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WEAK EMBEDDING PROPERTY, INNER
FUNCTIONS AND ENTROPY

ALEXANDER BORICHEV, ARTUR NICOLAU AND PASCAL J. THOMAS

ABSTRACT. Following Gorkin, Mortini, and Nikolski, we say that
an inner function I in H*°(D) has the WEP property if its modulus
at a point z is bounded from below by a function of the distance
from z to the zero set of I. This is equivalent to a number of prop-
erties, and we establish some consequences of this for H> /TH®>.
The bulk of the paper is devoted to wepable functions, i.e. those
inner functions which can be made WEP after multiplication by
a suitable Blaschke product. We prove that a closed subset E of
the unit circle is of finite entropy (i.e. is a Beurling—Carleson set)
if and only if any singular measure supported on E gives rise to a
wepable singular inner function. As a corollary, we see that singular
measures which spread their mass too evenly cannot give rise to
wepable singular inner functions. Furthermore, we prove that the
stronger property of porosity of F is equivalent to a stronger form
of wepability (easy wepability) for the singular inner functions with
support in . Finally, we find out the critical decay rate of masses
of atomic measures (with no restrictions on support) guaranteeing
that the corresponding singular inner functions are easily wepable.

To Nikolai Nikolski on occasion of his birthday

1. INTRODUCTION

1.1. Background. Let H* = H>(ID) be the algebra of bounded ana-
lytic functions on the unit disc D with the norm || f||c = sup,ep | f(2)]-
A function I € H* is called inner if it has radial limits of modulus 1
at almost every point of the unit circle.

Any inner function I factors as I = BS where B is a Blaschke
product and S is a singular inner function, that is, an inner function
without zeros in D.
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measure, Entropy, Porosity, Atomic Measures.
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A Blaschke product B is called an interpolating Blaschke product if
its zero set A = (z,), forms an interpolating sequence for H>, that is
H>®|A = (=|A. Let p(z,w) be the pseudohyperbolic distance between
the points z and w in the unit disc D defined as

Z—w

p(z,w) = , z,w € D.

1 —wz

A celebrated result of Carleson says that A is interpolating if and only
if inf,, 2, p(20, 2m) > 0 and

(1) sup 3 (L= lz)@ —12P) _

zeD n ’1 _'552’2

It was also proved by Carleson that (??) is equivalent to the em-
bedding H' C L'(du), where H' is the standard Hardy space and
dp = >, (1 — |zn)*)ds,, 0., being the point mass at z,. In other
words, (??) holds if and only if there exists a constant C' > 0 such
that > (1 — |za[?)|f(20)] < C|f]l1, for any function f in the Hardy
space H' consisting of the analytic functions in ID for which

27
Ifll = sup / | F(reit)|dt < co.
0

o<r<1

It is well known that a Blaschke product B is an interpolating
Blaschke product if and only if there exists a constant C' = C'(B) > 0
such that

(2) |B(2)| > Cp(z, Z(B)),

where Z(B) denotes the zero set of B (see the monographs [?], [?, p.
217] or [?]). This easily extends to the fact that any inner function
verifying (??) is an interpolating Blaschke product.

1.2. Weak Embedding Property. In 2008, Gorkin, Mortini, and
Nikolski [?] introduced the following new class of inner functions. An
inner function I satisfies the Weak Embedding Property (WEP), a
weaker version of (77?), if for any € > 0 one has

(3) ni(e) :=inf{|1(2)| : p(z,Z(I)) > e} > 0.

A Blaschke product with zeros (z,), satisfies the WEP if and only
if for every ¢ > 0,

| (S0 o

2€D, inf,, p(z,20)>€

which is a weakening of the Carleson embedding property (?7).



WEAK EMBEDDING PROPERTY, INNER FUNCTIONS AND ENTROPY 3

Finite products of interpolating Blaschke products satisfy the WEP
with n7(e) = & and in fact, a Blaschke product B is the product of N
interpolating Blaschke products if and only if there exists a constant
C = C(B) > 0 such that |B(z)| > Cp(z, Z(B))" for any z € D [?].

However there are other inner functions that satisfy the WEP. In
7], an explicit example was presented of a Blaschke product satisfying
the WEP which cannot factor into a finite product of interpolating
Blaschke products. This example was extended and complemented in
[?7]. A different class of examples has been given in [?] showing that
for every strictly increasing function ¢ : (0,1) — (0,1) there exists a
Blaschke product B satisfying the WEP such that ng(e) = o(¢(¢)) as
e —0.

1.3. Operator Theory motivations. Given an inner function / con-
sider the quotient algebra H*/IH>. The zeros Z(I) of I in D are
naturally embedded in the maximal ideal space 9t of H>*/IH*. It is
proved in [?] that I satisfies the WEP if and only if H*/IH> has no
corona, that is, Z(I) is dense in 9.

Another condition shown to be equivalent to the WEP in [?] is the
norm controlled inversion property which says that for any € > 0 , there
exists m(e) > 0 such that if f € H*®, || f|lg~ = 1 and inf{|f(2)] : z €
Z(I)} > e >0, then f is invertible in H*/IH> and ||1/ f||gee/rme <
m(e).

Consider a vector-valued version of this: for f := (fi,...,f,) €
(H>)™, et || fl1Z,,, := sup,ep »_;— | f;(2)|* and for I inner,

Xi(f) = inf{||gllocn : Fh € H*® Y g;fi +hl =1}.
j=1
This is like a “Corona constant” for the n-tuple f in the quotient space
H>/ITH>™.
Following Gorkin, Mortini and Nikolski, for 6 € (0,1), n > 1, we
define

Cn(0, 1) := sup {Xl(f inf Z L 1 f lloom < 1}

~ ez()
which is a decreasing function of §, and
0n(I) :=1nf{d : ¢, (3,1) < o0} .

We prove that these values do not depend on n. Let §(I) := inf{e :
nr(e) > 0}, where n;(¢) is defined in (?7?). )
An inner function function I satisfies the WEP if and only if §(1) =
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The next two results are contained in Section ??. First, 9,, does not
depend on n:

Proposition 1. For any n > 1, 6,(I) = 6(I).
Now we deal with possible rates of growth of ¢, (d, ):

Proposition 2. For every decreasing function ¢ : (0,1) — (0, 00) there
exists a Blaschke product B such that §,,(B) = 0 and ¢, (0, B) > ¢(6),
0<d<1l,n>1.

Inner functions I satisfying the WEP can also be described in terms
of spectral properties of the model operator acting on the Model Space
K= H?/IH? see [?].

1.4. Wepable functions. An inner function [ is called wepable [?] if
it can appear as a factor in a WEP inner function, i.e. if there exists
J inner such that IJ satisfies the WEP. Clearly, if I is a singular inner
function, thus without zeros, it cannot be WEP, but it can be wepable.
It is easy to see that only the Blaschke factor in J will help make IJ a
WEP function.

