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AUTOMORPHISMS OF P!-BUNDLES OVER RATIONAL
SURFACES

JEREMY BLANC, ANDREA FANELLI, AND RONAN TERPEREAU

ABSTRACT. In this paper we provide the complete classification of P-bundles
over smooth projective rational surfaces whose neutral component of the au-
tomorphism group is maximal. Our results hold over any algebraically closed
field of characteristic zero.
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1. INTRODUCTION

1.1. Aim and scope. In this article, we work over an algebraically closed field
k of characteristic zero (even if most of the partial results we obtain along the
way are valid over any algebraically closed field k, as we explain at the beginning
of each section). We study P!-bundles X — S (always assumed to be locally
trivial for the Zariski topology), where S is a smooth projective rational surface
(the smoothness condition is actually not a strong restriction; see § 2.2), and study
the group scheme Aut(X) of automorphisms of X. This group scheme can have
infinitely many components, but the connected component of the identity Aut®(X)
is a connected algebraic group [MO67]. The aim of this article is to study the pairs
(X, Aut®°(X)) and to classify these, up to birational conjugation. In particular we
describe the geometry of the pairs arising and the restriction of X — S to natural
curves of S.

Our motivation for this study comes from the classification of connected algebraic
subgroups of the Cremona group Bir(P?), stated by Enriques and Fano in [EF9S]
and achieved by Umemura in a series of four papers [Ume80, Ume82a, Ume82b,
Ume85] over the field k = C, using analytic methods. As explained in [MUS83,
Ume88], these groups act on some minimal rational threefolds, and it turns out
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that most of the threefolds obtained are P!-bundles over rational surfaces. Our
plan is to give a shorter geometric proof of the classification of Umemura, and this
article is the first step towards this direction (the second one will be in [BFT]).
Instead of starting with the group action and trying to find threefolds where the
group acts, we will directly study the possible varieties and their symmetries, then
reduce to some simple varieties, and in the end compute the neutral component of
their automorphism groups.

Our approach should be seen as the analogue of the following way to understand
the classification of connected algebraic subgroups of the Cremona group Bir(P?).
This classification was initiated by Enriques in [Enr93] and can nowadays be easily
recovered via the classification of smooth projective rational surfaces as we now
explain. One can conjugate any connected algebraic subgroup of Bir(P?) to a
group of automorphisms of a smooth projective rational surface S. Contracting all
(—1)-curves of S, we can moreover assume that S is a minimal surface, i.e. that S
is isomorphic to the projective plane P? or a Hirzebruch surface F,, with a > 0,
a # 1; see [Bea96] for a general survey on surfaces. One then checks that the group
of automorphisms obtained are maximal, as these have no orbit of finite size : this
forbids the existence of equivariant birational maps towards other smooth projective
rational surfaces. Every connected algebraic subgroup of Bir(P?) is thus contained
in a maximal connected algebraic subgroup of Bir(P?), which is conjugate to the
group Aut®(S), where S is a minimal smooth rational surface. See also [Bla09] for
the classification of the (non-necessary connected) maximal algebraic subgroups of
Bir(PP?) with a similar approach.

The aim of our classification is then to proceed as in the case of surfaces and
study minimal threefolds. There are many more such varieties in dimension three
than in dimension two and not all of them yield maximal algebraic subgroups of
Bir(P3?). Moreover, some maximal connected algebraic subgroups of Bir(P3) are
realised by infinitely many minimal threefolds. Our aim is then to understand
the geometry of the minimal threefolds obtained in this way and the equivariant
birational maps between them.

Another motivation consists in unifying some well-known results (most of them
over the field of complex numbers, using topological arguments) on P!-bundles over
minimal rational surfaces, i.e. the projective plane P2 and the Hirzebruch surfaces
F,, and to obtain these results from the perspective of automorphisms groups. See
for instance Corollaries 3.3.3, 4.2.2 and Remark 4.3.2.

We also provide moduli spaces parametrising the P!-bundles X — F, over Hirze-
bruch surfaces having no jumping fibre (Corollary 3.3.8), i.e. the P!-bundles such
that all fibres of the natural morphism X — P! (induced by the structure mor-
phism F, — P!) are Hirzebruch surfaces F, for a fixed b not depending on the
fibre. These P'-bundles can also be described using exact sequences of vector bun-
dles (Corollary 3.3.3). The action of Aut®(F,) on the moduli spaces, depending
on some natural numerical invariants (Definition 1.4.1), is described explicitly; see
§3.4, and more precisely Corollary 3.4.6.

Our approach uses very basic tools and is aimed to be easy to follow by any
interested reader, not necessarily expert. Most of the time we give proofs which do
not use any known results and we make reference to the literature when we re-prove
a known fact.
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1.2. Summary of the classification.

Definition 1.2.1. Let 7: X — S and 7’: X' — S’ be two P'-bundles over two
smooth projective rational surfaces S and S’. A birational map p: X --» X' is
said to be

(1) a square birational map (resp. square isomorphism/square automorphism)
if there exists a birational map n: S --+ S’ such that 7'¢ = nr (and if ¢
is resp. an isomorphism/automorphism). We say in these cases that ¢ is
above n;

(2) a birational map (resp. isomorphism/automorphism) of Pl-bundles if S =
S’, w'o = m (and if ¢ is resp. an isomorphism/automorphism);

(3) Aut®(X)-equivariant if ¢ Aut®(X)p~! C Aut®(X’) (which is equivalent to
the condition ¢ Aut®(X)p~! C Aut(X")).

As the definition depends on m, 7/, and not only on X, X’, we will often write
p: (X, m) --» (X', 7'), and say that (X, 7) and (X', n’) are resp. square birational
/ square isomorphic / birational P!-bundles / isomorphic P'-bundles if ¢ satisfies
the corresponding condition.

Remark 1.2.2. In the above definition, every element of Aut®(X) is a square auto-
morphism (Lemma 2.1.1), but not necessarily a birational map of P!-bundles.

Definition 1.2.3. Let 7: X — S be a P'-bundle over a smooth projective rational
surface S. We say that Aut®(X) is mazimal if for each Aut®(X)-equivariant square
birational map ¢: (X, 7) --+ (X', 7’), we have o Aut®(X)p~! = Aut®(X'). If we
moreover have (X', 7') ~ (X, ) (resp. ¢ is an isomorphism of P!-bundles) for each
such ¢, we say that the P-bundle (X, ) is stiff (resp. superstiff).

Remark 1.2.4. This definition depends on X and m, and not only on X. For
instance, taking X = P! x [Fy, and two standard P'-bundle structures 7: X —
P! x P! and 7': X — Fy, Aut®°(X) is maximal with respect to 7 but not with
respect to 7', (The pairs (X, 7) and (X, 7’) correspond respectively to ]-'5’0 and
}'? ’0, see Definition 3.1.1, so this observation follows from Theorem A).

Remark 1.2.5. To the best of our knowledge, the notion of stiff / superstiff is new.
It is analogous to the notion of equivariant birational rigidity / superrigidity for
Mori fibre spaces, but is not equivalent, since here we only consider P'-bundles.
Moreover, birational rigidity for Mori fibre spaces is always up to squares, while
stiffness also detects these birational maps; see [Cor00] and [Puk13] to know more
about the notions of rigidity and superrigidity for Mori fiber spaces.

The next statement, which summarises most of our work, is our main result (the
notation is explained after Theorem B).

Theorem A. Let m: X — S be a P'-bundle over a smooth projective ratio-
nal surface S. Then, there exists an Aut®(X)-equivariant square birational map
(X, m) --» (X', %), such that Aut®(X') is maximal. Moreover, the group Aut®(X)
is maximal if and only if (X, m) is square isomorphic to one of the following:
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(a) a decomposable P!-bundle F¢— F, witha,b>0,a#1, c€Z,
c<0ifb=0,
and where a =0 orb=c=0
or —a < ¢ < ab;

(b) a decomposable Pl-bundle P, — P?2 for some b > 0;

(¢) an Umemura Pl-bundle U — F, for some a,b>1,¢>2,
with ¢ —ab < 2 if a > 2,
and c—ab <1 ifa=1;

(d) a Schwarzenberger Pl-bundle S, — P? for some b > 1; or

(e) a Pl-bundle V? — P2 for some b > 2.

Contrary to the dimension 2 case, there are many P!-bundles X — S with
maximal Aut®(X) which are birationally conjugated. This means that the P!-
bundles of Theorem A are not always stiff. The next result describes all the possible
links between such P!-bundles. The construction of such links is detailed in §5.

Theorem B. The P!-bundles of Theorem A are superstiff only in the cases:

(a) Fb¢ witha=0orb=c=0;

(b) Py forb>0; and

(c) 81 =~ P(Tp2).
In the other cases, the equivariant square birational maps between the Pl-bundles
of Theorem A are given by compositions of square isomorphisms of P'-bundles and
of birational maps appearing in the following list.

(1) For each integers a,b > 0, ¢ € Z with a # 1, —a < ¢ < 0, an infinite
sequence of equivariant birational maps of P*-bundles

]_-[Zl),c s ]_-‘l;-l-l,c—i-a SN ]:tl;-l-n,c—i-an .

(2) For each integers a,b > 1 with (a,b) # (1,1), an infinite sequence of equi-
variant birational maps of P'-bundles

ug,2 N ug+1,2+a BN u{l17+n,2+an___> .

(3) For each b > 2, a birational involution Sy --+ Sp.

(4) For each b > 2, the equivariant birational morphisms L{f’z — V! obtained
by contracting the preimage of the (—1)-curve of F1 onto the fibre of a point
of P2 in VP,

In the above theorems, decomposable P!-bundles are simply the projectivisations
of decomposable rank two vector bundles. The P'-bundles over F, and P? are
particularly easy to describe (§§3.1 and 4.1). The Schwarzenberger P'-bundles over
IP? are projectivisations of the classical rank two vector bundles of the same name
(see below). We describe here the notation.

Definition 1.2.6 (Schwarzenberger P!-bundles). Let b > —1 be an integer and let
k: P x P! — P2 be the (2 : 1)-cover defined by

K Pl x P! — P2
([yo s w1l,[z0 s z1]) = [yo20 : yoz1 + Y120 : Y121],

whose branch locus is the diagonal A C P! x P! and whose ramification locus is
the smooth conic I' = {[X : Y : Z] | Y? = 4XZ} C P2. The b-th Schwarzenberger
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P!'-bundle Sy — P? is the P'-bundle defined by
Sy = P(k+Op1 yp1 (—b — 1,0)) — P2

Note that Sp is the projectivisation of the classical Schwarzenberger vector bundle
K«Op1yp1 (—b — 1,0) introduced in [Sch61]. Moreover, the preimage of a line by
Sy — P? is isomorphic to Fj, for each b > 0 (Lemma 4.2.5(1)). This explains the
shift in the notation.

The families of Umemura P*-bundles ¢2¢, introduced by Umemura in [Ume88,
§ 10], need a bit more notation to be described. This is done in §3.6. The P!-
bundles V¥ — P2 is a family of P'-bundles such that Aut®°(V?) is maximal and
birationally conjugated to certain Auto(Uf’C), but with an action on P? fixing a
point; see Lemma 5.5.1 for the precise relation between the two families.

1.3. Comparison with Umemura’s classification. Each of the maximal con-
nected algebraic subgroups of Bir(P2) given in [Ume85, Th. 2.1] acts on some Mori
fibre spaces (as explained in [Ume88]). The cases (P1),(P2),(E1),(E2) correspond
to Fano threefolds, the cases (J10),(J12) to Del Pezzo fibrations (P2-bundles and
quadric fibrations), and all other cases (J1)-(J9),(J11) correspond to P!-bundles.
We explain now to which of the cases (a)—(d) of Theorem A these correspond.

Note that F¢ = P(Op, ® Op, (—bs, +cf)) — F, (see Definition 3.1.1), and that
Pb = P(OPQ (b) (S¥) Op2) = P(OPQ D Opz(—b)) — ]P)Q (see Definition 411)

(J1) is Aut®(P? x P') and is thus given by Py — P2.

(J2) is Aut®(P' x P! x P') and thus given by Fo* — Fy.

(J3) is Aut®(F,, x P') with m > 2, which is either given by F%° — F,,, or by
FJ™ — Ty, square isomorphic to F3° — Fy (but not isomorphic as P'-bundle).

(J4) is Aut°(PGL3 /B) ~ PGL3 and is thus equal to Aut®(S;), as S; — P2,
P(Tp2) — P? and PGL3 /B — PGL3 /P are isomorphic, by Remark 4.2.8.

(J5) is Aut®(PGLy /D3,) with n > 4 and is thus equal to Aut®(Sy), with b =
n—12> 3, by Remark 4.2.7.

(J6) is Aut®(Ly, ), where L, , — Fq is a P!-bundle of bidegree (m,n), with
m > 2, n < —2 (see [Ume85, Th. 2.1(J6)] and [Ume88, §5]). It thus corresponds to
Fo ™ — Ty, given in (a).

(J7) is equal to Aut®(J,,) = Aut®(J),), with m > 2, where the P!-bundle J,,, —
P? defined in [Ume88, §6] is a compactification of J/, of [Ume85, Th. 2.1 (J7)],
isomorphic to P, — P? with m = b, given in (b).

(J8) is Aut®(Ly, ), where L, , — Fg is a P-bundle of bidegree (m,n), with
m >mn > 1 (see [Ume85, Th. 2.1(J8)] and [Ume88, §7]). It thus corresponds to
Fo""™ — Fy square isomorphic to F,"™ — Fy, both given in (a).

(J9) is Aut°(F7, ), for some integers m > n > 2 [Ume85, Th. 2.1(J9)], and
is also equal to Aut®(FF ) for cach integer k& > [2], where FF = P(Og, &
Or, (—ks_n, — mf)) = P(Op, @ O, (—ks, + (nk —m)f)) = Fknk—m T, eiven
in (a).

(J11) is Aut®°(E!") where m = 1,1 > 3 or m,l > 2 [Ume85, Th. 2.1(J11)]. Then
E" admits a family of compactifications given in [Ume88, §10] and depending on
a parameter j > [; these compactifications correspond to the Umemura bundles
Use — F,, with a = m,b=j,c= (j — )m + 2.
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Let us note that the family (e) in Theorem A was overlooked in the work of
Umemura. These have to correspond to maximal algebraic subgroups of Bir(P?)
and should appear in [Ume88, §10].

Some of the elements of our list do not appear in [Ume85, Ume88]. Sometimes
because these do not correspond to maximal algebraic subgroups of Bir(IP?), as we
can embedd the groups in larger groups of automorphisms of Mori fibre spaces, or
because they are equivalent to other elements of the list, by a birational map not
preserving the P'-bundle structure. This is for instance the case of Sy — P2, which
is Aut(Sy)-equivariantly birational to P3, or of ]_-(()),1 ~ F; x P! — P! x P!, not
maximal as equivariantly birational to P2 x P'. There are many other cases, which
will be studied in [BFT].

1.4. Overview of the proof. Starting with a P'-bundle #: X — S over a smooth
projective rational surface S , there is a birational morphism 7: S8 , where S is a
Hirzebruch surface FF,, or the projective plane P2. Applying Lemma 2.3.2, we obtain
a square birational map 1) : (X ,7) --» (X, ), unique up to isomorphism. Moreover,
Y is Aut®(X)-equivariant. We then need to study P!-bundles over Hirzebruch
surfaces or over the projective plane.

Section 3 concerns the case of P!-bundles over Hirzebruch surfaces m: X —
F,, a > 0. We denote by 7,: F, — P! a Pl-bundle structure on F,, and we
study the surfaces S, = (7,m)"*(p) with p € P!. The situation is described by
Proposition 3.2.2, that we explain now. There is an integer b > 0 such that S, ~ I,
for a general p € P!. If this holds for all points of P!, we have in fact a Fj-bundle
T,m: X — P: we say that there is no jumping fibre. If a special point p € P! is such
that S, ~ Fy, for some b’ # b, then b’ > b and we can blow-up the exceptional curve
of S, ~ Ty, and contract the strict transform of S,, in an Aut®(X)-equivariant way.
After finitely many steps, we reduce to the case where there is no jumping fibre.

We then associate to any Pl-bundle 7: X — F, with no jumping fibres two
integers b, c € Z such that b > 0 and ¢ < 0 if b = 0. The integer b is the one such
that 7,m: X — P! is a Fy-bundle, and the integer ¢ can be seen either with the
transition function of 7 : X — I, or using exact sequences associated to the rank
two vector bundle corresponding to 7, with the following definition (Corollary 3.2.3
shows the equivalence between the two points of view).

Definition 1.4.1. Let a,b,c € Z such that a,b > 0 and ¢ < 0 if b = 0. We say that
aPl-bundle 7: X — F, has numerical invariants (a, b, c) if it is the projectivisation
of a rank two vector bundle £ which fits in a short exact sequence

0— Op, =& — Op,(—bsq +cf) =0,
where f,s, C F, are a fibre and a section of self-intersection a of 7,: F, — P*.

In Proposition 3.3.1, we show that a P'-bundle 7: X — F, with numerical
invariants (a, b, ¢) has no jumping fibre, and that every P'-bundle 7: X — F, with
no jumping fibre has numerical invariants (a, b, c), for some uniquely determined
integers b,c € Z, with b > 0, and ¢ < 0 if b = 0. The above numerical invariants
are thus really invariant under isomorphisms.

We then prove (Corollary 3.3.7) that every P!-bundle X — F, with numerical
invariants (a, b, ¢) is decomposable if b = 0 or ¢ < 2, and construct a moduli space
Mb< which is isomorphic to a projective space (see Remark 3.3.9), parametrising
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the non-decomposable P*-bundles X — F, with numerical invariants (a, b, ¢) when
b>1 and ¢ > 2 (Corollary 3.3.8).

The group Aut®(F,) acts naturally on this moduli space, via an algebraic action,
which is detailed in §3.4. Using this action, we are able to describe the geometry of
Pl-bundles X — F, (Proposition 3.7.4). We prove in particular that if no surface
S, (with the notation above) is invariant by Aut®(X), then 7 is isomorphic to
a decomposable P!-bundle, to an Umemura P!'-bundle, or to a P'-bundle Sb —
P! x P!, which is obtained by pulling-back the Schwarzenberger bundle S, — P?
via the double cover k: P! x P* — P? defined above (see Lemma 4.2.4); the last two
cases correspond to natural elements of the moduli spaces M%¢ fixed by Aut®(F,).

In the case S, — P! x P! and in the case where a fiber Sy is invariant, we can
reduce to the case of decomposable P!-bundles over F, (again by Proposition 3.7.4).

Section 4 concerns P!-bundles over P2. Despite the fact that the geometry of
such bundles is quite rich and complicate (see e.g. [OSS11] for an overview when
k = C), our approach allows us to give a quite simple proof in this case, using
the work made in Section 3 for P'-bundles over Hirzebruch surfaces. We first
study the Schwarzenberger P*-bundles S, — P? (Lemmas 4.2.1, 4.2.4 and 4.2.5 and
Corollary 4.2.2). We then take a Pl-bundle 7: X — P2, and denote by H C Aut(P?)
the image of Aut®(X). If H fixes a point, we blow-up the fibre of this point
and reduce our study to the case of P!-bundles over F;. Otherwise, using the
structure of Aut(P?), we see that either H = Aut(PP?) = PGL3 or H C Aut(P?,C) =
{g € Aut(P?) | g(C) = C}, for some smooth curve C which is a line or a conic
(Lemma 4.3.3). The case where C is a line cannot happen (Proposition 4.3.4) and
the case where C' is a conic corresponds to the Schwarzenberger case; this is proven
by using the double cover x: P! x P! — P2 of Definition 1.2.6 and the results on
P!'-bundles over Hirzebruch surfaces. The case where H = PGLj3 corresponds to
the decomposable P!-bundles over P? or to the special Schwarzenberger P!-bundle
&1, isomorphic to the projectivised tangent bundle P(Tpz). Again, this is proven by
a reduction to the case of P!-bundles of F; (studied in §3) by blowing-up a point
of P2,

In Section 5 we prove Theorem A and Theorem B, which achieves our classifi-
cation. Once we have reduced our study to decomposable P!-bundles over F, or
P2 or to Umemura or Schwarzenberger P!-bundles (Proposition 5.1.1), we study
birational maps of P!-bundles between elements of these four families, which are in
fact obtained by elementary links centred at invariant curves (Lemma 5.3.1), square
isomorphisms, and special contractions from P'-bundles over F; to P'-bundles over
P2 (see Remark 5.2.1). The study of the possible links is made on each family,
by describing the possible invariant curves. These are naturally contained in the
preimage of invariant curves of the surface S over which we take the P'-bundles,
and are most of the time obtained by negative curve in the fibres of smooth rational
curves.
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Ciro Ciliberto, Daniele Faenzi, Enrica Floris, Anne-Sophie Kaloghiros, Massimil-
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for interesting discussions related to this work. Thanks to Mateusz Michalek for
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2. PRELIMINARIES

All the results in §2 are valid over an algebraically closed field k of arbitrary
characteristic.

