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Abstract. In the last century, differential geometry has been expressed
within various calculi: vectors, tensors, spinors, exterior differential forms
and recently Clifford algebras. Clifford algebras yield an excellent repre-
sentation of the rotation group and of the Lorentz group which are the
cornerstones of the theory of moving frames. Though Clifford algebras
are all related to quaternions via the Clifford theorem, a biquaternion
formulation of differential geometry does not seem to have been formu-
lated so far. The paper develops, in 3D Euclidean space, a biquaternion
calculus, having an associative exterior product, and applies it to dif-
ferential geometry. The formalism being new, the approach is intended
to be pedagogical. Since the methods of Clifford algebras are similar in
other dimensions, it is hoped that the paper might open new perspectives
for a 4D hyperbolic differential geometry. All the calculi presented here
can easily be implemented algebraically on Mathematica and numeri-
cally on Matlab. Examples, matrix representations, and a Mathematica
work-sheet are provided.

Keywords: Clifford algebras, quaternions, biquaternions, differential geometry,
rotation group SO(3), hyperquaternion algebra

1 Introduction

Much of differential geometry is still formulated today within the 3D vector
calculus which was developed at the end of the nineteenth century. In recent
years, new mathematical tools have appeared, based on Clifford algebras [1-
10] which give an excellent representation of groups, such as the rotation group
SO(3) or the Lorentz group, which are the cornerstones of the theory of moving
frames. Since the methods of Clifford algebras can easily be transposed to other
dimensions, the question naturally arises of whether it is possible to rewrite dif-
ferential geometry within a Clifford algebra in order to open new perspectives for
4D modeling. Such an extension might proceed as follows. A 4D tetraquaternion
calculus has already been presented in [7,8]. A moving surface OM = f(t,u,v)
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can be viewed as a hypersurface (with normal n) in a 4D pseudo-euclidean space.
The invariants are then obtained by diagonalizing the second fundamental form
via a rotation around n combined with a Lorentz boost along n, generalizing the
methods presented here. Though Clifford algebras can be presented in various
ways, the originality of the paper lies in the use biquaternions. We shall first
introduce quaternions and Clifford algebras together with a demonstration of
Clifford’s theorem relating Clifford algebras to quaternions. Then, we shall de-
velop the biquaternion calculus (with its associative exterior product) and show
how classical differential geometry can be reformulated within this new algebraic
framework.

2 Clifford algebras: historical perspective

2.1 Hamilton’s quaternions and biquaternions

In 1843, W. R. Hamilton (1805-1865) discovered quaternions [11-17] which are
a set of four real numbers:

a=ag+ a1t + asj + ask (1)
= (ao, a1, az, a3) (2)
= (ao, @) 3)

where i, 7, k multiply according to the rules

i =52 =k =ijk=—1 (4)
ij = —ji =k (5)
jh=—kj=i (6)
ki = —ik = j. (7)
The conjugate of a quaternion is given by
a. = ag — a1t — asj — ask. (8)

Hamilton was to give a 3D interpretation of quaternions; he named ag the scalar
part and @ the vector part. The product of two quaternions a and b is defined
by

ab = (apby — a1by — azbs — asbs)
+(aogby + a1by + agbs — asbs)i
+(agby + asby + azby — a1b3)j
+(agbs + agbg + a1bs — asby )k (9)

and in a more condensed form

ab = (aob0—7~?,a0?+b07+7 X ?) (10)
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where @ - ? and @ x Z) are respectively the usual scalar and vector products.
Quaternions (denoted by H) constitute a non commutative field without zero
divisors (i.e. ab = 0 implies a or b = 0). At the end of the nineteenth century, the
classical vector calculus was obtained by taking ag = by = 0 and by separating
the dot and vector products. Hamilton also introduced complex quaternions he
called biquaternions which we shall use in the next parts.

2.2 Clifford algebras and theorem

About the same time Hamilton discovered the quaternions, H. G. Grassmann
(1809-1877) had the fundamental idea of a calculus composed of n generators
e1, ez, ...ep, multiplying according to the rule eje; = —eje; (i # j) [18-21]. In
1878, W. K. Clifford (1845-1878) was to give a precise algebraic formulation
thereof and proved the Clifford theorem relating Clifford algebras to quaternions.
Though Clifford did not claim any particular originality, his name was to become
attached to these algebras[22, 23].

Definition 1. Clifford’s algebra C,, is defined as an algebra (over R) composed
of n generators ey, ez, ..., e, multiplying according to the rule e;e; = —eje; (i # j)
and such that €2 = £1. The algebra C,, contains 2" elements constituted by the
n generators, the various products e;e;, ejejey, ... and the unit element 1.

Examples of Clifford algebras (over R) are

1. complex numbers C (e; =4,e3 = —1).

. quaternions H (e; = i,ep = j, €2 = —1).

3. biquaternions H® C (e; = Ili,eq = Ij,e3 = Ik, I?> = —1,6% =1, I com-
muting with i, j, k). Matrix representations of biquaternions are given in the
appendix.

4. tetraquaternions H® H (eg = j,e1 = kl,ea = kJeg = kK,ed = —1,¢? =
e3 = e = 1, where the small i, j, k commute with the capital I, J, K) [7,8].

[N

All Clifford algebras are related to quaternions via the following theorem.

Theorem 1. If n = 2m (m : integer), the Clifford algebra Cay, is the tensor
product of m quaternion algebras. If n = 2m — 1, the Clifford algebra Csp,—1 is
the tensor product of m — 1 quaternion algebras and the algebra (1,w) where w
is the product of the 2m generators (w = ejes...eap, ) of the algebra Coyy,.

