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Variational approximation of size-mass energies
for k-dimensional currents

A. Chambolle* L. Ferrarif B. Merlet?

In this paper we produce a I'-convergence result for a class of energies ]—"f’a modeled on

the Ambrosio-Tortorelli functional. For the choice k = 1 we show that F;’a I'-converges to a
branched transportation energy whose cost per unit length is a function f~! depending on a
parameter a > 0 and on the codimension n — 1. The limit cost f,(m) is bounded from below
by 1+ m so that the limit functional controls the mass and the length of the limit object. In
the limit a | 0 we recover the Steiner energy.
We then generalize the approach to any dimension and codimension. The limit objects are
now k-currents with prescribed boundary, the limit functional controls both their masses and
sizes. In the limit a | 0, we recover the Plateau energy defined on k-currents, & < n. The
energies F, E’f . then can be used for the numerical treatment of the k-Plateau problem.

1. Introduction

Let Q@ C R™ be a convex, bounded open set. We consider vector measures o € M(Q, R") of the form
oc=mvHILY,

where ¥ is a 1-dimensional rectifiable set oriented by a Borel measurable tangent map v : ¥ — 8™~ ! and
m : ¥ — Ry is a Borel measurable function representing the multiplicity. We write o = (m, v, X)) for
such measures. Given a cost function f € C(R4, R4 ) we introduce the functional

o) i /Ef(m) dH'  if o= (m,1, %),

F( (1.1)
+00 otherwise in M(Q, RY).
Next, given . = {z1,-+ , 2, } C Q a finite set of points and ¢y, , ¢, € R such that 3777, ¢; = 0,
we consider the optimization problem F (o) for o € M(Q,R") satisfying
np
Vo= ¢, in D'(R™). (1.2)
j=1

The setting is similar to the one from Beckman [22] and Xia [25]. We model transport nets connecting
a given set of sources {x; € ./ : ¢; > 0} to a given set of wells {z; € ¥ : ¢; < 0} via vector valued
measures. For numerical reasons, we wish to approximate the measure o = (m, v, 3) by a diffuse object
(a smooth vector field). For this, we introduce below a family of corresponding “diffuse” functionals
Fe.q that converge towards in the sense of I'-convergence [10, 11l [14]. This general idea has proved
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to be effective in a variety of contexts such as fracture theory, optimal partitions problems and image
segmentation [3] I8, M3, [19]. More recently this tool has been used to approximate energies depending
on one dimensional sets, for instance in [20] the authors take advantage of a functional similar to the one
from Modica and Mortola defined on vector valued measures to approach the branched transportation
problem [7]. With similar techniques approximations of the Steiner minimal tree problem ([2], [I7]
and [21]) have been proposed in [9] [§].

In the present paper we first extend to any ambient dimension n > 2 the phase-field approximation for
a branched transportation energy introduced in [6] for n = 2. In particular the approximate functionals
Fe,o are modeled on the one from Ambrosio and Tortorelli [4]. We also extend the construction to
any dimension and co-dimension. Indeed, for 1 < k& < n — 1 integer, we consider k-rectifiable currents
o = (0,e,%) where ¥ is a countably k-rectifiable set with approximate tangent k-plane defined by a
simple unit multi-vector £(x) = & () A+ A&k(x) and m : ¥ — R is a Borel measurable function (the
multiplicity). The functional extends to k-currents o as follows,

k : —(m
sy { L@ a0 = g,

+ otherwise.

Let us define the approximate functionals and describe our main results in the case £k = 1. For our
phase field approximations we relax the condition on the vector measure o replacing it by a vector field
oe € L?(Q,R"). We then need to mollify condition (L.2)). Let p : R" — R be a classical radial mollifier
such that supp p C B1(0) and fBl(O) p=1. For € > 0, we set p. = e "p(-/¢). We substitute for the

condition

np np
Veoe = D ¢ibe, | xpe = cipe(-— ;) in D'(R™). (1.3)
j=1 j=1

Remark 1. Notice that in (1.2)) (1.3) the equality holds in D'(R™) and not only in D'(Q) so that there
is no flux trough O0N2.

We also consider the functions u € WP(Q, [, 1]) such that u = 1 on 9Q where n = n(e) satisfies

n=ac"

for some a € Ry. We denote by X.(€2) the set of pairs (o, u) satisfying the above hypotheses. This set
is naturally embedded in M(Q, R") x L?(2). For (o,u) € M(Q,R") x L?(2) we set

_ 2 2
/ {5”"+1|Vu|p + M Ul G it o) € x(9),
Fealou; Q) := < Ja en € (1.4)

+00 in the other cases.

Let X be the subset of M(2,R") x L?(f) consisting of those couples (o,u) such that u = 1 and
o = (m,v,X) satisfies the constraint (1.2)). Given any sequence € = (g;);en of positive numbers such that
€; 4 0, we show that the above family of functionals I'-converges to

 fa(m(2)) dH'(z) if (o,u) € X and 0 = mrH'LY,
Falo,u; Q) = { /=02 (1.5)

+o00 otherwise.

The function f, : Ry — Ry (introduced and studied in the appendix) is the minimum value of some
optimization problem depending on @ and on the codimension n — 1 (we note f¢, with d = n — k in
the general case 1 < k < n — 1). In particular we prove that f, is lower semicontinuous, subadditive,
increasing, f,(0) =0 and that there exists some ¢ > 0 such that

1
*SMSC for m > 0.
c

V14 am?



The T'-convergence holds for the topology of the weak-* convergence for the sequence of measures (o.) and
for the strong L? convergence for the phase field (u.). For a sequence (0., u.) we write (0., u.) — (0, u)
if o. = o and |Juc — ul|2 — 0. In the sequel we first establish that the sequence of functionals (F. ,). is
coercive with respect this topology.

Theorem 1.1. Assume that a > 0. For any sequence (0., u.) C M(Q,R"™) x L?(Q) with ¢ | 0, such that
fs,a(oeaue;g) S FO < +OO,
then there exists o € M(Q,R™) such that, up to a subsequence, (0., u.) — (0,1) € X.

Then we prove the I'-liminf inequality

Theorem 1.2. Assume that a > 0. For any sequence (oc,u;) € M(Q,R™) x L*(Q) that converges to
(o,u) € M(Q,R") x L?(Q) as ¢ | 0 it holds

limi%nf Fe a0, ue; ) > Folo,u; §2).
£

We also establish the corresponding I'-limsup inequality

Theorem 1.3. Assume that a > 0. For any (o,u) € M(Q,R") x L*(Q) there exists a sequence
((oc,ue)) € M(Q,R™) x L?(Q) such that

(0c,ue) =8 (o,u) in M(Q,R™) x L*(Q)

and

lim sup Fe 4 (0c, ue; Q) < Fo(o, u; Q).
el0

As already stated, we only considered the case k =1 in this introduction. Section [4]is devoted to the
extension of Theorems and [[.3]in the case where the 1-currents (vector measures) are replaced
with k-currents.

Notice that the coercivity of the family of functionals only holds in the case a > 0. However, as a | 0
we have the important phenomena:

0 o
fa 9 cl(o,400) PoOintwise,

for some ¢ > 0. As a consequence is an approximation of ¢H!(X) for a > 0 small and the minimiza-
tion of in X.(Q) provides an approximation of the Steiner problem associated to the set of points
<, for a suitable choice of the weights in . In the case k > 1, we obtain a variational approximation
of the k-Plateau problem.

Structure of the paper: In Section [2| we introduce some notation and recall some useful facts about
vector measures and currents, we also anticipate the optimization problem defining the cost function fZ
and state some results which are proved in Appendix [A] In Section [3] we establish Theorems
and [[.3] In Section [4] we extend these results to the case 1 < k < n — 1. In Section 5] we discuss the limit
al 0.
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2. Preliminaries and notation

The canonical orthonormal basis of R™ is denoted by the vectors eq,...,e,. Z" denotes the Lebesgue
measure in R™ and given an integer value k we denote with wj, the measure of the unit ball in R, i.e.
£*(B1(0)). For a point z € R™ we note x = (z1;2") € R x R"~1. For any Borel-measurable set A C R"
we denote with 1 4(z) the characteristic function of the set A

1 ifzecA
].A((E) ;:{

0 otherwise.

Given a vector space Y and its dual Y’ for w € Y and o € Y’ we write (w, o) for the dual pairing.

2.1. Measures and vector measures

We denote with M(2) the vector space of Radon measures in € and with M (2, R"™) = M(Q)™ the vector
space of vector valued measures. For a measure p € M(§Q) we denote with |p| its total variation, in the
vector case p € M(Q, R™) we write u = v|u| where v is a |u|-measurale map into S*~1. We say that a
measure is supported on a Borel set E if |u|(Q\ E) = 0. For an integer k < n we denote with H* the
k-dimensional Hausdorff measure as in [I]. Given a set E € €2, such that, H*(E) is finite for some k
the restriction H*LE defines a Radon measure in the space M(Q). A set E € Q is said to be countably
k-rectifiable if up to a H* negligible set N, E\ N is contained in a countable union of C'! k-dimensional
manifolds.

2.2. Currents

We denote with DF(2) the vector space of compactly supported smooth k-differential forms. For a
k-differential form w its comass is defined as

lw|| = sup{{w, &) : £ is a unit, simple k-vector}

Let Dr(2) be the dual to DF(Q) i.e. the space of k-currents with its weak-* topology. We denote with
0 the boundary operator that operates by duality as follows

(Oo,w) = (0, dw) for all (k — 1)-differential forms w.

