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SYMBOLIC COMPUTATIONS OF FIRST INTEGRALS FOR
POLYNOMIAL VECTOR FIELDS

GUILLAUME CHEZE AND THIERRY COMBOT

ABSTRACT. In this article we show how to generalize to the Darbouxian, Li-
ouvillian and Riccati case the extactic curve introduced by J. Pereira. With
this approach, we get new algorithms for computing, if it exists, a rational,
Darbouxian, Liouvillian or Riccati first integral with bounded degree of a poly-
nomial planar vector field. We give probabilistic and deterministic algorithms.
The arithmetic complexity of our probabilistic algorithm is in @(N w+1) where
N is the bound on the degree of a representation of the first integral and
w € [2;3] is the exponent of linear algebra. This result improves previous al-
gorithms. Our algorithms have been implemented in Maple and are available
on authors’ websites. In the last section, we give some examples showing the
efficiency of these algorithms. First integrals and Symbolic computations and
Complexity analysis

1. INTRODUCTION

In this article, we design an algorithm that given a planar polynomial vector

field with degree d
©: {52 U ABeKing  deld)des(B) <a

Y B(z,y),
and some bound N € N, computes first integrals of (S) of “size” (for some appro-
priate definition) lower than N.
The field K is an effective field of characteristic zero, i.e. one can perform arithmetic
operations and test equality of two elements (typically, K = Q or Q(«), where « is
an algebraic number).

First integrals are non-constant functions F that are constant along the solutions
(z(t),y(t)) of (S). This property can be rewritten as being solution of a partial
differential equation

(Eq) Az, y)0:F (2, y) + Ba,y)9y F (z,y) = 0,
which can be also written Dy(F) = 0 with Dy the derivation
Do = A(z,y)0z + B(x,y)0y.

Let us remark that multiplying A, B by some arbitrary non zero polynomial does
not change the solutions of equation (Eq). Thus in the rest of the article, we will
always consider ged(A, B) = 1, thus excluding the case A =0 or B =0 as a trivial
one. Indeed, in this case F(x,y) = x or y is then a first integral.
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We need to specify in which class of functions we are searching F. The simplest
class is the class of rational first integrals, for which we can easily define the notion
of size by the degree of its numerator and denominator.

However, we can compute first integrals in larger classes of functions.

The first method for computing first integrals in a symbolic way can be credited to
G. Darboux in 1878, see [15]. Darboux has introduced what we call nowadays Dar-
boux’s polynomials. These polynomials allows one to compute “Darbouxian” first
integrals. Darbouxian functions are written with rational functions and logarithms
and thus generalize rational functions. There exist even more general functions
than Darbouxian functions, for example we can consider elementary or Liouvillian
functions. There exist theoretical results about these kinds of first integrals, see
[31, 36], and also algorithms for computing these first integrals, see [27, 28, 2].
Roughly speaking, these algorithms compute Darboux polynomials and then com-
bine them in order to construct a first integral. Unfortunately, the computation
of Darboux polynomials is a difficult problem. Indeed, computing a bound on the
degree of the irreducible Darboux polynomials of a derivation is still an open prob-
lem. This problem is called Poincaré’s problem. Thus in practice, algorithms ask
the users for a bound on the “size” of the first integral they want to compute.
Moreover, the recombination step leads to an exponential complexity in terms of
the degree d of the derivation.

In this article, we give an algorithm which computes a symbolic first integral:
rational, Darbouxian, Liouvillian or Riccati, see Definition 1 below, with “size”
bounded by N, with O(N“*1) arithmetic operations in K.

We recall that w € [2;3] is the exponent of linear algebra over K. This means
that we assume that two matrices of size N x N with entries in K can be multiplied
with O(N%) arithmetic operations. The soft-O notation O() indicates that polylog-
arithmic factors are neglected. Furthermore, in the following we suppose that the
bound N tends to infinity and d is fixed. The dependence in d is also polynomial.
More precisely, the cost is at most N“*! + (d + N)“*! 4+ d?N? up to a constant
factor and logarithmic factors in N. In particular, it shows that our algorithm is
polynomial in d.

Our algorithm is thus more efficient than the existing ones.

Our strategy generalizes to the Darbouxian, Liouvillian and Riccati cases the
algorithm proposed in [5] for computing rational first integrals. Our method avoids
the computation of Darboux polynomials and then does not need a recombination
step.

Now, we recall the definition of Darbouxian, Liouvillian first integrals and intro-

duce a new definition: Riccati first integrals.

Definition 1. o A Darbouzxian function F is an expression of the form

Fla.y) = / Gl y)dz + Fa, y)dy
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where F,G € K(z,y) and G(z,y)dz + F(z,y)dy is closed, i.e. ,G = 9, F,
or equivalently

Flay) = Q(x,y)

where P,Q, H; € K[z, y], \; € K.

P(z.y) | > Xiln Hi(,y)

e A Liouvillian function F is an expression of the form

Haw:/memeM—R@mew@

where:
* R(z,y) = exp [ G(z,y)dx + F(z,y)dy (called the integrating factor),

* F(z,y), G(z,y) belong to K(z,y),

*x G(z,y)dx + F(z,y)dy and R(x,y)B(z,y)dx — R(x,y)A(z,y)dy are

closed.

e A Riccati function is an expression of the form JFi/Fs where Fi, Fo are
two independent solutions over K(z) of a second order differential equation

(EqR) 85]—'1- + G(x,y)0yFi + F(z,y)Fi =0
with F,G € K(z,y).

e A Darbouzian (respectively Liouvillian, or Riccati) first integral of (S) is
a Darbouzian (respectively Liouvillian, or Riccati) function F satisfying

Do(F) = 0.

The classical result of the equivalence of the two representations of a Darbouxian
first integral is proved in [30, 13, 17], [33, Satz 2], and in [34, Lemma 2 p. 205].
Singer [36] proves that a vector field admitting a first integral built by successive
integrations, exponentiations and algebraic extensions of K(z,y) (so a Liouvillian
function), also admits a Liouvillian first integral of the form given in Definition 1.
Similarly, we will prove in Proposition 14 that a vector field admitting a first integral
built by successive integrations, exponentiations, algebraic and Riccati extensions
of K(z,y) (see Definition 13 in Section 2), also admits a Riccati first integral of the
form given in Definition 1.

A vector field admitting a first integral built by successive integrations and al-
gebraic extensions of K(x,y) does not always admits a Darbouxian first integral
of the form given in Definition 1. This is due to the possible appearance of alge-
braic extensions in the 1-form G(x,y)dx + F(x,y)dy. However, as we will prove
in Proposition 14, such vector field then admits what we call a k-Darbouxian first
integral.

Definition 2. A k-Darbouzian first integral of (S) is a first integral F of (S) of
the form

Haw=/cme+me@
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where k € N*, Fk .G* € K(z,y) and G(x,y)dx + F(x,y)dy is closed.

Putting k£ = 1 recovers the classical Darbouxian first integrals.
Using that F is a first integral and so Do(F) = 0, we have moreover

G(z,y) F(z,y)

B(x,y)  Alzy)’
and this defines a hyperexponential function R(z,y). Now writing F(z,y) =
| R(z,y)B(z,y)dx — R(x,y)A(z,y)dy, we recognize the form of a Liouvillian first
integral. So k-Darbouxian functions define an intermediary class between Darboux-
ian and Liouvillian functions.