Proof. The above examples of Clifford algebras prove the Clifford theorem up
to n = 4. For any n, Clifford’s theorem can be proved by recurrence as follows
[24, p. 378]. The theorem being true for n = (2, 4), suppose that the theorem is
true for Cy(,—1), to Ca(,,—1) one adds the quantities

f =eiea...o(n_1)€2n_1,9 = €1€2...€3(n_1)€2n (11)

which anticommute among themselves and commute with the elements of Co(,, _1);
hence, they constitute a quaternionic system which commutes with Cy(,_1).
From the various products between f, g and the elements of Cy(,,_1) one obtains
a basis of (5, which proves the theorem. a
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Hence, Clifford algebras can be formulated as hyperquaternion algebras the latter
being defined as either a tensor product of quaternion algebras or a subalgebra
thereof.

3 Biquaternion Clifford algebra

3.1 Definition

The algebra (over R) has three anticommuting generators e; = Ii,eq = Ij,e3 =
Ik with e? = €2 = €3 =1 (I? = —1, I commuting with i, j, k). A complete basis
of the algebra is given in the following table

1 i:€3€2j:6163]€:6261 (12)
12616263 Ii:el Ij:eg Ik:eg
A general element of the algebra can be written
A=p+1Iq (13)

where p = pg+ p19+ p2j + psk and ¢ = qo + g1 + g2J + g3k are quaternions. The
Clifford algebra contains scalars pg, vectors (0, g1, g2, 3), bivectors (0, p1, p2, p3)
and trivectors (pseudo-scalars) Iqg where all coefficients (p;, ¢;) are real numbers;
we shall call these multivector spaces respectively Vy, V1, Vo and V3. The product
of two biquaternions A = p+ Iq and B = p’ + I¢’ is defined by

AB = (pp’ — qq') + I(pq' + qp’) (14)

where the products in parentheses are quaternion products. The conjugate of A
is defined as
A= (pe + ch) (15>

with p. and g. being the quaternion conjugates with (AB), = B.A.. The dual
of A noted A* is defined by
A*=1TA (16)

and the commutator of two Clifford numbers by

A, B = % (AB— BA). (17)

3.2 Interior and exterior products

Products between vectors and multivectors In this section we shall adopt
the general approach used in [4] though our algebra differs as well as several
formulas. The product of two general elements of the algebra being given, one
can define interior and exterior products of two vectors a (= a1il + asjI + agkl)
and b via the obvious identity

ab = %(ab +ba) — [—%(ab ~ ba)] (18)
=ab—aAb (19)
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with a.b being the interior product

1
a.b= i(ab + ba) (20)
= a1by + asbs + azbs € Vj (21)

and a A b the exterior product
a/\b:—%(ab—ba) (22)
= (agbs — azbs)i + (azby — a1bs)j + (arbs — asby )k € Vi (23)
which has the same components as the pseudo-vector a x ? Next we define

the interior products a.A, and A,.a (with2 <p <3 and A, =vi Ava AL Ay,
Vi € Vl)

a.Ay, =X (=1)*(awp)vr Ao Avg_1 Avgg1 A Ay (24)
together with
Ap.a=(-1)P"1a.A,. (25)
Explicitly, we have
a.(vy Avg) = —(a.v1)vg + (a.v2)vy (26)

a.(vy Avg Avg) = —(a.v1)(v2 Avz) + (a.v2)(v1 Avg) — (a.v3)(vy Avg).  (27)

The interior product a.A, allows the definition of the multivector a A A, and
Ay A a via the relations

aA, =a.Ap—aNnA (28)

Apa=Apa—A,Na (29)
with

Ap Na=(—1)PanA,. (30)

Multiplying both sides of Eq. (29) with (—1)P and applying Egs. (25, 30), we
obtain
(—1)PApa = —a. A, —aNA, (31)

Combining Egs. (28, 31), we obtain the formulas valid in all cases (1 < p < 3)

1

a.Ap= 5 [aAp, — (=1)PApa] € V4 (32)

1
alA,= —3 [aA, + (—1)PApa) € Vi1 (33)

As being a pseudo-scalar, commuting with any Clifford number, we have in
particular a A Az = 0.
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Table 1. Interior and exterior products with their corresponding expressions in the
classical vector calculus (with B = bAc, B1 = aAb, Bo = cAd, Th = aNbAc,Ta = fAgAh
and a,b,c,d,e, f,g,h € V1i,T € V3)

Multivector calculus Classical vector calculus

a.b= %(ab+ba) € Vy b

aAb=—1(ab—ba) €V, Txb
a.B=%(aB—Ba)eV @ x ?X?)
aAB=—1(aB+ Ba)c Vi 7.(17 x?)
Bi.Bo=-1(BiBo+ BB eV (A% b). (? x 7)

[B1, Bs] = L(B1Bs — BaBy) € Vs EE’ X ?; x (@ x 7)

TT =3+ B eV [@. (7 X 7)] [? (7 = 7)}
BT =—L(BT+TB) €W (7x?) 7. ?xﬁ)]

a.T = 3(aT 4 Ta) € Va 7[7(7Xﬁ }

Products between multivectors Other interior and exterior products be-
tween two multivectors A, and B, are defined for p < ¢ [4]

A, -Byg=(vi Ava A= ANvp1) - (vp - By) (34)
Ay ANBg=uvi A(va A= Avp) A By) (35)

with
Ap- By = (_1)p(q+1)Bq - Ap (36)

which defines By - A, for ¢ > p. The various products are given in Table 1.