The mass of a k-current M(o) is the supremum of (o,w) among all k-differential forms with comass
bounded by 1. For any k-current o such that both ¢ and do are of finite mass we say that o is a normal
k-current and we write o € Ni(2). On the space Dy (Q2) we can define the flat norm by

F(o) =inf {M(R)+ M(S) : 0 = R+ 0S where S € D;;11(2) and R € Di(Q)},

which metrizes the weak-* topology on currents on compact subsets of Ni(Q2). By the Radon-Nikodym
theorem we can identify a k-current ¢ with finite mass with the vector valued measure vy, where pu, is a
finite positive valued measure and v is a u,-measurable map in the set of unitary k-vectors for the mass
norm. In particular the action of ¢ on w can be written as

(o) = [ (w.0) di.

For a finite mass k-current the mass of ¢ coincides with the total variation of the measure p,. A k-current
o is said to be k-rectifiable if we can associate to it a triplet (6,v, %) such that

(o, w) = /E 0o, v) A

where ¥ is a countably k-rectifiable subset of Q, v at H* a.e. point is a unit simple k-vector that spans
the tangent plane to ¥ and 6 is an L'(Q, H*LY) function that can be assumed positive. We will denote
with Ry () the space of these k-rectifiable currents. Among these we name out the subset Pj(€2) of
k-rectifiable currents for which ¥ is a finite union of polyhedra, these will be called polyhedral chains.
Finally the flat chains Fj(€2) consist of the closure of Py (£2) in the weak-x topology. By the scheme of
Federer [16], 4.1.24] it holds

Pk(Q) C Nk(Q) C Fk(Q)



Remark 2 (1-Currents and Vector Measures). Since the vector spaces A{R™, AYR™ identify with R™,
any vector measure o € M(Q,R"™) with finite mass indentifies with a 1-current with finite mass and
viceversa. The divergence operator acting on measures is defined by duality as the boundary operator
for currents. In the following o € M(Q,R™) is called a rectifiable vector measure if it is 1-rectifiable as
1-current. In the same fashion we define polyhedral 1-measures.

2.3. Functionals defined on flat chains

For f: R+~ R* an even function we define a functional
Pk: (Q) — R+a
P=> (mj,v;, %) — F(P) =Y _ f(m;)H* (%),
J J

on the space of polyhedral currents. Under the assumption that f is lower semi-continuous and subaddi-
tive, F can be extended to a lower semi-continuous functional by relaxation

Fr () — R,

P — F(P) =inf {I}Jmil})f]:(P) 1 (Pj); C Pr(R2) and P; — P} .
i —

as shown in |23 Section 6]. Furthermore, in [I2] the authors show that if f(¢)/t — oo as t — 0, then
F(o) < oo if and only if o is rectifiable and for any such o the functional takes the explicit form

]-"(o'):/zf(m(x)) A @) if o = (%), (2.1)

To conclude this subsection let us recall a sufficient condition for a flat chain to be rectifiable, proved by
White in [24] Corollary 6.1].

Theorem 2.1. Let 0 € Fi,(). If M(o) + M(0o) < oo and if there exists a set ¥ C Q with finite
k-dimensional Hausdorff measure such that o = oLY. then o € Ri(Q) i.e., o writes as (m,v,X).

In the context of vector measures the theorem writes as

Theorem 2.2. Let o0 € M(Q,R™). If |o](Q)+|V - s|(2) < o0, V-0 is at most a countable sum of Dirac
masses and there exists ¥ with H'(X) < oo and o = oY then o is a rectifiable vector measure in the
sense expressed in Subsection (2.2

2.4. Reduced problem results in dimension n — k

This subsection is devoted at introducing some notation and results corresponding to the case £ = 0. In
the sequel, these results are used to describe the energetical behaviour of the (n — k)-dimensional slices
of the configuration (o.,u;). We postopone the proofs to Appendix [Al We set d = n —k, p > d and
consider € to be a sequence such that e | 0. Let B,.(0) C R? be the ball of radius r centered in the origin,
we consider the functional
2 2
Ea,a(ﬂ,u;Br) ::/ |:Ep_d|Vu|p + (157;0 + u|19|

T

dx
€

where u € W1P(B,) is constrained to satisfy the lower bound u > ac?t! =:  and ¥ € L?(B,) is such
that supp(¥) C Br with 0 < 7 < r, ||9||s = m. This leads to define the set

Yea(m,r,7) = {(9,u) € L*(B,) x W"P(B,,[n,1]) : |9|ly =m and supp(¥) C B;},
and the optimization problem

flolm,r, i) = inf E.q.(9,u; B,). (2.2)

Yz a(m,r,7)



Let f¢:[0,4+00) — R4 be defined as

am?
min { Ad+wdfd+(d1)wdqgo(0,f)}, for m > 0,
d >0 Wq T
fa(m) = (2.3)
0, for m =0,
with oo
qd (¢,7) = inf {/ -1 [|v/|p +(1- v)z] dt : v(f) =€ and

for 7 > 0, £ > 0. We have the following results

tilgrnoov(t) = 1} , (2.4)
Proposition 2.1. For any r > 17 > 0, it holds

limyinf £, (m,,7) > fil(m). (2.5)

There exists a uniform constant k := k(d,p) such that
fA(m) > r for every m > 0. (2.6)

Proposition 2.2. For fited m > 0 let r. be the minimizing radius in the definition of f&(m) (2.3). For
any 0 > 0 and € small enough there exist a function 9. = clp, . with ¢ > 0 such that fB Y. =m and a
nondecreasing radial function u. : B, — [n,1] such that u.(0) =7, uc =1 on 0B, and

Ee,a('&s; Ue; Br) < fg(m) +4. (27)

Proposition 2.3. The function f2 is continuous in (0,+00), increasing, sub-additive and f2(0) = 0.

3. The 1-dimensional problem

3.1. Compactness

We prove the compactness Theorem for the family of functionals (F; 4)c. Let us consider a family of
functions (o¢, ue)eyo, such that (oq,us) € X () and

fs,a(asyus; Q) < Ip.

As a first step we prove:

Lemma 3.1. Assume a > 0. There exists C > 0, only depending on 0, Fy and a such that

/Q\Ge\ <C, Ve (3.1)

As a consequence there exist a positive Radon measure ji € (R™,R) supported in Q and a vectorial
Radon measure 0 € M(Q, R") with V -0 =) a;é,; and |o| < p such that up to a subsequence

ue — 1 in L*(Q), loo| = pin M(R™), o. > o in M(R",R"™).

Proof. We divide the proof into three steps.

Step 1. We start by proving the uniform bound (3.1). Let X € (0,1] and let
Dy ={zeQ:u >}

Being o. square integrable we identify the measure o. with its density with respect to Z". Therefore
splitting the total variation of o., we write

loe|(£2) :/ loe] dx:/ A dx—l—/ loe| d.
Q Qx Q\Qx



We estimate each term separately. By Cauchy-Schwarz inequality we have

1/2 1/2
g — .
Qx Qi € Qy Ue

Since A < u. < 1 on 2, and fm (uc|o<|?)/(e) dz being bounded by F. ,(oe, u.) from the previous we get

1/2
/ ou] < / o /\/Q|5<\/Q|5Fo
Qy el = Q g A - A '

Next, in 2\ Qy, by Young inequality, we have

2
2/ || g/ %—F/ £
2\ oo, ¢ Q\Qy Ue

Using u. > n(e), n/e" = a and (1 —X)? < (1 —u:)? in 2\ Q,, we obtain

2 n _ 2
[Py 2y ST SO
O\Q» 2)a € 2n(1=N)? Jo et 2 2a(1-X)2

FO FO ‘Q|€FO
Q) < — .
ol =5+ ormoe TV
As a > 0, this yields (3.1)).

Step 2. We easily see from [, (1 —uc)* < Foe" ! that u. — 1 in L*(Q) as ¢ | 0.

Hence

Step 3. The existence of the Radon measures y and o such that, up to extraction, |o.| = pxand o, = o
follows from ([3.1). The properties on the support of u, on the divergence of o and the fact that |o| < p
follow from the respective properties of o.. O

We have just showed that the limit ¢ of a family (o, u.). equibounded in energy is bounded in mass.
In what follows, we assume a > 0 and that o. is bounded in mass. We show that the limiting o is
rectifiable.

Proposition 3.1. Assume a > 0 and that the conclusions of Lemma hold true. There exists a
Borel subset ¥ with finite length and a Borel measurable function v : ¥ — S™~! such that o = v|o|LX.
Moreover, we have the following estimate,

HY(E) < C.Fy,
where the constant C, > 0 only depends on d and p.

This proposition together with Lemma |3.1f and Theorem leads to

Proposition 3.2. ¢ is a 1-rectifiable vector measure and in particular ¥ is a countably H'-rectifiable
set.

The latter ensures that the limit couple (o, 1) belongs to X and concludes the proof of Theorem We
now establish Proposition 3.1

Sketch of the proof: We first define . Then we show in Lemma [3.3] that for z € X, we have
liminf, g Fe o(0e, us; B(z,rj)) > Krj for a sequence of radii r; | 0 and x > 0. The proof of the lemma is
based on slicing and on the results of Appendix [A] The proposition then follows from an application of
the Besicovitch covering theorem.

First we introduce the Borel set

- _ . B,(x))
Yi=3x2eQ :Vr>0, |o/(B.(z)) >0and Jv =v(zx) € S” 1suchthabtu—hmg(}.
{ o1(B. (@) (@) iy 7



We observe that by Besicovitch derivation theorem,
o =vlo|LY.