Let us describe some of the results in [?]. Let dA(z) be area measure
in the unit disc. An inner function I such that for any € > 0 one has

dA(z
() / “ )~
{z:|I(2)|<e} |2|

is not wepable. Moreover there exist singular inner functions [ satis-
fying (?7). Hence there exist singular inner functions which are not
wepable, answering a question in [?]. Condition (??) is a sort of
Blaschke condition and has also appeared in [?]. It was also shown
in [?] that condition (??) does not characterise (non)-wepable inner
functions.

1.5. Results about the support of the singular measure. Given
a measurable set £ C T = 9D, let |E| denote its normalised length,
|T| = 1. Recall that a closed set £ C T with |E| = 0 has finite entropy
(has finite Carleson characteristic, is a Beurling-Carleson set) if

E(E) = |Jillog | Ji| ™" < oo,

where (J)x are the connected components of T\ E; more precisely, this
value is the entropy of the family (Ji)x. A classical result of Carleson
says that a closed set £ C T is the zero set of an analytic function
whose derivatives of any order extend continuously to the closed unit
disc if and only if E has zero length and finite entropy [?].
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Given an inner function I let sing(/) denote the set of points of the
unit circle where I can not be extended analytically. If I = B.S where
B is a Blaschke product with zeros (z,), and

27 it
S, (2) = exp (—/ € T Zdu(t)) : z €D,
0

et — z

where p is a positive singular measure, then sing(l) = ({z,} N T) U
supp p, where supp p denotes the (closed) support of p.

Theorem 3. Let E be a closed subset of the unit circle. The following
conditions are equivalent:

(a) Every singular inner function whose singular set is contained in
E is wepable;

(b) E has zero length and finite entropy.

The sufficiency of the conditions in (b) is obtained by careful con-
structions of Blaschke products which are carried out in Section ?7.

The necessity of the conditions in (b) is related to estimate (?77) and
is a consequence of the next Lemma, which may be of independent
interest.

We identify the interval [0,1) with the unit circle by the map ¢ —
e?™ and consider the dyadic arcs [k27", (k + 1)27"), 0 < k < 27,
n > 0, on the interval [0,1) (or on the unit circle). Those arcs have
(normalised) length equal to 27™. Given an arc J C T of center €™,
write z(J) = (1 — 3| J])e*™™.

Given a finite measure p in the unit circle let P[u] be its Poisson
integral.

Lemma 4. Let E be a closed subset of the unit circle. The following
conditions are equivalent:

(a) E has zero length and finite entropy;

(b) >_|J| < oo, where the sum is taken over all dyadic arcs J such
that JNE # &;

(¢) For any C > 0 and any positive singular measure pn of mass 1
whose support is contained in E one has ), |J| < co, where the sum is
taken over all dyadic arcs J C T such that Plu|(2(J)) > C.

(d) There exists C > 0 such that for any positive singular measure
of mass 1 whose support is contained in E one has > |J| < oo, where
the sum is taken over all dyadic arcs J C T such that Plul(z(J)) > C.

The condition in (c) can be understood as a discrete version of (77?)
with I = S,.

The condition in (b) can be seen as a discrete version of fr( B) % <
oo, where I'(F) denotes the union of all the Stolz angles with vertex
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on the image in the unit circle of a point of E. For a related result, see
[?7, Lemma A.1].
Theorem ?? and Lemma ?? will be proved in Section 7?7 and ?7.

1.6. Results about regularity of singular measures. Positive sin-
gular measures can fairly distribute their mass. For instance, there exist
singular probability measures p on the unit circle such that

!/
Sup{‘ u(J) 1’ N ‘M(J) — u(J")
pu(J") /1]

where the supremum is taken over all pairs of adjacent arcs J,J' C T
of the same length (see [?]). As a consequence of Theorem 7?7 we will
prove that positive singular measures ;1 such that S, is wepable cannot
distribute their mass as evenly (see Remark ?7?). Actually a Dini type
condition governs the growth of the density of such measures.

}—>0 as |J| =0,

Corollary 5. (a) Let i1 be a positive singular measure on the unit circle
and consider w(t) = sup p(J), where the supremum is taken over all
arcs J C T with |J| =t. Assume that

9—n
2 wEm)

n>1

Then S, satisfies condition (?77) and, hence, it is not wepable.
(b) Let w : [0,1] — [0,00) be a nondecreasing function with w(0) = 0
such that w(2t) < 2w(t) for any t > 0. Assume that
> o <
w(2-") '

n>1

Then there exists a positive singular measure p in the unit circle satis-
fying u(J) < w(|J|) for any arc J C T, such that its support has zero
length and finite entropy, and hence S, is wepable.

Next we introduce an important class of subsets of the unit circle.

Definition 6. A closed subset E of the unit circle is called porous if
there exists a constant C' > 0 such that for any arc J C T, there exists

a subarc J' C J\ E with |J'| > C|J|.

The porosity condition (the Kotochigov condition, the (K) condition)
appears naturally in the free interpolation problems for different classes
of analytic functions smooth up to the boundary, see [?].

Given a porous set F, define a family of disjoint closed arcs in the
following way: let Ay := {Jo}, where Jy C T\ F and |Jy| > C. For any
n > 0, given Ay, 0 < k < n, such that all the arcs in the set Up<j<,As
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are disjoint, we have T \ Up<g<n, sea,J = UI;, where {/;} is a finite
family of disjoint open arcs. Define A, as a set of arcs [} C I; \ E
such that |I5| > C|[;|. By induction, we see that A, consists of 2"
arcs, n > 0, and

T\ Uo<k<nst, sea,J| < (1= C) [T\ Up<i<n, sea, /|-

Therefore, Yy jea, [J| = 1=(1=C)"*',n > 0, and E is of measure
0. Furthcrmor_c,_z_]eAn |J| < T\ Up<k<n—t,seaJ| < (1 —-C)", n >
1. Because of the concavity of the function ¢ — tlog(1/t), we have
> sea, [Jlog [J|71 < Cin(1—C)", n > 1. Hence, E has finite entropy.

Another proof of this fact can be obtained using Lemma 7?7 and the
next auxiliary result (Lemma ??) which is a scale invariant version of
Lemma ?77.

Lemma 7. Let E be a closed subset of the unit circle. The following
conditions are equivalent:

(a) E is porous;

(b) There exists a constant C' > 0 such that for any dyadic arc J

one has
> <o,
I€E(J)

where E(J) is the family of the dyadic arcs I C J such that INE # &;
(¢) There exists a € N such that for every s,n >0, J € D, and for
every m such that sa < m < (s+1)a, the set JNE is covered by 2™°
arcs I € Dyym;
(d) There exists a constant C' > 0 such that for any finite positive
measure |1 with support contained in E, any number A > 0 and any
dyadic arc J C T, one has

%” QP z(J
Ie;(A) 11— z(1)z(J)]? = A (1] (2(])),

where E(A) is the family of the dyadic arcs I such that Plu)(z(I)) > A.

Let S be a wepable inner function. Clearly, the Blaschke product
by which it must be multiplied to yield a WEP function must have
enough zeros in the places where |S| is small, so that the smallness
of the resulting product can be correlated to these zeros. However, it
may happen that any Blaschke product B such that BS satisfies the
WEP must have some of its zeros (z,), located at points where |S| is
close to 1; more precisely, limsup,,_,. |S(z,)| = 1. (Theorems ?? and
?? together prove the existence of such 5).
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Definition 8. An inner function S will be called easily wepable if
there exists a constant m < 1 and a Blaschke product B such that SB
satisfies the WEP and Z(B) C {z € D : |S(2)| < m}.

