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Large eddy simulation of decaying magnetohydrodynamic turbulence
with dynamic subgrid-modeling

0. Agullo,® W.-C. Miller,”) B. Knaepen, and D. Carati
Euratom-BelgianStateAssociation Physiquestatistiqueet desplasmas,CP 231, CampusPlaine,
UniversiteLibre de Bruxelles,1050Bruxelles,Belgium

The numericallargeeddysimulation(LES) techniqueis testedon decayingmagnetohydrodynamic
(MHD) turbulenceThe LES approactallowsfor a strongreductionin computationatostcompared
to direct numericalsimulationsby modelingthe effectsof the smallestturbulentscalesinsteadof
computingthem directly. Two small-scalemodelsof eddy-viscositytype are presentedor this
purposen combinatiorwith a procedurdor the self-consistentalculationof the modelparameters
in the courseof the simulation.The methodis successfullyestedby comparingthe obtainedresults
to a high-resolutiondirect numericalsimulationof decayingthree-dimensionaMHD turbulence.

Many plasmas in turbulent motion observed in astro-is the large-eddy simulatiofi.ES) approach, where the Rey-
physical systems, as well as nuclear fusion devices, can helds number gap between simulation and reality is nar-
described within the framework of incompressible magnetorowed by restricting direct numerical computation to the
hydrodynamic§MHD). Since direct experimental access to large spatial scales of turbulence in combination with a
fully developed MHD turbulence is often difficult or even model to incorporate the effects of the small-scale motions.
impossible, one resorts to the numerical simulation of idealThis approximation is based on the assumption that the
ized systems by solving the incompressible MHD equationdarge-scale dynamics reflects the characteristic physics of a
specific turbulent system, e.g., the influence of geometry and

==V (W=bb)+vAv-Vp, @) boundary conditions, while the small-scale turbulent fluctua-
ab=—V-(vb—bv)+ Ab, (2)  tions act as a statistically quasi-uniform background.

The LES technique is considered a valuable tool for
V.v=V-b=0, (3)  simulating rather large Reynolds number Navier—Stokes tur-

bulence for more than thirty years néwyhile work on

adapting the method to MHD turbulericé has not received

as much attention. This might in part be caused by the fact

diffusivity ». The dynamic pressuggis obtained by impos- that LES smallfscale models usually contai_n at Ie_ast one free
' parameter, which has to be tuned to obtain optimal perfor-

ing the incompressibility of. : ; . : :
g the incompressibility o . . mance of the simulation, turning a LES into a trial and error
Unfortunately, the numerical resolution necessary to ren-

der the discrete form of a turbulent MHD flow into a physi- process. However, not long ago a dynamic procedure was

cally meaningful representation of the real system increase%evek)peathat allows for a self-consistent calibration of the

rapidly with the magnetic Reynolds numbBm =uvlq/ 7, isnmarll-sci'ilevr\xloiel dugni% tge\zln:ulsatn?(n, Ieta;jt;n? :]O COTX'%'
vo and |y being a characteristic flow velocity and length g results when use avier=sfokes turbuience. S

scale, respectively. This limits direct numerical simulationsBrlef Communication we present the generalization and ap-

(DNS) of three-dimensional MHD turbulence on today’s plication of this procedure to isotropic three-dimensional
supercomputets® to values ofRmthat are still several or- MHD turbulence, applying two generalized eddy-viscosity

ders of magnitude lower than the ones found in nature, e_g_models to describe the small-scale dynamics. Scalar-level

in the solar convection zone. A possible alternative to DNStéStS are performed by comparing the observed temporal and
spectral behavior of the kinetic and magnetic energies to the

results of a high-resolution DNS of decaying MHD
¥presentaddress Equipe dynamiquedes systenes complexes(case321), turbulence’

Laboratoire PIIM, Universite de Provence,Center universitaire de St- ; ; ; ; P
Jartme, F13397-MarseilleCedex20, France. The formal basis of LES is the application of a spatial

DElectronicmail: wolf.mueller@ipp.mpg.de gridfilter of width I_(Ref. 10)to (1)—(3). The system of fil-

written here with the fluid velocity, the magnetic-fieldb
expressed in Alfve speed unitéthe constant mass density is
rescaled to unity), the kinematic viscosity and magnetic




teredequationanthenbe solvedusinga coarsegrid, since  with the eddy-resistivity 7.~ %3(eM)¥3 e denoting the
fluctuationson spatial scalessmaller than | —the subgrid  subgrid magnetic energy dissipation.