Next we fix 6 € (0,1/4™) and define

~ B,
r .= {xGE : drg > 0 such that, lo1(Br/4(2))

4
<6 for every r € (0,7"0]} .
o] (Br(2))
We show that this set is |o|-negligible.
Lemma 3.2. We have |o|(T) = 0.

Proof. Let x € T'. Applying the inequality |o|(B,/4(z)) < 0|o|(Br(z)) with r = ry = 47%rg, k > 0, we
get |o|(B,,) < 0%|0|(B,,). Hence there exists C' > 0 such that

lo|(By () < Crn1/0)/nd),

Noting, A = (In$)/(In4), we have by assumption A > n. Therefore, for every ¢ > 0 there exists
re = re(z) € (0,1) such that
|0/(By, (2)) < €|Br,(2)]-

Now, for R > 0, we cover I' N Bg with balls of the form B, (,)(x). Using Besicovitch covering theorem,

we have
I'NnBgr C U;VZ(;L)BJ'

where N(n) only depends on n and each B, is a (finite or countable) disjoint union of balls of the form
By, (2,)(71). Then we get

N(n)
ol(TNBr) < Y |0|(B;) < N(n)élB;| < N(n)|Bryl€.
j=1

Sending £ to 0 and then R to oo, we obtain |o|(T") = 0. O
Set ¥ := ¥\ T, from Lemma we have 0 = v|o|LX. Recall that % = {z1, -+ , 0, }-

Lemma 3.3. For every x € ¥\ .7, there exists a sequence (r;) = (rj(x)) C (0,1) with r; | 0 such that

linl\Li(Jnf.Faa(ae,ue; B(z,r;)) > V2K Tj,
€

where K is the constant of Proposition[2.1].

Proof. Let x € ¥\ .. Without loss of generality, we assume z = 0 and v(z) = e;. Let £ > 0 be a small
parameter to be fixed later. From the definition of 3, there exists a sequence (r;) = (r;(z)) C (0, d(z, 7))
such that for every j > 0,

o(B,)-er > 1—9lol(B,)  and  |o|(B,,4) > 0lo|(B,,). (3.2)

Let us fix j > 0 and set, to simplify the notation, r = r; and 7, = 7“/\/5 Recall the notation z =
(x1,2') € R x R"! and define the cylinder

Cp,i={x:|x1|<r. and |2/ <r.}

so that C,, C B, and B,y C C, /s, as shown in figure|I} Let x € C*(R"1,[0,1]) be a radial cut-off
function such that x(2') = 1 if [2/| < 1 and x(a2’) = 0 for |[2/| > 2. Then, we note x, (z') = x(z'/r.)
and for s € [—r, 1], we set

Vs € [-r, 7], ge(s) == e1 / o-(s,2') xr, (z') da'.
B

’
T

Since o, is divergence free, e; - 0<(-, s) has a meaning on the hyperplane {z; = s} in the sense of trace,



Figure 1: lllustration of the sections of B, B, /4 and C., . In grayscale we represent the level sets of the
function x,, (#")1[—s -

moreover, g is continuous. Now, let us fix 7 € [(1 — &)r.,7.] such that p({—7,7} x B.) = 0 (which holds
true for a.e. # € [(1 — &)rs, r.]) and let us define the mean value,

1 f.
Je = % _fge(s) ds.

* *
From 0. — o, |o.| = p, we have

1
limg. = —A/ Xr. (@) do(s,2) | - e1 =: m.
i (% [ ) 0005

From (3.2)), we see that m > 0 for £ small enough. Indeed, we have

(1—=8)o|(B,) < +2fm+0(By)-e1 = / (1= xr. ()1 59) do(s,2’)-e
Br
< 2fm+/ (1= xr. (2)1=p,5y) dlol(s,2)
Br
< 2fm+|a|(BT)—/ Xr. (@) 155 dlo](s,2").

r

Since by construction X, (z')1[_ 4 > 1p, ,, using the second inequality of (3.2)), we have

m = —=(0=¢&)ol(Br) >0,

=

for ¢ small enough. Similarly, denoting IT : R™ — R"~!, (¢,2') — 2’ the orthogonal projection onto the
last (n — 1) coordinates, we deduce again from (3.2)) that
To(C) < VM o5, (3.3)
0—¢

Now, for € small enough, we have V- 0. = 0 in C,,. Using this, we have for almost every s,t € [—#, 7],
with s < t,

t

ge(t) — ge(s) = / [/ o (2, h) - V'xr. (') da'|  dh.
s B;*

Integrating in s over (—#,#), we get for almost every t € [—r, 7],

1
9e(t) = ge = dy(z',h) - oo (2', h) da’ dh
27 J ()% By,

with

¢t (ha xl) =

(h+7)V'xp, (') ifh<t,
(h=7)V'xy, (2") ifh>t.



We deduce the following convergence

elo 1

ge(t) —m — d¢(h,2’) - do(h, ).

27 (—#,7)x B,

in the L'(—#,7) topology. Using (3.3, we see that the above right hand side is bounded by c%ﬁ.
Taking into account (3.3 and the continuity of g., we conclude that

Ve
0—-¢

hmﬁ)nfgg(t) > (1 —c ) m for te[-F 7]
£

Next, by decomposing the integral we have

( dz’ dt

—u.)? N u8|08|2]

g 1
]igu(057ua§lgr) 20/n J/ [ep"*]Y7u5|p-+ I
_p .. en—

7 2 2
> / / [gp_"+1Vu€|P + (1 —ue) + Ue | Xr. E;I/)UE| } dz’ dt.
- J B,

Enfl

Let us set
OL(x") = [xr. (a")oc (8, 2").

By construction ¥ has the properties:

o 0l c L'(B.),

e liminf. | fB;, 9t (2")da’ > liminf. o g-(t) > (1 - ce—g) m=1m >0,

e supp(¥l) C BL with 7 := 3r, <r,.
By definition of the minimization problem introduced in Subsection [2.4] we have

7

FealoeuciB) > [ Es,aw,u;Br)] at= [ ) .

[ inf
—# LW w)€Ye o (1,1, 7)

Taking the infimum limit, by Fatou’s lemma and equation (2.6)) of Proposition we get

7

liminf . ,(0c, ue; By) 2/ liminf f7 () dt > 27 k.
el0 el0

The latter holds for almost every 7 € [(1 — &)r.,7.] and eventually, since the r, = r/v/2, we conclude

lirrﬁ})nf Fea(0c,ue; By) > V2 kT,
£

The proof of Proposition is then obtained via the Besicovitch covering theorem [15].

3.2. I'-liminf inequality
In this subsection we prove the I' — lim inf inequality stated in Theorem

Proof of Theorem[1.4 With no loss of generality we assume that liminf. o F: ,(0c, us) < +00 otherwise
the inequality is trivial. For a Borel set A C 2, we define

H(A) := liminf F, ,(0¢, ue; A),
el0
so that H is a subadditive set function. By assumption, the limit measure ¢ is 1-rectifiable; we write
o =mvH'LY. Furthermore we can assume o to be compactly supported in 2. Consider a convex open

set €y such that supp(V - o) = . CC Qy CC Q and let h := [0,1] x R"” — R" be a smooth homotopy
of the indentity map on R"™ onto a contraction of € into €y such that h(t,-) restricted to Qg is the

10



identity map, for any t € [0,1]. Let o; = h(t,-)4o, indeed liminf, o F (o, 1) > F(o,1) as oy — o. Further
V -0y =V -0 since h(t,-) is the identity on .. Now we claim that

lim inf M

> 1_ . .
nb o > fa(m(x)) for H'-almost every x € (3.4)

Let us fix A > 1 and let us note f, x(¢) := min(f,(¢), \). We then introduce the Radon measure

H{(A) := - far(m) dH.

Now, let 6 € (0,1). Assuming that (3.4) holds true, there exists ¥/ C ¥ with H!(X\Xy) = 0 such that
for every x € X, there exists ro(x) > 0 with

(1+6)H (B(x, T)) > 2r fox(m(z)) for every r € (0, r9(z)).

By the Besicovitch differentiation Theorem, there exists X1 C ¥ with H!(X\X;) = 0 such that for every
x € X, there exists 1 (z) > 0 with

(1+6)2rfo(m(z)) > Hy (B(x,r)) for every r € (0,7r1(x)).
We consider the familly B of closed balls B(z,r) with € £ N3y and 0 < r < min(r(z),r1(z)) and
we apply the Vitali-Besicovitch covering theorem [I, Theorem 2.19.] to the family B and to the Radon
measure H. We obtain a disjoint family of closed balls B’ C B such that

(@ =) = Y B (B@n) <0+0? > H(Bn) < (1+02HS).

B(x,r)eB’ B(z,r)eB’

Sending A to infinity and then § to 0, we get the lower bound H(Q) > fz fa(m)dH* which proves the
theorem.

Let us now establish the claim (3.4). Since o is a rectifiable measure, we have for H!-almost every
SN

%/gp(w—l—ry) dlo|(y) 8 m(z) /ch(tu(x)) dt  for every ¢ € C.(R"), (3.5)

and )
rl0
o lv(y) —v(z)| dlof(y) — 0. (3.6)
T JB(z,r)nT
Let x € ¥\ S be such a point. Without loss of generality, we assume x = 0, v(0) = e¢; and ™ := m(0) > 0.
Let § € (0,1). Our goal is to establish a precise lower bound for F ,(o¢, u.; C) where C is a cylinder of
the form
C = {x e R" : |ay| < Or, |2’ < r}.
For this we proceed as in the proof of Lemma here, the rectifiability of ¢ simplifies the argument.
Let x? € C*(R"1,[0,1]) be a radial cut-off function with x°(z') = 1 if |2’| < /2, x*(2) = 0 if |2| > 6.
For € > 0 and r € (0,d(0,0%)), we define for s € (—r,r),

a2 (s) = el'/ o(s,2) X (2’ /r) da’.
Rn—l

We also introduce the mean value .

