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FROM COMPRESSIBLE TO INCOMPRESSIBLE INHOMOGENEOQOUS
FLOWS IN THE CASE OF LARGE DATA

RAPHAEL DANCHIN AND PIOTR BOGUSLAW MUCHA

ABSTRACT. This paper is concerned with the mathematical derivation of the inhomoge-
neous incompressible Navier-Stokes equations (IN.S) from the compressible Navier-Stokes
equations (CNS) in the large volume viscosity limit. We first prove a result of large time
existence of regular solutions for (CNS). Next, as a consequence, we establish that the
solutions of (CNS) converge to those of (INS) when the volume viscosity tends to infinity.
Analysis is performed in the two dimensional torus T2, for general initial data. In particular,
we are able to handle large variations of density.

1. INTRODUCTION

We are concerned with the following compressible Navier-Stokes system:
(1.1) pi +div (pv) =0 in (0,7) x T?,
. pvi 4+ pv- Vv — pAv —vVdive + VP =0 in (0,7) x T2

Above, the unknown nonnegative function p = p(t,x) and vector-field v = v(¢,x) stand
for the density and velocity of the fluid at (¢,2). The two real numbers p and v denote the
viscosity coeflicients and are assumed to satisfy g > 0 and v 4+ p > 0.

We suppose that the pressure function P = P(p) is C' with P’ > 0, and that P(p) = 0
for some positive constant reference density p. Throughout, we set

e(p) == p/pwdt.
p

t2

Note that e(p) = €/(p) = 0 and that pe”(p) = P'(p). Hence e is a strictly convex function
and, for any interval [p., p*], there exist two constants m, and m* so that

(1.2) malp— )2 < elp) <m*(p— p)2.
The system is supplemented with the initial conditions
(1.3) v|t:0 =19 € R? and P|t:0 = po € RT.

We aim at comparing the above compressible Navier-Stokes system with its incompressible
but inhomogeneous version. The system in question reads

n+u-Vn=0 in (0,7) x T2,
(1.4) nug +nu-Vu—pAu+VII=0 in (0,7) x T?,
divu =0 in (0,T) x T2

At the formal level, one can expect the solutions to (1.1) to converge to those of (1.4)

when v goes to +00. Indeed, the velocity equation of (1.1) may be rewritten

1
Vdive = ” <pvt + pv- Vv — pAv + VP)
1
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and thus Vdivwv should tend to 0 when v — +o00. This means that divwv should tend to be
independent of the space variable and, as it is the divergence of some periodic vector field,
one must eventually have dive — 0. As, on the other side, one has for all value of v,

pvr + pv - Vo — pAv s a gradient,

this means that if (p,v) tends to some couple (n,u) in a sufficiently strong meaning, then
necessarily (n,u) should satisfy (1.4).

Hence, the question of finding an appropriate framework for justifying that heuristics
naturally arises. Let us first examine the weak solution framework as it requires the minimal
assumptions on the data. As regards System (1.1) with pressure law like P(p) = a(p” — p7)
for some a > 0 and « > 1, the state-of-the-art for the weak solution theory is as follows (see
[16, 24] for more details):

Theorem 1.1. Assume that the initial data po and vy satisfy \/p,vo € Lo(T?) and po €
L(T?). Then there exists a global in time weak solution to (1.1) such that

(1.5) v € Loo(Ry; Lo(T?)) N Lo(Ry; HY(T?)) and e(p) € Loo(Ry; Ly (T?))
and, for all T > 0,

10) [ (golol+er))@dos [ Vol + vy ol dt < [ (Goolual+et) )

For System (1.4), there is a similar weak solution theory that has been initiated by A.
Kazhikhov in [17], then continued by J. Simon in [25] and completed by P.-L. Lions in [15].
However, to the best of our knowledge, it is not known how to connect System (1.1) to (1.4) in
that framework. Justifying the convergence in that setting may be extremely difficult owing
to the fact that the key extra estimate for the density that allows to achieve the existence of
weak solutions for (1.1) strongly depends on the viscosity coefficient v, and collapses when
v goes to infinity.

This thus motivates us to consider the problem for more regular solutions. As regards
System (1.1) in the multi-dimensional case, recall that the global existence issue of strong
unique solutions has been answered just partially, and mostly in the small data case, see e.g.
[2, 18, 19, 20, 21, 22, 26]. For general large data (even if very smooth), only local-in-time
solutions are available (see e.g. [3, 23]).

The theory of strong solution for the inhomogeneous Navier-Stokes system (1.4) is more
complete (see e.g. [6, 13, 12, 14]). In fact, the results are roughly the same as for the homoge-
neous (that is with constant density) incompressible Navier-Stokes system. In particular, we
proved in [8] that, in the two-dimensional case, system (1.4) is uniquely and globally solvable
in dimension two whenever the initial velocity is in H' and the initial density is nonnegative
and bounded (initial data with vacuum may thus be considered).