We will not consider elementary first integrals. In [31], Prelle and Singer have
proved that the study of elementary first integrals can be reduced to the study of
Liouvillian first integrals with an algebraic integrating factor. This meets our Def-
inition of k-Darbouxian first integral. However, elementary first integrals require
the additional condition that the 1-form can be integrated in elementary terms,
and such integration problems will not be considered in this article.

Rational, k-Darbouxian and Liouvillian first integrals are particular cases of a
Riccati first integral, by simply taking /7 as the first integral and F5 = 1. Indeed,
a rational, k-Darbouxian or Liouvillian first integral always satisfies a second order
differential equation in y. In equation (EqR), it is always possible to multiply
Fi1,Fa by the same hyperexponential function, leaving unchanged the quotient.
This allows one to force the Wronskian to become 1, so we can put G = 0. This
suggests that one can represent rational, Darbouxian, Liouvillian and Riccati first
integrals as solutions of a differential equation in y.

e A rational first integral is a first integral solution of

(Rat) F—F(z,y) =0 F eK(z,y) \ K.

e A k-Darbouxian first integral is a first integral solution of
(D) OyF — F(z,y) =0, F* e K(z,y) \ {0}.

e A Liouvillian first integral is a first integral solution of
(L) OF —F(x,y)0,F =0  FeK(z,y).

e A Riccati first integral is a first integral quotient of two independent solu-
tions over K(z) of

(Ric) O;F — F(z,y)F =0, F e K(z,y).

These four equations will be the four canonical equations representing respec-
tively each type of first integral. Once one of the above equation is found, it is
possible to recover the first integral by single variable integration and linear differ-
ential equation solving.

Each case is included in the next one, leading to a ranking on the classes of first
integrals
Rational < k-Darbouxian < Liouvillian < Riccati.

Each type of equation can be represented by a single rational function, thus also
giving us a notion of “size”.
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Definition 3. The degree of a rational, Darbouzian, Liouvillian, Riccati first inte-
gral is respectively the mazimum of the degree of numerator and denominator of F
(or F* in the k-Darbouzian case) in the four above equations.

The output of our algorithm will be an equation of the form (Rat), (D), (L) or
(Ric). We will see that we can always suppose F' with coefficients in K. This does
not change the degree of F', see Corollaries 31, 36, 41. The main theorem of the
article is the following:

Theorem 4. Let d be the mazimum of deg(A) and deg(B). The problem of finding
symbolic (rational, k-Darbouzian, Liouvillian, Riccati) first integrals with degree
smaller than N can be solved in a probabilistic way with at most @(N“+1) arithmetic
operations in K, and the factorization of a univariate polynomial with degree at most
N and coefficients in K.

More precisely, there exists an algorithm with inputs A, B, k € N*, a bound N, and
parametrized by initial conditions z € K2 such that the possible outputs are:

e q differential equation of one of the forms (Rat), (D), (L), (Ric) leading to
a symbolic first integral,

o “None” meaning that there exists no symbolic first integral with degree
smaller than N,

o “I don’t know”.

Furthermore, if z avoids the roots of a non-zero polynomial with degree O(N*) then
the algorithm does not return “I don’t know”.

Moreover, if (S) admits a symbolic first integral with degree smaller than N then
the output is a differential equation with minimal degree.

The parameter k is necessary for k-Darbouxian first integrals. An equation ad-
mitting a k > 2-Darbouxian first integral also admits a Liouvillian first integral. So
for the (default) input k = 1, we detect Darbouxian first integrals, but the possible
k > 2-Darbouxian first integral could stay unnoticed or seen as a Liouvillian first
integral. The reduction of such Liouvillian first integral to a k-Darbouxian first
integral comes down to an integration problem, i.e. testing if the integrating factor
is an algebraic function, which will not be considered in this article.

As we use the dense representation of polynomials and deg(F') < N, the size of
the output of our algorithm is in O(N?). Thus our algorithm has a sub-quadratic
complexity if we use linear algebra algorithms with w < 3.

Furthermore, we can say that for almost all z the algorithm detects symbolic first
integrals. Indeed, we are considering fields of characteristic zero and the output "1
don’t know” can only appear when z is a root of a non-zero polynomial.

Repeating the probabilistic algorithm in order to avoid bad values for z provides
a deterministic algorithm with a polynomial complexity:

Corollary 5. The probabilistic algorithm can be turned into a deterministic one.
The deterministic algorithm uses at most O(N“*9) arithmetic operations in K, and
O(N?®) factorizations of univariate polynomials with coefficients in K and degree at
most N.
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In practice, z is chosen uniformly at random. This allows to avoid bad situations.
Then we do not need to repeat the algorithm. Thus the practical timings obtained
in Section 8 do not reflect this complexity result.

At last, we mention that the algorithm can even sometimes returns equations of
degree higher than N. This situation can appear for example when we are looking
for a Darbouxian first integral with degree smaller than N and there exists a ratio-
nal first integral of degree 2N. We give such examples in Section 8.

1.1. Strategy, description and theoretical contributions. In this paper we
generalize the approach given in [5] for computing rational first integrals. The main
idea was to compute a solution y(xo, yo; 2) as a power series in 2 with coefficients
in K(zo,yo) of

B(x,y(xo, yo; ))
A(Ia y(wo, yo;x))

(E) © Oxy(xo,y0;%) = , and y(zo, yo; Zo) = Yo,

and then find a rational function F(z,y) € K(x,y) such that
F(z,y(z0,y0;2)) = F(z0,y0).

The key ingredient of this approach was the following:
If we know y(zo,yo;x) mod (x — )’ with o big enough, then we can compute F
from this truncated power series.

In [5], in order to avoid computations in K(zg,yo) two solutions of (E) with
random initial conditions are used and give a probabilistic and then a deterministic

algorithm.

In this article, the new ingredient is the following: we consider derivatives of the
flow y(zo, yo; z) relatively to yo. We set

y1(wo, yo; ©) = Dy y (w0, Y03 ), y2(x0,yo; ) = Dy y(xo, yo: ),

ys(zo, yo; ) = 95 y(x0, Yo; ).

In the following we will sometimes omit the dependence relatively to g, yo in the no-
tations. We will write y(x) instead of y(xzg, yo; x) and y,(x) instead of v, (xo, yo; ),
forr=1,2,3.
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With a direct computation we remark that the functions y(z), y1(x), y2(x), y3(z)
are solutions of the differential system:

B
/ —
(51) 5
(S%) D21 = 110y (Z)
(S3) 5 5
Oxy2 = Y20y (Z) + yio; (Z)

B B B
0xy3 = Y30, (Z) + 3y2110; (Z) + 4705 (Z) :

The system (S)) gives a method to compute y(z) and y,(z) for r = 1,2,3 as
power series in z. We only have to solve (S!) using the Newton method for initial
condition x = zo,y = yo,y1 = 1,y2 = 0,y3 = 0.