2.1. Blanchard’s lemma. We recall a result due to Blanchard [Bla56, § I.1] in
the setting of complex geometry, whose proof has been adapted to the setting of
algebraic geometry by Brion, Samuel, and Uma.

Lemma 2.1.1. ([BSU13, Prop. 4.2.1]) Let f: X — Y be a proper morphism be-
tween algebraic varieties such that f.(Ox) = Oy. If a connected algebraic group G
acts on X, then there exists a unique action of G on'Y such that f is G-equivariant.

2.2. Resolution of indeterminacies. The next result implies that if 7: X — S
is a Pl-bundle over a singular surface, then there exists a Aut®(X)-equivariant
square birational map (X,7) --» (X', 7/) with 7/ : X’ — S" a P!-bundle over a
smooth surface. Therefore it is enough to consider the P!-bundles over smooth
surfaces to determine all the maximal automorphism groups Aut®(X) in the sense
of Definition 1.2.3.

Lemma 2.2.1. Let 7: X — S be a P'-bundle over a singular projective surface S
and let G C Aut®(X) a connected algebraic subgroup. Then there exist a PL-bundle
' X' — S, equipped with a G-action, and G-equivariant birational morphisms
n: 8" = S and : X' — X such that n is a resolution of singularities and the
following diagram is cartesian; in particular, n~*G# is a subgroup of Aut®(X').

7

X' X
Tr'\l/ J/’T

S/ =5
n

Proof. By Lemma 2.1.1, the group G acts biregulary on S. Since G is connected,
we can solve the singularities of S in a G-equivariant way by repeatedly alternate
normalization with blowing-up of the singular points (see for instance [Art86]). We
denote by n: S’ — S a G-equivariant resolution of singularities of S, and define
7' X' =X xg 8 — S’ to be the pull-back of 7 along n: §" — S. The pull-back
of a Pl-bundle is a P-bundle. Indeed, this is well-known for vector bundles, (see
[Har77, § I1.6, Ex. 5.18] and [GD71, § 5.4.5]) and all the P!-bundles that we consider
are Zariski locally trivial, so they are projectivisations of rank two vector bundles.
Also, since S’ — S is G-equivariant, G acts on X’ and 7 : X’ — X is G-equivariant.
The last statement follows from the fact that 7, and thus 7, is birational. O

In the sequel we will only consider the P'-bundles over smooth surfaces; in par-
ticular, we will not describe the P'-bundles X — S over singular surfaces such that
Aut®(X) is maximal. There are many such P!-bundles, obtained from those of The-
orem A by contracting the negative curve on a Hirzebruch surface onto a singular
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point. The threefolds obtained have however singularities which are of codimension
2, so it is natural to avoid them when working in birational geometry with the
classical minimal model program (where varieties have terminal singularities).

2.3. The descent lemma. The following simple observation will be often used
later. It explains that P!-bundles 7 : X — S over smooth projective surfaces are
uniquely determined by a description on an open subset with finite complement.
This is for instance useful over P? or Hirzebruch surfaces, where then only the
restriction of 7 to two open subsets isomorphic to A? is needed to describe the
whole P'-bundle.

Lemma 2.3.1. Let S be a smooth projective surface, let Q) C S be a finite set,
and let g € Aut(S) be an automorphism that satisfies g(2) = Q. Let my: X1 — S
and mo: Xo — S be two P'-bundles, and let §: X, --» Xo be a birational map that
restricts to an isomorphism (1)~ (S\Q) — (m2) "' (S\Q) and satisfies 2§ = m1g.
Then § is an isomorphism of varieties X = Xo:

X — X,

m\L ¢/7r2

S— 1 .§
In particular, if g s the identity, then § is an isomorphism of P'-bundles.

Proof. 1t suffices to take a point p; € 2; and to show that § is a local isomorphism
around every point of the curve (m1)~!(p1) C X;. We denote by U; C S an open
neighborhood of p; and write Us = g(U;) its image, which is an open neighborhood
of po = g(p1) € Q. By shrinking Uy, we can assume that m; and 7y are trivial
P'-bundles over U; and U, respectively. The birational map § is then described by

Uy xPt - Us x P!

CE) = G 1)

where M € GL2(k(S)). Since k(S) is the function field of O, (S), which is a UFD
(because S is smooth), we can multiplying M with an element of k(S) and obtain
a matrix M’ having all its entries in O, (S) and that these do not have a common
factor. Denote by f € O,,(S) the determinant of M’. If f does not vanish at py, it
is invertible in O, (S), and § yields an isomorphism U’ x P! — ¢(U’) x P!, where
U’ C U corresponds to the open subset where f # 0. This yields the result since
p1 € U'.

It remains to show that f cannot vanish at p;. Indeed, otherwise the zero set of
f yields a curve of S passing through p; on which the map § is not defined (since
the matrix M’ is unique up to multiplication with an element of Oy, (S)* and since
at least one of the entries of M’ is not divisible by f). O

We then can prove the following descent lemma, already invoked in the intro-
duction.

Lemma 2.3.2 (Descent lemma). Let n: S — S be a birational morphism between
two smooth projective surfaces. Let U C S and U c S be two mazimal open subsets
such that n induces an isomorphism U= U, and Q = S\ U is finite, and let
7: X — S be a P'-bundle.



10 JEREMY BLANC, ANDREA FANELLI, AND RONAN TERPEREAU

Then, there exist a P'-bundle m: X — S, and a birational map 1: X --» X,
such that n = m (V¥ is a square birational map over n) and such that v induces
an isomorphism 7%_1((7) = 7Y (U). Moreover, 1 is unique, up to composition by
an isomorphism of P'-bundles at the target, and v is Auto(f()-equivariant, which
means that 1 Aut® (X))~ is a subgroup of Aut®(X).

Proof. Writing G = Aut®°(X), Lemma 2.1.1 implies that # and 7 are G-equivariant,
for some unique biregular action of G on S and S.

If n is an isomorphism, everything is trivial. Otherwise, n is the blow-up of
finitely many points, so n restricts to an isomorphism U =5 U, where U C S is
an open subset, = S\ U is a finite set and U= n~Y(U). We denote by j the
inclusion U — S.

Let & — S be a rank 2 vector bundle such that P(£) ~ X, and let &y — U
be its restriction over UU. Then &y — U identifies with &y — U, and we can
consider the reflexive hull & = (j.(1.€y))"" of the coherent sheaf j.(7.&;) on S.
By [Har80, Cor. 1.4], the reflexive sheaf £’ is locally free, and thus &’ — S is a rank
2 vector bundle that extends (uniquely) 7.€;. Denoting X = P(£’), we obtain a
P!-bundle X — S that extends (uniquely) the P'-bundle P(n.&;) — U.

Since 7 : S = S is G-equivariant and the open subsets U and U are G-stable,
the P'-bundle X — S is G-equivariantly birational to Xy (= P(n.&y)) — U. It
remains to apply Lemma 2.3.1 to see that the G-action on Xy extends to X. O

Remark 2.3.3. If n is the blow-up of a point p € S and E = n~1(p) C S is the
exceptional curve, the birational map ¢ can be described as follows (according to
[Mel02, 5.7.4, p. 700]), depending on the surface Z = 77 1(E) ~ F,: if a = 0, then 1
is a birational morphism whose restriction to Z ~ P! x P! is the ”other projection”;
if @ > 0 then v is given by the anti-flip of the exceptional curve of Z followed by
the contraction of the strict transform of Z, isomorphic to the weighted projective
plane P(1,1, a), onto a smooth point.

2.4. Hirzebruch surfaces. In the following we will always use the following coor-
dinates for Hirzebruch surfaces, which is the analogue of the standard coordinates
for P2 = (A3\ {0})/G,,:

Definition 2.4.1. Let a € Z. The a-th Hirzebruch surface F, is defined to be the
quotient of (A2 \ {0})? by the action of (G,,)? given by
(Gm)? x (A2\{0})*  — (A%\ {0})?
(s p)s (o, 91,20, 21)) = (1p™ Yo, by, P20, p21)
The class of (yo, y1, 20, 21) will be written [yo : y1; 20 : z1]. The projection
Ta: Fa = PY [yo i y1520 = 21] = [20 : 21]
identifies F, with P(Opi1(a) @ Op1) as a P'-bundle over P*.
The disjoint sections s_4,s, C F, given by y9 = 0 and y; = 0 have self-
intersection —a and a respectively. The fibres f C F, given by 25 = 0 and

z1 = 0 are linearly equivalent and of self-intersection 0. We moreover get Pic(F,) =
ZfPZLs_q=27fPZsq, since s, ~ s_, + af.

Remark 2.4.2. The surface F, is naturally isomorphic to F_, via [yo : y1; 20 : 21] —
[y1 : Yo; 20 : 21], so we will most of the time choose a > 0.
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Let us recall the classical structure of the automorphism groups of Hirzebruch
surfaces. The description of Definition 2.4.1 allows to present all automorphisms in
a simple way. The fact that all automorphisms are of the following form is an easy
exercise, using for instance the intersection form.

Remark 2.4.3. If a = 0, then F, ~ P! x P! and the natural action of (GLy)?
on (A% )\ {0})? yields a surjective group homomorphism (GLg)? — Aut®(F,) ~
(PGL2)2. All automorphisms are then of the form

[yo : y1; 20 : 21] = [awo + Byr : Yyo + dy1;a’z0 + 821 1 Y 20 + 8 21).

The action of Aut®(Fy) on Fy is then homogeneous (one single orbit). Moreover,
Aut(Fo) = Aut®(Fo) x (¢), with ¢: [yo : y1520 = 21] = [20 : 215%0 : ¥1]-

Remark 2.4.4. If a > 1, then the curve s_, given by yg = 0 is the unique section of
negative self-intersection of F, — P! and is thus invariant. Denoting by k[2¢, 21]4 C
k[z0, z1] the vector space of homogeneous polynomials of degree a, one get an action
of k[zp, 21]q ¥ GLg on F, via

[Yo = Y15 20 : 21] = [Yo : Yo + y1p(20, 21); z0 + Bz1 : yz0 + 621,
which yields an exact sequence
1 — pa — Kk[20, 21]a ¥ GLa — Aut®(F,) — 1,

where pu, C GLy is the cyclic group of homotheties @ with a* = 1. Moreover,
Aut(F,) = Aut®(F,) acts on F, with two orbits, namely s_, and its complement.

Remark 2.4.5. Tt follows from Remarks 2.4.3 and 2.4.4 that for each a > 0, the
morphism 7, : F, — P! yields a surjective group homomorphism

Aut®(F,) - Aut(P') ~ PGL,.

In particular, the action of Aut(F,) acts transitively on the set of fibres of 7, : F, —
P!

We also recall the following easy observation, that we will need in the following.

Lemma 2.4.6. Let a > 0, and let £ — P! be a rank two vector bundle that fits
into an exact sequence

0— Op1 = & — Opi(—a) = 0.

Then we have an isomorphism from P(€) — P! to F, — P! which sends the section
corresponding to 1(Op1) onto $_g.

Proof. We trivialise £ on the two open subsets of P! given by {[1: 2] | z € A'} and
{[z:1] | z € A'}, change coordinates so that t(Op1) corresponds to z¢g = 0 and get
a transition
AZ x Al -5 A? x Al

((.730,331),2’) -3 ((Za$0,561 +f(2’)),%)

for some f € k[z,27!]. We can then compose at the source and target with some
automorphisms of the form ((zo, 1), 2) — ((z0,y1+h(2)), z) for some polynomials
hi,ha € k[2]. This replaces f with f + hq(z) + he(£)2%. Since a > 0, we can thus
replace f with 0. The projectivisation of £ is then isomorphic to F,, by sending
([zo : @1],2) € PL x Al onto [g : @151 : 2] and [z : 2132 : 1] = [202® : 2131 : 1], on
both charts.
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3. Pl-BUNDLES OVER HIRZEBRUCH SURFACES

Most of the results in §3 are valid over an algebraically closed field k of arbitrary
characteristic. More precisely, §§3.1-3.3 are valid in arbitrary characteristic, the
results in §3.4 are all valid in arbitrary characteristic but the proof of Corollary
3.4.6 that we give is shortened a bit by using the characteristic zero assumption
(see Remark 3.4.7), §3.5 and §3.6 are also valid in arbitrary characteristic, except
Lemma 3.5.5 (3) which fails in positive characteristic (see Remark 3.5.6), but in
§3.7 we must assume that the ground field k has characteristic zero for Lemma 3.7.2
and Proposition 3.7.4 to be true (see Remarks 3.7.3 and 3.7.5).

3.1. Decomposable P!-bundles over Hirzebruch surfaces. Similarly as for
Hirzebruch surfaces F, (Definition 2.4.1), one can give global coordinates on de-
composable P!'-bundles over F,.

Definition 3.1.1. Let a,b,c € Z. We define F2¢ to be the quotient of (A2 \ {0})3
by the action of (G,,)? given by

(Gm)? x (A%\ {0})? - (A%\ {0})?
(A, 1 ) (05 @1, Y0, Y1, 20, 21)) = (A~ Pwo, Ap~ a1, up™ Yo, py1, p2o, pz1)

The class of (zg, 21, Y0, Y1, 20,21) Will be written [z¢ : 1590 : y1;20 : 21). The
projection

]'—2’0 —Fa, [®o:z1390 Y1320 1 21) = [Yo : Y1520 : 21
identifies F5¢ with
P(Or, (bsa) ® O, (cf)) = P(Or, ® Or,(—bs, + cf))

as a P'-bundle over F,, where s,, f C F, are given by 41 = 0 and z; = 0.

Moreover, every fibre of the composed morphism F2¢ — F, — P! given by the
z-projection is isomorphic to Fj, and the restriction of F2¢ on the curves s_, and
Sq given by yo = 0 and y; = 0 is isomorphic to F, and F._ .

As for Hirzebruch surfaces, one can reduce to the case a > 0, without changing
the isomorphism class, by exchanging yo and y;. We then observe that the exchange
of 2o and x; yields an isomorphism F2¢ = F;%~¢. We will then assume most of
the time a,b > 0 in the following. If b = 0, we can moreover assume ¢ < 0.

Remark 3.1.2. Every decomposable P!-bundle over F, is isomorphic to F2¢ — F,
for some b,c € Z,b > 0. We can moreover assume that b > 0, and that ¢ < 0 if
b =0, since Fo¢ ~ F b=

The P!-bundle F2¢ — F, has numerical invariants (a, b, ¢) (see Definition 1.4.1).
As we will see later (Remark 3.3.2), these numerical invariants are indeed invariant
under isomorphism. This will show that the isomorphism classes of decomposable
P'-bundles over Hirzebruch surfaces are parametrised by these invariants.

Remark 3.1.3. All decomposable P'-bundles F%¢ are toric varieties, with an action
given by [2o : 2150 : Y1320 : 21] = [To : a@13 Y0 : Byr; 20 vz
Remark 3.1.4. We have two open embeddings

F, x Al < Fhe

([xo : w1590 s nl,2) = ([wo: 21390 91511 2])
([ro : 21390 1), 2) = ([wo:@1390 1 Y152 1 1)
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over which the Fj-bundle F5¢ — P! is trivial, with a transition function

([zo : w1590 : 1), 2) = ([wo : 212% 02" : 1), 1)
Lemma 3.1.5. Leta,b >0, c € Z. The morphism 7: Fo¢ — T, yields a surjective
group homomorphism

p: Aut®(Fo) — Aut®(F,).

a

Proof. The existence of p is given by Lemma 2.1.1. The fact that it is surjective
can be seen by observing that every automorphism g € Aut®(F,) comes from an
automorphism of (A2\{0})? (Remarks 2.4.3 and 2.4.4), so we can extend the action
to (A3 \ {0})? and then F2° by doing nothing on zg, 1. O

Remark 3.1.6. For each i, j € Z we denote by k[yo, y1, 20, 21]i,; C k[y0, 91, 20, 21] the
space of homogeneous polynomials of bidegree (4, j), where the variables yo, y1, 20, 21
are of bidegree (1,—a),(1,0),(0,1),(0,1). The group of automorphisms of P!-
bundle of F5¢ identifies with the (connected) group

P1,00  P2,-be Pr.ij € kYo, Y1, 205 21]i
{ [p?,,b,—c D4,0,0 } € PGLa(Klyo, y1, 20, 21) fork=1,...,4.

whose action on F2:¢ is as follows:

(o : T13Y0 : Y1 ® 203 21] V> [Top1 + T1p2 : Tops + T1Pa; Yo © Y1; 20 ¢ 21

This can be seen directly from the global description of F2¢ in Definition 3.1.1,
and by using trivialisations on open subsets isomorphic to AZ.

3.2. Removal of jumping fibres. Removing a fibre into a Hirzebruch surface, we
get an open subset isomorphic to A xP!. It is then natural to study the P!'-bundles
over A' x P!, in order to get a local description of the P!'-bundles over Hirzebruch
surfaces.

Lemma 3.2.1. Let m: X — A' x P! be a P*-bundle and let 7: A x Pt — Al be the
first projection. Then, there exist an integer b > 0 and a dense open subset U C Al
(both uniquely determined by ) such that the following hold:
(1) The generic fibre of the morphism Tm: X — Al is isomorphic to the Hirze-
bruch surface Fy.
(2) There exists a commutative diagram

~

(rm)~H(U) = U x

\ M

U x P!

where pry X 7, sends (u,z) on (u,7p(x)) and 1p: Fy — P! is the standard
PL-bundle.

(3) For each p € A\ U, the fibre (tm)~1(p) is isomorphic to the Hirzebruch
surface Fyyoc, for some positive integer €.

(4) For each p € A\ U, we can blow-up the exceptional section of (7))~ (p)
and contract the strict transform of (tm)~1(p); this replaces X with another
Pl-bundle X' — P x Al as above, with a new open subset U’ which is either
equal to U or to U U {p}. After finitely many such steps, we get the case
where U' = A, corresponding to a trivial Fy-bundle.
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Proof. We choose two open subsets of Vo, V; € A! x P! isomorphic to A? via

w: A2 = VoAl xP! v A2 = vy cAlx P!
(r,y) — (=, [1:y]) (z,y) —  (z,]y:1]).

The restriction of m to the open subsets Vj, Vi yield P'-bundles on A2, which are
then trivial. This gives the existence of isomorphisms 7—(V;) % A2 x P!, for
i = 0,1, such that ¢;pr;¢; = 7, where pry: A2 x P! — A? is the first projection.
The isomorphisms ; are uniquely determined, up to composing at the target and
the source by elements of PGLa(k[A?]) C Aut(AZxP!). We then write the transition
function @1 (o)~ as

(@), [u s v]) = (2,7, loar (@, y)u+ arz(@, y)v - azi (2, y)u + azs(z, y)v)),

Q11 2
Qo1 Q22
mined by the equivalence class of A modulo A ~ AM AM', where A € k[x,y,y
k*y?, M € GLa(k[z,y1]), M’ € GLy(k[x,y]). In particular, we can multiply A
with an element of k* and assume that det(A) € y%.