The following result will be established in Section ?7.

Theorem 9. Let E be a closed subset of the unit circle. The following
conditions are equivalent:

(a) Every singular inner function whose singular set is contained in
E is easily wepable;

(b) The set E is porous.

In [?] it was proved that a closed set E of the unit circle is porous
if and only if for any singular inner function S whose singular set is
contained in £ and any a € D\ {0} the inner function (S —a)/(1 —a$)
is a finite product of interpolating Blaschke products.

Now we describe the critical decay rate of masses of atomic measures
(with no restrictions on support) guaranteeing that the corresponding
singular inner functions are easily wepable.

Theorem 10. Let (bs)s>1 be a decreasing summable sequence of posi-
tive numbers. The following conditions are equivalent:

(a) Every atomic singular inner function with point masses (bs)s>1
15 easily wepable;

(b)
(5) o< b, s>1.

k>s

The proof will be given in Section ?77?.

Note that given any decreasing summable sequence of masses, this
sequence can give rise to a measure p with easily wepable singular func-
tion .S, simply by locating the masses at points of the form exp(i2™"),
for instance, and applying Theorem ??. It would be interesting to have
a similar statement to Theorem 7?7 with “wepable” instead of “easily
wepable”; in particular to know whether any condition weaker than
(??7) can imply automatic wepability, and what rate of decrease of the
(bs) guarantees that there always exists some choice of location of the
point masses which produces a non-wepable S,. In particular, the con-
struction in the proof of [?, Proposition 6] shows that there exists a
non-wepable atomic singular inner function as soon as the point masses
decay no more rapidly than 1/(n(logn)?), n — oc.

1.7. Notation. The letter C' will denote a constant whose value may
change from line to line.
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We denote by D = U,,>¢D,, the family of the dyadic arcs, with D,, =
{J CD:|J|=2"}. Note that Card D,, = 2™.

Given an arc J C T of length |J| and M > 0 let MJ be the arc
of the unit circle of length M|.J| concentric with J. Again identifying
the unit circle with the interval [0,1) we denote Q(J) := {re?™ : 0
J,1—]J| <r < 1} (the Carleson box associated to J) and T(J) :=
{re?® .0 J,1—|J| <r<1-—]J|/2} (the top half of the box).

Let z,w € D. Later on, we use the following standard estimates:

T 1=z = |w?) 1 —wz
— . < -
(6) 2 11— wz|? _log‘ z—w "
1—wz (1—|2])(1 — |w|?)
< > .
(7) log | = C(9) e : p(z,w) >5>0

1.8. Organization of the paper. In Section ??, we prove Lemmas 77
and ??. and therefore the necessity part of Theorem ?7. In Section 7?7,
we prove the remaining part of Theorem 7?7 and Corollary ??7. In Sec-
tion 77, we give the proof of Theorem ??. In Section 77?7, we give the
proof of Theorem ?7?, which deals with a situation where the entropy
of the singular set is very well controlled. Finally, the proofs of Propo-
sitions 7?7 and 7?7, which are quite independent from the rest, appear
in Section ?77.

Acknowledgments. We are grateful to Nikolai Nikolski for stimulat-
ing discussions. We are thankful to the referees for helpful comments.

This work was initiated in 2011 when the third author was invited
by the Centre de Recerca Matematica in the framework of the thematic
semester on Complex Analysis and Spectral Problems.

2. PROOFS OF LEMMAS 7?7 AND 77

Proof of Lemma ??. (a)<(b) Let T \ E be the disjoint union of the
arcs Iy, k > 1. Suppose first that |E| = 0. Then

D= D> nRI=> )0 Y Nk
JED, JNE£D k>1 JeD, JNE#£2 k>1 n>0 JED,, JNE#D

Since for each k, there are at most two arcs J € D,, such that JNI # &
and J N E # &, this last quantity is clearly

<SS w2 =em)

k21 0<n<log(1/|I|) n>log(1/|1])
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Conversely,
SY Y unnEYY Y o
k>1 n>0 JED,, JNE£S k>1 n>0 JEDy, n<log(1/|Ix|), JNE£2

2> ) kl=EE).

k>1 0<n<log(1/|Ix|)
Next, if |E| > 0, then
> =0
JED, JNE£D

(b)=(c) Arguing as above, and using the fact that Plu](z) > C

implies that dist (z,supp u) < C'y/1 — |z|?, where supp p is seen as a
subset of the unit circle, we obtain

> =Xy > Nk

JED, Plu)(2(J))>C k>1 n>0 JED,, Plu)(2(J)>C
< Z( Sy Y 2*"/2) = £(E).
k=1 0<n<alog(1/|1x) n>2log(1/|1x])

(¢)=>(d) is evident.

(d)=(a) If |E| > 0, then we can just take uy = Kxg, dm with K
to be chosen later on, £y C E, |Ey| = 1/K. By the Lebesgue density
theorem, for a subset Fy of Ey, |Es| > |E1|/2 and for some 6 > 0 we
have

|[ExnJ| 1
=9 -
2
for every arc J such that J N Ey # @, |J| < 6. Hence, for K > K(C)

we obtain
> = > || = oo.

JED, Pluo(2(J))>C JED, |J|<8, JNE1 £2

Next, we can replace o by a Cantor type singular measure p; while
keeping the sum
>

JED, Plu1](2(J))=C

infinite.
Now, suppose that |E| = 0 and (b) does not hold. Let I C D be a
small arc such that I N F has infinite entropy. Let I\ E be the disjoint
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union of the arcs I, = (ax,br), k > 1, and take
=K |I|(6a, + 0v,)
k>1

with K = 1/(2|1|), ||p|]| = 1, and once again §, being the point mass
at x. Given J € D, J C I,if JNE # &, then u(J) > K|J|, and for
K > K(C) we have P[u](2(J)) > C. Therefore,

> iz Y =

JED, P[u)(2(J))>C JED, JCI, JNE4D
O

In the proof of Lemma ?7?, we use the following auxiliary statement.

Lemma 11. Let u be a function positive and harmonic on the unit
disc, let A > 0, and let G be a subfamily of D such that the arclength
ds on L = L(G) = U;egdT (1) is a Carleson measure, that is (see, for
instance, [?7, A.5.7.2(b)])

R
8 sup / ds(w) < B.
© 2y T
Assume that u > A on L. Then for every J C D we have

1)1 B
D E TR R

for some absolute constant C.