scales—havebeen removed. In the following, |-filtered Depending on the way of estimating the subgrid dissipa-
quantitieswill be denotedby an overbar.The filtered equa-  tion, different eddy-viscosity models can be constructed.
tions for v andb thusread Here we consider two variants. If lies somewhere in the
inertial scale range of fully developed turbulence and, as
aN=—V- (W—WJr #)+vAvV—Vp, (4) observed in the reference DNS, the nonlinear energy transfer
between kinetic and magnetic energy is much smaller than
gb=—V.(Vb—bv+ ) + nAb, (5) the respective energy dissipatiorf, ands" can be assumed
as spatially constant. This yields the generalized Kolmog-
V.V=V.b=0, (6) Orov scaling subgrid model

) . _ —4/3 — 1 —4/3
where two unknown terms, usually referred to as subgrid-  M1: »=Ca(DI™%  7=Da(1)1 77

scale_ or f|ltered—sca_le stress tensors, have been mt:od_uced W‘nerecl andD, are unknown parameter functions of time.
the filtering operation and need to_be modeled:=(vv The widely applied Smagorinsky mod&happroximates

—W) — (bb—bb) and 7= (vb—vb) — (bv—bv). These ten- ¥ as the product of the resolved local dissipation rate and
sors account for effects of the subgrid-scale motions on th'?ne associated length scale leading t08K~I_2(28:S)3/2.

flow at the reSOIVed.ScaleS-larger thEnThe filter chosen - Together with the Corresponding extension to Nﬂ—'EjM
here.|s a sharp cgb|c Fourier cutoff, which sets all spat|aI~|z|j|3, j=V x b being the resolved electric current density,
Fourier modes with at least one wave-vector component,s qi
o gives

larger thank,= 7/l to zero. - o

In order to assess the LES technique and the dynamic M,: »,=C,(1)I%(2S:9Y2  5,=D,(t)I?]j|.
procedure in MHD we have performed simulations of decay- ) )
ing isotropic turbulence using the same pseudospectral Both models contain parametets andD; (i=1,2), for
method as the reference DNS, the same integration domalihich no direct relationship with the resolved large-scale
(a cube of linear extensionm2with periodic boundary con- duantities can be obtained without further assumptions.
ditions)and the same set of parameters=(p=3-10"%) at a Therefore, one would be forced to prescribe these parameters

significantly reduced numerical resolution. The initial condi-in order to optimize the simulation results with respect to
tion has been generated from the reference DNS data atknown reference characteristics. Apart from the arbitrariness
=1 when kinetic and magnetic energy dissipation, startingntroduced to the subgrid-modeling by such an approach, the
from smooth initial fields, have reached their maxima andack of sufficiently large experimental MHD turbulence da-
the dissipative small-scale structures of turbulence are fulljabases, like they exist for the Navier—Stokes case, prevents
developed. The data set has been cutoff-filtered froni 562 any a priori justification of freely prescribed subgrid-model
643 Fourier modes, removing about 99.8% of the originally Parameters. Fortunately, this problem can be circumvented
available information. The influence of the filtered scales orPY €xploiting the self-similarity of fully developed turbu-
the remaining large scales of motion, which still contain 90%lence. A corresponding technique, that has proven to be suc-
of the total energy, has to be mimicked by the models for theessful in  Navier-Stokes LES, is the dynamic
filtered-scale stress tensors and 7. procedure>*°
The model expressions used here are based on the eddy- The basic idea of this method is the application of a
viscosity assumption widely applied in LES of Navier— second filter—the test filter—of width>1 to the LES equa-
Stokes turbulencE This class of models aims at reproduc- tions (4)—(6). The test filtering operation, here a cubic cutoff
ing the subgrid-scale kinetic-energy dissipation by assumingvith T =21, will be indicated by the hat symbol, ¢ntroduc-
a linear relation between the deformation tensors at resolveigig the filtered-scale stress tensors at test filter level‘as
and dissipative scales = (W~ %0 (bb—bb) and TP=(vb—{b)— (bv—b¥) leads
_ to the Germano identitiééfor MHD
7=-21S, S=(Vv+[VVv]")/2,
TU=2+LY, TP=7+LP, @)
where the superscript “T” denotes the transposed matrix and L
v, is the eddy-viscosity. When restricting the dependence oivhere the Leonard tensois’=(W— V) — (bb—bb) and
vy to a characteristic mixing-length on the spatial scales Lb=(\%—\7k£))—(ﬁ/— B\?) are known in terms of the re-
under consideration and the subgrid kinetic-energy dissipasolved fields and, as such, do not require any modeling. In
tion &%, dimensional analysis suggegtsvTA'/S(SK)]-B. For contrast, the filtered-scale stress tensors at grid scaleg’)
the magnetic energy one can proceed analogously, takm@ﬁd test SCB.|€ST(’,Tb) have to be modeled. Since the turbu-
into account that the property of the magnetic field, whichlent fields_are assumed to be self-similar on scales within the
gives rise to resistive dissipation, is its curl rather than itsinterval[1,1], the applied models and their parameters are
deformation. This yields the model prototype independent of the test filter width. Hence, for the stress
- tensorsT and TP at test filter level the same model and
P=-275J, I=(Vb—[Vb]"/2, coefficients should be used as fét and 7, respectively.
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FIG. 1. Decay of the kinetic-enerdy¥. Diamonds correspond to the refer-

ence DNS filtered to 64 the dotted line shows the result of ty-LES  F|G. 3. Kinetic-energy spectruiX at timet=6. Symbols are the same as
without model. The solid and dashed lines represent the predictions of thgy Fig. 1.