Working over the field k(z), we get a P-bundle over IP’ll((z), which is therefore

where A = [ } € GLa(k[z,y,y7!]). Note that the Pl-bundle 7 is deter-

—1}* —

isomorphic to a Hirzebruch surface Fy, b > 0 (this follows from the fact that a
vector bundle on P! is decomposable over any field). This yields two matrices
B € GLy(k(z)[y™1]), C € GLa(k(x)[y]) such that

B™AC =D = {ym 0}
0 y"
for some integers m,n € Z with m —n = b, and yields (1). Since det(B),det(C) €
k(z)* and det(A),det(D) € y% we get det(A) = det(D) = y™*", so det(B) =
det(C) € k(z)*.

Writing the equality AC = BD, we can multiply both B and C with the same
element of k(z)* and assume that B € GLa(k[z,y71]),C € GLa(k[z,y]) and that
(B(X),C(N)) # (0,0) for each A € k, where B(X), C(\) € Mata 2(k(y)) are obtained
by replacing x with A in B, C.

We denote by Z C A! the zero set of det(B) = det(C) € k[z]. If Z = (), then
7m: X — Al is a trivial Fp-bundle and the proof is over. We can thus prove the
result by induction on the degree of the polynomial det(B).

Suppose that A € Z is such that the fibre (77)~!(\) is a Hirzebruch surface

F;. Hence, A(X) corresponds to the transition function of F;, which means that
7

B~'ANC = {yo ﬂ with B € GLa(k[y!]), C € GLa(k[y]), M, € Z and

—fn = b > 0. Computing the determinant yields m +n = m + n. Writing

€ =m—m =n—n, we then get b —b = (m —n) — (m —n) = 2e. Replacing

A, B,C with B71AC, (B)™'B, (C)~'C, we keep the equation AC = BD, do not

change the degree of det(B) = det(C) or the set Z, and can then assume that
|y 0 s B Biz| .

AN = [ 0 yﬁ]. Writing B(\) = [521 522} yields

S

3

_ —1 _[Buy™™ 512?/"_7? [ Buy™ Byt
) =ANTBAD = [521?/”_ ﬁzzyn_"] B {Bzwbﬁ By |’
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(a) If the first column of B()) is zero, then so is the first column of C()\).
Writing A = xg)\ (1) , we get B = B’A and C = C'A for some B',C" €
Mats o(k[z,y,y7']). Replacing B and C with B’ and C’ does not change the
equation AC' = BD, since D commutes with A, and decreases the degree of det(B).
A similar argument works if the second column of B is zero.

(b) If € < 0, then —b — € = € — b < 0, so the second column of B()) and C()) is
zero, since B(\) € Mata o(k[y~1]), C(\) € Mata 2 (k[y]), we then apply (a).

(¢) If e =b =0 then B(\) = C(\) € Mate 2. There exists thus R € GLy such
that the first column of B(A)R is zero. We can replace B,C with BR, CR, since R
commutes with D = y™ - I = y™ - I, and reduce to case (a).

(d) If e = 0 and b > 0, then B2 = 0 and P € k. If B33 = 0, we do as above.

If Boo # 0, we get 811 = 0 since det(B(\)) = 0, hence B(\) = [ﬂo ﬂO ], so
21 P22

the first column of B(\) - R is zero, with R = [ Pz O] € GLa(k[y~1]). Writing

—Po1 1
R' = D7 'RD = { gmyb (1)] € GLa(k[y]), we can replace B, C with BR and CR/,
—p21

and get the case (a).

(e) The last case is when e > 0, which implies that b=b+2 >b+2>2and
that 811 = Bi12 = 0.

After applying the steps above, we can assume that all elements of Z give rise
to case (e). Writing U = Al \ Z, this yields (2)-(3).

It remains to show (4), by studying more carefully case (e). Note that the fibre
x = X corresponds to the Hirzebruch surface Fj, b > 2, with a special section
corresponds to u = 0 in the charts A2 x P'. The blow-up of the exceptional section,
followed by the contraction of the strict transform of the surface IFj, corresponds
locally to

A? x P! - A2 x P!
(@y)fuzo]) = (@) u: (@—Al).

This replaces the transition matrix A with A’ = A='AA, where A = [

A — [0411 0412} A — [ aqp f_l'i}
Qg1 Q22| (= Naar @
Note that the new transition A’ still belongs to GLa(k[z,y,y~!]) since A()) is
diagonal, which implies that ay2 and ag; are multiples of x — A.

Moreover, the first line of B(\) and C'(\) is zero, so we can write B = AB’, C =
AC for some B’,C" € Mats 2(k[z, y,y!]). The blow-up replaces A with A’ and we
can replace B,C with B’,(C’, since A'C' = (A71AA)(A~!C) = A='BD = B'D.
This process decreases the degree of det(B) = det(C), we get a trivial Fp-bundle
after finitely many steps. O

x—X 0]
0 1]

As a consequence of Lemma 3.2.1, we get the following result.

Proposition 3.2.2 (Removal of jumping fibres). Let a > 0, let 7: X — F, be a
P!'-bundle. There is an integer b > 0 and a dense open subset of U C P! such that
(1am) " (p) is a Hirzebruch surface Fy for each p € U. Moreover, we have:
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(1) IfU = P!, then tom: X — P is a Fy-bundle which is trivial on every affine
open subset of PL. In this case we say that n has no jumping fibre.

(2) If one fibre (tom) "1 ({p}) is isomorphic to F. for some c # b, then ¢ — b is
a positive even integer (we say that 7, *({p}) is a jumping fibre), and the
blow-up of the (unique) exceptional section of F. followed by the contraction
of the strict transform of F. gives an Aut®(X)-equivariant birational map
X --» X' to another Pl-bundle over F,. After finitely many such steps,
one gets case (1).

Proof. For each p € P!, we have a commutative diagram

Al 1< P! = F, \ 7, '({p})
pry Tay
Al = P\ {p}

We can thus apply Lemma 3.2.1 on each affine subset P!\ {p} and get the result. [

Another consequence of Lemma 3.2.1 is the following description.

Corollary 3.2.3. Let m: X — S = Al x P! be a PL-bundle, let 7: S — Al be the
first projection and let b > 0. The following conditions are equivalent.

(1) The fibre (1)~ (p) is a Hirzebruch surface Fy for each p € Al.
(2) There exists a commutative diagram

~

X — A1X]Fb
\

S=Al xP!

pry XTp

where pry X 1, sends (u,x) on (u, p(x)).
(3) The P*-bundle X — S is the projectivisation of a rank-two vector bundle £
which fits in a short exact sequence

0= 0g— & — Og(—bs) =0,
where s is a fibre of pro: S — P! (which satisfies Pic(S) = Zs).

Proof. The implication (1) = (2) is given by Proposition 3.2.2(1). To get (2) = (3),
we observe that (2) yields an isomorphism between the P!-bundles X — A! x P!
and A x P(Op1 @ Op1 (b)) — Al x PL. To get (3) = (1), we restrict the exact
sequence to each fibre of 7: § — A! and apply Lemma 2.4.6. O

3.3. Moduli spaces of P!-bundles over F, with no jumping fibre. The fol-
lowing proposition associates to every P'-bundle over a Hirzebruch surface with
no jumping fibre three unique invariants (a,b,c), called numerical invariants in
Definition 1.4.1. The integer a is given by the Hirzebruch surface over which the
P-bundle is taken. The integer b is given by the generic fibre of the projection to
P!, which is a Hirzebruch surface . The last integer ¢ can be seen using exact
sequences or using transition functions, as the following result explains.

Proposition 3.3.1. Let a > 0 and let 7: X — F, be a P'-bundle.
(1) For all integers b > 0, ¢ € Z, the following are equivalent.
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(i) X is the gluing of two copies of Fy x Al along Fy x AL\ {0} by the

automorphism v, p € Aut(F, x A\ {0}) given by
ver: ([ro s x50 1 1], 2) = ([0 : 212° + 2o P(yo, Y1, 2); Y02 = 41, 1)

for some P € K[yo,y1, 2, %], homogeneous of degree b in yo,y1, such
that m: X — F, sends ([xo : T1;%0 : y1],2) € Fy x Al onto respectively
[yo:y1;1: 2] € Fy and [yo : y152 : 1] € F, on the two charts.

(i) m: X — F, is the projectivisation of a rank two vector bundle & which
fits in a short exact sequence

0— Op, >&— Op,(=bsq+cf) =0

where f,s, CF, are given by y1 =0 and z; = 0.

(2) If there exists b > 0 such that the preimage of each fibre of the Pl-bundle
Ta: By — PL s isomorphic to Fy, (no jumping fibre), then there is an integer
¢ € Z such that the above properties are satisfied. If b > 0, the integer c is
unique. If b = 0, then |c| is unique and w: X — F, is isomorphic to the
decomposable bundles FO¢ — F, and FO=¢ — F,.

Proof. We first prove (i) = (i7). The section zy = 0 being invariant by the transi-
tion function, one can see X as the projectivisation of a rank two vector bundle £
which fits in a short exact sequence

0— O]Fa — & — Oﬂra(ﬂsaJr’}/f) — 0,

for some integers 8,7 € Z. To compute these numbers, we take the two open
subsets Uy, U; C F, isomorphic to A? via

0p: A2 = U CF, 6,: A2 =  U,CF,
(y,2) — [1:y;l:4] (y,2) — [y:Liz:1].
and observe that the vector bundle has a transition function of the form

_ _. 2% 1
(xo,21,Y,2) — <ybz ‘xo,x1 +xoP(l,y,2)z"°, ;, Z) ,

which yields 8 = —b and v = c.
We then prove (2). It follows from Proposition 3.2.2 that the pull-back on X of
the two open subsets Vp, V3 C F, given by

0p: PxA' = V,cCF, 0,: Prx Al = Vi C T,
(Iyo:wlz) = lyo:wil:2] (Iyo:wl2) = lyo:wiiz:1)
are isomorphic to Al x F. The transition function on F, being given by ([yo :
y1),2) -=» ([z%yo : 11), 1), we get a transition function ¢ € Aut(F, x A'\ {0}) of
the form
Fb X Al -2 Fb X Al
([zo: w1y s 1), 2) = ([folzo, 21, 90,91, 2) : f1(2o, 21, Y0, y1,2); 2%0 < 1), 1)

for some fo, f1 € k[zo, z1,y0,v1][7, %} The isomorphism class of 7: X — F, (as
in Definition 1.2.1) is then determined by ¢, up to composition at the source and
target by automorphisms of the P'-bundle F;, x Al — P! x Al.

If b = 0, then ® is of the form ([xo : z1;y0 : Y1), 2) — ([a(2)z0 + B(2)x1;7(2)T0 +
8(2)z1; 2o : Y1), 2) where A = [?;Ej)) g((j))} € GLa(k[z, 27 !]). The isomorphism
class of m: X — T, is then given by the matrix A, up to replacing A with ABAC,
where B € GLa(k[z71]), C € GLa(k[z]) and A € k*. The class of A modulo this
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replacement corresponds to a vector bundle over P!, which is therefore equivalent
to a decomposable one, with a diagonal matrix A. We then get an integer ¢ € Z,
unique up to sign, such that ¢ is of the form

¢: ([zo : z1390 = y1), 2) = ([wo : w12% w02 s ), 1)
This shows that X — F, is isomorphic to F2¢ = F2:¢ — F, (see Remark 3.1.4)
and also to F2=¢ — F,.

If b > 0, then ¢ is of the form ([zg : z1;y0 : v1],2) — ([xo : w(z)x; +
zoP (Yo, y1,2); 2%Yo yl]a%) where i(z) € klz, %]* = k* - 2% and P(y,y1,2) is a
homogeneous polynomial of degree b in yg, y1, with coefficients in k|[z, %] Applying
a diagonal automorphism at the target, we can assume that p(z) = 2¢ for some
¢ € Z. We then observe that ¢ is unique, since the transition function is determined
up to automorphisms of F, x Al — P! x A! at the target and the source, which do
not change c.

It remains to prove (i) = (). The inclusion O, < £ corresponds to a section
of X — F,. We restrict the exact sequence to a fibre f and get 0 = Oy — & —
Of(—b) — 0. The corresponding section then needs to be the exceptional section of
Fy, unique if and only if b > 0 (Lemma 2.4.6). The preimage of each fibre of the P!-
bundle 7, : F, — P! is then isomorphic to Fj, (no jumping fibre). We then apply (2)
and get (7) for some unique integer ¢’. The calculation made in (i) = (4) implies
that ¢ = ¢, since the inclusion Op, — &£ corresponds to the section g = 0. (]

Remark 3.3.2. Proposition 3.3.1 shows that two P'-bundles with different numer-
ical invariants (see Definition 1.4.1) are not isomorphic. The numerical invariants
defined in Definition 1.4.1, which correspond to the integers (a,b,c) of Proposi-
tion 3.3.1 (where ¢ < 0 when b = 0) are then really invariant under isomorphisms.

In particular, F%¢ — F, is the unique isomorphism class of decomposable P!-
bundle with invariants (a, b, ¢). (Follows from Remark 3.1.2).

As a direct consequence of Proposition 3.3.1, we obtain the following corollary
(which is well-known over the field of complex numbers; see e.g. [ABM12, § 2.2]).

Corollary 3.3.3. Let a,b > 0 and let £ be a rank two vector bundle over F,. Then
the following are equivalent.

(1) There exists an exact sequence
0— Op,(ds_q+7f) > E— O, (ds_q+1'f)—0,
for some integers d,d',r,v" such thatb=d —d'.
(2) The preimage by P(£) — F, of each fibre of the P -bundle 7,: Fy — P! is
1somorphic to Fy.
Moreover, the extension in (1) is unique if b > 0.

Proof. (1) = (2): The inclusion O, (ds_q + rf) < & corresponds to a section of
P(€) — F,. We restrict the exact sequence to a fibre f and get 0 — Oy(d) — & —
Oy (d') — 0, which yields the same P!-bundle as 0 — Oy — &5 — O¢(—b) — 0. The
corresponding section then needs to be the exceptional section of F, (Lemma 2.4.6),
which is unique if b > 0.

(2) = (1): Follows from Proposition 3.3.1(2). O

Notation 3.3.4. Let a,b,c € Z, with a,b > 0 and ¢ < 0 if b = 0. For each
P € Kk[yo, y1, 2, %]b ={f € Kk[yo, v1, 2, %] homogeneous of degree b in yo, y1 },
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we denote by Zb¢* — F, the Pl-bundle given by the gluing of two copies of
Fp x Al along F, x A\ {0} by the automorphism v, p € Aut(F, x A\ {0}) given by
ve,p: ([xo: z1590 1 1], 2) — ([azo s 212° + 2o P (Yo, Y1, 2); Yoz : Y1, %) , such that
m: X — F, sends ([xo : 2130 : ¥1], 2) € Fy x Al onto respectively [yo : y1;1: 2] € F,
and [yo : y1;2 : 1] € F, on the two charts respectively.

Remark 3.3.5. Proposition 3.3.1 shows that every P!-bundle over F, with no jump-
ing fibre is isomorphic to Zg’C’P — [, for some b,c € Z with b > 0 and ¢ < 0 if
b =0, and some P € K[y, y1, 2, %}b, and that it has numerical invariants (a, b, ¢)
(see Definition 1.4.1). Moreover, Z%0 — T, is isomorphic to F¢ (Remark 3.1.4).

Lemma 3.3.6. Let n: Z09F — F, and 7': ZV°"F" = F, be two P'-bundles as in
Notation 3.3.4, with b > 1. Then the following are equivalent.
(1) The P'-bundles w: ZbF — F, and 7': Z¥ <" — F, are isomorphic.
(2) We have b = b, ¢ = ¢ and there exist A € k* and Q1,Q2 € k[yo,y1, 2]
homogeneous of degree b in yo,y1 such that

P/ = )\P + Ql(y07y17 Z)ZC + QQ(yOZa7 Y1, %)

Proof. If b # 1/, then the two P'-bundles are not isomorphic, since the preimages
of the fibres of the P'-bundle 7,: F, — P! are not isomorphic. We can thus assume
that b’ = b.

The two PL-bundles are obtained by gluing two copies of F, x A over F, x A1\ {0}
by ve p, Ve, pr € Aut(F, x A\ {0}) (see Notation 3.3.4). The P!-bundles are thus
isomorphic if and only if v pr = av, pf for some automorphisms «, 8 of the P!-
bundle Fp x Al — P! x Al. Since b > 1, such elements are of the form

~

9)\7Q1 Iy x Al — Fy x Al
([zo: w1590 s 1), 2) = ([zo 1 Az1 + Q(yo, Y1, 2); %0 = Y1), 2)
where A € k* and @ € k[yo,y1, 2]p. The composition 8y, g,V pOx, g, yields

F, x A1\ {0} = Fy x AT\ {0}
([wo: 2590 1), 2) = (w0 : 2°MAaw1 + 2o P (Yo, Y1, 2); 2%Y0 = 1), 3 ), With
P(y07ylaz) = )‘QP(yO7y17z) +)\2Q1(y0791,2)zc+Q2(il/02a7y17%>-

To get a transition function of the form v pr, we then need ¢/ =¢, Midg =1. O
From now on we write k[z]<, = {f € k[2] | deg(f) <r} =k kzd - - - dkz".
Corollary 3.3.7. Let a,b,c € Z with a,b > 0, such that ¢ <0 if b = 0.

(1) There is a unique isomorphism class of decomposable P!-bundle X — F,
with numerical invariants (a,b, c), represented by F>¢ — F,,.

(2) Ifb=0 orc <1 every P-bundle X — F, with numerical invariants (a, b, c)
is decomposable, and thus isomorphic to F¢ — F,.

(3) If b > 1 and ¢ > 2, every Pl-bundle with numerical invariants (a,b,c) is
isomorphic to Z»*F — F,, where

P(yo,1,2) = Si_g Yo' 1"~ Pi(2) 21!
and P;(z) € k[z]<c—2—qi (hence P, =0 if c < ai+2), fori=0,...,b.
The isomorphism class of the P'-bundle is determined by the class of P,
up to scalar multiplication by an element of k*. The P'-bundle is decom-

posable if and only if P = 0.
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Proof. Assertion (1) has already been proven (Remark 3.3.2). If b = 0, then Propo-
sition 3.3.1 shows that every Pl-bundle over F, with numerical invariants (a, b, c)
is isomorphic to F¢ = F%¢. We can thus assume that b > 1.

Proposition 3.3.1 shows that every P-bundle X — F, with invariants (a, b, c) is
isomorphic to Z%¢F — F, for some P € k[yo,y1, 2, ] Lemma 3.3.6 shows that
the isomorphism class is inside the set of P!- bundles with invariants (a,b,c) and
corresponds to an equivalence class on k|yo,y1, 2 71]1), where P, P’ are equivalent
if and only if P' = AP + Q1(y0,41,2)2° + Qa(y0z", 41, 1), for A € k*, Q1,Qa €
klyo, y1, z]p. In particular, each equivalence class is given by an element

b . . .
P(yo,y1,2) = > i_oYo'y1" " Py (2) 2",

where P;(z) € k[z] is of degree < ¢ —ai — 2, for ¢ = 0,...,b, and the element P
is unique up to multiplication by A € k*. If ¢ < 1, then P is zero, so every P!-
bundle X — F, with numerical invariants (a, b, c) is decomposable. This achieves
the proof. O

Corollary 3.3.8. Let a,b,c € Z, witha >0,b>1 and ¢ > 2.
The isomorphism classes of non-decomposable P'-bundles X — F, with numer-
ical invariants (a,b,c) are parametrised by the projective space

Mge <@ vy -k [Z]<c2az‘) :
Proof. Follows from Corollary 3.3.7(3). O

Remark 3.3.9. We have Mbe¢ ~ Pa(d+D@(e—1)—ad)~1 where d is the biggest integer
such that d < b and ad < ¢ — 2 (and is thus equal to b if ab < ¢ — 2). Indeed, the
dimension of the vector space k[z]<c—2_q; is equal toc—1—atif ai <c¢—2 and

to 0 if ai > ¢ — 2. Hence, the dimension of @z 0 Uyt k[2]<ema_ai is equal to

S (e —1—ai) = 1(d+1)(2(c — 1) — ad).

3.4. Action of Aut°(F,) on the moduli spaces M. If 7: X — F, is a P!-
bundle with numerical invariants (a,b,c), then so is gn: X — F,, for each g €
Aut(F,). This then gives a natural left-action of Aut®(FF,) on M%¢, that we describe
in this section.

