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INTERACTING PARTIALLY DIRECTED SELF AVOIDING WALK.

FROM PHASE TRANSITION TO THE GEOMETRY OF THE
COLLAPSED PHASE.

PHILIPPE CARMONA, GIA BAO NGUYEN, AND NICOLAS PETRELIS

ABSTRACT. In this paper, we investigate a model for a 14 1 dimensional self-interacting
and partially directed self-avoiding walk, usually referred to by the acronym IPDSAW. The
interaction intensity and the free energy of the system are denoted by 5 and f, respectively.
The IPDSAW is known to undergo a collapse transition at 8.. We provide the precise
asymptotic of the free energy close to criticality, that is we show that f(8. —¢) ~ ~ed/?
where ~ is computed explicitly and interpreted in terms of an associated continuous model.
We also establish some path properties of the random walk inside the collapsed phase
(B > Bc). We prove that the geometric conformation adopted by the polymer is made of a
succession of long vertical stretches that attract each other to form a unique macroscopic
bead, we identify the horizontal extension of the random walk inside the collapsed phase
and we establish the convergence of the rescaled envelope of the macroscopic bead towards
a deterministic Wulff shape.
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1. INTRODUCTION

1.1. Model and physical insight. A solvent is said to be ”poor” for a given homopolymer
if the chemical affinity between the solvent and the monomers constituting the homopoly-
mer is low. When dipped in such a solvent, the homopolymer folds itself up to exclude the
solvent and therefore adopts a collapsed conformation, that looks like a compact ball. If
the quality of the solvent improves, the chemical affinity raises until it reaches a thresh-
old above which the polymer extends itself in such a way that a positive fraction of its
monomers are in contact with the solvent.

The interacting partially directed self-avoiding walk (IPDSAW) was introduced in as
a partially directed model of an homopolymer in a poor solvent. The spatial configurations
of the polymer of length L (L monomers) are modeled by the trajectories of a self-avoiding
random walk on Z? that only takes unitary steps upwards, downwards and to the right.
Thus, the set of allowed L-step paths is

Wi = {w = (w;))E, € (Ng x Z)I 1wy = 0, wp, —wp 1 =—,
W1 — W; € {T,i,—>} VO<i< L -1,
w; # wj Vi < j}.
Note that the choice of w ending with an horizontal step is made for convenience only. We
consider two different a priori laws on Wy, uniform and non-uniform.

(1) The uniform model: all L-step paths have the same probability, i.e.,

P, (w) w e Wy, (1.1)

1
IWe|”
(2) The non-uniform model: the L-step paths have the following law

e At the origin or after an horizontal step: the walker must step north, south or east
with equal probability 1/3.

o After a vertical step north (respectively south): the walker must step north (respec-
tively south) or east with probability 1/2.

Henceforth, we will focus on the uniform model since all our results can be adapted
straightforwardly to the non-uniform model modulo a shift in the critical point 5. and in
the value of the constant ag in Remark

The monomer-solvent interactions are not taken into account directly in the IPDSAW.
We rather consider that, when dipped in a poor solvent, the monomers try to exclude the
solvent and therefore attract one another. For this reason, any non-consecutive vertices
of the walk though adjacent on the lattice are called self-touchings (see Fig. and the
interactions between monomers are taken into account by assigning an energetic reward 8 >
0 to the polymer for each self-touching (consequently, a lower chemical affinity corresponds
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FicUure 1. Example of a trajectory with 12 self-touchings in light grey.

to a larger 3). Thus, we associate with every random walk trajectory w = (w;)E, € Wy,
the Hamiltonian

L
Hr(w) = Y iy =1}: (1.2)
i,j=0
i<j—1
which allows to define the law P, g of the polymer in size L as,
eBHL, p(w)
Prg(w) = TPL(U}); (1.3)
L?/B

where Z7, 3 is the normalizing constant known as the partition function of the system.
Henceforth, we remove the term 1/|Wy| from the definition of Py, (recall (1.1))) and from
the computation of the partition function Zr g. Although Pp is not a probability law
anymore, the latter simplification is harmless, because it does not change the polymer law
Pr, s and because it only induces a constant shift of the free energy f(/5) introduced in
Section [I.2] below.

From random walk paths to vertical stretches. 1t is easy to see that any path in Wy, can be
decomposed into a collection of vertical stretches separated by one horizontal step. Thus,
we set Q1= U%Zl LN, where L 1, is the set of all possible configurations consisting of
N vertical stretches that have a total length L, that is

v ={lezV XY+ N =L}, (1.4

We build the natural one to one correspondence between €27, and Wy, by associating with
a given [ € Qp the path of Wy, that starts at 0, takes |l;| vertical steps north if [ > 0
and south if [; < 0, then takes one horizontal step, then takes |l2| vertical steps north if
la > 0 and south if Iy < 0 then takes one horizontal step and so on... (see Fig. [2]). The
Hamiltonian associated with a given path of Wy, can be rewritten in terms of its associated
collection of vertical stretches | € Q, as

Hp(l, .. iy) = SN 1 A lg) (1.5)

where

~ lz| Ayl if 2y <O,
TNy =

1.
0 otherwise. (1.6)

Therefore, the partition function can be rewritten under the form

L
fo=3 ¥ S i
N=1 lE,CNyL
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13:4

FIGURE 2. Example of a trajectory with N = 5 vertical stretches and length
L =16.

1.2. Free energy and collapse transition. The sequence {log Z}, 3}, is super-additive
and the Hamiltonian in ([1.2]) is obviously bounded from above by SL. As a consequence,
we can define the free energy per step f: (0,00) — R as

1 1
— lim —logZs 5 = sup — log Z; 4 < B. 1.
f(B) = lim —logZr 4 sup 7 log s <fB (1.8)

The collapse transition corresponds to a loss of analyticity of 8 — f(3) at some critical
parameter (. € (0,00) above which the density of self-touchings performed by the polymer
equals 1. In this collapsed phase, the expression of the free energy per step is rather simple,
i.e., B 4+ K, where k is the entropic constant associated to those trajectories in W;, whose
self-touching density is equal to 1+ o(1). To achieve such a saturation of its self-touching,
the polymer must choose its configuration among those satisfying two major geometric
restrictions, i.e.,

e the number of horizontal steps is o(L)
e most pairs of consecutive vertical stretches are of opposite directions.

It turns out that an appropriate choice of a trajectory satisfying both restrictions above is
sufficient to exhibit the collapsed free energy. To that aim, we pick L € N: VL € N and
consider the trajectory I* € L /7  defined as [7 = (-1)""Y (VL — 1) for i € {1,...,VL}.

By computing the contribution of [* to Zr, 3 one immediately obtain thatﬂ, for g > 0,
f(B8) =z 8. (1.9)

At this stage, we can define the excess free energy f(B) := f(5) — 8, which is always non
negative by (1.9). We define the critical parameter

B. = inf{8 > 0: f(8) = 0}, (1.10)

and the convexity of 8 — f(8) allows us to partition [0, c0) into a collapsed phase denoted
by C and an extended phase denoted by &, i.e,

Ci={B:J(8) =0} ={B:8> 5} (L11)

and

£:={B:F(8) >0} ={8:8<B.}. (1.12)

In a previous paper [22] the authors obtained the lower bound of f(8) > 8 —1log(1++/2). The difference
comes from the omission of the normalizing factor 1/ |Wr¢|.
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1.3. Main results. The main results of this paper are Theorems A,B,C,D,E and F. The-
orems A and B are dedicated to the investigation of the phase transition while the path
properties of the polymer inside its collapsed phase are studied with Theorems C,D,E and
F.

Before stating the Theorems we need to introduce Py the law of an auxiliary symmetric
random walk V' := (V,)nen with geometric increments, ie., Vo = 0, V, = > ' | U; for
n € N and (U;)en is an i.i.d sequence under the law Py, with distribution

e*%\kl . 1—‘,—«2_5/2
Pg(U1 =k) = e Vk€Z with cg:= 5. (1.13)
Then, for § > 0 we set
1
hg(0) := A}i_rgoﬁlog Eﬁ(e_‘SAN(V)), (1.14)

where An(V) := Zf\il |Vi| gives the geometric area below the V trajectory after N steps.
We will prove in Section below that the limit in exists and that 0 — hg(0) is
non-positive, non-increasing and continuous on [0, c0). We finally define I'(8) an energetic
term of crucial importance as

r(8) =%, (1.15)
and we will see for instance in ((1.35]) below that I'(3) penalizes the horizontal steps when
it is smaller than 1 and favors them when it is larger than 1.

A sharper asymptotic of the free energy close to criticality. With Theorem A, we
give a new expression of the excess free energy.

Theorem A (Free energy equation). The excess free energy f(f3) is the unique solution

of the equation log(I'(8)) — 6 + hg(0) = 0 if such a solution exists and f(B) = 0 otherwise.

Note that Theorem [A| and the obvious equality hg(0) = 0 are sufficient to check that
the critical parameter (. is the unique solution of I'(3) = 1. One of the main interest
of Theorem [A|is that it allows us to use the analytic properties of § — hg(d) at 07 to

investigate the regularity of 5 +— f(8) at S..

Theorem B (Phase transition asymptotics). The phase transition is second order with
critical exponent 3/2 and the first order of the Taylor expansion of the excess free energy
at (B.)~ is given by

. f(Bc_E)_ S1)3/2
I e = (G (119
where
o = 1+f:573/;;7 (1.17)
and where .
G = _Th_rgo - log E (e foT\B(t)ldt) = 2_1/3|a/1|0';£3’ (1.18)

with O’% = Eg(U}), with a| the smallest zero (in absolute value) of the first derivative of
the Airy function and with (Bs)se[om) a standard Brownian motion.

Remark 1.1. The Laplace transform E(e™* f01|BS|dS) for s > 0 was first computed ana-
lytically by Kac in [21] and studied by Takacs [27] (see for instance the survey by Janson
[20] ).
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Remark 1.2. The critical exponent 3/2 is given by the leading term of the Taylor ex-
pansion of hg at 07, i.e., hg(y) ~ —cr?/3 (with ¢ > 0). The method of proof we used
consists in cutting the trajectories into blocs of size v~2/3. This very method was used in
[29], in dimension d =1, to prove that discrete Domb-Joyce type models converge towards
continuous Edwards type models in the weak coupling limit.

Remark 1.3. The asymptotic hg(y) ~ —c ~2/3 is closely related to the investigation of the
so called pre-wetting phenomenon (see |16], where the scaling exponent is obtained from a
renormalization procedure similar to ours). The pre-wetting phenomenon is observed when
a thermodynamically stable gas is in contact with a substrate (hard-wall) that has a strong
preference for the liquid phase. In such a situation, a thin layer of liquid may appear that
separates the substrate from the gas. When the temperature T' gets closer to the liquid/gas
boiling temperature Ty, the layer of liquid becomes thicker. The liquid-gas interface can
therefore be modeled by a random walk trajectory constrained to remain positive and whose
area is penalized via a Gibbs factor AN (V') where § vanishes as T — Ty. Close to criticality
(0 = 0), the correlation length of the system varies as 6~2/3 which explains the 2/3 exponent
of hg at 0.

The determination of the precise asymptotics of the free energy close to 5" brings the
IPDSAW into a thin class of statistical mechanical models for which the behavior of the
free energy close to criticality is will understood. This is the case, for instance for the
pinning/wetting model (see [15], Chapter 2). Perturbing such models by adding a weak
random component to their interactions is physically relevant (see [9]) and gives rise to
complex mathematical issues (see [1]). For the model of a polymer pinned by a linear
interface, the issue of the disorder relevance on the phase transition was controversial until
it was settled recently (see [10] or [15], Chapters 4 and 5, for a survey). For the IPDSAW, a
natural manner of introducing the disorder would be to assign an energetic price 34 s¢; ; to
the self-touching between monomers ¢ and j. The mechanism governing the phase transition
being quite different from its counterpart in the pinning model, the investigation of the
disorder effect is relevant both mathematically and physically.

Path properties inside the collapsed phase. The main result of this paper is concerned
with the path behavior of the polymer inside its collapsed phase (5 > f.). We divide each
trajectory into a succession of beads. Each bead is made of vertical stretches of strictly
positive length and arranged in such a way that two consecutive stretches have opposite
directions (north and south) and are separated by one horizontal step (see Fig. . A bead
ends when the polymer gives the same direction to two consecutive vertical stretches or
when a zero length stretch appears, which corresponds to two consecutive horizontal steps.
We will prove that the polymer folds itself up into a unique macroscopic bead and we will
identify its horizontal extension and its asymptotic deterministic shape. To quantify these
results we need the following notations.

Number of beads. Let | € Qp and denote by Np(I) its horizontal extension, i.e., N(I)
is the integer N such that | € Ly . Pick [ € Ly, and let (uj)évzl be the sequence of
cumulated lengths of the polymer after each vertical stretch, i.e., uj = |li| + -+ |l;| +j

for j € {1,..., N}. For convenience only, set [y11 = 0. Set also 29 = 0 and for j € N such
that ;1 < N, set x; = inf{i > ;1 +1: [; A li+1 = 0} (see Fig. |5). Finally, let nz(l) be
the index of the last z; that is well defined, i.e., z,,, ;) = N. Thus we can decompose any

trajectory [ € Qp into a succession of np () beads, each of them being associated with a
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FiGURE 3. Example of a trajectory with 3 beads.

subinterval of {1,..., L} written as
I ={ug; , +1,...,us,;}, for je{l,...,np(l)}, (1.19)
and therefore, we can partition {1,..., L} into U?igl)lj. At this stage, we can define the
largest bead of a trajectory [ € Qp, as I; . with
Jmax = argmax {|;|,j € {1,...,np()} }. (1.20)

With Theorem [C|below, we claim that, in the collapsed phase, there is only one macroscopic
bead.