7 1
@ = o 92" (s) ds.

-

From (3.5, we have for r > 0 small enough,

_ 1 s
gg’r = —/ 61'/ oo(s,2') X’ (2 /r) dz ds > (1 — o).
2r —r Rn—1

11



For such r > 0, we deduce from . = ¢ that for € > 0 small enough
JEE— 1 T
¢ = > g2 (s) ds > (1 —260)m. (3.7)

We study the variation of g>"(s). Using V - 0. = 0 in C2, we compute as in the proof of Lemma

1
gor(t) — gt = — ¢i(2',h) - oo(a,h) da’ dh
2r J(—rr)xBs,

with
(h+7) VX (' )r) ifh<t,

o) = {<h — A V@) >t

. . *
Using again the convergence o. — o, we deduce

elo 1

@ (t) — 2" =5 di(a' h) - do(a’,h),

2r (=r,r)XBsy

in L'(—r,7). Now, since e; - V/x? = 0, we deduce from (3.6) that the right hand side goes to 0 as r | 0.
Hence, for r > 0 small enough,

1

il < om.
2r

/ éu(z' ) - o(a' ) dz’ dh
(=7r,r)X Bs,

Using , we conclude that for 7 > 0 small enough and then for € > 0 small enough, we have
@ (t) > (1 - 30)m, for a.e. t € (—r,r).
By definition of the codimension-0 problem, we conclude that
Fealoe,us; C2) > 2rfr0t (1 —35)m).

Sending ¢ | 0, we obtain
H(C®) > 2rf" 1 ((1-36)m).

We notice that H(B 1757,) > H(C?). Dividing by 2v/1 + 62 r and taking the liminf as r | 0, we get

H(B —30m
tim ing T Bvizey) 5 Ja((—30)m)
0 2y/1 4027 V14062
Sending ¢ to 0, we get (3.4) by lower semi-continuity of f,. O

3.3. I'-limsup inequality
Proof of Theorem[1.3

Let us suppose F(o,u;Q) < 400, so that in particular u = 1. From Xia [26], we can assume o to be
supported on a finite union of compact segments and to have constant multiplicity on each of them,
namely polyhedral vector measures are dense in energy. We first construct a recovery sequence for a
measure o concentrated on a segment with constant multiplicity. Then we show how to deal with the
case of a polyhedral vector measures.

Step 1. (o concentrated on a segment.) Assume that o is supported on the segment I = [0, L] x {0}
and writes as m - e;H'L;. Consider m constant so that V - o = m(d(0,0) — d(r,0)) and

F(0,1;Q) = fo(m)H'(I) = L fa(m).
For § > 0 fixed, we consider the profiles

7, for 0 <t < r.e,
mXB;*E(SC/)

_ t
U (t) := { vs (6) , forrme<t<m, and U = “wn_1 (ere)nt

1 for r <t,

12



with r, and vg, defined in Proposition With d=mn—1. Assume 7, > 1 and let d(z, I) be the distance
function from the segment I and introduce the sets

I.c ={xe€Q : dz,I) <r.e}, and I..={zeQ : d(z,I) <r}.

Set u.(z) = U.(d(z,I)) and . = mHLI * p., where p. is the mollifier of equation (T.3). We first
construct the vector measures

0'; = 6; el and Ug(m,%/) = O (|2']) ex.

n—1

Alternatively, 02 = o * p. for the choice p.(x1,2) = xB. _(2")/ wn-1(ers)"~". Let us highlight some

properties of ol and o2. Both vector measures are radial in 2/, with an abuse of notation we denote
Gl(z1,s) = TL(zy1,|2’]). Since, both ol and o2 are obtained trough convolution it holds supp(cl) U
supp(02) C I,,. and they are oriented by the vector e; therefore |ol| = 7L and |o2| = ¥.. Furthermore

for any x1, it holds

/ @ (21, 2') — 9.(a)] da’ =0 (3.9)
{xl}xBi e
We construct o, by interpolating between ol and ¢2. To this aim consider a cutoff function ¢. : R — R
satisfying

C(t)=1 fort<ri.eort>L—r,.e, 1

] and < —.

() =0 for 2r,e <t < L—2r,¢, TLE
and set

O’? e = O,

) ||
ol ei(wy, 7)) = —Cl(x1) # /0 s"? [oL(z1,8) —Ve(s)] ds, fori=2,...,n.

The integral corresponds to the difference of the fluxes of ¢} and o2 through the (n —1)-dimensional disk
{z1} x B’. For 02 we have the following

- n—1)z? ']
V.ol = —Cé(%)z l(x’ﬁl_l - (|1:’"1‘*)‘12 ) /0 s" 72 [Gl(z1,8) — V-(s)] ds

2 _
T (T2 (1, [2']) — ﬁe(lx'l)]] = —(U(x1) [72(@, 7)) = 0(l2')]  (3.9)

Let ,

o :Csael +(1—C5)03+02.
In force of equation (3.9) and from construction of o, 02 and (. we have

Veo.=V-(¢ol)+V-(1-()o2+ Vo2

=( V- ol + (@ -9)+ V-0

=(V-0; =V (0%p:)
In addition for any (z1,2’) such that |2'| > r.e from (3.8) we derive

, |’
O’? ~ei(w1,2") = —((z1) M/Tﬁ /0 s"! [5;($1,S) - ?95(8)] ds=0

which justifies supp(o.) C I, .. Let us now prove

lim sup F o(0c, ue; Q) < L fo(m) + C4.
0

We split  as the union of Q\ I, C,.. := I, N[2¢e,L —2¢] x R"! and D, and D, as show in ﬁgure

13



~ [-2¢r

Figure 2: Illustration of the interval I and both its r and (r.e)-enlargement for 7, > 1. In grayscale we
plot the levels of the function (., whilst the striped region corresponds to the cylinder C ..

where D, = {z1 <2r.e} NI, . and DL ={x1 > L—2r.e}NI. .. OnQ\ I. we notice that . = 0 and
u. = 1 therefore
Fealoe,ue; Q\ 1) = 0.

Observe that |D,| = |D.| = Ce™, then we have the upper bound

2,2
/ loe|? do < 2 mnj; (/ p° dm—i—C).
D, € By

Taking into consideration this estimate we obtain

n
n—2"

1— 2
]:s,a(o'eauéDe) = ]:e,a(aaauzs;D::) < ﬂfn(Dg) + 2m? 7"3 z

= (3.10)

Finally on C,. . both 0. and u. are independent of z; and are radial in 2’ then by Fubini’s theorem and
Proposition [2.2] we get

L—2er,

-Fs,a(o'eaue§cr,s) = / / Es,a('&s,us) <L (fa(m) + C(S)
2 -

ETx
Adding all together gives the desired estimate. It remains to discuss the case 7, < 1. From the point of
view of the construction of . we need to replace the functions (. with

Ct)=1 fort<ecort>L—c¢,

C(t)=0 for2e <t<L—-2¢, and

<-.

]
g

M | =

This choice ensures that o, has all the properties previously obtained with r, € replaced by € accordingly.
Define
, for t < /3¢
We (t) = 1— n

t—+3)+n, forv3e<t<r
7_\/g( )+ <t<

and set
ue = min{te (d(z, 1)), we (|]), we (|2 = (L; 0)[)}-
with these choices for u. and o, the estimates follow analogously with small differences in the constants.
Step 2. (Case of a generic o in polyhedral form.) Indeed, in force of the results quoted in Subsection

it is sufficient to show equation (|1.3) for a polyhedral vector measure. Following the same notation
introduced therein let

N
o= ij,}‘[ll_zj vj.
Jj=1

With no loss of generality we can assume that the segments ¥; intersect at most at their extremities.
We consider measures o satisfying constraint (L.2)) so that if a point P belongs to ¥;,,...,%;, it must
satisfy of Kirchhoff law,

JZP ¢, IifPe. (3 11)
Zim; = .
o 7 0, otherwise.
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By3:(0;0) Ir Byae(L:0) Ir

0 = m
De
lere ler«

Figure 3: On the left the striped region corresponds to supp(c.), remark that the balls of radius v/3e
centered respectively in (0;0) and (L;0) contain the modifications we have performed to satisfy
the constraint. On the right we illustrate the level-lines of the cutoff function (. in grayscale.

where z;, is +1 if P is the ending point of the segment X; with respect to its orientation, and —1 if it is
the starting point. Let o and ul be the sequences constructed above for each segment I;, and define

N
0 = g ol and ue =min {ul}.
j=1 !