Since we have a group homomorphism GLy — Aut®(F,), (see §2.4), we get an
action of GLy on Mb¢ = IP’(QBZ o Yoy k[2]<c—2-4i) (see Corollary 3.3.8). We
will show that this GLg-action coincides with the following one.

Definition 3.4.1. Let » > 0 and let us equip V = k? with the standard left-action
of GLy. There is a unique left-action of GLg on k[z]<, making the following map
GLsy-equivariant.
1% — k[Z}<T
(u,v) — S _gulv"h 2

Remark 3.4.2. Equipped with the GLs-action of Definition 3.4.1, the vector space
k[z]<, identifies with the r-th symmetric power of the standard representation of
GL,. In particular, k[z]<, is an irreducible GLo-representation (as we assumed k
to be of characteristic zero).

We first need the following observations on the action of GLg on k[z]<, of Defi-
nition 3.4.1.
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Lemma 3.4.3. Letr > 0, and let P € k[z]<,.
(1) If o = {(1) (1)] € GLq, then o(P) = P(%) C o7

(2) If o = g ?] € GLy, then P := o(P) € k|[z]<, is the unique polynomial

that satisfies

“ PO sra F ()

where we identify k[z]<, with k[z]/(z"T1), and compute the above equality
in this ring.
Proof. (1): The action of ¢ on V being (u,v) — (v, u), the action on P € k[z]<,
sends >;_ga;2" onto Y. ay—;z*, which is exactly P+ P(1)z2".

(2): We first observe that Equation (x) uniquely determines P in term of P,
since ,§ and Bz + « are invertible in k[z]/(2"T!) (because ad # 0). We then
check that if Equation (x) is true for P, Q € k[z]<,, then it is true for all uP + v@Q,
p, v € k. We thus only need to check it for P = Y7 u'v" " - 2", where (u,v) € k.
By definition of the action, we get P = o(P) = Y_i_,(au + Bv)*(6v)"~* - 2%, which
yields

(Bz+a) - P(z) = Si_juv" 2Bz + )"t ‘
a(ﬁz—:a) . P (,Bzéj-a) — Oé(ﬁzj'a) . Z::O(O‘U + ,B’U)Z((SU)T_Z (ﬂjj_a)
= Y _oalau+ Bu)(Bz+a) o 2!

Comparing the coefficients of z? for p =0,...,7 — 1, we need to prove that

Tutv () BT lar T = SRR (o Bu)ien T (2 8P e

for each p =0, ..., — 1. Comparing the coefficients of u*v"—*

(P tari=omb = ST ()Rt () iar oy

so the result follows from the next combinatoric lemma. O

we get

Lemma 3.4.4. For all integers 0 < k < p <r, we have

r+1\ Zp: 1 r—1
p—Fk) —\i—k)\p—i '
Proof. The sides of the equations count the number of elements of the sets

s
s = {(z‘,A,B)

{C c{0,...,r} | C contains p — k elements},

iedk,...,ph,AC{0,....i—1},BC {i+1,...,7}
A contains i — k elements, B contains p — i elements [’

o it remains to prove that the map &’ — S, (i, A, B) — AU B is bijective. This
corresponds to show that for each C' € S, there exists a unique i € {k,...,p} \ C
such that C N {0,...,i — 1} contains ¢ — k elements. This is because the map

ri{k,....p} = N (i—k) —|CN{0,... i—1}]

is nondecreasing, increasing outside C' and satisfies 7(k) < 0 < 7(p). O
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Lemma 3.4.5. Let a > 0,b > 1,¢ > 2. Let 7: Zab’C’P — F, be the P'-bundle

induced by P(yo,y1,2) = Z?:o yiyt T Py(2)2 Y Py € k[2]<c—2—ai (Notation 3.3.4).

For each ¢ € Aut(F,), the Pl-bundle om is isomorphic to ZS’C’P — F, where
P(yo,y1,2) = ZS:O yiyP T Pi(2) 29t s given as follows.

(1) If e([yo : y1;20 : #21]) = [yo : Y120 + Bz1 : yzo + dz1], for some o =

o g] € GLy then P, = o(P;) for each i, where the action of GLy on the

vector space k[z]<c—qi is the one of Definition 3.4.1.

(2) Ifa=0 and oo : y1; 20 : 21)) = oo + Bysi 150 + 8y : 20 : 24, for some
a,B,7,0 € k with ad — By # 0, then P(yo,y1,2) satisfies P(yo,y1,2) =
P(ayo + Byi, 1Yo + 0y1, 2).

(3) If a =1 and ©([yo : y1;20 : 21]) = [yo : y1 + R(20,21)y0 : 20 : 21] for some
R € K[z20, 21]a, then P is such that P(yo,y1,2) = P(yo,y1 + yoR(z,1), 2).

Proof. Recall that the transition function is given by v, p € Aut(F, x A'\ {0}),
Ve,r: ([To s 21590 2 1], 2) = ([wo : 212° + 20 P (Yo, 1, 2); 02 : 11), 1)

and that the morphism 7: Z%¢F — T, is given on the two charts by 79,71 : Fj x
A' — F,, which send ([ : z1;y0 : ¥1],2) respectively onto [yo : y1;1 : 2] and
[yo 1 y1;2 : 1].

We construct a transition function v ps of the P'-bundle ¢7: X — F, for some
¢ € Aut(F,), and show that this one is equivalent to the one of P (modulo the
equivalence described in Lemma 3.3.6). To do this, we find corresponding birational
maps 6,01 compatible with the following commutative diagram:

=

) hen o([yo : y1;20 @ 21]) = [Yo : y1;z0 + Bz1 : vz0 + 021] for some
o= {?; g € GLg, the action of ¢ on F, corresponds to

[yo:yis1:2] = [yo:ya+Bz:y+062] = [(a+B2) "y : yi; 1: ZE5E]
[yo:y1;52:1] = [yozyl;az+ﬁ:'yz+5]:[(vz—kd)“yozyl;?‘;igj:1]

on the two charts. To check that the action we gave on the moduli space is the
right one, we only need to check it for generators of GLs.

(i) We first do the case where v = 0 (upper-triangular matrices). The second
chart of I, is preserved and ¢ corresponds to

[Yo:y1;1:2] = [yo:y;a+PBz:02] = [(Oz—i—ﬁz)“yo:yl;l:ﬁ]

[yo:y1;2:1] = [yo:y;az+p8:48] = [6“y0:y1;o‘zgrﬁ:1]
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on the two charts. It suffices then to choose

0 : F, x Al = Fp, x Al
=

([zo : z1590 - 1), 2) ([wo : 21 : 890 = 1), 252)

and to choose a transition function P’(yo,y1,2) € k[yo,y1,2] such that 6, =
(ve, p/)*1911/67 p is a local isomorphism at each point where z = 0. We compute
that 0o ([zo : z1; Y0 : ¥1], 2) is equal to

([mo: (Bz;-a) (m + gR(yo,th)) Bz + )y : yl} %)

where R(yo,v1,2) = P(yo,y1,2) — P'(yo(Bz + )% y1, ﬁfﬁ) We then only need
to choose the transition function P’(yo,v1,2) € K[yo,y1, 2] so that 6y is a local
isomorphism at each point where z = 0, which corresponds to say that the valuation
of z at R is at least c. We will observe that such a P’ exists in the equivalence class
of P. Writing P’ (yo,y1,2) = Z?O yhyt T P! (2) 2% we get

(2

b . . §aitlp /( sz )
P'(yo(Bz + o), y1, ,@jﬁ) = Z%yo"m Tiﬁ-zm—‘rl
i=
, 6a1+1 /([3z+a) .
and then we need to choose the P; such that —z === — P;(2) has valuation

> c at 2. Since 8z + « is invertible in k[2]/(2¢7*~1), we find a unique solution in
k[z]/(z°7%71), equal to 5270 (P;) by Lemma 3.4.3(2).

. . . 1
(#4) Tt remains to consider the case where o = [(1) 0} . The two charts are here
exchanged, so it suffices to choose v. pr = (v, p)~!, which yields P'(yo,y1,2) =
—P(y02z%, y1, %)zc, which is equivalent to
b
P(yoz% 41, 3)2° = Zz ooz Yy Pi(2)(2) e

Yoo Yoyt 1(Pz(i)zc @im2) gt
Zf 03/03/[1) 1U(Pi)zai+l~
(2) Suppose now that a = 0 and that o([yo : y1;20 : 21]) = [ayo + By1; vyo + 0y1 :
2o ¢ z1). Choosing 61 = 02: ([xo : z1590 : ¥1],2) |—>A([x0 s xy oy + Byt
VYo +6y1], 2), we get v, pbh = Oavc, p With P(yo,y1, z) = P(ayo + By1, vyo + 0y1, 2).
(3) Suppose now that a > 0 and that ¢([yo : y1;20 : 21]) = [yo : y1 + R(20, 21)yo :
zo @ z1] for some R € Kk[zp,21]a. We then choose 61: ([zg : z1;90 : v1],2) —
([vo : =1 : yo : y1 + R(z, Dyol,2) and b2: ([xo : z1;90 : yl],z) — ([;ro Dy o
Yo : y1 + R(1,2)yol,2), and get 1/67[:,01 = Oyv. p with P(yo,y1,2) = P(yo,y1 +
yoR(z,1), 2). O

Lemma 3.4.3(1)

Corollary 3.4.6. Let a,b,c € Z, witha >0, b>1 and ¢ > 2. We recall that GLo
acts on k|z]<, (Definition 3.4.1) and on k[yo,v1]s when a = 0 (Lemma 3.4.5(2)).
We have the following equivariant isomorphisms.

(1) Ifa>1, then Mb¢ ~ P (@ yhyt Tt k‘[z]gc_g_a,) as GLy-varieties.
(2) If a =0, then as GLa x GLg-varieties:

Mg© =P (klyo, y1]o @ k[z]<c—2) = P (Hom((k[yo, y1]s)", k[z]<c—2)) -
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Moreover, if b = ¢ — 2, then Hom®"“2((k[yo,y1]s)*, k[z]<p) = {M; A € k}
and the identity element corresponds to Z0*+2F with

P = El oYyt T P(2)2 and Py(z) = 2 fori=1,...,b.

Proof. (1) and the first part of (2) follow from Corollary 3.3.8 and Lemma 3.4.5.
We now assume that b = ¢ — 2 and define a non-degenerate bilinear form ¢ as

follows.
b l]::[yO;yl]bb R ]:[Z]Sb A k
CjmoGvoyt 7 Ximodiz') = Xigad
The map ¢ is GLs-invariant. Indeed, by bilinearity, it suffices to check that for all
g € GLg, for all j =0,...,b, and for all (u,v) € k? we have

b
¢<9 vy ]79.Zuivb—izi> (ydyl Zuz b—i z) it

i=0
a B

0 6} . Since these elements

This can be checked directly for g = [(1) (1)] and g = [

generate GLs, the GLy-invariance of ¢ follows.

Therefore the GLo-representations k[yo, y1]» and k[z]<p are dual to each other.
Since they are both irreducible (consequence of Remark 3.4.2), it follows from
Schur’s lemma that Hom“"2 ((k[yo, y1]s)*, k[2]<s) = {M; X € k}. Identifying k[2]<
with (k[yo,y1]s)* via the map ¢ above, we see that {1,z,..., 2%} is the dual basis
of {y%,yort™",..., 45}, Hence the identity element corresponds to Zl Oygyll’ i
as an element of k[yo, y1]» ® k[2]<s, and so it corresponds to the P'-bundle Z2b+2F
with P as in the statement of the corollary. O

Remark 3.4.7. In the proof of Corollary 3.4.6 we use the fact that the ground field
is of characteristic zero to say that the GLo-representations k[yo, y1]p and k[z]<p are
irreducible. However, the statement of the corollary is true over any algebraically
closed field of arbitrary characteristic (but a general proof is longer).

3.5. The P'-bundles S, — P! xP!. We now study two families of non-decomposable
P!'-bundles X — F,, in §3.5 and §3.6, which will play an important role in the fol-
lowing (see Proposition 3.7.4).

Definition 3.5.1. For each integer b > 1, we define Sb — Fy =P x ]P’l to be the
P'-bundle Zo"*F 5 By where P = Y0 Oyoyll’ ‘Py(2)z and Pi(z) =

Remark 3.5.2. The P'-bundle S, — Fy naturally arises in Corollary 3.4.6(2), which
explains why the image of Aut® (S'b) — Aut®(Fy) contains the diagonal group Ha =
{(9,9) | g € PGLy} C PGLy x PGLy = Aut®(Fp). Lemma 3.5.5 below explicit this,
and shows that Aut®(S,) ~ PGLs.

Remark 3.5.3. The P -bundle S, — Fy has numerical invariants (0,b,b+ 2), since
it is equal to Zg’b+2’P for some polynomial P (see Remark 3.3.5).

Remark 3.5.4. We will prove in Lemma 4.2.4, that the P!-bundle S, of Defini-
tion 3.5.1 coincides with the lift of the Schwarzenberger bundle S, — P2 of Defini-
tion 1.2.6.

Lemma 3.5.5. Let b > 1 be an integer, and let us denote by m, 7' the P'-bundles
7Sy = P x P, ol FUTROTL L PUx P Then, the following holds.
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(1) For each i = 1,2, denoting by pr;: P! x P — P! the i-th projection, the
morphism pr;m: Sy — P! is a Fy-bundle. Denoting by S; C Sy the union of
the (—b)-curves of the Fy’s, the intersection C = S1 NSy is a curve isomor-
phic to the diagonal A C P! x P! wvia 7. It corresponds to the intersection
of m=Y(A) with the surface xo = 0 in both charts.

(2) We have Aut®(S,) ~ PGLs, and a commutative diagram

T
A P - }-g+1,b+1

where all maps are PGLa-equivariant, the action of PGLy on P! x P! is the

diagonal one, the action of PGLy on ]—'gﬂ’bﬂ is given by

(©) [zo : z1590 : Y1320 : 21] > [To : 15090+ Byr = VYo +0y1; azo + Bz1 : yzo+021),

the morphism n the blow-up of the curve C' C .7-'3+1’b+1 given by P! —

fgﬂ’bﬂ, [u:v]—=[1:1:u:v:u:v], and the morphism € is the blow-up
of the curve C.
Moreover, every automorphism of the P'-bundle S, — P' x P! is trivial.

(3) The curve C is the unique curve invariant by Aut®(Sp).

Proof. We write m = b+ 1. The fact that (¢) yields an action of PGLy on Fg"™
follows from the fact that [xo : z1; A\yo : Ay1; Azo = Az1] = [Nz : N @13 90 : Y15 20 ¢
z1) = [To : 1590 : Y1; 20 : z1] for each A € k*. The same reason shows that the map
Pl — Fo™ u:vl = [1:1:u:v:u:o]is a well-defined closed embedding. The
image C' is sent to the diagonal A C P! x P! and the action on P! x P! (via the
Pl-bundle Fy"™ — P! x P!) is the diagonal action.

We now construct a birational map ¢: Fy""™ --» Si—1 = Sp.

The two open subsets Uy, Uy C Fy""™ where zg # 0 and 21 # 0 respectively, are
isomorphic to F,, x Al via

F,, x Al

to: ([wo: 1590 1 y1], 2)
t: ([wo:z1iy0 291, 2)

J—_-m,m

0
[1: w050 s Y151 ¢ 2]
[1: 20390 : 1521 1]

USAN

The transition function 6/ = (11)~1¢o € Bir(F,, x A!) is then given by

1
([zo : z1390 = 1], 2) = ([330 cw12™yo 1yl Z)
and the curve C’ C F,"™ yields a section of F,,, x Al — Al given by Al < F,,, x Al,
z— ([1:1;1:2],2) and z — ([1:1;z: 1],2) respectively on the two charts. We
can then blow-up C and contract the strict transform of 7/~ (#/(C")), and do it on
the two charts via

F,, x Al ——» Fp x Al
wo: ([wo:ziy0:m1),2) = ([wo(yoz —y1) @ @1 — 2oyl Yo = Y1), 2)
e1: ([ro:xiyo syl z) = ([volyo —y12) r 21 — 2oyl 4o = Y1), 2)
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Computing the transition function 8 = o8’ (¢1)~! € Bir(F, x Al), we obtain

ymzm _ ynz 1
([zo 21390 1 1], 2) = <[xo a2 oz 0 s ), ) )
Yoz — Z
which is the transition function of the P!-bundle &, — P' x P! (see Definition 3.5.1).

Since C” and 7'~1(7/(C")) = #'~1(A) (where A C P! x P! is the diagonal) are
invariant by PGLy, the birational ¢ is PGLg-equivariant, for some biregular action
of PGL, on Sy, acting diagonally on P! x P, and preserving the curve C' C S, being
the image of the contracted surface «'~!(7/(C”)). Note that this curve is given by
the intersection of zg = 0 with 7=!(A) in both charts, where A C P! x P! is the
diagonal (follows by replacing yo,y1 with 1 and z in o and with z and 1 in ¢;).
This yields the commutative diagram of (2), with 1 = ¢ ~1. To achieve the proof of
(2), we only need to show that the homomorphism PGLy — Aut®(S,) constructed
by this map is surjective.

The second projection pry: P! x P! satisfies that prym: S, —»Plisa Fp-bundle,
trivial on P\ [0 : 1] and P! \ [1 : 0] with transition function . The union of the
(—b)-curves of the Fy’s is a surface Sy C Sb, which corresponds to xg = 0 on both
charts and is then by 1 onto the surface S5 C Fy"™ given by z1 = 0.

The involution ¢’ € Aut(F)""™) given by o’: [zo : x1;y0 : Y1520 : 21] — [71 :
To;20 1 2130 : y1] commutes with PGLy, preserves C’ and 7/~ !(7'(C)), hence
o=y to'h = po’pt € Aut(Sp). Since o and o’ act on P! x P! by the exchange
of the two factors, prym: Sy — P! is also a Fj-bundle. The union of the (—b)-curves
of the Fy’s is a surface S; = o(S2) C Sy, which is then sent by 1 onto the surface
S1 C Fy™ given by xg = 0. The two surface S, S5 C Fo"™ are disjoint and also
disjoint from C’. Their strict transform on X are then again disjoint, and their
images on S, intersect only along C. This yields (1).

To prove (2), it remains to show that Aut®(S,) ~ PGL; and that every auto-
morphism of the P!-bundle &, — P! x P! is trivial. Every element of Aut®(S,)
permutes the fibres of the two Fy-bundles prym, prom: Sy — P!, so S; and Sy are
both invariant, and the same holds for C = S; N S,. Since 7(C) = A C P! x P!, the
image of Aut®(S,) — Aut®(P! x P') is the diagonal PGLs. It suffices then to see
that every automorphism of the P!-bundle Sb — P! x P! is trivial. This amounts
to show that every automorphism of the P'-bundle F7""™ — P! x P! that fixes C’
is trivial. Indeed, every automorphism of the P!-bundle F5"™ — P! x P! preserves
S7 and 5%, so is of the form

[To : Z1;90 : Y13 20 : 21] = [AZo : T15Y0 : Y13 20+ 1)

for some A € k*. It preserves C’ if and only if A = 1.

We finish the proof by proving (3). It follows from the construction that C' =
S1NSy C S’b is invariant by Auto(gb). It remains to show that every curve ¢ C Sb
invariant by Aut®(S,) is equal to C. The action of Aut®(S,) on P! x P! being the
diagonal action of PGLg, we find that = (¢) is the diagonal A, and thus have to
see that C' is the only curve invariant by the action of Aut®(S,) ~ PGL;y on the
surface V = m~1(A), which is a P!-bundle V' — A. To do this, it suffices to find
an isomorphism V' — P! x P! that sends C onto the diagonal. Indeed, the action
of PGLy on P! x P! will then have to be the diagonal action, which only preserves
the diagonal.
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We restrict the transition function of Sy to V and get ([zo : 21;1 : 2], 2) — ([zo :
2122+ wo(b+1)2"T 10 2], 1) = ([wo : w122 + @o(b+1)2; L 1 1], 1). The curve C
corresponds to 2o = 0 on both charts. The isomorphism V —» P! x P! can then
be chosen on the two charts as

([wo s 21;1:2],2) — (Jx1:xo(db+1)+212],[1:2])
(ko : 2152 :1],2) = ([—(b+Dao+x12: 21],[2: 1]).

which is an isomorphism since b + 1 # 0 (as we assumed char(k) = 0). O

Remark 3.5.6. The result above really uses the fact that char(k) = 0. When char(k)
divides b + 1, there are indeed two curves invariant by Aut®(S,) ~ PGLs.