Associativity A major property of the exterior product is its associativity
which is expressed as (with v; € V1) [4].

(’Ul N ’UQ) ANvg =v1 A (’U2 A ’Ug) (37)
Proof.
(’Ul /\’UQ)/\’Ug :’1)3/\<’l)1 /\’Ug) (38)
= 5[5 (01 Ava) = (o1 Ava) (39)
= 1 [’Ug (’U1U2 — ’U2’U1) + (1]11}2 — ’UQUl) 1}3] (40)
U1 AN (’UQ AN ’03) = % [—’Ul (1)2 A\ Ug) — ('UQ AN ’1)3) ’01] (41)

1
=1 [v1 (Vv — V3v9) + (VU3 — v3v2) V1] . (42)
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Since v3v1V9 — VV1V3 = —V1V3V2 + VaU3V1 because of
(1)31}1 + 1)11)3) Vg = Vg (’U3’Ul + 1)1’1}3) 5 (43)

Eq. (37) is established. O

3.3 General formulas

Among general formulas, one has with (a,b,c,d )e V1, (B, B; ) € Vo and F,G, H
being any elements

(aAb).B=a.(b.B)=—b.(a.B) (44)
(aAb).(cAd) = (a.c)(b.d) — (a.d) (b.c) (45)
[F,[G, H]] = G, [F, H]| = [[F,G], H] (46)
Bs.(By.a) — By.(Bs.a) = [Bs, Bi] .a (47)
a.d, = (anA;)" (48)
ahA,=(a.Ar)" (49)
Bi A Bj = (By.Bo)" (50)
B1.By = BI.B; (51)
Proof. Eq. (44) results from the definition (34). Eq. (45) follows from
(@Ab).(cAd) =a.lb.(cAd) (52)
with
b.(cAd) = (b.d)c— (bc)d (53)
hence,
a.[b. (c Ad)] = (a.c) (b.d) — (b.c) (a.d) . (54)

Eq. (46) is simply the Jacobi identity which entails Eq. (47). Eq. (48) is estab-
lished as follows (with n = 3)

aNAL=anAn (55)
_ _% [aAn,p + (-1 An—pa} (56)
_ _% [adn_y — (~1)F An_pa] (57)
_ é a4, — (=1)" Apa] = — (a.4,)* (58)
hence, we obain since (4*)* = —A the relation

(anA;)" = (a.4,). (59)
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Eq. (49) follows from

0AL = aA,_, (60)
=5 [adn s~ (1" A e (61)
= S ladnp+ (-1 Auya] (62)
= 2 oA, + (1) Aya (63)
thus we get
(a.A)" = ‘71 4, + (—1)” Aya] = a A A, (64)
Eq. (50) results from
By AB} =B} A B (65)
- ‘7] (BoBy + B1Bs) = (By.Ba)" (66)

and Eq. (51) from
-1
(B1.B2) = > (B1Bs + B2Bq) (67)

1
= 5 UB\IBy + 1B21B) = (B{.B3) .0 (68)

4 Multivector geometry

4.1 Analytic geometry

The equation of a straight line parallel to the vector u and going through the
point a is expressed by

(x—a)Au=0 (69)

yielding the solution
xr—a=\u (70)
r=Au+a (A eR). (71)

Similarly, the equation of a plane going through the point a parallel to the plane
B = u A v is expressed by

(x—a)A(unv)=0 (72)
with the solution

T —a=\u+ pv (73)
r=Xu+puw+a (A peR) (74)
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4.2 Orthogonal projections

Orthogonal projection of a vector on a vector The orthogonal projection
of a vector u = u) +uy on a vector a with uy -a =0, u; Aa =0 is obtained as
follows. Since

wa=u-a—uha (75)
one has
uje=u|-a=u-a (76)
uja=—-uj Na=—-ula (77)
therefore
up = (u-a)a! (78)
uy = —(uAa)at. (79)

Orthogonal projection of a vector on a plane Similarly, to obtain the
orthogonal projection of a vector u = u| + vy on a plane B = a A b (with
uy - B =0, u; A B =0) one writes

uB=u-B—-uAB (80)
hence, the solution is (with B~! = B./BB,)

uj = (u-B)B™* (81)

u; = —(uNB)B™% (82)

Orthogonal projection of a plane on a plane As another example, let us
give the orthogonal projection of a plane By = By + By on the plane By = aAb
with Byy - By =0, and [By)j, Bz] = 0. Using the relation

B1By = =By - By + [B1, By, (83)

we obtain
By = —(B: '32)351 (84)
By, = {[B1, B2} B; . (85)

5 Differential operators and integrals

5.1 Differential operators

In Cartesian coordinates, the nabla operator V = Ii%—i—fja%z—&—lka% acting on
ascalar f, a vector a (= a1li + aolj + aslk), a bivector B (= Byi + Baj + Bsk)
and a trivector T (= 71 ) yields respectively

0 0 0
_ 7. 9 . O o
Vf=1i 1—}—13 2—|—lk: 3—gTadf€V1 (86)
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Oa; Oas  Oas

v.aza—m+a—m+a—£:dwaevo (87)
VAa:(gzz—gzz)i+(gZ;—gZZ)j+<ng—gZ;>k (88)
=rota € V3 (89)

V.B = (VAB*)" = (rotB*)" € (90)

V AB=(V.B*)" = (divB*)" € V; (91)

V.T =VT = — (VT*)* = — (gradT™*)* € Vj. (92)

)

