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Résumé

Dans cet article, une modélisation par éléments finis d’une théorie de plaque récente pour les plaques épaisses chargées
hors-plan, appelée la théorie du Bending-Gradient, est proposée. Cette théorie, qui a sept degrés de liberté (un dépla-
cement transversal et six rotations généralisées), est une simplification de la théorie Generalized-Reissner qui s’étend a
des plaques arbitraires multicouches que la théorie Reissner a initialement initiée pour des plaques homogenes. Un pro-
gramme d’éléments finis appelé BGFEAP a été développé pour la mise en ceuvre d’un nouvel élément a huit nceuds dédié
ala théorie Bending-Gradient. Le modele d’éléments finis proposé est capable de calculer la distribution des contraintes de
cisaillement transverses dans 1’épaisseur de la plaque. Plusieurs comparaisons sont effectuées entre les nouveaux modeles
d’éléments finis Bending-Gradient, LS/ et Abaqus éléments finis de plaques afin d’évaluer la performance du nouveau
modele qui se révele tres efficace pour les structures complexes.

Abstract

In this paper, a finite-element modeling of a recent plate theory for out-of-plane loaded thick plates, named the Bending-
Gradient theory, is proposed. This theory, which has seven degrees of freedom (one transverse displacement and six
generalized rotations), is a simplification of the Generalized-Reissner theory which extends to arbitrary multilayered
plates the Reissner theory initially introduced for homogeneous plates. A finite-element program called BGFEAP has been
developed for the implementation of a new eight-node element dedicated to Bending-Gradient theory. The proposed finite
element model is capable of computing transverse shear stress distribution in the plate thickness. Several comparisons
are made between the new Bending-Gradient finite-element, LS layerwise finite-element model and Abaqus plate finite-
element in order to assess the performance of the new model which shows itself very effective for complex structures.

Mots Clés : Théorie des plaques épaisses, Modeles d’ordre supérieur, Plaques laminées, Eléments Finis
Keywords : Thick Plate Theory, Higher-order Models, Laminated Plates, Finite-Element

1. Introduction

Laminated plates are being increasingly used in engineering applications such as civil engineering,
aerospace ... However, as the constituents of these plates are generally very anisotropic materials, an
efficient design of these structures requires dedicated numerical tools. In the light of a solid interest
from industry for reliable models, numerous recommendations have been made, the main objective
being to simplify a computationally heavy 3D model into a 2D plate model without losing local 3D
fields’ accuracy.

Two main approaches can be found in the literature to handle the effects of transverse shear stresses :
asymptotic approaches and axiomatic approaches. The first class of approaches is mainly based on
asymptotic expansions in the small parameter //L. Such asymptotic approaches lead to models which
are not simple to implement.

The second main class of approaches is based on assuming ad hoc displacement or stress 3D fields
and it seems easier to implement in finite element codes. These models can be Equivalent Single
Layer (ESL) or Layerwise. ESL models treat the whole laminate as an equivalent homogeneous plate.
However, these models are restricted to some spleciﬁc configurations (symmetry of the plate and
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material constitutive equation) and involve higher-order partial derivative equations than the simple
Reissner-Mindlin plate model. The difficulties encountered with transverse stress fields instigated the
consideration of Layerwise models. In layerwise models, all plate degrees of freedom are introduced
in each layer of the laminate and continuity conditions are enforced between layers. Layerwise mo-
dels lead to correct estimates of local 3D fields. However, their main drawback is that they involve a
number of degrees of freedom proportional to the number of layers than ESL models.

On the other hand, the extension of the original approach from Reissner [1] based on the prin-
ciple of minimum complementary energy led to an Equivalent Single Layer plate theory called the
Generalized-Reissner theory [2, [3]. This theory takes accurately into account shear effects and does
not require any specific constitutive material symmetry. When suitably simplified, this theory becomes
the Bending-Gradient theory already introduced in [4, 5, 16, [7, 8]]. Here, shear forces are replaced by
the gradient of the bending moment R = M o V. Hence, the Bending-Gradient theory belongs to the
family of higher-order gradient models. The kinematic degrees of freedom (d.o.f.) are the deflection,
and the generalized rotation which may have between two and six d.o.f.. Indeed, it was also establi-
shed that, when the plate is homogeneous, then the original theory from Reissner [1] with three d.o.f.
(one deflection, two rotations) is fully recovered.