Theorem C (One bead Theorem). For 3 > f3., there exists a ¢ > 0 such that
M Pr (|1, > L —c(log L) =1 (1.21)
— 00

Remark 1.4. Dividing trajectories into beads does not give rise to an underlying renewal
process as for instance, for the homogeneous pinning model when the trajectory is divided
into excursions away from the origin (see for instance |14], Chapter 2). The fact that, after
a bead of length 1 the first stretch of the following bead can be either positive or negative
whereas its orientation is constrained when the former bead is strictly larger than 1 creates a
dependency between consecutive beads that prevents us from rewriting the partition function
with the help of an associated renewal process. However, if we omit the dependency between
consecutive beads then, thanks to Proposition the ”bead process” (um].)}zél) under Pp, g
can be related to a sub-exponential defective renewal process T = (7;)i>0 conditioned on
L € 7. This latter process is characterized by an inter-arrival law K : N — [0,1] that
satisfies K(c0) > 0 and K(n) = k(n)e=V™ with k : N — N a slowly varying function.
Once conditioned by {L € T}, it can be proven (see |14], Appendix A.5 for the heavy
tailed case or more recently [28] where the sub-exponential case is explicitly treated) that
the number of renewals is O(1) and that again there is only one macroscopic renewal (see
e.g. [2] for a general background on renewal theory).

Shape Theorem. First, recall the one-to-one correspondence between €27, and Wy, described
in Section and denote by w; the path in Wy, associated with a given family of vertical
stretches | € Q. Then, identify each [ € €y, with a connected compact subset of R? denoted
by Sr(I) that extends the sites of Z? occupied by w; to squares of length 1, i.e.,

Sp(l) = { UL (i) + [, %]2}, leQy. (1.22)

With theorem @ below we prove that, once resealed horizontally and vertically by /L
the subset Sp(l) converges in probability and for the Hausdorff distance towards Sg a
deterministic subset of R2. Before defining Sp we need to settle a few notations.
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First, we denote by L(h),h € (—g, g) the logarithmic moment generating function of
the random variable Uy, i.e,

L(h) := log Eg[e""1], (1.23)
and we introduce Ly
La(h) := [} L(zhg + h1)da, (1.24)
which is defined on
D= {h=(ho,hn) €R* b € (-5,8), ho+h € (-5,9)}. (1.25)

Then, we let h(q,0) := (ho(g,0), h1(g,0)) be the unique solution of the equation
VLa(h) = (4,0, (1.26)
which, by Lemma [5.3] in Section is the

Remark 1.5. The quantity ag can be expressed as the unique mazximizer of a é(a) on
(0, 00) with

G( ) :=alogT'(B) — ho(a%,O) —|—aLA(h(L O)), (1.27)
where we recall (| and where Ly and h are defined in and -, and will

be further mvestzgated in Section @ For B > B, the functzon a — G( ) is C*°, strictly
concave, strictly negative and ag is the unique zero of its derivative on (0,00). These latter
properties will be proven at the beginning of Section [4.4)

S={(z,y) eR*: x €[0,a3),y € [~ s(z),75(x)] } (1.28)
The next theorem identifies a deterministic limiting

Theorem D (Shape Theorem). For 8 > f3., there exists an ag > 0 such that, for alle >0

Tim Pug(di (S542,85) > <) =o. (1.29)

In Theorem [E| below, we identify the limit in probability of NLTEI) as L — oo.

Theorem E (Horizontal extension). For > B, there exists an ag > 0 such that, for all
e>0

lim P ,5<‘—a5’ >g> —0. (1.30)

L—oo

The next Theorem gives the scaling limit of the upper and lower envelopes of the path
in the collapsed phase. Pick [ € Ly, and let & = (Elt)lN ng be the path that links the top

of each stretch consecutively (see Figure |4 , while £ = (&, Z)f\i Jorl is the counterpart of 5l+
that links the bottom of each stretch consecutively. Thus, Sl+0 =&,=0,

Eﬁi:max{l1+-~+li,1,l1+~-+li}, iE{l,...,N}, (131)
El;.:min{l1+-«-+li,1,l1+---+li}, iE{l,...,N}, (132)
and SlJ,rN+1 = Sl,_N+1 =1l1+4+---+Iy. Then, let 6~'l+ and g'l_ be the time-space rescaled cadlag

processes associated with Sf and & and defined as

~ 1 ~_ 1 _
é‘ﬁ(z&):]\,7“(5}7@(]%1)J and & (t):ﬁgl,wwl)y t€10,1]. (1.33)
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&

FIGURE 4. Example of the upper envelope of a trajectory

We let finally 75 be the Wulff shape minimizing the rate function of Mogulskii large
deviation principle (see [8] Theorem 5.1.2) applied to the random walk of law P g, on the set
containing the cadlag functions v : [0, 1] — R satisfying (1) = 0 and fol y(t)dt = 1/ap(B)?
and endowed with the supremum norm || - [[o. An expression of v is provided at the
beginning of section

Theorem F (Wulff shape). For m € {u,nu}, 8> . and £ > 0,
~ ¥4
: +_ '8 ) _
Lhm Png(HSl > H > € 0,

. =~ 3
lim ([ + 2l > ) = 0. (1.34)

Note that g';r - 6~'l_ (respectively, (6~'l+ + g’l_) /2) is the rescaled version of the process that
associates with each index i € {1,..., N1(1)} the length |l;| of the i-th stretch (respectively,
the height of the middle of the i-th stretch Iy +---4+1;—1 + %) In view of Theorem [F| the
Waulff shape ’yg happens to be the limit, as L — oo, of g'l+ — g'l_. Such Wulff shape was
identified, for instance in [11], as the limit of a random walk trajectory conditioned by fixing
a large algebraic area between the path and the z-axis. However, the latter convergence is
not sufficient to prove (1.34). We must indeed show that (gl+ + gf) /2 converges to 0 in
probability.

Remark 1.6. The Wulff shape construction, initially displayed in |30] appears in many
models of statistical mechanics to describe the limiting shape of properly rescaled inter-
faces separating pure phases. Their construction is achieved by minimizing the integral of
the surface tension along the continuous contours that satisfy some particular geometric
constraint. A famous example arises from 2D Ising model in the phase transition regime.
When considering a large square box of size N with — boundary condition and T’ < T., and
by conditioning the total magnetization to be shifted from its mean (—m*N?) by a factor
an > N3 it was proven in [12] at low temperature and then in [17], [18] and [19] up to
T, that this magnetization shift is due to a unique + island whose boundary, once rescaled
by 1/ /an, converges towards a Wulff shape.

1.4. Relationship to earlier work. The IPDSAW and its continuous versions have at-
tracted a lot of attention from physicists until very recently (see for instance [3] or [25]).
The main method that has been employed to investigate the IPDSAW involves combinato-
rial techniques (see [4], [5] or more recently [23]). To be more specific, this method consists
in providing an analytic expression of the generating function G(z) = > 7., Z LﬁzL whose
radius of convergence R satisfies f = —log R. For a detailed version of the computations,
we refer to |7, p. 371-375].
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The computation of the generating function G allows us to determine the exact value of
B and to predict the behavior of the free energy close to criticality. However, the analytic
expression of G is very complicated and only gives an indirect access to the free energy.
Furthermore, this combinatorial method does not allow to study an observable which does
not grow like L, for instance, inside the collapsed phase, the horizontal extension is of order
V'L and this can not be proven by such method.

A new approach has been developed in [22] to work with the partition function directly.
With the help of an algebraic manipulation of the Hamiltonian, that will be described in
Section it is indeed possible to rewrite the partition function in ([1.7)) under the form

L
Zrg=ce’ > T(B) Ps(Vni1-n), (1.35)
N=1
where we recall (1.13]) and (1.15) and where V,, j is the set of those n-step trajectories of
the random walk V' whose geometric area A, = Y1 | |Vi| equals k, i.e.,

Vg :i={(Vi)ieo : An =k, V;, =0}. (1.36)

Thus, the excess free energy f(f3) is the exponential growth rate of the summation in (1.35).
In this new expression of the partition function, the term indexed by N € {1,..., L} in the
summation corresponds to the contribution to the partition function of those trajectories
l € Ly, (making N horizontal steps).

This new approach was used in |22], Theorem 1.2, to derive a variational expression of
the excess free energy, which allowed us to prove that the collapsed transition is second
order with critical exponent 3/2.

Theorem 1.7 (22|, Theorem 1.4). The phase transition is of order 3/2. That is, there
exist two constants ci,ca > 0 such that for € small enough

1% < f(Bo— ) < cp el (1.37)

With the present paper, we take the analysis of the phase transition two steps further (see
Theorem. In the first step, we establish the precise asymptotic: f(ﬁc—s) ~ 753/ Zase \,0
with « an explicit constant. In the second step, we give an expression of 7y in terms of the free
energy of an auxiliary continuous model, that is F, = limy_, 7 log E[exp(— fOT | B(t)|dt)].
Moreover, the Laplace transform of fOT | B(t)|dt was computed by Kac in [21] and this allows
us to express F. with the smallest zero (in modulus) of the derivative of the Airy function.

The question of the geometric conformation adopted by the polymer inside the collapsed
phase has been raised and discussed by physicists in several papers, as for instance [6]. It
was believed that the monomers arrange themselves in a succession of long vertical stretches
of opposite directions that constitute large beads. In this paper, we prove with Theorem
[C] that the polymer makes only one macroscopic bead and that the number of monomers
(located at the beginning and at the end of the polymer) which do not belong to this bead
grows at most like (log L)*. We also make rigorous the conjecture concerning the horizontal
extension of the polymer, since we identify the limit in probability of Nz, / V'L, which turns
out to be the constant extracted from an optimization procedure. We also establish the
convergence of properly rescaled lower and upper envelopes to a deterministic Wulff shape.
In particular, the typical vertical displacement of the middle point, the L/2-th monomer
in a chain of length L, is of order VL.
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There are numerical evidences that the vertical displacement of the endpoint grows as
LY* (see 6], table II page 2394). This turns out to be a consequence of the typical behavior
of the fluctuations of the envelopes around the Wulff shape, and this is not the topic of the
present paper.

Finally, let us stress the fact that the convergence, in the collapsed phase, to a deter-
ministic Wulff shape (see Theorem E) comes from a fairly complex procedure that needs
to establish three properties:

(i) The horizontal extension Ny, is of order /L.
(ii) There is only one macroscopic bead
(iii) When conditioned to be abnormally large, the geometric area of the associated V
random walk (), |V;]) is close to the modulus of its algebraic counterpart (|3 V;|).

There is no clear order in which to establish these properties and the proofs are intricate.
For example, we need weak versions of (i) and (iii) to prove (ii) and then get a stronger
version of (i).

2. PREPARATION : THE MAIN TOOLS.

In this section, we introduce the three main tools that are used in this paper. In Section
2.1 we show how the partition function can be rewritten in terms of the random walk V' of
law P (recall and how studying this random walk under an appropriate conditioning
can be used to derive some path properties under the polymer measure. In Section we
define the function § — hg(d) that appears in the expression of the excess free energy in
Theorem [A] and we study its regularity. In Section we consider the probability of some
large deviations events under Pg, and we introduce an appropriate tilting under which
these events become typical.

2.1. Probabilistic representation of the partition function. In the first part of this
section we prove formula and we show how the polymer measure can be expressed
as the image measure by an appropriate transformation of the geometric random walk V'
introduced in . In the second part of the section, we focus on those trajectories that
make only one bead and we show that, in terms of the auxiliary random walk V', these
beads become excursions away from the origin.