It is tempting to study whether those better properties in dimension two for the (sup-
posedly) limit system (1.4) may help us to improve our knowledge of System (1.1) in the
case where the volume viscosity is very large. More precisely, we here want to address the
following two questions:

e For regular data with no vacuum, then given any fixed 7' > 0, can we find 1 so that
the solution remains smooth (hence unique) until time 7" for all v > 1y 7

e Considering a family (p,,v,) of solutions to (1.1) and letting v — oo, can we show
strong convergence to some couple (n,u) satisfying (1.4) and, as the case may be,
give an upper bound for the rate of convergence ?
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Those two issues have been considered recently in our paper [7], in the particular case

where the initial density is a perturbation of order v~3 of some constant positive density
(hence the limit system is just the classical incompressible Navier-Stokes equation). There,
our results were based on Fourier analysis and involved so-called critical Besov norms. The
cornerstone of the method was a refined analysis of the linearized system about the constant
state (p,v) = (p,0), thus precluding us from considering large density variations.

The present paper aims at shedding a new light on this issue, pointing out different results
and techniques than in [7]. In particular, we will go beyond the slightly inhomogeneous case,
and will be able to consider large variations of density. As regards the techniques, we here
meet another motivation for our paper, which is strictly mathematical: we want to advertize
two tools, that can be of some use in the analysis of systems of fluid mechanics:

e The first one is a nonstandard estimate with (limited) loss of integrability for solutions
of the transport equation by a non Lipschitz vector-field that has been first pointed

out by B. Desjardins in [9] (see Section 3). Proving it requires some Moser-Trudinger

inequality that holds true only in dimension two!.

e The second tool is an estimate for a parabolic system with just bounded coefficients
in the maximal regularity framework of L, spaces with p close to 2 (Section 4).

For notational simplicity, we assume from now on that the shear viscosity p is equal to 1
(which may always been achieved after a suitable rescaling). Our answer to the first question
then reads as follows:

Theorem 1.2. Fiz some T > 0. Let p. and p* satisfy 0 < p. < p*, and assume that
1 *
(1.7) 20« < po < 5ot
There exists an exponent q > 2 depending only on p, and p* such that if Vpg € Lq(T2) then
for any vector field vy in Wq272/q(']I'2) satisfying
(1.8) V2||div v, <1,
there ezists vy = vo(T, px, p*, || Vpollg, [|voll 22, P, q) such that System (1.1) with v > vy has
Wq
a unique solution (p,v) on the time interval [0,T], fulfilling

(1.9)  vec(0, T WZUT?), v, Ve Ly([0,T] x T?), p e C([0,T]; W, (T?),

(1.10) and p. < p(t,x) < p* for all (t,z) € [0,T] x T2

Furthermore, there exists a constant Cy depending only on q, a constant Cp depending
only on P, and a universal constant C such that for all t € [0,T],

1o )
(1.11)  [@llgr +v2|[divo@)|le, + o) = pllz. + VUl Lyo,g;m1) + Vel 0,6xr2)
+ u% ||VdivaL2(0,th2) < CGCIIUOII%EO,

(1.12) Hv(t)”w2—%+”Ut7vzv7VVdiVU”Lq([OﬂXW)

q

1 1
< C‘](HUOHW2—% +Cpta(1+[[VpollL,) exp(ts Io(t)))

q

1Consequently, we do not know how to adapt our approach to the higher dimensional case.
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1
(113)  and [[Vp(t)lz, < (1+ [Vpollz,) exp{t Io(t)}.

with Eo := 1+ |[vol[gr + [lpo — pllz, and
1 cE2teC 0L,
Iy(t) := C, HUOHWQ,% +Cpta (1 + || Vpollr,)e o :
q

As the data we here consider are regular and bounded away from zero, the short-time
existence and uniqueness issues are clear (one may e.g. adapt [5] to the case of periodic
boundary conditions). In order to achieve large time existence, we shall first take advantage
of a rather standard higher order energy estimate (at the H'! level for the velocity) that will
provide us with a control of Vv in L?(0,T; H') in terms of the data and of the norm of
Vp in L°°(0,T; L?). The difficulty now is to control that latter norm, given that, at this
stage, one has no bound for Vv in L'(0,T; L>). It may be overcome by adapting to our
framework some estimates with loss of integrability for the transport equation, that have
been first pointed out by B. Desjardins in [9]. However, this is not quite the end of the
story since those estimates involve the quantity fOT ||div v|| e dt. Then, the key observation
is that the linear maximal regularity theory for the linearization of the momentum equation
of (1.1) (neglecting the pressure term and taking p = 1) provides, for all 1 < ¢ < o0,
a control on v||Vdiv vz, 71,2y (ot just [[Vdivo|r, o7, (r2))) in terms of ||U()HW27%.

q
In our framework where p is not constant, it turns out to be possible to recover a similar

estimate if ¢ is close enough to 2, and thus to eventually have, by Sobolev embedding,

fOT |divv||pe dt = O(v~'). Then, putting all the arguments together and bootstrapping
allows to get all the estimates of Theorem 1.2, for large enough v.

Regarding the asymptotics v — 400, it is clear that if one starts with fixed initial data,
then uniform estimates are available from Theorem 1.2, only if we assume that divwvg = 0.
Under that assumption, Inequalities (1.11) and (1.12) already ensure that

divo = O™ Y2) in Ly(0,T;Ly) and Vdive =) in Ly(0,T x T?).
Then, combining with the uniform bounds provided by (1.12) and (1.13), it is not difficult to
pass to the weak limit in System (1.1) and to find that the limit solution fulfills System (1.4).
In the theorem below, we state a result that involves strong norms of all quantities at the

level of energy norm, and exhibit an explicit rate of convergence.