Since the Bending-Gradient model is not yet implemented in finite element program and its usage is
limited to analytical solutions [3) 9] used to calculate 1D models with some restrictions ; for this, the
purpose of this paper is to present the finite element implementation of the Bending-Gradient model
and to show its accuracy when compared to Bending-Gradient analytical model, ABAQUS composite
layup plate finite element model, and LS/ finite element layerwise model [10} [11} (12} [13} 14} 15} 16,
17,118,119, 20]

2. Notations

First, second, third, fourth and sixth order tensors are respectively noted : X, X, X, X and X. When
dealing with plates, both 2D and 3D tensors are utilized. Thus, X will denote a 3D vector or a 2D
vector depending on its nature. The same convention is used for higher-order tensors. When using
tensor components, the indices typeface specify the dimension : (X;;) denotes the 3D tensor X with
Latin indices 7, j, k.. = 1,2,3 while (X, g) denotes the 2D tensor X with Greek indices a, 8,y.. = 1,2.
The transpose operation e is applied to any order tensors as follows : ("X), 5y = Xwy..pa- Five
symbols are defined : (-), (:), (¢), (i) and (i) for contraction on, respectively, one, two, three, four
and six indices. By convention, the closest indices are successively summed together in contraction
products.

The identity for 2D vectors is § = (J,) Where 6, is Kronecker symbol (6,5 = 1 if @ = 8, 6,5 =0
otherwise). The identity for 2D symmetric fourth order tensors is  where iy gys = % (6(”6 Bs + 0as0 [.,ey) .
The gradient of a scalar field X writes XV = (X g) and the gradient of vectors or higher order tensor
fields writes X @ V = (X,p,), where @ is the dyadic product. The divergence of a vector field, a
second-order tensor field, a third-order tensor field is noted X -V = (X,,), X - V = (X,5p) and
X -V = (Xypy,y), respectively.

3. The 3D Problem

The plate occupies the volume Q = w X 7 where w denotes the mid-plane surface of the plate and
T = ]—%, %[ is the transverse coordinate range. The boundary, 0€2, is decomposed into three parts
(Refer to Figure|l) :

OQ = 0Qy U 00 U 0Q)3,

. N (Eq. 1)
with  0Qpy = dw X T and 0Q7 = w X {i }

N~
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Fig. 1. Plate Configuration.

It is assumed that the local stiffness tensor C = (C,- jkl) at every point x = (xp,x2,x3) of Q is invariant
with respect to translations in the (x1,x7) plane and is an even function of x3 : C(x3) = C(—x3). The
plate is clamped on its lateral boundary 0€Qj, (other conditions can be also considered) and is loaded

with the out-of-plane distributed surface force 3 p3 (x1,x2) along x3 direction on both faces BQ;—’.

The compliance tensor § = C ! follows the classical symmetries of linear elasticity and it is positive

definite. In addition, monoclinic symmetry is assumed :53, 8, = Sq¢333 = 0.
Thus, the constitutive equation writes as :

EaB = SapysOsy + Sap33033, €a3 = 285383038, £33 = S33080 Ba + $33330733, (Eq. 2)
where ¢ = (O‘i j) is the stress tensor and & = (s,- j) is the strain tensor. The following notations are

-1
needed for the partial compliance tensors : §7 = (Saﬁ,,g) , €7 = (g’) , 8= (450333) , 8=
(Sw ﬁ33) , where §7 corresponds to plane stress compliance, C” to plane stress stiffness, §” to trans-
verse shear compliance and S” is the out-of-plane Poisson coupling.

From the symmetries of the problem it can be established that the 3D solution components O'i%, 0'§3D,
3D 3D 3D 3D

3D . . 3D . 3D ; .
&5 €33 and u,~ are odd in x3 while 07, e-% and u3~ are even in x3 (" is the 3D displacement).