Auziliary random walk. We display here the details of the proof of formula ([1.35]). Recall
(1.4H1.7) and note that the A operator can be written as

e Ay = (el +yl -z +yl) /2, Vz,y€eZ (2.1)
Hence, for 8 > 0 and L € N, the partition function in ((1.7)) becomes

L N N
Zro=>" > e (BI Il = 5Dl tlusal)
N=1 lELN’L n=1 n=0
lo=IN+1=0

N exp <_g‘ln + ln—i—l’)

L
ot @) Y [ e
N=1 ey, n=0 s
lo=ln 11=0

where cg was defined in (1.13). At this stage, we pick N € {1,...,L} and we introduce
the one-to-one correspondence Ty : Vyy1.,—n — Ly, defined as Ty (V); = (—1)=1V; for
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0 x,=4 4,=10 x,=11 x,=17 x,=18 x,=20

i\
V

FIGURE 5. An example of a trajectory [ = (I;)?2; with 6 beads is drawn

on the upper picture. The auxiliary random walk V associated with [, i.e.,
(V;)2X, = (T2) (1) is drawn on the lower picture.

all i € {1,...N}. We pick | € Ly 1, we consider V = (Ty)~1(I) (see Fig. |5) and we note
that the increments (U;)N41 of V necessarily satisfy U; := (—1)""'(l;_; + [;). Thus, the
partition function in (2.2]) becomes

L
Zrs=cseL Y ()Y 3T Pa(v), (2.3)

N=1 VeVNii,L-N

which immediately implies . A useful consequence of formula is that, once
conditioned on taking a given number of horizontal steps IV, the polymer measure is exactly
the image measure by the Ty-transformation of the geometric random walk V' conditioned
to return to the origin after N+41 steps and to make a geometric area L — N, i.e.,

Prg(le-|N(l)=N) =Ps(Tn(V) €| V41 =0,Ay = L — N). (2.4)
From beads to excursions. We define €2 as the subset of €;, containing those trajectories

I € Oy, that have only one bead, i.e. nr(I) = 1. Thus, we can rewrite Q9 := (J5_; L
where £?V, 1, is the subset of Ly ;, defined as

r=1€Llnr: iAlipn #0Vie{l,...,N —1}}, (2.5)
and we denote by Z7 3 the contribution to the partition function of those trajectories in
09, ie.,

Z0 5= Ml (2.6)

1eQg,
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We let also V: i be the subset containing those trajectories that return to the origin after
n steps, satisfy A,, = k and are strictly positive on {1,...,n}, i.e.,

Vi ={V:iVu=04,=k Vi>0Vie{l,...,n—1}}. (2.7)

By mimicking (2.2) and by noticing that by the Ty-transformation, the subset L% ; be-
comes Vjtf-s—l 1N We obtain

L
22 5=2c5¢" > (LB Ps(Viyp n)- (2.8)
N=1

2.2. Construction and regularity of hg. We define the function hg in a slightly different
way from ([1.14]), but we will see at the end of this section that the two definitions are
equivalent. For N € N, > 0, define

1 :
h5(6) ::Nngﬁ(e—Mm{VNZO}) and let  hg(6) = lim hy 5(0). (2.9)

Lemma 2.1. (i) hg(0) exists and is finite, non-positive for all 5> 0,5 > 0.
(1t) 6 — hg(0) is continuous, convex and non-increasing on [0, 00).

Proof. (i) For N, M € N, we restrict the partition of size N + M to those trajectories that
return to the origin at time N and use the Markov property to obtain

Eg (676AN+M 1{VN+M:O}) > Ep (eiéAN 1{VN:O}) Eg (eigAM 1{VM:0}) : (2.10)

Thus, {log Eg (6*5‘4N1{VN:0})}N€N is a super-additive sequence that is bounded above by
0 and therefore the limit in (2.9)) exists, is finite and satisfies

hg(6) = sup L log Eg (e*MNl{VNZO}) <0. (2.11)

Nen IV
(ii) The fact that Ay > 0 for all N € N immediately entails that 6 + hg(d) is non-
increasing on [0,00). By Holder’s inequality, the function § — hy g(d) is convex for all
N € N and hence so is 6 — hg(d). Convexity and finiteness imply continuity on (0, 00). In
order to prove the continuity at 0, we first note that lims_,o hg(d) = supg>q hs(d). Then,
with the help of formula and via an exchange of suprema we obtain

1
lim hg(8) = sup sup — log Eg(e 4N 1,1, _ 2.12
lim /25(9) sup sup 7 log 5( (Vy=0}) (2.12)

1
= sup — logPg(Vy =0) =0.
Nen N

O

It remains to show that the two definitions of hg in (1.14) and (2.9) coincide. To that
aim it suffices to show that

. 1 _ .1 _
h]I\fnjllop N logEg(e MN) < A}gnoo N logEs(e MNl{VN:O}). (2.13)
We set Zy2 := [~N?, N?|NZ and we decompose Eg (e“SAN) into the two partition functions

Cn, and By g defined as

Cnp=Eg(e ™1y ez ,1) and Byg=Eg(e Vi, o1 ). (2.14)
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Since Ax > 0 and since Eg(exp(8|U1|/4)) < oo, the Markov inequality gives

N N
E (e(ﬁ/4)|U1|)
2 B
BNwB < Eﬁ(l{VNﬁzNz}) < Pﬁ (z; ‘UZ‘ >N ) < o(B/AN? ’ (215)
1=
which immediately implies that lim sup_,., % log By g = —oo. Consequently
1 1
lim sup — log Eg (e %4%) = lim sup — log C , 2.16
N—>oopN & /8( ) N—>oopN BB ( )

and since the cardinality of Zy2 grows polynomially, the proof of (2.13]) will be complete
once we show that

1 1
li =1 Es(e™ W1y _n) < lim = logEg(e V1, ). 2.17
o g7 e 2 Bo( M Ls—n) < i, g By ). (210
For x € Z, we denote by Py, the law of x +V where V is the random walk of law Pg. We
consider the partition function of size 2NV and use Markov property at time N to obtain

By (e 1y o)) > By(e W1y o)) Bpa (e "V Ly —gy), w€Z. (218)
By using the time reversal property of the random walk V| we can assert that (Vi —
VN-n, 0 <n < N) 4 (Vo — Vo, 0 <n < N) and consequently, for all = € Z, it comes that

_ N _ N "
Eg (e 2=ty ) = Eg(e 02na Wty )

—65N  VN=VN_n
= Ep(e 0 Wty )

_sN-1
=Eg(e02n=r M1y ). (2.19)
Thanks to the symmetry of V and since Eivz_ll V| < An, the inequalities (2.18]) and (2.19)

allow us to write

_§A —0A 2
Ej (e 1y,ym0) > | sup Es(e 1y, )] (2:20)
€L 2
It remains to apply 5% log in both sides of (2:20) and to let N — oo to obtain (2-17),
which completes the proof.

2.3. Large deviation estimates. In this section, we introduce the techniques that will
be required to estimate the probability of some large deviation events associated with
trajectories making a large arithmetic area. Such estimates will be needed in Section [4] to
approximate the probability that, under the polymer measure, the trajectories make only
one bead.

Following Dobrushin and Hryniv in [11], for n € N, we define

Vo= t(Vo+ Vit + Vi), (2:21)

and for a given ¢ € (0,00) N %, we focus on both probabilities Pg(Y,, = ng, V;, = 0) and
Pg(Y, =nq, V,, =0, V; > 0Vi € {1,...,n — 1}). Our aim is to identify the exponential
rate at which such probabilities are decreasing and their asymptotic polynomial correction.
To that aim, we will use an exponential tilting of the probability measure Pg (through the
Cramer transform) in combination with a local limit theorem. Under the tilted probability
measure the event {Y,, = ng, V,, = 0} is not of large deviation type anymore since its
probability decays at polynomial speed instead of exponential speed, as will be seen in
Section 6l



IPDSAW : PHASE TRANSITION AND COLLAPSED PHASE GEOMETRY 15

First, we denote by L(h),h € R the logarithmic moment generating function of the
random walk V', i.e,

L(h) := log Ege"]. (2.22)
From the definition of the law Pg in (1.13), we obviously have L(h) < oo for all h €

(—B/2,/2). For the ease of notations, we set A,, := (Y;,, V;,) and we denote its logarithmic
moment generating function by L, (H) for H := (hg, h1) € R?, i.e.,

La, (H) = log Eg[ehoYutmVa] = 377 L<(1 — i) hg + hl). (2.23)
Clearly, L, (H) is finite for all H € D,, with
D, = {(ho,hl) €ER2: hye (—2,8), (1= Lyhg+hy € (-5, g)}. (2.24)
We also introduce Ly the continuous counterpart of Ly, as
La(H) := [ L(zho + hy)dz, (2.25)
which is defined on
D = {(ho, h1> € R?: hi € (—g, §)7 ho + hy € (—g, g)} (2.26)
With the help of (2.23)) and for H = (hg, h1) € D,,, we define the H-tilted distribution by
dPn,H (V) _ thYn—i-han—LAn(H)' (227)
dPg

For a given n € N and ¢ € %, the exponential tilt is given by hi, := (h;) o, b, ;) which, by
Lemma [5.4] in Section [5.1] is the unique solution of

Enn(d2)=V[iLs,][(H) = (q,0), (2.28)

n

and therefore, we have the equality
1
Pg (An = (ngq, 0)) =P, (An = (ngq, 0))@”(_}‘31,0 q+ﬁLAn(th)), (2.29)

From (2.29) it is easy to deduce that the exponential decay rate of Pz(A, = (ng,0)) is
given by the quantity _th,o q+ %L A, (hi) and that the polynomial correction is associated

with P, (Ap, = (ng,0)). To be more specific, we first state a Proposition which gives a
local central limit theorem for the tilted law P, 4.

Proposition 2.2. For [q1,q2] C (0,00), there exist C > 0,n9 > 0 such that for all q €
[q1, q2] and n > ng we have

ﬁ < Pn,h% (Yo =ngq, V, =0) < % (2.30)

Then, we define the continuous counterpart of hy, by fl(q,O) = (ﬁo(q, O),El(q, 0)) which,
by Lemma [5.3]in Section [5.1] is the unique solution of the equation

VLA(H) = (g,0), (2.31)

and we state a Proposition that allows us to remove the n dependence of the exponential
decay rate.
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Proposition 2.3 (Decay rate of large area probability). For [q1,q2] C (0,+00), there exist
c1,c9 >0 and ng € N such that

[[LLa, (h2) — A% q] — [La(h(g,0)) — ho(q,0)q]| <2, forn>no, ¢ € [q,q] (2.32)
and

thL - i:i((LO)H S %7 fO'f’TL Z no, q € [Q17QQ]‘ (233)

Proposition [2.3] and [2.2] will be proven in Sections [5.1] and [6] respectively. With the help

of (2.29) and by applying Proposition and Proposition we can finally give some
sharp upper and lower bounds of P3(Y;, = ng, V,, =0).

Proposition 2.4. For [q1,q2] C (0,00), there exist C1 > Co > 0 and ng € N such that for
all g € [q1,q2] and n > ny we have

% en[—ﬁg ‘H‘LA(E(‘LO))] < Pg(Yn=ngq, Vo =0) < % e [—ﬁg Q+LA(1~1(q,0))]_ (2.34)

In addition, we shall need in this paper a precise lower bound on the probability that,
under P g, the random walk V' makes only one excursion away from the origin, conditionally
on having a large prescribed area. To our knowledge, such an estimate is not available in
the existing literature. Recall the definition of Y}, in (2.21)).

Proposition 2.5 (Unique excursion for large area). For [q1,q2] C (0,00), there exist C' >
0, > 0 and ng € N such that for all q € [q1,q2] and every n > ng

P3(Vi>0,0<i<nl|Y,=ngq V,=0)>5 (2.35)

= e

A compléter We expect that the optimal lower bound of the Lh.s. in is actually
a strictly positive constant. It is indeed the case that a random walk with increments that
have strictly positive expectation that with strictly positive probability the path does not
come back to the origin.

3. THE ORDER OF THE PHASE TRANSITION

In Section below, we prove Theorem [A] that expresses the excess free energy as the
solution of an equation involving the function hg introduced in Section In Section

we first state Lemma which provides the behavior of hﬁ(fcm (8)) close to (. and then
we combine this Lemma with Theorem [A] to complete the proof of Theorem [B] Finally, in
Section we give a proof of Lemma [3.1

3.1. Proof of Theorem (Free energy equation). By the representation formula (1.35))
and the definition of f, we have f(5) = limy_, % log Z1, 3, where

Zip =Y Noy (CB)N Ps(Vni1o-n). (3.1)

As a consequence, the excess free energy satisfies f(f) = —log R where R is the radius of
convergence of the generating function G(2) = > 7%, Zr g z~, that is

f(ﬁ) = sup {6 >0: 220:1 ZL,g e L = +oo}, (3.2)
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if the set is non-empty and f(8) = 0 otherwise. We recall (1.36) and we use (3.1)) to rewrite
the sum in (3.2)) as

m ~
Y Zige*
L=1

(F(,B)Cié)N Z PB(V) 675(L7N)

ot
M=

L=1N=1 Vo=VN4+1=0
Any=L—N
oo L N
—(5 —0A
= Z Z /3(6 Mlan=L-N, VN+1:0})
L=1N=1
o0
- Z I(s ) ( _5AN1{VN+1:0}>‘ (3-3)
N=

-+

Since Ay = An41 on the se {VN+1 = 0} and by using the definition of Ay g(d) in (2.9),

the equality (3.3]) becomes

> Zpget =) exp (N [logD(8) — 6 + S hN+1,B(5)]), (3.4)
L=1 N=1

which together with (3.2) gives f(8) = sup {6 >0: logT(8) — 6 + hg(8) > 0}. Since hg(5) <
0, it follows that f(3) = 0 if I(8) < 1. When I'(8) > 1, Lemma gives that 6 —
—0 + hg(6) is continuous, decreasing, non-positive on [0,00), equals 0 at 6 = 0 and tends

to —oo when & — oo. Therefore, f(ﬁ) > 0 and is the unique solution of the equation
logI'(8) — § 4+ hg(6) = 0. In addition, by recalling the definition of the collapsed phase

(1.11]) and the extended phase ([1.12), we can observe that
C={p:T'(B) <1} and E={p:T(B)>1}. (3.5)

We note that 8 — T'() is decreasing on [0, 00) (recall (1.15) and (1.13])) and therefore, the
collapse transition occurs at f3., the unique positive solution of the equation I'(8) = 1.

3.2. Proof of Theorem |B| (Phase transition asymptotics). We display here the proof
of Theorem [B] subject to Lemma [3.1] below, that will be proven in Section [3.3] afterward.