Now, we introduce new variables y;, y2 and ys and we define a polynomial
derivation D, which is the Lie derivative along the vector field of (S).).
Definition 6.

e The system (S]) is associated to the derivation Dy in Kz, y,y1]:

Dy = A0, + ABO, + y1 A%9, (%) Dyy -

o The system (S%) is associated to the derivation Dy in K[z, y,y1, ya]:

B B B
Dy = 439, + A2BO, + y, A9, (Z) 9y, + A3 (yzay (Z) + 130 (Z) )ayz.

o The system (S%) is associated to the derivation D3 in K|z, y,y1,y2,ys]:

A A A

B B B
+A4(y35y (Z) + 3y2110; (Z) + Y10 (Z) )6y3-

Dy = A9, + APBO, + y A%9, (§> 8y, + A (ygay (§> +y30? (§> )%

Let us now consider F a Darbouxian first integral of Dy such that 9,F = F'.
We have

‘F(Ia y(I)) = ‘F(IOa yo)
and thus the derivative relatively to yo of this equation gives:
By F (z,y(@))y1 () = dyo F (20, Yo)-
Therefore if F is a Darbouxian first integral of Dy with d,F = F' we get
F(xay(x))yl(x) = F(xf)ayo)u
where F € K(z,y).
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Now the computation of the rational function F' comes down to solving this
equation knowing y(x),y1(x) as power series. This situation is similar to the one
studied for rational first integrals.

Let us remark moreover that the rational function F(x,y)y; is constant on (z,y(z), y1(z)),
where the initial condition is y(z¢) = yo and y1(x9) = 1. In Section 2, we prove
that F'(x,y)y; is a rational first integral for (S7) and the even more general result:

Proposition 7.

o The system (S) admits a rational first integral associated to (Rat) if and
only if F(x,y) is a rational first integral of (S{).

e The system (S) admits a Darbouzian first integral associated to (D) if and
only if y1 F (2, y) is a rational first integral of (S7).

o The system (S) admits a Liouvillian first integral associated to (L) if and
only if y1 F(z,y) + y2/y1 18 a rational first integral of (S5).

e The system (S) admits a Riccati first integral associated to (Ric) if and
only if 4y2 F(z,y) — 2ys/y1 + 3y3/y? is rational a first integral of (S%).

This proposition means that the computation of symbolic first integrals is re-
duced to the computation of a rational first integral with a given structure of a
differential system (S.). The existence and the computation of these rationals first
integrals can then be done thanks to generalized extactic curves. More precisely,
this can be done with linear algebra only. For example, we get this kind of result,
see Section 4:

Theorem 8 (Liouvillian extactic curve Theorem).
We can construct from (S) a matriz Ef (x0,y0) with entries in Klxo, yo] such
that its determinant denoted by Eg2 (z0,y0), satisfies the following properties:

(1) If Egz (x0,90) = 0 then the derivation Do has a Liowvillian first inte-
gral with degree smaller than N or a Darbouxian first integral with degree
smaller than 2N 4 3d — 1 or a rational first integral with degree smaller
than 4N + 8d — 3.

(2) If Dy has a rational or a Darbouzian or a Liouvillian first integral with
degree smaller than N then E’gz (xo,y0) = 0.

We will explain in Section 4 how to obtain explicitly the matrix & gQ (z0,yo) from
the derivation Ds.

We call this kind of theorem an “extactic curve theorem”. Indeed, the matrix
c‘fg; corresponds to the study of a high order of contact between a solution of the
differential system (S) and a Liouvillian function. This generalizes the situation
introduced by Pereira in [29] for rational first integrals.

The main step in our algorithms will be the computation of a non-trivial ele-
ment in the kernel of a matrix of the previous form. From such an element we will
show that we can easily construct the rational function F' appearing in equations
(Rat), (D), (L), (Ric). Therefore, the computation of symbolic first integrals with
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bounded degree is reduced to a linear algebra problem.

1.2. Related results. The computation of symbolic first integrals can be credited
to G. Darboux in 1878, see [15]. In this paper Darboux introduced what we call
nowadays Darboux polynomials. A polynomial f € K[z, y] is a Darboux polynomial
for Dy means that f divides Do(f). Thus f is an invariant algebraic curve. Dar-
boux has shown how to find a Darbouxian first integral thanks to a recombination
of Darboux polynomials.

This approach has been generalized in order to compute elementary first integrals
by Prelle and Singer in [31]. This method has been implemented and studied in
[27, 28].

In [36], Singer has given a theoretical characterization of Liouvillian first integrals.
This characterization is the main ingredient of the algorithm proposed by Duarte
et al. in [2, 16, 17].

The interested reader can also consult the following surveys [35, 22, 18, 37] for more
results about Darboux polynomials and first integrals.

Roughly speaking, all the previous algorithms proceed as follows: first compute
Darboux polynomials with bounded degree and second recombine them in order to
find a first integral.

These two steps correspond to two practical difficulties. The computation of Dar-
boux polynomials with bounded degree can be performed in polynomial time, see
[10]. This method is based on the so-called extactic curve introduced by Pereira in
[29] and uses a number of binary operations that is polynomial in the bound N, the
degree d and the logarithm of the height of A and B. Unfortunately, the arithmetic
complexity of this computation is in O(N*4+4), see [10].

The recombination part can be solved with linear algebra if we are looking for Dar-
bouxian first integrals. However, if we are looking for a Liouvillian first integral
then the recombination step used in [2, 16, 17] uses at least 2¢ arithmetics opera-
tions. Indeed, this algorithm tries to solve a family of equation. Each equation of
this family is constucted from a polynomial [], f{*, where f; is a Darboux polyno-
mial and e; is an unknown integer. A condition on the degree of the output leads
to a condition on the degree of [], f7*. With this approach if Dy has k& Darboux
polynomials and the bound on the degree of [, f{* is bigger than k then we have
to study at least 2% situations.

In [2, 16, 17], in order to find a Liouvillian first integral, the authors compute a
Darbouxian integrating factor R = ef”/@ [, ff*. With our approach the integrating
factor R is related to the equation (L) in the following way:

Thus our bound on the degree of F' corresponds to a bound on the degree of the
polynomials P, Q, f;.

In [19], Ferragut and Giacomini have proposed a method to compute rational
first integrals with bounded degree. This approach does not follow the previous
strategy. The idea is to computed a bivariate polynomial annihilating y(zo, yo; )
written as a power series solution of a first order differential equation. From this
polynomial we can then deduce a rational first integral if it exists. Unfortunately,
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the precision needed on the power series to get a correct output was not explicitly
given.

In [5], the authors have improved the Ferragut-Giacomini’s method. They have
given an explicit bound on the precision needed on the power series to get a ratio-
nal first integral when it exists. Furthermore, the main step of this algorithm is
reduced to linear algebra only. The complexity of the probabilistic algorithm is then
in @(N 2. However, as remarked by G. Villard this complexity can be lowered to
@(N “*1) with an application of Hermite-Padé approximation. This approach was
just study as an heuristic in [5].