4.  The Bending-Gradient theory

The Generalized-Reissner theory of [2, 3] is the extension to laminates of Reissner theory for homo-
geneous and isotropic plates [1]]. However, it involves fifteen kinematic degrees of freedom (d.o.f.),
eight of them being related only to out-of-plane Poisson’s distortion, not really interesting for engi-
neering applications. Thus, the main idea of the Bending-Gradient plate theory, initially introduced

in [4, 5], is to simplify the Generalized-Reissner theory by setting these eight d.o.f. to zero and to
neglect the contribution of the normal stress 0733 in the plate model constitutive equation.

4.1. The Bending-Gradient equations
The Bending-Gradient theory has seven d.o.f. : (Ug,q)) where the scalar Uz is the out-of-plane dis-
placement and ® = (@a ﬁy) with @, g, = @ g,y is the generalized third-order rotation tensor.

The Bending-Gradient generalized strains, dual of the generalized stresses (M ,Ij), are ( /L/’E)’ with

Mg = Mp, and R,gy, = Rp,y, Where X is the curvature and I is the generalized shear strain.
These generalized strains derive from the generalized displacements (U3,(1)) using the following

3
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compatibility conditions on w :

X=@ -V, I'=®+ji-VUs (Eq. 3)
The clamped boundary conditions on dw are :
®-n=0 and U3=0 on Jw. (Eq. 4)
The Bending-Gradient constitutive equations write as :
x=d:M, L'=h:R (Eq.5)

aJ ~ S

-1
where d = Q‘l = (<x§C{‘;ﬁy 6(x3)>) is the bending compliance tensor, the integration through

the thickness of the plate is noted (f(x3)) = f_z f(x3) dx3, and h is the shear compliance tensor

explicitly given in terms of the elastic componen%s through the thickness of the plate, refer to [21]].
It should be emphasized that & is symmetric and positive but it is definite only on the subspace S
orthogonal to its kernel.

The equilibrium equations of the Bending-Gradient theory write :

R-P':(MeV)=0. (Eq. 6a)
(i:R)-V+ps=0. (Eq. 6b)

where the sixth-order tensor 1:5 is the projection operator on S.

4.2. Variational formulation

Like 3D elasticity problems, the Bending-Gradient problem can be given a variational framework. For
this purpose, the set KCBY of kinematically compatible Bending-Gradient displacements are defined
as:

KCPC = {(U5,®@) (x1.x2), ® €8, (x1.x2) € w, such that (Eq_ 3}, (Eq.7)

The theorem of the minimum of the potential energy says that the solution (UfG,(l)BG) of the
Bending-Gradient problem achieves the minimum of the potential energy functional PBS defined

on KCB6 as :
pBG _ f wBG (/!’L‘) dw — fp3U3da), (Eq. 8)

where y and I are the generalized strains associated to the generalized displacements (U3, (1)) through

the compatibility equations (Eq. 3)) and wB is the Bending-Gradient strain energy density function
given by :
1

wBG (/L/I:) = 5X: D:xy+5T:

e

1
= : L. Eq.9

> L (Eq.9)
where the generalized shear stiffness tensor H is the Moore-Penrose pseudo inverse of A.

5.  Finite element discretization of the Bending-Gradient model

This section deals with the displacement finite element formulation of the Bending-Gradient model
presented in the previous section. An eight-node isoparametric quadrilateral element with 7 d.o.f. at
each nodal point will be presented. BGFEAP (Bending-Gradient Finite Element Analysis Program)
is a code developed in the Laboratoire Navier. The code is written using standard Fortran 77 and is a
development of the program MEF presented in [2%]. For more details, refer to [21]].
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5.1. Methods for calculating shear stiffness matrix

As noted before, the shear compliance tensor & is symmetric and positive. It is definite on the subspace
S whose dimension is between two and six depending on the elastic properties of the laminated plate.
Hence, there are two possible numerical strategies to handle this problem. The first one is to introduce
the constraint ® € 8§ when the dimension of § is strictly lower than six. It is named the reduction
method, presented and detailed in [21]. The second one is to regularize the problem by adding a
small strictly positive compliance to the diagonal components of the exact shear compliance tensor
h, which becomes the invertible compliance Q‘f. The two methods were adopted and implemented in
the computer code.