Let P; and @, be respectively the initial and final point of the segment X; and recall that, by the
construction made above, for each j

V'Ug = my (6Pj _5623') * Pe

then by linearity of the divergence operator, it holds

ZV 0’ ij —6Qj)>|<p€
and the latter satisfies constraint (|1.3) in force of equation (3.11)). To conclude let us prove that

lim sup F 4 (0¢, ue; Q) < o(m; ). 3.12
n sup Zf iIVH () (3.12)

Indeed the following inequality holds true

fsa 067u67 067 )

H'MZ

Suppose ' ' 4

supp(oZ) Nsupp(c??) N--- Nsupp olf # &
for some ji,...,jp and all . Let Pt ey 7P be the radii introduced above for each of these measures, let
7 = max{rl',...,r" 1} , set m = max{m;,,...,m;,} and consider D,,,..., D, as defined previously.
Since

jip 2 jip )

k k
E o | <C E |J€|
k=1 k=1

and u. < u! for any j, we have the following inequality

JjpP

Fe.a(0c, uc;supp(o?t) N - - Nsupp(al?)) < C Z Fealof ul; Dy)
k=j1
And by inequality (3.10)) follows
] ) 2 jp n
Fe,a(0e,us;supp(clt) N--- Nsupp(ci?)) < C Z 2" (Dy) + T 5n72
k=j1
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Which vanishes as ¢ | 0. Let us remark that the intersection supp(cft) N supp(c?2) N --- N supp ol is
non empty for any € only if the segments X; ,...,%;, have a common point. Since we are considering
a polyhedral vector measure composed by N segments the worst case scenario is that we have 2N
intersections in which at most N segments intersects. We conclude

N 2 JjpP

o (1—n) 2.2 7
Fealoe,ue; ) < ng,a(ag,ug;ﬂ) + C(N) = Z L (Dy) +2m° T pr—
j=1 k=j1
which, passing to the limit, yields inequality (3.12]). O

4. The k-dimensional problem

4.1. Setting

Let 0 € P(2) a polyhedral k-current with finite mass and let . := supp(9dog) be compactly contained
in Q. We want to minimize a functional of the type (2.1)) where the set of candidates ranges among all

currents Dy () such that
do = Doy in D*(R").

Let us introduce a parameter n = n(e) which satisfies

n—k+1

n(e) = ae for aeRy

and let X () be the set of couples (0., u.) where u. € WHP(,[n,1]) and has trace 1 on 92 and o, is of
finite mass with density absolutely continuous with respect to .Z"™. In this case we identify the current
o. with its L1(€2, A, (R")) density. Furthermore as in equation given a convolution kernel p. we
impose the constraint

do. = (00) * pe in D*(R™).

For (0.,u:) € Di(Q) x L?(Q) let

u)? o |?

1—
€P7n+k? Yu p+( + dz, if ) € X.(9),
ffa(ae,ue;Q) = /Q[ Ve | on—k - if (oe,ue) ()

400, otherwise.

Let us denote with X the set of couples (o, u) such that o is a k-rectifiable current satisfying (4.1)) and
u = 1. In this section we show that for any sequence € | 0 the I'-limit of the family (fﬁa)5€R+ is the
functional

_ =k (m(x)) aHk (z), if (o,u) € X
T = / (m(x)) dH (@), if (0, )
“+o0, otherwise in M(Q, R") x L*(Q)

Where the function f2~%: R, — Ry is the function obtained in Appendix [A|for the choice d = n — k
and is endowed with the same properties stated for f in Section[I} In particular under the assumption
p > n — k we first prove a compactness theorem.

Theorem 4.1. Assume that a > 0. For any sequence € | 0, (0.,u:) € D(Q) x L?(2) such that
ff,a(aa,ua;Q) < Fy < 400

then u. — 1 and there exists a rectifiable k-current o € Dy(Q) such that, up to a subsequence, o. RN
and (0,1) € X.
Then we show the I'-convergence result, namely

Theorem 4.2. Assume that a > 0.

1. For any (o,u) € Dy(Q) x L?(Q) and any sequence (0., u.) € Dp(Q) x L2(Q) such that (0., u.) —
(o,u) it holds -
hnﬁ)nfff,a(asvus; Q) > ff(m“; Q).
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2. For any couple (o,u) € Dip(Q) x L%(Q) there exists a sequence (0., u.) € D(Q) x L?() such that
(0c,ue) = (o,u) and

limsupfsa(ae, ue; Q) < .7:5(07 u; Q).
el0

4.2. Compactness and k-rectifiability
Proof of Proposition[{.1 By the same procedure of Lemma [3.1] we obtain

FO FO |Q|EFO
)< — 4.1
loel(®) < 5~ + da(i—n2 ~ VX (4.1)

/(1 —u)? <" P E,.
Q

Therefore by the weak compactness of D () we obtain the existence of a limit k-current o a limit

and

measure g and a subsequence e such that o, — o, |o.| — p. As in the 1-dimensional case it is still
necessary to prove the rectifiability of the limit current. This is obtained by showing that the support of
o is of finite size.

Step 1. (Preliminaries and good representative for v € A (R™).)  Let us introduce the set
T:={I=(i1,... i) : 1 <iy <ig <-+<ip <n}, er =ej N Neg,
So that Ax(R™) is the Euclidean space with basis {e;}rez. Let v € Ax(R™) and consider the problem
ap=max{a €ER :v=afi A---Afx+t: (fi,..., fn) orthonormal basis, t € (fy A--- A fp)*}.

Notice that ag > 1/4/|Z|. Assume that the optimum for the preceding problem is obtained with
(f1i,---, fn) = (e1,...,€n). We note

v = apej, + E arer + E arey

1€LY Ieg
with
IO:el/\~~/\ek, T, = {I:(zl,,zk)GI 1§i1<"'<ik_1§k<ik§n}, j:I\(IlmI())

We claim that ay = 0 for I € Z;. Indeed, let Iy = (e1,...,€1—1,€141,---, €k, ep) € I1 and for ¢ € R, let
e? be orthonormal base defined as

e =e? for i # {l,h}, er = cos(¢)el — sin(¢)el, en = sin(¢)ef + cos((b)ei.

In this basis
v = (ag cos(¢) + ar, (—1)F " sin(¢)) e?o +1?, with w® e (e?)*.

By optimality of (eq,...,e,) we deduce aj, = 0 which proves the claim. Hence we write
v =ager, +t, with ¢ € span{e; : I € J}. (4.2)

Now we let Let 6 € (0,1/4™) and ¥ be the set of points for which there exists a sequence r; | 0 such that

(B, (x)) o1(Bry 4 (@)

018,y (W) € SR and SR Y

In particular w is a |o]-measurable map and we have o = w |o|LX.

Step 2. (Fluz of 0. trough a small (n—k)-disk.) Consider a point € ¥\ ., with no loss of generality
we assume z = 0. Let v = w(0), up to a change of basis, by equation (4.2)) we write

v =aper, +1t, witht¢espan{e; : [ € J}.
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Let j sufficiently small, such that B, N.¥ = & and
o(B.,)-v = (1-€)ol(By,). (4.3)

Set, to simplify notation, 7; = r and r, = r/v/2. For z € R™ we write (z/,2”) € R* x R*~¥ for the usual
decomposition and denote B, B! the k-dimensional and the (n — k)-dimensional ball respectively. Let
x € C=(BY) be a radial cut-off function with x(z) = 1 for |2”| < 1/2 and x(z"”) = 0 for |2”| > 3/4.
Set xr, (z) = x(2""/r.), then since o, is a L' function for ¢ > 0 we can define

ge(z") ::/B Xr, (") {oc, er,) dz” :/B xr. (2o dz” (4.4)

" "
T T

for any 2’ € B,. . Let us compute 9;g.(2’) for I € {1,...,k}. Since do. = 0 in B,., it holds (0., dw) =0
for any smooth (k — 1)-differential form w € D*~1(B,). Choosing w of the form

w=p(x)dxy A... dej_1 A dzgper Ao A dag (4.5)
we obtain
d
dw = (=1)"7'0B(z) deg A=A daog+ (=1)FT Y OpBa) day A day A dzggg A A dag A day.
h=k+1

Denote o = (o, e!), then imposing (0., dw) = 0 for every 8 € C>(B,) in (4.5) yields

(1) ol + > Opol = 0.
he{k+1,...,d}
I=(1,...,1—1,141,....k,h)
Hence,
/ (71)]67[ m I "
Ouge (') = —"— > Onxr. (z")o, da”. (4.6)
* he{k+1,...,d} By,
I=(1,...,1—1,1+1,....k,h)
Let us introduce the notation
JEII = Z (TEI er,
IeT,

denoting with V’ the gradient with respect to z’, equation (4.6) rewrites as

1
V'g:(z') = —/ Y (x) ol da”. (4.7)
B,

Ty Ty
Where Y is smooth and compactly supported in BY and with values into the linear maps : span{ey : I €

7.} — RF. Let us prove that, for some 7, the functions g. converge in BV-* to some g. First for a.e.
choice of 7 € [(1 — &)r,,r.] it must hold (0B, x B, ) =0 so that

sl = [

Secondly we define the mean value

_ 1 INFIA.
g:= g(z’) dz’ = /
1Bil Jg, 1Bil Jg, [ B

and taking advantage of (4.3)) and the definition of ¥, we see that

_ 0 .\ lol(B)
gZ(\/~| §> B] > 0.

Xr. (:L‘”)<(757 610> da” ﬂ /B Xr. (x”) d{o, 610> = g(x’). (4'8)

1" "
Tx T

Xr, (") daO] da’.

1"
T
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On the other hand, denoting IT: R — R" % z s 2, from (4.2)), we have

0
Hol(BL x BY) < V3 [ —— —¢) 1Bl 3.
ol ) (W )| 7

Now from (4.7)) - - (4.8) and the latter we obtain

T

1
(D'g, ) = i/ o) Y <> do™ and |D'g|(B}) <
BLxBY,

Ty T

C|Bi| V€

Tx

Finally from Poincaré - Wirtinger inequality and the convergence g. — ¢ in L' (B%) is easy to show that
for any sufficiently small € the sets

Step 3. (Conclusion.)  Set 9.(x',2") = |xr, (z"")0?| and observe that for fixed 2’ by construction

A, = {SL‘GB; : ge(x) >

0 |

are such that |A;| > |B%|/2.