The algorithm proposed in this article is based on a generalization of the extactic
curve and follows the idea used in [19] and [5]. We give then a uniform strategy with
a uniform complexity to compute rational, Darbouxian, Liouvillian, and Riccati
first integrals. Furthermore, we explain in Section 2 why our approach cannot be
generalized to another class of functions.

1.3. Structure of the paper. In the second section of this article we prove Propo-
sition 7, i.e. we show how the computation of a symbolic first integral can be reduced
to the computation of a rational first integral of a differential system (S7.). In the
third section, we define and study extactic hypersurfaces. We give a precise state-
ment for the following idea: if an hypersurface has a sufficiently big order of contact
with a generic solution of a differential system then this order of contact is infinite.
This result will be useful in our algorithm in order to compute a solution with a
sufficient precision in order to construct a first integral. As a byproduct we show
that the computation of a rational first integral of a derivation in K[z, ..., z,] can
be reduced to a linear algebra problem. In Section 4, we define the Darbouxian,
Liouvillian and the Riccati extactic curve. We prove that these curves allow us
to characterize the existence of symbolic first integrals with bounded degree. In
Section 5, we study the evaluation of the extactic curves. In particular we charac-
terize non-generic solutions. In Section 6, we give and prove the correctness of our
algorithms based on the previous results. In Section 7, we study the complexity of
our algorithms. At last, in Section 8 we give some examples thanks to our imple-
mentation of these algorithms. Our implementation is freely available at:
http://combot.perso.math.cnrs.fr/software.html,
https://www.math.univ-toulouse.fr/~cheze/Programme.html.

1.4. Notations. In this article, we suppose that gcd(A, B) = 1.

We denote by Kz, y]<n the vector space of polynomials in z,y with coefficients in
K of total degree less than N.

We set div = 0, A + 0,B.

In the following, y(zo, yo; ) will be a power series solution of

B(z, y(zo,yo; 7))
A(JJ, y(l’o, Yo; LL‘))

(E) + Ozy(xo,y0:7) = , and y(zo, Yo; o) = Yo-

We set
y1(20,Y0;) = ayoy(IanO;x)v
y2($07y07$) = agoy(‘rOuyO;x)7
ys(zo,yo;x) = O y(wo,yo; ).
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In the following, we will sometimes omit the dependence relatively to xy and
yo. We will write y(x) instead of y(xo,yo; x) and y,(x) instead of y,(zo, yo; x), for
r=1,23.

These functions y(x),y1(x), y2(2), y3(x) are solutions of

B
/ —
(SO) Ozy = A
(51) 5
(S5) Ozy1 = Y10y <Z)
(S3) 5 5
Ozy2 = Y20y (Z) + 470 (Z)

B B B
(%cyg = ygay (Z) +3y2y18§ (Z) +yf83 <Z> s

with initial condition y(zo) = yo, y1(x0) = y1,0, Y2(T0) = y2,0, y3(T0) = y3,0-
2. FIRST INTEGRALS AND DIFFERENTIAL INVARIANTS

2.1. Representation of first integrals. Let us first prove that equations (Rat),
(D), (L), (Ric) used to represent the first integrals allow one to recover them. The
next proposition explains why (Rat), (D), (L), (Ric) are admissible outputs when
we are looking for rational or k-Darbouxian or Liouvillian or Riccati first integrals.

Proposition 9.

o A rational first integral is uniquely defined by equation (Rat).

e A k-Darbouzian first integral is defined up to addition of a constant by
equation (D).

o A Liouvillian first integral is defined up to affine transformation by equa-
tion (L).

e A Riccati first integral is defined up to homography by equation (Ric).

Proof. The rational case.
According to equation (Rat), a rational first integral is simply F, and so defined
uniquely by equation (Rat).

The Darbouzian case.
A E-Darbouxian first integral F satisfies an equation (D). Indeed, with our defini-
tion we have 9,F = F. We also know that it should satisfy the equation of first
integrals. This gives

0y F = F(x,y), A, y)0: F (2, y) + B(z,y)0y F (2, y) = 0.

Thus we know the derivative of F with respect to x and y, and so (D) defines F
up to an addition of a constant.

The Liouvillian case.
A Liouvillian first integral F satisfies an equation (L). Setting

R(Iay) - 3y.7:(x,y),



12 GUILLAUME CHEZE AND THIERRY COMBOT

equation (L) becomes

% = F(z,y).

We now use the first integral equation (Eq), dividing it by A and differentiating
with respect to y, which gives
B
020y F + 0y Zﬁy}' =0,

= 9,R+0, <§R> =0,

B B

0z R B B

Therefore we know the logarithmic derivatives of R with respect to x and y, and
thus we obtain R up to a multiplication by a constant. Then as we have

au}—(‘rvy) = R(m,y), aﬂa]:(xvy) = —g(w,y)R(x,y)

we obtain F from R up to addition of a constant. Thus equation (L) defines F up
to an affine transformation.

The Riccati case.
A Riccati first integral is a quotient of two solutions Fi, F» of equation (Ric) that
are independent over K(z). Knowing that the quotient is a first integral, we have
moreover

Dy (Q - fi (Do(F1)Fz = FiDo(F2)) = 0

and thus
Do(F1) _ Do(F2)

Fi Fa
Let us note = Dy(F;)/F; (for i =1 or 2 as they are equal), the functions Fi, Fa
are solutions of the PDE system

(2.1) O2F; — F(z,y)F; =0, Do(F;) — Q(z,y)Fi = 0.

Let us now consider a solution of this system.
Due to the first equation, we can write it

Ci(z)Fi(z,y) + Co(z) Fo(z, y).
Now substituting this in the second equation gives
C1(Do(Fy) = QF1) + C2(Do(F2) — QF2) + AdyCLFy + Ad,CoFy = 0.
Thus

0:C1(x)F1(z,y) + 0,Co(x) Fa(x,y) = 0.
As the functions F7, Fa are independent over the functions in z, the previous equal-
ity implies that we have 0,Cy(z) =0, 9,C2(x) = 0, and so Cy,Cs are constants.
Thus the dimension over K of the vector space of solutions of (2.1) is exactly 2. So
the system (2.1) defines F1, F2 up to a change of basis. This change of basis acts
on the quotient F;/F5 as a homography. O
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The canonical equations of the output of our algorithm thus define the first in-
tegral up to a composition by a simple single variable function.

Below, we give a necessary and sufficient criterion for ensuring that an equation
(Rat), (D), (L), (Ric) leads to a first integral.

Proposition 10.

e A solution of equation (Rat) is a rational first integral if and only if
Do(F) =0, F e K(z,y) \ K.
e A solution of equation (D) is a k-Darbouzian first integral if and only if
Do(F) = —AF9,(B/A), F* € K(z,y) \ {0}.
o A solution of equation (L) is a Liouvillian first integral if and only if
Do(F) = —Ad,(B/A)F — A92(B/A), F € K(z,y).
e A solution of equation (Ric) is a Riccati first integral if and only if

Do(F) = —2A0,(B/A)F + %A&j(B/A), F e K(z,y).

Proof. The rational case:
This is the definition of rational first integrals.

The k-Darbouzian case:
In the k-Darbouxian case, we have

0y F = F(z,y), Do(F)=0.

