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Abstract

We design and analyze a Hybrid High-Order method on unfitted meshes to approx-
imate elliptic interface problems. The curved interface can cut through the mesh cells
in a very general fashion. As in classical HHO methods, the present unfitted method
introduces cell and face unknowns in uncut cells, but doubles the unknowns in the cut
cells and on the cut faces. The main difference with classical HHO methods is that
a Nitsche-type formulation is used to devise the local reconstruction operator. As in
classical HHO methods, cell unknowns can be eliminated locally leading to a global
problem coupling only the face unknowns by means of a compact stencil. We prove
stability estimates and optimal error estimates in the H'-norm. Robustness with re-
spect to cuts is achieved by a local cell-agglomeration procedure taking full advantage
of the fact that HHO methods support polyhedral meshes. Robustness with respect
to the contrast in the material properties from both sides of the interface is achieved
by using material-dependent weights in Nitsche’s formulation.

1 Introduction

The Hybrid High-Order (HHO) method has been recently introduced in [14] for linear
elasticity problems and in [15] for diffusion problems. The HHO method is formulated in
terms of cell and face unknowns. The cell unknowns can be eliminated locally by using
a Schur complement technique (also known as static condensation), leading to a global
transmission problem coupling only the face unknowns by means of a compact stencil.
The HHO method is devised locally from two ingredients: a reconstruction operator and a
stabilization operator. This leads to a discretization method that supports general meshes
(with possible polyhedral cells and non-matching interfaces), is locally conservative and
delivers energy-norm error estimates of order (k+1) (and L?-norm error estimates of order
(k + 2) under full elliptic regularity) if polynomials of order & > 0 are used for the face
unknowns. Asshown in [12], the HHO method can be fitted into the family of Hybridizable
Discontinuous Galerkin (HDG) methods introduced in [11] and is closely related to the
nonconforming Virtual Element Method (ncVEM) studied in [1].
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The use of polyhedral meshes can greatly simplify the meshing of complicated ge-
ometries. Nevertheless, in some situations, it is still convenient to avoid the meshing of
boundaries and internal interfaces. This is the case when the boundary changes during the
computation, such as in free-boundary and optimization problems, and when the boundary
or the internal interface is curved. In this paper, we are interested in devising a high-order
approximation method for elliptic interface problems. To handle difficulties with curved
interfaces in classical finite element methods, boundary-penalty methods [2, 3] have been
proposed, where the computational mesh does not need to respect the interface. In order
to improve the accuracy, unfitted finite element methods were introduced in [20] drawing
on the seminal ideas of Nitsche [26] for the weak imposition of boundary conditions. The
key idea is to design the finite element space so that singularities over the interface can
be represented by a pair of polynomials in the cut cells. Similar approaches were then
proposed in the context of discontinuous Galerkin methods in [4, 25, 22].

A well-known difficulty for unfitted finite element methods is that the conditioning of
the resulting linear system has a strong dependence on how the interface cuts the mesh
cells. This means that for unfavorable cuts, Nitsche’s formulation can be severely ill-
conditioned. This difficulty has been solved in [20] by using weighted coupling terms with
cut-dependent weights. However, there is a lack of robustness when the material properties
(e.g., the diffusivities on each side of the interface) are highly contrasted. Robustness with
respect to the contrast can be achieved by using material-dependent weights, as proposed
in different contexts in [6, 18, 8], and in this case, a different mechanism is needed to handle
unfavorable cuts. In the case of H'-conforming methods, this problem can be overcome by
adding a penalty term that weakly couples the polynomial approximation in adjacent cells
as proposed in [5]. When using a discontinuous Galerkin approximation, another approach
was proposed in [22] for fictitious domain problems where mesh cells with unfavorable cuts
are merged with neighboring elements with a favorable cut. This idea is also explored in
[21] for interface problems approximated by conforming finite elements on quadrilateral
meshes whereby cells with an unfavorable cut are merged with adjacent quadrilateral cells
(thus creating hanging nodes).

The so-called cutFEM framework was developed recently in [7] so as to couple different
physical models over unfitted interfaces and to discretize PDEs over unfitted embedded
submanifolds. The high-order approximation of the geometry of the interface was con-
sidered recently in [9] using a boundary correction based on local Taylor expansions and
in [23] using an iso-parametric technique, the common objective being to simplify the
numerical integration on domains with curved boundaries by allowing a piecewise affine
representation of the interface. The cutFEM paradigm has also been applied to a vari-
ety of complex flow problems, see, e.g., [24], the recent PhD thesis [27], and references
therein. A conforming finite element method with local remeshing in subcells, effectively
fitting the mesh to the interface, followed by elimination of the local degrees of freedom,
was introduced in [19].

The goal of the present work is to devise and analyze an HHO method using unfitted
meshes. The approach consists of doubling the unknowns in the cut cells and the cut faces,
in a spirit similar to unfitted finite element methods. For brevity, we only consider elliptic
interface problems, but the material can be readily adapted to treat the (simpler) case of
fictitious domain problems; such an adaptation will be reported elsewhere. Our approach



combines the ideas of HHO methods (and more broadly HDG methods) with those from
[20] concerning Nitsche’s formulation, but with material-dependent weights rather than
cut-dependent weights, and those from [22] to handle unfavorable cuts by a local cell-
agglomeration procedure. The cell-agglomeration procedure takes full advantage of the
fact that the HHO method supports general meshes with polyhedral cells. The resulting
unfitted HHO method is robust with respect to the cuts and to the material properties.
Our stability and error analysis of the unfitted HHO method sheds some novel light in the
analysis of HHO methods. On the one hand, the local reconstruction operator is based
on Nitsche’s formulation and cannot be related, as in classical HHO methods, to a local
elliptic projector. On the other hand, the error is measured by using some projector that
is somewhat more elaborate than the local L?-orthogonal projector used in classical HHO
methods. Our main result is an H!-error estimate of order (k + 1) if polynomials of order
k > 0 are used for the face unknowns and polynomials of order (k + 1) are used for the
cell unknowns. We observe that we do not consider here cell unknowns of order k as in
classical HHO methods. The overhead induced by this modification is marginal since, as
usual, all the cell unknowns can be eliminated locally.

This paper is organized as follows. In Section 2, we introduce the elliptic interface
problem we want to approximate. In Section 3, we present the discrete setting, including
our main notation for the cut cells and the two assumptions we require on the mesh, and
we prove two key trace inequalities under these assumptions. In Section 4, we present the
unfitted HHO method. In Section 5, we present our stability and error analysis; our main
result is Theorem 13. Finally, in Section 6 we show how the two mesh properties introduced
in Section 3 can be satisfied by using a local cell-agglomeration procedure (under the
assumption that the mesh is fine enough to resolve the interface). Computational results
will be reported in a separate publication.

2 Model problem

Let Q be a domain in R? (open, bounded, connected, Lipschitz subset) and consider
a partition of Q into two disjoint subdomains so that @ = Q U Q2 with the interface
I' = 0Q' N 002, The unit normal vector nr to I' conventionally points from Q' to Q2. For
a smooth enough function defined on 2, we define its jump across I' as [v]r := VgL — V2.
We consider the following interface problem:

~V-(kVu) = f, in Q' UQ? (1a)
[[U]]F = g, on Fa (1b)
[[“VU]]I“"’LF = 9N, on Fa (]‘C)
u=0 on 01}, (1d)

with f € L?(Q), gp € H %(F), gy € L?(I'). For simplicity we consider a homogeneous
Dirichlet condition on 9f2. To avoid technicalities, we assume that the diffusion coefficient
K is scalar-valued and that s’ := K| s constant for all i € {1,2}. Without loss of
generality, we assume that the numbering of the two subdomains is such that &' < x2.
In the rest of the paper, we assume that the interface I' is a smooth (d — 1)-dimensional



manifold of class C? that is not self-intersecting. This assumption can be relaxed at the
price of additional technical issues that are not explored herein.