Theorem 1.3. Fiz some T > 0 and take initial data (po,vo) fulfilling the assumptions of
Theorem 1.2 with, in addition, divvy = 0. Denote by (py,v,) the corresponding solution
of (1.1) with volume viscosity v > vy. Finally, let (n,u) be the global solution of (1.4)
supplemented with the same initial data (po,vo). Then we have

(1.14) igg(\lpu(t) = nONZ, + [Pon(t) = u@)llZ, + IVQu.(H)IZ,)

T
+ [ 9 Pe, ~ I}, + 19 Qu B )dt < Corv ™,
0

where P and Q are the Helmholtz projectors on divergence-free and potential vector fields,
respectively?, and where Co,r depends only on T' and on the norms of the initial data.

%that are defined by Qv := —V(—A)"'dive and Pov:=v — Qu.
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At first glance, one may think our issue to be closely related to the question of low Mach
number limit studied in e.g. [4, 11]. However, there is an essential difference in the mechanism
leading to convergence as may be easily seen from a rough analysis of the linearized system
(1.1). Indeed, in the case p = p = 1 and P’(1) = 1 (for notational simplicity), that
linearization reads (in the unforced case):

n + divu = 0,
vy — Av — vVdive + Vnp = 0.
Eliminating the velocity we obtain the damped wave equation
e — (1 +v)An — An =0,
that can be solved explicitly at the level of the Fourier transform. We obtain two modes, one
strongly parabolic, disappearing for v — oo, and the second one having the following form,
in the high frequency regime:

t

n(t) ~n(0)e T+ — n(0).
This means that at the same time, we have that 7(t) tends strongly to 0 as t — 400 even
for very large v, but that for all ¢t > 0 (even very large), n(t) — 1n(0) when v tends to +oc.

The behavior corresponding to the low Mach number limit is of a different nature, as it
corresponds to the linearization

N+ %divu =0,
vy — Av — vVdive + %Vn =0,

which leads to the wave equation
1
ne — (1 +v)An, — 8—2A77 = 0.

Asymptotically for ¢ — 0, the above damped wave equation behaves as a wave equation with
propagation speed 1/e. Hence, in the periodic setting, we have huge oscillations that preclude
any strong convergence result. However, after filtering by the wave operator, convergence
becomes strong, which entails weak convergence, back to the original unknowns (see [4] for
more details).

The main idea of Theorem 1.3 is just to compute the distance between the compressible and
the incompressible solutions, by means of the standard energy norm (in sharp contrast with
the approach in [7] where critical Besov norms are used). In order to do so, it is convenient
to decompose p — 7 into two parts:

p—n=(p=p)+-n)
where the auxiliary density p is the transported of py by the flow of the divergence-free

vector-field Pv. As the bounds of Theorem 1.2 readily ensure that ||p — pll, = O(r~!), one
may, somehow, perform the energy argument as if comparing (p,v) and (7, u).

We end that introductory part presenting the main notations that are used throughout
the paper. By V we denote the gradient with respect to space variables, and by wu;, the
time derivative of function u. By |||z, (or sometimes just [| -[[,), we mean the p-power
Lebesgue norm corresponding to the set @, and L,(Q) is the corresponding Lebesgue space.
We denote by H® and W the Sobolev (Slobodeckij for s not integer) space on the torus
T2, and put H® = WJ. The homogeneous versions of those spaces (that is the corresponding
subspace of functions with null mean) are denoted by H* and Wlf , respectively.
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Generic constants are denoted by C, A < B means that A < CB, and A ~ B stands for
C1A<B<CA.
2. ENERGY ESTIMATES

The aim of this part is to provide bounds via energy type estimates. We assume that the
density is bounded from above and below. Let us first recall the basic energy identity.

Proposition 2.1. For any T > 0, sufficiently smooth solutions to (1.1) obey Inequality (1.6).

Proof. That fundamental estimate follows from testing the momentum equation by v and
integrating by parts in the diffusion and pressure terms. Indeed: using the definition of e
and the mass equation, we get

_ [ Pl _ /
VP -vdr = ——=Vp- (pv)dx = V(e (p)) - (pv)dx
T2 ™ P T2
d
= —/ ' (p) div (pv) do = / e(p)prdr=— [ e(p)du.
T2 T2 dt T2
Then integrating in time completes the proof. g

Let us next derive a higher order energy estimate, pointing out the dependency with respect
to the volume viscosity v.