/ Ie(2’,2") da” = g-(2').
B,

Therefore for any 2’ € A. it holds [, 9c(2',2"”) da” > g/8. Furthermore supp(Ve(z')) C B} with

7= %r* < r4. Now, by Fubini

u5)2+u5052} da’ da’

n 1—
fﬁa(as’usiBr) Z/A / [6” +k|Vus|p+( g

2 2
2/ / |:€p—n+k|vu€p+ (1 _jL]:) + uc|de (2, 2")| :| da" da'
A. By, en €

With the notation introduced in Subsection [2.4] and by defintion of A,

]:E,ll(o-&‘a’u’&‘;BT) > / _ inf ~ E?,a(ﬂau) da’ = / f; (5/8) da’ = faf (§/8) |AE|
A (0,u)€Y ¢ a(m,r)"(g/8,1) A
Taking the infimum limit, by Proposition in particular equation (2.6 we get
. B
liminf F* (0., ue; B,) > liminf f7 (g/8) |Ac| > & M (4.9)
cl0 : €l0 2

Recall that the latter stands for a.e. # € [(1 — )7y, 7] and r, = 7/+/2 thus we may rewrite

k

o . WE T
hr?i})nffs’a(Us,us;Br) > K W

As in Lemma we conclude applying Besicovitch theorem to obtain H*(X) < +oc. Finally, thanks to
the latter and equation (4.1)), Theorem applies and o is a k-rectifiable current. O
4.3. T'-liminf inequality

Proof of item 1) of Theorem [{.4 With no loss of generality we assume that lim inf. o F¥ (02, us) < 400
otherwise the inequality is trivial. For a Borel set A C €2, we define

H*(4) = limlionf]:f,a(ffs,us;A)a

so that H” is a subadditive set function. By assumption, the limit current o is k-rectifiable; we write
o =mvHLYE. We claim that

lim inf 7Hk (B(SU, 7‘))

i k > 7 F(m(z)) for H*-almost every z € X. (4.10)
T W T
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Assuming the latter the proof is achieved as in Theorem To establish the claim (4.10) we restrict
our attention to a single point and we assume = = 0, m = m(0) and v(0) = e; A --- A ey then for any
& > 0 there exists rg = () such that

(o,e1 N~ ANeg)(By) > (1 =9)|o|(Br) and (1—-&)m < |CZ‘}IE§:) < (14+¢&m, for r <rg. (4.11)

Let 4 be an infinitesimal quantity and set, for r < rg, # = v/1 — 02 r and 7 = dr and define the cylinder

Cé,r(ely/\ EENAN en) = C&,T = {(Il;z//) c Rk X ].:inilC : |ZE,| < 7 and |1‘H| < f} .

Let x(2”) be the radial cutoff introduced in the previous proposition and set x7(z”) = x(z"/7), 00 =

£
(0e,e1 A+ Aeg) and for any x’ € B set
ge(2') == / xr(z") d{oe, ery) = / xi(2") do?,
L/ BL/

as in equation (4.4). Up to a smaller choice for 1y we can assume B, N.¥ = & therefore do_B,. = 0, and
from equations (4.4) - (4.7) it holds

1 x
V/gs(wl) = ;/ Y (;) dO'EII
BY

For a.e. choice of ¢ it holds |o|(0B% x BY) = 0 therefore, for any such choice, 7. converges in BV (B;) to

1 1
g(z) = /” x#(x") do® and  (D'g,¢) == /B/ . o) Y (%) do?.

T T

Now we use (4.11) to improve the estimates on g and |D’g|. Indeed, for § sufficiently small, 7 < 7/2
therefore By C Bl x BY and

L 1
hmga Z (1 - g) 17 Xr.. (Z‘/) d|U| Z (1 - f)Qm
£40 1B /B, x5y

and denoting IT: R® — R" %, 2+ 2/ we have

Tol(C,) < (14 VA Bl m and [Dg)(8)) < PR

Choose r sufficiently small then by Poincaré - Wirtinger inequality there exists a set A of almost full
measure in B; such that g.(z') > (1 — £)*m, and following the proof of the previous lemma (Step 3) up

to equation (4.9) we get
liminf F* (0., uc; B,) > liminf f7* ((1- £)?%m,r, 7) |A].
el0 ’ el0 ’

Since & and ¢ are arbitrary and |A| can be chosen arbitrary close to |B;| applying Proposition with
d =n — k to the latter we conclude

lirri%nffga(og7ug; B,) > fr7F (m) wyrt.
[

4.4. T-limsup inequality

For the lim-sup inequality, we start by approximating ¢ with a polyhedral current: given § > 0, there
exists a k polyhedral current & satisfying 06 = dog and with F(6 — o) < § and F,(6) < Fu(0) +¢. This
result of independent interest is established in [5]. A similar result has been proved recently by Colombo
et al. in [I2] Prop. 2.6] (see also [23] Section 6]). The authors build an approximation of a k-rectifiable
current in flat norm and in energy but their construction creates new boundaries and can not ensure the
condition do = Joy.
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Proof of item 2) of Theorem :
By [B, Theorem 1.1 and Remark 1.6] we can assume that o is a polyhedral current. We show how to
produce the approximating (o, u.) for o supported on a single k—dimensional simplex (). We assume
with no loss of generality that Q C R¥, and that o writes as
mHkLQ/\(el/\---/\ek).
For § > 0 fixed, we consider the optimal profiles
7, for 0 <t <r,e,
U (1) ! f <t< d v m xzy, . (2")
u =quvs| -], forre<t<lr, an = [ 7
€ 6 - * 5 Onk (e’:"l“*)n_k

1 for r <t,

with r, and vs, defined in Proposition [2.2] for the choice d = n — k. We denote 9Q the relative boundary
of @ and given a set S we write d(z, S) for the distance function from S. Recall that we use the notation
S; for the t-enlargement of the set S and S’ to denote its projection into R*. We first assume, as did for
the case k =1, r, > 1, and introduce (. a 0-form depending on the first k variables z’, satisfying

() =1, for ' € (0Q);. . :=={x € Q : d(2/,0Q) < r.e},
:(a") =0, for 2" € Q\ (0Q)5,., -,

1
| dée| < —.
T«€

Then we proceed by steps, first set 71 := (|o]| * pe)
ol =GFley A Ney and  o2(z’,2") =9.(]2"]) Aler A--- Aeg).

and observe that supp(ol) Usupp(c?) C Q,.., both o} and o2 are radial in 2" and with a small abuse of
notation we denote . (z',s) = .(2’, |z"]), finally for any 2’

/{ gy PG 022D a2 =0
1:/ >< 1"

Tx €

Now we take advantage of (. in order to interpolate between o} and o2, note that such interpolation

may affect the boundary of the new current therefore we first introduce o2 which corrects this defect. In
particular set

n |II,‘
L n—k—1 [—
ol (2 2") = — E bx//ln_k /0 s"TRLGL (!, s)9.(s)] L dée ds| Aey,

i=k+1

and
oo =0l +oiL(1— )+ ol
With this choice by a calculation similar to equation (3.9) it holds

o, = —00 % p.L — oL d(. — 002 (1 — () +02L d. + 002 = (90) * p..
=0

On the other hand the phase-field is simply defined as u.(z) = %.(d(x,Q)). In the case 7. < 1 we need to
modify the construction. For o, it is sufficient to replace every occurrence of (. with (., which satisfies

C(x') =1, for 2’/ € (0Q). :={x € Q : d(2/,0Q) < e},
55(17’) =0, for ' € Q\ (0Q)s.,

- 1

d&| < <.

€
Now let

m, for t < v/3e,
U)E<t) = ]_—77
t—+/3)+ , for V3e <t <.

7,7\/3( )+

and set

ue = min{Z (d(z, Q)), we (d(z,0Q))}.
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Remark 3. Given a polyhedral current o such that 0o = 0oy we perform our construction on each
simplex and define o. as the sum of these elements. The linearity of the boundary operator grants that
0o. = Oog * pe. The phase field is chosen as the pointwise minimum of the local phase fields. Finally the
estimation for the I'-limsup inequality is achieved in the same manner as Theorem[1.3

O

5. Discussion about the results

By Lemma for any fixed d = n — k the cost function f¢ pointwise converges as a | 0 to the function

Fim) = K, for m > 0,
" =0, ifm=o,

where k is the constant value obtained in Proposition [2.1] and depends on d. This condition is sufficient
to prove that the family of functionals F¥, parametrized in a, I'-converges to the functional

kHE(ENQ), foro=mvHLY,
Fr(o:Q) =
400, otherwise.

As a matter of fact for any sequence o, — o in Dy () it holds

lim&)nf Fhi(a:Q) > FF(0;Q)

since f¢(m) > k. On the other hand setting o, := ¢ we construct a recovery sequence for any o and
obtain the I'-limsup inequality

lim sup F¥(0,; Q) = limsup FF¥(0; Q) = F¥(o; Q).
al0 al0

This allows to interpret our result as an approximation of the Plateau problem in any dimension and
co-dimension.

A. Reduced problem in dimension n — k

A.1. Auxiliary problem

In this appendix we show the results previously enunciated in Subsection[2:3] with the notation introduced
therein let us define the auxiliary set

?sya(m,r) = {(ﬁ,u) c LQ(BT) X I/Vl’p(BT7 m,1]) : [|[9]ly = m and ujpp, = 1},

and the associated minimization problem
?ia(ma T) = _ inf Ee,a(ﬁv Uu; Br) (A].)