Lemma 3.1.

i "2 B) _ —&. (3.6)

gk F(B
where we recall that ¢ was defined in ((1.18)).

Our aim is to study the asymptotic behavior of the equation in Theorem [A] near the
critical point. We recall and we perform a first order Taylor expansion of I'(3) near
B which gives logT'(8. — €) = s1e(1 + 0(1)) as € \, 0. Next, we consider the function hg
near (. and it follows from Lemma that when € \ 0

hpe—e(f(Be —€)) = —2f (B — ©)*/3(1 + 0(1)). (3.7)
Therefore, by plugging (3.7]) and the expansion of log I'(5. — €) in the equation in Theorem
[A] that is verified by the excess free energy, we obtain that

ce(l+o(1)) — f(Be —€) — 2f (Be — €)*/*(1 + 0(1)) = 0, (3-8)
which allows to conclude that
FBe—e) ~ (2)3/2 &2 as e \,0, (3.9)
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and the proof is complete.
3.3. Asymptotics of hg.

Heuristics. Let us give the heuristic explanation of why hg(d) ~ —c §2/3 for some constant
¢ > 0. The main idea is to decompose the trajectory of the random walk V' into independent
blocks of length T62/3 for T € N and & small enough: we have approximately N / (T6-2/ 3)
such blocks. Hence, as § \, 0, we can estimate

1 2/3
lim NlogEg(e_aAN)N lim %ngB(e*Mm—ws), (3.10)

N—oo T—o0

It is well known that for such random walks (assume that Eg (v3) = 1) (see |13 p. 405])
Tk T
K230 |Vl £>/ B(t)|dt as k — oo, (3.11)
i=1 0

where B is a standard Brownian motion. Now, let k = §~2/3 and since |676AT572/3| <1,
we conclude that

Ej(e rs22) o B(e o 1BOI) a5 5 0, (3.12)

This convergence and (3.10) would immediately imply hg(d) ~ —c 82/3 where ¢ can be
estimated via the distribution of the Brownian area, that is

1
c=— lim T logE(e™ I IB®ldty ~ ¢, (3.13)

T—o00

Proof of Lemma|3.1].

Upper bound. Pick T € N, § > 0 such that 672/ € N and let A := §72/3. We take N
that satisfies N/(T'A) € N and partition {1,..., N} into k = N/(T'A) intervals of length

TA. By the Markov property of V', we decompose Eg (e“SAN ) with respect to the position
occupied by the random walk V' at times TA,2TA, ..., (k—1)TA,

k—1
k
Eg (6_6AN) - Z H Eg.o, (6_6ATA1{VTA:m+1}> < { supEg; (6_5ATA)} . (3.14)

20=0,2;€7% =0 z€L
i=1, ..k

With the help of Lemma below, we can replace the supremum in the right hand side
of (3.14) by the term indexed by x = 0 only. The proof of Lemma is postponed to

Appendix [A]

Lemma 3.2. Forall§ > 0,n € N and x,2' € Z such that |2'| > |x|, the following inequality
holds true
B (e0) < Bpaleo). 315)

Therefore becomes
By ) < [B(e04r2)

Recall that A := §=2/3 apply % log to both sides of (3.16)) and let N — oo to obtain, for
B > 0and > 0, that

]N/(TA) (3.16)

log Eg (6_6ATA). (3.17)
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In what follows we need a uniform version (in ) of the convergence of Eg (e“;ATA) towards

E(e” Jo 1B (t)‘dt) as § — 0. For this reason, we introduce the strong approximation theorem
(Sakhanenko [24]) to approximate the partial sums of independent random variables U in
the right hand side in (3.17)) by independent normal random variables.

Theorem 3.3 (Q. M. Shao [26], Theorem B). Denote by 0’% the variance of the random

variable Uy under Pg. We can redefine {U;,i > 1} (denoted by UP) on a richer probability
space together with a sequence of independent standard normal random variables { X;,i > 1}
such that for every p > 2, x > 0,

<m<ax Z b

where A is an absolute positive constant.

>x> (Ap)Pa~ pZEyUﬂyp (3.18)
=1

We let also, forn e N, Y,, =3 | X;, A,(Y) = >, |Yi] and redefine VP = Sy U’
A, (VP =30, ]V’B] We pick T'> 0, p > 2, ¥ > 0 and K a compact subset of (0, 00).

We use Theorem and the fact that (recall ( - [U B ]p] is bounded from above
uniformly in 8 € K to assert that there ex1sts a constant ¢, g > 0 such that for all A >0
and € K

P( VP —osYi| > A ) <y x TAVP, 3.19
1121%2(‘ 0B ‘ S Cp K ( )

Note that on the event {max;<7a |VZ6 - JgY;;‘ < Aﬁ}, we obviously have |Apa(V?) —
osAra(Y)| < TAYHL. Therefore, since  + exp(—z) is 1-Lipschitz on [0,00) and since
A = 62/3 we can write that for 5 € K and § > 0

‘E(e—éATA(VB) _ e—daﬁATA(Y))‘ < P( max mﬁ —opY;| > Aﬂ) 4+ STAH
< ¢p 53070 4 730729, (3.20)

We chose p = 3 and ¢ € (1/3,1/2) and plug it in the right hand side of (3.17)) to obtain
that for 8 € K and § > 0,

hs(9) —b05Aa(Y) 239-1) 1-29
s _Tlo [ (€008 ATaM)) 4oy (TS 5 +T5 5 } (3.21)
Lemma 3.4. Let K be a compact subset of (0,+00). For T > 0 and € > 0 there exists a
6o > 0 such that for § < 8 (with A = §%/3),

sup ]E( 5UﬁATA(Y)) —E(e 7" foTlB(t)ldt)} <e, (3.22)
BEK

where B is a standard Brownian motion.

Proof of Lemma([3.4 We can consider {B(t),t > 0} and {y;,7 > 1} on the same probability
space by letting y; = B(i) — B(i — 1) and thus Y; = B(i) for ¢« € N. Since the exponential
function is 1-Lipschitz on (—o0, 0], we have

sup ‘E( &TﬂATA(Y))_E(e—O’B fOT ‘B(t)ldt)‘ < max{aﬁ,ﬂ e K} E[‘(SATA(Y)_IOT |B(t)‘dt}:| ]
BeEK
(3.23)
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Since max{og, 8 € K} < 0o, the proof is complete once we show that the expectation in the

right hand side vanishes as A — 400. Recall that § = A=3/2 and Apa(Y) = EiTzAl | B(i)].
By Brownian scaling and Riemann sum approximation we know that

A2 ApA(Y 12;3 i/A)| —>/ (t)|dt, (3.24)

and since we have uniform integrability (because supa~o E(|JA™3/2A74(Y)[?) < 00) we can
conclude that

Jim B(|A™2405(V) — [ [B@)dt]) =o. (3.25)
0

We resume the proof of the upper bound. Since ¥ € (1/3,1/2), the right hand side of

(3.20) vanishes as 6 — 0 uniformly in g € K. Thus, we can replace 6 by f (Be) in (3.21)) and
use Lemma and the fact that lim._,o+ f(8. —€) = 0 to conclude that, for all T' > 0,

: he(f(B.—e) _ 1 —op. [T 1B
e G o,

It remains to let T" tend to infinity and to recall ( to obtain
hm Sup M S —
esot  f(B.—e)2/3

Lower bound. Recall that T € N,§ > 0 and A = §~2/3 € N. We also take N € N such that
N/(TA) € N. Pick n > 0 and use the decomposition in (3.14]) to obtain

k—1
Eg (6_6AN) > Z H Es., (€—5ATA1{VTA:%+1}> (3.28)
no=0zi€[- mﬁmf} =0

EEREE)

(3.27)

N/(TA
> Le[n%n a2 (7721 et pvanvan) | e (3.29)
For any integer x € [—U\/E> 17\/3], we consider the two sets of paths
5 = {(Vi)E%: Vo = z, Vs € [-nVA,pVA]}, (3.30)
and
My = {(Vi){Z5: Vo =0, Vra € [-nVA, 0]} (3.31)

Clearly, if V = (V;)T4 € Ila, then the trajectory V + z starts at € [0,7V/A] and is an
element of IT7. Similarly, for = € [-nVA, 0], IT} + 2 C T where

I = {(Vi)E%: Vo = 0, Vira € [0,nVA] ). (3.32)
Since Pg(V € IIy) = Pg(V € II5), we conclude that
Ps.(V €I¥) > Pg(V €Ily) for all z € [-nvVA, nVA]. (3.33)

Moreover, for any V* € IIf,

TA TA TA TA
S WVHI =0 e+ Vil <8 Vil +6TAJx| <6 Vi + 0T, (3.34)
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where the trajectory V satisfies Vy = 0. Combining (3.33) and (3.34), we then have, for
z € [=nVA nVA],
_S§A —nT —0A
Eso (e TAl{VTAG[—U\/Zﬂ?\/N) ze " Ep (e TAI{VTAE[OW\/N) (3.35)

By plugging the lower bound above into (3.28) and by using the symmetry of V' we imme-
diately get

N/TA
_S5A —-nT —JA
Ep(e™4) = [e By (e 21, omy )] (3.36)
which, by applying % log to both sides in (3.36|) and by letting N — oo, gives, for all 5 > 0,
hg(d) _ 1 54
5 2 7 log By (e T”{vme[o,nm}) —n, 8,1 >0. (3.37)

At this stage, we proceed as in the upper bound (from ([3.17))) to obtain, for all 7" € N, > 0,

hs(F(8)) 1 log B (e~% Ji 1B

lim inf —=

d
sse f(ps T T "Linmeoa) =1 (3.38)

It remains to show that for all n > 0 we have
. 1 Y T . 1 s T
Jim o log B(emose Jo PO g ) = Jim o log B(emoe Jo 1901 - (3.39)

but the latter convergence can be obtained by adapting the proof of ([2.13]) to the continuous
setting and for conciseness we will not give the details of the proof here. Then, by recalling

(1.18), we achieve the bound

lim inf w > —¢ — 1, (3.40)

e J(B)
for all n > 0. It remains to let  — 0 to complete the proof.
O

4. GEOMETRY OF THE COLLAPSED PHASE

In Section below, a proof of Theorem [C] is displayed subject to Lemma which
ensures that the horizontal extension of the polymer inside the collapsed phase is of order
VL, and to Proposition which provides a sharp estimate of the partition function
restricted to those trajectories making only one bead. Proposition is proven in Section
[4:2subject to Lemmal[4.4] which is the counterpart of Lemma[4.1]for the one bead trajectory
and to Proposition 2.5 which gives a lower bound on the probability that the random walk
V makes an n-step excursion away from the origin conditioned on the large deviation event
{Y, = ¢qn,V,, = 0}. Lemmas and are proven in Section whereas the proof of
Proposition [2.5 is postponed to Section because it requires more preparation. Section
[4.4)is dedicated to the proof of Theorem [E] and Section [£.5] to the proof of Theorem [F}

4.1. Proof of Theorem (One bead Theorem). The proof of Theorem |C| will be
displayed subject to Lemma [4.1] and Proposition [4.2] that are stated below.

Lemma 4.1. For 8 > fB., there exist a,ay,a2 > 0 such that
Prs(Np(l) > a1VL) < age ®VE, LeN. (4.1)
Recall (2.6H2.8])
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Proposition 4.2. For 3 > ., there exist ¢,c1,co > 0 and k > 1/2 such that
C1
g

Y

Pl < 73 4 < % eVl L eN. (4.2)

Proof of Theorem[(, We will first show that, for 8 > . and under the polymer measure,
the probability that there is exactly one macroscopic bead in the polymer tends to 1 as
L — oo. Then, we will show that, with a probability converging to 1 as L — oo, the first
step and the last step of this macroscopic bead are at distance less than (log L)* from 0
and L, respectively. For r € N, we denote by Zy, g[r] the partition function restricted to
those trajectories that do not have any bead larger than r, i.e.,

Zrglr)= >, M0 (4.3)
IEQL : ‘Ijmax ‘ST

At this stage, we pick s > 0 and we let Af, ¢ be the subset consisting of those trajectories
having at most one bead larger than s(log L)?, i.e.,

AL = {l e |[{Ge{l,....,ne(D)}: |I] > s(log L)%} < 1}. (4.4)

Partition A7 _ in dependence of the locations of the two subintervals {i1 +1,...,i2} and
{i3 + 1,...,44} associated with the first two beads that are larger than s(log L)2. For
notational convenience we let Ly := 49 — i1 and Lo := i4 — i3 be the length of these two first
large beads. We do not have Markov property but, with the help of Lemma below, we
can estimate the partition function restricted to those trajectory that make a bead between
two given steps.

Recall (cf. notations introduced in Section prior to Theorem |C)) that =1 denotes the
horizontal extension of the first bead, and that wu,, corresponds to its total length.