3 Discrete setting

We assume that the domain €2 is a polyhedron with planar faces in R?. Let (77,)n>0 be a
shape-regular family of matching meshes covering ) exactly. The meshes can have cells
that are polyhedra with planar faces in R?, and hanging nodes are also possible. The
mesh cells are considered to be open subsets of R For a subset S C R%, hg denotes the
diameter of S, and for a mesh 7, the index h refers to the maximal diameter of the mesh
cells. The shape-regularity criterion for polyhedral meshes is that they admit a matching
simplicial sub-mesh that satisfies the usual shape-regularity criterion in the sense of Ciarlet
and such that each sub-cell (resp., sub-face) belongs to only one mesh cell (resp., at most
one mesh face). The shape-regularity of the mesh sequence is quantified by a parameter
p € (0,1) (see Section 6 for further insight). In what follows, B(y,a) denotes the open
ball with center y and radius a.

3.1 Main notation for unfitted meshes

Since the meshes are not fitted to the subsets Q! and Q2, there are mesh cells in 7}, that
are cut by the interface I'. Let us define the partition 7, = 7;} U 7? U 77?, where the
subsets

Th={TeT|TcQ}, Vie{l2} (22)
TF = {T € 75, | measq_1(T NT) > 0}, (2b)

collect, respectively, the mesh cells inside the subdomain QF, i € {1,2}, and the mesh cells
cut by the interface I'. For any mesh cell T' € 7;1“ cut by the interface, we define

T':=TnQ, TV :=TnNT. (3)
The boundary of the sub-cell T¢ is decomposed as follows:
oT' = (8T)' uT", (4)

with the notation (9T)* = 9T N, For any mesh cell T' € Ty, Far collects the mesh faces
located at the boundary 0T of T. Whenever T € 7?, we consider the set

Fory ={F' =FNQ" | F € For, measq_1(F') > 0}. (5)

Note that the sub-faces in Fg7): form a partition of (OT)? (but not of T since T is not
included in Fg7):). The notation is illustrated in Figure 1. Since the interface I' is not self-
intersecting, there exists a length scale ¢y so that, for all s € ', the subset I'N B(s, {y) has
only one connected component. In what follows, we assume that the mesh is fine enough
so that h < £y. This assumption implies that 7T has a single connected component, and
that the sub-cells 7! and T2 are connected. We also assume that d(T, 9§2) > 2h.

Let [ € N be a polynomial degree and let S be an m-dimensional affine manifold in £2;
typically, S is a mesh (sub-)cell (so that m = d) or a mesh (sub-)face (so that m =d—1).
Then P!, (S) denotes the space composed of the restriction to S of d-variate polynomials
of degree at most [.



Figure 1: Hexagonal cell T cut by the interface I'. The subdomain Q! (red/light grey)
is located below I', and the subdomain Q? (blue/dark grey) is located above I'. (9T)! is
shown in red/light grey and (97)? in blue/dark grey; the sets Foryr and Fgr)2 consist
each of four elements, two of which are original faces of 1" and two of which are sub-faces
of the two faces of T' cut by the interface.

3.2 Mesh properties

We make the following two assumptions on the mesh. Assumption 1 means that the
interface is properly described by the mesh; this assumption is quantified by an interface
regularity parameter v € (0,1). Assumption 2 means that all the mesh cells are cut
favorably by the interface; this property is quantified by a cut parameter § € (0,1). We will
show in Section 6 how to produce a shape-regular (polyhedral) mesh so that Assumption 1
and Assumption 2 hold true. The idea is that Assumption 1 can be satisfied by refining
the mesh, whereas Assumption 2 can be satisfied by means of a local cell-agglomeration
procedure.

Assumption 1 (Resolving TI'). There is v € (0,1) s.t. for all T € T\, there is a point
&7 € RY s0 that, for all s € TV, ||&7 — s||;2 < v 'hy and d(&7, TsI') > yhr where TsT is
the tangent plane to I' at the point s.

Assumption 2 (Cut cells). There is § € (0,1) such that, for allT € T,} and alli € {1,2},
there is Tpi € T" so that ‘
B(ZETi, (5hT) c T (6)

3.3 Trace inequalities

The purpose of Assumption 1 is to prove a multiplicative trace inequality that is needed
to establish optimal approximation properties for the unfitted HHO method, whereas
the purpose of Assumption 2 is to prove a discrete trace inequality that is needed in
the stability analysis of the unfitted HHO method. Let us now prove these two trace
inequalities.

Lemma 3 (Multiplicative trace inequality). There are real numbers ¢y > 0 and Opgr >
1, depending on the mesh regularity parameter p € (0,1) and the interface regularity
parameter vy € (0,1), such that, for all T € T\, there is &1 € T so that, for all i € {1,2}
and allv € HY(TY) with T' = B(&r, Omuhr),

_1 1 1
ol 2oy < ot (W el gty + ol Zagrn 9701 zm). (7)

Proof. The proof is inspired by the ideas from, e.g., [28, Section 6]. Let T € 7}{ and
i € {1,2}, and recall that 07" = (T)*UT". We prove (6) for v € C'(TT) and then extend



this bound to H'(TT) by a density argument. Let us first bound [|v| r2(rr)- Integrating,
for all s € TV, along the segment {p(s,t) := (1 — )@ + ts, Vt € [0, 1]}, where the point
&7 is given by Assumption 1, we obtain

V¥(s) = /01 gt < dv(p(s,t))2> dt,  VseTl.

Integrating over s € T' and developing the time derivative, we infer that

1
01122 (7ry :/TF/O (dt o (p(s,1))? + th(p(s, 1)) Vo(p(s,t))-(s — &r)) dt ds.

Introducing the cone C(T) = {p(s,t), ¥t € [0,1], Vs € T"} and observing that d(2, T,T')t?~'dtds =
dp is a legitimate change of variable owing to Assumption 1 (since d(&7,TsI") > ~vhr), we
obtain

uw@aTw::/Qa»@wuxs¢»2+wvuﬂat»quxat»<s——@T»<uim1;rr1dp
Since Assumption 1 implies that C(T) C T, g := B(&1,7 'hr), we conclude that

oy < eo (B 10l + oll a9l )

where ¢y depends on the interface regularity parameter v € (0,1). Let us now bound
vl 2oy Proceeding as in [13, Lemma 1.49] using mesh regularity, we infer that there
is a point &p € T and positive real numbers c1,6; depending on the mesh-regularity
parameter p € (0,1) so that

2 —1 2
||U”L2(8T) < <hT ||UHL2(T1T) + ||U”L2(T1T)||vv||[,2(TlT)>’

with TIT = B(&p,01hr). To conclude, we combine the two above bounds using that
TI UT! = B(@r,y ‘hr) U B(dr,01hr) C Bdr, Ophr) = T with ht||lér — @72 +
max(y 1, 01) < 1+ 4+max(y~1, 01) =: e (since || @7 — 272 < || @7 — 8|2 +]|8—E7| 2
forall s € TV < 1+~71), and we set cpyy = max(co,cl)%. O

Lemma 4 (Discrete trace inequality). Let [ € N, | > 0. There is cgt, depending on
the polynomial degree 1, the mesh reqularity parameter p € (0,1), and the cut parameter
§ € (0,1), such that, for all T € T,X, alli € {1,2}, and all v € Pg(Ti),

_1
”’UHLQ(BTi) < Cdtr hT2”vHL2(Ti)- (8)

Proof. Let T € T,'. Let i € {1,2}, and let v € P4(T?). Since OT" C B(&z:,hr) and
B(&qi,0hr) C T owing to (6), we observe that

1 it
[vllz2ary < 10T*[2 V][ Loo(ariy) < [OT"[2 [[v]| oo (B (@i 1)

~ il ~ _1
< ¢|0T"|2|B(®q:, 6hr)| 2 ||Vl L2(B (@, shr))

N 1, -4 . 1, —4
S C/ |8T7‘|2hT2 ||’UHL2(B(£’5T“5}LT)) S C/ |8T7‘|2hT2 ||’UHL2(TZ),



where the factor ¢ results from the inverse inequality [|9||z((0,1)) < ¢19llr2(B(0,s)) for
all v € IF’fj(B(O, 1)) and the pullback using the bijective affine map from B(Zpi,hr) to
B(0,1). We conclude by observing that [0T7| < ch®: ! (with ¢ depending on p). O

Remark 3.1. (Lemma /) For conforming finite elements on unfitted meshes, the dis-
crete trace inequality (8) is invoked only on T%. Here, this inequality needs also to be
invoked on (9T since the HHO method involves unknowns attached to the mesh faces,
see the proofs of Lemma 6 and of Lemma 12 below.