Ye,a(m,r)

—d
First we show that both fga(m, r,7) and f_ ,(m,r) are bounded by the same constant as ¢ | 0 and that
the value of the second term is achieved by a radially symmetric couple of Y. ,(m,r). These two facts

—d
are then used to show that for each m the limit values of f. ,(m,r) and f&,(m,r,7) as e | 0 are equal
and independent of the choices (r,7) to the extent that 0 < 7 < r. Let us start by showing the first two
properties.

Lemma A.1. For each e, m >0 andr >0

a) there exists a constant C = C(m) < Cov'1+ m? such that

fga(m,r, 7)< C and fia(m,r) <C.
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b) Both the problem defined in equation (2.2)) and equation (A.1) admit a minimizer. Moreover among
the minimizers of Ec o in'Y ¢ o(m, 1) it is possible to choose a radially symmetric couple (9., ues) such
that u. is radially non-decreasing and 9. is radially non-increasing.

Proof. a) To show the bound it is sufficient to define

n if || < e,

m
- . — if |z| < e,
us(z) = AN+ ——— (x| —rme) if rie < |z| < e, Ve(x) = { [Briel
(re —r1)e . 0 if re <|z| <
1 if roe < |z| <,
Evaluating the energy we get, for any choice of 1y < 19 <7,
2 d_.d d+1 _  d+1 d+2 _  d+2
1 ry—T T -7 T -7
E. o (ug,9:) < + wy |+ 2 Lp22 1 9p, 42 1
ea(Ue, V) < oy riz d |71 (ro —11)2 d 2 d+1 2 d+2

As soon as e < 7, we have (9.,u.) € Yeqo(m,r,7) N Y. q(m,r). Choosing r; = (vam)/? and
re = (1 + am)'/4, we get

max{f2, (m,r,7), fe o(m,r)} < Co/T+m?.

b) To show the existence of minimizers for both minimization problems we use the direct method of the
Calculus of Variation. The lower semicontinuity of the integral with integrand u|9|? is ensured by
Toffe’s theorem [T} theorem 5.8]. Now given any minimizing couple (J., @i.) € Y a(m,r), let 9. be the
decreasing Steiner rearrangement of 195 and u. the increasing rearrangement of .. Indeed, since .
has range in [, 1], we still have u. |5, = 1. Polya’s Szego and Hardy-Littlewood’s inequalities ensure

Es,a(ﬂsa Us) < Es,a('&s» ﬁs)

. . _ —d
Let us prove the asymptotic equivalence of the values fga(m, r,7) and f. ,(m,r) as e ] 0.
Lemma A.2 (Equivalence of the two problems). For any 7 < r and m > 0 it holds

. —d 10
|fsd,a(mvrv T) - fs,a(marr” E—) 0

Proof. Step 1: [fga(m,r, 7) < ?ia(m,r) +0(1)/
Consider for each ¢ the radially symmetric and monotone couple (J,u:) € Y o(m,r) as introduced in
the previous lemma. Take £ € (n,1) and let us set

re :=sup{t € (0,7) : u(t) <&}  with ¢ = 0 if the set is empty. (A.2)

By Cauchy-Schwartz inequality it holds

2
9.2 d 9| d
C> fBr\B’”s uelDe " do > ¢ (IBT\B% el x> .

e wq Tde

Let us define A¢ := fBr\BTE ||, the latter ensures that A¢ € o(%/2). Let us now set De = (f;‘m?% > 1g,,
re

€

which is not null for ¢ small. We have (0., u.) € Yz o(m,r,7) if and only if re < 7. Indeed, this holds as

’
TE
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which ensures that r¢ = O(e). Finally let us evaluate the energy

Es,a<1§67 us) = /

_ 2 2 2
:/ {spd|Vu5p+(1 :6) ] d:E—f—/ YTt Vel WE‘Q dx
B, € By, 8(f3r5 Je)

m2 w
< B o(0e,u) = [1+ O(1)] Ee o (9, ue).

(.. %)

1—u.)? .2
[Ep—d|vu5|p+< :E) + U |Ve | ] da
€ €

Passing to the infimum we get
o\ =d
fga(m,r, 7) < fe’a(m,r) + O(1). (A.3)

Step 2: [Fe.o(myr) < f2.(m,r,7) + O(1)]
Consider a minimizing couple (9., u.) such that

£ (m, 1, ) = Be o (Ve ue).

Let y be a smooth cutoff function such that y(z) = 1 if 2| < 7 and x(z) = 0 if [z] > "5~ and set
ve = xue + (1 — x). By construction (J.,v.) € Y. ,(m,r), furthermore, since u. € (0, 1], it holds that
te < ve and (1 —u)? > (1 —v.)?. Moreover as ve = u. on By we have [, u|0.]* do = [, v |0]* da.

Eventually, we estimate the gradient component of the energy as follows

/ P~V |P dox = / P~ xVue + (ue — 1)Vx|? dz

T 3

< / P 4(|Vu.| + [Vx|)P da

"

< / 5p*d|Vu5\” dz + C(r, x) (E;;l/p(ﬂs,vs)s% + 5p*d)
B,

T

where we have used the inequality (Ja| 4 [b])? < |a|? + Cp(|a[P~1[b] + |b|P) and Holder inequality. We get

fia(m,r) < Eea(Ue,ve) < Be o(Ve,ue) + O(E%d) = f;(m,r) +0(1) (A.4)
Step 3: Combining inequalities (A.3) and (A.4) we obtain fZ,(m,r,7) — ?Z’a(m,r) =o(1). O

A.2. Study of the transition energy

Given two values r; < 7y let us introduce the functional
T2
0/ (rra)) = [ [ (L o]
T1

and for any triplet (&, 71, r2) € [0,1] x RT x RT we set
q%(€,71,72) == inf {gd(v; (r1,r0)) dt = v € WhP(ry, 1), v(ry) = € and v(ry) = 1}. (A.5)

This value represents the cost of the transition from ¢ to 1 in the ring B,., \ B,,. We will say that a
function v is admissible for the triplet (&, r1,73) if it is a competitor in the above minimization problem.
Let us investigate the properties of the function introduced.

Lemma A.3. For any fized triplet ({,71,72) € [0,1] x Ry x Ry the infimum in equation (A.5)) is a
minimum. Moreover there is a unique function achieving the minimum which is nondecreasing with
range in the interval [, 1]. Finally the function g satisfies the following properties

1. 1o+ q*(&,71,m9) is nonincreasing,
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2. r1 + q%(&,r1,72) is nondecreasing,
3. & qU(& r1,m2) is nonincreasing, and g(1,71,79) = 0.

Recalling the definition (2.4) of ¢, we have q% (&,7) = ¢*(€,71,00), and ¢4 (0,0) > 0. Furthermore for
any r > 0 the map & — q5 (&, ) is conver and continuous on (0, +00).

Proof. Let (&,71,72) € [0,1] x Ry x R4, the infimum is actually a minimum by means of the direct
method of the calculus of variations. Such minimum is absolutely continuous on the interval (r1,72) by
Morrey’s inequality and is unique since G¢(v; (71, 72)) is strictly convex in v. Let v € W1P(r,75) be a

minimizer of (A.5]) set

7 = min{max(v,§),1}

then G4(w; (r1,72)) < G¥(v; (r1,72)) if v # D. As a consequence for every minimizer of (A.5) we have
& <wv < 1. Similarly setting
7(s) = max{v(t) 1y <t < s}

we have G4(T; (r1,72)) < G4(v;(r1,72)) if v # D. Hence v is nondecreasing. Let us now study the

Optimal profile

Figure 4: Graph obtained by a numerical optimization of problem (|A.5)), for the choice of the parameters
p=3,d=2,11=2,710=40 and £ = 0.

monotonicity of g. To do so let v be the minimizer for (&, r1,73):

1. Let 7o > 7o and let us extend v by 1 on the interval (r4,72). We have
q*(&,r1,m2) = G (v; (r1,72)) = G4 (v; (r1,72)) > ¢*(&, 71, 72).
Hence r2 — ¢ is nonincreasing.
2. Let 0 <7y <7y and set A =r{ — 7¢ >0 and 7o = (rd — A)é < 1. Define the diffeomorphism
¢ (ry,r) —  (7F1,T2),

s — [sde]l/d.

Let v be the minimizer of (A.5) and T(s) = vo @(s). Let us remark that ¢'(s) = s%~1/¢(s)9~!, thus
it holds

q'(&r1m2) = /m WP+ (1 —0)?] dt = /: B(s)t [

T1

T2
[
T1

Therefore r; — ¢ is nondecreasing.

o'

6" (s)[?

+(1-10)*| ¢(s)" ds

N
(1 + Sd o A) |5/|P + (1 _U)2] dS Z qd(€7?17?2) Z qd(€7?177ﬂ2>-
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3. Let 0 < ¢ < € < 1 and v the absolutely continuous, nondecreasing minimizer of problem ¢%(&,71,73).

Then there exists 7 € (rq,r2) for which v(F) = £. Hence

qd(ga 1, 72) Z gd(v; (Fa TQ)) Z g(ga ?7 7"2) Z g(ga TlaTQ)'
Hence, ¢ — ¢ is nonincreasing. Finally, for ¢ = 1 consider the constant function v = 1 to get
g(la 7’1,7"2) - 0

Indeed, in view of the monotonicity, for every r; and ro we have
9(0,71,72) = (0,0, +00) = ¢5,(0,0).

Let us show ¢4 (0,0) > 0. As a matter of facts, taken the minimizer v for the problem (2.4), there exists
r € (0,+00) such that v(r) = 1/2 and we have

rad

qﬁo(o,o)z/ t WP+ (1= 0)?] dt:/ t )P dt + —.