Lemma 4.3. For L € N,
%Zz/ﬁ Zy-pp < Zpplug, =L)< 23 57 g for L' €{l,...,L}. (4.5)

Proof of Lemma[{.3. In the case uy, = 1, the first bead contains only one horizontal step,
hence the sign of the stretch after x; is arbitrary, we obviously have Zj g(u,, = 1) =
Z‘fﬁZL—l,,B- In case u,, = L' > 1, note that the stretch [, is non-zero, therefore the next
stretch has the same sign as [,. By concatenating the trajectories

Zrp(uey = L) = Z3% 5(n,, > 0) 211 p(l > 0) + 23 4(ln,, < 0)Z1_105(l1 <0) (4.6)

- Z‘l)/,ﬁ ZL*LI,,B(ll 2 O) (47)

In both cases, thanks to the symmetry of the stretches, we have
528 321108 < Zu (e, =L)< 29 5 Z 1y for L' € {1,...,L}. (4.8)
O

We resume the proof of Theorem [C] and, we use Lemma [£.3] to obtain

Z Ziy g [S(log L)Q] Zzl,,ﬁ Zig—is,B [S(log L)Q] ZZQ,B Z1—iyB

. (4.9
70 (4.9)

Prp(Azs) <

1<i] <ig<ig<ig<L
Ly,Ly>s(log L)?

and we write the lower bound

ZLWB > (%)SZZ'L,B [S(IOg L)Q] Zzl—i-Lg,B Zi37i2ﬁ [S(log L)2] ZL*M,,B (4-10)
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such that
VA A,
N B S (4.11)

ZO
1<iy <ig<ig<ig<L ~ L1t+Ll2,8
Ly,Lo>s(log L)2

By using Proposition [4.2] and the convex inequality

VL1 + /Ly — /L1 + Ly > 3\/min{Ly, Ly}, (4.12)

we can bound from above the quantity in the sum in (4.11) by

ZipZ%tap o A+ L) _G(a() VIV vIiFLa) (4.13)
Z<1)11+L2ﬂ a CQ@
2 K G(a(B)/slog L
< Ly + La)* e 2 (4.14)
cov/LiLa

and since % < L" we can state that, for L large enough, (4.11)) becomes

82 oyq _ ClaB)VslogL
P (A7) < =L LHe 2 . (4.15)

= o

Therefore, it suffices to choose /s = @ to conclude that limr_,o Pr,g(A$ ;) = 0.

At this stage we set B s = Ap s N{Np(l) < a1V L} and we can use Lemma and
the fact that Pr 5(.A ) vanishes as L — oo to conclude that limz .o Pr,3(Brs) = 1.
Moreover, it comes eaéily that under the event By, s there is exactly one bead larger than
s(log L)? because if there were no bead larger than s(log L)?, then the total number of
beads np(l) would be larger than m which contradicts the fact that N (I) < a;vVL
because each bead contains at least one horizontal step and consequently Nr (1) > nr(I).
Under the event By s we denote by i1 and iy the end-steps of the maximal bead, i.e.,
L. = {i1+1,...,i2}. Then, the proof of Theorem |C| will be complete once we show that
there exists a v > 0 such that

Jim Prg(Br,s 0 {ir > v(log L*) =0 (4.16)

—00

Jim Ppg(Brs N {ia < L — v(log L)'} =o. (4.17)
—00

We can bound from above

L
PLg(Brsn{ir>v(logL)}) = > Ppa(Br.n{i =1t}
t=v(log L)*

L
< ¥ Pw(aje{1,...,nL(Z)}:uxj:t,

t=v(log L)*
‘Id‘ SS(IOgL)2 VdE{laa.]})
L
Zi 5[s(log L)?] Zp—4,
<1y 2w W (4.18)

t=v(log L)* Zt’ﬁ ZL_t”B
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which finally gives

L
Prs(BrsN{ir>v(log1)'}) <3 > Pig(ljnul < s(logL)?). (4.19)
(log

t=v(log L)*

We note that, under P, g and on the event {|I;
larger than

| < s(log L)?}, the number of beads is
m, therefore Ny(l) > m and since v/t > /v(log L)? we obtain that

N;(1) > v/t(\/v/s). By choosing v = (a15)?, we can apply Lemma to get

L
PrLg(BrsN{it > v(logL)*) <3 > Pig(N(l) > arvt)
t=v(log L)*
L

<la Y eV (4.20)

t=v(log L)*

Since the sum in (4.20]) vanishes as L — oo, the proof is complete.

4.2. Proof of Proposition[4.2] We recall the definition of the one bead partition function
introduced in Section equations 1 D Henceforth, we will use the notation zZ° g =
A L. Be —BLy cg, so that Proposmonwﬂl be proven once we show that there exist c1,co > 0
and k > 1/2 such that

1 _g = 2 _G

ﬁe (@B VL < Z7 5 < ﬁe (“(ﬁ))ﬁ, for Le N. (4.21)
We will prove subject to Lemma |4.4] E 4] below and Proposition The proof of

Lemma is given in Sectlon whereas the proof of Proposition is postponed to
Section

Lemma 4.4. For 8 > fB., there exists ag > a1 > 0 such that for L € N,

7° (a1vVL < N < agVL
1 — )1 (4.22)
L—oo ZL,,B

We resume the proof of Proposition With (2.8) and by definition of Zz 5 Wwe can
easily deduce that, for § > 0, L € N,

L
Zlp=2 Z )N Ps( VN+1 L-N)- (4.23)
N=1
For K C {1,...,L}, we set
Z2s(NeK)=2>" (TB) Ps(Viyp n) (4.24)
NeK

By using Lemma we note that it suffices to prove (4.21)) with ZE B(N € VL][a, ag])
instead of Zz - To that aim, we write

73 5(N € VLo, ar)) =252V (0(8) N Ps(Vi i) (4.25)



IPDSAW : PHASE TRANSITION AND COLLAPSED PHASE GEOMETRY 25

For n € N, we recall (1.36)) and (2.21)) and we note that nY,, = A4,, on the set {V;, =0, V; >
0Vi € [1, N — 1]NN}. Therefore, we set qy,z, := L=+ for N € VL[ay, az] NN and we can
write

Vi w1 ={V:Yn=Ngnz, Vw=0,V; >0Vie[l,N -1 NN} (4.26)

At this stage, our aim is to bound from above and below the quantities Pg (V]T, N +1) for
N € VLlay, as) NN. The upper bound is obvious, i.e.,

Pﬂ(vj—\i},LfN+1) <Py(Yn = Nqn,z, VN =0), (4.27)

while the lower bound is obtained as follows. Since gy 1, € [ﬁ, a%] when N € \E[al, asl,
2 1
we can apply Proposition to claim that, there exists C,u > 0 such that for L large
enough,
Ps(Vi  ni1) = 5:Ps(Yn = Nqno, Vu =0), N € VL[ar,ap] NN. (4.28)

By using again the fact that gy, € [ﬁ, a%] when N € VL [a1,as], we can apply Propo-
2 1

sition which provides a lower and an upper bound on Pg(Yy = Ngn,, Vv = 0). By

combining these last two bounds with (4.27H4.28)) and by setting k = 1+ /2 we can assert

that there exists Ry > R > 0 such that for L large enough and all N € \/f[al,ag] we

have that

By N [~Ro(an.2.0) .o+ L (Han...0))] (4.29)

< Pﬁ(VJJ\?,L—N-H) < % eV [—ho(QN,L,O) QN,L+LA(H(‘1N,L70))} .

At this stage, we recall the definition of G in (1.27) and we set

asVL
QL,ﬁ = Z e\/ZGL’N (4.30)
N=a1VL
with
1/2 =
GrN = % (an,) / G(W) (4.31)

and we use (4.24]) and (4.29)) to claim that there exists R3 > R4 > 0 (depending on £ only)
such that for L large enough,

%QLB < 2275(‘]\[ S \E[al,ag]) < %QL’Q. (4.32)

We recall that a — é(a) is a strictly negative and strictly concave function on (0, 00)
and reaches its unique maximum at a(/3), which obviously belongs to [ai,as2]. Since, by
Lemma a — G(a) is C! on (0,00), we can assert that it is Lipschitz on each compact
subset of (0,00). Moreover, there exists a C' > 0 such that |qvy12 — gy | < C/VL for
N € VL]a1,as) and we have that

1 1
a 2 1 a 2
( - 723>2 < %((JN,L)2 < < - TIL)Q; N € VL[, a2], (4.33)

therefore, we can take the supremum of G,y on N € [al \E, asV'L ] NN and it comes that

sup {Gn; N € VL|a1,as) NN} = G(a(B)) + O(%) (4.34)
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By putting together (4.30) and (4.34)) we obtain that there exists R5 > Rg > 0 such that
for L large enough,

Ry GBI < s < RsvV/L eC@@®VL, (4.35)

At this stage it suffices to combine (4.32)) with (4.35)) to complete the proof of (4.21)) with
k=pu/2+1.

4.3. Proof of Lemmas and We will only display the proof of Lemmal[f.4] because
the proof of Lemma is obtained in a very similar manner. We recall (4.23) and (4.24))
and we will first show that there exists v > 0 and ¢ > 0 such that

Z35>ce ™V LeNl (4.36)
Then, we will show that there exist as > a1 > 0 and ¢, ¢o > 0 such that
Zg’ﬂ(]\/ > ag\FL) < e 6727\5, L eN,
Zz”@(N <a1VL) < e VL LeN. (4.37)

Putting together (4.36)) and (4.37]), we will immediately obtain (4.22)). To begin with, set
roi= { L J uw:=L—7r—(r—1)|VL] and note that u € {|VL],...,2|VL]}. Then,

1+|VL] |’
consider the trajectory V* € Vr++1,L—r defined as Vy = V01 =0, V1 =--- =V, = L\/fj
and V, = u. One can therefore compute
r+1 fé(2u) 1\r+1 _—28|VL
Py(V*) = (L) em2() > (L) 28VE] (4.38)

cs cs
and consequently by restricting the sum in (4.24) to N = r, by using (4.38) and the
inequality |v/L| < L, we obtain

NO F ' _
Zs>2 (%) e28VL, (4.39)

It remains to note that r < v/L and to recall that cg > 1 and that I'(8) < 1 because
B > (.. This is sufficient to obtain (4.36)).

Proving the first inequality in (4.37)) is easy because I'(8) < 1 and thus, we can use
(4.24) to claim that there exists a C' > 0 such that

(0.9}
Z94(N>aVL) <2 Y (D(B)N < Ceoalos@ENVE, (4.40)
N=azV'L

Since log(I'(8)) < 0, it suffices to choose ag large enough to obtain the first inequality in
(@37).

To prove the last inequality in (£.37)), we note that, for N < a;v/L and for all (W)f\i '51 €
VX,_H,L_N we have max{Vj, j € {1,...,N}} > % > aif — 1 and therefore, for L large
enough we have

PV i1 n) < Pa(max{Vj,j < VL) > ) (4.41)
<Py( iy ol > §E), (4.42)

and since v; has some finite exponential moments, we can apply a standard Cramer’s Theo-
rem to obtain that for L large enough, there exists g(a1) > 0 such that lim,, o+ g(a1) = oo
and that Pg(VXH_l -N) < e=9(@VL for N < a1V/'L. Therefore, by taking a; small enough
we obtain the second inequality in (4.37)), which completes the proof of Lemma
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4.4. Proof of Theorem [E| (Horizontal extension). To begin this section, we prove
that G is strictly concave and reaches its maximum at a unique point ag € (0, 00). Recall
(1.27) and compute its first two derivative (by using that VL (h(q,0)) = (¢,0)), i.e.,

0G(a) = log T™(8) + Zsho (22, 0) + La(H(Z,0)), (4.43)
92G(a) = —Zho(5,0) — L91ho(%,0). (4.44)

It suffices to show that 92G(a) < 0 on (0, 00) and that 8,G(a) has a zero on (0,00). Since
ho(z,0) = —2hy (z,0) (recall Remark , we consider R : u — fol xL((x — 3)u)dz so that
d1(La)(H (,0)) = R(ho(z,0)). Clearly R(0) = 0 and R'(u) = 2]01 22L"(zu)dz because L
is even (recall (2.22)). Therefore R'(u) > 0 when u # 0 and R < 0 on (—00,0) and R > 0
n (0,00). Since R(ho(x,0)) = x for # € R, we can claim that ho(z,0) > 0 for z € (0, 00)
and by differentiating this latter equality we obtain that d1ho(x,0) = 1/R/(ho(z,0)) which
is strictly positive on (0,00). This completes the proof.
Let us start the proof of Theorem [E] Recall that i; and iy are the end-steps of the largest
bead I; ie., I, .. ={i1+1,...,i2}. For v > 0, we let

Jmax?

Tiw={l€Qr:i1 <v(logL)*, is > L —v(log L)*, Ij,.. = {i1 +1,...,d2}}.  (4.45)

max

By Theorem |C} there exists a v > 0 such that limz_,o P g(77,) = 1. Therefore, the proof
will be complete once we show that

. Np(l
Lh—{goPL’B<{ \%) — a/g‘ > 5} ﬂTLﬂJ) =0. (4.46)

Let Ny,  denote the number of horizontal steps made by the random walk in its largest
bead. Pick ¢/ < ¢ and since the first step and the last step of the largest bead are at distance
less than v(log L)* from 0 and L, respectively, we can write that for L large enough

pw<{\N;g> —ag| > ¢} m)

Nl'max / . .
< § PL,ﬂ(’m_aﬁ‘>€7Ijmax:{21+17‘--77’2}>
1<y <v(log L)*
L—v(log L)*<ia<L

o _N /
Zizil,ﬁ()m aﬂ‘ >5>
SR> 7o 7

1<i1 <v(log L)* i2—i1,8
L—v(log L)*<iz<L

(4.47)

where the coefficient 4 in front of the r.h.s. in comes from a direct application
of Lemma Now, we focus on the numerator of the r.h.s. in and since G is
strictly concave and reaches its maximum at ag we can claim that the maximum of G on
(0,a5 — ') U Jag + €', 00) is given by T(¢') = max{G(ag — '), G(az + £')}. We proceed as
in (4.25)-(4.34) and we get that there exits a C; > 0 such that

;hﬁ(mj_aﬁ\ >a) < G (i) TEOVET, (4.48)
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We apply Proposition [4.2] and the denominator can be bounded from below as
o Co 66(2'271'1) eé(ag)\/izfil’ (449)

iZ_ilvﬁ Z (ig—il)m

for some constants k > 1/2 and Cy > 0. Since L — 2v(log L)4 <19 — 11 < L, we can state
that, for L large enough, (4.47) becomes

N ~ /
PL,B({ jg) — aﬁ‘ > 5} N 7’L,U> < Cy IF3 10g(L)8 e~ (Glag)=T(")\/L—2v(log L)* (4.50)

Since é(ag) > T'(¢'), the right hand side vanishes as L — oo and this completes the proof.

