))
The solution of this system has thus moments of any order. An example trace can be found in
Figure 1.

2.5.2 FitzHugh-Nagumo

A prototype of a model of a spiking neuron is the FitzHugh-Nagumo model, which is a minimal
representation of more realistic neuron models, such as the Hodgkin-Huxley model, modeling the
neuronal firing mechanisms (FitzHugh, 1961; Nagumo et al., 1962; Hodgkin & Huxley, 1952).
Consider the stochastic hypoelliptic FitzZHugh-Nagumo model, defined as the solution to the
system
{ avy = %(V;E - Vts Ui+ s)dt, (22)
dU; = (Vi —=U+ B)dt + odBy,

where the variable V; represents the membrane potential of a neuron at time t, and U, is a
recovery variable, which could represent channel kinetics. Also in this model is p = 1.

Parameter s is the magnitude of the stimulus current. When only V; is observed, s is not
identifiable (Jensen et al., 2012). Often s represents injected current and is thus controlled in
a given experiment, and it is therefore reasonable to assume it known, so that ¥ = . Thus,
parameters to be estimated are o, e and ¢ = (v, ).

The distribution of X; = (V;,U;)” is unknown, but moments can be approximated by using
(9), where the generator of model (22) is

1 0 0 0?
Lf(z) = g(xl—x‘r{’ x2+s)d—f+('ym1—x2+ﬁ)—f+f df'
We obtain
E(X:+a| Xt = ) = 2 + ABppN(2) + O(A?)
where
ABFHN(.I) = (23>
1 3 Al /1 3
A (w1 —a) — @2+ 5) + >z 5(1 —32])(zy — 2} — 22+ 8) — (yT1 — 22 — B)
A
(yx1 —x2 + B) + 5<gz1—z‘f—x2+s) (’yxlf:c2+ﬂ))
and
1A3L _1p2l
) 2 2 2 3
Var(Xt+A|Xt = x) =0 [ _%AQ% A AQ + O(A ) (24)

An example trace can be found in Figure 1.



2.5.3 Synaptic-conductance model

A neuron, which reliably can be characterized as a single electrical compartment, and which
receives excitatory and inhibitory synaptic bombardment, has a voltage dynamics across the
membrane that can be described by this conductance-based model with diffusion synaptic input
(Dayan & Abbott, 2001; Berg & Ditlevsen, 2013)

CdVy = (-Gr(Vi—V5)—Ge(Vi = Vg) — Gre (Vi — Vi) + Lin;)dt
dGEﬂg = —f(GEt—gE dt—FO’E\/GEtdBEt (25)
dGr: = —:I(Gl,t — gr)dt +o1y/Gr+dBg+

where C is the total capacitance, G, Gg and G are the leak, excitation, and inhibition conduc-
tances, Vr, Vg and V; are their respective reversal potentials, and I;,; is the injected current.
The conductances G.; and G;; are assumed to be stochastic functions of time, where (Bg,)
and (By,) are two independent Brownian motions. The square roots in the diffusion coefficient
ensures that the conductances stay positive. Parameters 75,7 are time constants, gg, gr the
mean conductances, and og,o; the diffusion coefficients, scaling the variability of these two
processes. Here, U; = (Ge,t,Giﬁt)T and p = 2. We assume to know the capacitance and the
reversal potentials, which are easily determined in independent experiments (Berg & Ditlevsen,
2013), as well as I;,,;, which is controlled by the experimenter. Thus, there is no parameter 1,
v =(9g,d1,7E,71), and 0 = (0g,07).

The distribution of X; = (V;, UT)T is also unknown for this model, but as before, moments
can be approximated by using the generator of model (25),

1 0
Lf(x) = 5(—GL(:L’1*VL)*CL’Q(M*VE)*IS(JH Vi) + my)djl

Y P TR e

TE(SCz gE)dx2 TI(JC?, gl)d +2E$d%+2 e

and equation (9). We obtain

E(Xi1+a)|X: = 2) = 2 + ABgrg(z) + O(A®) (26)
where
A
bi(2) =55 (b1 (@) (G +a2+23) b xl—VE) + b3 (x)(z1— V7))
A
A
2( )
and
Var(Xt+A|Xt = l‘) = (28)
0 7A42 o%(x1 — Vg) —%J%(:pl - V)
~ A0 (e~ VE) o} (Al‘z o " (312 — ?E)) 0 +0(A%).
—2262(, — Vi) 0 (A:vg — £ (3w - 91))

An example trace can be found in Figure 1. The red trace is the excitatory conductance, the
green trace is the inhibitory conductance.



3 Discretization scheme

The transition density for model (2) is generally unknown, and a possible approximation to the
likelihood function is the likelihood for some approximating scheme of the discretized process
Xo:n. We will write X; for the approximated process, or V; and U; where relevant.

The most commonly applied scheme to approximate the likelihood in SDEs, especially for
high-frequency data, is the Euler-Maruyama approximation of model (2), which leads to a dis-
cretized model defined as follows

‘7z'+1 = ‘;'iJrAa(‘;;‘,Ui)a (29)

Uipr = Ui+ DAV, U) +T(V;, Ui,
where (7;) are centered Gaussian vectors with variance AI,. Thus, the transition density of the
approximate discretized scheme is a degenerate Gaussian distribution, since there is no stochastic

term on the first coordinate. The same happens for the Milstein-scheme with strong order of
convergence equal to 1. This causes the estimation to break down, as we will explain later.

3.1 Discretization with 1.5 scheme

We propose to use a higher order scheme, namely the 1.5 strong order scheme (Kloeden &
Platen, 1992), using the hypoellipticity of (2) to propagate the noise into the first coordinate.
For a diagonal diffusion matrix as in (4) the scheme is as follows, where we for readability have
suppressed the dependence on (V;, U;),

N N A2 A2
Visr = Vi+Aa+ Taxab + a4 V% a+ 0yal§; (30)

N N A2 A2

1, - _ 1 -
+50uL D% = 1p) + 0T A(A; — &) + 5 VE (A — &)
+%8uf‘ (0uoT) I‘(%anT — AL)n; (31)

where (n;) are centered Gaussian vectors with variance AL, (§;) are centered Gaussian vectors
with variance A3/31,, Cov(n;, &) = A?/21, and Cov(n;,&;) = 0 for i # j. Furthermore, 7;?
denotes the vector with the squared entries of 7;. Notice how noise of order A%/? is now prop-
agated into the first equation, since the last term on the right hand side of (30) is non-zero if
condition (C1) is fulfilled. If T is independent of the process (additive noise) then the last two
lines in (31) are zero.