4 The unfitted HHO method

In this section, we describe the unfitted HHO method for the interface problem. Let £ > 0
be a polynomial degree.

4.1 Uncut cells

Let 7;L\F = 7;} U 7;? be the collection of the uncut cells. Let T € 771\F and set kK = k' if
T € T, i€ {1,2}. We define the following local bilinear form for all v,w € H(T):

aT(v,w):/T/@TVU-Vw. (9)

The classical HHO method is defined locally on each uncut cell T' € E\F from a pair of
local unknowns which consist of one polynomial of order (k + 1) in 7" and a piecewise
polynomial of order k on 9T (that is, one polynomial of order k on each face F' € Fyr).
The local unknowns are generically denoted

o7 = (vr,var) € PETH(T) x PE_ | (For) =: Xr, (10)

with the piecewise polynomial space IP’g_l(}"aT) = Xpe ]:6T]P’§_1(F). The placement of the
discrete unknowns for the uncut cells is illustrated in Figure 2.

Figure 2: Uncut hexagonal cell. Left: £ = 0; Right: & = 1. Each dot attached to a
geometric entity (face or cell) symbolizes one degree of freedom (not necessarily a pointwise
evaluation).

There are two key ingredients to devise the local HHO bilinear form. The first one is
a reconstruction operator. Let op = (vp,vgr) € Xp. Then, we reconstruct a polynomial
rEH (or) € IF’ZH(T) by requiring that, for all z € IP’ZH(T), the following holds true:

ar(ri (or), 2) = ar(vr, 2) — /8 kr Ve (vr — vor), (11)
T



where mr is the unit outward-pointing normal to 7". It is readily seen that r?“(f);r)
is uniquely defined by (11) up to an additive constant; one way to fix the constant is
to prescribe [, ri (or) = Jrvr (this choice is irrelevant in what follows). The second

ingredient is the stabilization bilinear form defined so that, for all op, wr € /'?T,
st (O, W) = Kkrhpt / 5 (vr — vor) (wr — war), (12)
oT

where H(];T denotes the L?-orthogonal projector onto the piecewise polynomial space
IP”;_I(]-})T). Finally, the local HHO bilinear and linear forms to be used when assem-

bling the global discrete problem (see Section 4.3) are as follows: For all op,wp € /'\?T,

ay (or, ) = ap(rk (or), B (br)) + sp(r, dr), (13a)
O (ip) = / Fwr. (13b)
T

Remark 4.1. (Cell unknowns) In the classical HHO method, there is some flexibility
in the choice of the cell unknowns since one can take them to be polynomials of order
l € {k—1,k,k+1}. In the present context, we will need to work with polynomials of
order (k + 1) in the cut cells; for simplicity, we consider polynomials of order (k + 1) in
the uncut cells as well. Taking polynomials of order | € {k — 1,k} in the uncut cells leads
to slightly smaller matrices to be inverted when computing the reconstruction operator
from (11), but requires a somewhat more involved design of the stabilization operator than
in (12) (see [15, 14]).

4.2 Cut cells

Let T € T,'. We use capital letters to denote a generic pair V = (vi,v?) € HY(T) x
H'(T?). We define the following Nitsche-mortaring bilinear form for all V, W € H(T") x
HY(T?):

np(V,W)= > / K'YV 4 npp(V, W), (14a)
ief1,2) /T

nTF(V, W) = —/ (va)l"nr[[W]]F + (HVw)l-’I’LF[[V]]F — U}iHV]]F[[W]]F, (14b)

7T
where the user-specified parameter 7 is such that n > 403tr where cgi,r results from the
discrete trace inequality (8) with polynomial degree [ = k. Note also that the jump-penalty
term is weighted by the lowest value of the diffusion coefficient.

We consider a quadruple of discrete HHO unknowns, Vi = (Vr, Var), where both Vp
and Vpp are pairs associated with the partition Q = QT U Q2, so that

Vi = (v, vpe) € PEFL(TY) x PEFL(T2), (15)

and
Var = (var)t, vorye) € Py (Fory) x Pi_y (Forye), (16)



Wher§ P§_1(~7:(8T) ) = Xpe f(aT)de 1(F) is the piecewise polynomial space of order k on
(0T')* based on the (sub-)faces in F(gryi. (Recall that, by definition, all the elements F
of For): are subsets of (0T)" = 0T N Q) Note that we do not introduce any discrete

unknown on 77. We use the concise notation VT S /'\A’T with
B = (BT x PETY)) x (Phoy(Flory) X Phoy(Forp)). (17)

The placement of the discrete HHO unknowns in the cut cells for the interface problem is
illustrated in Figure 3.

el R

Figure 3: Cut hexagonal cell for the interface problem. The subdomain Q! (red/light
grey) is located below I', and the subdomain Q? (blue/dark grey) is located above I'. Left:
k = 0; Right: k = 1.

As above, there are two key ingredients to devise the local HHO bilinear form: re-
construction and stabilization. Let Vp € Xp. We reconstruct a pair of polynomials
REFY (V) € PEFY(TY) x PATH(T?) by requiring that, for all Z = (21, 2%) € PATH(T!) x
IP’];H(T 2), the following holds true:

nr(REF V), Z) = np(Vr, Z Z /6T KV 2 (v — voryi)- (18)
1€{1,2}

It follows from Lemma 5 below that R5™ (V7) is uniquely defined by (18) up to the same
additive constant for both of its components; one way to fix the constant is to prescribe
>ieq12y Jri (REFY (V)P = Yie(12) th vy (this choice is irrelevant in what follows). Con-

cerning stabilization, we set for all Vip, Wr € Xy,
ST(VT, WT) = Z ﬁih;l/ .H](%T)i(’UTi — 'U(aT)i)('LUTi — ’LU(aT)i), (19)
ie{1,2} (01)!

where H(BT) denotes the L?-orthogonal projector onto the piecewise polynomial space

Ps_l(]:(aT) ). Finally, the local HHO bilinear and linear forms are as follows: For all
Vi, Wr € X,
aip(Vp, Wr) = np(RE (V) R (W) + so(Vip, W), (20a)

(1) = / Fop + / (gnwre + gpdr(Wr)), (20b)
1€{1,2}

with ¢ (Wr) = —k'Vwpr np+nsthy [Wr]r (the definition of the integral over T follows
from consistency reasons, see Lemma 12 below).
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4.3 The global discrete problem

The mesh faces are collected in the set JFj, which is partitioned into Fj, = .7-",1 U .7-",5 U ]:,% ,
where .7:}'1, i € {1,2}, collect the mesh faces inside the subdomain ¢ and .7-"}1; collects the
mesh faces cut by the interface. We also define for all ¢ € {1,2},