)
1;1:0;0:1] € Fg"™ to [1: s : ;8 : d]. Therefore g - pg = po if and only if
B =v=0and o =90 is a m—th root of unity. As dim(PGL2 /) = 3, we see that
PGLy /g, is a dense open orbit for the diagonal action of PGLy on Fg"™. As Sb
is PGLg-equivariantly birational to F¢"™, the same holds for Sp.

Remark 3.5.7. Let m = b+ 1. An element g = {: B] € PGLy sends pg = [1 :

3.6. Umemura P!'-bundles. In this section we introduce a new class of non-
decomposable P!-bundles on Hirzebruch surfaces. To the best of the authors knowl-
edge, those appeared for the first time in the work of Umemura [Ume88, § 10] and
that is the reason why we chose to call them Umemura bundles.

Definition 3.6.1 (Umemura bundles). Let a,b > 1 and ¢ > 2 be such that ¢ =
ak+2 with 0 < k < b. We call Umemura P'-bundle the P'-bundle U2¢ — F, given
by Ul = Z5eF — Fo with P = yfy) 271

Remark 3.6.2. Recall (see Notation 3.3.4) that U>¢ = Z5F is obtained by the
gluing of two copies of F x Al along F, x Al \ {0} by the automorphism v €

Aut(Fb X Al \ {0}),
v: ([zo: 2390 s 01),2) = ([wo: 212 + zoyfyy F 2o oz 1),
= ([wo : 21277 + woyfyy F 2P iy 1127, L)

C

and that U%¢ — F, sends ([zo : 21;90 : ¥1],2) € Fp x Al onto respectively [y :
y1;1 : 2] € F, and [yo : y1;2 : 1] € F, on the two charts. It has then numerical
invariants (a, b, c).

Lemma 3.6.3. Let a,b>1 and ¢ > 2 be such that ¢ = ak +2 with 0 < k <b. The
morphism m: U>¢ — T, yields a surjective group homomorphism

p: Aut®(ULC) — Aut®(F,).

Proof. The statement corresponds to show that the element of M%¢ corresponding
to UL is fixed by the whole group Aut®(F,). We only need to check it for generators
of Aut®(F,), using Lemma 3.4.5.

Recall that the polynomial P is given by P(yo,y1,2) = Z?:o yiyt T Py (2) 2%
P; € k[z]<c—2-q; (Notation 3.3.4), where here all P, are zero except one, namely
Py, equal to 1. Lemma 3.4.5(1) shows that GL fixes the class of 4%¢ in M%¢, since
P, is sent onto o(Py) € k[z]<c—2—ak = k[z]<o = k. Lemma 3.4.5(3) then shows
that an automorphism [y : y1; 20 : 21]) = [yo : y1 + R(20, 21)y0 : 20 : 21] of F, sends
P onto the polynomial P’ equivalent to the polynomial P(yo,yl, z) that satisfies
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ybyb =k 21 = P(yo,u1,2) = P(yo,y1 + yoR(2,1),2). The polynomial Py is then
equal to P, = 1, and all polynomials P; with ¢ < k are zero, and thus equal to P;.
The other coefficients do not come in the equivalence class, since ¢ — ai — 2 < 0 for
these. 0

Remark 3.6.4. With the notation above, the group of automorphisms of P!-bundle
of UY¢ identifies with the vector group @?:1 k[z0, #1]ai—1 whose action on Y% can
be described on the first chart by the following biregular action

F(,XAl — FbXAl

b s b
([ro : 1590 s 1), 2) ([SUO 1x1+ Zo Zizl yéyi) ‘qi(2,1);90 : yl]az) .
where @ = (¢;)i=1,.p € @Ll k[z0, 21]ai—1- This can be computed for instance by
using the transition function of U%¢. The action on 7~ !(s_,), which corresponds

to yo = 0 on both charts, is then trivial.

Remark 3.6.5. The group GLy acts on U”° by acting rationally on both charts
respectively via

Fy x Al — Fy x Al
F) c +6 c—1,k, b—k 5
([xo : 1590 : y1],2) = ([xo : 21 (C':;:LB)W _Hcov(vz azsfﬁgokylbik;yo(ﬁz +a)% 1], ﬁzil)
([ : 1390 = g1, 2) > ([wp 2 g LGS o PR _Woul (4 - §)2 ], 2258,

as it can directly be checked using the transition function.

3.7. Invariant fibres. The following result shows that one can reduce the study of
Pl-bundles X — [, to the case where the action of Aut®(X) on F, acts transitively
on the set on fibres of 7, : F, — P'. This is in particular the case when the action on
F, yields a surjective group homomorphism Aut®(X) — Aut®(F,) (Remark 2.4.5),
and holds for decomposable P-bundles (Lemma 3.1.5), for the P!-bundles Sy —
P! x P! (Lemma 3.5.5) and for Umemura bundles (Lemma 3.6.3).

Lemma 3.7.1. Let m: X — F, be a P'-bundle. If there is a point p € P such
that the surface Tm—(p) C X is invariant by Aut®(X) (where 7,: F, — Pl is
the standard P*-bundle), then there is a decomposable bundle F>¢ — F, and a
commutative diagram

where ) is a birational map satisfying ¥ Aut®(X)yp~1 C Aut®(Fc).

Proof. The surface S = F, \ (7,)!(p) is isomorphic to P! x A, and U = 7=1(S)
is invariant by Aut°(X). Applying Lemma 3.2.1, one can perform finitely many
Aut®(X)-equivariant birational maps and reduce to the case where 7,m: U — P\
{b} is a trivial Fy-bundle. We then find an integer ¢ > 0 and an inclusion U «— Fo:¢
such that the action of Aut®°(X) extends to a biregular action on F2¢. This will
yield a birational map as above, satisfying ¢ Aut®(X )1 C Aut®(F>¢). Moreover,
the equality does not hold since Aut®(F2€) acts transitively on the set of fibres of
7o: Fy — P! (Lemma 3.1.5 and Remark 2.4.5).
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If b > 0, the action of every element g € Aut®(X) on U corresponds then to an
automorphism of Fy x Al of the form

7 b—1

([zo : w1590 s n)2) = ([wo: axy + ZLO y(ﬂh pi(2);
f1(vo, y1, 2), f2(yo, Y1, 2)], az + )

for some a € k*, p; € k[z] and where f1, fo € k[yo, 41, 2] correspond to the coor-
dinates of the restriction of an automorphism of F,. The group Aut®°(X) being
an algebraic group, the polynomials p; are bounded by an integer which does not
depend on g € Aut®(X). It suffices then to take an integer ¢ > 0 big enough and
to send ([xo : 1390 : y1),2) € Fp x Al to [zg : 21590 @ y1;2 : 1] € F2° to be able
to extend the action of all elements g € Aut®(X) to F2¢. (This can be checked for
instance using the description of F%¢ provided in §3.)

If b = 0, the action of every element g € Aut®(X) on U corresponds similarly to
an automorphism of Fg x Al = P! x P! x A! of the form

([o : 21590 : y1),2) —  ([a(z)xo + B(2)x1 : ¥(2)x0 + §(2)21;
fl(yanlaZ)’f2(y07y1az)]aaz+b)

)
where f1, fo € Kk[yo,y1, 2] correspond to the coordinates of the restriction of an
automorphism of F,.

The morphism U — P! x A, ([zo : #1590 : 11],2) = ([xo : 21],2) then yields
an algebraic group homomorphism Aut®(X) — Aut(P! x A'). The image H C
Aut(P! x Al) is then a connected algebraic subgroup of Bir(P! x A!) that preserves
the set of fibres P! x A'. There exist thus an integer ¢ > 0 and an inclusion
P!xA! — F, which allows the image to extend. We find then an inclusion U < F2¢
which allows the action of Aut®(X) to extend. O

where «, 8,7,d € k[z] are such that {3 5] € PGLa(k[2]) (i.e. ad — By € k*) and

Lemma 3.7.2. Let H be a mazimal proper connected subgroup of PGLg x PGLs.
Then H is BxPGLy or PGLy x B, where B C PGLy is a Borel subgroup (conjugated
to the group of upper-triangular matrices), or H is isomorphic to PGLo. In the
latter case, H is conjugated to the diagonal embedding of PGLy in PGLy x PGLs.

Proof. Let p; and ps be the two natural projections PGLy x PGLy — PGL,. If
pi(H) C PGLy, then p;(H) is contained in a Borel subgroup B of PGLs (e.g. by
[Hum?75, § 30.4, Th. (a)]), and so H is B x PGLg or PGLs x B, since H is maximal.

We now assume that p;(H) = PGLy for i = 1,2. Let K be the kernel of
p1g : H — PGLs. As K is a normal subgroup of H and P2 g is onto, p2(K) is a
normal subgroup of PGLsy. As H is a proper subgroup of PGLy x PGL2, we must
have p(K) = {1}, and so K = {1} and pyp is a bijective morphism of algebraic
groups H — PGLs. In particular, dim(H) = 3 by [Hum?75, § 1.4.1, Th.].

We now show that H is simple. Let N be a normal subgroup of H. As PilH
is onto, p;(N) is a normal subgroup of PGLy. If p;(N) = PGLy for some ¢, then
N = H (as they have the same dimension). Otherwise, p;(N) = pa(IN) = {1}, and
so N = {1}. This achieves to prove that H is a simple group.

As dim(H) = 3 and H is of rank at most 2, the classification of simple root sys-
tems yields that H is isomorphic to SLy or PGLsg; see [Hum?75, § 32 and Appendix].
Since pig + H — PGL; is a bijective morphism, H cannot be isomorphic to SLg
(otherwise +£I5 would be sent to I3), and so H ~ PGLsy. In this case, H is conju-
gated to the diagonal embedding of PGLy in PGLy x PGLy. Indeed, this follows
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from the fact that a bijective morphism of algebraic groups is an isomorphism in
characteristic zero (e.g. by Zariski’s main theorem), together with the fact that all
automorphisms of PGLy are inner [ABD*66, Exp. XXIV, 1.3, 3.6]. O

Remark 3.7.3. In characteristic p > 0, the above result is false: we get infinitely
many embeddings of PGLs into PGLs x PGLy with pairwise distinct images, up to

. . . a b a b [a?" "
conjugation, given by e al = U dl P , for n € Z.

Proposition 3.7.4. Let a > 0 and let 7: X — F, be a P'-bundle. Then, there
ezist b, c € Z such that one of the following holds.

(1) X is isomorphic to a decomposable P -bundle Fo¢ — F, (Definition 3.1.1);
(2) X is isomorphic to an Umemura Pt-bundle U>¢ — F, (Definition 3.6.1);
(3) We have a = 0 and (X,7) is square isomorphic to the P!-bundle Sy, — Fo
of Definition 3.5.1); or
(4) There exist a P1-bundle 7: F, — P! and a closed point p € P! such that
(tm)~Y(p) is invariant by Aut®(X).
In cases (3)-(4), there is a decomposable bundle Fo¢ — F, and a commutative
diagram

where 1 is a birational map satisfying ¥ Aut®(X)yp~1 C Aut®(F2e).

Proof. Lemma 3.7.1 and Lemma 3.5.5 give the existence of the birational map
P X --» Fb2¢ in cases (3)-(4), with ¥ Aut®(X)y~t C Aut®°(F). Moreover,
we cannot have equality, since the action of Aut®(F2¢) — Aut(F,) is surjective
(Lemma 3.1.5). It remains to show that we can reduce to the above four cases.
We denote by H C Aut®(F,) the image of Aut®(X) by the natural homomor-
phism Aut®(X) — Aut®°(F,) (see Lemma 2.1.1). If the preimage of one fibre of
7o Fy — Pl is invariant by Aut®(X), we get case (4). We can in particular assume
that all fibres of 7,m: X — P! are isomorphic to F, for the same b > 0 (no jumping
fibre, see Proposition 3.2.2). Hence, X — P! has numerical invariants (a,b,c) for
some ¢ € Z, which is positive if b = 0 (see Proposition 3.3.1 and Definition 1.4.1).
We can moreover assume that X — F, is not a decomposable bundle, since oth-
erwise we obtain case (1). This implies that b > 1, ¢ > 2 and that X — F,
is isomorphic to Z»%F — F,, where P(yo,y1,2) = Z?:o Yo'y T Pi(2) 2%t and
P;(z) € K[z]<c—2—qi for i =0,...,b (Corollary 3.3.7).
For each h € Aut®(F,), we have h € H if and only if there exists i € Aut®(X)
such that the following diagram commutes
X— " .x
Ty 2
F, —F,
h
This is thus equivalent to ask that the class of X — F, in M%¢ (see Corollary 3.3.8)
is fixed by the action of h.
We now consider two cases, depending on whether a > 1 or a = 0.
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Case a > 1: We denote by iy the smallest integer such that P;, # 0. For
each element & € PGLo, there exists an element of H C Aut(F,) whose action on
P!, via 7, corresponds to @ in PGLy. We can write this element as ¢;p2, where
©1, p2 € Aut(F,) are given by

[o = y1; 0z + Bz1 = y20 + 021,
[ZUO Y1+ R(ZO,Z1)yo 120 zl],

w1 [o:wzo:z] —
w2 [yoiyl;zoizl] =

s
0

Lemma 3.4.5 describes the action of ¢; and ¢y on the class [7]. The element @9
does not change the polynomial P;, (Lemma 3.4.5(3)), so o(P;,) has to be equal
to a multiple of P;,, for the action of GLy on k[z]<.—q4, given in Definition 3.4.1
(Lemma 3.4.5(1)). This implies that the class of P, in P(k[z]<c—2—a4,) is fixed by
the corresponding action of PGLy. This happens if and only if (k[z]gc_g_mvo)sL2
is non-zero. As k[z]<c—2_4i, is an irreducible SLy-representation (Remark 3.4.2),
(k[2]<c—2—ais )52 is non-zero if and only if k[2]<._2_44, is the trivial representation,
that is, c—2 = aig and P;, is a constant polynomial. Since iy is the smallest integer
such that P;, # 0, we have P; = 0 for all i < ip. Moreover, P, = 0 for i > iy,
since ¢ — 2 — ai < 0. This implies that P(yo,y1,2) = Ayi*yb 2% +1 and so that
X — F, is an Umemura bundle (see Definition 3.6.1).

Case a = 0: Let a = 0 and m : X — P! x P! be a P-bundle. If H =
PGLy x PGLy = Aut®(Fy), then the moduli space Mg’“ must contain a fixed-point
for the natural H-action, described in Corollary 3.4.6(2). This cannot happen since
the SLg x SLo-representation k[yo, y1]p @ k[z]<c—2 is irreducible, and non-trivial
when b > 1 (as we assumed above).

Assume now that H C PGLs x PGLs is a proper subgroup. If one of the two
projections H — PGL;y is not onto, then one fibre of a projection P! x P! — P!,
is invariant and we get case (4). We then assume that H surjects onto PGLs via
both projections. By Lemma 3.7.2, H is conjugated to Ha := {(h,h) | h € PGLy}
in PGL2 X PGL2

If H is conjugate to Ha, then the moduli space Mg’c contains a fixed-point for the
natural Ha-action. By Corollary 3.4.6(2), we have Mg’c ~ P(Hom((k[yo, y1]p)*, k[z]<c—2)
as a Ha-variety, where we identify Ha = PGLs. Hence /\/18’C contains a fixed-point
if and only if Hom™™2((k[yo,y1]s)*, k[2]<c—2) # {0}. As the SLy-representations
(klyo,y1]p)* and k[z]<.—o are irreducible and of dimension b+ 1 and ¢ — 1 respec-
tively, it follows from Schur’s lemma that Hom®"2 ((k[yo, y1]s)*, k[2]<c_2) = 0 when
b # ¢ — 2. On the other hand, if b = ¢ — 2 then Hom®"“*((k[yo, y1]s)*, k[2]<c_2) =
{Ad; X € k} and so Mg’b+2 has a unique fixed-point corresponding to the identity;
the latter is given by P(yo,y1,2) = Z?:o yiyt T 2 (Corollary 3.4.6(2)) and yields
case (3). O

where o = € GL; represents the class @ € PGLy and R € K[z, 21]a-

Remark 3.7.5. In the proof of Proposition 3.7.4 the assumption that the base field
k is of characteristic zero is required. Indeed, the results from the representation
theory of SLy that we use in the proof are not valid in positive characteristic. In
positive characteristic there are actually more P'-bundles to consider.
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4. P'-BUNDLES OVER P2

The results in §4.1 are valid over an algebraically closed field k of arbitrary
characteristic, but in §4.2 we need to assume char(k) # 2 (due to the fact that
we work with a quadratic form and need 2 to be invertible). In §4.3, Lemma
4.3.1 and Proposition 4.3.4 rely both on Proposition 3.7.4, and so are valid only in
characteristic zero, while Lemma 4.3.3 holds in characteristic # 2.

4.1. Decomposable bundles over P2. In this section we give an explicit descrip-
tion of the decomposable P*-bundles over P2, similar to the one provided in §3.1 for
the P'-bundles over the Hirzebruch surfaces. We give also here global coordinates
on decomposable P'-bundles over P2.

Definition 4.1.1. Let b € Z. Define Py to be the quotient of (A%\ {0}) x (A3\ {0})
by the action of (G,,)? given by

(G x (A2\0}) x (A\{0}) = (A2\{0}) x (4% \ {0})
(1 £); (90,915 205 21, 22)) = (up™"Yo, wy1; p20, pz1, p22)
The class of (yo,y1, 20, 21, 22) will be written [yo : y1; 20 : 21 : 22]. The projection
Py — P2 [yo:yi;20:21: 22) — [20 0 21 ¢ 22)
identifies P, with
P(Op2(b) ® Opz2) = P(Op2 ® Op2(-))

as a P'-bundle over P?. As before, we get an isomorphism of P'-bundles P, ~ P_,
by exchanging yo with y;1, and will then often assume b > 0 in the sequel.

Lemma 4.1.2. For each b € Z, the morphism w: Py — P2 yields a surjective group
homomorphism

p: Aut®(Py) — Aut(P?) = PGL3.

Proof. The existence of p is given by Lemma 2.1.1. The fact that it is surjective
can be seen by making GL3 act naturally on P, and by doing nothing on yg, y1,
and by acting naturally on zg, 21, 22. ([

Remark 4.1.3. Assume that b > 1. The group of automorphisms of P'-bundle of
Py, identifies with the (connected) group

1
{ {p ?\} € GLo(k[z0,21,22]) | A€ K" and p € k[Zo,Zl,Zg]b}
whose action on Py is as follows:

(Ap) - [yo s w1320 = 21 = 22] = [yo + Ay1 + Yop(20, 21, 22) 20 & 21 22].

This can be seen directly from the global description of P} in Definition 4.1.1, and
by using trivialisations on open subsets isomorphic to AZ.

4.2. Schwarzenberger P!-bundles over P2. In this subsection, we study the
Schwarzenberger P!-bundles S, — P2, with b > —1 given by P(k.Op1yp1 (—b —
1,0)) — P? (see Definition 1.2.6). As we will observe, only the cases b > 1 are
interesting, since S_; and &y are decomposable (Corollary 4.2.2).
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Lemma 4.2.1. Denoting by Uy, Uy C P? the two open subsets
Up={[X:Y:Z|X #0} ~A?% U ={[X:Y:Z]|Z #0} ~ A%

the restriction of Sy on P2\ {[0: 1:0]} is obtained by gluing P! x Uy and P' x Uy
along P x (Uy NUy) via the isomorphism given by
: 1]>

b: Pl Us - P! x U,
([ o) = (fombers) o] o]

where a;j(u,v) € klu,v] are the polynomials satisfying

1 0 .
[0 st] ifb=—1,

b b b—1 _ 4b—1
1 s’ —t st(s"t =t
[Sb+1 _ bt st(sP — b if b>0.