To simplify the notation later on, we rewrite equations (30)-(31) as

( Vit ) _ ( Vi )+AB(V;,Ui)+ai, i~ Noyia (0,5(V, ) (32)
Uita U;

where AB(v,u); = Ab; + %Zalbj b+ ATZ V2 b; is the scheme for the drift and X(v,u) is the
variance matrix of the scheme. Up to leading order, the variance matrix is given by

0,aTTT(9,a)T4  0,aTTTA
Blou) = ( 70,74 TTTA (33)
u 2
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Since the mean term coincides with the true mean up to order A2, see eqs. (11) and (12), the
functions B(v,u) for models (15), (22), and (25) are given in (19), (23) and (27), respectively,
where = (v,u”)T. The variance matrix 3(V;,U;) of the above scheme for the three models
(15), (22), and (25) are

1A3 1A2 IAS
YHO = o’ < %Azg 1A37 A~ Az,y+ 1A3 2 > (34)
lA3 -2 (_1A2 1A3) 6_1
— 42 3 2 3
YFHN =0 < (“1A% 4+ 1A3) 71 A— A2 A3 ) (35)
Ssip(Vi.Ui) = (36)
8V (03CpitaiGrs)  —oiViGei(+EL) oG (34
~ o~ Ag A3 ~ Az AB
—03ViGr,i (7+ Go) 98GE (A — gt 125%3) 0
~ o~ 2 3 ~ 2 3
—01ViGr.i (%4‘ 6A71> 0 01Gri (A st 1§T,2>

For comparison, we recall the variance matrix for the HO model suggested by Pokern et al.
(2009),

IAB ;A2>

YHO, Pokern = o’ ( %A2 A (37)

which coincides with (34) up to lowest order at each matrix entry. Furthermore, it coincides with
(33) when p = 1,a(v,u) = w and T'(v,u) = o. This is sufficient to obtain reasonable estimates
of variance parameters, but their drift approximation is not of sufficiently high order to ensure
reasonable estimates of drift parameters.

3.2 Theoretical results
3.2.1 Strong and weak convergence

The scheme (30)—(31) has a strong order 1.5 and a weak order 2 convergence (Kloeden & Platen,
1992). The following bounds follow by comparing eqs. (9)—(14) with eqs. (30)—(31). These
bounds are needed later to prove consistency.

Proposition 1 [Weak convegence]

E(Vig1 — Vi — AB(X;3)11X5)
E(Uis1 —U; — AB(Xi)(_1)|Xi)

O(AY)
O(A3)

E((Vig1 — Vi — AB(X;)1)?|X;) = ?a alTT(9,a)T + O(AY)
E((Uis1—Ui—AB(X:)(—1)) Uiz1 —U; = AB(X;) (1)) |X;) = ATTT + O(A?)
E((Vit1 — Vi = AB(Xi)1)*|X,) = O(A")
E((Uit1 =U;i=AB(Xi) (1)) (Uit1 Ui =AB(X;) (1)) ")?|Xi) = O(A?)

3.2.2 Convergence of the transition density

To prove the convergence of the particle filter to impute the unobserved path (Section 5), we
need a stronger convergence rate of the transition density of the scheme than the result which

11



Bally & Talay (1996) prove on the convergence rate of the density of the Euler-Maruyama scheme
when the SDE is elliptic, which we repeat here for convenience.

Proposition 2 (Bally & Talay (1996)° result) Assume that the drift functions and the dif-
fusion coefficients are 2 times differentiable with bounded derivatives of all orders up to 2. Let
p(xz|xo) denote the exact transition density at x at time A given it was at xo at time 0 un-
der an elliptic SDE, and let pa(x|xo) denote the transition density of the corresponding Euler
approzximation. Then

Vo, [p(eleo) — palalao)] < CAe el (38)
where C' and C' are constants not depending on A.

This result is much more difficult to obtain for a hypoelliptic SDE such as system (2), in particular
because the Euler approximation does not propagate noise into the first coordinate. Bally & Talay
(1996) propose a perturbed version of the Euler scheme, introducing an independent uncorrelated
additive noise at each step (similar to introducing a measurement noise in the model). However,
we use a higher order scheme instead to handle the hypoellipticity, which should be more precise.
As discussed by Del Moral et al. (2001), so far an estimate like (38) is not available for more
sophisticated discretization schemes. In this paper, we conjecture that the result from Bally &
Talay (1996) can be extended to a higher order scheme with corresponding improved bounds,
under the following assumption

(H1) Functions a, A, T" are 2 times differentiable with bounded derivatives with respect to u and
v of all orders up to 2.

Conjecture 1 Consider a discretization scheme of model (2), with weak order 2. Let pa(x|zo)
denote the corresponding density at x at time A with initial condition xo. Under H1, there exist
constants C and C' such that

Ip(|z0) — pa(zlze)|] < CA2eClz—wol’ (39)

Even if we cannot prove this in general, it can be checked for the HO model, where the exact
transition density is known. In fact, for this model we obtain a better bound of A3. Assumption
(H1) is very restrictive, and probably not needed for most models, and in fact not fulfilled for
the FHN and the SIE models. However, we conjecture that these models are still sufficiently
well-behaved for the above to hold.

4 Complete observations

In this Section we investigate parameter estimation when all coordinates are discretely observed.
Later, we extend to the situation where only the first coordinate is observed.

4.1 Contrast estimator

The goal is to estimate the parameter § = (¢, p, o) by maximum likelihood of the approximate
model, with complete likelihood

Pa Vo, Uoin; 0) = p(Vo, Uo; 0) [ [ pa (Vi Uil Vi, Ui—13 6). (40)

i=1
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It corresponds to a pseudo-likelihood for the exact diffusion, with exact complete likelihood given
in (5). The estimator is then the minimizer of minus 2 times the log complete likelihood:

3

n—1
=0

This criteria is ill behaved because the system is hypoelliptic, so the order of the variance for V'
is A3 and of order A for U. Therefore, we propose to separate the estimation of parameter v of
the first coordinate from parameters (¢, o) of the second coordinate.

We thus introduce two new contrasts and their corresponding estimators.

Definition 1 The estimator of the parameters of the first coordinate is given by

. (3= (Vigr — Vi — AB(X;36)1)?
Yo = am (Agz_; (0ua(X3; O)ITT (X50) (Dua(Xis )T

n—1
+y 1og(<8ua(Xi;¢)>FFT<X¢;a)(%a(xi;w))T))
=0

where the parameters ¢ and o are fized to the true values.
The estimator of the parameters of the second coordinate is given by

n—1
(Pn,s 6721) = argmin (Z log(det(FFT(Xi; o)) (43)
¥ \iZo
n—1 4
+ Z(UZ-H—UZ-— AB(X;;0)—1)" (ATTT(X;50)) (Uis1—U;— AB(X;; 9)(_1))>
=0

where the parameter ¥ is fived to its true value.

The first contrast corresponds to the pseudo-likelihood of the marginal distribution of the first
coordinate. The second contrast is a simplification of the pseudo-likelihood of the marginal of the
coordinates with direct noise: the variance appearing in the pseudo-likelihood is ATT? (X;, o) (1+
o(A)) and is simplified to ATTT (X}, o) in the contrast (43), since the variance is dominated by
the lowest order term. The contrasts (42) and (43) require the other parameters to be fixed to
their true values. The numerical optimization of the criteria is not sensitive to those fixed values
as they appear in higher order term.

4.2 Theoretical properties of the contrast estimators

We start by proving the consistency of the contrast estimators. The asymptotics are in number
of observations n and length of time step between observations A,,, where we have introduced
an index n to clarify the relevant asymptotics.

Proposition 3 Denote by 1y the true values of the parameter, and assume (p,0?) known. If
A, — 0 and nA,, — oo then

-~ P
ql}n — 77[]0
Proposition 4 Denote by (po,02) the true values of the parameters, and assume ¥ known. If

A, — 0 and nA,, — oo then

~ ~ P
((IDTHO‘?L) - (%007 08)
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The proofs are given in Appendix 7.