Proposition 2.2. Assume that there exist positive constants p, < p* such that
(2.15) pe < p(t,x) < p*  forall (t,x) € [0,T] x T2
Then solutions to (1.1) with p =1 fulfill the following inequality:

T
. v(d), Vu(d),p —p v|divv 2 v, VU, Ut||5 + V||d1V V|| 771
(216) [[o(T), Vo(T), p(T) = pl3 + v/|di (T)H2+/O (1720, Vo, ][5 + v divoll) dt

T
< cexp(Clunl) 1o Too. o = oI + v ool + v Tl + 7 [ 19pIBat)
0
provided v is larger than some vy = vy(p«, p*, P).
Proof. We take the T? inner product of the momentum equation with v;, getting

(2.17) / p]vt\de—i—li (\VU\Q—l—V(divv)Q)dx—i—/ VP-vtdx:—/ (pv-Vv) - v dx.
T2

2 dt ’]TQ ’]TQ ’]TQ
Integrating by parts and using the mass equation yields
d
VP v de=— Pdivvyde = —— Pdivvdx + P'(p)pedivv dz

T2 T2 dt J2 T2

d
=—— [ Pdivodz— | P'(p)div(pv)divvdz.

dt 'EQ T2

Hence putting together with (2.17),

1
(2.18) —i/ (|Vv|2+l/(divv)2—2Pdivv)d:U—i—/ plvg|? dx
th T2 T2

= / P'(p)div (pv)div v dx — / (pv - Vo) - vy dx.
T2 T2



Now, setting K(p) = pP’(p) — P(p), one can check that

P'(p)div (pv)divv dz = /

(divo) v - V(P(p)) dz + / pV P'(p) (divv)? dx
T2 T2

’]I‘Q

=— | P(p)v-Vdivudz + | K(p)(divv)*daz.
T2 T2

Hence, if (2.15) is fulfilled then we have
d 2 . 2 . 2
(2.19) — <|Vv| + v(dive)® — 2P(p)div v) de + | plul|*de
dt T2 T2
< C/ (Jv - Vdivo| + (dive)* + |v - Vv|2)dx.
T2

Next, testing the momentum equation by Av we get

/ (|Av]* + v|Vdivo[?)dz — / pv - Avdr —
T2 T2

Note that

VP Avdr < / lpv - VoAv|dz.
T2 T2

— [ VP -Avdx =— VP-Vdivvdng/ |Vp||Vdivv|dz.
T2 T2 T2

Then, combining with the basic energy identity and with (2.19) and introducing

(2.20) E(v,p) := /1T2 (p[v[Q + 2e(p) + |Vo|* + v (dive)? — 2P(p)div v> dx,

we find,

d 1
(2.21) —E(v,p) + / plve|* dx + —*/ (Vo> + V2] + v(divv)® + V|Vdivv|2)daz
dt T2 1% T2

1
< / vy - Av|dx + C/ ((divev)® + v - Vdive| + plv - Vol + —|Vp||Vdiv v])da-
T2 T2 p

Hence, denoting
D(v) = Vol + [IVpvellZ, + vildivolF,
Inequality (2.21) implies that for large enough v,

d 1 .
& Fw ) + D) <C / (02 1Vol + (o] + V)| Vdiv o]} da.
T2

Of course, from the Ladyzhenskaya inequality, we have
/TQ v~ Vul? da < Cllo]l2| Vo3[ Av]a.
Therefore, we end up with

d 1 _
a P )+ D) < C (Il 1V olI3 + v~ (loll3 + [V oll3))-

Let us notice that if v > vy(ps, p*, P) then we have, according to (1.2),

(2.22) E(v,p) = |[vlF + o = pll7, + vildivo]Z,.
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Hence Gronwall inequality yields

1 T T ) )
B(u(T). p(T)) + /0 D<t>dtSexp<c /0 ||v||2||w||2dt>

C T t
(B + £ [Texo(-¢ [ IulBIvelgar) (bl + 19p8)ar)

Remembering that the basic energy inequality implies that
T
| 1wl < il

one may conclude that

1 T C T
B(T), (7)) + - [ Diw)at < exp(Cloalt) (B, o) + S (Il T+ [ 10l ar) )
which obviously yields (2.16). O

3. ESTIMATES WITH LOSS OF INTEGRABILITY FOR THE TRANSPORT EQUATION
We are concerned with the proof of regularity estimates for the transport equation
(3.23) pt+v-Vp+pdive =0
in some endpoint case where the transport field v fails to be in L1 (0, T; Lip) by a little.

More exactly, we aim at extending Desjardins’ results in [9] to non divergence-free transport
fields. Our main result reads:

Proposition 3.1. Let 1 < ¢ < oo and T > 0. Let pg € W} (T?) and v € Ly(0,T; H*(T?))
such that dive € L1(0,T; Loo(T?)) N L1 (0, T qu(']I‘Q)). Then the solution to (3.23) fulfills for
all 1 < p <q,

t
sup [Vp(0)ly < K (190l + ol sup | [ ativoar] )
t<T t<T 0 q

X exp {CT/OT V%03 dt } exp { /OT ldiv oo dt ).

where K s an absolute constant, and where the constant C depends only on p and q.

Proof. We proceed by means of the standard characteristics method: our assumptions guar-
antee that v admits a unique (generalized) flow X, solution to

(320 X(t)=y+ [ n X ) dr
Then, setting
(3.25) u(t,y) =t X(t,y)) and a(t,y) = p(t, X(1,y)),
equation (3.23) recasts as follows:
(3.26) WD) (aivo)(t. X (t.9) -alt.)

the unique solution of which is given by

(3.27) a(t,y) = exp {— /O (divo)(r. X (7.3)) dT}ao(y).