LES with, respectively, mode¥1, and modelM, .

. . dashed lines give the energy development for LES with the
Due .tc.) the modeling of the f||ter<_ed—scale stress tensors thﬁ"]cdeIle and M,, respectively. To evaluate the overall
|dent|t.|(_as (7) are not exactly fulfilled. The errors can be influence of the dynamic subgrid modeling the dotted lines
quantified as show the energy curves for a LES willhy: 7 = #=0.
R R As expected, théM ,-LES results strongly deviate from
Q"= Jvdgr(Tv_ P-LY)? Q= fvdsr(Tb_ P-Lb)?, the filtered DNS data, since energy dissipation is mainly due
to the high wave number modes, which have been cutoff by
where the model parameters are assumed to be constanttjie gridfiltering operation. The lack of a well-developed dis-
space, which is justified when dealing with spatially homo-sijpation range hampers energy decay and leads to an accu-
geneous turbulence. Minimizing the deviatio®$ and Q°  mulation of kinetic and magnetic energy in the high wave
by variation with respect to the model coefficieritgields an  number region of the LES systefaee below).
optimization ansatz for the filtered scale stress tensors. The A clear improvement is observed when the subgrid mod-
implementation of the dynamic procedure is somewhat more|s M, and M, are applied. The evolution dEX is well
difficult when there is no flow direction of homogeneity. reproduced in both cases, showing that the main influence of
However, several solutions have been considered in thahe small-scale velocity field fluctuations on the kinetic en-
case, like the local dynamic procedtfrer the Lagrangian ergy is dissipative. The temporal development of the mag-
dynamic procedur®® The choice of the ratiak=1/1=2 as  netic energy in the LES wittvi; and M, also satisfactorily
mentioned above has been guided by a series of test rufis the reference data, though one observes an offset between
with model M, confirming the self-similarity of the turbu- the LES results and the DNS. Closer inspection reveals that
lent fields forae[1.5,2.5. this phenomenon is caused by an initial overshoot of the
A basic LES requirement is the reproduction of the tem-model resistivities estimated by the dynamic procedure. This
poral and spectral behavior of the filtered kinetEj) and  effect is known from Navier—Stokes LES using dynamic
magnetic EM) energy. The time evolution of these quanti- models and can be reduced by allowing for a short model
ties is shown in Figs. 1 and 2, whetrés given, like for the relaxation period at the beginning of the simulation. Due to
reference DNS, in units of the large eddy turnover time. Dia-the spatial homogeneity of the turbulent system, there is only
monds represent the filtered DNS results, the solid and tha small systematic difference between the results obtained
with the Kolmogorov scaling modeé¥l;, which mainly de-

0.60F 2 ' ' ' pends on the spatially averaged extrapolation process inher-
050; \ ent to the dynamic procedure, and the Smagorinsky version
EM g M., that additionally takes into account the local field gra-
0.40F dients.
The application of the virtually parameter free dynamic
0.30F subgrid models reproduces rather sensitive quantities like the
g angle-averaged energy spectra in good agreement with the
0.20¢ ] DNS data. The kinetic-energy speci& are shown in Fig. 3
0 102_ E at timet=6, whenEX has decreased by a factor of about 6.5.
TUE Both models,M; and M,, lead to spectra that follow the
0.00¢ ) . . : E filtered DNS data up to the high wave number range of the
0 2 4 6 8 10 LES system. Nevertheless, the simple applied eddy-viscosity

t models provide too much dissipation in the high wave num-

FIG. 2. Decay of the magnetic enerds". For symbol explanation see DP€r range, leading to a slightly stronger fall-off of the LES
Fig. 1. spectra when compared to the reference data. One observes



0.1000 ' ' ' ' ' ™ The results presented in this Brief Communication show
wk 3 that LES with dynamic subgrid modeling are able to repro-
E < 1 duce the temporal and spectral energy evolution in isotropic
MHD turbulence. Since decaying turbulence was considered,
0.0100¢ E the LES subgrid models had to adapt to a nonstationary en-
- ] vironment, where a continuous self-calibration of the model
I | parameters as realized in the dynamic procedure is of par-
0.0010L | ticular importance. The achieved LES performance, espe-
) g 3 cially when the highly reduced numerical resolution and the
C p simplicity of the purely dissipative filtered-scale models are
i ] taken into account, encourages further work on dynamic sub-
0.0001 , , , , , , grid modeling of MHD turbulence.
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