The convergence conditions are standard: the length of the observation interval has to increase
for consistency of drift parameters. For consistency of the variance parameter, it can be proven
that only A, — 0 and n — oo are needed, but we will not pursue that here. It is possible
to study directly the consistency of the estimator minimizing the pseudo-likelihood (41) using
the same arguments as in the proof of Propositions 3 and 4, but at the price of heavy matrix
calculations, which are skipped in this paper.

The estimators are asymptotically normal. We prove the result for (¢,,52) and give some
partial proofs for 1[}n

Theorem 1 Let v(-) denote the stationary density of model (2). If A, — 0, nA,, — oo and
nA2 — 0, then

ViBa(@a—e0) B N (0, (v (0pAC00) " (TTT (,00)) " (D,A(, 20)) )
Vilen—a0) B N (0.2(0 (0TI (,0) (T (,00) (@I, 0))))

Theorem 2 Let v(-) denote the stationary density of model (2). Assume the drift function a
can be decomposed as either: a(x; ) = ay(v,¥) 4+ ay(uw) or a(x; ) = a,(v) +vay,(z). If A, — 0,
nA, — 0o and nA% — 0, then

A=) BN (005 (0 (@uat 50) T Ol o) T 0) @uale b)) @uate ) )

The proofs are given in Appendix 7.

5 Partial observations

In this Section we assume that we do not observe the coordinates U;, which is the most relevant
case for applications. The likelihood to maximize is therefore not the complete approximate
likelihood, but the approximate likelihood pa(Vp.n;6) defined as the integral of the complete
approximate likelihood (40) with respect to the hidden components.

n

pa(Voni®) = [ p(X0i6) [] pa (Xl Xi13 0)U, (44)

=1

It corresponds to a discretization of the exact likelihood (6).

The multiple integrals of equation (44) are difficult to handle and it is not possible to maximize
the pseudo-likelihood directly. As explained in Section 4, it is easier to maximize the complete
approximate likelihood, after imputing the hidden coordinates.

For models where a(v,u) = f(v) 4+ g(v)u for some functions f and g that do not depend on
the parameter, such as in the HO model, the imputation is intuitive: the unobserved coordinate
U, can be approximated by the differences of the observed coordinate V;, U; =~ ((Vi41 — Vi)/A —
Ff(V))/g(V;). However, this induces a bias in the estimation of o (see Samson & Thieullen, 2012,
for more details), and is moreover only applicable for drift functions of the observed coordinate
such that w can be isolated. We will take advantage of that when initializing the estimation
algorithm in Section 5.3.

In this paper we propose to use a particle filter, also known as Sequential Monte Carlo (SMC),
to impute the hidden coordinates. Then, this imputed path is plugged into a stochastic SAEM
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algorithm (Delyon et al., 1999), as done in Ditlevsen & Samson (2014) for the elliptic case. The
SMC proposed by Ditlevsen & Samson (2014) allows to filter a hidden coordinate that is not
autonomous in the sense that the equation for U; depends on the first coordinate V;. Here, we
extend the algorithm to the case of p hidden coordinates, to deal with a p 4+ 1-dimensional SDE.
More precisely, the observable vector Vj.,, is then part of a so-called complete vector (Vp..,, Up.n ),
where Uj.,, has to be imputed. At each iteration of the SAEM algorithm, the unobserved data are
filtered under the smoothing distribution pa(Up., |Voun; 6) with an SMC. Then the parameters
are updated using the pseudo-likelihood proposed in Section 4. Details on the filtering are given
in Section 5.1, and the SAEM algorithm is presented in Section 5.2.

5.1 Particle filter

The SMC proposed in Ditlevsen & Samson (2014) is designed for a p = 1-dimensional hidden
coordinate. Here we extend to the general case. For notational simplicity, 6 is omitted in the
rest of this Section.

The SMC algorithm provides K particles (Uék,z)k 1,... x and weights (Wéﬁ?)k 1,....k such that

the empirical measure WX = Z k1 (U0 n) Uk approx1mates the conditional smoothlng dis-

tribution pa (Up.n|Vo:n) (Doucet et al., 2001). The SMC method relies on proposal distributions
q(U;|V;, Vie1,U;—1) to sample the particles from these distributions. We write Vp.; = (Vo, ..., V;)
and likewise for Up.;.

Algorithm 1 (SMC algorithm)
e At timei=0: Vk=1,....K

1. sample Uék) from p(Ug|Vp)

2. compute and normalize the weights:

wo (U3) =p (Vo, U§Y), - wo (U§?) = m

e At timei=1,...,n: Vk=1,... K
1. sample indices A(k r(-|Wi— 1(Uél) 1), ~,Wi—1(U(§§,)1)) and set
(k) (A(k))
UOz 1 UO’L 1

2. sample U( )~ g ( [Vie1. Z,Ul(kl) and set Uékl) = (Uoff_)l, Ui(k))
3. compute and normalize the weights Wi(Uéﬁ.)) =

(U(k)) J 2N (VO:i,Uéi))
w; . = 7 7
0:d J2N (Vo:i—lyUoff,)l)q(Uy)|Vi—1;1‘7U0;(f,)1

Natural choices for the proposal ¢ are either the transition density q(U;|Vi- 11,U1 1) =
pa(Ui|Viz1,U;—1) or the conditional distribution ¢(U;|Vi-1.i,Ui—1) = pa(Ui|Viz1.4,Ui—1), fol-
lowing Ditlevsen & Samson (2014). The two choices are not equivalent in the hypoelliptic case
because the covariance matrix of the approximate scheme is not diagonal. The conditional dis-
tribution gives better results in practice and is used in the simulations. This is due to the extra
information provided by also conditioning on V.
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In the following, we present some asymptotic convergence results on the SMC algorithm.
The assumptions can be found in Appendix 8.2. For a bounded Borel function f, denote
VEf = Zle f (U,(lk))Wn(Uéﬁl)), the conditional expectation of f under the empirical measure
UK. We also denote m, A f = Ea (f(Un)|Von) and 7, f = E (f(Uy,)|Vo:n), the conditional expec-
tation under the smoothing distribution pa (Up.n|Vo.n) of the approximate model, and under the
smoothing distribution p(Up.,,|Vo.n) of the exact model, respectively.

Proposition 5 Under assumption (SMC3), for any e > 0, and for any bounded Borel function
f on R, there exist constants C7 and Cs, such that

2
P(OEf—moaf|>e) < C <K€> 45
(| f U ,Af| et 5) = 1,A €XP C&AHfHQ ( )

where || f|| is the sup-norm of f and Cy A, Caa are constants detailed in Ditlevsen & Samson

(2014).

The proof is the same as in Ditlevsen & Samson (2014). The hypoellipticity of the process is not
a problem as the filter is applied on the discretized process where the noise has been propagated
to the first coordinate.

We also study the convergence of the particle filter to the exact filtering distribution, as was
done in Del Moral et al. (2001) for an Euler scheme to filter an autonomous hidden coordinate.
Here the hypoellipticity plays a role and we have to work with the 1.5 scheme. The proof uses
eq. (39) of Conjecture 1.