Proof. Consider the function

9= [ e

Ieg

It is harmonic on D\ L and by (?7), (??7), and an elementary estimate
for the integral along L N {w : p(z,w) < 1/2}, we have

CBu(z) > Ah(z)
for z € TU L. By the maximum principle,
CBu(z(J)) > Ah(z(J)),
and hence, by (?77?),

711 /]
CiBu(z(J)) > A — .
; 1= 2(D)z(J)?
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Proof of Lemma ??. (a)=(c) By induction, it suffices to check the as-
sertion for s = 1, m = a. Fix C' > 0 such that for any arc J C T, there
exists a subarc J' C J\ E with |J'| > C|J|. Let J € D, |J| =2"". By
the remarks after Definition ??, we can find a finite family of disjoint
arcs Jy C J\ B, 1 <k < K(C), such that >, oy [Ju] = (2/3)]J].
Given m > 1, set

Un=4{l€D,im:INJNE # D}

If I € Up, then I ¢ Jp, 1 < k < K(C). Hence, Y,y 1| < (]J] -
D1<k<K(C) |Jk|) + 2K (C) - 27" < 277! for m > m(CO).
(¢)=(b) Fix J € D, |J| =27". Then

oMY >

1€D, ICJ, INE4D m>0 I€Dpim
ICJ, INE4%
<3S o= N et = 2a)),
520 sa<m<(s+1)a 520

(b)=(a) If E is not porous, then for every N > 1 there exist n > 0,
J €D, suchthatif e Dyn<s<n+NandI C J,then INE # &.

Then
> M= > X
1€D,ICJ, INE+#2 n<s<n+N I[€Dg,ICJ
= > WI=@ll
n<s<n+N

(d)=(a) As above, if E' is not porous, then for every N > 1 we can
findn >0, J=[k27", (k+1)27") € D, and points

zp € EN[(k2Y + 027N (k2¥ 404 1)277N), 0< <2V,

Set
p=10-2""NA 3" 4,

0<e<2N

We have supp 1 C E. For every arc I C J such that [I| > 27"V we
have Pu|(z(I)) > 2A P[x/](2(I)), so that

Plul(z(1)) > A, IeDy,,n<m<n+N,ICJ
Therefore,

LI/ S

1ep. plaeunza 1L = 2D iy
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For large N this contradicts (c), because
Plu](2(J)) < CA.

(¢)=(d) Set u = P[u|. Arguing as in the part (c)=-(b) we obtain
that

> Iy <clJ, Jco.

IeD, ICJ, 3INE+£D

Hence, the arclength ds on Ujep 31np£20T' (1) is a Carleson measure.
Fix A > 0 and denote by G the family of all I € D such that 3INE # &
and u(z(I)) > A. An easy application of Harnack’s inequality shows
that w > C'A on L(G). Fix J € D. Applying Lemma ??, we obtain
that

11171
u(z(J)) > CA — .
; [1—=z(D)z(J))

Now we need only to estimate

1111
2 2(D2()>

IeD,3INE=2,u(z(I))>A |1 =z

We set
H={IcD:3INE =0, u(z(I)) > A}
and
Hy ={I € H:28TA < u(2(I)) < 2A}, E>1,
so that H = Up>1Hy. It I € H, and L C I, then for any ¢ € supp g,

|1 —Cz(L)| < |1 — (z(])], so an easy estimate of the Poisson integral
shows that

u(x(L) _|1]
u(=() "I

LeD, Lcl.

Hence, every arc I € Hy, k > 1, contains at most C subarcs I’ € Hy.
Therefore, the arclength ds on Ujey, OT'(I) is a Carleson measure with
Carleson constant uniformly bounded in &£ > 1. Lemma ?7? gives now
that

Summing over k > 1 we complete the proof. O
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3. PROOF OF THEOREM 7?7 AND COROLLARY 77

The proof of the sufficiency of Theorem 7?7 uses the following auxil-
iary result.

Lemma 12. Let E be a closed subset of the unit circle of zero length
and finite entropy. Let G = {J,} be the family of mazximal dyadic
subarcs J, CT such that 2J, C T\ E. Then

(a) The interiors of J, are pairwise disjoint and T \ E = UJ,.

(b) We have ", |Ju]log|J,]| ™! < .

(¢c) If J, and J,, are in the same connected component of T\ E and
Jn Oy # D, then 4|, > || > |Jal/4.

(d) Let J be a connected component of T \ E and consider the sub-
family G(J) = {L,} of the arcs L € G with L C J ordered so that
Luir| < Lol for any n. Then |Ly] > |J1/8, |Lel/A < | L] < L4l
and |Lyya| < |Lk|/2 for any k > 1.

Proof. The maximality gives that the interiors of J,, are pairwise dis-
joint. It is also clear that T \ £ = UJ,. Let us now prove (c). Assume
that |J,,| > |Jim|. Since 2J,, C T\ E, every dyadic arc J adjacent to J,, of
length | J| = |.J,|/4 satisfies 2J C 2.J,, C T\ E. Since J,NJ,, # 9, there
is an arc J* adjacent to J, with |J¥| = |J,|/4 such that Jf N J,, # @.
Since 2J C T\ E, by maximality J; C J,,. Hence |J,,,| > |J}| = | Jn|/4
and (c) is proved.

Let us now prove (d). The maximality gives that |L,| > |J|/8.
As in the argument for (c), the fact that 2Ly C T \ E implies the
existence of L € G with |L| > |Lg|/4, so |Lx41| > |Li|/4. Assume that
|Li+a| > |Li|/2. Then, since {L,} are ordered by length, |Ly ;| = |Ly],
0 <4 < 4. Then, since these arcs are in the same connected component
of T\ E, there would exist i € {0,1,2,3,4} such that the dyadic arc
L containing Ly, of length |L| = 2|Ly.,| satisfies 2L C T \ £. This
would contradict the maximality of Ly,; and (d) is proved.

Finally, let us prove (b). Take a connected component J of T \ E.
The estimates in (d) give that |L;| < 24=%/4|L,|, k > 1. Hence,

> |Lkllog |Lk| ™" < C|La|log |Ly| ™! < C|J|log ]|,

k>1
and (b) follows because F has finite entropy. O

Proof of Theorem ?7?7. The implication (a)=(b) follows from Lemma
?? and property (??) in the following way. Assume that the set F
does not satisfy the conditions in part (b) of Theorem ??. Let {I;}
be a sequence of disjoint arcs such that the sets £ N I; do not satisfy
the conditions in part (b) of Theorem ??. By Lemma 7?7, there exist
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positive singular measures y1; whose support is contained in E N [,
[[p;]l = 277 such that >, |J| = oo, where the sums are taken over
the collections A; of all dyadic arcs J C I; satisfying P[u;](z(J)) > 27.
Set p=>" i>1 #; and consider the singular inner function

1 2mit
S, (z) = exp (—/ ﬂdu(t)) : z € D.
0

6271'7315 — 2

By Harnack’s inequality, there exists a universal constant Ky > 0 such
that Plul(z) > KoP|[u|(2(J)) for any z € T(J). Since Plu|(z) =
—log|S,(2)|, z € D, for any fixed j > 1 we have

Usea, T(J) C{z € D:[S,(2)| < exp(—Ko2')}.

Hence condition (??) is satisfied and the function S, is not wepable.