S

a11(s+t,st) aia(s+t,st)
0421(5 =+ tv St) 0422(5 + tv St)

s—t
Proof. Recall that S = P(k.Op1 xp1(—m,0)), where m = b+ 1 and k is given by

kP X P P2 ([yo t yal, [20 © 21)) = [Yoz0 © Yoz1 + Y120 © Y12

(see Definition 1.2.6). The preimages of Uy,U; C P? by x are then two open
subsets Ty = £~ 1(Up), T1 = £~ 1(Uy) of P* x P! isomorphic to A% using the standard
coordinates so = U, 1o = 2L, 51 = L1 = 20 € k(P! x PY):

Ty = Hil(Uo) = {([yo ty1)s (20 1 21)) € P! x P! | yozo # 0} = Spec(k[so, to]),

Ty = k1 (U1) = {([yo : 1], [z0 : 21]) € Pt x P! | y121 # 0} = Spec(k[s1, t1]).

The line bundle Opiyp1(—m,0) is trivial on Ty and T7 so Opiyp1i(—m,0) is the
glueing of two copies of A3, via the transition function

(AT\{0} x AT\ {0}) x AT =+ (AT\ {0} x AT\ {0}) x A
(SOat07a0) = (ia%aaosgl),
which corresponds to the identifications a; = agsQ®, s1 = i, t, = % This tran-
sition function implies that a section on Ty N T} correspond on the first chart to
an element f(so,to) € k[so*!,to™!] and on the second chart to s;mf(i, %) €
k[slil,tlil].

To compute the transition on Uy and U;, we take standard coordinates uy = %,
vy = %, U = %, T % on Uy = Spec(k[ug, vg]) and U; = Spec(k[ug, v1]). We
then observe that for ¢ = 1,2, the morphisms iy, 2 Ty = Ui corresponds to the
injective algebra morphism k[U;] = k[u;, v;] < k[T;] = k[s;, ¢;] that sends u; and v;
onto s; + t; and s;t; respectively.

The space of sections k,Opixpi(—m,0)(U;) = Opiypi(—m, 0)(T;) ~ k[T;] =
k[s;, t;] is a free k[U;]-module of rank 2 generated by 1 and &; = s, — ;. This base
being chosen, it determines a transition function, which is of the form

UO x A2 -2 Uy x A2
bo ug 1 a11(ug,vo)  ai12(uo, vo) bo
(uo,vo, L)J) ~ <“°’ v’ g1 (uo,v0)  a2a(ug,vo)| (b))’
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for some o;; € k[ug, vo*!]. We then take a section on Uy N Uy, which is given on

the first chart by fo(uo, vo), fi(uo,vo) € k[ugp, vo™'], and on the second chart by

go(ur,v1) = ann (¥, ) fo(3, 1) + an(®, ) (%, ) € kfuy, 0™,
gi(ur,v1) = 0421(1,1»Ul)fo(vl7v1)+0422(%»ﬁ)f1(%7a) € klug, v .

The corresponding section on Ty N Ty corresponds then on the two charts to
f(s0,t0) = fol(so +1t07150f0) + (s0 — to) f1(s0 + to, soto) € k[sg, 151,
g(s1,t1) = Sfmf(ga E)

= go(s1 +t1,s1t1) + (s1 —t1)g1(s1 +t1,51t1) € k[SfﬂJflL

‘We then use the equalities

2g0(s1 +t1,s1t1) = g(s1,t1) + g(t1, 1) Ek[sl ,til]

2g1(s1 + t1, sltll) = slwtizalhin) ¢ et ),
90(3%, 55) = ai(uo,v1)foluo, v1) + ara(uo, v1) f1(uo, v1) € klug, vi*'],
gl(%v%) = a21(u07vl)f0(u0avl)+Oé22(u07'01)f1(uo,1)1) c k[“Oavlil],

to compute the ay;:

2g0(%fte, I=) = g(5o i) T 9(5s ) = 55" f(s0, to) + 15" f (to, s0)
= (5 ) folso +to, soto) + (55" — 57 (50 — o) f1(s0 + to, soto)

291(52(;()0’ soto) = _(9(507 to) - g(%v %))45‘20 go = (Sglf(S(),t()) tz]nf(to, 80))ﬁ

= —soto—- o ,t & fo(so + to, soto) — soto(sg’ +t5") f1(s0 + to, soto)

and get

[Oén(so + to, soto)

12(s0 +to, soto)| _ 1| sg"+ 10 (55" —t5")(s0 — to)
a1 (S0 + to, Soto)

«a
o

a22(80 + to, Soto) —Soto—2— 2 —soto(sgt + t7")

If m = 0, we get simply the matrix defined above. If m > 1, we change the

transition function, by observing that

[1 tt} Lstﬂm (sm—tm)(s—t)] [2 s+t]

m__ym

0 2 - —st(s™+¢t™) | [0 -1
 dat sm—l _ tm—l St(sm—Q _ tm—?)
~ t—s gm — tm St(sm_l _ tm—l)

O

We then recover the following result already observed by Schwarzenberger [Sch61,
Prop. 7].

Corollary 4.2.2. We have the following isomorphisms of P!-bundles S_, ~ P, =
]P)(O]pz(].) () 0@2), SO ~ P() = ]P)l X Pz, and 81 ~ ]P(T]pz)

Proof. Let us note that to obtain the transition function of the tangent bundle
Tp2, it suffices to differentiate the map corresponding to the change of coordinates
between two affine charts of P2. It follows that the transition function of the
projectivised tangent bundle over P2\ [0: 1 : 0] is

P! x UyNU; = P! x UyNU;
|_>

([xo : 1], [1:w:v)) ([wo : wou + zyv), [2: %1 1))
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Applying Proposition 4.2.1, the transition functions, for b = —1,0, 1, correspond

. . 1 0 0 -1 1 0 . .
respectively to the matrices [O v} , [1 0 } and {u v] , which gives the result.

Remark 4.2.3. One can also see S ~ P(Tp2) as

Z = {([zo: w122, [yo s w1 s o)) € PP X P?| D myy; = o},

with m: S; — P2 the projection on the first factor. We again find the same transition
function, by trivialising the P!-bundle over Uy and Uj, via:

Uy X P! — Z
(Trw:v),[zo:21]) —  ([1:u:v],[—xou —x10: 20 : T1))
U1 X ]Pl — Z

([v:wu:1],[zo:21]) — ([v:w:l],[—z1:x0: —Tou+ 210])

Seeing the equation with vectors, as o -y = 0, the group PGL3 then acts via
(2,9) - (Az, A~y

We will see in Lemma 4.2.5(2) that Aut®(S;) ~ PGLs3, so the above action yields
all elements of Aut®(Sy) (but not of Aut(Sy), as we also have (z,y) — (y,x)).

Lemma 4.2.4. For each b > 1, the following hold:
(1) The P -bundle S, — P* x P! is isomorphic to

Sy xp2 (Pt x P) = P! x P!,

obtained by pulling-back the Schwarzenberger bundle S, — P2, via the dou-

ble cover k: PLxP! — P2. In particular, Sy is isomorphic to P(k* (54 Op1 wp1 (—b—

1,0))) — P! x P
(2) The only curve invariant by Aut®(Sy) is the curve C C Sy, being the preim-
age by of the curve D C Sy given on the two charts of Lemma 4.2.1 by

{([zo : 1), ([L: 2t : #°])) € Pt x Up | wo + tar = 0},
{([«TO : x1],([t2 22t 1]) c P! x U, |.’£0 —tx, = 0}.

Proof. (1) We take as usual coordinates ([yo : ¥1], [20 : 21]) on P! x P! and denote
by Ty, Ty C P! x P! the open subsets given respectively by 3020 # 0 and y12; # 0.

The restriction of m: S xpz (P! x P1) — P x P! to To UTy =P x P\ {([0 :
1],[1:0]),([1:0],[0: 1])} is given by gluing P! x Ty and P! x T} along P! x Ty NTy
by the isomorphism 6 € Aut(P! x Ty N T}) induced by

Pl X TO -—> ]Pl X T1

(|| wesim) = ([ on i "G )] (2] @

(Lemma 4.2.1). We then define two open embeddings ¢;: P! xT; < Fpx A, i =0, 1:

P! x Ty “ Fy x Al

SN
([wo : 1], ([T = s, [1:¢]) — ([~x0—txy:z1;1: 8],t)
P' x Ty < Fy x A
([wo s 1], ([s: 1, [t: 1)) = ([—xo+tay : 21;8: 1),t)

1
t

1)
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and compute ¢10(.o) ! € Bir(F;, x Al):
Ty x Al Lla(bo)_l Ty x Al
([xo : 2151 : 9], 2) — ([yz—b;vo : ybt%mzo—kzwrlml;% : 1],%)
= ([xo s 2222 oz Z?:o Y21y, %)
1s yields then vy ptg = 110 where vy p € Aut(lFy, x 1s given by
This yields then 0 where v, p € Aut(Fy x A\ {0}) is given b
1
W,p: ([zo : 1390 = 1], 2) = ([900 : 9U1Zb+2 + 20 P (Y0, Y1,2); Yo : Y1l z) )
with P(yo,y1,2) = Z?:o Yoyt Pi(2)2, and Pi(z) = 2' € k[z]<p for i = 0,...,b.
This shows that the P!-bundle is isomorphic to S, — P! x P! over Ty U Ty (Defi-
nition 3.5.1) and thus over the whole P! x P! by Lemma 2.3.1. This achieves the
proof of (1).
: By Lemma 3.5. , there 1s a unique curve C' C &, invariant by Aut®(Sy),
2): By L 3.5.5(3), th i i CCé&yi i by Aut®(S

which corresponds to the intersection of #=1(A) with the surface o = 0 in both
charts P! x A!. It then corresponds to the curve given in P! x Ty and P! x T} by

{([xo : x1], ([1 : t],[1 : t])) € P* x Ty | o + tz1 = 0},
{([wo : z1], ([t : 1], [t : 1])) € PL x T} | xg — tay = O}.

Sending this curve in S yields a bijection C — D, where D C S, is given locally
as above. (]

Lemma 4.2.5. Let m: Sy — P? be the b-th Schwarzenberger P -bundle, with b > 1,
let T C P? be the conic which is the ramification locus of x: Pt x P! — P? (see
Definition 1.2.6).

(1) If L c P? is a line, the P*-bundle 7= (L) = L ~ P! is isomorphic to

F, — P! if L is a line tangent to T';
Fo = Pt if L is a line not tangent to I and b is even; or
Fi. =P if L is a line not tangent to T and b is odd.

(2) The action of Aut®(Sy) on P? yields a group isomorphism

Aut(P2T) = {ge€ Aut(P?)|g(l') =T} ~PGLy ifb>2;0r

Aut®(Sp) H{ Aut(P?) =~ PGLs ifb=1.

Moreover, every automorphism of the P'-bundle Sy — P? is trivial.

Proof. Lemma 4.2.4 implies that #: S, — P! xP? is isomorphic to Sj X pz (P xP!) —
P! x P!. Lemma 3.5.5(2) then yields Aut®(S,) ~ PGLy, with an action on P! x P!
which is the diagonal one, and thus corresponds, via x: P! x P1, to Aut(P?,T) ~
PGL5y. This implies in particular that the image of the group homomorphism
Aut®(S,) — Aut(P?) (given by Lemma 2.1.1) contains Aut(P?,T') ~ PGLs.

Taking a line L C P? tangent to I', the preimage k(L) C P! x P! consists of
two fibres f1, fo of the two projections, exchanged by the involution associated to
the double cover . In particular 7=1(L) is isomorphic to #71(f1) ~ 7~ 1(f2) = Fp,
since S, has numerical invariants (0,b,0+2).

To finish the proof of (1), we take a line L C P2 not tangent to I', and show that
7~ Y(L) is isomorphic to Fy or Fy, depending whether b is even or odd. Using the
action of Aut®(Sp), we can choose the line of equation Y = 0. Using the notation
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of Proposition 4.2.1, the restriction of S, — P2 on P2\ {[0 : 1 : 0]} is given by by
gluing P! x Uy and P! x U; with

0: P! x U, - P! x U,
o 1w v) — o (u,v) - arz(u,v)| 7o JE ]
x1 a1 (u,v)  age(u,v)| x|t " v
where a;j(u,v) € klu,v] are the polynomials satisfying

a11(s+t,st) aia(s+t,st) 1 st —¢b st(sP=1 — 1)
o1(s+t,st) oa(s+t,st)|  s—t |sbTt—t0F! st(s® — 1Y)

We then observe that s + ¢ divides ===t~ if n is even (by replacing t with —s),

s—t
and that ©=L" = s"~1 = +(st)"z (mod s +t) if n is odd. This yields
b
0 b +oz if b is even,
+v2 0

a 07 0

Q21 (0, ’U) Q29 (0, ’U)
b+1 if b is Odd,
0 +v =z

{au(o, v) (0, v)}

and achieve the proof of (1).

To prove (2), we study the group homomorphism p: Aut(S,) — Aut(P?). As
we observed, the image contains Aut(P?,T') ~ PGLy. It is then equal to Aut(P?,T")
if b > 2 (follows from (1)). If b = 1, then p is surjective since &y ~ P(Tp2)
(Corollary 4.2.2 and Remark 4.2.3). To finish the proof of (2), it remains to show
that every automorphism « of the Pl-bundle S, — P? is trivial. The lift of «
yields an element & € Aut(Sb) which acts trivialy on P! x P! and thus is trivial by
Lemma 3.5.5(2). O

Remark 4.2.6. Let T' C P? be the smooth conic of Definition 1.2.6. Then the natural
embedding of Aut(P?,T') ~ PGLy in Aut(P?) = PGL; is the one induced from the
injective group homomorphism

2 2
a b a ab b
() GLy(k) - GLa(k). [c d]Had_bc 2o ol be 2

Also, PGL; acts on P? with two orbits which are I' and its complement. Indeed, the
morphism x of Definition 1.2.6 is PGLo-equivariant, where PGLo acts diagonally
on P! x P!, and as P! x P! is the union of two orbits (namely, the diagonal and its
complement), the result follows.

Remark 4.2.7. Let m = b+1 > 2. By Lemma 4.2.5 the group PGL, acts on S, and
the (2 : 1)-cover Sy — Sy is PGLs-equivariant. Hence, by Remark 3.5.7, S, has an
open PGLy-orbit, say PGLg /F, where F is a finite subgroup that fits into an exact
sequence 0 — py, — F — po — 0. Actually, using (e), an explicit computation
of the stabiliser of a point in the P!-fibre over [0 : 1 : 0] € P? yields that F is the
dihedral group of order 2m; see [Ume88, Lem. 4.5] for details.

Remark 4.2.8. Writing X = P(Tp2), Lemma 4.2.5 shows that the action of Aut®(X)
on P? yields an isomorphism Aut®(X) —s PGLs. This classical observation can
also be seen as follows. Let B be a Borel subgroup of G = PGL3, and let P be
a maximal parabolic subgroup of G containing B. Then the structure morphism
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X — P? identifies with the projection G/B — G/P (see e.g. [IP99, Ex. 2.1.8]).
Therefore, by [Dem77, Th. 1], we have Aut®(X) = Aut°(G/B) = G.

4.3. Reduction to P!-bundles of the four families. We first show that Schwarzen-
berger and decomposable P!'-bundles over P? are those which have large automor-
phism groups.

Lemma 4.3.1. Let 7: X — P2 be a P'-bundle and let T C P? be the conic of
equation Y2 = 4XZ, and let H C Aut(P?) be the image of Aut®(X). Then, the
following hold:

(1) H = Aut(P?) if and only if m: X — P? is a decomposable bundle or iso-
morphic to the projectivised tangent bundle.

(2) PGLy ~ Aut(P%,T') C H if and only if : X — P? is a decomposable bundle
or isomorphic to a Schwarzenberger S, — P2 for some b > 1.

Proof. If m: X — P? is a decomposable bundle, then H = Aut(P?) (Lemma 4.1.2).
The same holds if 7: X — P? is isomorphic to S; ~ P(Tpz) (Corollary 4.2.2 and
Lemma 4.2.5). If 7: X — P? is isomorphic to S, for some b > 2, then H =
Aut(P?2,T) (Lemma 4.2.5(2)).

It remains then to assume that Aut(P?,T) C H and deduce from it that 7: X —
P2 is decomposable or isomorphic to S, — P? for some b > 1. We use the double
cover k: P! x P! — P? ramified over I' given in Definition 1.2.6, and define a P'-
bundle 7: X = X xp2 (P! xP') — P! xP'. By construction the image of Aut®(X) —
Aut® (P! x P!) contains the group PGLy embedded diagonally, namely the subgroup
of Aut®(P! x P!) preserving the diagonal A, branch locus of x. This implies that
7: X — P! x P! is either a decomposable P!-bundle or square isomorphic to S
for some b > 1 (Proposition 3.7.4). In the latter case, the isomorphism of P! x
P! that comes in the square has to preserve the diagonal, and lifts to Auto(X )
(Lemma 3.5.5(2)) so #: X — P! x P! is in fact isomorphic to Sj. Denoting by
o € Aut(X) the involution induced by the automorphism of P! x P! exchanging
the two factors, we find X = X /o.

We first assume that X — P! x P! is a decomposable P!-bundle, say Fy* ™.
For i = 1,2, the fibres of pr; o 7t: Fy'"'"™ — P! are the Hirzebruch surface F|,,,|,
where pr;: P! x P! — P! is the i-th projection. As o exchanges the fibres, we
get mp = +msy. We now prove that up to conjugationy by an isomorphism of
P'-bundles, we have one of the following situations for the action of o on X:

o: Fo™ — Foo™

[Zo: 21590t Y1520 1 21) —  [xo @120 21390t Y1), m > 0;
o: ]an’m — Fgl’m

[o:x1;90 i Y1520 21) — [xo: —®1320 ¢ 215Y0 : ¥1), m > 0; or
o: Fo™™ — Foo™ ™

[To: 1590t Y1520 1 21) — @103 20t 213 Y0 ¢ Y1), m > 0.

If m; = mg = 0, then Fg’o is isomorphic to (P1)2, so o is of the form [x¢ : z1;yo :
Y1520 1 21) = [t(xo : @1); 20 ¢ 213 Y0 : y1] for some element ¢ € PGLg, which is either
the identity or of order two. Applying conjugation, we get one of the above cases
(the last two cases being conjugate).

We then assume that m; = —mo = m > 0. The union of —m-curves in the
fibres of pr; o 7: Fy" ™™ — P! are then given by o = 0 and z; = 0. This implies
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that o is of the form [xo : ©1;y0 : Y1520 : 21] = [%1 : €x0; 20 : 21590 : y1] for some
¢ € k*. Conjugating by an automorphism of the form [zg : 1590 : y1;20 @ 21] —
[Lxo @ 1590 : Y1; 20 : 21], we can assume that & = 1. This gives the third case.

The remaining cases are when m; = ms = m > 0. The union of —m-curves in
the fibres of pr; o 7 is then given by xg = 0, for ¢ = 1,2. This implies that o is of
the form [zo : 21590 @ Y1520 © 21] = [T0 : px1 + 0P (Yo, Y1, 20, 21); 20 * 215%0 © Y1
where p € k* and P is of bidegree m,m in yg, y1, 20, 21. As o is an involution, we
get p = +1 and puP(yo, y1, 20, 21) + P(20, 21, Y0, y1) = 0. In both cases, conjugating
by the automorphism [zg : z1;y0 : y1;20 ¢ 21] = [x0 : 21 £ %xOP(yo,yhzo,zl);yo :
Y1520 : 1], we can assume that P = 0 and obtain one of the first two cases.