4.5. Proof of Theorem [F| (Wulff shape). Before displaying the proof of Theorem
we provide a rigorous definition of 7} and we associate with each trajectory [ € € the

process M; that links the middle of each stretch consecutively.
The Wulff shape 7; can be defined as

w5 = argmin{J(7), v € By, Jy (t)dt = é,v(l) =0}, (4.51)

where By ) is the set containing the cadlag real functions defined on [0, 1], where J :
Bo,1) = [0, 00] is defined as

1 / .
J(y) = /0 L*(v/(t))dt if ~ e AC, (4.52)

400 otherwise,

where AC is the set of absolutely continuous functions and where L* is the Legendre
transform of L, i.e.,

L*(u) = inf {hu — L(h),h € (=2,5)}, weR. (4.53)
One can also give a direct expression of v as
Y5 (s) :/ L3 —m)ﬁo(é,O)]dm, s €10,1], (4.54)
0

which easily implies (recall [1.27) that G(a(B)) = ag(log'(8) — J(v3)). Finally, we note
that one can prove without further difficulty that

{7575} = argmin{J(7), v € By 1}, A(y) = 5, 7(1) = 0}, (4.55)

2
a
B

where A(v) = fol |v(s)|ds is the geometric area enclosed between the graph of v and the
x-axis.

We recall the definition of €l+ and & in (1.31)) and we also associate with each I € Ly 1,
the path M; = (Mm)iligl that links the middles of each stretch consecutively and is defined
as Mjp=0

U .
Ml,i:l1+-'-+li,1+§z, ’LE{l,...,N}, (456)

and Mj n41 =11 + -+ 4+ Iy. We recall that the T transformation, defined in Section
associates with each | € Ly 1, the path V; = (Ti)~1(l) such that Vi =0, Vj; = (—1)1;,
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foralli e {1,...,N}and V; y41 = 0. As a consequence, €l+ = Ml—i—@ and £ = M; — “gfl‘,
ie.,
Vi
5lfi:Mz,i+’;’Z’, ie€{0,...,N+1},
- Viil .
i =My;———, i€{0,...,N+1}, (4.57)

and the path (Ml,i)i\g{)l can be rewritten with the increments (Ui)i:11 of the V; random
walk as
i U
M; = 2(—1)#12], ief{l,...,N}. (4.58)
]:

Similarly to what we did to define gf“ and 5; in , we let ]\/Zl and 171 be the time-space
rescaled cadlag process associated to M; and V].

Proof of Theorem @ Equations that allows to express 5l+ and &~ with the help of the
two processes V; and M; can be translated in terms of the time-space rescaled processes as

5~'l+ = ]\’\4/1 + ‘%l' and 6~'l_ = Z\Ajl — ‘L;' Therefore, Theoremis a straightforward consequence
of the two following Lemmas.

Lemma 4.5. For > . and € > 0,
lim P ( Vil -7 ) = 0. 4,
Jim Prg [IVil =53] >€) =0 (4.59)
Lemma 4.6. For 5 >0 ande > 0,
lim P (|[30] > 2) =0, (4.60)
Proof of Lemma . For conciseness we set Uy, . = {l € Qp: HHN/Z\ — ’yEHOO > 5}. Thanks

to Theorem [E] Lemma will be proven once we show that there exists an n > 0 such
that

. Np(l
Jlim P (U {20 — ag] <n}) =0, (4.61)
We decompose the left hand side in (4.61) in dependence of the value taken by N (1), i.e.,
PLﬁ (ULﬂ; N {‘Nj%) — ag‘ < 7]}) = Z PL’g (uL,e N {NL(Z) = N}), (4.62)
eln,L

where I, = {(ag — n)VL,...,(ag + n)VL}. By recalling Section the probability in
R

the r.h.s. of (4.62)) can be rewritten, with the help of the random walk representation, as

Prs (U 01 (V) = N} (4.63)
N % i ~
= (I‘éi))PBOHVN—s—ﬂ - 'YEHOO >e, V(1) = O,A(VN+1) _ ﬁ),
Lg

where (V;)l]\; ng is a random walk of law Pz and XN/N_H is the time-space rescaled process

associated with (V;)Y41, ie.,

~ 1
Vnii(t) = Nl VLt (N+1)], TE [0, 1],
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and where ZL”@ = ZL”ge*BL/%. Note that there exists a function g : Rt — R™ such that
lim, 0 g(n) = 0 and such that for N € I, ;, the probability in the r.h.s. of (4.63)) is bounded

from above by Pg(Vn € H. ), where
Hew = {7 € B A0 2 gz = 9():7(1) = 0, [l = 3l| o = €} (4.64)
Thus, we need to identify the exponential growth rate of PB(T/N € Hey). To that aim,

we apply the Mogulskii Theorem (see [8], Theorem 5.1.2) which ensures that (Vi)nen
follows a large deviation principle on the set B([0,1]) endowed with the supremum norm
|| - [l and with the good rate function J defined in (4.52)). Since H., is a closed subset of

(5[0,1], || - ||Oo) we can assert that

limsup 4 log P3(Vy € He,) < —inf{J(7),y € Hey}. (4.65)

n—oo
We pick M > inf{J(y),y € He1} and set H2 = {y € Hcy: J(y) < M} such that the
inequality (4.65) becomes

lim sup 4 log Pﬁ(VN € Hep) < —inf{J(y),v € Hé‘fln . (4.66)
n—oo

At this stage, it remains to show that there exists a > 0 and 7y > 0 such that for all
1 € (0,70,

inf{J(vy),v € Héwn —a>inf{J(v),y € Hoo} = J(75)- (4.67)
Assume that fails to be true, then, there exists a strictly positive sequence (z,)nen
that tends to 0 as n — oo such that for all n € N there exists a v, € ’Héwzn satisfying
J(n) < J(75)+1/n. Since J is a good rate function, we can assert that Hé‘/fl is a compact set
of (Bjo,1]; || [loo) and consequently 7, is converging by subsequence towards some o, € 7-[?41
Since A and J are continuous and lower semi-continuous on (Bjg 1y, || - ||~ ), respectively, it
comes that v, € 7—[% and J(7s0) < J(7j), which leads to a contradiction because —j
and ~j are the unique maximizer of J on Hpp and v ¢ {—’y[";,’yg}. At this stage, we go
back to and we can write, for n € (0, 1]

Prp (Uee O UINLO) = as] < n) < VI E() VI Py(Vaar € Hay). (465
L,g

Thus, by (4.66]) and (4.68)) we can assert that for all n € (0,70] and for L large enough

2nv' L x
Prp (e D INLG) - as] < ) < 21V () eanVE o-los-mEO) 4e)
AN

< 2L VE(as-m)0gT(®)-I(3) 00 (4.69)
AN
Recall the equality G(a(8)) = ag(log'(8) — J(73)) and recall that for 3 > 3., we have
proved in (4.21)) that there exists ¢; > 0 and k > 0 such that for L large enough,
Zrp > Zip > G eVEC@O), (4.70)

Thus, we can use (4.69) to claim that by choosing 7 small enough and L large enough we
have

Prg(Upe N {INL(L) — ag] < n}) < LLatrem2ooVE, (4.71)
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which completes the proof of Lemma

Proof of lemma[.6. Lemma [£.6] will be proven once we show that for all € > 0,

i P (b g Vil 2 2) =0 7
Proving (4.72)) requires to control, under P[" ', the probability that, the gap between
the modulus of the algebraic area (Np(I)|Y;]| = |Z VlZ|) and the geometric area

(ZNL(Z [Vii|) of the random walk trajectory V; = (TNL(l)) (1) associated with [ € Qp
does not exceed log(L)*. This is the object of Lemma [4.7] below.

Lemma 4.7. For > B. there exists a ¢ > 0 such that
Jim P s (N (1) [i] ¢ [L = Ni(1) = e(log L), L = Ni,(1)]) = 0. (4.73)
Proof. By Theorem [C| there exists a ¢ > 0 such that
: 4
Jim P [Ljpae < L —c(log L)*] = 0. (4.74)

Note that for I € Q, we have ) . L(l Vii| = Zi]\iﬁ(l) |lil = L — Np(I) and that, with the
definition of jyax and x;, . in (1. 19) and (1.20) we have also

N () Np() N (1)
Z|m|—2§j|v“|<\§jw,i\g S Vi (4.75)
1¢ 0 i=1 i=1

where O; = {z;,...—1+1, ...,z .. } gathers the indexes of those stretchesinl = (I1,...,In, (1))
that belong to the largest bead described by [. Moreover, we note that | € {I; . >
L — c(log L)*} yields

il = Z |l;| < e(log L)*. (4.76)
120, 120,

At this stage, we recall that NL(l) Y, = Ef\iﬁ(l) Vi; and we use (4.75) and (4.76]) to assert

that [ € {I;_ .. > L — c(log L)*} implies Ny (1) |Y;| € [L — N(I) — 2¢(log L)*, L — Np(1)]. Tt

remains to use - ) to complete the proof of Lemma
O

We resume the proof of Lemma We set K1, = {m max;<i4n, (1) | M| > €} for
€ > 0 and we set for n > 0
Riy = {175 —asl < m} 0 {NL(O) Y] € [L = Ni() = e(log L)', L = NL()]}  (4.77)

Thanks to Theorem [E] and Lemma[4.7] it suffices to show that there exists > 0 such that
for all € > 0,
Lh—{lgo PL,ﬁ(KL7€ ﬁRLvn) =0. (478)

We decompose the left hand side in (4.78) in dependence of the value taken by Ny (1) and
Y, ie.,

Prg(KpeNRoy)= Y > Prg(KLen{N.(l)=N}n{¥;=q(N+1)}) (479
Nel, L qeFL N

+ Ppg(Kre N{NL(I) = N} N{Y; = —¢(N +1)}),
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where

In,L = {(ag — T])\/Z, RN (ag + U)\E},

_

N(N +1)

With the random walk representation we obtain, for N € I, and q € F, n, that

Prg(Kre N {N = N}n{Y; =q(1+N)})
)~

Frn= {L—-N —c(logL)*,...,L —N}.

_ _ _ 1 _
= Tﬁpﬁ(AN =L—-N,Yyu1=¢qN+1), 75 A |My11] > €, Vg =0)
T N
< (z@)Pﬂ (Yn41 =q(N +1),Vny1 =0)Dny1,g (4.80)
L?ﬂ

where ZL,ﬁ = Zrppe P g, where (My41,) X" is defined with the increments (U;)Y4" of

the V random walk (recall (4.58))) as Myy1,; = Z;Zl(—l)”l% fori=1,...,N +1, and

where

Dng = Pps (5 max| Myl > e | Yn = gN, Vy = 0). (4.81)

By picking n = ag/2 we can easily check that there exists [g1, 2] C (0, 00) such that for all
N € I, 1, we have Fy 1, C [q1,q2]. We recall (2.29)) and we tilt Pg into Py pa, so that we
can use Proposition and claim that there exists a ¢ > 0 such that for L large enough,
we have

Py, (3 maxi<n [My,| > €)
Py s, (Yny =gN,Vyn41 =0)
At this stage, we use (4.79), (4.80), (4.82)) and the inequalities I'(8) < 1 and (4.70)) to

assert that the proof of Lemma [4.6| will be complete once we show that for [g1, g2] € (0, 00)
and € > 0 there exists a 9 > 0 such that for N large enough we have

2
Dy < < eN?Pyy (ng\)[( | M| > aN). (4.82)

sup Py pe (maX]MN,A > EN) <e N, (4.83)
q€lq1,q2] M\ sN

We recall that, for 1 < j < N, we have Ey (U;) = L’(hgv) with hgv =(1- %)h(zzv,oth?v,r

As a consequence, and because of Lemma we can assert that, for N large enough and

uniformly in ¢ € [q1, ¢2], all hﬁ'\, belong to some compact set K C (—g, g) Therefore, we

can show that there exists ¢; > 0 and M; > 0 such that for IV large enough

sup  sup By pa (e < My, (4.84)
g€lqr,ge) 1<isN TN

which is sufficient to deduce, still for N large enough, that there exists co > 0 and dg > 0
such that

sup  sup  sup By e (OUiTE )Yy < e’ (4.85)
g€lq1,q2) 1I<N 6€[~b0.60]
Then , we set
_ 1< : .
My = My; — Expa (My;) = 5 > (=) (U; = L' (hny)), =1, ...,N, (4.80)

24
7=1
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and since, under the law PN7htsz , the increments (U;)Y, are independent, we deduce from
(4.85) that, for N large enough, there exists ¢z > 0 and dp > 0 such that

sup sup  sup Eype (M) < 3% (4.87)
q€(q1,q2] 1<ISN 6€[—b0,00]

The inequality in is sufficient to derive with random variables (M, NN,
instead of (My;)¥.;. Then, we recover by showing that Ey pa (Mpy ;) is bounded by
some constant uniformly in ¢ € [¢1,¢2], N > 2 and i € {1,..., N}. The later boundedness
is obtained by writing, for all 1 < ¢ < N that,

=D (=1L (h)

j=1

2 )EN’hgv (M)

5]
< loo + | DL/ (B3 = L'(h3)
j=1
< LMoo,k 4 Cl|L"||oo,rc < O (4.88)

5. DECAY RATE OF LARGE AREA PROBABILITY

5.1. Proof of Proposition (Decay rate of large area probability). We will
display here the proof of Proposition subject to Lemma Corollary and Lemmas
that are stated and proven below.