T =Tru{T' =TnQ | TeTl}, (21a)
Fi=FU{FF=FNQ | FeF} (21b)

ie., 77 (resp., ]:",Zl) is the collection of all the mesh cells (resp., faces) inside Q¢ plus the
collection of the sub-cells (resp., sub-faces) of the cut cells (resp., faces) inside €2°. Let us
set
Pi U (T) X Xpes i (F). (22)
The global discrete space is Xy, = 2\?}1 X 2?,% Let ]:}‘? be the collection of the mesh faces
located at the boundary 09 (note that the faces in Fy are in one and only one of the
subsets F, but not in F, since the interface I' is located in the interior of Q). We enforce
the homogeneous Dirichlet condition on 9€) by zeroing out the discrete HHO unknowns
attached to the mesh faces in F¢. Let ¥ € {1,2} be the index of the subdomain touching
the boundary 0f). Let z‘%}ig be the subspace of /'f;;a composed of all the discrete HHO
unknowns such that their component attached to a mesh face is zero if this face lies on
the boundary 9. If i = 1, we set Ko 1= )‘?ﬁo X A?f; otherwise, we set X 1= ?3}} X )3}?0.
Let Vi, € Xp. For all T € 7%\1“ = T} UT?, we denote or = (vr,ver)) € Xr
(see (10)) the components of Vj, attached to the cell T. For all T € T, we denote
Vi = (Vr, Vo) € X (see (17)) the components of Vj, attached to the cell T. The discrete
problem we want to solve reads as follows: Find Uy, € Xy s.t.

an(Un, W) = £,(Wy), VIV, € X, (23)
with
an (Vi W) = > ay (op,ir) + Y ab(Vp, W), (24a)
TeT," TeT)
b)) = 3 G (wr)+ S (i), (24b)
Te']’h\r TGThF

where &\TF(-,-) and @\TF() are defined by (13) for all T € 7;L\F and ab(-,-) and f5.(-) are
defined by (20) for all T € T,

The discrete problem (23) can be solved efficiently by eliminating locally all the cell
unknowns using static condensation. This local elimination leads to a global transmis-
sion problem on the mesh skeleton involving only the face unknowns with a stencil that
couples unknowns attached to neighboring faces (in the sense of cells). Once this global
transmission problem is solved, the cell unknowns are recovered by local solves. We refer
the reader, e.g., to [10] for more details in the case of classical HHO methods.
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5 Analysis

In this section we analyze the convergence of the unfitted HHO method for the interface
problem. The proof consists in establishing stability, consistency, and boundedness prop-
erties for the discrete forms a; and fh, and in devising a local approximation operator
related to the local reconstruction operators rit! (see (11)) and RE™ (see (18)). The
mesh 7j, is assumed to satisfy Assumption 1 and Assumption 2 so as to invoke the trace
inequalities from Lemma 3 and 4.

In what follows, we often abbreviate A < B the inequality A < C'B for positive real
numbers A and B, where the constant C' does not depend on  nor on the way the interface
cuts the mesh-cells, but only depends on the polynomial degree k£ > 0, the mesh regularity
parameter p € (0,1), the interface regularity parameter v € (0,1) from Assumption 1, and
the cut parameter § € (0,1) from Assumption 2.

5.1 Stability and well-posedness

We start with the following stability and boundedness results on the Nitsche-mortaring
bilinear form ny defined by (14) for all T € T;'. We define the following stability semi-
norm for all V = (v!,0?) € HY(T) x H'(T?):

1
Vi = Y wIVYG + 3 IVIelze- (25)
ie{1,2} T
Recall our assumption on the penalty parameter n > 4c3, .

Lemma 5 (Stability and boundedness of ny). Let T' € ’7?. The following holds true for
all Ve PEYL(TY) x PEHL(T2);

nr(ViV) 2 2VE,. (26)
Moreover, the following holds true for all V,W € }P’ZH(TI) X IP’Z+1(T2):
Ine (VW) S IV e IW g, (27)
and for all V. € H*(T') x HY(T?), s > 3, and all W € PET(T1) x PEHY(T2):
e (VW) S WVlngtlWine, (VI = VI, + 6 bl Vo 70 (28)

Proof. The proof is classical; we sketch it for completeness. Let V' € IP’SH(Tl) X IP’SH(TZ),
and let us set € = (34103 £ V0i[|2,)2 and ¢ = (nf=[[[V]r|2r)? so that [V[2, = €2+¢2.
The definition (14) of np followed by the Cauchy—Schwarz inequality and the discrete trace
inequality (8) (applied on TV with [ = k) yields

np(V,V)=¢ -2 /T F(va)l'nr[[v]]r + %> €% = 2qun 2EC + (2,

so that np(V,V) > (€2 + (%) (ie., (26)) follows from the assumption that 1 > 4c3, .
Moreover, using the Cauchy—Schwarz inequality, we infer that

(VW) < [Ving W g + 6HIVO e [IWTellze + 61V e IV 2r,
so that (27) and (28) follow from the discrete trace inequality (8). O
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\l

We can now address the stability of the local HHO bilinear forms a, and &g. For
all T € T\F, we consider the local semi-norm considered in the analysis of classical HHO
methods: For all o7 = (vp,var) € Xr,

lor[3, = wrl|Vor | + wsrh T (vr — var)l3r = lvrls, + sr(or,07), (29
where we have set |vp|2,. := k| Vor||7. For all T € 7, we define the following local

semi-norm: For all Vi = (Vip, Var) = ((vge, vr2), (vary1, var)2)) € Xr:

1
~ . K
Vrla, = > & Vupl3 +UEH[[VT]]F||?W

ie{1,2}
+ Y & T (vri = vory ) Gory: = Velay + st (Ve, V). (30)
ie{1,2}

Lemma 6 (Stability). The following holds true:

ay (or,07) 2 10712, VT €T\, Yir € X, (31a)
ap(Vp, V) 2 [Vrl2,., YT €T, YWr € Xr. (31D)

Proof. The proof of (31a) follows from [15, Lemma 4]. Let us now prove (31b). Let T € T,/
and let Vp € Xp. Taking Z = Vp = (vg1, vpz2) in the definition (18) of the reconstruction
operator and using the stability of ny from Lemma 5, we infer that

Vrl2 . < np(Vp, Vi)

nr ~

= nT(RI;:H(VT), VT) + Z \/(GT)Z. lﬁ:iV'UTi'nT('UTi — ’U(aT)i).
ie{1,2}

The first term on the right-hand side is controlled using the boundedness property (27) of
nr and Young’s inequality to hide |Vr|,, on the left-hand side. For the second term, we
use the Cauchy-Schwarz inequality, the fact that (k"Vupi-nr) o) € Pg_l(f(aT)i), and
the definition (19) of sp(-,-) to obtain

D=

J 1,3 I
/(87’)1’ K'Nvpi-np(vpi — U(aT)i) < (Hl) 2 h%”vai H(BT)I'ST(VT, VT) )

Then, we invoke the discrete trace inequality (8) on (9T)" C OT® for all i € {1,2},

and Young’s inequality to hide (/#)% ||Vurpi||7: on the left-hand side. Putting everything
together, we infer that

Vel S |\RFH (Vo) + s(Vr, Vi),
so that using (30) and the stability of ny from Lemma 5, we conclude that
Vrl2, = IVrlp, + so(Vr, Vr)
SIRES (V) 2, + sr(Vr, V)
S np(REF (Vr), REF (V) + so(Vp, Vi) = an(Vr, Vi),

which is the expected estimate. O
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Summing the local semi-norms over the mesh cells, we define, for all Vi, € X,

Vilz, = > lorli, + D> IVrli,. (32)

TGTh\F Terrhl"

Note that |- |5, defines a norm on the subspace Xpo. Indeed, assume that |Vh|ah =0
for some Vj, € Xuo. Then, for all T € T, we have \Vrln, = 0 and ST(VT,VT) = 0.
The nullity of the first term implies that vy1 and vz are constant functions that take
the same value, and the nullity of the second term implies that v(sry1 and vgr)2 are also

constant functions that take the same value as vp1 and vp2. Moreover, for all T' € T\F,
|07]a, = 0 implies that vr and vgr take the same constant value. We can then propagate
this constant value up to the boundary 02 where the components of V;, attached to the
boundary faces vanish. Thus, all the components of V}, are zero.