From the chain rule and Leibniz formula, we thus infer
t
Vya(t,y) = exp { —/ (divo)(r, X(1,9)) dT} (Vyao(y)
0

—ao(y)/o (Vdivo)(r, X(1,y)) - V, X(1,y) dT)-

Our goal is to estimate all these quantities in the Eulerian coordinates. Note that by (3.24)
and Gronwall lemma, we obtain point-wisely that, denoting Y (¢,-) := (X (¢,-)) "},

IV, X (t,y)| <exp {/Otyvggv(T,X(T, ) dT} and |V, Y (,2)| <exp {/Ot\vyu(T, Y (r,2)) dT}.

As Vop(t,z) = Vya(t,Y(t,z)) - V.Y (¢, x), we get
(3.28) |Vp(t,z)| < exp {3/0 Volr, X(Y (t,2)))|dr

X <|V,00(Y(t,:6))| + |,00(Y(t,:r3))|‘/0 Vdivo(r, X(7,Y (t,x)) dr

Recall that the Jacobian of the change of coordinates (¢,y) — (t,x) is given by
t t
(3.29) Ix(t,y) = exp{/ divo(r, X (T, y))dT} < exp {/ HdiVUHOOdT}-
0 0
1

Hence taking the L,(T?) norm and using Hélder inequality with % = % + —, we get

I
(3:30) Vo)l < exp {- /0 Idiv o] dr <||VP0||q
t
| [ Vaivetr X as) )
0 q
To bound the last term, we write that for all ﬁ >0,

t
[ 1vetr xtar < [[TEXEE -y L / IV20(r, )2 d.
A ) IV \\2

Hence using the following Jensen inequality,

t 1 t
exp /(;5(5) dsp < —/ et?(®) ds,
we discover that

/TQ exp{?’m /Ot |Vo(r, X (7, -))|d7} dx
gexp{%/ot\lw \|2d7} // exp 9m5t|ﬁé(27(X(.))\|)| }dxdf,

In the last integral we change coordinates and get
t 1 m t
/ exp {3m/ |Vo(r, X (T, ))]dT} dr < 7 €XD —/ HVQU(T,-)H%dT}
T2 0 45

(/ /TQ exp { 9m Bt ‘%Z(T( x)))‘L }dx ds) exp (/Ot div o] oo d7>.

exp {3/; |Vo(r, X(7,-))| dT}

|m.
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At this stage, to complete the proof, it suffices to apply the following Trudinger inequality
(see e.g. [1]) to f = Vw: there exist constants &y and K such that for all f in H'(T?),

[f(x) = [P Lo L
(3.31) /11‘2 exp{éOW}daz <K with f:= W /11‘2 fdx.

Then, taking S so small that 9mpBt = §g, we end up with

(3.32) /T exp{?)m/ot‘V?)(T,X(T, ))ldr} da

t t
< Cexp (Z% / Hv%<s,->u%ds> exp( / Hdivvuoods)-

Combining with (3.30) completes the proof of the proposition. O

4. LINEAR SYSTEMS WITH VARIABLE COEFFICIENTS

Here we are concerned with the proof of maximal regularity estimates for the linear system

pus — Au—vVdivu = f in (0,T) x TV,

(4'33) u’tzo = Up in TN,

assuming only that p = p(t,x) is bounded by above and from below (no time or space
regularity whatsoever).

In contrast with the previous section, we do not need the space dimension to be 2. As
we want to keep track of the dependency with respect to v for v — +oo, we shall assume
throughout that v > 0 for simplicity.

Theorem 4.1. Let T > 0 and assume that v > 0,
(4.34) 0<ps <pt,z) < p* for (t,z)el0,T] x TV,

Then there exist positive constants 24,2* depending only on p. and p*, with 2, <2 < 2*,
such that for all r € (24,2%) we have

(4.35)  Jlug, V2u, vV divully, 0.1y < Cr o 05) (I ooy vy + \\UO\\W3—2/T(TN))-

Proof. First, we reduce the problem to the one with null initial data, solving

p*iy — At —vVdivi =0 in (0,7) x TV,

(4.36) o =uo in TV

Applying the divergence operator to the equation yields
p*(diva); — (1 +v)Adiva = 0.

Hence the basic maximal regularity theory for the heat equation in the torus gives

(4.37) A+ v)[[VdivallL,o,r)xrv) < Clidivaolly1-2p gy
Then we restate System (4.36) in the form

(4.38) pru — Au = vVdiva,

and get

e, V2l 1, vn < 07y < Kp(WIVAval o) <mvy + ||u0HW5*2/P(TN))
K

IN

1%
o(155 ) ol 2270 g
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Therefore, as v > 0, we end up with

(4.39) [, V0, vV div |, 0.1y xmn) < Kplluoll 22/ pavy -
Next we look for u in the form

(4.40) u=w+1u,

where w fulfills

(4.41) pw — Aw —vVdivw = f + (p* — p)uy =: g, wli=p = 0.
Thanks to (4.34) and (4.41), we have