Hence, the various operators can be expressed with the usual ones (grad, div, rot
and the duality. Among a few properties of the nabla operator, one has

VZ=AVANVAF)=0,VA(VAa)=0 (93)
Na=V (Va)=V(V.a—VAa)=V(V.a)—-V.(VAa), (94)
where the last equation results from

V(VAa)=V.(VAa)—= VANV Aa)=V.(VAa). (95)

5.2 Integrals and theorems

The length, surface and volume integrals are respectively for a curve z(u), surface
z(u,v) and a volume z(u, v, w)

L:/@:/W:/,/(%)Qdu (96)
S = // —/\— dudv (97)
V= / / / \/ oz ax gx) dudvduw. (98)

The formulas exhibit immediately the transformation properties under a change
of coordinates.
Stokes’ theorem is expressed for a vector a (with dl = dz,dS = dl; A dls)

]{a.dl = /(V Aa).dS; (99)
the same formula can be used for a bivector B by taking a = B*
%B*.dl = /(V A B*).dS = —/(V.B)* .dS (100)

= /rotB*.dS. (101)
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Ostrogradsky’s theorem for a bivector B yields (with dr = dl; A dla A dl3)

B.dS= [ (VAB).dr= [ (divB*)" .dr (102)
foas= | /
= [ (divB*)dV. (103)
/

For a vector a, one obtains with B = —a*

— ¢ a*.dS = [ (diva)dV (104)
Jeas=|

which transforms, since a*.dS = —a.dS* , into

j{a.dS* = /(diva) dv. (105)

6 Orthogonal groups O(3) and SO(3)

Definition 2. The symmetric of x with respect to a plane is obtained by drawing
the perpendicular to the plane and by extending this perpendicular by an equal
length.

Let x be a vector, 2’ its symmetric to a plane and a a unit vector perpendicular
to the plane. From the geometry, 2’ — z is perpendicular to the plane and thus
parallel to a; similarly, ' + z is parallel to the plane and thus perpendicular to
a. Consequently, one has

/
sr:’:a:—l—)\a,a-(x ;—x)zO; (106)
hence, one obtains (with a-a = a? = 1)

a~<x+)\2a> =0 (107)

(a-x)

yielding A = _2aT and

x,:m_2(a-x)a:x_(a:v+xa)a (108)

a-a a-a

= —azxa. (109)

Definition 3. The orthogonal group O(3) is the group of linear operators which
leave invariant the quadratic form x -y = T1Yy1 + Toys + T3Y3

Theorem 2. Every rotation of O(3) is the product of an even number < 3 of
symmetries, any reflection is the product of an odd number < 3 of symmetries.
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The special orthogonal group SO(3) is constituted by rotations i.e. of proper
transformations f(z) of determinant equal to 1 (i.e. o = f (e1) A f (e2) A f (e3) =
I). A reflection is an improper transformation of determinant equal to —1 (i.e.
a = —1I). Combining two orthogonal symmetries, we obtain

2’ = (ba) x (ab) = rar, (110)

with r = ba, r. = a.b. = ab, rr. = 1. One can express r as

0 0 1
r= (C082 + usin 2) =30 (111)
with u = w1 + ugj + uzk (u? = —1). Eq. (110) represents a conical rotation of

the vector x by an angle 8 around the unit vector ©* = Iu. One verifies that the
rotation conserves the norm 22 = 2. The same equation holds for any element
A of the algebra A’ = rAr. since the product of two vectors x,y transforms as

'y = (rar.) (ryre) = r(zy)re (112)

and similarly for the product of three vectors as well as a linear combination of
such products. The above formulas allow to easily express the classical moving
frames such as the Frenet and Darboux frames within the Grassmannian scheme.

7 Curves

7.1 Generalities

Consider a 3D curve z(t) (= x1(t)e1+x2(t)ea+x3(t)es) where e; is the canonical
orthonormal basis (e; = Ii, ea = Ij, es = Ik). Taking the length of the curve s
as parameter we have x = f(s) with ds = /(dx)?. The tangent unit vector at a
point M (z) is

dz dz\?

T=2T2_-(22) =1. 113

ds’ ( ds ) (113)

The equation of the tangent at a point M (x) is given by

dx
X — — =0 114
(X —a)n o (114)
where X is a generic point of the tangent. The equations of the plane perpendic-
ular to the curve and of the osculating plane at the point M read respectively

dzx
(X —2).5 =0 (115)
(X —2)n 320 Tz _ (116)
p— I —_— —_—
ds  ds?

where X is a generic point of the plane [25].
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7.2 Frenet frame

The Frenet frame (v;) attached to the curve x(t) is given by
v; = Te;T (117)

where 7 = ezl expresses the rotation of angle § around the unit vector u*
(TT‘C =1,u% = —1) and e; is the canonical orthonormal basis. After differentia-
tion, one obtains (using the relation dr.r = —r.dr resulting from the differenti-
ation of rr, = 1)

dv; = r (redre; + e;drer) e (118)
=r(dip.e;)re (119)
=r(De;)r. (120)
with

dip = 2rodr = 220 ezu0 <d20u + Zdu) (121)
= (dfu + 0du) (122)
= (da) i + (db) j + (dc) k) € V3 (123)

and 1
Dei = dLF.ei = 5 (dLF(ii — eidLF) . (124)

We shall call dvp = 2r.dr the affine connection bivector. Explicitly, one has

Dey = (dc) ez — (db) eg (125)
Dey = — (dc) ey + (da) e (126)
Des = (db) ey — (da) es. (127)