So this is equivalent to
B

So a necessary and sufficient condition for a Darbouxian first integral F to exist is
the closed form condition,

0, F = 0, (%F) =  9,F = —ay(g)F - %ayF

e A0, F+ BO,F = —Aay(g)F

—  Dy(F)= —Aay(g)F

which gives the condition of the proposition.

The Liouvillian case:
In the Liouvillian case, the first integral F has to solve the PDE system

(x) 0;F — FO,F =0, (%x)  Do(F) = 0.

The derivative relatively to x of (x) gives:

(A)  0,02F — 0,F0,F — F,0,F = 0.
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The derivative relatively to y of (x%) divided by A and then simplified thanks to
(%) gives:

B B

%&F+@&ﬂ@f+zF@f:0
The derivative relatively to y of the previous equality gives:

B B B B

(B) %&F+%Qﬂ@f+@@ﬂ%f+@&fﬂ@f+ZF%f:u
The difference (A) — (B) simplified thanks to (x) gives:
B B B B

—&F%F—F&%F—%Qﬂ@JEQQQﬂF%F—Z%FQI—ZF%F:O

The equation (xx) implies:

0 = —0,F9,F - Fo,( - gayf) — (g)ayf 29, (g)Fay]-' - gayFayf
—%F%I

B
= —(&F+Z@F+@uﬂmF+%gﬁm)@ﬁ

If 9y F = 0 then F only depend on z. This is impossible as this would imply A =0
or F constant. So the only possibility left is

B
mF+Z@F+@@M@F+%wpn:0
This is the condition of the proposition.

Conversely, we suppose that Do(F) = —Ad,(B/A)F — A92(B/A). We are going
to prove that in this situation Dy has a Liouvillian first integral with integrating
factor B = €%, where § is the integral of a rational closed 1-form. We set

AT A
We are going to show that 0,(£21) = 9,(Q2). Then this implies that there exists a
Darbouxian function § such that €; = 9,§ and Q2 = 9,§. By construction we have
AQy + BQy = —div, and so BRdx — ARdy is closed, where R = ¥ . Therefore R

is the integrating factor of a Liouvillian first integral, and we get the desired result.
Thus, now we are going to prove that 0,(1) = 9,(22). We have:

W =F

0u() — 0y(Q) = %F—‘%(%)
()i (G5

As
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we get

W ABAA o2

5] (%),

By rearranging the terms of the equation, we get

0p () — 9,(Q) = 81F+(§)8yF+8y(§)F
9B 9,Bo,A —%(i)ayA B %9 (8yA)

A A2 A) A A

Now, we note that

i) =5 - 2R (N - ()

Thus
0p(Q) — 8,(Q2) = O, F + ( )ouF +0, ( )F+32(A)
By hypothesis the right hand side of this equation is equal to zero. This gives the

desired result.

The Riccati case:
In the Riccati case, a first integral is a quotient of two functions JF7, Fs, solutions
of a PDE system of the form

(0) 2F,—FF =0, (00) Do(F;)—QF =0.

The derivative relatively to x of (¢) and then simplified by (0¢) gives:
Q
gy o
A
The derivative relatively to y of (0¢) divided by A and then simplified thanks to
(0) gives:

B
2 - il N
(C) 0,0.F; — 0, F.F; F( ay.FZ) 0.

0,0, F; + ay(g)ayfi + gF]-"i - ay(%)fi - %ayfi =0.

The derivative relatively to y of the previous equality and simplified thanks to (0)
gives:

D) 0 = agazfiJra?( )8]—"+8( )F]—"+8(A )]—"+ Zro,F

(§)r-a§ar-o (s~

The difference (C) — (D) gives:

<aF a( )F- a( )+a§(%)>ﬂ+(2@(%)-33(%))@54.
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The functions F7, F» are independent. Thus the Wronskian of F;, F3 in y is not

0. Therefore, (F1,0yF1) and (Fa, 0y F2) are linearly independent. The above linear
form thus vanishes on them and is identically 0, then

o (5)-2(2) -

—axF—gayF 28( )F+82( )=o.

Therefore, by substituting the first equation into the second, we get:
B B 1 B
0, F + —0,F = ~20,(< ) F + 503(5).
A% 7)) 3%\
This is the condition given by the proposition.

Conversely, let us prove that if the equation
_ 3
Do(F) = —249, ( )F+ A9 (A)

is satisfied, then (Ric) leads to a Riccati first integral.

1 B
O==-A40,( —
(%)
and prove that the system

(2.2) BF —FF =0, Do(F)—QF =0

Let us choose

has two independent solutions. The quotient of these two solutions gives then a
Riccati first integral.

The strategy used to prove the existence of these two independent solutions is
the following:
We consider Fi, F a basis of solutions of 05 F — F(x,y)F = 0, i.e. two solu-
tions independent over the constant field of functwns in x. Then, we are going to
prove that there exists two independent couples (F1, E2) of functions in 2 such that
Ey F1+ Eo F satisfies the second equation of (2.2). This gives then two independent
solutions of equation (2.2).

In order to follow our strategy, we need an explicit expression of 0, F; and 0,F».
These expressions will be useful when we will consider the equation Dy (F)—QF = 0.
Differentiating in # the equation 9;F — F.F = 0 gives

070, F — (0,F)F — FO,F = 0.
Setting G = 0,.F, the previous equation can be rewritten
(1) 0;G— FG = (0.F)F.

This is a linear differential equation with a non homogeneous term ((%CF )]—' .
Now, we solve equation (f) with F = F;, i = 1,2, this gives:

(#1) 3§gi—ng—(3F) i(z,y).
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We already know a basis of solutions of the homogeneous part, and we guess as

particular solution
B 1 B
P = ——0, Fi —]'—18 — ].
Gi= =30+ 550 <A>

Indeed, thanks to the relation 9;F — F.F = 0, we get:

1 B BF
0,61 = —30(3)0nFi —
The derivation relatively to y of the previous equation gives:

737 (3)

026, = ——a (A)F]-" P (BAF)]:Z—%%E+%E8§’(§).

By rearranging the terms we get

1 B

026, = iay(Z)F}} 8]—" a( A

Thanks to the definition of gi we get:

Fg; + <—F8y(§) —374(@ _83 %))

ng+<—2ay( )P - aF+ 33 )>

B
A

BF)af+ fa3(B)

926G

As by hypothesis, we have Dy(F) = —2A0, ( )F + A83( ) this implies

A

—2@(%)1? - %ayF + 583(2) = 0,F.

This proves that G; is a particular solution of ().
So the solutions of (ft) are respectively for ¢ = 1,2 of the form

B 1 B
G1=C1F1 + CoFp — Zay}] + 5]-"1874 (Z)

B 1 B
Go = C3F1 + CyFo — Zay]:z + 5]:2(% (Z)

where the C; depend on x only. So we deduce that there exists Ci,Cs, Cs,Cy
functions of = only such that

B 1 B
OpF1 = C1F1 + CoFy — Zay}—1 + 2]'—13 <A> s

B 1 B
0pF2 = C3Fy + CyFp — Zay]'—z + fzay <Z> :

We now search solutions of equations (2.2) of the form
E\F1 + Ex Fy

with E7, Eo functions of x only. Substituting it in equations (2.2), we obtain 0 for
the first, and for the second

(ErCy + ExCs 4 03 E1)F1 + (E1Ca + E2Cy + 0, E9)Fa = 0.
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As Fi, Fo are independent over functions in z, this is equivalent to the system
81E1 = —ElC'l — EQCg, (%CEQ = —E102 — E204.