Corollary 7 (Well-posedness). The discrete problem (23) is well-posed.

Proof. We apply the Lax—Milgram Lemma. O

5.2 Approximation

Let u be the exact solution with u’ := ujq:, for all i € {1,2}. We set U™ = (u,u?) €
HY(QY) x HY(Q?).

5.2.1 Uncut cells

Let T € T\F. We set uF = u|T where i € {1,2} is s.t. T € T;' and we consider the
approximation of 4% in 1" defined by

JrH (W) = T (uf), (33)

where Hé”fl stands for the L2-orthogonal projector onto IPZ'H (T') (we use a specific notation
ﬁfl for similarity with cut cells, see below). We introduce the following local norm: For

allve H(T), s > %:
[l = wr(IVollF + bl Vol 3 + a7t ol3r)- (34)

Lemma 8 (Approximation by j&™). Assume U™ € H*2(Q') x H*2(Q?). The following
holds true for all T € 7;L\F.

1
177 (W) — uFller S w7 U ez ). (35)

Proof. The approximation properties of the L?-orthogonal projector are classical on meshes
where all the cells can be mapped to a reference cell, see, e.g., [16]. On meshes with poly-
hedral cells which can be split into a finite number of shape-regular simplices, one can
proceed as in the proof of [17, Lem. 5.4] by combining the Poincaré-Steklov inequality in
each sub-simplex and the multiplicative trace inequality. O
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Let us now define

Pt () = vt O () € BT, (36)
where r?ﬂ is the reconstruction operator defined by (11) and
I ) = G (), M (u§)) = WFH (uf), W (u§)) € X, (37)

where H(’;T stands for the L2-orthogonal projector onto the piecewise polynomial space
P'é_l(f ar)-

Lemma 9 (Approximation). Assume that U € H*(Q') x H*(Q?), s > 3. The following
holds true for all T € 7;L\F:

~k4-1 ~k+4-1

B () — uF g + s (), o ()2 < |l

P ) —uflr. (38)

Proof. 1t is shown in [15, Lemma 3] that pk'H( 7) is the elliptic projector of u$* onto
}P’kJrl(T), so that ap(ph! (uS¥) —us¥, w) = 0 for all w € JP’ZJFI( ), and [pht (usF) —us¥|,, <

|G (uSF) — uS¥|ap- The bound on [ph™ (us¥) — uS¥|ay then follows from Lemma 8 since
| “lap < || - |ls«7- To bound ST(]];j_l( X), j?“( u$X)), we proceed as in the proof of (47)

below. O

5.2.2 Cut cells

For all T € 7,1, let us define the pair
UF = (ujp, ufp2) € HY(TY) x H'Y(T?). (39)

Let B : HY(Q%) — HY(RY), for all i € {1,2}, be stable extension operators. Recall the
ball TT introduced in Lemma 3 and observe that 7' C T since O, > 1. We construct an
approximation of the pair U in T' by setting

T (U) = (W (B ()i, I (E? (0?)) 2) € PTHTY) x BFH(T?),  (40)

where H?{l stands for the L?-orthogonal projector onto }P’ZH(T ) (we do not project using

the set 7%, but the larger set T, to avoid dealing with approximation properties on T%).
We introduce the following local norm: For all V = (v!,v?) € H*(T1) x H*(T?), s > 3,

IVIZe= > &IV 15 + b VO [ ory: + hp 10 Fory:)
1€{1,2}
+ 1 (he||[ VO | 2r + AR IV |20) + &2hr || Vo2 2. (41)
Note that [V]ng < [Vinps < |V [z

Lemma 10 (Approximation by JE™). Assume U € H*2(Q') x H*2(0?). The fol-
lowing holds true for all T € 7;{:

i3 i,
I U) = URllr € D (8)2RE B () rsary- (42)
ie{1,2}
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Proof. We need to bound the six terms on the right-hand side of (41). The bound on
the norm on 7" is straightforward since this norm can be bounded by the norm on T'f
where we can use the classical approximation properties of Hl;j{l (recall that T C TT). To
bound the three norms on (97" and the two norms on 7", we use the multiplicative trace
inequality from Lemma 3 and the approximation properties of H;‘TH on T, ]

Let us now define
P (U™) = REFN(JETHUS)) e PEFNTY) x BT, (43)
where RZ}H is the reconstruction operator defined by (18) and
JE U) = (JFTHUS), (W (uh), Wy (u?)) € A, (44)
so that JEF (U) = (I (B (uh)) o, TIEE (B2 (62) re), (T (1), T (02)):

Lemma 11 (Approximation). Assume that U € H*(Q')x H*(Q?), s > 3. The following
holds true for all T € T, : (i) For all Wy € PETH(T1) x PETY(T2),

ny (PR (U) — USE, Wr) S |JEHU™) — US| Wl (45)
(ii) We have
|PEYU) = Uy S J5THTU) — US| (46)
(iii) We have
7 ex 7 exy\ ) & ex ex
sp(JF (U™, I U™) 2 S T U™) = US| ur. (47)

Proof. Let us first prove (45). Let Wy € PETH(T1) x PETY(T2). Using the definition (18)
of the reconstruction operator, we infer that
nT(PTk+l(UeX), WT) _ HT(RI%—H (jéi—i_l(Uex)), WT)
= nr(JH (U™), Wr)
= X [ Vel () - Ty )
ie{1,2y 7 (OT)
= np(JEH(U™), Wr)
- [ RV () - ),
(o1

ic{1,2}

where we have exploited the choice for the face polynomials in the definition (44) of
7k ex i i : ex\i i

ngl'(U ) and the fact that «'Vwh-ny € Ps_l(}'(@:p)i). Since (Uf )\(BT)Z' = Ujgpyir We
obtain

nT(lei—l-l(Uex) - U%X, WT) _ ’I?,T(Jéﬁ_l(UeX) - U%X, WT)

_ Z / '/iiniT-nT(JéfH(UeX) N U%X)i.
ie{1,2y 7 OT)
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To bound the first term on the right-hand side, we use the boundedness property (28) of
nr(-,-) from Lemma 5 and |- |,,,4 < ||||«7. To bound the second term, we use the Cauchy—-
Schwarz inequality followed by the discrete trace inequality (8) to bound [[Vw?|| a7

Let us now prove (46). Let us set Zp = PETHU™) — JETH(US) € PRFL(TY) x PETL(T2).
Using the stability of ny from Lemma 5, we have

Zr|2 . < np(Zr, Z7)

nr ~v

= np(PETHUS) — U, Zr) + np(UFE — JETH(U), Zr).
Using (45), we can estimate the first term on the right-hand side as follows:
nr(PrH(US) = UF, Zr) S 19571 (U) = UFl|r| Zr|ng-