Proposition 6 Under assumption (SMC3), consider a number of particles K and a step size A
of the discretisation scheme of weak order 2 such that

A? <1/VK. (46)

For any € > 0, and for any bounded Borel function f on R, there exist constants C1 and Cs,
such that

2
P(|0ff—mf]>c) < Clexp(‘KcziﬂP> !

where || f|| is the sup-norm of f.

Remark 1 The condition (46) linking the step size A of the discretization scheme and the
number of particles K is a less restrictive condition than the one in Del Moral et al. (2001)
(A <1/VK) when A is less than 1. This was expected because the weak order of the scheme is
2, whereas it is 1 for the Fuler scheme.

The proof is given in Appendix 8.1.

5.2 SAEM

The estimation method is based on a stochastic version of the EM algorithm (Dempster et al.,
1977), namely the SAEM algorithm (Delyon et al., 1999) coupled to the SMC algorithm, as
already proposed by Ditlevsen & Samson (2014) in the elliptic case. To fulfill convergence
conditions of the algorithm, we consider the particular case of a distribution from an exponential
family. More precisely, we assume:
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(M1) The parameter space © is an open subset of RP. The complete likelihood belongs to a
curved exponential family, i.e., log pA (Vo.n, Upen; 0) = —0(0) + (S(Voun, Uoin), ¥(0)), where
v and v are two functions of 8, S(Vy.n, Uo.p,) is known as the minimal sufficient statistic of
the complete model, taking its value in a subset S of R%, and (-, -) is the scalar product on
R<.

The three models considered in this paper satisfy this assumption. Details of the sufficient
statistic S for the HO model are given in Appendix 8.3.

Under assumption (M1), introducing a sequence of positive numbers (a.,)men decreasing to
zero, the SAEM-SMC algorithm is defined as follows.

Algorithm 2 (SAEM-SMC algorithm)

e Iteration 0: initialization of 670 and set so = 0.

e Iteration m > 1:

S-Step: simulation of the non-observed data (U(gz)) with SMC targeting the distribution pa (Up.n|Voun; §m_1).

SA-Step: update s,,—1 using the stochastic approximation:
Sm = Sm—1 + Am—1 |:S(VO:TL> UéTZ)) - Sm71:| (48)

M-Step: update of By, by Oy, = arg max (—16(6) + (s, v(6))) .
€O

Following Ditlevsen & Samson (2014), we can prove the convergence of the SAEM-SMC
algorithm, under standard assumptions that are recalled in the Appendix.

Theorem 3 Assume that (M1)-(M5), (SAEM1)-(SAEMS3), and (SMC1)-(SMC3) hold. Then,
with probability 1, lim,, o d(gm, L) =0 where L = {0 € ©,09la(0) = 0} is the set of stationary
points of the log-likelihood ¢a(0) = log pa(Vo.n; 0).

Moreover, under assumptions (LOC1)-(LOC3) given in Delyon et al. (1999) on the regularity

of the log-likelihood, the sequence 0., converges with probability 1 to a (local) maximum of the
likelihood pa (Voun; 0).

The classical assumptions (M1)-(M5) are usually satisfied. Assumption (SAEM1) is easily
satisfied by choosing properly the sequence (a,,). Assumptions (SAEM2) and (SAEM3) depend
on the regularity of the model. They are satisfied for the 3 approximate models.

The SAEM algorithm converges to a maximum of the approximate likelihood (44). Assuming
Conjecture 1, the distance between this pseudo-likelihood and the exact likelihood is bounded.

Proposition 7 Under H1, there exists a constant C, independent of 0, such that for any 0 € ©,
and any vector Vi.,
|p(‘/0n7 9) - pA(‘/O:n; 9)| S C’I’LA2

The proof follows the proof of Theorem 2 from Ditlevsen & Samson (2014) with a 2 weak order
scheme. The result is improved: for a time interval T' = nA, the bound decreases with A.
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5.3 Initializing the algorithm

The SAEM algorithm requires initial values of 6 to start. We detail our strategy to find initial
values for the two first models. The SIE model is arbitrarily initialized with unknown parameters
fixed to 1.

For the HO model, we run the two-dimensional contrast based on complete observations of
the two coordinates. As the U coordinate is not observed, we replace it by the increments of V':
U, = (Viz1 —Vi)/A. Then the two dimensional criteria is minimized and initial values Do, o, 00
are obtained. The value ¢ is biased due to the approximation of U;, as shown by Samson &
Thieullen (2012). Therefore, we apply the bias correction suggested by Samson & Thieullen

(2012) and use 6 = \/géo as initial value.

For the FHN model, the problem is more difficult because the unknown parameter € appears
in the equation of the observed coordinate. We fix an arbitrary value for £;. Then we replace
the hidden coordinate U; by U; = Vigr — V2 +5— éo%. Using (V;, Ul), we minimize the
two-dimensional contrast to obtain initial values 4y, BO, £o.

6 Simulation study

6.1 Harmonic Oscillator

Parameter values of the Harmonic Oscillator used in the simulations are the same as those
of Pokern et al. (2009); Samson & Thieullen (2012). The values are: D = 4, v = 0.5, 0 =
0.5. Trajectories are simulated with the exact distribution eqs. (16)—(17)—(20) with time step
A = 0.02 and n = 1000 points. Then 0 is estimated on each simulated trajectory. A hundred
repetitions are used to evaluate the performance of the estimators.

The Particle filter aims at filtering the hidden process (U;) from the observed process (V).
We illustrate its performance on a simulated trajectory, with @ fixed at its true value. The SMC
Particle filter algorithm is implemented with K = 100 particles and the conditional transition
density as proposal.

The performance of the SAEM-SMC algorithm is illustrated on 100 simulated trajectories.
The SAEM algorithm is implemented with m = 80 iterations and a sequence (a,,) equal to 1
during the 30 first iterations and equal to a,, = 1/(m — 30)%° for m > 30. The SMC algorithm
is implemented with K(m) = 100 particles at each iteration of the SAEM algorithm. The
SAEM algorithm is initialized automatically by maximizing the log likelihood of the complete

Table 1:  Harmonic Oscillator, mean and standard deviation (in parentheses) of estimators
calculated from 100 trajectories with A = 0.02 and n = 1000. Five estimation methods. Com-
plete observations: new contrast estimator given in eq. (43) and Euler contrast from Samson &
Thieullen (2012). Partial observations: SAEM, Euler contrast from Samson & Thieullen (2012)
and estimator from Pokern et al. (2009) obtained with n = 10000 and A = 0.01 (only the mean
values for D and 7 are given in their paper).
Observations

Complete Partial

True | New Contrast FEuler Contrast SAEM Euler Contrast Pokern
D 4.0 3.712 (0.634) 3.969 (0.540) | 4.081 (0.503) 3.969 (0.540) 1.099 (-)
0.5 0.701 (0.287) 0.716 (0.273) | 0.663 (0.273) 0.754 (0.278) 0.139 (-)
o 05 0.496 (0.014) 0.496 (0.011) | 0.509 (0.012) 0.503 (0.011) - (=)

2
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data, replacing the hidden (U;a) by the differences ((V(;41)a — Via)/A). Several estimators
are compared. The complete observation case is illustrated with the new contrast estimator
(numerical optimisation of contrast (43)) and the Euler contrast from Samson & Thieullen (2012)
(explicit estimators). The partial observation case is illustrated with the SAEM estimator and
the Euler contrast from Samson & Thieullen (2012). Bayesian results from Pokern et al. (2009)
are also recalled, even if they are obtained with a different sampling (n = 10000 and A = 0.01).
Results are given in Table 1.