This is a 2 x 2 linear differential system, and so admits two independent solutions.
Then these two solutions Fy, Fy give two independent solutions of equations (2.2)
of the form E;F; + EsF>. Their quotient is then a first integral. [l

During the previous proof we have shown the following:

Corollary 11. If Dy has a Riccati first integral F1/F2 then we can suppose that

1 B
Do(Fi) = §A6y(z)]:i.
2.2. Casale’s Theorem. We have defined 4 types of first integrals. We are going
to prove that there are no other types of first integrals with algebraic-differential
properties. Recall that the flow is defined by

B(z,y(xo,yo; )
Az, y(zo, yo; )
We are also interested in y,(z) = 0y y(zo,y0;2), r = 1,2,3. These functions
belong to K(zo,yo)[[z — zo]]. As explained in the introduction, y,y1,y2,ys are

seen as functions in z, solutions of some differential systems (S’), and their initial
conditions are

Ozy(xo, Yo; T) = , and y(zo, yo; o) = Yo-

y(zo) = Yo, y1(zo) = 1, y2(x0) = 0, y3(x0) = 0.
If F is a first integral of Dy then we have }"(a:,y(:z:o,yo;x)) = F(xo,y0). As
mentioned in the introduction, the derivation relatively to yo of this relation gives
with our notations:

(*) 0y F (z,y(2))y1(x) = Dyo F (0, o)-
Therefore if F is a Darbouxian first integral, we have 9, F = F € K(x,y) and then
F(z,y(z))y1(x) = F(x0,y0)-

Thus the rational function F(z,y)y: € K(z,y,y1) is constant on (z,y(z),y1 (),
where the initial condition is y(z¢) = yo and y1(xo) = 1. In Proposition 7, we prove
that F(x,y)y; is also a rational first integral for (S7).

The derivation relatively to yo of equation (x) gives

2
O2F (2,y(@)) (11(2) "+ 0, (,y(@)) (@) = 92, F(wo, o).
If F is Liouvillian then 85}' /0y F = F, and we get

y2(z)
yi(x)
We are also going to prove in Proposition 7 that F(x,y)y1 +y2/y1 is a rational first
integral of (S%).

F(z,y(z))yi(x) + = F(20,%0)-

At last, for a Riccati first integral similar computations give a rational expression
in z,y,y1,...,ys which happens to be a rational first integral for (S%).

The reason why we stop at r = 3 is the following.
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Theorem 12 (Casale). If there exists J(x,y,y1,---,yn) € K(x,y,y1,-..,Yn) such
that

J(,To, y(xO)v Y (‘TO)v s 7yn(x0)) = J(l‘,y(l’),yl (x)v s ,yn(l')),

where y;(z) = 8}, y(xo,yo; ), then there exists a rational function h(z,y) € K(z,y)
satisfying one of the following equalities:

h(zo,y(x0)) = h(z,y(@)),
o h(zo,y(z0)) = h(z,y(x))ys(x)*, with k € N*,
o h(w0,y(w0)) = h(w,y(x))y1(2) + 2 () /11 (2),

o h(xo,y(xo)) = h(x,y(x))yi(x) + 2ys(x)/y1(x) — 3y3(x) /v (x).

This result is Proposition 1.18 and Theorem 1.19 of Casale in [9] applied to the
map yo — ©(o, yo; x), and restricted to the case of rational instead of meromorphic
invariants. Now, Casale’s invariants can be seen as first integrals of the systems
(S7) and satisfy the equations D, (J) = 0.

We will associate to each class of first integral a Casale invariant for the flow. This
gives the following proposition stated in the introduction:

Proposition 7.

o The system (S) admits a rational first integral associated to (Rat) if and
only if F(x,y) is a first integral of (S}), where F € K(z,y) \ K.

e The system (S) admits a k-Darbouzian first integral associated to (D) if
and only if y1 F(z,y) is a first integral of (S}), where F¥ € K(x,y) \ {0}.

o The system (S) admits a Liouvillian first integral associated to (L) if and
only if y1F(z,y) +y2/y1 is a first integral of (S}), where F € K(z,y).

o The system (S) admits a Riccati first integral associated to (Ric) if and only
if Y3 F(z,y) —2ya/y1+3y3/y? is a first integral of (S}), where F € K(z,v).

In the Riccati case, we write our invariant in the form

AY3F (z,y) — 2y3/y1 + 393 /y3
and not in the form
YiF (z,y) — 2y3/y1 + 33 /i

as in Casale’s theorem. We have chosen this expression because it leads to the
Riccati equation (Ric): 85}' — FF = 0, whereas the expression used in Casale’s

theorem leads to the equation 85]—' — %]—' = 0.

Proof. The rational case.
By definition, a rational first integral of (S}) is a rational function F(z,y) such that
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F(z,y(zo,y0;x)) = F(x0,y0). We deduce then
B
awF(x7y(x07y07‘r)) ( xOuyO;x))Z(‘ruy(‘T07y0;x)) =0
B
— 02 F'(20,y0) + O F(xovyo)z
— Dy(F) =0.

(Io,yo) 0

This gives the desired conclusion in the rational case.
The k-Darbouzian case.
We have: y,F(z,y) is a first integral of (S}) if and only if Dy (y1F) = 0, where
B
— A20, + AB, + y1 A?0, (Z)ayl.
This gives:

B B
B
— Dy(F) = —Aay(Z)F
Then, Proposition 10 gives the desired conclusion.

The Liouvillian case.
We have:
1 F(z,y) +y2/y1 is a first integral of (5%) if and only if Do(y1 F' + y2/y1) = 0, and
we recall that
3 2 3 B 3 B 202 (B
This gives:

Do(yiF +y2/10) =0 <= (a F+A6 F+0, (A)F+62(A)) =0

=  Dy(F) = —A9, ( )F AaQ(A)
As before we get the desired conclusion thanks to Proposition 10.

The Riccati case.
We consider the derivation

o = o (2o (o (3) s (2)

B B B
+A4(y35y (Z) + 32110, (Z) + Y10 (Z) )6y3,

and we have: 4y?F(z,y) — 2ys/y1 + 3y3/y? is a first integral of (S4) if and only if
D3(4y7F (w,y) — 2ys/yr + 3y3/y7) = 0.
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As D3(—2ys/y1 + 3y3/y7) = —2y3705(B/A), we get:
Dy(4y7F(z,y) — 2y3/y1 + 3y3/y3) =0

B B 1 B
2 2 = A9 = =
= P (BmF—i-A@yF—i—QAay(A)F 2A6y(A)> 0
B B 1 .5/B
=  Dy(F) = —2A8y(Z)F + §A8y(z).
We conclude thanks to Proposition 10. 0

Now, we recall some definitions, see [9, Definition 4.1].