Let us now prove the implication (b)=-(a). Let p be a positive sin-
gular measure whose support E has zero length and finite entropy. Let
G be the family (defined in Lemma ?7?) of maximal dyadic arcs of the
unit circle whose double is contained in T \ £. Let F be the family
of dyadic arcs of T which are not contained in any arc of G. Then we
claim

(9) D 1| < oo

JeF

Indeed, for every J € F, 2J is the union of four dyadic arcs of equal
length such that at least one of them intersects F/, since otherwise 2.J
would be contained in T \ F and hence by maximality, J would be
contained in an arc of the family G. Since F has zero length and finite
entropy, Lemma 77 gives that

DMIS> IS D | <oo.

JeF JeF JED, INE#D

Let S be the singular inner function corresponding to the measure pu.
We want to find a Blaschke product B such that SB satisfies the WEP.
We will describe now the first family of zeros of B. By (?7?), one can
pick a sequence of integers k; increasing to infinity such that

ki Y <o

j=1  JeFnD;

Next, for each J € F N D;, we choose a set of points A(J) = {z,(J) :
1 < n < k;} uniformly distributed in 7°(J). Uniform distribution
means that the z,(.J) are the centers of a maximal collection of disjoint
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hyperbolic discs of fixed radius included in T'(J), so that

i — | = dist (¢, A(J)) < min dist (2, 0T(J)).
z,wei?}?,#w'z w| . dis (¢ A()) nin dis (2,0T(J))

Let B; be the Blaschke product with zeros Z(B;) = U erA(J). Since
k; tends to infinity, for any 0 < § < 1 there exists r = r(§) < 1 such
that

(10) {zeD:p(z,Z(B) >} C{zeD: 2| <r} JUseeQ(J).

Next we will construct certain additional zeros of B which are contained
in Uyeg@(J). Set f = SB;. Since —log|S| is a positive harmonic
function in the unit disc, Harnack’s inequality gives that for any z € D
one has —log|S(z)| < —2log|S(0)|/(1 — |z]). Since

inf p(2(J), Z(B1)) > 0,

estimate (?7?) gives that there exists a constant C' > 0 such that for
any J € G one has

— |z(])]?
— log | By ( <C 1—
EBENSC S (1= el
weZ(B
O/
< (- ul).
e
Hence, there exists a constant C' > 0 such that

(11)  loglf(=(I)TF < CU—-[=(N)) = |JITN Teg.

Now, applying Lemma ?7? (b), we obtain

> |lloglog | f(=())| ™" < oo.

JeG
Claim. For every J € G and every z € Q(J) with 1 — |z| < |J|/8,
- 1— 2| -1
(12) log |f(2)| ™ S 7 log |f (2())| .
1—[z(J)]

Proof of the Claim. Let us first check that by Lemma ?? (c), there
exists a constant C' > 0 such that

(13)  p(=.Z(B))=C,  ze€Q(J), 1|z <|J|/8, J€G.

Indeed, fix J € G, z € Q(J) such that 1 — |z| < |J|/8 and I € F,
w € A(I). Denote by Ji two arcs in G adjacent to J. Then either
Jy CITorJ.NI={. Similarly, either J_ C I or J_N1I = (. Since
|J|/4 < |Jx| < 4|J|, we obtain that p(z,w) > C > 0 and (?7) follows.
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To prove (??) consider the measure do = du+ 3 p,)(1 = 12]2)4.,
where we recall that du is the positive singular measure associated to
S. Then, by (?7?), there exists a constant C; > 1 such that for any
z € Q(J) with 1 — |z| < |J|/8, we have

(L= =)~ Jwl?)

log | f(2)|™" <log[Su(2)| ™" + G Z

|1 —wz|?
wEZ Bl)
1|z
<C | ——=d .
<O | Toepde@)

Let w € supp o and z € Q(J). If w € supp pu, then the support of p
does not intersect 2J. Hence, |argz —argw| 2 |J|, |argz — argw| <
|arg z(J) — arg w|, and

(14) |1 —wz| < |1 —wz(J)|.

Otherwise, if w € Z(By), then (?7) gives (?7) once again.

Hence,
_ Ci(1 — |2)? 1—z(J))?
log [f(2)| ' 21( i )2 _ |—( )|2
C3(1 = 2())]?) J5 [1 —wz(J)]
By (?7), this integral is bounded by a fixed multiple of log | f(2(J))|™*,
and estimate (77) follows. O
Let M(J) =log, |J|~!. By Lemma ?? (b) we have that Y_ |J|M(J) <
00, where the sum is taken over all arcs J € G. Pick a sequence of pos-
itive integers t; increasing to infinity and such that ¢;,; <#; + 1 and

M(J)
Z|J| Z tp < 00.

Jeg k=1
For 1 < k < M(J) consider the strips

Q=) = {2 € Q) : 2" |JP < 1— |2 < 2|}
Observe that . looks like a rectangle of side lengths |.J | and 2k=1 712 <
|J|. Choose sets Ap(J) = {2;(%) hi<j<s, Of s = tx2MD=F =1, /(2%]]])
points uniformly distributed in €. Observe that if L is an arc con-
tained in J of length 2*|J|2, then T'(J) contains < s,2*|J| = ¢, points
of Ak(J) Let A(J) = U1<k<M(J Ak<J) Then

do(w).

M(J) sy M(J)
=z =D (1= Iz <|J|Ztk
zeA(J) k=1 j=1

Thus, the set of points U cgA(J) satisfies the Blaschke condition. Let
B> be the Blaschke product with these zeros.
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We will now show that SB;B; satisfies the WEP. Fix n > 0 and
consider z € D such that p(z, Z(B1Bz)) > n. Applying (?7) we obtain
that either |z| < r(n) < 1or z € Q(J) for some J € G. In the first case
there exists €(n) > 0 such that |S(z)B;(z)Bs(2)| > (1), as needed. In
the second case, assume that z € Q(.J) for some fixed J € G. Since
limy ooty = o0 and p(z, Z(Bz2)) > n, there exists C; = Cy(n) > 0
such that 1 — |z| < C1]J]%. Increasing r(n) we can guarantee that if
|z| > r(n), z € Q(J) for some J € G and p(z, Z(Bz)) > n, then there
exists C; = C1(n) > 0 such that 1 — |z| < C;|J]* < |J|/8. This means
that there exists a positive integer k(n) independent of J such that
2 € Up<r<i(n % (J), where

Q(J) ={z€ Q) : 1=z < |},

and 2FM|J| < 1/8. By (??) and (??) we deduce that there exists a
constant Cy = Cy(n) > 0 such that |f(z)| > Cy for some Cy = Cy(n) >
0. It remains to show that |Bs(z)] is also bounded below by a positive
constant depending only on 7. Let JL be two arcs of the family G
contiguous to J. Factor B, = B3B,4, where Bj is the Blaschke product
with zeros A(J_) U A(J) U A(J;). Using an argument similar to that
in the proof of (??), by Lemma ?? (c) we get dist (Z(By),Q(J)) = |J].
Hence there exists a constant C' > 0 such that |1 —wz| > C|J| for any
zero w of By. Therefore, by (77?), there exist constants C3, Cy > 0 such
that

(1-— (1 —
oglBaa) < 0p 3 LDl o 5 ),

11— sz
weZ(By) wEZ(By)

where, in the latter estimate, we have used that 1 — |z| < Cy|J|?>. On
the other hand, if we relabel the zeros of B3 as Z(B3) = (z5)s and use
that p(z, Z(Bs)) > n, estimate (?7?) gives that there exists a constant
C5 = C5(n) > 0 such that

1— |21 —[=)

1= %2

log | Bs(2)| ™' < 052 (

S
o0

> EQ(z)(l_ |25]) 1
< 2 _ —
~ CS 1 — |Z| +C5 ; 221(1 _ |Z|) Z (1 ’ZSD?

zs€2Q(2)\2771Q(2)

where Q(z) = Q(J) is the Carleson box defined by the arc J satisfying
2= 2(J), 2Q(2) = Q(27 ).