The first four estimators give overall acceptable results, while the estimator of Pokern et al.
(2009) is seriously biased. The best results are obtained with SAEM. It might seem surprising
that the SAEM performs even better than the estimators based on complete observations. This
is due to the sensitivity of the numerical optimisation of the contrast (43) to the initial condi-
tions, that were set to (3,1,1). The stochasticity of the SAEM algorithm helps to avoid local
optimization points, while the numerical optimizer might get stuck in some local minimum. The
optimization of the Euler contrast is explicit for the HO model, and there is thus no dependence
on initial conditions. It therefore outperforms the new contrast for D.

Comparing SAEM and the Euler contrast for the partial observation case, they give results
of the same order, even if slightly better for the SAEM. However, SAEM is much more time
consuming. Note also that the SAEM algorithm provides confidence intervals easily, which is
not possible with the contrast estimators.

epsilon gamma
60- 37
40- 21
20- 1-
0 0- estimator
- ] ] ] | ]
£ 009 0.10 0.11 0.12 1.25 1.50 1.75 2.00 DCDntrasl
=
g beta sigma I:‘ SAEM 1
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3-
40-
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1-
0- 0-
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Figure 2: FHN estimation results for partial observations. Densities of estimated parameters
over 100 repetitions for the new contrast method assuming ¢ known (red), SAEM assuming &
known (blue), SAEM estimating € (green). The blue vertical lines are the true values.



6.2 FitzHugh-Nagumo

Parameter values of the FitzHugh-Nagumo used in the simulations are : € = 0.1, s =0, v = 1.5,
B8 = 0.8, 0 = 0.3. Trajectories are simulated with time step § = 0.002 and n = 1000 points
are subsampled with observation time step A = 104. Then 6 is estimated on each simulated
trajectory. A hundred repetitions are used to evaluate the performance of the estimators.

Several estimators are compared. First note that ¢ is difficult to estimate because it appears
in the first coordinate. Therefore, we first fix it at its true value. This allows to transform the
system into a Langevin equation with dV; = Z;dt, and to apply the Euler contrast proposed
by Samson & Thieullen (2012). With ¢ fixed, we compare in the complete observation case the
contrast estimator (numerical optimisation of contrast (43)) and the Euler contrast from Samson
& Thieullen (2012) (explicit estimators). We also include the estimation of the full parameter
vector by the new contrast given in egs. (42) and (43). In the partial observation case we compare
the SAEM estimator, the new contrast and the Euler contrast from Samson & Thieullen (2012).
We also run the SAEM algorithm where ¢ is not fixed but estimated.

The SAEM algorithm is implemented with m = 350 iterations and a sequence (a,,) equal
to 1 during the 250 first iterations and equal to a,, = 1/(m — 250)%Y for m > 250. The SMC
algorithm is implemented with K = 100 particles at each SAEM iteration. The SAEM algorithm
is initialized automatically by maximizing the log likelihood of the complete data, replacing the
hidden (U;a) by the differences (Via — ViAs — e(Viit1)a — Via))/A, € being initialized at 0.12.
Results are given in Table 2, and densities of estimates in the partially observed case are presented
in Figure 2.

The results are acceptable overall. In the complete observation case, the new contrast gives
better results than the Euler. This is expected because the new constrast has a higher order of
convergence. For the partial observation case, when ¢ is fixed, the performance of SAEM and the
contrast are close. The Euler contrast gives better results with partial observations than complete
observations (except for o). This might be due to the sensitivity of the numerical optimization

Table 2: FitzHugh-Nagumo model. Mean and standard deviation (in parentheses) of estimators
calculated from 100 trajectories with A = 0.02 and n = 1000. Seven estimation methods. Com-
plete observations, ¢ fixed: new contrast estimator and Euler contrast from Samson & Thieullen
(2012). Complete observations, e estimated: new contrast estimator. Partial observations, e
fixed: SAEM, new contrast and Euler contrast from Samson & Thieullen (2012) ¢ fixed. Partial
observations, ¢ estimated. SAEM.

Complete observations
¢ fixed e fixed € estimated
True | New Contrast Euler Contrast New Contrast
€ 0.1 - — 0.101 (0.0005)
¥ 1.5 1.412 (0.221) 1.363 (0.201) 1.516 (0.149)
5 0.8 0.826 (0.146) 0.756 (0.131) 0.822 (0.131)
c 03 0.303 (0.014) 0.338 (0.024) 0.299 (0.007)
Partial observations
¢ fixed ¢ fixed e fixed € estimated
True SAEM New Contrast  Euler Contrast SAEM
€ 0.1 - — 0.105 (0.006)
v 1.5 | 1.523 (0.130)  1.512 (0.129)  1.499 (0.196)  1.592 (0.165)
5 0.8 0.822 (0.110) 0.815 (0.110) 0.779 (0.107)  0.865 (0.129)
o 03 0.293 (0.008) 0.300 (0.023) 0.381 (0.038)  0.306 (0.021)
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used to minimize the criteria. Finally, SAEM gives good results when ¢ is estimated, and this is
the only method that can estimate it.

6.3 Synaptic-conductance model

Parameter values of the SIE model used in the simulations are : G = 50, Vi, = =70, Vg = 0,
Vi=-80,1=-60,75 =0.5, 771 =1, gg =178, g1 =94, og = 0.1, o7 = 0.1. Initial conditions
of the system are Vy = —60, G0 = 10, G; o = 1.

Trajectories are simulated with time step § = 0.002 and n = 1000 points are subsampled with
observation time step A = 100. Then 6 = (7, 71, §E, §1, 0, 01) is estimated on each simulated
trajectory. A hundred repetitions are used to evaluate the performance of the estimators.

The SAEM algorithm is implemented with m = 100 iterations and a sequence (a,,) equal to
1 during the 80 first iterations and equal to a,, = 1/(m —80)% for m > 80. The SMC algorithm
is implemented with K (m) = 100 particles at each iteration of the SAEM algorithm. The SAEM
algorithm is initialized with all unknown parameters fixed to 1.

Results are given in Table 3. Excitatory parameters (7, g, o) are accurately estimated.
Results are less accurate for the inhibitory parameters, especially oy which is difficult to identify
and estimate. Inhibitory conductances are generally more difficult to estimate, as also observed
in Berg & Ditlevsen (2013), where analytic expressions for approximations of the variance of
the estimators of the conductances in a similar model were derived from the Fisher Information
matrix. This is because the dynamics of V; are close to the inhibitory reversal potential V7,
whereas it is far from the excitatory reversal potential Vg, and thus, the synaptic drive is higher
for excitation.

Table 3: Synaptic conductance hypoelliptic model, estimation results obtained from 100 re-
peated trajectories with SAEM, from partial observations.