Definition 13. Let (K;d,,0y) be a differential field. An algebraic extension L D K
is a differential field such that L = K(f) with f algebraic over K. An exponential
extension L D K is a differential field such that L = K (exp f) with f € K.
A primitive extension L O K is a differential field such that L = K(f) with

df = 0, fdx + 0, fdy

a 1-form with coefficients in K, i.e. Oy f and Oyf belong to K.
A Riccati extension L D K is a differential field such that L = K(f) with df a
1-form with coefficients in K|[f]<2.

Proposition 14.

e The system (S) admits a first integral in a field built by successive alge-
braic and primitive extensions over K(z,y) if and only if it admits a k-
Darbouxian first integral.

o The system (S) admits a first integral in a field built by successive algebraic,
exponential, primitive extensions, over K(x,y) if and only if it admits a
Liouvillian first integral.

e The system (S) admits a first integral in a field built by successive algebraic
extensions, exponential, primitive and Riccati extensions over K(z,y) if and
only if it admits a Riccali first integral.

Proof. The Darbouxian case.

If (S) admits a first integral built by successive algebraic and primitive extensions
over K(z,y), then by Theorem 4.2, Theorem 1.19 and Proposition 1.18 of Casale
[9] there exists k € N*, F € K(z,y) such that yfF(z,y) is a first integral of (S7).
By Proposition 7, then (S) admits a k-Darbouxian first integral. The converse is
immediate as a k-Darbouxian first integral is the integral of an algebraic 1-form.

The Liouvillian case.
This case corresponds to Singer’s result, see [36].

The Riccati case.
Thanks to Theorem 4.2, Theorem 1.19 and Proposition 1.18 of Casale [9], if (5)
admits a first integral in a field built by successive algebraic exponential, primitive
and Riccati extensions over K(z,y), then

AP F(x,y) — 2ys/y1 + 3y3/yi
is a first integral of (S%). Then, Proposition 7 implies that (S) admits a Riccati
first integral.
For the converse, we have a first integral which is the quotient of two solutions
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F1, Fo of a linear second order differential equation in y. We also know, thanks to
Corollary 11, that Fi, F5 satisfy the equation

1. (B
Do(F) = 549, (Z) F,

and thus writing d,F as a function of d,F, we obtain another linear second order
differential equation in z of the following kind: 92F = RO,F + SF, where R, S
belong to K(x, y).
Therefore, f1,; = 0yF;/F; is a solution of the following Riccati associated equation:
Opfri=Rf1:+S— f121
Thus 9, f1,i € K(z,y)[f1.:]<2-
Furthermore, fa; = 0yF;/F; is a solution of the Riccati equation:
(*) Oyfoi=F—f3,
Thus 9, fa,i € K(z,y)[f2,i] <2-
Now we are going to prove that 9, f;; € K(z,y)[f1,i]<2. We have
B

(xx) Af1;+ Bfs; = %Aay (Z)

and thus, by dividing by A and derivating relatively to y the equation (*), we get:

B B 1. (B
Iyfi = —0 (Z) Ja,i— Zayfz,i + 0y (§5y (Z)) .

The equation (*) gives

B B 1 B
Oyfri = =0y <Z) fai— Z(F —f5)+ 0y <§3y (Z)) :
Now, thanks to (xx) we can write f2; in terms of f; ; and this gives
B 1A B A B 1A B A 2
Wi = % (z) (55‘% (z) - Eflvi) -l (5% (z) -5 |
1 B
+0y [gay <Z)] € K(z,y)[f1,i]<2-

Symmetrically, we also obtain that 0, f2; € K(x,y)[f2.i]<2. Then, we can construct
a (four successive) Riccati extension Ly of K(x,y) containing

OyF1/F1,0yFa]Fa, 0uF1 ) F1,0p Fa/ Fa.

Now taking a primitive extension and then an exponential extension for each F;,
we obtain a field Ly containing Fi, Fa, and thus the first integral F; /Fs. [l

3. EXTACTIC HYPERSURFACES

As already remarked in Proposition 7, the existence of a Darbouxian, or Liouvil-
lian or Riccati first integral is equivalent to the existence of a rational first integral
with a special structure for a derivation associated to the problem. Furthermore,
in this situation we have new variables y1,y2,y3. In the following we will need
to study rational first integral for derivations with several variables z,y, y1, y2, ys3.
Thus, in this section we study the characterization of rational first integrals for a
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derivation with variables x,y,y1,...,y,. Our main tool will be the extactic curve.
This curve has been discovered independently by Lagutinski and Pereira, see [29].
It allows one to characterize the situation where a derivation has a rational first
integral with bounded degree. Here, we define and prove the main property of this
object for a derivation in K(z,y,y1,...,yn) and we will get extactic hypersurfaces.
A similar study in the bivariate case has already be done in [11].

We consider a derivation

D = fo, + fo0, + ijayj, where f; € K[z, y,y1,...,Yn]

j=1
with f # 0 and we consider the associated differential system:

folz,y1(z), ..., yn(x)
By (x) = L2 )
f(xu yl(‘r)u oo 7yn(=r))
— fj (Ia yl(I), s 7yn(17))
f(x7yl(x)7 v 7yn(x))
We want to characterize the existence of a rational first integral with degree

smaller than N for this kind of differential system. The idea is to study the order
of contact between a solution of (S,,) and a polynomial.

(Sn)
9zy;(z)

, forj=1,... n.

Definition 15. We set y(z) = (y(z),y1(z) ..., yn(x)).
A parametrized curve (w,g(m)) and an hypersurface defined by the zero locus of

g(‘rv Y Yiy--- 7yn) € K[‘Tv Y Yty 7yn] have a contact Of order v at (‘T07 Yo, Y1,05 - - - 7yn,0)

= (:Co,g(:vo)), when v is the biggest integer such that:

g(z,y(z)) =0 mod (z — z0)".

In order to find a rational first integral for a plane vector field, it is sufficient to
compute an algebraic curve with a “high enough” order of contact with a generic
solution of (S)), see [5]. Actually, here “high enough” means infinite. Indeed, we
will see that if the order of contact is large enough (a bound will be given later)
then the order of contact will be infinite. We are going to use the same approach
in the multivariate case.

In control theory this kind of problem is classical. Risler, in [32], and Gabrielov
[20] have shown that if the order of contact is big enough then it is infinite. More
precisely, in [20] the author shows that if y(z) is a solution of a differential system
with degree d and g is a polynomial with degree k such that g(z,y(x)) # 0 then
the order of contact between g = 0 and (x,y(x)) is smaller than 22"+3 E;L;Q [k +
(j = 1)(d = D]+
Here, we will get a better bound because we are going to consider a solution y(z)
with a generic initial condition.

In the following o, Y0, Y1,0 - - - , Yn,0 are new variables. They correspond to a generic
initial condition.