Next, again by Lemma ?? (c), |log, |J|™! — log, |J+|™!| is bounded
by an absolute constant. Since 1 — |z| < Cy|J|?, there exists k(n) such
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that the densities of zeros z, € Q(z) are bounded by 5. Thus

S Y -l Y a<ao)

2s€Q(2) 1<k<k(n)

Similarly, for j > 1, the densities of zeros z, € 2/Q(z) are bounded by
thn)+j- Since try <, + 1, we obtain that

1 .
1—|z]) <2 ¢
LD DM EE S’
2:€271Q(2) 1<k<k(n)+j
< 2(Cs(n) + jtue + 30 +1)/2),
Thus,
- 1
—_— 1 —|zs]) < Cr(n).
Ymaoy 2 (- lah <G
Jj=1 2s€21Q(2)
Hence there exists a constant Cg(n) > 0 such that —log|Bs3(2)| <
Cs(n). This finishes the proof. O

Proof of Corollary ??. (a) Fix 0 < ¢ < 1 and consider A(e) = {z €
D : |Su(2)| < e}. Let £, be the collection of the dyadic arcs J € D,
such that u(J) > 10|J]loge™! and let £ = U,>0L,. For £ € J and
z € T(J) we have |€ — 2| < 3|J]. Hence (1 — |2]?)|€ — 2|72 > 1/(10]J])
for any € € J and z € T(J). Therefore, log|S,(z)|™* > wu(J)/(10]J])
for z € T(J) and we deduce that

dA
/A (22 >cY =0y 27,

©1- | JeLr

where a, is the number of dyadic arcs in the collection £,. Since p
is singular, it is concentrated on the set of points where its derivative
with respect to Lebesgue measure is infinite. Hence there exists ng =
no(e) > 0 such that for n > ng, one has

S u(d) = Su()

JELn
We deduce that a,w(27") > p(T)/2. Thus,

dA(z) 2-n-1
T 2O ), —omm =0,
/A(e) 1= |27 2 w(27")
which finishes the proof of (a).
(b) We may assume that w(1) = 1. Set ny = 0 and for k = 2,3,...

let nj, be the smallest positive integer such that w(27™) < 27F1,
Since 27 < (27 ) < 2w (27, we have 27F < w(27™) < 2771,
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Hence for any £k = 1,2... and any integer n with n; < n < ng; we
have 27F < w(2™) < 27%1. Let Ly = D,,, k > 1. The measure
p will be defined by prescribing inductively its mass p(J) over any
dyadic arc J € UpLy. Define u(T) = 1. Assume that p(J) has been
defined for any arc J € L and we will define the mass of u over the
dyadic arcs of L. Fix J € Ly and let G(J) be the family of arcs in
L1 contained in J. If u(J) = 0, define u(L) = 0 for any dyadic arc
L e G(J). If u(J) > 0, pick two (arbitrary) arcs J; € G(J), i = 1,2,
define p(J;) = p(J)/2 fori = 1,2 and p(L) = 0 for any other L € G(J)
with L # J;, i = 1,2. In other words, in each dyadic arc of generation
ny, of positive measure p, this measure distributes its mass among two
(arbitrary) arcs of generation nyy; and gives no mass to the others.
Let J be a dyadic arc of the unit circle with 27"+ < [J]| < 27"
for a certain integer k = k(J). By construction, u(J) < 27% < w(|J]).
Since any arc is contained in the union of two dyadic arcs of comparable
length, there exists a constant C' > 0 such that p(J) < Cw(|.J]) for any
arc J C T. Next we will show that the support of x4 has finite entropy.
For any integer & > 1 there are 281 arcs J of L, with u(J) > 0.
Similarly if ng, < n < nyyq, then there are exactly 2% dyadic arcs J of
normalised length 27" with p(.J) > 0. Then

e’} Ng41
ORRTEIES S e’
JeD, u(J)>0 k=1 n=np+1
ad > PNk 9Q—n
<1 ko™ <142y T <142 :
k=1 k=1 n>0

Applying Lemma ?7 we deduce that the support of 4 has finite entropy
and zero Lebesgue measure. By Theorem 77, S, is wepable. U

Remark 13. Let pu be a positive singular measure in the Zygmund
class, that is, there exists a constant C' > 0 such that for any pair of
contiguous arcs J,J' C T of the same length one has

u(J) = u(J)| < CLIJ.

As in Corollary ??, consider w(t) = sup u(J), where the supremum
is taken over all arcs J C T with |J| = t. Then there exists a con-
stant C' > 0 such that w(27") < Cn2™" for any positive integer n and
Corollary 7?7 gives that S, is non wepable.
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4. AtoMIiCc MEASURES AND EASILY WEPABLE SINGULAR
FuNcTIONS

We start with a modification of a construction from the proof of
Proposition 6 in [?].

Lemma 14. Given a number A > 1, there exists m > 1 satisfying the
following property: for any J € Dy, denote by Jg, 0 < s < 2™, the 2™
arcs in Dy, such that J = Up<s<om Js; then for any choice of x5 € Js,
0 < s < 2™ there exists a set Y C (x)o<scam, with Card Y < 2™ /A%
such that any measure p of the form

= chéy

yey

with 10 -27FmA < cy <20- 27k=m A werifies:

(@) lull < [71/4;
(b) for any A C D large enough so that

{I eD:Plul(z(1)) > A} Cc{IeD:ANT() # 2},
we have
log |Ba(2(J))| S —A%,
where By is the corresponding Blaschke product.

Proof. Let J =[0,27%). Fix g € N, ¢ > A%, n = ¢ and m > 1 such
that 2™~ < ¢22" < 2™ and define

Y={rs:5=75¢2"+0,0<j<2", 0< (< 2"}
Then Card Y = 22" and ||pu|| < 227%™ A < 27%A/q < |J|/A. Let
L = Upgjcon [jg2" 5™, (g + 1)2"F ] = J{Js 1z, €Y}
Suppose that r and 6 satisfy the properties 277%™ < 1 —p < 2n-h—m
0<6—jg2rFm< k=™ for some 0 < j < 2.

Then at least half of the arc [§ — (1 —7),0 + (1 —r)) is contained in L,
so that

Plu)(re*™”) > A.