A direct evaluation gives

min{/ t3 )P dt - w(r) = 0 and v(r) = 1/2} =°
r

0

and we obtain the estimate p

d I
0,0)>-+-—>0.
U50(0,0) 2 — + 1~
Lastly, let us show that for any r the function ¢ (-,7) is convex. Consider two values &1, & € (0,1) and
the associated minimizers vy, vy for the respective energy ¢ (-, 7). Indeed, for any A € (0, 1) the function
Avg + (1 — M)y is a competitor for the minimization problem g% (A1 + (1 — M), 7), therefore it holds

gL (M + (1= N, r) < / s [[Avr — (1= Nva|P + (1 — Avy + (1 — N)w2)?] dt

<AL (6r,m) + (1= N)g (&2, 7).

Thus ¢% (-,7) is continuous in the open interval (0,1). To show the continuity in 0 let ¢ be small and

v = argmin g% (&,7). Set
1
h(t) — 1_\/g(t*§)a t<\/ga

t, t> /€

and observe that h o v is a competitor for the problem ¢% (0,7). Then

o0
200 < [ ow e (1 how] a
s

1 d r Ood_l — o'u2— —’U2
< g e en+ [ A= hew? - (-

Let us estimate the second addend in the latter. By the definition of f we have

/wtd-l [(1=hov)? = (1 -v)* dt:/ " [(1=hov—v)’(v—hov)’] dt
r {

’U<\/§}
< 4¢ 4l dt
{v< v}
4£
< ———— g% (&)

— 1=V

Since ¢4 (-, 7) is monotone we have

12, (0,7) — g, (€,7)] < max{

ST
C-—vor = a-verS”

which shows that ¢4 (-, 7) is continuous in 0. O
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A.3. Proof of Proposition [2.1]
We show that .
lminf /., (m, r) = f(m)

then equation casily follows from Lemma[A.2] Form = 0set ¥ = 0 and u = 1, then (9, u) € Y 4(0,7)
for any radius r and E. (0¥, u; B;) = 0 for each ¢. Now suppose m > 0 and let { € (n,1). Consider
the radially symmetric and monotone minimizing couple (J¢,u.) of Lemma and 7¢ introduced in
equation . Let us split the set of integration in the two sets B,, and B, \ B;.., we obtain

?S,a(mvr) = Ee,a('ﬂe,ue) >

1—wu.)?
/ [51’_qu€|’7 + (;)} dx+/
B\By, € B

(5 bs

_ 2 2
% d:c+/ uelVI” dz. (A.6)
€ B,

3
TE

We deal with each addend separately. First observe that by Cauchy-Schwarz inequality, it holds

2
m
</ u9? da.
B

— <
fBT U dz
Plugging the latter in the term b, of (A.6]) we have
1—u.)? 2
R
B, € € (IBT\B% o dr+ fBrg w dx)
taking into account n <wu. < {in B;,, { Sue. < 1in B, \ B, and n = ae®t! we obtain
re\ 4 m?
be > wa(1—- 62 (%) + .. (A7)
€ wd (Te\ er
o () v
a \¢€ 13

—d
Since b. < f, ,(m,r) < C(m) we deduce that r¢/e belongs to a fixed compact subset K = K(m,§) of
(0,+00). Up to extracting a subsequence, which we do not relabel, we can suppose r¢/e to converge to
some 7 > 0. Let us now consider the term a.. Let v, be the radial profile of u,

p—d p (]‘ — UE)Q /e d—1 /\p 2
Qe = e UVu P + ————| dz=(d— 1) wy T [JolP + (1= ve)?] dt.
B:\Br, € r

¢/e

With the notation introduced in Subsection [A.2] and Lemma [A-3] therein we deduce

limﬁ)nfaE > (d—1)wq lim&)nfqd (& (re/e,r/e)) > (d — 1) wa b (€,7),

where g% has been defined in (2.4). Combining inequality (A.7)) and the latter we get

am2
wq ’Iﬁd.

lim 72 o (m.7) 2 (d = 1) wa g (6,7) + (1 =€) wa ¢ +

Sending ¢ to 0 we have, by continuity (Lemma [A.3)) ¢% (¢,7) — ¢ (0,#). Then taking the infimum in 7,
we obtain

. . —d . d N ~d a m2
lu?ﬁ)nffa,a(m,r) > min (d—1)wq g5, (0,7) + wqg 7 + ik
Again by Lemma the function ¢% (0,7) is nondecreasing in 7, and ¢ (0,0) > 0 therefore setting
k= (d— 1) w5 (0,0) < fi(m)

we conclude the proof of Proposition 2.1}
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A.4. Proof of Proposition [2.2]
Let § > 0, by Lemma[A3] for ¢ sufficiently small

qd(n; (T*,’r‘/E)) < qgo(o,’r*) + 4.

Le
t vs(t) = argmin {gd (’U; (r*, g)) dt : v(ry)=nandwv (g) = 1} .

and set
n for 0 <t <r.e

U (t) = t
() Vs () forr,e <t<r
€

Set ¥.(s) to be constant equal to 7 on the ball B.,. and zero outside. Indeed, the couple

m
o wq (ers)
(9¢,uc(|z])) belongs to Y. o(m,r). That is because u. is greater then 7 and attains value 1 at the
border of B, and

___m d_
/BT Ue(x) doe = AL walery)® =m.

Let us show that the couple (¥.,u.) defined satisfy inequality (2.7). Taking advantage of the radial
symmetry of the functions we get

s

Eaa(ﬁav ua) = /

ETx

1—
141 [5p+d|ula|p + (dua)} dt
£

5 2
+ M wd (ET*)d + U (wd?n)d) Wd (Er*)d‘

ed € (ers
By simplifying the expression and considering the change of variable s = g in the latter it holds

T 2

€ _ m
Ee o(We,ue) = (d—1) wa / st “U(/S‘p + (1 —ws)] ds+(1— 77>2 Wd T? + gi%ﬁ
T d Tx
2
m
< (d = 1) wa g (0 (/) (1= 1) v+

Then, by Lemma for € sufficiently small we have

am2

Es,a(ﬂ:‘aue) < + wq Tf + (d - 1) wd qffo(O,r*) + (d - l)wd—15 = f(il(m) + 057

wq T

which ends the proof of Proposition 2.2

A.5. Proof of Proposition 2.3
Propositions and lemma ensure that

. o—d . -
fac,l(m) = lsligfe,a(mvr) = leligfg,a(m’ra T)

independently of the choices for r and 7 < r. For the sake of clarity we introduce

T(m,r) = wdrd+wdr + (d—1) wq ¢5,(0,7)

and recall that f¢(m) = min, T'(m,r) for m > 0 and f¢(0) = 0, see (2.3).

Proof.
Let us prove the continuity of f¢ on (0, +00). For my, my € (0,+00) and for i = 1,2 let 7; be such that
f3(m;) = T(m;,r;). On one hand comparing with » = 1 it holds

m2

i d

—r < ) < T(my, 1 A.
Wd—lrg _fa(mz)_ ( iy ) ( 8)

28



on the other hand analougusly we have
Wa—1 Tfl < f(‘j(ml) < T(my,1).
Consequently wy_1 7¢ belongs to the compact set [m;/T(m;, 1), T(m;,1)]. Now remark that
fi(ma) < T(ma,ra) = fi(ma) + T(ma,r2) — T(ma,rs)
thus
mi — mj|

[Fatma) = fai(ma)l < [T(ma,r2) = Tlmay )| < 72k ey

and taking into account inequality (A.8) we have

[ m) — £2ma)| < (o + g { T2 LD
1

Observing that T'(-,1) is continuous we conclude that f< is continuous on (0, +
Next, we see that fd is non decreasing. Let 0 < my < mg and r > 0. Let (4, ) E YE a(ma,r) such that

E. ., u;B,) = f&a(mg, 7). Set ¥ = mq9/ms and remark that the couple (9, u) belongs to Y. ,(mq,7).
Therefore we have the following set of inequalities

?:a(mlﬂn) S Ea,a(gvu;Br) - Eaa (mlﬂ Uu; B > < EEAa (’19,114; Br) = ?:a(m277ﬂ)~
) mo , )

)

Passing to the limit as ¢ | 0 we obtain

fma) < fd(my).
Let us now prove the sub-additivity. For a radius r consider the competitors (¥;,u;) € Y. o(m;,r) for
j =1,2. Consider the ball Bs,11 centered in the origin and two points x1, x5 such that the balls B,.(z1),
B,.(x4) are disjoint and contained in Bag, 1. Set

H(x—2x1), x€ Bp(x1), ui(x —x1), € Bp(x1),
I(z) := { Vo(x — 22), € Br(x2), and u(z) = S us(x — x2), x € B(x2),
0, otherwise, 1, otherwise,

and observe that the couple (9, %) belongs to Y (mq +maz, 2r +1). Being the balls B,.(x;) disjoint we have

fealmi+ma,r14712) < Eeo(91(x — 21), ur (@ — 21); Br(21)) + Ee o (V2(2 — 22), us(z — 22); By (22))

= 72 (ma, )+ fE L (ma,r).

Passing to the limit as € | 0, and recalling that it is independent of the choice of the radius, we get

fémy +ma) < fl(ma) + fE(ms).

We conclude the appendix by showing that

Lemma A.4. For any sequence a; | 0 it holds
fadi — /@1(0)00)

pointwise.

Proof. We have already shown that f¢(m) > & for m > 0. For m > 0 choose # = (y/am)/?, then by
definition it holds

k< FAm) < (d— 1) wa g (0, (Vam)?) + wa/am + Y22 f am

Finally simply recall that (d — 1) wg g% (0,0) = & and that ¢2 (0, ) is continuous. O
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