The Frenet frame is defined by the affine connection bivector
dip = 2r.dr = (1ds) i + (pds) k (128)

where p = 1/R is the curvature and 7 = 1/T the torsion. This gives the Frenet
equations

Dey = (pds) es (129)
Dey = — (pds) ex + (1ds) es (130)
Des = (—7ds) ea. (131)

7.3 Curvature and torsion
To obtain the curvature and torsion we define « and S

dr d?
a:£A7£:plev2 (132)
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dac d2 d3x
B=Nag a5 = Ip*T (133)

and using the Lagrange equatlon
(’Ul A\ ’02)2 = (’1}1.1)2)2 — (U1)2 (U2)2 =-1 (134)

we obtain the invariants

o=+ o= <dsAd2 ) (135)

ds?

d d? d?
15 I(EnEEngs)

: dr _ dx ds
Under a change of parameter ¢, one has using %7 = 9% 4%
de d*x ds\*
— N—=—=| = 137
at " ar <dt) ¢ (137)

and thus one obtains the curvature

dz\ " ° (dz  &2x\®

For the torsion, proceeding similarly, we get under a change of parameter

de d?z  d*z ds\°®
A A== 139
dt  dt?2  dt3 (dt> f (139)
and thus .
I dx A Pz A d’z
r= (% 152 dtS) e V. (140)

(% A 5E)°

7.4 Example

As example, consider the curve z(t) = (2cos t)Ii + (2sint)Ij + (¢)Ik. The line
element is ds = Vdx2 = /bdt; writing 2’ = dt , etc., we have

' Az = (2sint)i — (2cost)j + 4k, (141)
(' A 2")? = =20 (142)
' N AN =4l (143)

The curvature and torsion are respectively

p=y- @) @ nan =3 (144)

/ 1" "
T:I(x AN ANz ):1 (145)
(:L”/\:U”)Q 5
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The equation of the osculating plane is (with X = (X3) Ii 4+ (X2) Ij + (X3) Ik
being a generic point of the plane )

de d*x I .

(X—x)/\a/\@:ﬁ(—2t+2X3—XQCOSt+XlsIHt):0 (146)
The Frenet basis v; is
1

vy = —[(—2sint) Ii+ (2cost) Ij + Ik 147

1= 2 (25t I + (2cost) 1+ 1K (147

vy = (—cost) Ii — (sint) Ij (148)

% 1 . . .
vy = (v1 A v2) :ﬁ[(smt)h—(cost)[g—f—?]k]. (149)

The basis v; is obtained via the following rotations. First, the frame is brought
into its initial position (at ¢ = 0) via the rotation fo = f1fo with tanf = % and

PR T+ h) (150)

<\/\[ \[ \/\[ \[> (151)
yielding
1 1 .1 1 /1 1 1 1

Next, follows the rotation due to the affine connection bivector

ot (e Bt o

The end result is 7 = f1 fo f3 and explicitly

t\:\q:,

t .t . t .t
= (Acos2 —031112) +1 <Bcos2 —|—Dsm2> (154)
+j(=Beost 4+ Dsin L) 4k (Acost + Csin - (155)
] COS2 S B 0082 S 2
with
fio,/ 5+2\f B = 1/ 5—2\f (156)
1
—<\/5—2f+2\/5+2f) (157)
D=m<—2\/5—2\/5+\/5+2\/5>. (158)

Finally, one verifies that v; = re;re.
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8 Surfaces

8.1 Generalities

Consider in a 3D Euclidean space a surface z = f (u,v). The tangent plane is

given by fu A fo (fu = %, ES %) and the unit normal by

(fu N fo)
- (.fu A fv)2

with (fu, fu,h) being a direct trieder (f, A fu Ah=MX,A>0). Take an or-
thonormal moving frame of basis vectors v; and a vector a (of components A with
respect to the moving frame) attached to the surface. This frame is obtained by
rotating the canonical frame e;; hence, one has

h= (159)

Vi = T€;Te,a = rAr,. (160)
Differentiating these relations, one obtains dv; = r (De;) r.,da = r (DA) r. with
De; =di.e;, DA =dA + di. A (161)
where DA is the covariant differential (dA being a differentiation with respect
to the components only) and dv = 2r.dr.
8.2 Darboux frame

The Darboux frame (v;p) is obtained for a curve on the surface from the Frenet
frame by a rotation of an algebraic angle @ = £ (vsp, h) around v, r. Hence

vip = (rp) € (rp), (162)

with rp = rir and

r = cos% — (v1p)” sin% = rpr. (163)

where p = cos § + isin §; hence rp = 717 = rp. Consequently, the rotation
bivector dup = 2 (rp),.drp can be expressed as follows

dip =2(rp),d(rp) = 2pere (drp + rdp) (164)

= pe (dup) p+ 2pcdp (165)

= (1rds) i — (pnds) j + (pgds) k (166)

where p, = pcos « is the geodesic curvature, p, = —psin « the normal curvature

and 7, = fl—g‘ + 7 the relative torsion. The Darboux equations thus become

dUiD =Tp (dLD.ei) (’I“D)c (167)
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and explicitly

dvip = (pgv2p + pnvsp) ds (168)
dvap = (—pgvip + Trv3p) ds (169)
dUgD = (—pn’UlD — TT’UQD) ds. (170)

If the Darboux frame is rotated in the tangent plane by an angle 6(s) around
the unit normal h one obtains, applying the same reasoning as above, for the
rotation r = rpf with f = cosg + ksing. The new vectors v; of the frame
become v; = re;r. and the affine connection bivector transforms into

dv = 2r.dr (171)
=2fc(rp).[(drp) f + rpdf] (172)
= fc (dLD)f+2fcdf (173)