Concerning the second term, we invoke the boundedness property (28) of np(-,-) from
Lemma 5 and | - |4 < || - |l«7 to infer that

np(UF — JEH(U), Zr) S 131 U™) = U ugs| Zr g
<N IEHUS) = Uz | Ze |y

Combining these two bounds, we infer that
|Z1lny S INIFHHU) = UF sz
Finally, using a triangle inequality leads to
|PEHU) = Uy < |Zrlng + [I7HH(U) = Uy,

which leads to the expected estimate since | - [, < || - ||«7-
Finally, let us prove (47). We have

sT(JET US), P U™)) = Y &R Iy (JET (U)) = Wy (W) oy
ic{1,2}
and observing that
Ty ((JEFHU)) = Wy (W) oy = 1Moy (S U) = w) oy
= |y (JETH(U) = UF)) oy
< IEHHU™) = UF) oy

we infer the expected estimate. O

5.3 Consistency and boundedness

We can now derive our key estimate regarding the consistency of the discrete problem (23).
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Lemma 12 (Consistency and boundedness). Assume that U € H*(Q')x H*(Q?), s > 3.
Let Uh € tho solve (23). For all Wh € Xho; let us define

I A\ ex N A ~ 7 ex 9 T
FW) = > ay G5 (u§) — i, ior) + Y ap(JEH(US) = Op, W),
Te’Th\F TGIThF

Recall that | - |4, is defined by (32). The following holds true:

h

|F (W) << Dol ) — i+ Y IIJ§“~“(UQX)—U%XI3T> Wila,-

Te,rh\l“ Tefrhl"

Nl

Proof. We first observe that, for all T' € T\F,

A\F(Ak+1(

k+1 k+1
Jr

¥, ior) = ar (py (uf), vt (7)) + s(i7 (u§), dor)
T)

= ar (Pt (uf), wr) + sp (P (u§), b
- /a ke VP (U)o (wr — war),
T

and for all T € T,
ap (J3TH(U), Wr) = nT(lefH(Uex)v Ry (W) + sp(JETH(US), W)
(PkJrl(Uex) WT) + ST(ijrl(Uex) WT)
-3 P e — wiy),
ie{1,2y 7 (O

where we have used the definitions (36) and (43) of p&™ and PE*! and the definitions (11)
and (18) of the reconstruction operators for r +1(wT) and RkH(WT) (and the symmetry
of the bilinear forms ar and np). Moreover, using the fact that the discrete solution
solves (23), we infer that

S ay (ap,ar) + Y ab (O, Wr) = 0\ 4 0T

TeT,\" TET,
where
AN /fwT: > </f‘6TVU§3('VwT—/ F&TVU?{'nTwT)
T v \JT ar
TeT, S
and

(Z / Jwri + / gNwT2+9D¢T(WT))>

Te i€{1,2}
( Z / —V-(K'Vu )wp: + / (gnw2 +9D¢T(WT))>
Te i€{1,2} }

= Z ( Z (/ fiivui‘vaz‘ —/ (nVu)i-nTwT¢> —i—nTp(Ur}X,WT)),
T (9T)?

TeTy “ie{1,2}
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where we have used the following identity:

Z / KU mpiw: + /F(QNU)T? + gpor(Wr))

1€{1,2}
=— /F k'Vul np[Wrlr + /P gpodr(Wr) = ner (UFS, Wr),
T T

recalling that [KVu]r-nr = gn and Ju]r = gp. Therefore, we have

o=y <nT(UT,WT > /aT (kVUS) nTwTZ).

Te’]’hF €{1,2}

Putting the above identities together leads to F(W},) = F\'(W},) 4+ FF'(W},) with

PO = 3 (et ) - uifwr) + 1G5 @), )
Te7;"

— [ A ) — o — o) ).
T

FE) = 3 (nr(PE )~ UF W) + oo (0%, W)

TeTF
_ Z / V(HV(Pj@*l(UeX) — U%X))i.nT(wTi — ’lU(aT)i)) .
ie{1,2y 7 (0T)

where we have used the continuity of the exact fluxes across 9T for all T € Th\F and
across (OT)" for all i € {1,2} and T € T;' to add/subtract wyr and w(gry: in the inte-
grals over 9T and (OT)*, respectively. It remains to bound the three terms composing
F \F(Wh) and .FF(Wh) using Lemma 9 and Lemma 11, respectively. We only detail the
bound on the three terms composing F''(W}) since the bound on F\'(1}) uses simi-
lar arguments. To bound the first term, we use (45) and to bound the second term, we
use (47). For the third term, we use the Cauchy—Schwarz inequality so that we need to

. 1 .
bound (/@’)%h%HV(Pj’fH(UeX) = Uf)'[l(ory: for all i € {1,2}. We can then add/subtract
(Jy RHL(U*))? and use the triangle inequality to obtain

ex ex\ ¢ i 5 ex ex\\%
(k") TIIV(P’““(U ) = UR) 'l ory: < (6)2RAIV(PEFHU™) = JEH U)oy

l\J\»—-

i1 3 ex ex\?
+ (K2R3 |V (I3 U) = UFY (| ory:-

Since the second term on the right-hand side is bounded by HJ;?H(U ) = U ||, we can
focus on the first term. Using the discrete trace inequality (8) followed by the triangle
inequality where we add/subtract (U$¥)?, we infer that

1 ex ex\\1? 7 1 ex ex 7
(k) ER2||V(PE UX) — EF L U))| opys < (6)3 [V (PEFL(U) — US|
+ (KD 2| V(U — T U)) |

To conclude, we bound the first term using (46), whereas the second term is readily
bounded by ||JETH(US) — US|, O
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5.4 Main result
We can now state our main result on the error analysis.

Theorem 13 (Error estimate). Assume that U™ € H*(QY)x H*(Q?), s > 3. Let Up € Xno
solve (23). Then, the following bound holds true:

£ = Z HTHV(U%( — ur) HT"" Z Z ZHV UT) ”TZ

TeT," TeTk ie{1,2}
+ > k' lgp — [Urle e + ) (5%) hrllgy — [V Ur]rnp|[7r
TeTr TeTr
S > it @) —uFllr + Y 15U - UR|ir = B. (48)
’1“6’7’}1\F TETF

Moreover, if U™ € HF2(Q') x H*2(02), the following bounds hold true:

k ex 7 k (2
£ Y iy N ey + > > KRV E W) R g

TeT" TeTl ie{1,2}

< Z nihQ(k+1)|ui!§1k+z(Qi)- (49)
ie{1,2}

Proof. Let Ji, € X be such that its local components attached to the cells T' € ﬁl\r are

j’;fl( u$¥) and those attached to the cells T € T} are JkH (U*) (the face components of J"
are indeed well defined). Using stability (Lemma 6 and (32)) and consistency/boundedness
(Lemma 12), we infer that

T = Unl2, = Y lir—arlZ, + > [Jr=Url3,

Te,]-h\l“ T€7—hl"
AT - o
<Y ay (jr — ar,jr — ar) + > ah(Jr = Ur, Jr - Ur)
Te,Th\l" T€7—hl"

= F(Jp— Un) S B2\, — Unlay -

S LD I =Url2, B

TeT," TET,

This implies that

Recalling the definitions (29) and (30) of | - |4,., we infer that

Dol ) —urle, + Y ETHUS) = Url, S (50)
TeT," TeT,

and using the discrete trace inequality (8), we also infer that

> Ehr | VI U) = Ur)i|f3r S B. (51)
ie{1,2}
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Forall T € T\F, we add/subtract u$¥ in (50) and we use that |-|a. < ||-|l«r; forall T € 7,1,
we add/subtract U in (50)-(51) and we use that |-[2_ +D ieq12) oIV Ee < - 3
[US]r = g, and

1 . .
(k%) 2h2]lgx — [VUrlrnrllpr < > (K'h1)2 |V (USF — Ur)gr,
i€{1,2}

since [kVUS|r-nr = gy and k' < x2. This leads to (48). Finally, the estimate (49)
follows by combining (48) with Lemma 10. O

6 Building the mesh

In this section, we show how to build a mesh satisfying Assumption 1 and Assumption 2.
Our goal is not to propose an optimized construction, but simply to show that both
Assumptions can be satisfied. We assume that we are initially given a shape-regular
(polyhedral) mesh. Our goal is to show that we can satisfy Assumption 1 by refining the
mesh and then Assumption 2 by means of a local cell-agglomeration procedure.