The regularized method, denoted by BG FE-RG, will be detailed here and used in the calculation.

-1

el _ [ne]17 ! _ Zhiﬁﬁ{n
] = 1] " =[] + 5 L (.10

wherea = B=y=0={=n=1,2, [L ] is the identity 6 X 6-matrix and £ is a positive parameter.
A parametric study was conducted in which the exponent & was varied between 1 and 8. We recom-
mend to set £=3 unless in the case of a concentrated loading force applied on a thick plate (slenderness
between 3 and 10) for which £=5 is recommended.

5.2.  Geometry and displacement interpolations

The representation of the geometry of the finite element mesh is based on a quadrilateral master
element defined in the (¢, i) space as shown in Fig.[2]

Fig. 2. The eight-node element a) with four second-order Gaussian stations b) with nine second-order Gaussian stations.

5.3. Weak formulation of the Bending-Gradient model

— The generalized displacement vector [¢] is defined as :
[6]" = (U3, Di11, P21, V20121, P12, P, \/5@122) ;

where [X]7 is the transpose of [X].
— The generalized strain vector [E] defined as :

T
[E]" = ()(11, x22. V2x12.T111, Doty V2Lia1, Tiia, T, ‘/Erm)

The strain field interpolation can be written as :

8
[E] = Z [Bi1[6i] = [B1,...,Bs][d] (Eq. 1)
i=1

5
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— Finally, the generalized stress vector [X] is defined as :

T
[£1" = (Mn, M2, V2Mi2, Ri11, Rt V2Ria1, Rit2, Rona, ‘/§R122)
With these notations, the Bending-Gradient constitutive equations (Eq. 5) can be rewritten as :

[E] = [STIZ], [X]=I[CILE], (Eq. 12)

where [S] is the generalized compliance matrix and [C] = [S17! is the generalized stiffness matrix.

5.4. Element stiffness matrix and nodal forces

The strain energy stored in the element will be expressed as follows :

we=Y [ i) [s)] as= 3> S k] [s)]

i=1 j=1

where the element stiffness matrix [Kfj] is given by :

[Kfj] = fwe [B.17 [C] [Bj] dxdy = fwe ([BI.X]T[D] [BJX] + [BiF]T [Hf] [B]r]) dxdy,

8
and that the work of the external forces in the element w? is :Z (6,17 [Fle]
i=1
5.5. Bending-Gradient finite element with selective integration technique

It is well-known that the selective integration technique can be used to avoid shear locking in Reissner-
Mindlin finite elements. In order to apply this technique to our model, the idea is to decompose the
elasticity shear matrix H into two elasticity shear matrices [Q “] = [Q ] [I;] and [Q d] = [Q ] I - 1:] ;

[1:] is the orthogonal projection operator on S @,

Let us introduce the following two-dimensional subspace S D = Span { i g (2)} where i) = ( S;)ay) =

(i 1750) and i? = ( f/i’y) = (ig,,/,aa) The part of the shear energy %TIA‘ : H : I' associated to matrix

[Q “] is numerically integrated with four Gauss points while the part associated to matrix [Q d ] is
subjected to full integration with nine Gauss points (or more, the results are the same).
The space generated by all possible @ is orthogonally decomposed, in the sense of the scalar product

defined by H, into the subspace S () which is generated by the ® of the form 1-VUs3, and its orthogonal
counterpart. This method is detailed in [21].