Applying this formula, one obtains
dv = ds (1, cos 0 — pp, sinf) i + ds (—pp, cos§ — 7, sin 0) j (174)
+ (pgds + db) k. (175)
8.3 Integrability conditions
The 3D Euclidean space being without torsion and curvature, this entails that
dM and dv; are integrable.
Integrability of dM Consider a point on the surface, one has
dM =r (DM)r. = fudu+ fydv (176)

where DM are the components expressed in the moving frame (with the moving
vectors v; = (e;) 7c). One has

DM = wie1 + woeo (177)
= (AldquBldv) el + (AQdu+B2dU) €2 (178)
with
Ay = (refur) .e1 = fuv1, Br = (refor) €1 = fo.01 (179)
As = (chur) .62 = fu-v2a By = (chvr) €2 = fv-U2~ (180>

The affine connection bivector dv = 2r.dr can be written [15, II, p. 410] as
di = vdu+iodv (with o1 = a1i+b1j+c1k, ta = agi+boj+cak). The integrability
condition of dM is expressed by the condition

A(DM) — D (AM) =0 (181)
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with
A(DM)=06(DM)+ 6e.DM (182)
D (AM) =d(AM) + de.AM. (183)
This leads to the relation
0(DM) —d(AM) = de.AM — 6t.DM. (184)
Explicitly, it reads
0A 0B
8—; - a—ul = —Bsey + Ascs (185)
0A 0B
671]2 — aiuz = B161 - Alcg (186)
Albg + Bgal = A2a2 + Blbl- (187)

The linear Egs. (185,186) determine ¢y, ¢ ; the result is

- -1 6141 8B1 8142 632

T A B, — AyB, [Al ( v Ou ) Az ( v du )} (188)
_ —1 8142 832 aA] 831

= 0By~ AaBs {Bz (a au> + 5 (a au)] (189)

Integrability of dv; The integrability conditions of dv; are obtained similarly,
with dv; = rDe;r.. The condition ddv; — ddv; = 0 leads to the relation

A(De;) — D (Ae;) =0 (190)
with De; = di.e;, Ae; = dr.e; and
A(De;) = 6 (de.e;) + du. (de.e;) (191)
D (Ae;) = d(6t.e;) + du. (6e.e;) . (192)
Applying Eq. (47), one has
de. (de.e;) — de. (0v.e;) = — [de, 6t .e; (193)
hence, the integrability condition of dv; can be expressed as
(0de — doe) .e; = [du, i) .e; (194)
and thus (6de — dde) = [de, 6] or
% - % = [i1, 2] (195)
Explicitly, these equations read [15, II, p. 412]
% - % =bicy — bacy (196)
% — % = c1a9 — Caay (197)
% — % = a1by — asby. (198)

ov ou
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8.4 Curvature lines and curvature: first method

Consider a moving frame v; = re;r. with De; = di.e; (dv = 2r.dr) and DM =
wie1 + woeq expressed in the moving frame. The fundamental form IT can be
expressed as

I = —De3. DM = — (dv.es) .DM (199)
= DM. (e3.dt) = (DM Ae3).de. (200)

The affine connection bivector dv = dai + dbj + dck can be developed on wq(=
Ardu + B1dv),ws (= Aadu + Badv ) as follows [26, p. 209]

da = L21w1 + L22w2 = aldu + (LQd’U (201)
db = —anl - L12LU2 = bldu + bgd’U. (202)

Identifying the coefficients of du, dv, and solving the linear system, one obtains

ba Aoy — b1 By as Ay — a1 By
Ly =222z g Gl ol 2
U ABy — AyB T Ay By — AyBy (203)
By — b A By — a0 A
Lyip = b1 By — ba Ay a1 by — G2A2 (204)

AiBy — A48, T AiBy — AyBy

Due to the integrability condition Eq. (187), we have L2 = Lo and thus the
fondamental form II becomes

II = Lllwf + LQQ(A}% + 2L12UJ1W2. (205)

If we rotate the frame by an angle ¢ around vs we have v, = fv, f. with

f = cos(®/2) — v} sin(®/2) (206)
=r [cos(@/Q) —es sin(¢/2)] Te (207>
= 1 [cos(®/2) + ksin(/2)] 7. (208)

The total rotation is R = fr = rp with p = cos(®/2) + ksin(®/2) and the affine
connection bivector transforms into

d'' = 2R.dR = 2p.r. (drp) = p. (di) p (209)
=da"i +db'j +dc'k (210)
with
da’ = cos(P)da + sin(P)db = L'w)| + Lywh (211)
db' = —sin(®P)da + cos(P)db = —Ljw] — Lisw) (212)
dc’ = dec. (213)

The vector DM’ = w/e; + whes transforms in the same way i.e.,

Wy = cos(P)wy + sin(P)ws (214)
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wh = —sin(B)w; + cos(P)ws. (215)

The coefficients ng are obtained by expressing (da,db) of Egs. (211, 212) in
terms of (L;jw;) via the Egs. (201, 202) and then by writing the w; in terms of
w;; one finds

L)y = L1 cos®(®) + Loy sin?(P) + Lyo sin(2d) (216)

Lbyy = L1y sin?(®) 4 Lag cos? () — Lyosin(2P) (217)
1

L’12 = L12 COS(2@) + 5 SiH(QQp)(LQQ - Lll)' (218)

The curvature lines are the lines for which the fundamental form II becomes
diagonal, i.e., when L}, =0, or