The shape-regularity of the mesh sequence implies that there is p € (0,1) so that
the following geometric properties hold true for all T € Ty, (i) there is @ € T so that
B(zr,phr) C T ; (i) T, := {x € RY, d(z,T) < phr} C A(T) where A(T) = {T" €
Tn | TNT" # 0} is the collection of the mesh cells touching T (iii) pmaxyrea(r) hyr <
mingreary hrr; (iv) for all & € Q with d(x,0Q) > h, and all a € (0,1), letting 71 € Ty,
be s.t. @ € Ty, there is Ty € Ty, s.t. To N B(x, ahr,) has positive d-measure and there
is &y, € Ty so that B(xp,, pahr,) C To N B(x, ahr ); this last property means that for
any open ball, there is at least one mesh cell s.t. its intersection with this ball contains a
smaller ball with equivalent diameter.

6.1 Assumption 1: mesh refinement

Let us show that Assumption 1 can be satisfied if the mesh is fine enough.

Lemma 14 (Assumption 1). Assumption 1 holds true with v = L provided hM < 1 where

1
M is an upper bound on the curvature of I'.

Proof. Let T € 7?. Fix a point so € T' and introduce the local coordinates & = (&', &),
with zero at sg, where & € R%! are the coordinates in the tangent plane Ts,I' and & is the
coordinate in the normal direction to the tangent plane at sg. Owing to the assumption
hM < 1, we can write T! = {s := (¢, (¢)), & € V(0)} where V(0) is a neighborhood
of 0 in R and ¢ : V(0) — R is a smooth map. Note that ¢(0) = 0, Ve1)(0) = 0,
and that a normal vector to the tangent plane T,I' is n(§') = (—Vep(§'),1). Let us set
&7 = (0,—2hr) and let us consider the function

(€)= (s—ar) nr(€) =& V(&) + (&) + 2hr.
Then f(0) = 2hp, and since Vg f(&) = —¢& - Dg,g,d)(ﬁ’) and ||€’||,2 < hr, we infer that

f(&) = f(0) = hr||Ve fll Lo vioy) = 2k — hpM > hy.



21

Since [|[n(&)|pz <14 ||Veh(&)|l;2 < 1+ hM < 2, we infer that

1

d(@r,Ts0) = |[n(€)|p' f(€) = Shr,  VseT'.

O |

In addition, we have ||&1 — s < ||€|l2 + [¥(&) + 2h7| < 3hr + [¢(€')| < 4hr since

6.2 Assumption 2: local cell-agglomeration

Assume that we are given an initial shape-regular (polyhedral) mesh 7, (with parameter
p) that satisfies Assumption 1 (with parameter 7), but that does not satisfy Assumption 2.
We now describe a simple local cell-agglomeration procedure to produce a new mesh that
is still shape-regular and that satisfies Assumption 1 and Assumption 2. The main idea is
that we eliminate any mesh cell in 7, that is cut unfavorably by the interface by merging
this cell with a neighboring one. We consider the partition 7, = 7,} U7l UT;2, and picking
a value 6 € (0,1) (the precise value of § is determined below), we further partition 7,1 into

1 2
TF _ 77LOK U 7;LKO U 7;LKO , (52)

where T € 7,°% iff the condition (6) from Assumption 2 holds true for all i € {1,2},
whereas 7' € 7,°"" if the condition fails for i € {1,2}. Let us first give two useful lemmas
underpinning our local cell-agglomeration procedure.

Lemma 15 (Partition of T,"). The subsets 77;(0’1 and 77;(0’2 are disjoint if the mesh-size
h is small enough and if § < %p.

Proof. For s € I and positive real numbers «, 3, we define the strip of width o and aspect
ratio S centered at the point s and aligned with the tangent plane TsI" as

Sr(s,a,8) == s+ {t+m, t e TsT, 2|t] 2 <, n € (Ts)F, 2|nle < af).

The regularity of I' implies that, for all A € (0, 1], there is §(A) > 0, so that, for all s € T’
and all a € (0,0(N)],
I'N B(s,a) C Sr(s,2a, A). (53)

(Note that the width of B(s,«a) is 2a.) Let T € T, and let s € TT. Recall from mesh reg-
ularity (property (i) that B(xz, phr) C T. Let us apply (53) with A = }p. Assume that
h < 6(3p). Then TV C I'N B(s,hr) C Sr(s,2hr, 3p). Elementary geometric considera-
tions show that there is a point g € T so that B(gr, phr) C B(xr, phr)\Sr(s, 2hr, p),
which implies, in particular, that B(gp, % phr)NT = (). Therefore, B(yr, % phr) is a subset
of either T or T?2. O

Lemma 16 (Finding a suitable neighbor). Assume that the mesh-size is small enough
and take § = 1p3. Let i € {1,2}. For all T € T,*"", there is a mesh cell in A(T) such
that the condition (6) holds true for i, i.e., this mesh cell is in (T} U T, U TN N A(T),
where1=3—1i (sothati=2ifi=1andi=1ifi=2).
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Proof. Fix i € {1,2} and let T € EKO’i. Owing to mesh regularity (property (ii)), we have
T, = {x € RY, d(z,T) < phr} C A(T). Let s € T'. Assume that h < §(3p) (see (53)),
so that T'N B(s,hy) C Sr(s,2hy, %p). By construction, there is a ball B(s/, %phT) C
Q' \ Sr(s,2hr, 1p). Note that d(s’,09) > d(s,Q) —h > h. Let Ty € T, be s.t. s’ € Tj.
Using mesh regularity (property (iv) with a = iphThil < i owing to property (iii)), we
infer that there is T, € T}, so that T, N B(s/, iphT) has positive d-measure and there is
a ball B(xp,, pahr,) C To N B(s/, iphT). Since pa = %pthhil > %pg = ¢ (using again
property (iii)), we infer that the mesh cell 75 satisfies the condition (6) for 7. Moreover,
this mesh cell is in A(T"). This concludes the proof. O

We can now present our local cell-agglomeration procedure. We consider the parti-
tion (52) with 0 := % p®, and assume that the mesh-size is small enough so that Lemma 15
and Lemma 16 hold true (note that § < %p). The procedure is as follows: (1) For all
T € ’7;LKO’1, we choose a neighboring mesh cell N1(T") € (T, U T,} U 7;LKO’2) N A(T) (this
is possible owing to Lemma 16). We denote the collection of the cells in 77;(0’2 chosen in
the above step as the subset 72}(0’2 C EKO’Z. (2) For all T € 7;?02 \ 72}(0’2, we choose a
neighboring mesh cell No(T) € (T,°XU T2 U TN N A(T). (3) For all i € {1,2}, let A
be the collection of all the cells in 7,°% U T,/ U 7;;(0,1 that have been selected at least once
in one of the two previous steps. For all T% € N; U N3, we define the agglomerated cell

T* =T U{T e TX!, Ny\(T) = T*Y U{T € T°* \ 7%, No(T) = T*}, (54)

and we observe that 7% C A(T*). We collect all the agglomerated cells in ﬁlagglo, and we
define the new mesh

T = ((T,?K UTRUTA\ (M uNz>) U TR (55)

Remark 6.1. (Choice of N;(T)) In Steps 1 and 2, we do not require that 7" and N;(T")
share a face, it is sufficient that they share a point (actually, it is just sufficient that the
set T'U N;(T') has a diameter of order hp, but we do not explore this further here). Thus,
there is some freedom in the choice of N;(T'). In practice, one can choose N;(T) sharing
a face with T" whenever possible.