In what follows we use the notations ||x|| = max{|z1|, |z2|} and x -y = x1y1 + z2y2 and
d(x, F) = infyep |[x — y|| for x = (z1,22) € R%, y = (y1,92) € R? and F C R?.

Lemma 5.1. For all (j1,j2) € (NU{0})? and all compact and convex subsets K in D,
there exist ¢ > 0 such that

sup [0V [L Ly J(h) — 92 Ly (h)]| < neN. (5.1)
heK

Proof. For all (j1,j2) € N2, we first differentiate inside the integral

8(31”2 LA / 8}1]01}512 l’ho + hl)d (52)
Then, by using the error estimate for the Riemann sum of = +— 8}(30 l}ff) (xho + h1), we
obtain the result. ]

By applying Lemma for (j1,72) = (0,1) and (j1,72) = (1,0), we immediately obtain
Corollary 5.2. For all compact and convex subsets K in D, there exist a ¢ > 0 such that
}sllelgHV[%LA |(h) = VLy(h)[| < £, neN. (5.3)

For n > 0, we let K, be the compact and convex subset of D defined as

K, = {h:(ho,hl)eRzzhle 5 40,5 —n], ho+hi € [—§+n,§—n]}- (5.4)
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Lemma 5.3. The function VLy: D — R? defined as
VLA(h) = (Ony L, On, La)(h)

= (/01 xL'(xho + hy)dz, /01 L'(zho + h1)d$>- (5.5)

is a C* diffeomorphism. Moreover, for all M > 0 there exists an > 0 such that ||V L (h)|| >
M forhe D\ K.

Proof. The fact that h +— L'(h) is C! and that L”(h) is strictly positive on (—g, g) ensures
that VL, is C! and that its Jacobian determinant that takes value

JnVILa = [} 2L (xho + ha)dz [} L"(xho + hi)dz — [ [} L" (zho + h1)dz]>  (5.6)

is, by Cauchy Schwartz inequality, strictly positive. Thus, the proof that VL, is a C!
diffeomorphism from D to R? will be complete once we show that VL, is a bijection from
D to R2.

At this stage we note that for each y € R? the function Ty : h — La(h) —y - h is stricty
convex and tends to oo as d(h, D) — 0. Therefore, Ty, admits a unique minimum on D at
l~1(y) that is also the unique solution of VLA (h) =y. Thus, VL, is a bijection from D to
R2.

We complete the proof of this Lemma by assuming that there exists an My > 0 and a
sequence (h,)°2 in D so that d(h,,dD) — 0 as n — oo and ||VLa(hy)|| < M. Then,
set ¥y, = VLa(hy,) and recall that h,, is the minimum of 7y, for all n € N. However,
Ty, (0,0) = 0 and consequently Ty, (h,) < 0 for all n € N and then Lx (h,) <y, -h, which
brings a contradiction because lim,,_,~, L (hy,) = 0o (since d(h,,,9D) — 0) whereas y,, - h,
is smaller than M times the diameter of D.

]
Lemma 5.4. Forn € N\ {0,1}, the function V[LLy,|: D, — R? defined as
VL0, )(0) = (GholELa, L, )(b) 5.7)
n—1 n—1
= (A G, 3 ) (58)

=0 1=0

is a C' diffeomorphism. Moreover, for all M > 0 there exists an > 0 and a ng € N so that
IV[ELa, J(0)[| > M forn >no and h € D, \ K.

Proof. The first part of the proof, i.e., showing that V[%LAH] is a C! diffeomorphisme, is
similar to that of Lemma above. For the second part of the Lemma, we first note that
lim, o+ min{Lx(h): h € 9K} = oo. Then, for a given M > 0 we can pick 79 > 0 so that
LA remains larger than 2M on 0K,,. Moreover, Lemma ensures that %L A,, COnVErges
to La uniformly on K, and therefore, there exists ng € N such that for all n > ny,
1L, remains strictly larger than M on dK,,. Consider h € D,, \ K, and let ¢ € (0,1) be
the unique solution of th € JdK,,,. By convexity and since %LAn (0,0) = 0 we claim that
1LA,(h) > 1L, (th) > M which completes the proof.

O

Remark 5.5. As in the proof of Lemma above we denote by h = (flo,f}}) the in-

verse function of VLy. Since L is an even function, we easily obtain that ho(q,0) =
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fQﬁl(q,O) > 0 for all ¢ > 0. We will also denote by h}, := (hqqlo,h 1) the unique so-
lution of V[2Lx,](h) = (¢q,0) for all n > 2 and q > 0. Again the fact that L is even

ensures that hi,o(l — %) = —2h? 1>0.
At this stage, we have enough tools to prove Proposition
Proof of Proposition[2.3. Pick q € [q1,g2], n € N and note that
|[£La,(hY) = bl o q] — [La(h(g,0)) — ho(g,0)q]| < A+ B+C (5.9)
with

A=|3Ly, (%) - La(hg)], B =|La(h}) - La(h(q,0)], C = qlhf,—ho(q,0)].

(5.10)

From Lemma [5.4] . we know that there exists an 7 > 0 and a ng € N such that hi, € K,
for all ¢ € [¢1,¢2] and n > ng. By using Lemma [5.1] - Wlth (41,J2) = (0,0) and K = K,
can claim that there exists a ¢; > 0 satisfying A < < for n > ng and ¢ € [q1, q2]. The B
quantity is dealt with by applying Corollary [5.2] - with K K, that is there exists a co > 0
such that

sup [|[V[LLa,](z) = VLa(2)| < 7’ n > ng. (5.11)
zeKy,

Therefore, for g € [q1,¢2] and n > ny we can write
V[sLa,](hY) = VLA(hY) + &g, (5.12)
(q7 0) = VLA(h%) + Enyg
with [|en,q|| < 2. Therefore, by Lemma we can claim that hf = fl((q,O) — Enygq). We

set

Qn = {($ay) € RQ: d((.fl?,y), [CILQZ] X {0}) < % )
so that there exists a n; > ng such that @, is a convex subset of D and since x — lNl(x)
is C! on D we can claim that h is Lipschitz on Q,,. Thus, there exists a c3 > 0 such that

IIhe — h((g,0))|| < e3llengll € 22, g € g1, q2),n > ny, (5.13)
and this proves ([2.33). Moreover
C < g [|h% —h((g,0))|| < 2% g€ [g1,q0],n > 1. (5.14)

Finally, since L is C' on D, there exists a ¢4 > 0 such that L, is Lipschitz with constant
cq4 on Qp,. Thus,

B < ci||hf — h((q,0))]] < 294, g€ [g1,q0),n > . (5.15)
This completes the proof of Proposition O

6. LIMIT THEOREMS FOR THE JOINT DISTRIBUTION

In Section below, we give a proof of Proposition which estimates, uniformly in
q € [q1,q2] C (0,00), the probability of the event {A,, = (Y,,, V,,) = (ng,0)} under the tilted
law P,, o (recall ) To that aim, we state and prove Proposition which gives a
local central limit Theorem for (Y;,,V},) under P,, ;4. In Section we prove Proposition
which allows us to bound from below the probability that, under Pg and conditioned
on both V,, =0 and Y,, = nq the random walk V' remains strictly positive.
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6.1. Proof of Proposition We display the proof of Proposition [2.2] which turns out
to be a straightforward consequence of Proposition below. The latter Proposition will
be proven at the end of the Section.

Proof. Recall (2.2142.29)) and for any h € D, define the matrix
B(h) := Hess La(h) (6.1)

and let © be the Gaussian random vector with zero mean and covariance matrix B(h). We
denote the density of © by

fu(X) !

" 27/det B(h)

and its characteristic function by
Op(T) = exp(—3(BM)T,T)), T €R>. (6.3)

Consider now the case (Yn,Vn) = (Ngn,,0) as in Section and recall that gy 1, €
[ﬁ, a%] We will show that the local central limit theorem below is valid uniformly in ¢
2 1
in some compact subsets.

exp(—%(B(H)_lX,X>), X € R, (6.2)

Proposition 6.1. For [q1,q2] C R we have

TN = sup sup NQPth?v (NYN =N?q+2,Vy= y) — fﬁ(q 0)(N€§/2, ﬁ)‘ — 0, (6.4)
q€lq1,92] %, YEL '

as N — oo.

By applying Proposition with £ = y = 0, we obtain that

sup N2Py o (NYy = N2, Vi = 0) — f, /(0. 0)‘ <7y =0, (6.5)
q<(q1,92

and since the Hessian matrix B(h(q, 0)) is uniformly bounded in ¢ € [¢1, g2], we observe
that there exists C' > 0 such that

o3z <P Ny, (NYy = N?q, Vy =0) < & for N large enough (6.6)
which completes the proof of Proposition 2.2 O

Proof of Proposition We follow closely the proof of Dobrushin and Hryniv in |11,
making sure that the result holds uniformly in ¢ € [g1, ¢2]. From Lemma and Lemma

there exists n > 0 such that both E(q, 0) and h¥%; are in K, for all ¢ € [q1, ¢2] and for N

large enough. For any h € K := [-3/2 +n, /2 — n] we denote by ¢, (t) the characteristic
function of the random variable U; under the tilted probability distribution
on(t) = Byle] = Lt =Lh) (6.7)

Let us recall some properties of the function ¢p(¢) in [11] which will used in what follows.
First of all, for any h € K and t € R

lon(t)| < n(0) = 1. (6.8)

Secondly, for any § € (0,7), there exists a constant C' = C(K,d) > 0 such that for every
h € K and any t € [§, 2m — J], we have

lon(t)] < e €. (6.9)
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And finally, there exists a constant v = (KC) > 0 such that for all h € K and any ¢, |t| <,
the following inequality holds

on(t)] < exp(—a2L" (1)), (6.10)
For any T = (tg,t1) € R?, let ® Nhi, (T') be the characteristic function of the random vector
An = (Yn, V). Let us rewrite it with the functions ¢y (t),

N
‘I’N,h‘}v (T) = Ez\/,h‘}V [61<T’AN>] = H Qphj,N(tij)’ (6.11)
j=1
where , .
hj7N = (1 — %)h(]]\f,[) + h(]I\,’l and tjN = (1 — %)to +tq. (6.12)
Note that A
B, (T) = Dy (NPT exp (= (T, By (A))) (6.13)

is the characteristic function of the centered random vector Ay := Ay — Ely s, (An).

Let Xy = (557, \/LN) and using the well know inversion formula for the Fourier trans-
form, we rewrite the left hand side of (6.4), i.e.,
Ry = N°Pype (NYy = N?q+2,Vy = y) - Faa0)(XN) (6.14)
in the form
Ry = —(2;)2 /Ai)N’h?v (T)e—i<T,XN>dT — —(2;)2 /R2 (i)fl(q,O) (T)e_i<T,XN>dT7 (6.15)
where
A={T = (to,t1) € R?: |to| < 7N3/2 |t;] < =V/N}. (6.16)
Following the proof in [11] we bound the left hand side of (6.15)) by the sum of four terms,
IRy| < (20) 217 + I + 150 + J0) (6.17)
where, for some positive constants A and A,
KO = [ fwa (7) = By (AT, Ay = A, AP, (6.18)
J9 = / B0 (DAL, Az =R\ Ay, (6.19)
Az ’
(@) _ F _ 2. VN. 1=
T3P = [ |@npg (DT, Az ={T € R?: [t)) SAVN,1=0,1} \ Ay, (6.20)
As
Jiq) = /A ‘(i)N,h;I\, (T)‘dT, Ag = .A\ (.,41 U Ag) (6.21)
4

For an arbitrary € > 0, Dobrushin and Hryniv proved that for a convenient choice of the

constants A = A(e) and A, we have the bounds Ji(q) < e/4 for i =1,2,3,4 for sufficiently
large N. Therefore, the proof will be complete once we show that this assertion is also valid

uniformly in ¢ € [q1, g2]. It remains to evaluate all Ji(q).