2L
tan 20 = — 12 219
(L1 — Lao) (219)

Along these lines, the curvature is defined by De, = —K (DM ) with

De, = db'e; —dad'ey (220)
da’ = Liywh, db = — L} w) (221)

and DM = wje; or DM = whes. hence, the curvatures are given by K; =
L'y Ko = Ly, i.e., as a function of the angle @. To obtain the standard formulas,
we write

Ly — L 2L
cos 20 = L sin 20 = 2 (222)

Lyy — Loo)? + 412 - Lyy — Loo)? + 412 V2
(L11 — Lo2)™ +4L1, (L11 — Laa)” +4L7,

and use cos?® = 1 (1+ cos20),sin®@ = 1 (1 — cos20); after rearrangement,
we get

1
Ky=Ly =5 (L11 + Loy — \/(L11 — L) + 4L‘{2> (223)

1
KQ = L/12 = 5 <L11 + LQQ —+ \/(LU — L22)2 + 4L%2> . (224)

Hence, the Gaussian curvature K is given by
K =K Ky = Ly Loy — L3, (225)
— aob Oc1 _ Ocy

_abr—ash (T - 52) (226)

~ A1By— AsB; A1By— A3B

where we have made use of the integrability condition Eq. (198). Replacing ¢, c2
by their expressions of Egs. (188, 189), we finally get for the Gaussian curvature

9A 2B 8A, OB
0 B2( 8'u2 - 6u2 )JFBI( avl - Bul)
1 Ou (A1B2—A2B1)

(227)

Ke oo~
(A1By — AsB1) | o | A%t -t )+ (52 -%2)
ov (A1B2—A3By)
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The Gaussian curvature thus depends only on the metric ds = 4/ (dM )2, as
stated by Gauss’ theorem. The mean curvature H is given by

1 1
H=3 (K1 + Ka) = 3 (L1 + La22) (228)

 —biBy + by Az +a2A1 — a1 By

229
2(A1B2 *AgBl) ( )

8.5 Gaussian and mean curvature: second method

The Gaussian and mean curvatures can also be derived as follows [25]. The
curvature K is defined by the relation

dvs = —KdM. (230)

Developing that equation we have

s Ov:
%du + %dv = —K (zydu + z,dv) (231)
or 5 5
U3 U3
K —_— Kx,+ — =0. 232
( xu—i-au)du—F( xu+av)dv 0 (232)
The two vectors in parentheses are parallel and thus
8’03 81}3
( xu—l—au)/\( xv+av> 0 (233)
which gives the equation
8’[}3 8’03 81)3 8113
K2 (xy Axy) + K | == Az, w A — — N—=—=0. 234
(xy A y) + <8u/\x+:c/\8v>+au/\av 0 (234)

Multiplying with the exterior product on the left by n = (z, A x,)* and using
Eq. (50)

(Tu Ay)" A (Ty ATy) = — [(gcu A xU)Q} o (n?) (235)
we obtain the formula [25]
ov ov Ovs  Ov
27 (12 ovs v IBANIE =
K*I (n®) + K [nA By [\ Tv T AT A 60] TN G A =00 (236)

Calling K1, K the two roots of the equation, one has for the Gaussian curvature

—1I 0 0
K=k = o (nn G2 G2).

ou ov (237)

The mean curvature is given by

71 o I 31}3 (9”03
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8.6 Curves on surfaces: asymptotic, curvature and geodesic lines

Consider on a surface, at a point OM, an orthonormal frame vy, vs,v3 (With
v3 being the unit normal). One has (with wy = cos @ds, wy = sin Pds) [15, 11, p.
413]

d(OM) = (v1 cos @ + vy sin ®) ds (239)
= W1V1 =+ W2 (240)

d*>(OM
d*(OM) = 272)613 = (vadc — v3db) cos ® (241)

s
+ (—v1dc + vsda) sin @ + (vg cos @ — vy sin @) dP (242)
= —vy sin@(de + dP) + vy cos P (de + dP) (243)
+vs3 (sin @da — cos Pdb) . (244)
Asymptotic lines The normal curvature is defined by
d*(OM)
pn(s) = T-Us (245)
. . da db

= (sm @£ — cos Qsds> . (246)

Developing da, db on wy,ws via Egs. (201, 202), one obtains after rearrangement
pn(8) = Loy sin? @ + Lq1 cos? @ + 2sin @ cos PL1. (247)
The asymptotic line is defined by p,(s) = 0, leading to
—Lip £ \/m (248)
Loy
under the assumption that L%Q — Li1Lo9 > 0.

tan® =

Curvature lines The relative torsion 7,.(s) is expressed by

d(OM) dvs

I (s) = 22— s 24
7(8) I Awvg A I (249)
db d
= (v1 cos P + vasin D) A vz A (dsvl - dZw) (250)
d db
= (cos P + — Siﬂ@) v1 A vy A vs. (251)
ds ds
Developing da, db on wy,ws as above, we get
| cosP(LigcosP + Lagsin®)
7r(s) = [ sin® (Ly1 cos® + Lissin Q))} (252)
in 2¢
_ {ng o828 + 20T (L — Ln)] . (253)
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The curvature lines are defined by 7.(s) = 0, hence

2L
tan2¢p = —— 254
Ly — Ly (254)

as we have already obtained previously in Eq. (219).