6. Examples and numerical results

In this part, all comparisons are made between Bending-Gradient finite element when using the re-
gularized method, denoted by BG FE-RG, Bending-Gradient analytical solution, LS/ finite element
and plate bending FE model in order to assess the performances of the new model. Moreover, the
Bending-Gradient finite element model converges to the exact constant value for bending, twisting
and shear patch tests, specially for small slenderness ratio (L/h). In addition, same results were ob-
tained between the Bending-Gradient FE-RG and the exact analytical solution when considering a
multilayered plate subjected to a cylindrical bending. The 2D FE calculations are performed with the

commercial ABAQUS software. The following notations are used :
—_ U = Rapy = _ Qo = _ Mag

U = —, R = —F:, = —F, M =
3T by = Frze Qo= g = EL

6
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6.1. Comparison between Bending-Gradient FE, LSI and Abaqus 2D FE

In this section, 2 different cases are presented, the first case is a simply supported square plate with a
uniformly distributed load and the second case is a cylindrical bending of a simply supported plate.
The commercial ABAQUS software has been used with S8R element (2D 8-node quadratic shell
element with reduced integration). Comparisons are made between Bending-Gradient FE using the
regularized method, LS/ and Abaqus 2D FE composite layup module with the same mesh refinement.

6.1.1. First case

The laminate under consideration is a square plate with a length and width of L=10 in the X and
Y directions. The thickness of the laminate, following z direction, is equal to h=4e and the middle
plane of the plate is located at z=0. The plate is simply supported on its 4 edges, and is subjected to a
uniform load equal to 0.48E. The slenderness ratio L/ is set equal to 4.

Fig. 3. Description of fiber orientation axes and angle.

The material properties are as in [23]] and [24]]. For the first and fourth layers, the fiber orientation is
30° and the elastic constants are :

E1=140 OOOE, E2=E3=15 OOOE, G12=G13=G23=5 850E, V12=V13=V23=0.21.

where 1, 2 and 3 refer, respectively, to the fiber, transverse, and thickness direction as shown in Fig. @
For the second and third layers, the fiber orientation is —30° and the elastic constants are :

E1=160 000E, E,=E5=8 S500E, G2=G13=4 100E, G23=2 800E, vi2=v13=0.33, v»3=0.5.

In Fig. @ we plot the distribution of moments M, and M, and shear forces Ql and @2, at Y=L/2
as predicted by Bending-Gradient FE, LS and Abaqus 2D FE. In Fig. |5, we plot the deflection Us
at Y=L/2 as predicted by Bending-Gradient FE, LS/ and Abaqus 2D FE. In Fig. [6] we plot the
distribution of moment of torsion Mlz, at A) diagonal between X=0, Y=0 and X=L, Y=L and B)
diagonal between X=0, Y=L and X=L, Y=0, as predicted by BG FE-RG, LS/ and Abaqus 2D FE.

6.1.2. Second case

The laminate used in this example is composed of 8 layers. Each layer is made of unidirectional
fiber-reinforced material oriented at 6 relative to the direction X. All plies are perfectly bounded. The
constitutive behavior of a ply is assumed to be transversely isotropic along the direction of the fibers
and engineering constants are chosen similar to those of [25]]. The plate slenderness ratio (L/h) is set
equal to 4. The thickness of each layer is set equal to 0.625, the fiber orientation is [0°,-45°,90°,45°]s
and the elastic constants are : £

2

E=25E, Erb=E3=1E, G12=G3=0.5E, Gos=——=04E, vi2=vi3=v23=0.25.
2(1 + V32)

where 1, 2 and 3 refer, respectively, to the fiber, transverse, and thickness direction as shown in Fig. [3|
The laminate is subjected to a cylindrical bending of a simply supported composite laminates (Fig.
[7), with L=20 and where the plate is invariant and infinite in ¥ direction and a uniformly distributed
load equal to 0.05F 1s applied. The particular choi7cse of 3D boundary conditions shown in Fig. [/|and
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Fig. 4. Distribution of moments M|, and M1, and shear forces Q, and Q, at Y=L/2, predicted by BG FE-RG, LS1 and
Abaqus 2D FE for 30°/ — 30°/ — 30°/30°.

0.000
— BGFE-RG
—0.002 — Lst
— Abaqus 2D FE
& —0.004
2
2 —0.006
—0.008
—0.010
0.0 0.2 0.4 0.6 0.8 1.0
x/L

Fig. 5. Deflection Us at Y=L/2, predicted by BG FE-RG, LS1 and Abaqus 2D FE for 30°/ — 30°/ — 30°/30°.