Parameters
TE TI JE gr og or
true 0.500 1.000 17.800 9.400 0.100 0.100
mean 0.580 1.105 17.696 9.167 0.080 0.021
SE 0.036 0.138 0.124 0.266 0.002 0.003
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7 Appendix: Proofs of Propositions 3 and 4 and Theorems
1 and 2

To ease the notation, we assume that p = 1 throughout this Section. Furthermore, let B;(0) :=
B(X;;0) and T';(0) := I'(X;;0), and note that T'() is a scalar. Let v(-) denote the stationary
density of model (2). We write G, for the filtration endorsed by (X;,t < ;).

7.1 Technical lemmas

We first present the equivalent of Lemma 8-10 of Kessler (1997) that are essential for the proofs
of consistency. Equivalent of Lemma 7 is presented in Proposition 1.

Lemma 1 Let f : RPT! x © — R be a function with derivatives of polynomial growth in x,
uniformly in 0. Assume A, — 0 and nA,, — co. Then

Un(f) ::1 f(X;,0) = /fm@uo (dx)

uniformly in 6.

The proof is the same as the proof of Lemma 8 in Kessler (1997), since it does not depend on
the scheme, only on the ergodicity of the process.

Lemma 2 Let f : RPT! x © — R be a function with derivatives of polynomial growth in x,
uniformly in 6.

1. Assume A,, — 0 and n — oco. Then

n—1
1 P,
Qin(f) = nA2 ; F(X0,0)(Vigr — Vi — ApBi(0o)1)? =2 0,

uniformly in 6.

2. Assume A, — 0 and n — oco. Then

n—1

Zf XZ,G (Uerl U A B (90) /f (E 9 ZC O'())l/(](dx)

=0

Qunlf) = 3

uniformly in 6.
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Proof of Lemma 2 To prove the first assertion (first coordinate), let

§iv1(0) = ﬁf(Xiﬂ)(Viﬂ —V; = AnBi(60)1)*

n

Due to Proposition 1 and the ergodic theorem, Lemma 1, we have

n—1
> Eo(&(0)[Gi-1) O(A,) =0 for A, =0
=0

1
-0 (1) -0 for n — o0
n

S (& (6)?16:1)
=0

Hence, Lemma 9 from Genon-Catalot & Jacod (1993) proves the convergence for all 8. Uniformity
in 6 follows as for Lemma 1. The proof of the second assertion is the same. The scaling is different
because the variance of the scheme is of order A,, instead of order A2 (Proposition 1). O

Lemma 3 Let f : RPT! x © — R be a function with derivatives of polynomial growth in x,
uniformly in 6.

1. Assume A,, — 0 and nA,, — co. Then

n—1

S FXi0) (Vi = Vi — AuBilbo)) 20,

1=0

1
Iy = nA2

uniformly in 6

2. Assume A,, — 0 and nA,, — co. Then

n—1
PO
Loy im —— > f(X00)(Ussa = Ui = AuBil6o)2) % 0,
" i=0

uniformly in 6

3. Assume A,, = 0 and n — oco. Then
1 n—1
[37f = E ZO f(X,-,Q)(UH_l — Uz — AnBl(oo)Q) 49 07

uniformly in 6

Proof of Lemma 3 To prove the first assertion (first coordinate), let

61(6) = —r F(X0,0)(Vis = Vi = AuBi(00)1)

Due to Proposition 1 and intermediate calculations (not shown), we have

n—1
ZEGU(&'(@NQFQ O(A,) =0 for A, =0
i=0

n—1

1
ZEeo(fi(9)2|gz‘—1) = A O (1) = 0 for nA,, — oo
=0 n
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Hence, Lemma 9 from Genon-Catalot & Jacod (1993) proves the convergence for all . The proof
of uniformity in 6 is the same as for Lemma 10 of Kessler (1997).
The proofs of the second and third assertions are the same, only the scalings are different
due to Proposition 1. (I
Next we present some Lemmas which are needed to prove asymptotic normality.

Lemma 4 1. Assume that nA%2 — 0. Then

LS HX0) Wit — U~ BaBil00)2) B N (T £2()

nly, i=0

2. Assume that nA2 — 0. Then

n—

1
F(X)T2(a0) B N (0, 200((T(-)* ()

=0

IA Zf Ui = Ui)* = 7

Proof of Lemma 4. Recall that U; 1 —U; — A, B;(6p)2 = VALEUT;(00)+€V, where VA,V =
n; + 0, A& and €Y is the difference between the true process and the scheme. Thus, E(Y) =0,
Var(€Y) =1+ O(A,,), Cov(¢Y, Z[{H) =0, and from Proposition 1 follows that E(¢!) = O(A3)
and Var(e/) = O(A2). To prove assertion a), rewrite

L X)) (U1 —U; — A, By (0 = ‘/Ai”n_lWr» 0)f(X 1 Vix
nAn;f( z)( i+1—YiT 2n l( 0)2) - m;& z( f( +\/71Tn;€lf(
= T +1T;

Since E(E/T(0)f(X:)|Gi) = 0 and E((E/Ti(0)f(X:))?(G:) = (Fi(6))*f(Xi)*(1 + O(A)), then
LS E (@0 F(X)I6.) = 10(T2(.0)F()2). Since B((€))4(T' () £(X,)11G,) is bounded
it follows that -3 Z?:_ol E((EV)4(T;(0))* f(X:)*|Gi) — 0. Using theorem 3.2 in Hall & Heyde
(1980), these two conditions are sufficient to imply

T = = 3 L)1) B N T)
i=0

Then we study 7». We have \/ann ZZL:—Ol E(eY|G;) = vnO(\/A3) nA S LE((eV)2|G;) =
O(A,). The condition nA2 — 0 implies nA2 — 0 and Ty — 0. This gives the proof of 1.

To prove assertion 2, rewrite

1 n—1 1 n—1 ~
NS ;ﬂXi) (W = U9 = AaTe0) = 2 3 THOu () = DFCX)
_ n—1
0 U+ 80 Bi(00)2)Ti(00)E] f(Xi) + \/T;An i;(e? + AnBi(00):)? f(X5)
=T + Tz + T3

Note that E((€V)? — 1|G;) = O(A,) and E(((€Y)? — 1)2|G;) = 2+ O(A,,). Thus,
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- Z]E ((r2 (00)((EY)2 — 1)f(XZ-)>2 |gi> — 2wp(T4(-,0) £(-)?). Since

E ((((ggf )2 —1)(I2(6)) f(Xi)>4 |g,»> is bounded it follows that

— Z?:_OlE ((((EZU)2 - 1)F?(0)f(Xi))4 |g,-> — 0. Using theorem 3.2 in Hall & Heyde (1980),

these two conditions are sufficient to imply
n—1
1 2 FU\2 D 24
=7 ;r (00)((€7)* = DF(X2) = N (0, 20(FTY)).