(4.42) 9l (0.ryxrvy < NNz, sy + Kp(p™ = pi)lluolly2-2/p -
Now, setting h := g + (p* — p)wy, System (4.41) reduces to the following one:

p*w; — Aw —vVdivw =h in (0,T) x TV,
(4.43) _
wl=o =0 in TNV,

We claim that for all p € (1,00) we have

(4.44) Hp*thLp((O,T)XTN) < CthHLP((O,T)x’]I‘N)
with €, — 1 for p — 2.
Indeed, to see that Cy = 1, we just test the first equation of (4.43) by wy, which yields
1d .
ooy + g7 (190l + wldivells ) = [ hosde
Then for any fixed pg € (1,400) \ {2}, the standard maximal regularity estimate reads
0" well L, 0.1y 1Ny < Kpollhll L,y ((0.1)xTN)»

and Holder inequality gives us for all 6 € [0, 1],
1 1-6 0
1-6 6 . _
||ZHLT((O,T)><TN) < HZHLQ((O,T)xTN)HZHL,,O((O,T)XTN) with r 9 + p_o

Therefore C), < C?

by» Whence limsup C), <1 for p — 2 (as 0 — 0).

Now, remembering the definition of h, we write for all p € (1,00),

0" well 1, 0y xrx) < Colllglle, o myxtvy + (0" = p)well 0.1 x1))

P *
< Gpllgll L, 0,)xTvy + Cp (1 - E) |p*wtll 1, ((0,7) xTN)-

Therefore, if 3
4.45 1-Cy(l——) >=—
— p( p*) ~2p%
then we end up with

2p*C,

*

(4.46) o well 1, (0, 7)<y < 91z, (0, 7)<

Let us emphasize that (4.45) is fulfilled for p close enough to 2, due to C, — 1 for p — 2.

?’Clearly7 we just need that 1 — Cp(1 — Z—i) > 0. However taking that slightly stronger condition allows to

get a more explicit inequality.
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It is now easy to complete the proof. We take (4.43) in the form
~Aw —vVdivw =g —pw; in (0,T) x TV,
wl—=p =0 in TNV,
Then one concludes as before that
V2w, vV divw| , o.1)%1v) < Kpllg = pwillr, o)1)
< Kp(HQHLp((O,T)XTN) + Cp. o HthLp((O,T)xTN))'

Hence, putting together with (4.46) and assuming that p is close enough to 2,
(4.47) [ws, V2w, vV divw| o)<y < Couporll9ll L, 07y xT) -

Then combining with (4.42) and (4.39) completes the proof. O

5. FINAL BOOTSTRAP ARGUMENT

In what follows, we fix some 0 < p, < p* and denote by 2, and 2* the corresponding
Lebesgue exponents provided by Theorem 4.1. We assume that the initial data (po,vo)
satisfies all the requirements of Theorem 1.2

Take some time T such that 1 < T < v (stronger conditions will appear below), and
assume that we have a solution (p,v) to (1.1) on [0, T] x T2, fulfilling the regularity properties
of Theorem 1.2 for some 2 < ¢ < min(2*,4), and

T
(5.48) exp(/ [|div v]|oo dt) <2
0

Then it is clear that p obeys
(5.49) ps < p<p* on [0,T] x T2

For all p € [2,q], denote A,(T) := ||Vdivol|r, o,1;,(12)) and assume that, for some small
enough constant ¢y > 0, we have
(5.50) A4(T) < co.

Obviously, if K¢y < log2 where K stands for the norm of the embedding qu(']I'Q)  Loo(T?),
then (5.48) is fulfilled. We shall assume in addition that cop* < 1.

We are going to show that if (5.50) is fulfilled then, for sufficiently large v, all the norms
of the solution are under control. Then, bootstrapping, this will justify (5.50) a posteriori.

Step 1. High order energy estimate for v. Let E3 := 1+ |vo|%: + [lpo — pll3. By (2.16) we
easily get, remembering that =T < 1,

(5.51) HUH%OO(O,T;Hl) + VHdiVUH%OO(O,T;Lg) +lp— ﬁH%w(QT;Lg)

T
+/ (IVoll3n + Ilvell3 + v Vdivol3)de < CeClolz (B3 + v TV o)1} o,1.)):
0
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Step 2. Regularity estimates at L, level for the density. From Proposition 3.1, we find that
there exists an absolute constant K such that for all r € [2,q), there exists some constant
C, > 0 so that

T
sup Vo0, < & ( (19l + 574y exp( G [ 920l )
t€[0,T) 0

Hence, bounding the last term according to (5.51), and using (5.50) and the definition of Ej,

(5.52)  sup [[Vp(t)llr
te[0,7

< K(HVPOHq + 1) eXp(CTEgTBC”UO“%) exp <C’,ﬁy*1T2eC||vo||§l HVPH%OO(O,T;LQ))'
Taking r = 2, we deduce that if
_ 4
Cov 1T2eC”U0“2HVPH%OO(O,T;LQ) <log2,
then we have

(5.53) sup (|Vp(t)]l2 < 2K(||V,00Hq + 1) exp(CQEgTeC””‘)Hg)-
t€[0,T]

Using an obvious connectivity argument, we conclude that (5.53) holds true whenever

4K2C,

oz Vel + 1)* exp(2C, E3TeC ol ) 72eClollz,
og

(5.54)