It is easy to see that the newly created mesh 7," is still shape-regular and satisfies
Assumption 1. Shape regularity follows since the agglomeration of a finite number of
shape-regular neighbors remains shape regular, but with a possibly smaller parameter p* <
p. Assumption 1 is satisfied since each cell in the original mesh satisfies the assumption
and any finite union of cells satisfying this assumption must also satisfy it, but once again
with a possibly smaller parameter v* < 7. Let us finally verify that 7,° also satisfies
Assumption 2.

Lemma 17 (Assumption 2). Assume that the mesh-size is small enough and that the
cell-agglomeration procedure uses the cut parameter § = ip:ﬂ. Then Assumption 2 holds
true for the mesh T,;" with 0* = %pé = %p‘*.
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Proof. Let T* € T, be s.t. measq_1(TNT) > 0. Then, T* € T,°%\ (M UN2) or T* € Eagglo.
In the first case, T™ is also a mesh cell from the original mesh 7, and the definition of
TX* implies that the condition (6) is satisfied with the cut parameter §, and therefore
also with the cut parameter §* < §. In the second case where T* € Eagglo, let us assume
to fix the ideas that the associated cell T* (see (54)) is in N, so that T% = Ny (Toﬁ) with
Tg € 7;1}(0’1. Owing to Lemma 15, the condition (6) is satisfied in Tg with parameter 6 and
i = 2, and by construction, this condition is satisfied in 7% with parameter § and i = 1.
Since hp+ < haepsy < 3maxprea sy hrr < 3pt min(hTu,hTOg) owing to mesh regularity
(property (iii)), we infer that the condition (6) is satisfied in 7™ with parameter §* and
all i € {1,2}. O

References

[1] B. Ayuso de Dios, K. Lipnikov, and G. Manzini. The nonconforming virtual element
method. ESAIM Math. Model. Numer. Anal., 50(3):879-904, 2016.

[2] I. Babuska. The finite element method for elliptic equations with discontinuous coef-
ficients. Computing (Arch. Elektron. Rechnen), 5:207-213, 1970.

[3] J. W. Barrett and C. M. Elliott. Fitted and unfitted finite-element methods for elliptic
equations with smooth interfaces. IMA J. Numer. Anal., 7(3):283-300, 1987.

[4] P. Bastian and C. Engwer. An unfitted finite element method using discontinuous
Galerkin. Internat. J. Numer. Methods Engrg., 79(12):1557-1576, 2009.

[5] E. Burman. Ghost penalty. C. R. Math. Acad. Sci. Paris, 348(21-22):1217-1220,
2010.

[6] E. Burman and P. Zunino. A domain decomposition method based on weighted
interior penalties for advection-diffusion-reaction problems. SIAM J. Numer. Anal.,
44(4):1612-1638, 2006.

[7] E. Burman, S. Claus, P. Hansbo, M. G. Larson, and A. Massing. CutFEM: discretizing
geometry and partial differential equations. Internat. J. Numer. Methods Engrg., 104
(7):472-501, 2015.

[8] E. Burman, J. Guzman, M. A. Sanchez, and M. Sarkis. Robust flux error estimation
of an unfitted Nitsche method for high-contrast interface problems. IMA Journal of
Numerical Analysis, 2017. doi: https://doi.org/10.1093/imanum/drx017.

[9] E. Burman, P. Hansbo, and M. Larson. A cut finite element method with boundary
value correction. Math. Comp., 2017. doi: https://doi.org/10.1090/mcom/3240.

[10] M. Cicuttin, D. A. Di Pietro, and A. Ern. Implementation of Dis-
continuous Skeletal methods on arbitrary-dimensional, polytopal meshes us-
ing generic programming. J. Comput. Appl. Math., 2017. Available
at http://hal.archives-ouvertes.fr/hal-01429292hal-01429292.



[11]

[12]

[13]

24

B. Cockburn, J. Gopalakrishnan, and R. Lazarov. Unified hybridization of discon-
tinuous Galerkin, mixed, and continuous Galerkin methods for second order elliptic
problems. STAM J. Numer. Anal., 47(2):1319-1365, 2009.

B. Cockburn, D. A. Di Pietro, and A. Ern. Bridging the Hybrid High-Order and
Hybridizable Discontinuous Galerkin methods. ESAIM: Math. Model Numer. Anal.
(M2AN), 50(3):635-650, 2016.

D. A. Di Pietro and A. Ern. Mathematical Aspects of Discontinuous Galerkin Methods,
volume 69 of Mathématiques & Applications. Springer-Verlag, Berlin, 2012.

D. A. Di Pietro and A. Ern. A Hybrid High-Order locking-free method for linear
elasticity on general meshes. Comput. Meth. Appl. Mech. Engrg., 283:1-21, 2015.

D. A. Di Pietro, A. Ern, and S. Lemaire. An arbitrary-order and compact-stencil
discretization of diffusion on general meshes based on local reconstruction operators.
Comput. Meth. Appl. Math., 14(4):461-472, 2014.

A. Ern and J.-L. Guermond. Theory and Practice of Finite Elements, volume 159 of
Applied Mathematical Sciences. Springer-Verlag, New York, NY, 2004.

A. Ern and J.-L. Guermond. Finite element quasi-interpolation and best approxima-
tion. ESAIM Math. Model. Numer. Anal. (M2AN), 51(4):1367-1385, 2017.

A. Ern, A. F. Stephansen, and P. Zunino. A discontinuous Galerkin method with
weighted averages for advection-diffusion equations with locally small and anisotropic
diffusivity. IMA J. Numer. Anal., 29(2):235-256, 2009.

S. Frei and T. Richter. A locally modified parametric finite element method for
interface problems. SIAM J. Numer. Anal., 52(5):2315-2334, 2014.

A. Hansbo and P. Hansbo. An unfitted finite element method, based on Nitsche’s
method, for elliptic interface problems. Comput. Methods Appl. Mech. Engrg., 191
(47-48):5537-5552, 2002.

P. Huang, H. Wu, and Y. Xiao. An unfitted interface penalty finite element method
for elliptic interface problems. Comput. Methods Appl. Mech. Engrg., 323:439-460,
2017.

A. Johansson and M. G. Larson. A high order discontinuous Galerkin Nitsche method
for elliptic problems with fictitious boundary. Numer. Math., 123(4):607-628, 2013.

C. Lehrenfeld and A. Reusken. Analysis of a high order unfitted finite element method
for elliptic interface problems. ArXiv e-prints, Feb. 2016.

A. Massing, B. Schott, and W. Wall. A stabilized nitsche cut finite element method
for the Oseen problem. Computer Methods in Applied Mechanics and Engineering,
328:262-300, 2018.

R. Massjung. An unfitted discontinuous Galerkin method applied to elliptic interface
problems. SIAM J. Numer. Anal., 50(6):3134-3162, 2012.



25

[26] J. Nitsche. Uber ein Variationsprinzip zur Losung von Dirichlet-Problemen bei Ver-
wendung von Teilrdumen, die keinen Randbedingungen unterworfen sind. Abh. Math.
Sem. Univ. Hamburg, 36:9-15, 1971. Collection of articles dedicated to Lothar Collatz
on his sixtieth birthday.

[27] B. Schott. Stabilized Cut Finite Element Methods for Complex Interface Coupled Flow
Problems. PhD thesis, Technische Universitat Miinchen, 2017.

[28] H. Wu and Y. Xiao. An unfitted hp-interface penalty finite element method for elliptic
interface problems. ArXiv e-prints, July 2010.