First, we bound Jl(q). For h € D, define the matrix
B,(h) := 1 HessLy,(h), neN. (6.22)

By Lemma 5.1 and Proposition we obtain the relation
By(h}) = B(h(g,0)) + O(N ), (6.23)
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where the term O(N~!) is uniform in q € [q1, ¢2]. Fix T € R?, using the Taylor expansion
for the logarithm of the characteristic function ® N.h%, (T) of the vector A%, we get

log (i)N,h‘j’\, (T) = Lay (b +iN"V2T) = Ly (b)) - ﬁ(T, ENn () (6.24)
= —3(Bn(h{)T,T) + Ry, (6.25)
where the remainder term Ry equals
PR O (bt iwNLT 2
N =N lﬂ%:o bl G Ay (B + iw ) (6.26)

with some w = w(h%,T), 0 < w < 1. Since Ry = O(N~/2) as N — oo uniformly in
q € [q1,q2] and in T from any fixed compact set in R?, it follows from (6.23] that

sup ‘i)N,th(T) - (i)ﬁ(q,O)(T)‘ —0 as N — oc. (6.27)
q€lq1,q2]

Therefore, for every finite A > 0, we obtain the convergence Jl(q) — 0 as N — oo uniformly

in g € [q1, 2]. N
Let B be such that 0 < B < B(h(q,0)) for all ¢ € [q1, ¢2]. Hence, we can bound J2(q) as
follows

1
sup JQ(q) < / e 2 BITGT 50 as A — oo. (6.28)
q€[q1,92] Az

To estimate J?SQ) we fix any T € Az and put A = /2. Then all the numbers ¢; x in

6.12) satisfy the condition |¢; y| < 7/ N, evaluating each factor in (6.11]) with the help of
6.10) and (6.23) we obtain the bound

| ne (T)] < exp(—a(By(b%)T,T)) < Cexp(—a(B(h(q,0))T, 1)), (6.29)

for some constant C' > 0. As a result,

sup Jé‘n = sup / ’@thq (T)|dT < C/ exp(—a(BT,T))dT — 0 as A — oo.
q€[q1,92] q€(q1,92] J As N Az

(6.30)

To evaluate Jiq) put § = ﬁ and for any T' € Ay denote by Ny (T') the number of

indexes j = 1,2,..., N such that 7j v ¢ Os := Upez[m — 6, m + 0], where
TiN = 5o tinN- (6.31)
Use and to estimate those factors in (6.11]) and we have

by, (T)] = fv[(sohj,N (etsn )| < exp(-ON (7). (6.32)
j=1

A lower bound of Ny (7)) is given in [11, p. 443]: for all T' € A4 and N large enough, there
exists a constant 8 > 0 such that Ny(7") > SN. Then, uniformly in ¢ € [¢1, ¢2],

J9 = /,4 |y e, (T)]dT < (27)°N? exp(—CBN) = 0 as N — oo. (6.33)
4
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6.2. Proof of Proposition E (Unique excursion for large area). From now on, the
letters C,C’, C1, ... shall denote constants that do not depend on N and on ¢ € [q1, qQ]
(0,00). In other words, all the bounds we are going to establish are uniform in N > Ny
and q € [q1, g2

To begin with, we prove Lemma [6.4] subject to Lemmas and below. Lemma
is crucial in the proof of Proposition It allows us indeed to bound from below, for any
j € N, the probability that the random walk V', conditioned on making a large area, is
below 0 at time j. Such a lower bound was available in [11] but only for j of order N. Here,
we deal with any j < N. The first step of the proof is an upper bound on the moment
generating function of the tilted random walk V.

Lemma 6.2. There exist three positive constants C',C1,\ such that for every integer
Jj < N/2, the following bound holds

Eype [eMi] <C'e™@I, NeN (6.34)
Proof. For any positive A we have
AV _ iy i
logEy e [e77] = Z (L(=A+hiy) — L(hy)) (6.35)
1<i<j
with b = (1 — %)h%,o + h?\/,r By Remark we know that for all ¢ > 0 and N > 2,
ho(l = §) = —2h%, > 0. (6.36)

A straightforward consequence of ([6.36)) is that h%, > 0 for all i < N/2. Then, the convexity
of L(-) and the fact that L(0) = L'(0) = 0 yield that there exists a ¢ > 0 so that for all
i < N/2 and X small enough

L(=X+ hly) — L) < L(=\) < )2 (6.37)

We established in Proposition the existence of C' > 0 and Ny € N such that for all
N > Ny, and every q € [q1, g2], we have

[ — h(q.0)[| < (6.38)
Thanks to Lemma and Remark [5.5] there exists a constant R > 0 such that
ho(g,0) > R>0 Vg € [q1,q2)- (6.39)

Thus, provided Ny is chosen large enough, we deduce from ([6.38) and (6.39) that A%, >
R/2 for N > Ny and q € [q1, g2]. Moreover, thanks to (6.36]), we also write h%, > ih?\lo for
i < N/4 such that finally hi, > R/8 for i < N/4. Observe that by convexity of L(.),

> (L(=A+hy) - ) <= ) L'(=A+hl) (6.40)
1<i<j 1<i<j
Hence, for j < N/4 and for A < R/16 we have
> (E(=A+hiy) = L(hy)) < -AL/(£). (6.41)
1<i<j

For N/4 < j < N/2 in turn we split the sum in the Lh.s. of (6.41]) into a sum over i < N/4
(that is dealt with as in (6.41])) and a sum over i > N/4 (that is dealt with by using (6.37))).
Thus,

> (L(=A+hly) = L(hi)) = =MIL(E) +c(j — )N < F(eX* = AL/(£)). (642)
1<i<y
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It remains to choose A > 0 small enough to make sure that cA\? — A\L’(R/16) > 0 and then,
(6.41)) and (6.42)) complete the proof.

O
The next lemma ensures that we can restrict ourselves to j < N/2.
Lemma 6.3. Fora € R and j € {1,...,N}
Ps(V; <a, Yy =Ngq, VN =0) =Pg(Vn_j <a, Ynv = Ng, Vy =0). (6.43)
Proof. We just need to use time reversal, i.e.,
(Vi = Vg 05 S N) £ (V0 < ), (6.44)

to obtain that
Pg(V; <a,Yy=Ngq, VN =0) =Pg(—Vy_; < —a, —=Yn = Ngq, Vy =0). (6.45)
By using the symmetry of V', we complete the proof:
(<13, 0<j < N) = (V;,0<j < N). (6.46)
O

At this stage, we need to use precise results for the local central limit theorem. We recall
(2:29) and for convenience we use the notations af%; := P N, (NYy = N%q, Vy = 0) and

By = exp (Lay (hy) — Nhi;, q) such that

Pﬂ(YN = Nq, VN = 0) = ,B?VO/]IV (6.47)
We can handle o, with the help of Proposition there exists a Cy > 0 such that
G <ol <G (6.48)

Proposition allows us to write that there exists a positive constant C3 so that
¢~ C3 N (La(B(4,0)~ho(a.0)0) < BY < oC3 N (La(B(g,0))=ho(a,0) @) (6.49)
We can state that

Lemma 6.4. There exists a constant X > 0 such that for all a > 0,q € [q1,q2], N > Ny
and 0 < j <N

Ps(V; < —a, Yy = Nq, Vy = 0) < B4 C'e”CrUANN=I))=Aa, (6.50)

Proof. By the symmetry in Lemma we can without loss of generality assume j < N/2.
By using Lemma [6.2] we can write

Pﬁ(vvj < —a, Yy =Ngq, Vy = 0) < E,B[ei)\vja YN = Ngq, VNn = 0}67)@
= Bje Eypg [e, Y = Ng, Viv = 0]
< Bfe M Byng [ < B Clem I
(Il

Proof of Proposition[2.5. Let uy = |vlog N| where v > 0 will be chosen afterward. The
first step is to write

Ps(V; >0,0<i< N; NYy = N?q, Vy =0) >
Ps(Vi=Vy_1 =un, V; >0,2<i<N—2 NYy = N2, Vy =0). (6.51)
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By using the Markov property at time 1 and N — 1, we obtain

Ps(Vi=Vy_1=un,V;>0,2<i<N -2, NYy = N%q, Vy =0) =
P/g(Ul = UN)QPB(V% > —Uun, 1<i< N—3; <N—2>YN_2 = N2q—(N—1)uN, VN_g = 0).
(6.52)
Then we can easily get the lower bound
Ps(V; > —un,1 <i< N—3; (N —2)Yy_g=N2q— (N—1uy, Vy_a=0)> (6.53)
Ps((N —2)Yy_2 = N?q¢— (N — Duy, Vn_2 =0)—
N-3
> Pu(V; < —uy, (N —2)Yn_y = N?q— (N = Duy, Vy_2 =0).
i=1
We take care of the second term with the help of Lemma [6.4] i.e.,
N-3
> Pu(Vi < —uy, (N —2)Yy o =N?q— (N = Duy, Vy_2=0) <
i=1
N-3
,8;]\7_2 Z Ole_cl(i/\(N_2_i))_>\uN S 04651\[_2 e—)xuN. (654)
i=1
Observe that we can write the first term in the r.h.s. of (6.53) as

Ps((N —2)Yn_2 = N%q — (N — Dun, Vi—2 = 0) = 5% 6% o, (6.55)
where
A% o =Py_oms (N =2)Yn_o=N?q— (N - Duy, Vy-2 = 0), (6.56)
2 N2g—(N—-1)u
B?VfQ = exp (LAN—Q (h(]]\f72) - Wh?\[,zo)- (6.57)

We can write N2q— (N —1)uy = (N —2)?q+x where x = 4¢N —4q— (N —1)uy. Recall that
uy = |vlog N|, therefore the Gaussian density fﬁ(q 0) <W,

in q € [q1,92], N > Ny. Thanks to Proposition there exists a constant C5 such that

A_s = e (6.58)

0) is bounded uniformly

By Proposition we get a lower bound for B?V_Q as
A ~ ~ 20 (N—1)u
B 5> Coexp (N = 2)(La(B(g,0)) — Fo(g,0)q) + iy o [(V — 2)g — Xt
> Crexp (V= 2)(La(B(g, 0)) — To(g,0)q) + ho(g, 0)uy ) (6.59)

We put (6.51H6.55) and (6.586.59) together and we get
Ps(V; >0,0<i< N; NYy = N2q, Vy =0) >

(N—2)(L(h(q,0))~ho(4,0)q) ~
€ ho(q,O)uN _ q —Aun >
22 e CuB% e }

Pﬁ(Ul = UN)2 [0507

P(U; = uy)?|CsBLal, ero@0un _ cyp e/\”N} , (6.60)
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where the last inequality is obtained by using the bounds of o, and 3%, (see (6.48), (6.49)).
Now compute
Ps(Ur = uy)® = %N‘ﬁ” (6.61)

and recall that Pg(NYx = N2¢, Vy =0) = Bk and o, > then we obtain

1
CbNQ’

Ps(V; >0,0<i< N|NYy =N%q Vy=0) > N;%"” [Cg eho(@Oun _ ¢y N2e=dun],

(6.62)
Since ho(g,0) > R > 0 for all ¢ € [q1, ¢2], the term inside brackets in the r.h.s. of (6.62))
becomes strictly positive if we take uy > 2log N/R, that is v > 2/R and N large enough.
Consequently, by choosing i > 0 large enough, we get,

Ps(V; >0,0<i<N|NYy=N2q Vy=0)>CyNEA >N, (6.63)
O

APPENDIX A. PROOF OF LEMMA

Proof. Since V and A,, are symmetric, we can assume that x, 2’ € Ny := NU {0} and thus
it is sufficient to show that the result holds for 2/ = x + 1. We will argue by induction.
Since Ag = 1, the m = 0 case is trivial. Now, we assume that the inequality holds true
for m € N. We consider the partition function of size m + 1, and we can decompose it in
dependence of the position of V7, i.e.,

—0Am —5 V Vi
Eg,. (e +1) ZEﬁ, (lyl+[Va|+..+] +1|)1{V1:y})

YyEZL

= Z Pg(Uy =y — x)e_é‘y|E57y (e_Mm)
YyEL

= Ru(y)e VEgy(e ') + Py(Uy = z)Eg(e ), (A1)
yeN

where R, (y) = Ps(Us =y — ) + Pg(Us = —y — z). Then, we set R,(y) = > ysy R (y')
for y € N. Since R, (1) + Pg(U; = x) = 1, we can rewrite the right hand side in (A.1)) as

By (074 ) = 37 Ru(y) [ By (e 04m) —e "W By oy (e7m) [ 4B (7).
yEN

(A.2)

We will show that, for all y € N, the function x — R,(y) is non-decreasing on Ny. First, if
y>z+1, we obviously have

Z Ry ( Z Ryi1(y') = Ruta(y)- (A.3)
y'>y Y2y
Then, if 1 <y < x, since
y—1
Rx(y)—l-ZRx(y,)-l-Pﬁ(m z) = Reya(y +2Rx+l )+Pg(Ur=x+1)=1, (A4)
y'=1
and
y—1 y—1
Ps(Ui =2)+ Y Ro(y)) > Pp(Uh =2+ 1)+ Y Roa(y), (A.5)

/

y'=1 y'=1
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we immediately obtain R.(y) < R,11(y). Coming back to (A.2), we use the induction
hypothesis to claim that

e_‘syE,gyy (e_‘sA’") — e_é(y_l)E@(y_l)(e_‘SAm) <0, yeN, (A.6)

which, together with the monotonicity of x — R, (y) yields that

B (e74) 2 37 Ry (y) [ Vg (e724m) — e 0B gy (74 | 4 B (e704n)
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