Reverting to (5.51), we readily get, taking a larger constant C' if need be,
(5.55) HUH%OO(O,T;HI) + VHdiVUH%OO(o,T;LQ) +lp— ﬁuiw(O,T;Lg)
T
+ [ 1ol + ol + ol v ol e < OIS

Of course, combining (5.53) with (5.52) ensures that for all r € [2,q), we have
(5.56) sup | Vp(t)llz, < K([Vpollg+1) exp(CrEZTeCI™I2).
t€[0,T]

)

Step 3. Maximal reqularity at L, level for the velocity. We rewrite the velocity equation as
follows:

pov — Av — vVdive = =V P — pv - V.
Then Theorem 4.1 ensures that for all p € [2,q),

(5.57) Vp(T) < Cp(HUOHW%% +[[VP + pv- Vol 0rxT2))
P
with V,(T') := HvHL . 27%) + Hvt,VQU,VVdivaLp(O,TXW).
oo 543 P
By Hoélder inequality
1 . 1 1 1
[[v- VU”LP(O,TX'IFQ) <T- ”U”LOO(O,T;LS)\\VU\\L4(0,T;L4) with 3 + 1 2—9

Hence using embedding and Inequality (5.55),

1 1
[v- VoL, 0,rx12) < CTv 3 EgeClvll:,
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and reverting to (5.57) and using (5.56) thus yields for some constant C'p depending only on
the pressure law,

1 voll3 11
(5.58)  V,(T) < Cp(HvoH sz + CpT (|[Wpplly + 1)eCBT 1 4Egecuvo||§>.
W,

P

Step 4. Regularity estimate at Lg level for the density. The standard estimate for transport
equation with Lispchitz velocity field yields

sup Vel < (IVeollg + " Ag(T)) exp{I Vol Ly 0/7;200) }

Hence, remembering (5.50) and using the embedding I/Vp1 (T?) < Loo(T?) to handle the last
term, we get

1
sup |Vo(®)lla < (IVpollg +1) exp{CT V;(T)}-

Then one can bound V,(T") according to (5.58) and eventually get,

1
(5.59) sup [Vo(t)ly < (I9poll +1) exp{T¥ IH(T)},

1 valld
with I5(T) = Cp(HUOHWz—% +CpT7 ([|Vpollg + 1)eCE3T€C” 0H2>_

P

Step 5. Maximal regularity at Ly level for the velocity. Let us use again Theorem 4.1, but
with Lebesgue exponent g. We have

(5.60) Vq(T) < Cq(HUOH 2-2 T+ HVPHLq(o,TxW) + [lpv - VUHLq(o,TxW))'
%% q

q

The last term may be bounded as in (5.58) (with ¢ instead of p), and the pressure term may
be handled thanks to (5.59). At the end we get

1 1
VT) < Cy((leoll -3 +CT (IVpollz, +1) exp(T¥ I§(T) )
q

Step 6. Final bootstrap. In order to complete the proof, it suffices to check that if v is large
enough then we do have (5.50). This is just a consequence of the fact that

1 . 1 v
Ay(T) < T ||Vdivol[g, o,rxT2) < ;T“ Vo(T).
Hence it suffices to choose v fulfilling (5.54) and

1 1 1
v 2TV Cy (ol o3 +CPTa (900l +1) exp(T7 I(T)))-

q

6. THE INCOMPRESSIBLE LIMIT ISSUE

The aim of this section is to prove Theorem 1.3. In what follows the time T is fixed, and
v is larger than the threshold viscosity 1y given by Theorem 1.2. Throughout, we shall agree
that Cp 1 denotes a ‘constant’ depending only on 7" and on the norms of the initial data
appearing in Theorem 1.2. Let us consider the corresponding solution (p,v). Then Inequality
(1.11) already ensures that all the terms with Qu in (1.14) are bounded as required.
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In order to bound the other terms of (1.14), it is convenient to restate System (1.1) in
terms of the divergence-free part Pv and potential part Qu of the velocity field v, and of
the discrepancy r := p — p between p and the following ‘incompressible’ density p defined
as the unique solution of the following transport equation:

(6.61) pt+Pv-Vp=0,  pli=o = po-.
As r fulfills:
(6.62) Tt + Pv - Vr = —div (pQu), =0 = 0,

we have for all t € [0,T],

t
(6.63) I (®)llq S/O (Ilpdiv Qullg + [[Qu - Vplly) dr.

Now, we have
1Qv - Vol 1, 0,7x12) < [1QVL,0,7:200) IV P Los0.7;L,)
and, by virtue of Poincaré inequality,
pdiv Qullz, 0 rxT2y < Cp*[|Vdiv Qul 1, 0, 7xT2)-
Therefore, taking advantage of Sobolev embedding and of Inequality (1.12), we end up with
(6.64) sup ||r(t)]lq < Corv .
0<t<T

Next, we restate the equation (1.1)2 as follows:

(6.65) pPv + pPv-VPv—APv+VQ+ K =0

with @Q:=P— (1+4+v)dive, Kj:=7rPv, Ks:=pQuy,
Kz :=1Pv-VPv and Ky :=p(Qu-VPv+v-VQu).