Hence, for every I € A = Uptm—n<p<i+mD, such that I C L, we have

ANT(I) # 2.
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Thus, applying (?7?), we obtain that

1 —|w]?
log |Ba(2(J))| < —|J _
BIBAIIS-VI > gmwm
1€, ICL, weANT(I)
1 1
S SN (I 1) PR S
’ ‘Ite,ICE,wEAﬂT(I) ‘ ’k+mfn§p§k+m
2m
= —np2kZ_o7k-m — g
q
O
Proof of Theorem ??. (a) = (b) If (??7) does not hold, then we can
choose a sequence of groups (bs,,, .. ., bs,+n)n>1 such that b, < 2bg ..

By Lemma ?7?, passing to a subsequence of (s,) denoted also by (s;)
we construct a sequence of dyadic arcs J,, and measures

Hn = Z bv 61’1}

S0 <U<5p 420
such that
SUpP fin C Jn, ||l = of[Jnl),  dist (Jn, ) Z max(|Jn], [ Jn]).
Furthermore, if the sets A, satisfy the property
(15) Plu)(z(1)) >n = A, NT(I) # 2, IeD,
then the corresponding Blaschke products By, satisfy the estimate
| B, (2(Jn))| < exp(—n?).
Finally, we take x € T \ U,,J,, and set
=+ (D0 b= D Nl )b
n>1 s>1 n>1

Suppose that By is a Blaschke product with zero set A such that
S, Ba has the WEP. Then for every n > nyg, the set A,, = AN Q(J,)
satisfies the property (?7), and hence,

| Ba(2(Jn))| < exp(—n?).
Therefore, By should have a zero in T'(.J,,), n > ny. However,
Plul(z(J,)) — 0, n — oo.
Thus, S, is not easily wepable.

(b) = (a) Given z,w € D, set

1
B(z,w) = log, =)
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Let Ji,J, € D, 27" = |J1| < |J2| =27™ JeD,J C J, |J| = |J2|,
J = [k2 m,(k+ 127, Jy = [K27™ (K + 1)27™]. Then |Ji|/|J2| =
2m=n dist (¢(J), e(Js)) /| J2| = d(k, k'), where ¢(I) is the centre of the
arc I, d(k,k’") = min(|k — £'|,2™ — |k — k’|). Here we consider the
distance between J and J, along the unit circle (identified with the
interval [0,1)). An easy estimate of the Blaschke factor shows that

def

Br,g = B(2(1h),2(J2)) =n—m+ 2logy(d(k, k') + 1) + O(1).
Furthermore, if T'(J;) N T'(J2) = @, then
(16) min B(z,w) = By .4, + O(1).

Z1ET(J1),Z2€T(J2)
Let ¢ be an increasing subadditive function on (0, 4o00) such that
o) =x,0<z<1, ¢(x) <logz, x — 0.
Let p = > .o, bs0,,. For every J € D we set A(J) = Plu](2(J)).
Harnack’s inequality gives us a Lipschitz type estimate

(17) (A1) = oA S B

Now, for every J € D we denote by k; the integer part of ¢(A(J)), and
choose k; points 21, ..., 2, uniformly distributed in 7'(J). Let B
be the Blaschke product with zeros at the points z;1, ..., 25%,, J € D.
It is clear that for some ¢ > 0 and C' < 1 we have

ZB)c |J TU)c{weD:|S,(w)|<CY,
Plu](2(J))zc
so if BS, has the WEP, S, is in fact easily wepable. To check that

BS, has the WEP (and incidentally that B exists) we should find a
strictly positive function ¢ on (0, 1) such that

(18) |BSu(2)] 2 ¥(p(2,2(B))),  zeD.

Since k; — oo as infpy) [S,| — 0, and the zeros of B are uniformly
distributed in each T'(J), if p(z, Z(B)) > ¢, then |S,(2)| is bounded
below. So to prove (??7), it is enough to bound |B(z)| from below.
Again by the uniform distribution of zeros, if p(z, Z(B)) > € and z €
T(J), then k; < k(e), so the lower bound on |B(z)| will hold if we can
prove that:

H H ‘ )‘>exp( Cek), J €D,

1eD\{J} 1<s<k; + — ~I, s2(J)

or, equivalently,

(19) > 27Pug(A(]) Smax(A(J),1),  JED.

IeD\{J}
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Fix J € D. Let |J| =27". By (??) and (??), we have

> 2o s Y 27 (@A) + Ba)

I1eD, |I|>|J] IeD,|I|>|J|

S DD 2T (@A) +n—k+log s+ O(1)) S max(A(J),1).

0<k<n s=1

Next, we set 4/ = Xiosft, 1 = j1— ¢, and define N(I) = Pu/)(=(1),
N'(I) = P[p"](2(1)), I € D. To prove (??7), we need only to check that

Y. 2PHe(N()) S max(N(J). 1)
1eD\{J}, [1|<[J]
and
(20) Yo 2PH(N(D)) S max(M'(J), 1).
1eD\{J}, [1|<]J]

We have pf = Y _\/ bs0s,, and we set a = max{b, : s € N'}. (If
@' = 0, we just pass to p”.) By (?7?), P[i/](2(J)) < 2"a. By the
subadditivity of ¢, we have

Yoo 2PN £ ) > 278 PlSL)(2(1))).
TeD\{J}, [1|<]J] seN' IeD\{J}, [TI1<|J]
Fix for a moment s € N’. Without loss of generality, x, = 0, and for
m>mn, I =27 (t+1)2=™), I # J, we have

Brr=zn—m+0(1),  Plo.)(=(1) S 2"(t] +1)~°

Hence,
o 2PN £ YD DD 2 b2t )
1€D\{J}, |1|<|J]| sEN' m>n t>1
=33 N @bt )+ YD Y 2 m(2mht )
SEN' m>n 2<2mp, SEN' m>n t2>2mp,
<O b2 (g(2mh,) + 1)
sEN’ m>n
< Z Z 27=m/2 /b, max(m + log b, 1)
seN’' m>n
< Z 27/2\ /by max(n + log by, 1)
SEN’

5 2n/2\/amax(n +loga, 1) 5 maX(QnCL, 1) S max()\/(J), 1).
(Once again, we use here that by (77), ZSGN/ Vb, < Va.)
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Next, we pass to p" = > . n» bsd,. To prove (77), we need to verify
that

(20 Y Y. 2770,PL(=(1)))

sEN" IeD\{J}, [I|<|J]

1+ Y P ](=(7)).

seN"

Fix s € N” and choose r = r(s) > 2 such that

2r|J| = dist (zg, J).

Then
> 278 PlSLL)(2(1)))
IeD\{J}, [1|<|J]
= > 277116 (by P[0,,] (2(I)))
I1eD\{J}, [I|<|J|,dist (I,J)<r|J]|
+ > 2721 (by P[8,.](2(1))) = Ai + As.