We have -1~ S E((EV + AL Bi(00)2)2T2(00) (EV)2£2(X,)Gs) = O(A2) goes to 0 when A,, —
0 since E((EV)2(¢V 4+ AnBi(60)2)?|Gi) = O(A2), which implies Ty — 0. Furthermore, the
condition nA2 — 0 and E((V + A, B;i(60)2)%G:) = O(A2) imply E(T3) — 0. We also have
E((¥ + A, B;i(60)2)*G:) = O(A2). We can conclude that T3 — 0. This proves Lemma 4. O

Lemma 5 1. Assume that nA%2 — 0. Then

Vi1 = Vi — A Bi(00)1) = N (0, *VO((aua)QFQfQ(')))

=0

2. Assume that nA%2 — 0. Then

fA3Zf Vier — Vi = AL By( Zf F200(6a)
B N, gvo(r‘*(@ua)“f?(‘)))

Proof of Lemma 5. Recall that V;11 — V; — A, B;(60)1 JF%{VF + €V, where \/Fi vV —
dya&; and € is the difference between the true process and the scheme. Thus, E(flv ) =0,
Var(€)) = $(0ua)?, Cov(&Y €Y. 1) = 0, and from Proposition 1 follows that IE(GY) = O(Ai)
and Var(e)) = O(A%). To prove assertion a), rewrite

me Vit1=Vi—=ApBi(6o)1) = ngfl—‘ \/T%Z e [(X
= Ti+15

Note that E(£Y'T;(0)f(X;)|G;) = 0 and E((§)Ty(0)f(X:))?|G:) = L(9uali(0)f(X;))?. Thus,
LS E (@O (X0)I6) — 30((@.a)2T2(,0)1()?). Since B(ETAO)F(X))G0) s
bounded it follows that pzyz_ol E((€YT(0)f(X:))*G;) — 0. Using theorem 3.2 in Hall &
Heyde (1980), these two conditions are sufficient to imply

1 = D 1 2 2772
Ty = NG ;@-"Fi(o)f(Xi) = N0, 30(f7(8ua)°T7))-
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To study 7%, note that \/;ng?;()l E(e)'1Gi) = /nO(y/A3) and ﬁz?;ol E((€))2|G:) =
O(A,). The condition nA%2 — 0 implies nA> — 0 and 75 — 0. This gives the proof of
a).

To prove assertion b), rewrite

— Zf ) (Vi = Vi B0 - A2 0,0 ow))
:ﬁ Z FH (o) ()7 - %(auaV)f(Xi)

mz &/ Ti(o0)&) f( A3Z

=0
=T +T> + T3

Note that E((€))?~5(0ua)?|G:) = 0 and E(((€})?~5(0ua)*)?|Gi) = §(0ua)*. Thus, £ 3207 E (( 2(00)((€))? —

2uo(T*(-, 0)(Dua)* f(+)?). Moreover, since E(((€))? - £(04a)?)*(I'2(0))* f(X;)*|G;)) is bounded,
it follows that

P Z?:_()l E(((£Y)? - £(0ua)?)*(T2(0))* f(X:)*|G;)) — 0. Using theorem 3.2 in Hall & Heyde
(1980), these two conditions are sufficient to imply

n—1

T, = IZFQ o) (€))7 — 5 (0uaf ) F(X0) B N0, 2r0(T (- 0)(@ua)* F()?))

We have ﬁgzygol E((e))2T?(00)(€) )2 f2(X,)|Gi) = O(A,) goes to 0 when A, — 0 since
E((£))%(e))?|G;) = O(A%), which implies T, — 0. Furthermore, the condition nA2 — 0 and

E((e))?|G;) = O(A%) imply T35 — 0. This proves Lemma 5. O
7.2 Proof of consistency of 62, Proposition 3

The estimator 62 is defined as the minimal argument of (43) which for p = 1 reduces to

= Ui — Ui — A, By( )
=3 A7) + Z log(T3( (49)

=0

We follow Kessler (1997) and the aim is to prove the following lemma

Lemma 6 Assume A,, — 0 and nA,, — oco. Then

—Ln(B,0) Fiﬁ) / (Im + logF2(a:;U)> vo(dx) =: F(o,00) (50)

uniformly in 6.

Then, using Lemma 6, we can prove that there exists a subsequence ny such that (¢, ,05,)
converges to a limit (gpoo, 02.). Hence, by continuity of o — F(o,00), we have

1
e (B,0) 28 P00, 00)-
ng
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By definition of (¢n, , 05, ), F(0s,00) < F(009,00).

On the other hand, for all y > 0,y > 0, (yo/y) +logy > 1+ logyo. Thus, F(0e,00) =
F(09,00), and by identifiability assumption o2 = o3. Hence, there exists a subsequence of 52
that converges to o2. That proves the consistency of 52. It remains to prove Lemma 6.

Proof of Lemma 6 We have 14,,(3,0) = Ty + Ty + T3 + Ty with

n

n—1

T — 1 (Uit1 — Ui — A, Bi(Bo)2)?
b n i=0 A"F?(U)
o 25 Uit = Ui = 8,Bi(Bo)2)(BilBo)2 = Bi(B)o)
= I%(0)
7. = Bn = (Bi(Bo)2 — Bi(B)2)?
P4 I7(0)
T, = ln_llo I'?(0)
4 - n — g [

We start with 77. Lemma 2 implies

1 n—1
A Z i1 — Ui — ApBi(Bo)2) T / (z;00)vo(dx)
I'?(z;00) . . . . . Py,
and thus, T —> Ik 2 (2:0) vo(dz), uniformly in 0. Using Lemma 3, we obtain that 75 — 0,

P P
uniformly in 6. From Lemma 1 follows T3 — 0 and Ty — [logT?(z; 0)vp(dz), uniformly in 6.
Finally, we obtain (50). O

7.3 Proof of consistency of ¢,, Proposition 3

The estimator ¢, is defined as the minimal argument of (49). Consistency of ¢,, is deduced from
the following lemma.

Lemma 7 Assume A,, — 0 and nA,, — co. Then

1 P9o QDO))
Knen(ﬁva) ’H,A 5010— / F2 .13 0_) VO(d‘r)

uniformly in 6.

Using Lemma 7, there exists a subsequence ¢,, that tends to ¢~,. Hence,

;enk’ (Bnkag) - ! ln, (Bo,0) PSO / Al ¢o)) vo(dx)

(AT 1A, F2 (; U)

The consistency follows by identifiability of A(z;¢). It remains to prove Lemma 7.
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Proof of Lemma 7. We have ﬁfn(ﬁu) — ﬁén(ﬂo,a) =T + 15 with

Ty = nz” i (Uit1 — U;?_(O-A)nBi(ﬂO)Z) (Bi(8o)2 — Bi(8)2)

=0

- L3 Bilb)— BB’

T on r2(o)

P
Lemma 3 implies T} iy 0, uniformly in 6. Recall that Bi(Bo)2— Bi(8)2 = A(Xy;00) — A(Xi; ) +
O(A,). Combined with Lemma 1 we obtain Ty T Ik Myo(dm), uniformly in 6.

2 (z;0)
Note that the parameter of the first coordinate 1 is not involved in the limit. The result applies

for any 1. This gives the Lemma. (I

7.4 Proof of consistency of ﬂn, Proposition 4

To ease the notation, we assume that the drift function a can be split into two functions of v
and u: a(z;v) = av(v Vy) + Yuay(u). Estimator ¢, = (¢y,,,%u,) is defined as the minimal
argument of (42) which for p = 1 reduces to

ai,0) = A?,Z it~ i 2B 4 ntog(ud) 1)

Consistency of ﬂ}n is deduced from the following lemma.