Subtracting (1.4) from (6.65), we get
(6.66) n(Pv—u)y+nu-V(Pv—u) —A(Pv—u)+V(Q-II)+ K+L=0
with

L:=(p—n)Pv:+ (p—n)Pv - VPv+n(Pv—u)- VPu.
Of course, initially, we have
Pv — uli—o = 0, p—1nlt=0 = 0.
Now, we test (6.66) by Pv — u getting, since divu = 0,

li/ 77|731)—u|2dx—|—/ |V(Pv—u)|2daz:/ K-(u—Pv)dm—{—/ L-(u—"Pv)dx.
th T2 T2 T2 T2

To analyze the terms of the left-hand side, we need some information coming from the
continuity equations. The difference of p and 7 fulfills
(P=m+u-V(p—n)=—(Pv—u)- Vp.
Testing it by (p —n) and defining ¢* by ql* + % = %, we find that

(6.67)

V7l d.

T
sup |5~ m)(®ll2 < [ [P = ully
t<T 0
As p satisfies (6.61), we have for all ¢ € [0,T7],

IV3(t)llg < [V 0llq elo IV Pvlle 7.
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Therefore, thanks to (1.13) and Sobolev embedding,

T
(6.68) supl|(7 — )2 < Corr / 1Pv — ullg- dt.
t<T 0

One can now estimate all the terms of the right-hand side of (6.67). Regarding the first term
of L, we have

T T
| [G=npu-Po—wydzar< |17 nlalPul,Po -

T T 1/2 T 1/2
< Cor (/ IPv = uly dt) (/ Hmtugdt> (/ 1Pv—ull% dt> .
0 0 0

Hence taking 6 € (0, 1) below according to Gagliardo-Nirenberg inequality, and remembering
that ¢ > 2 and that H(T?) < L,,(T?) for all m < oo, we get

o dt

T T
(6.69) / / (5= n)Pv, - (Pv —u) dwdt < CovT/ IV (Pv — w)||2]|Po — |22 dt
0 JT2 0
1 T 2 r 2
<3 IV(Pv—u)|sdt+Cor | ||Pv—ul3dt.
0 0
Next, we write

/T2(ﬁ— n)(Pv - VPv) - (Pv —u)dx

hence, arguing exactly as above,

T _ 1 T T
// (p —n)(Pv-VPv) - (Pv—u) dxdt‘ < g/ HV(Pv—u)H%dt—!—CQT/ |Pv — |3 dt.
0 JT2 0 0

Similarly, we have

T T
/ / n((Pv—u) - VPv) - (Pv —u)dx dt‘ < p*/ VPl || PV — ul|3 dt.
0 JT2 0

< |lp = nll2llPv - VP[P — ullg,

As regards K7, we have, defining ¢ by % + % =1,

T T
/ / rPug - (Pv — u) dx dt' < / 7 llgl|Pollql|Pv — |z dt
0 JT? 0

e 2 g 2
< 3 |V(Pv —u)||5dt+ Cor |Pv — ul|3 dt,
0 0
and for K5, one can write that

/ pQu - (Pv —u)dx = 4 pQu - (Pv — u)dx — / (p(Pv —u)): - Qudz.
T2 dt T2 T2

For the last term, we have, using that p, = —div (pv) and integrating by parts,
/ (p(Pv—u)) - Qudx = / p(Pv —u); - Qudx —i—/ pt(Pv —u) - Qudx
T2 T2 T2
= / p(Pv — )¢ - Qudx +/ (pv) - (V(Pv —u) - Qu)dx
T2 T2

+ /T2(pv) - ((Pv—w) - VQu)da.
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The first term is of order v~! after time integration on [0, 7], since it may be bounded by

/ (p(Pv —u)); - Qudx
T2

For the second term, one may write

/T2 (pv) - (V(Pv —u) - Qu)dz

and for the last one, we have

/T2 (pv) - ((Pv —u) - VQu)dx

In the same way, we get
< / o (

Whence using (1.12) and Poincaré inequality to handle the terms with Qu,

< p"1Qull2(IIPvell2 + [luell2).-

1 >k
=3 / IV (P — )| dz + C(p*)?||0]|%]1Qvll3,

< plollollPy = ull2]|VQull2.

(K3 + Ky) - (Pv—u)dxdt
T2

I2) dt

1
/ (K3 + Ky) - (Pv —u)dx dt‘ < 3 / |Pv — w3 dt + v *Cor.
T2 0

Summing up, we return to (6.67) and integrate, to find
2 g 2
posupl|(Po—w(OIF + [ [9(Po )l
t<T 0

T
< sup —|—C’07T/ |Pv —u||§ dt—{—CO,Tufl.
0

t<T

L@ (Po =)o) do

But we see that

/ pQu- (Pv — u) dx
T2

So altogether, we get after using Gronwall lemma,

T
sup ([|(Pv = w) (O3 + 1(5 = mM(@®)]3) + /0 IV(Po —w)||3 dt < Cogv

t<T

1 1 _
< opelPo = ulls + ClQull; < Sp:lPo — ullz + Corv

Remembering (6.64) and that p—n =r 4 (p —n) completes the proof of Theorem 1.3. [
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