Geodesics The geodesic curvature py(s) is given by

Ipyfs) = AN TLOL)

1
=7 (v1 cos P + vgsinP) (256)

A U3 (255)

A {(ddﬂ—dc) (—v1 sin® + vy cos P) (257)

+vs3 (sin da — cos Pdb) ] A s

dec do
=|—+—=—)1 258
(ds + ds > (258)
The geodesic lines correspond to py(s) = 0 and thus to de+d® = 0 or equivalently
w2
crdu + cadv 4+ d (Arc tan w) =0. (259)
1

Hence, the equation of the geodesic is given by [15, II, p. 414]

Aodu + BQdU) _o

B ——— 2
Aldu + Bld’U ( 60)

crdu + codv +d <A7‘c tan

where ¢, co are expressed by Eqs. (188, 189).

8.7 Example

Consider as surface the sphere of radius r, z(t) = (rsin 0 cos @) li+(r sin 0 sin ) I j+
(rcosf)Ik. One has dr = wivy + wave with wy = rdf,w; = rsinfdy (A =
r,By = 0,45 =0, By = rsinf) and

v1 = (cos@cos ) Ii+ (cosfsinp) Ij — (sinf) Ik (261)
ve = — (sin) Ii + (cos @) Ij (262)
v3 = (v1 Avg)" = (sinfcos ) Ii + (sinfsin ) Ij 4 (cos0) [k.  (263)

This frame (v; = re;r.) is obtained from the canonical basis e; via a rotation rq
of  around eg, followed by a rotation ry of 6 around the axis r1es71., hence,

r=1"rirg = ek%ejg (264)

0 0
= cos 5 cos g - (Sin 3 sin (5) i (265)

A 0.
+ (sm 5 cos 2) Jj+ <cos 5 sin 2) k. (266)
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The affine connection bivector dv = 2r.dr is

dv= —(dpsinf)i+ (df) j + (dpcosb) k (267)
= (da)i + (db) j + (de) k, (268)

leading to (with da = a1df + aady, ete.)

ay; = 0, a9 = sin 9, bl = 1, b2 =0 (269)
¢1 = 0,co = cosb. (270)

The Gaussian and mean curvature are respectively

a1b2 —a2b1 1
K=_"-*= """ _ - 271
AlBQ — AgBl 7"2 ( 7 )

7b1B2 + b2A2 + a2A1 — a131 1
2 (AlBQ — AgBl) T ( )

9 Conclusion

The paper has presented a biquaternion calculus, having an associative exterior
product, and shown how differential geometry can be expressed within this new
algebraic framework. The method presented here can be extended to other spaces
such as a pseudo-Euclidean 4D space. It is hoped that this paper will further
interest in these new algebraic tools and provide new perspectives for geometric
modeling.
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A Representation of biquaternions by 4 X 4 real matrices

010 0 ~10 0 0
__|to00 _i_|o0too0
A== 1000 -1’27 T 00-10
00-1 0 0001
00 0 —1 00 0-1
_e_ |0 0-10 . o010
GB=N=10 210 0’2" lo-100
10 0 0 1000
(00 -1 0] 0-10 0
oo o -1 10 00
ee3=J= 1100 0 ,ese3 =k = 00 01
010 0 | 00 —10
(00 —10] 1000
_,_ |00 0] o100
C2B=2=110 00|~ |0010
0-10 0] 0001

B Representation of biquaternions by 2 X 2 complex
Pauli matrices

(¢': ordinary complex imaginary)

. 01 . 0 —7¢
61=h=01=[10],62=IJ=02=L., OZ}

10 ) 0 —7
es=1k=01 = |:0_1:|,6362:Z: [—i’ O]
. 0-1 —i' 0
€i1€3 =7 = 10 76263:k: 0 i/

10 10
616263—I—|:0i:|,1—|:01:|.

C Work-sheet: biquaternions (Mathematica)

<<Quaternions"
(xproduct of two biquaternions a = ay + lag,b = by + b2, a;, b; € H; a double
star ** means a quaternion productx)

CPla,b] : = {(a[[1]] * +b[[1]]) — (a[[2]] * *b[[2]]),
al[2]] + *0[[1]]) + (al[1]] * *b[[2]])}
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(*conjugate K*)

Kla] : = {Quaternion[a[[1, 1]}, —a[[1, 2]], —a[[1, 3]}, —a[[1, 4]]],
Quaternion[al[2, 1]}, —a[[2, 2]}, —a[[2, 3]}, —a[[2, 4]]]}

(xsum and differencex)
csumla-,b] : = {a[[1]] + b[[1]], a[[2]] + b[[2]]}
cdifla-,b] : = {a[[1]] = b[[1]}; a[[2]] - b[[2]]}
(+multiplication by a scalarx)
felif(f-a] = {f *al[1]], f = a[[2]]}
(+products % (ab + ba), £ (ab — ba)x)

intla-, = {fclif[1/2, csum[CP|a,b], CPIb,al]|}

= {fclif[1/2,cdif[CPla,b],CP[b,a]]]}

extla.,

mint|a.,

= {fdif[-1/2,csum|[CP]|a,b], CPIb,al]]]}

b]:
b]:

(+products —3(ab + ba), — 3 (ab — ba)x)
b]: ]
b :={fclif|-1/2,cdif[CPla,b],CP[b,al]|}

mext|a_,

(xexample: product of two biquaternions A and B, w = ABx)

A = {Quaternion[1, 3,0, 4], Quaternion|2,1,5,1]}
B = {Quaternion|1, 7,8, 1], Quaternion[2, 1,0, 1]}
w = Simplify[CP[A, B]]

(xresultx)

{Quaternion[—26, —31, 23, 30], Quaternion[—51,19, 28, —15]}
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