Lemma 8 Assume A,, — 0 and nA,, — oco. Then

L bb.0) - Ptalino) [ SIS

uniformly in 6.

ln(1h,0) — B2y (1ho,0) = Ty + T + Ts + Ty with
_ 3ATL — 7,+1 V A B )) 1
i nAZ (U (wf )

)2
6A2 2 (V, 1+1 v A Bi(Bo)1) (Bi(Bo)1 — Bi(B)1)

L = nA3 ZZ: o)(a,(U;))? Y2
_ 3Al (Bi(ﬁo)l—Bi(5)1)2

b= nAz; V3 T3 (o) (a, (U:))?

T, = Anlogwi/wi}o)

P, P,
Lemma 2 implies T ¢ 0 and Lemma 3 implies T5 = 0, uniformly in #. From Lemma 1 combined

P
with B;(Bo)1—Bi(8)1 = a(Xi; o) —a(Xy; ) +O(A,) follows that Ty — 3 [ %m(dw)

P
uniformly in 0. Finally Ty = 0, uniformly in 6. Note that the parameter of the second coordinate
® is not involved in the limit. The result applies for any ¢. This gives the Lemma. (]
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7.5 Proof of the asymptotic normality of (¢,,52) (Theorem 1)

Proof of Theorem 1. The proof of the asymptotic normality is standard, see for instance
Genon-Catalot & Jacod (1993); Kessler (1997). Denote 6 = (¢, ¢, 0) and 6,, = (o, $n,Fr). Let
L,(0) = £,(5,0) from (49). By Taylor’s formula,

/cn(eo + (b, — 0))du &, =D

where

nA &p ) \/lid?jgﬁn(a)
AT ol 9) Lo La(0)
n(@n

o [Cﬂ6 o] e

Lemmas 1-2-3 and 4 allow to prove that

(9 B2)* (.
D, B (0, | 4T (5 0)wo(de) 0 (52)
0 bo)vo(dx)
(see Kessler, 1997, for more details). From Lemmas 1-2 follows
(9B2)% (.
Colbo) = C = 2 [ 2527 (-5 00)vo(dx) e 0
0 J(%5-)%(; 00)vo(dz)

Using the consistency of én, we obtain the result. (I

7.6 Proof of the asymptotic normality of (1/3)

Proof of Theorem 2. Denote 0, = (¢, o,00). Let L,,(0) = £,,(¢,0) from (51). By Taylor’s
formula,

/cn(ao +u(B, — 00))du &, =D,

A, 92 - A, 0
Callo) =~ 5 ln(®), En =X =), Du= /S50 Lalb0).

Lemma 5 yields

where

D, 3/\/(0, 12/%( eo)uo(d:c)> (53)

and Lemmas 3 and 1 yield
(0yB1)*
C.(60) _>C::6/1“2(8u 73 (3 oo,

Using the consistency of én, we obtain the result. (I
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8 Appendix: details on SAEM-SMC algorithm

8.1 Proof of the convergence of the particle filter, Proposition 6

We follow the proof from Del Moral et al. (2001). We need to study, for each time j = 1,...,n—1,
the distance between the two kernels ||H ]-A f — H; f]| defined, for any function f and any u, as:

Hifw) = [ bl vyl o) f(u)du
HAf) = [ pall vpialuvy) £l
We have
37~ HAF] = | [0 vl 05) = palal vyl vy) fu)
< [ I ol o)~ pale vy, ()]
< on? [ @ ) < oa? )

where the last inequality follows from Conjecture 1 and inequality (39). Thus,
|H, f = H fIl < CA?[|f]].

Following Proposition 2.1 from Del Moral et al. (2001), we deduce that for all bounded Borel
functions f, and all j = 1,...,n, we have

1Tn0f = Tna0fll < aCoA?| f]l4; (54)

where o, Cy, A; are Del Moral et al. (2001)’s constants.

Now, we prove (47). We already proved Proposition 5 and inequality (45). It remains to apply
(54). For e such that A?||f||A; < e/2, we have under condition (46) that Ke?/|| f||* > (2aCoA;)?.
Thus we obtain the following bound:

52

Otherwise, when A?||f||4; > ¢/2, P (’\I/ffﬁf — ’/Tnvgf‘ > 5) is smaller than 1, and the result holds
changing the constants to Cy; and Cy as proposed by Del Moral et al. (2001). O

8.2 Assumptions for SAEM convergence
(M2) The functions () and v(6) are twice continuously differentiable on ©.

(M3) The function s : © — S defined by 5(0) = [ S(v,u)pa(u|v;0)dv du is continuously differ-
entiable on ©.

(M4) The function £ (0) = log pa (v, u, 0) is continuously differentiable on © and 9y [ pa (v, u;0)dv du =
J dopa(v,u; 0)dv du.

(M5) Define L : S x © — R by L(s,0) = —(0) + (s, (0)). There exists a function 6 : S — ©
>L

0
such that V0 € ©, Vs € S, L(s, 0(s)) (s,0).
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(SAEM1) The positive decreasing sequence of the stochastic approximation (am,)m>1 is such that
>, am=o00and Y, a2 < oc.

(SAEM2) /5 :0 = Rand 0:S — O are d times differentiable, where d is the dimension of S(v, u).

(SAEMBS3) For all § € ©, [||S(v,u)||? pa(u|v;#)du < oo and the function I'(f) = Covg(S(-, Up.p)) is
continuous, where the covariance is under the conditional distribution pa (Up.n|Vo.n; 0).

(SAEM4) Let {F,,} be the increasing family of o-algebras generated by the random variables sy, U(g:lg,
U, ... U™ For any positive Borel function f, Ea(f(US™ )| F,) = [ f(uw)pa(ulv,,,)du.

(SMC1) The number of particles K used at each iteration of the SAEM algorithm varies along the
iteration: there exists a function g(m) — oo when m — oo such that K(m) > g(m) log(m).

(SMC2) The function S is bounded uniformly in w.
(SMC3) The functions pa (V;|U;, Vi—1,U;—1;0) are bounded uniformly in 6.

8.3 Sufficient statistics of the HO model

We detail the sufficient statistics for the HO model. Let us denote Y; = V;y; — V; — U;. There
are 6 statistics:

n—1
1 A3 A3 A4
S1 = A5 2 (—QUiYu + ?<Ui+1 -U)Vi+ ?(Ui-i-l _ Ui)Ui)
1 n—1 9 A3
Sy = E ; <AY; + gA Y;(Ui‘*‘l — Uz) + ?(Ui+1 — UZ)UZ)
n—1
2 A4 9 A5 AS )
53 = M;(mvi +12UM+12U1.)
n—1
2 A2 ) A4 ) A3
Sy = A5 ; <3Yz + ﬁUi + 6YiUi>
n—1
1 AB A4 A4 A5
= Z VYV 4+ UV 4+ UY - U2
55 A%ﬂ(61%+6lMH—3ml+mUJ
1 n—1
e — T A DU ATT 2
= A—A2+AW3§;““4 Ui = A(=DV; =Ui))

Then the maximisation step and the updates of the parameters are as follows:

5 5558
m T 5,8, 92
. 5155 — 5255
Tmo T 788, — S2
S
~2 _ r6
om = LA
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