6 A) Diagonal between X=0 Y=0 and X=10 Y=10 0 B) Diagonal between X=0 Y=10 and X=10 Y=0

40 _20
—4
3 o 3
i —20 i —60
S —40 S 80
= o =
—80 —100
—100 —120
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
Diagonal X=0 Y=0 - X=10 Y=10 Diagonal X=0 Y=10 - X=10 Y=0
I — BG FE-RG — LSt — Abaqus 2D FE |

Fig. 6. Distribution of moment of torsion M1, at A) diagonal between X=0, Y=0 and X=L, Y=L and B) diagonal between
X=0, Y=L and X=L, Y=0, predicted by BG FE-RG, LS1 and Abaqus 2D FE for 30°/ — 30°/ — 30°/30°.

the invariance of the solution in Y direction enable a variable separation between z and X, and the
derivation of a closed form solution.

In this example, the plate is studied with respect to the bending direction which is the plate’s overall
configuration rotated relative to z axis. In table I} the relative difference for deflection and moments
M>> and M1, are presented at X = L/2 for LS (reference solution), BG FE-RG and Abaqus 2D FE.
It should be noted that the relative difference between LS1 and BG FE-RG is calculated as follows :

LS1

8
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-

-€

Fig. 7. Description of laminated plate configuration for cylindrical bending.

[00,—450,900,450]8 Model U3 M22 M12
00 ABG FE-RGILSL 10003475936 | -0.00754134 | -0.013216837
AAbaqus 2D FE/LST | 00155615 | 0.087379228 | 0.036639273
ABG FE-RG/LS1 | () 004379947 | -0.003530737 | 0.014864941
+15°
AAbaqus 2D FEJLST | () 009343008 | 0.113267216 | -0.447439409
ABG FE-RG/LS1 | () 005373494 | 0.000160823 | 0.008319649
+30°
AAbaqus 2D FEJLST | () 045862651 | -0.013292055 | -0.392058748
ABG FE-RG/LS1 | () 006357895 | 0.002014597 | 0.00720255
+45°
AAbaqus 2D FE/LST | () 058105263 | -0.125204338 | -0.363731131

Tab. 1. Relative difference between LS1 (reference solution) and BG FE-RG and Abaqus 2D FE for plate’s overall confi-
guration and bending direction.

It should be noted that the values obtained for M, Q@ and O, are the same for the 3 different models.
According to the results obtained, we can conclude that the Bending-Gradient finite element converge
to the reference LS/ solution with a good accuracy for deflection, moments and shear forces for
all plate’s configuration and bending direction, unlike Abaqus 2D FE which cannot predict plate’s
behavior for all cases.

It is seen that for these two cases, the Bending-Gradient FE model can efficiently predict the same
response solution as the LS7 (which was validated in [[10, [11} (12} [13}, [14} 26, [15} 116} [17, 18} 19, 20])
and Abaqus 2D FE. It should be noted, for thick plate (L/h=4), that Abaqus 2D FE is not very
efficient as shown by the results above. Accordingly, the new Bending-Gradient finite element has
been proved as an efficient and reliable model for the study of complex multilayered structures with
minimum computational time.

7. Conclusion

In this paper, the Bending-Gradient model for laminated plates, dedicated for out-of-plane load, and
its finite element, are presented. An eight-node isoparametric quadrilateral finite element with 7 de-
grees of freedom at each nodal point has been formulated. The current finite element program called
BGFEAP has been developed in order to take into account the Bending-Gradient theory. The new
proposed finite element program presents a 2D type data structure that provides several advantages
over a conventional 3D finite element model : simplified input data, ease of results’ interpretation
and a huge reduction of calculation time. In the light of the foregoing, this new model has passed
patch test, as well as same results were obtained when comparing Bending-Gradient FE to analytical
solution of the Bending-Gradient model. In addition, the performance of this new element has been
compared with those of a standard 2D FE and LS7 layerwise model. It has been demonstrated that the
proposed Bending-Gradient FE model has better performance because it is able to reproduce almost

9
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the same resutls as conventional FE and layerwise model, at a reduced cost.
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