1€D\{J},1|<|J], dist (1,7)>r|J]

Next, we can assume that J = [0,27") and for [ = [t27™, (¢ + 1)27™),
m > n, we have 5,1 = m —n + 2log,(1 +t2"7™) + O(1). Hence,

AL SO (20 (0,22

m>n t>1

S @b ) S 2 < Plbydy,] (2(J).

m>n
Furthermore,

Ay SO (b2 )

m>n t>1

=D D 2@ b)Y Y 2 TR g(2" bt )

m>n t2<2mp m>n t2>2mp
= S S

5 Z 2m/2\/b_sznfmrf2¢<2mbs> + Z 2n7m7,722m6827m/2b;1/2

m>n m>n
< 272 [ r? max(n + logb,, 1) + 2/2 Vb2,
If by > 27", then
Ay < 2"br? < Plbyd,,](2(J)).
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Thus, to complete the proof, we need only to estimate

H = Z 27/2\/byr(s) 2

SENY by<2-n

> Vb S22

bs<2—™m

Again by (?77),

Hence,
s,
and (?7) follows. O

5. POROUS SETS AND EASILY WEPABLE SINGULAR FUNCTIONS

Proof of Theorem ??7. (b) = (a) Suppose that E is porous, supp pu C
E, and set u = P|u|. Set

Ge ={Ie€D:k*<uz(I) < (k+1)%}, k> 1.
We claim that there exists a constant C' > 0 such that

(22) >k Z |]||J| < Cu(z(J)), JeD.

2
k>1 IEgk )’
Indeed, by Lemma ?7 (d),

Zkzﬂ_f”ﬂ _ZZZH_L]HJ' Tk

k>1  Ie€Gy k>1 1<j<k I€Gy

|f||J|
_ZZZ 2(1)|?

i>1 k>j I€G,

) |f||J| 1)
IR D ey xy T Dl

Jj=1 1€D, j2<u(z(1)) Jj=1

Now for each integer £ > 1 and each I € G, we consider the set
A(I) consisting of k points, uniformly distributed in 7°(I). Let A :=
Uk>1 Ureg, A(I). Taking J = 0D in (?77), we see that A is a Blaschke
sequence. Let B be the Blaschke product with the zero set A.

Notice that the zeros of B are restricted to the sets T'(I) where the
modulus of S, is small, so if we prove that BS, has the WEP, we will
have shown that S, is easily wepable.

Furthermore, for any z € T'(I) such that I € G, we have p(z,A) <
ck™/2. Therefore, if p(z0,A) > &, then zy & Ureg, r>cye2T(1). By
Harnack’s inequality, u(zo) is bounded above, so that |S,(z)| > n =
n(e) > 0. Thus, to prove that BS, has the WEP, we only need to show
that for any € > 0, one has inf{|B(2)| : p(z,A) > e} > 0. Fixe >0
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and z such that p(z,A) > € and let J € D be such that z € T'(J).
Since |S,(z)| > n, by Harnack’s inequality, we have
(23) u(z(J)) < Clogn™
By (77),

(L= AP = |2P)
|1 — Az|?

log |B(z)| ' < C(e) )

AEA

(1 —[M?)(1 — |z
) ZZZ HAZPII)

k=1 1€G, xeANT (I

|f||J|
Z Z )’2

k=1 IegGy

Applying (?7?) and (??), we conclude that log |B(2)|7! < C(e)logn™
which completes the proof of the implication (b) = (a).

(a) = (b) Assume now that E' is not porous. We can find a sequence
of arcs J, € Dy, k, — o0, and a sequence of numbers M, — oo,
n — oo, such that every J € Dy, 1, J C Jp, meets E. Passing to a
subsequence and using Lemma ??7 we obtain a sequence of arcs J, €
Dy, , kn — 00, and a sequence of measures y,, such that supp u,, C J,N
E, ||pa]l = o(|Jn]), and dist (J,, Jor) 2 max(|J,],|Jw|). Furthermore,
Lemma ?7? gives that if sets A,, C DD satisfy the property

Plu|(2(I)) >n = A.NT(I)# 2, 1€D,
then the corresponding Blaschke products By, satisfy the estimate
| B, (2(Jn))| < exp(—n?).

Let
K= Z Hn-
n>1
To conclude that S, is not easily wepable we use the same argument
as in the part (a) = (b) of the proof of Theorem ?7?. O

6. CORONA TYPE CONSTANTS

First, we make an easy remark: ¢,(5,1) > ¢,_1(d, 1), thus 6,(I) >
On—1(1).
Indeed, suppose that v < ¢,_1(0, I), then there are (f1,..., fn_1) =
f such that 6% < 3" () < | f]%,, < 1, and that
n—1
v < inf{||glloom : I € H®: > g;f; +hl =1},

j=1
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Given f := (fl,.. , fn-1,0), for every g € (H™)" we obtain that
> 9ifi = 2005 " g;f;, so that x;(f) > ~. Since f fulfils the con-
dition to be a candidate in the supremum, we obtain that ¢, (5, 1) > =,
q.e.d.

Lemma 15. For any n, 6,(I) < §(I).

Proof. Pick any number &y > 5(1), then choose £ such that gy > &; >
6(I). Suppose that f := (f1,...,f.) € (H®)" satisfies the estimates
o < infaezy 204 [Fi() [[fllom < 1. Take 2 € D such that for
some \g € Z(I) we have p(z, \g) < 1. Then, applying the Schwarz-
Pick Lemma to the function ¢ := f - v, where v is a unit vector in C"

parallel to f()\g), we see that

(i) 210

On the other hand, suppose that p(z,Z(I)) > &1, then |I(z)] >
nr(e1) > 0. Finally,

inf (Zlfy ()" + 1 ( )I2> > min(e3, z(e1)?).

By Carleson’s Corona Theorem, we can find g € (H*®)", h € H™®
with |[gllecn < C(e2,m1(e1)) such that Y37, g;f; + hl = 1, therefore

cn(€0, 1) < 0o. Since this holds for any o > 6(I), we are done. O

o — &1

>

=iE9 > 0.
1-— €01

The following will end the proof of Proposition 77.
Lemma 16. 6,(1) > §(1).

Proof. Let g < 8(I). We want to prove that ¢(gg,]) = co. Pick

g1 such that ey < e, < 0(I). Then there exists an infinite sequence
(Gn)n C D such that p(Cy, Z(1)) > &1 and [1(¢n)| — 0.
Choose a subsequence (&,) of this sequence, with

L—inf TT o(&.60)
J:g#k
so small that the Blaschke product B with zeros (&) satisfies the prop-
erty |B(2)| > go if p(z, Z(B)) > ¢; (see, for instance [?, p. 395]). Then
for any A € Z(I) we have |B(\)| > 9. On the other hand, for any
g,h € H®,

This proves that gB + hl # 1, and hence x;(B) = oo and ¢ (o, [) =
00. U
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Proof of Proposition ?77. The argument is anologous to that in the proof
of Lemma ??. Take a strictly increasing function ¢ : (0,1) — (0,1)
such that ¢ - (¢ +1) < 1. Using the above mentioned result from [?, p.
1199] we find a Blaschke product B satisfying the WEP and such that
for every 0 € (0,1) there exists z; € D satisfying

p(zs, Z(B)) =0, |B(zs5)] < 9(9).
Denote bs(2) = (2 — 25)/(1 — Zsz). We have mingp |bs| = J. If
g,h € H*®, gbs + hB = 1, then

1h]lee > 1+ ¢(3),
and hence,

a@B)> it gle>6(6).  6e(0.1)
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