We now study the three cases, and show that only the first case can appear, in
which case X is a decomposable P'-bundle over P2. In the first case, we obtain
that X = F("" /o = P(Opz(—m) & Op2) is a decomposable P!-bundle over P2.
In the second case, we consider U := [1 : ;1 : y;1 : 2] ~ A3 which is a o-
stable affine open subset of Fy"™. The corresponding action on A3 is (z,y,2)
(—x,z,y), which is conjugate to (x,y,z) — (—x,—y,z). In the third case, we
consider V:i=[z—1:2+1;1:y+2;1:—y+ 2] ~ A% which is a o-stable affine
open subset of F("~ ™. The action is again given by (z,y,2) — (—z,—y,2). In
both cases the quotient is singular, since the invariant algebra is k[z?, zy,y?, 2] =
k[ X1, Xo, X3, X4]/(X1 X3 — (X2)?), which is impossible since X is smooth.

It remains to study the case where X — P! x P! is isomorphic to S, — P! x P
By Lemma 4.2.4, X is equal to the pull-back of S, — P2, so there is an involution
o' € Aut(X), acting on P! x P! as the exchange of the two factors 7 € Aut(P! x P!),
such that X /o’ = 8. Since every automorphism of the P'-bundle S, — P* x P! is
trivial (Lemma 3.5.5(2)), o = ¢’ is the unique lift of 7, which shows that m: X — P?
is isomorphic to S, — P2, (]

Remark 4.3.2. If k = C, then Lemma 4.3.1(1) is a particular case of a classical
result due to Van de Ven [VdV72, Th.] and Lemma 4.3.1(2) follows from a result
due to Valles [Val00, Th.].

The following result is well-known but since we could not find a reference we
chose to give its proof for the sake of completeness.

Lemma 4.3.3. If G C Aut(P?) = PGL3 is a proper connected algebraic subgroup
that does not fix any point of P2, then one of the following holds.
(1) G = Aut(P?,T) ~ PGLy, where I' C P? is a smooth comic; or
(2) G is a subgroup of Aut(P?, L) ~ GLg xk?, where L C P? is a line, equal
either to Aut(P?, L) or to SLa xk? C Aut(P?, L).

Proof. According to [Sei87, Th. 3], the maximal proper connected subgroups of
PGL3 = PGL(V) are either parabolic or isomorphic to PSO(V) = PSO3 ~ PGLso,
for some non-degenerate quadratic form ¢ on the 3-dimensional vector space V.
There are two conjugacy classes of proper maximal parabolic subgroups in PGLs.
As all the non-degenerate quadratic forms are equivalent over an algebraically closed
field of characteristic # 2, the subgroups isomorphic to PSO3 form a single conju-
gacy class in PGL3.

If G is conjugate to a subgroup of PSOgs, then either G itself is conjugate to
PSO3; ~ PGL, and we get case (1) or G is conjugate to a proper subgroup of PSOs.
In the latter case G has to be contained in a Borel subgroup of PSO;3 (e.g. by
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[Hum?75, § 30.4, Th. (a)]), and so G has a fixed point in P? by the Borel fixed-point
theorem [Hum?75, § 21.2, Th.].

We now assume that G is contained in a proper parabolic subgroup of PGLs.
Then either G fixes a point or G is contained in Aut(P?, L) ~ GLy xk?, where L C
P? is a line. If no point of L is fixed, the image of the natural group homomorphism
G — GLs is either equal to GLg or SLo. Indeed, this image is a connected subgroup,
so again by [Hum?75, § 30.4, Th. (a)] it can be GLo, SLo, or contained in a Borel
subgroup, but in the last case there would be a fixed-point on L by the Borel fixed-
point-theorem. Therefore the kernel of G — GLy is invariant by SLs, and thus
equal to k2, in which case we get case (2), or is trivial. It remains to show that G
fixes a point of P2 if the kernel of G — GLs is trivial. The preimage of —Id € GLo
is an element g € G of order 2 whose fixed points on P? are thus the line L and
a point p € P2\ L. As the whole group G commutes with g, it fixes the point p,
which concludes the proof. O

Proposition 4.3.4. Let 7: X — P2 be a P'-bundle. If X 1is not decomposable

or isomorphic to a Schwarzenberger bundle S, — P2, for some b > 1, then there

exists p € P? such that the fibre f = m~1(p) is Aut®(X)-invariant. The blow-up

n: X = X of f yields a commutative diagram with Aut®(X)-equivariant maps
X—"'1 X

F) ———> P2

where X — Fy is a P'-bundle over Fy, and 7 is the blow-up of p.

Proof. Let H C PGLj3 be the image of the natural group homomorphism Aut®(X) —
Aut(P?). The assumption implies that H does not contain any group Aut(P?,T),
for some smooth conic I' (Lemma 4.3.1).

If H fixes a point p € P2, we blow-up simultaneously p in P? and f = 7~!(p) in
X. Computing explicitly these blow-ups in a trivializing local chart containing pg,
we see that X — Fy is again a P'-bundle. Moreover, since p and f are Aut®(X)-
stable in P2 and X respectively, the group Aut®(X) acts on X.

It remains to show that the case where no point of P? is fixed by H is impossible.
By Lemma 4.3.3, this case can only happen if H = Aut(P? L) ~ GLy x(k?,+)
or H ~ SLyx(k?,+) € Aut(P? L), where L C P? is a line. We take a point
p € P2\ L and denote by Gy and Hy the subgroups of G = Aut°(X) and H
stabilizing p (note that Hy ~ GLg or Hy ~ SLy). Blowing-up the point p and its
fibre yields a P!-bundle X oF equipped with a Gg-action. As the group Hj acts
transitively on P2\ (L U {p}) ~ A%\ {0}, it acts transitively on the exceptional
divisor of the blow-up in F;, and thus Hy acts transitively on P! via the structure
morphism F; — P'. Therefore, by Proposition 3.7.4, the P'-bundle X o5 F
is a decomposable or an Umemura P!-bundle. In both cases, the natural group
homomorphism G = Aut®(X) — Aut(F;) is onto (Lemmas 3.1.5 and 3.6.3), and
so Hy acts transitively on the complement of the exceptional section of Fy (see
Remark 2.4.4). Moreover, by Lemma 2.3.1, the group G identifies with a subgroup
of G; in particular, G must act transitively on P? \ {p}, contradicting the equality
H = Aut(P?, L). O
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5. THE CLASSIFICATION

In this section, we first reduce to four families of P'-bundles, in Proposition 5.1.1,
which uses Propositions 3.7.4 and 4.3.4, and is thus valid only in characteristic
zero. We then study equivariant square birational maps between the four families,
in §§5.2-5.7; the content of these subsections is valid over any algebraically closed
field of characteristic # 2. We then apply the results obtained in §§5.1-5.7 to get
the main result in §5.8, valid only in characteristic zero.

5.1. Reduction to the four families. As a first step towards Theorem A, we
prove the following:

Proposition 5.1.1. Let m: X — S be a P'-bundle over a smooth projective rational
surface S. There exists a Aut®(X)-equivariant square birational map (X, ) --»
(X', 7"), such that (X', 7’) is isomorphic to one of the following:

(a) a decomposable P-bundle Fbo¢— F, for some a,b>0, c € Z;

(b) a decomposable Pl-bundle P, — P?2 for some b >0;

(¢) an Umemura Pl-bundle UL — F, for some a,b>1,¢c>2;

(d) a Schwarzenberger Pl-bundle S, — P? for some b > 1.

Proof. Using the descent lemma (Lemma 2.3.2), we can assume that S = P? or
that S = F, for some a > 0.

In the case where S = F,, we apply Proposition 3.7.4 to reduce to the case of
decomposable or Umemura bundles.

In the case where S = P?, we apply Proposition 4.3.4 to reduce to the case of
decomposable Schwarzenberger bundles, or to the case of Fy, already studied. [

5.2. First links.

Remark 5.2.1. We now study equivariant square birational maps from a P'-bundle
X — S to another P-bundle X’ — S’, both of the above families. The action
being equivariant, we get a birational map 7: S --+ S’ which conjugates the image
H c Aut®(S) of Aut®(X) to a subgroup of Aut®(S”). Hence, ) is a sequence of blow-
ups of points fixed by H followed by a sequence of contractions of curves invariant
by H. The nature of the pair (H, S) given above implies that no point of S is fixed,
and that the only (—1)-curve invariant by H is the exceptional curve of F;. We then
only need to consider this case and study the P'-bundle over P? obtained (which is
given by the descent lemma (Lemma 2.3.2)), square isomorphisms/birational maps
of P1-bundles (doing nothing on S).

We then observe that no decomposable P!-bundle over F; has a maximal group
of automorphisms.

Lemma 5.2.2. For each b > 0 and each c € Z, the rational map
©: Fre - Po—c
[0t @13y0 ty1320 1 21] > [Toyl w15 Y020 1 Y1t Yoz
is a square birational map above a birational morphism n: F1 — P? corresponding

to the blow-up of [0: 1:0]. Moreover, ¢ Aut®(F%)p~! C Aut®(Py_.).

Proof. The birational morphism n: F1 — P2, [y : y1;20 : 21] = [Y020 : ¥1 : Yoz1]
is the blow-up of [0 : 1 : 0], and by construction of ¢, we find that this one
is a square birational map above 7. We then write U = P2\ {[0 : 1 : 0]},
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U = 7=1(U) € Fy, and observe that ¢ induces an isomorphism 7~ (I) — 7~ (U).
By Lemma 2.3.2, ¢ is the unique square birational map above 7 having this prop-
erty (up to composition by an isomorphism of P!-bundles at the target), and is
Aut®(FP¢)-equivariant, which yields ¢ Aut®(F )~ € Aut®(Py_.). We more-
over have o Aut®(Fr¢)p=t C Aut®(Py_e), since Aut®(Py_.) acts transitively on
P2 (Lemma 4.1.2), but every element of @Auto(ff’c)ga_l acts on P? by fixing
[0:1:0]. O

5.3. Reduction of birational maps to elementary links. We show here that
every birational map of P!-bundles between the four types in Proposition 5.1.1 is
a sequence of elementary links.

Lemma 5.3.1. Let G be a connected algebraic group acting on a P'-bundle X — S,
let H C Aut°(S) be the image of G under this action, and assume that either
no curve of S is invariant by H or that (H,S) is one of the following pairs:
(Aut®(F,),Fa), a > 1, (Aut°(P! x PLA), Pt x PY), or (Aut(P? T),P?), where
F={[X:Y:2]|Y?=4XZ} CP? and A C P* x P! is the diagonal.

If p: X —-» X' is a G-equivariant birational map of P*-bundles (as in Defini-
tion 1.2.1) which is not an isomorphism, then we have a sequence of Pl-bundles
mi: Xy = S,i=0,...,n, withmg =7, ™, = 7, and we can write ¢ = Py 0-+-0P1,
where p;: X; -+ X;41 is the blow-up of an irreducible curve €; C X;, followed by
the contraction of the strict transform of m;~1(m;(¢)), and where 7;|y, : £; — 7;(¢;)
yields an isomorphism between ¢; and either s_, C Fy, a > 1, A C P! x P! or
I cP2

Moreover, taking n minimal, the sequence ©1,..., o, S unique, up to isomor-
phisms of P'-bundles.

Proof. Taking an open subset U C P? isomorphic to A2, the P!-bundle X is trivial,
so corresponds to P! x A2. On this chart, the birational map ¢ is of the form

([xo : 21], (u,v)) = ([a(u, v)xo + b(u,v)z1 : c(u, v)xo + d(u, v)21], (u,v))

for some a,b,c,d € k(u,v) with ad — be # 0. Choosing a,b,c,d € k[u,v] with no
common factor, the polynomials a,b,c,d are unique, up to multiplication by an
element of k*. The zero locus of the determinant P = ad — bc corresponds thus
exactly to the subset of U over which ¢ is not an isomorphism.

Denoting by K C S the subset over which ¢ is not an isomorphism, we find
that K is a union of closed irreducible curves. The map ¢ being G-equivariant,
K is invariant by H. The assumption made on (H,S) implies that either K = ),
in which case ¢ is an isomorphism, or (K, S) is one of the three cases (s_q,F,),
(A, Pt x P) or (T, P?).

In the three cases, we can choose, for each point p € K, an open set U C S
and an isomorphism U — A? which sends K N A? onto the line v = 0. Writing
¢ with a,b,c,d € k[u,v] as above, we find that ad — be = Au™ for some integer
n > 1 and A € k*. As wu does not divide all polynomials a,b,c,d, the matrix
M(u,v) = {i Z} is such that My = M(0,v) has rank 1. The ring k[v] being a
PID (principal ideal domain), we can use the Smith normal form and find A, B €
GLa(k[v]) (that are in fact product of elementary matrices since k[v] is Euclidean)

such that AMyB = [(e) 8 , for some e € k[v] \ {0}. Replacing M with AMB,
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we then obtain b = wb', d = ud’, for some V',d" € k[u,v], and get M = M'R
/

with M’ = CCL Z, and R = é 2] The base locus of ¢ is then given, in these

coordinates, by u = 0 and xy = 0, corresponding to a curve £ C X such that 7 yields

an isomorphism 7|y: £ — K. The blow-up of this curve followed by the contraction

of the strict transform of the surface 7~!(K) is locally given by the matrix R. As

det(M') = Au"~1, we proceed by induction and obtain the result. O
5.4. Links between decomposable bundles over Hirzebruch surfaces.

Lemma 5.4.1. Leta,b,c € Z, a,b > 0. The curves of F2¢ invariant by Aut®(F2°)
are given as follows.

(1) The curve lyy given by xg = yo = 0 is invariant if and only if ab > 0 or
ac < 0.

(2) The curve lyg given by x1 = yo = 0 is invariant if and only if ac > 0.

(3) No irreducible curve £ C Fb¢ with £ # log, £ # lio is invariant.

Proof. By Lemma 3.1.5, the morphism 7: F>¢ — F, yields a surjective group
homomorphism Aut®(F%¢) — Aut®(F,). Hence, if £ C F2¢ is a curve invariant by
Aut®(F2¢), then 7(¢) = s_,, and a > 0 (Remarks 2.4.3 and 2.4.4). Moreover, G,
acts on F2€ via [xg : 21540 : Y13 20, 21] V> [Zo : tT13Y0 ¢ Y1320 © 21], S0 any point of
¢ should satisfy g = 0 or 1 = 0 (otherwise we get a whole fibre of a point of s_,
which is contained in £), hence ¢ has to be equal to gy or l19. This yields (3).

We can now assume that a > 0, and show (1), (2), by proving when Iy, l1¢ are
invariant. The surface 7=1(s_,) ~ F, being invariant, the curve log is invariant
when ¢ < 0 and [y¢ is invariant when ¢ > 0. Moreover, the fibres of the Fy-bundle
Fbe — P! (given in Remark 3.1.4) are exchanged by Aut®(F2¢). If b > 0, the
surface S_; given by xzg = 0 is the union of the negative sections and is then
invariant, so log = S_, N7~ 1(s_,) is invariant.

It remains to show that l1g and lyg are not invariant in the other cases. If ¢ <0,
the group G, acts on F2€ via (¢, [zo : 130 : y1; 20 : 21)) = ([T0 : T1+twoyb2y %o -
Y1520 ¢ 21]) so lyo is not invariant. If b = 0 and ¢ > 0, then G, acts on ]-'3’0 via
(t,[xo : 1390 ¢ Y1520 : 21]) = ([wo + tx12§ @ T1590 © Y1520 : #1]) S0 lgp is not
invariant. ([l

Lemma 5.4.2.
(1) For all a,b,c € Z, a,b > 0, the blow-up of the curve log C ]-'3’0 given by
zo = yo = 0 followed by the contraction of the strict transform of the surface
77 Y(s_4) onto l1g C Fotbeta given by x1 = yo = 0 yields a birational map

©: ]:'b,c N fb+1,c+a
. a a
([xo : 1590 s Y1320 2 21]) = ([To: T1yos Yo : Y1320 © 21])-

We have then o Aut®(Fo) o=t C Aut®(Fe+1et9) if and only if ab > 0 or
ac < 0, and =t Aut®(Forbeta)p € Aut®(F2©) if and only if a(c+a) > 0.

(2) For all a,b,c € Z, a,b > 0, every Aut®(F2¢)-equivariant birational map of
Pl-bundles Fo¢ --» X is a composition of birational maps as in (1) (and
of their inverses) and of isomorphisms of PL-bundles.

Proof. As we can check in local coordinates, the birational map Fy --» Fypi1, [0 :
Z1;Y0 : Y1) & [xo : T1Y0; Yo : y1] is the composition of the blow-up of the point
[0:1;0 : 1], followed by the contraction of the strict transform of yo = 0 onto the
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point [1:0;0 : 1]. Doing this in family yields ¢. We have then o Aut®(F2¢)p~1 C
Aut®(FoH1eta) if and only if Aut®(F5¢) preserves log and o~ Aut® (Fotlheta)y C
Aut®(F5°) if and only if Aut®(Fo+tlete) preserves l1o. Hence, (1) follows from
Lemma 5.4.1 for b > 0.

It remains to prove (2). By Lemma 5.3.1, we only need to consider elementary
links F2¢ --» X, obtained by blowing-up an invariant curve ¢ C F2¢, followed by
contracting 7~ 1(7(¢)). The only curves in F2¢ that are invariant are log and lyo
(Lemma 5.4.1), and the links associated to these are given in (1): if we start with
loo, then it is equal to ¢ as in (1); if we start with 19, then it equal to ¢~ ! as in (1)
when b > 1, and is the composition of the isomorphism F2:¢ ~ F%~¢ exchanging
xo and x; with a link ¢ as in (1) if b = 0. O

We recall that the notions of stiff and superstiff P'-bundle, used in the next
result and in the sequel were defined in the introduction (Definition 1.2.3).

Corollary 5.4.3. Let a,b > 0 and ¢ € Z be such that ¢ < 0 when b = 0. Then,
Aut®(Fb¢) is mazimal if and only if a # 1 and one of the following holds:

(1) a=0, i.e. Fo¢ is a decomposable P'-bundle over Fo = P! x P!;

(2) b=c=0, i.e. Fo° is isomorphic to FO0 ~ T, x P!;

(3) —a<c<ab.
Moreover, Fo¢ is superstiff in Cases (1)-(2), and is not stiff in Case (3).

a
More precisely, denoting by r the smallest integer such that ¢ —ra <0, we find

r < b and get an infinite sequence of elementary links
b—r,c—ra b,c b+1,c+a b+n,c+an
Fa e OO - F - - F - ...

which conjugates Aut®(F2:¢) to Aut®(FL+5:c+es) for each integer s > —r. This gives
all Aut® (F2-©)-equivariant square birational maps from F2¢ to another P*-bundle.

Proof. If a = 1, then Aut®°(F%¢) is not maximal by Lemma 5.2.2. We can thus
assume that a # 1. In this case, as we have a surjective group homomorphism
Aut®(F2¢) — Aut®(F,), every Aut®(F2€)-equivariant square birational map start-
ing from F2¢ is in fact the composition of an element of Aut®(F5¢) with a Aut®(F2)-
equivariant birational map of P'-bundles. These are compositions of links given in
Lemma 5.4.2(1) and isomorphisms of P!-bundles, as explained in Lemma 5.4.2(2).

If a =0 or b=c=0, then every Aut®(F’¢)-equivariant birational map of P!-
bundles starting from F%° is in fact an isomorphism of P!-bundles (Lemma 5.4.2).
This shows that F2¢ is superstiff and thus that Aut®(F2¢) is maximal in these
cases, corresponding to (1) and (2).

We then assume a > 2 and suppose that (b, c¢) # (0, 0).

Let us show that Aut®(F2¢) is not maximal when ¢ > ab. Note that b > 0 in
this case, by assumption (we suppose ¢ < 0 when b = 0). Lemma 5.4.2 yields a
Aut®(Fb¢)-equivariant birational map : F2¢ --» F2:¢~ given as the composition
of the links F0¢ —=s Fo-le—a__,  __,gremalbtml)__,Foc—ab By construction
Y Aut® (Fo)p~t € Aut®(F%c~) preserves the curve log, which implies then that
P Aut® (Foo)—t € Aut®(F2~) by Lemma 5.4.1(1).

We now prove that Aut®(F2¢) is not maximal when ¢ < —a. In this case, we use
the Aut®(F2¢)-equivariant link op: Fo¢ -—s Fo+leta oiven by Lemma 5.4.2, which
is made such that ¢ Aut®(Fo¢)p~t C Aut®(Fo+1eta) preserves the curve l1y and
thus yields p Aut®(F2¢)p~! C Aut®(F2Thete) by Lemma 5.4.1(1).
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We can now assume that —a < ¢ < ab. Denoting by r smallest integer such that
c—ra <0, we find r < b and get an infinite sequence of elementary links

]_-CJL)—T,(:—ra IO ]:(llz,c s ]_-g—ﬁ-l,c—ﬁ-a s e s f3+n,c+an —s .

which conjugates Aut®(F2¢) to Aut®(F2Hs:¢+es) for each integer s > —r (Lemma 5.4.2).
Every Aut®(Fb¢)-equivariant birational map of P*-bundles F¢ --» X is a compo-
sition of birational maps as these and of isomorphisms of P'-bundles, since {19 is
not invariant by Aut®(F2~"¢""%) (Lemma 5.4.1(2)) asc—ra < 0and b—r > 0. O

5.5. Links between Umemura bundles over Hirzebruch surfaces. We can
similarly treat the case of Umemura P'-bundles. Recall that such bundles 4>¢ — F,,
are defined by positive integers a,b > 1 and ¢ > 2, such that ¢ = ak + 2 with
0 < k < b (see Definition 3.6.1 and Remark 3.6.2 for more details).

We start with the case where a = 1, and study the P'-bundle V¥ — P? obtained
from UP? — Fy as follows.

Lemma 5.5.1. Let n: F1 — P2, [yo : y1;20 : 21] = [yYozo : Y1 : Yoz1] be the
blow-up of [0 : 1 : 0], which induces an isomorphism between U = n~*(U) and
U=P2\{[0:1:0]}.

(1) For each integer b > 1, there is a P'-bundle 7: V¥ — P2, unique up to
isomorphism of P'-bundles, and a birational morphism 1: L{f’Q — V{’ such
that the following hold:

(i) v is a square birational map over n;
(i)  induces an isomorphism 7~ (U) — =~ 1(U);
(iii) 1 is the blow-up of the smooth rational curve 7=1([0:1:0]) C V?.

(2) If L C P? is a line, the P*-bundle 7= (L) = L ~ P! is isomorphic to

Fy, — P! if L is a line through [0:1:0];
Fip—oy = PY  if L is a line not passing through [0 : 1 : 0].

(3) The image in Aut(P?) of Aut®(V?) is equal to Aut(P?) if b = 1 and to
Aut(P2[0:1:0]) if b > 2.
(4) We have ¢ Aut®(UP?)p=1 € Aut®(V?), with equality if b > 2.

Proof. The existence of a unique birational map 1 : Z/{f 2 Vb satisfying (i)-(id)
follows from the descent lemma (Lemma 2.3.2). We now prove that ¢ also satisfies
(i#i1), which implies that ¢ is a birational morphism. To do this, we denote by
W C F; the open subset given by y; # 0, and show that 7: Z/lf’2 — [Fy is trivial
over W. As W contains the exceptional curve s_; C Fy of n (given by yo = 0),
this will show that one can contract #=1(s_1) ~ P! x P! and obtain a birational
morphism having the desired properties. To show the trivial of 7 over W, we take
the transition function of !, given by v € Aut(F, x A' \ {0}) as follows

v: ([zo : 21590 : 1), 2) +— ([mo cx122 + zoyb 2 voz %) .
The intersection of W with each chart is isomorphic to P! x A2, via the inclusion

Pt x A% — Ty x A, ([ : 21],y,2) + [w0 : 7159 @ 1],2), and the transition
function becomes ([z : 21],y,2) — ([zo : 2122 + 202], yz, 1), which yields a trivial
0 1 1 0 1 —z z 0
1 . . . _ . .
P*-bundle, since {_1 1} [z 22] [O 1 } [0 z} This achieves the proof
of (1).

z



46 JEREMY BLANC, ANDREA FANELLI, AND RONAN TERPEREAU

(2)-(3)-(4): The existence of unicity of ¢ and V} being proven, we then observe
that ¢ Aut®(U?)y =1 € Aut®(V?) also follows from the descent lemma (Lemma 2.3.2).
This shows in particular that the subgroup H, C Aut(P?) being the image of
Aut®(V?) contains the group Aut(P2,[0: 1:0]) ~ GLgy xk2.

We now take the open subsets Uy, Uy C P? given by Uy = {[X : YV : Z]|X #
0} ~ A2, Uy = {[X : Y : Z]|Z # 0} ~ A2, and observe that U; = n~Y(U;) ~ U;
for i = 0,1. Hence, 7~ Y(U;) ~ #~1(U;), and the transition function is computed
as follows: a point [1 : u : v] € Uy N U; corresponds to [1 : u;1 : v] € Fy and
thus its preimage to ([zo : z1;1 : u],v) € F, x Al on the first chart, sent onto
([zo : 2102 + oulv;v @ ul, %) = ([zo : 210270 + oulo! 1 : %], %) on the second
chart. The transition function is then given by

Pl X U() -=> Pl X U1

(lwo 2], [Lruzv])) = ([wo: 20?7 P + zoubo! =P, [L %2 1))

For b = 1, we find the transition function of & ~ P(Tp2) (Corollary 4.2.2), which
yields V! ~ S; and thus H; = Aut(P?) (Remark 4.2.3 or Lemma 4.2.5(2)). In
particular, ¢ Aut®(U>?)y~1 C Aut®(V?) in this case. Assertions (3)-(4) are then
proven for b = 1.

We now prove (2) (for each b > 1). We observe that if L passes through [0: 1
its strict transform on Fy is a fibre f of the Pl-bundle F; — P!, so #71(f) ~ F.
Since 771 (L) ~ #71(f) (because 1 is a blow-up of a curve), we obtain 7~ !(L) ~ Fy.
We now take a line L not passing through [0 : 1 : 0], use the action of Aut®(V?) to
restrict to the case where L is the line given by Y = 0 and replace u = 0 in the
transition function above to get 7= (L) ~ Fjp_o).

Assertion (3) for b > 2 is now given as follows: [0 : 1 : 0] has to be fixed by Hy
because of (2), and Aut(P?,[0:1:0]) C H, was already proven.

It remains to show (4), and then to prove that every element g € Aut®°(V?)
belongs to ¢ ~tgy € Aut® (Z/{f’2) when b > 2. Assertion (3) implies that g preserves
the curve 7=1([0 : 1: 0]), so this follows from (1)(iis). O

: 0,

Lemma 5.5.2. Let a,b > 1 and ¢ > 2 be such that ¢ = ak + 2 with 0 < k <b. The
curves of U2 invariant by Aut®(U°) are given as follows.

(1) The curve log given by xo = yo = 0 on both charts is invariant.

(2) The curve lig given by 1 = yo = 0 on both charts is invariant if and only
if k>0 (i.e. when c>2).

(3) These are the two (respectively the only curve) of U2 invariant by Aut® (U>)
if ¢ > 2 (respectively when ¢ = 2).

Proof. Since a > 1, the curve s_, C F, is invariant by Aut®(F,), hence the surface
77 1(s_4) given by yo = 0 on both charts. The fibres of the Fy-bundle U — P*
are exchanged by Aut®(U%). Since b > 1, the surface S_;, given by zg = 0 is the
union of the negative sections and is then invariant. This yields (1).

Recall that the transition function of 22¢ is given by

c

vi ([wo @590 :1),2) = ([wo : 212° + woyby 2" Yimoz® 1 1), 2)

(Remark 3.6.2). If k > 0, the surface 7~%(s_,), corresponding to yo = 0, is
isomorphic to F., and the curve Iy given by ;1 = yo = 0 on both charts corresponds
to the curve s_. C F, (with ¢ > 0) and is thus invariant.
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It remains to see that lig is not invariant if & = 0 and that no curve distinct
from [1g9 or lpg can be invariant.

(3): Let £ C U>° be an invariant curve. As the morphism 7: U%¢ — F, yields
a surjective group homomorphism Aut®(U’¢) — Aut°(F,) (Lemma 3.6.3), and
because a > 1, we have 7(f) = s_,. We then use the fact that ¢ has to be
invariant by the GLgs-action given explicitely in Remark 3.6.5. We consider the
action of the upper triangular group by taking v = 0 and obtain that the image
of ([xop : 21;0 : 1],0), on the first chart, is equal to ([z¢ : ”1%;71;0 : 1],0) if
k>0 and to ([zg : B — 2280 . 1] 0) if k = 0. We then find that either
(0:1;0:1],0) € £or ([1:0;0:1],0) € £ and k > 0. In the first case, we get
f = lgo, since lgg is an orbit. In the second case, l1g is an orbit and ¢ = l1o. This
achieves the proof. O

Lemma 5.5.3.

(1) For each Umemura Pt -bundle U2¢ — F,, the blow-up of the curve log C U
followed by the contraction of the strict transform of the surface 7~ (s_,)
yields a birational map o: USC ——» ULTLa satisfying o Aut® (ULC)p~! =
Aute®(UYbtleta),

2) For each a > 1, we have a birational map o: UH+2 ——s FO2 such that
SD a a
p(Aut® (U +2))p™! C Aut®(F5?).

Proof. (1): For each a > 1,0 > 0, and 0 < k < b, we write ¢ = ak + 2 and denote
by v2¢ € Aut(F, x A!\ {0}) the birational map

F, x Al - Fp x Al
b,c c—1.

vhe: ([wo a0 :0n)2) = ([wo: @12+ zoybyy F 2y 1), 1y,
and observe that v2¢ is the transition function of ¢ if b > 1 (Remark 3.6.2). We
then denote by ¢ the birational map

Fb X Al -2 ]Fb—i-l X Al
o ([wo:zi3yo:wn),2) = ([0 : z1yoivo @ ¥1), 2)

and observe that gycp, ' = vitbeta  If b > 1, the blow-up of log C UL,
followed by the contraction of the strict transform of the surface 7=1(s_,), yields a
birational map given in the two charts by ;. This corresponds then to a birational
map UPC --» UL which is the blow-up of the curve lpg C U%¢ followed
by the contraction of the strict transform of the surface 7=!(s_,). Since lpp and
771(s_,) are invariant by Aut®(U>€) (Lemma 5.5.2), we get ¢ Aut®(UL<)p~t C
Aut® (USH1e+). We then observe that ¢! is the blow-up of I1g C UH1eF¢ followed
by the contraction of the strict transform of the surface 7=1(s_,). As g is invariant
by Aut®(Ub+1et) we obtain ¢ Aut®(UP€)p~t = Aut®(UP1e+9) and achieves the
proof of (1).

We now consider the above construction in the case b = 0 (which yields k = 0
and ¢ = 2). The transition function v2*1¢t¢ still corresponds to the transition
function of YlTheta = yf1e+2 hut the transition function v¢ corresponds to a
transition function on a P!-bundle over F, with numerical invariants (a, b, ¢), which
is therefore decomposable and isomorphic to Fo¢ = F22 (Proposition 3.3.1(2)).
The maps (¢p)~! on both charts yield then an elementary link ¢: U122 —-»

F2.2 centered at lig, which is then Aut®(U}*+2)-equivariant. We moreover have
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e(Aut®(ULT2)) o™t C Aut®(F22), since Aut®(F2?) contains a torus of dimen-
sion 3 (Remark 3.1.3), which is not the case for Aut®(U}!2*+2) (follows from Re-
mark 3.6.4). This achieves then the proof of (2). O

Corollary 5.5.4. Let U¢ be an Umemura bundle. Then, Aut®(U°°) is mazimal
if and only if one of the following hold:

(1) a>2 and ¢ — ab < 2;
(2) a=1andc—ab< 1.

In this case, U is not stiff. More precisely, denoting by k the integer such that
c=ak+2, we find 0 < k <b and get a sequence of birational maps

Pn—1
-—>

yYb—k2 CT5 po—kt124a  Folgbe 2O, ybtmctna ry

a a a a st
such that o, Aut®(UETm2m0) =1 — Aute (ST 2NNy for each n > —k. If
a > 2, this gives all Aut®(U>)-equivariant square birational maps from U>C to
another P-bundle. If a = 1, we add the birational morphism U°~%2 = Z/{f_k’2 —

Vy—k1 of Lemma 5.5.1.

Proof. We denote as usual by k the integer satisfying 0 < k£ < b, such that ¢ = ak+2
and find that ¢ —ab <2 < k < b.

If ¢ — ab > 2, then k = b, so ¢ = ab + 2. We construct a Aut® (U’ °)-equivariant
birational map of P!-bundles U>¢ --» U}:+2 which is the composition of birational
maps UPe = ybab+2 __y b7 hebmF2 o, la+2 (Lemma 5.5.3(1)). Since
Aut®(UL1272) is not maximal (Lemma 5.5.3(2)), so is Aut®(U>).

We now assume c—ab < 2, which means k < b. Lemma 5.5.3(1) yields a sequence
of birational maps

o Pk b @1 @ Pn1 ®
u(ll) k2 ¥k Us k+12+a 725 ug’c oo Ty u(117+n,c+na o

such that ¢, Aut®(Ub+m2+na),-t = Aut® (@20 for each n > —k.

If a > 2, Every Aut®(U%¢)-equivariant birational map of P!-bundles U¢ --» X
is a composition of birational maps as these and of isomorphisms of P'-bundles,
since Iy is not invariant by Aut®(U’~%2) (Lemma 5.5.2). We then get the result
in this case (a > 2).

It remains to do the case where a = 1, which yields ¢ = k+2 and c—ab = k—b+2.
If c —ab = 1, then b — k = 1, which implies that Aut®(U’~*2) is not maximal
(Lemma 5.5.1), and thus also Aut®(U%). If ¢ — ab < 1, then b — k > 2. We thus
get a birational morphism : Y°~%2 — Vi’fk which satisfies z/JAut°(Z/{f_k’2)1/)_1 =
Aut® (V™) (Lemma 5.5.1). It remains to show that we cannot get any further link.
At the level of surfaces, the only Aut(F;)-equivariant birational maps F; --+ S|
where S is a smooth projective surface, are isomorphisms or blow-ups F; — P?
of a point of P2. We then only need to show that there is no square birational
map Vf_k --» X, to a m-bundle X — P?, which is not a square isomorphism. We
can reduce to the case of birational of P!-bundle (doing nothing on P?), and use
then Lemma 5.3.1, and only need to observe that no curve of P? is invariant by
the action of Aut®(V'~"), which acts as Aut(P2,[0: 1 : 0]). The result then follows
from Lemma 5.3.1. O

5.6. Links between Schwarzenberger bundles.
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Lemma 5.6.1. Let b > 1 and let 7: Sy — P? be the b-th Schwarzenberger P!-
bundle. Ifb =1, no curve of Sy is invariant by Aut®(Sy). Ifb > 2, there is a unique
curve tnvariant by Aut®(Sy), which is given on the two charts of Lemma 4.2.1 by

{([‘TO : Il],([l 12t t2])) c P! x Uy | xo + trg = 0}7
{([xo : 1], ([t? : 2t : 1])) € P x Uy | 2o — tay = 0}

Proof. Let p: Aut®(Sy) — Aut(P?) be the group homomorphism induced by .
If b = 1, then p is surjective (Lemma 4.2.5(2)), so there is no curve of S, which
is invariant. Suppose now that b > 2, in which case p yields an isomorphism
Aut°(Sy) — Aut(P?,T) ~ PGL, (again by Lemma 4.2.5(2)). Every curve of S,
is then contained in the invariant surface X = 7=3(T') C Sp. To understand the
action of Aut®(S;) ~ PGLy on X, we use the corresponding action on the P!-bundle
7: 8y = Sy xp2 (P! x P!) — P! x P!, obtained by Lemma 4.2.4. The pull-back of
X on 8, is the surface X = #(A) C S, (where A € P! x P! is the diagonal),
isomorphic to X, via a PGLo- equivariant isomorphism. By Lemma 4.2.4, there is
a unique curve in X invariant by Aut®(S,) ~ PGLsy, which is sent onto the curve
of X given locally as above. O

Lemma 5.6.2. Let b > 2 and let 7: Sy — P? be the b-th Schwarzenberger P!-
bundle. There is a birational involution ¢: Sy -+ Sy such that ¢ Aut®(Sy)p~! =
Aut®(Sp). Moreover, every Aut®(Sy)-equivariant birational map of P*-bundle S --»
X s either an isomorphism of P'-bundles or a composition of ¢ with an isomor-
phism of P'-bundles.

Proof. By Lemma 5.6.1, there is a unique curve D C S, which is invariant by
Aut®(Sp), and satisfies 7(D) = I'. We consider the following birational involutions

©o: Pl x Uy -—> P! x Uy
([ko s 1], [1:u:v]) = ([—uwe — 20271 : 220 + ux], [1: w:v])
Q1 Pl X U1 -2 Pl X U1

([wo : z1]s[v:u:1]) =  (Juze — 2vzy : 20 — vI1],, [0 w: 1])
which correspond locally to the blow-up of D, followed by the contraction of the
strict transform of 7=1(I'), in the two charts (see Lemma 5.6.1 for the equation of
D). We then check that 16 = 6pg, where §: P! x Uy --» P! x Uj is the transition
function of Sy given in Lemma 4.2.1. This follows from the equality

{st 2 H st — st(sbltbl)}_[ st st(sPTh 4107

—2st s+ t| |sbHL — b+l st(s? —tb) sbHl 4 ¢bHl st(s? + %)
] sttt st(sP=t —t""1)] [s+t  2st
sbtl b+l st(s? —tb) -2 —s—t

and yields then a birational map of P!-bundles ¢: S, --+ Sy, given by the blow-up
of D, followed by the contraction of the strict transform of #=!(I") onto D.

By Lemma 5.3.1, every birational map of P!-bundle S, — X which is not an
isomorphism is a composition of ¢ with an isomorphism of P!-bundles. (I

Corollary 5.6.3. Let b > 1. Then, Aut®(Sy) is mazimal and Sy is stiff. It is
moreover superstiff if and only if b= 1.

Proof. 1f b = 1, the P1-bundle has no invariant curves (Remark 4.2.3) (it is actually
a homogeneous variety) and we conclude by Lemma 5.3.1. If b > 2, we apply
Lemma 5.6.2. ]
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5.7. Rigidity for decomposable bundles over P?.

Lemma 5.7.1. Let b >0 and let m: P, — P? be a decomposable PL-bundle.

(1) Py does not contain any Aut®(Sy)-invariant curve.
(2) Aut°(Py) is mazimal and Py is superstiff.

Proof. (1) follows from the fact that Aut®(Ps) surjects onto Aut(P?) (Lemma 4.1.2).

(2): Let p: Py --» X be a Aut®(Py)-square birational map of P!-bundle, over
n: P2 --» X (where X is a smooth projective rational surface). We want to show
that ¢ is a square isomorphism. The action of Aut®(P;) on P? being transitive, the
birational map 7 is an isomorphism, so we can assume that X = P2, and that 7 is
the identity. We then apply 5.3.1 to get that ¢ is an isomorphism. (I

5.8. Last step. We have all the ingredients to prove the main theorems of this
paper stated in the introduction.

Proof of Theorems A and B. These are simply a consequence of Proposition 5.1.1,
together with Corollaries 5.4.3, 5.5.4, 5.6.3 and Lemma 5.7.1. (I

Remark 5.8.1. Our original motivation was to study the maximal connected alge-
braic subgroups of the Cremona group Bir(P?). These will be studied in a forth-
coming paper [BFT]. Most of the families appearing in our classification give in fact
maximal connected algebraic subgroups of the Cremona group, even if some spo-
radic cases (like S and P;) disappear, as they are conjugate to bigger subgroups,
with a birational map which does not preserve any P'-bundle structure.

Remark 5.8.2. If we assume the characteristic of the algebraically closed field k
to be positive, the strategy to prove Theorems A and B should be analogous, but
some of the results that we use in characteristic zero are no more valid in positive
characteristic; see e.g. Remarks 3.7.3 and 3.7.5. As a consequence, it seems that new
P'-bundles X — S analogous to Umemura bundles and Schwarzenberger bundles,
and such that Aut®(X) is maximal, could show up in the classification. The positive
characteristic case will be studied by the authors in a future work.
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