In order to compute the order of contact between g and a solution

(xvy(x)) = (Ia y(I), yl(x)v s 7yn(x))
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we have to compute the Taylor expansion of g(z,y(z)) at zo. As

19.(9(.y(@)) ) = D(g)(w,y(@)).

and f # 0 we deduce easily that for all [ € N
8;g(x,g(x)) =0, fori=1,...,] — Di(g)(xo,yo,ylﬁo, ceyYno) =0, fori=1,...,L
where D%(g) = g and D'(g) = D(D""(g)).
The study of the order of contact at a generic point (o, Y0, Y1,0,---,Yn,0) leads
us to consider the following map:

Definition 16. Let D be a derivation and let V' be a linear subspace of dimension

lof Klz,y], where y = (y,y1,- ., Yn)-
Let x¢ and Yy = (Y0, 41,05 - - - s Yn,0) be mew variables and set L = K(zo,go). We
consider the linear LL-morphism:

Ey LegV — L!
glz,y) — (9(xo,y,), D(9)(x0,y,), D*(9)(x0,y,),---» D'~ (9)(w0,y,))

where D¥(g) = D(D*"(g)) and D is, by abuse of notation, the extension of the
derivation D to Llx,y], i.e.

D(an(xo,go)xalg”) = an(fbo,yo)D((Eal az),

The determinant of this linear map is denoted by Eg(xo,go).

[zﬂy]<N

K
Moreover, we call the hypersurface E, = =" (o, £0> the N-th extactic hypersurface.

Remark 17. With this definition we have:

9(z,y) €ker€p < g(z,y(z)) =0 mod (z —z0)".

If {g1,...,q:} is a basis of V then the associated extactic hypersurface is given
by
91(0,y,) 92(0, ) o 91(z0, Y,)
v D(g1)(z0,y,)  D(g2)(z0,y,) --- Dl(g)(x0,y,)
ED (‘Touyo) = . . . .
D" Yg1)(xo,y,) D' g2)(wo,y,) - D'"Hag)(zo,y,)

The extactic hypersurface is related to invariant algebraic hypersurfaces. We call
these kinds of hypersurfaces Darboux polynomials.

Definition 18. A non constant polynomial M € K[m,g] is a Darboux polynomial
for D if M divides D(M) in K[z, y]. We call the polynomial A = D(M)/M the
cofactor associated with the Darboux polynomial M.

Proposition 19. If g € V is a Darboux polynomial of a derivation D then g(xo, yo)
is a factor of Eg(xo,go).
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Proof. Let B={g,92,...,9:} be a basis of V.
As g is a Darboux polynomial we have D(g) = A.g where A € K[x,y]. Thus there
exist polynomials A; such that D7(g) = A;.g. Thus, we have

Ep(9) = g(x0,y,)-(1, Ax0,y,), - - Mi(w0,y,))

and g(zo,y,) is a factor of the first column of a matrix representation of EY in the

basis B. It follows that g is factor of Eg(:vo,yo). O

We remark that by definition the factors of E},(zo, y,) which are not Darboux
polynomials correspond to algebraic hypersurfaces with order of contact with a so-
lution (z,y(x),y1(x),...,yn(x)) bigger than | = dimg V.

We also remark that the determinant Eg(xo,go) corresponds to a Wronskian
and we recall the following classical lemma, see [8, Lemma 3.3.5]:

Lemma 20. Let (F,D) be a differential field. Then g1,...,q1 € F are linearly
dependent over ker D if and only if Wp(g1,...,91) =0, where

g1 g2 . gl
D(g1) D(g2) ... D(a)
WD(glu"'ugl): : : . .
D'=Y(g1) D'"g2) ... D"g)

is the Wronskian of g1, ..., g relatively to D.
This leads to the following proposition:

Proposition 21. There exists a K vector space V' such that Eg(:zro,go) =0 if and
only if D has a rational first integral.

Proof. We denote by {g1,...,q:} a basis of V. This basis gives a basis of the L
vector space L ®k V', where L = K(xo, Eo)'

We consider the K[z, y

o) derivation

D = f(0,Yy) w0 + fo(w0,5,)0y0 + Y fi(0, )Py, o-

We remark that there exists an isomorphism between ker D C K(z,y) and ker Dc

We have then Eg(xo,go) =Wp(91(z0,Yy), - q1(z0,9,))-
By Lemma 20 applied with F' =1L and D, we deduce:

Eg(xo,go) =0 < g1(20,¥,):-- - qi(z0,y,) are linearly dependent over ker D.

As g1 (o, QO)’ oy gi(zo, Qo) are linearly independent over KK, this means that ker D # K.
Thus D and then D has a rational first integral.

Conversely, if D has a rational first integral G1/G2 with degree N then we set
V = K]z, y|<n and we can consider a basis {g1, g2,..., g1} of V where gy = G; and

92 = G2. We have g1(z0,y,)/92(20,y,) € ker D and

gl(x()?go)

———92(0,y,) = 0.
QQ(xOvQO) =0

g1 (,To, yO) -
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Thus we have a non-trivial relation over ker D then by Lemma 20

Wi (g1(20,9,):- - 91(x0,,)) = Ep (z0,3,) = 0.
O

Remark 22. The previous proof shows that if D has a rational first integral with
degree N then E]H;[z’y]SN(xo,go) =0.

This kind of result is not new, see [29]. We have given here a proof in order

to emphasize the relation between the extactic curve and the Wronskian. The

following example shows however that it is possible to have EE[I@SN (xo, %) equals

to zero and no rational first integral with degree N.

Example 23. Consider the following derivation
D = x0, + (3 — 2y)9, — 32°0,,.
This deriwation has two polynomial first integrals with degree 3:
Pi(a,y, ) =y +y1,  Pa(z,y,m) = 2° +y1.
For this derivation we have E]H:()[I’y’yl]52 (xo,go) = 0, but D has no rational first
integral with degree 2. Indeed, a direct computation with a computer algebra system
shows that the only Darbouz polynomials for this derivation with degree smaller
than 2 are: x, y — x and their products.
Now, we explain why the second extactic curve is equal to zero. As Py and Py are
first integrals we have: AP;(xo,y,;x,y(z)) =0, where
APi(zo, Y2, y) = Pi(2,y,y1) — Pi(wo, Yo, Y1,0)-
Thus
P(zo,y;z.y) = .APi(20,y,2,y) — y-AP(T0,Y,: 7, Y)
= @y —yy1 — z(zgy0 + Y1) +y(@5 + y10)
has degree 2 in K(zo,y,)[x,y, y1] and satisfies
P(CE07£O; x, y((E), Y1 (.’I])) =0.
Thus P € ker Eﬁ[m’y’yﬂg and E%[m,y,y1]§2(xo,go) =0.
Now, we show that the computation of ker €5 gives rational first integrals. More
precisely, we are going to exhibit a structure for the elements in ker £).

Proposition 24. Let V' be a linear subspace of K[z, y| of dimension .
Let {bj(z,y)} be a basis of V', and let D be the following Klzo, y,] derivation:
D = f(20,Y,)0z + fo(z0,¥y)Oyo + 22 fi(20,Y)0ys0-
Consider g1(xo, Yy T Y), - gi(xo, Yoi T y) a basis of ker EY in reduced row echelon
form. Then we can write each g; in the following form:

gi(x07g0;x7g) = Z Cj(x07g0)bj(x7y)u

JjEJi

where J; is a finite set and cj(xo,go) € ker D.
Furthermore, for all g; there exists j; such that c;, (IO’E(J) ¢ K.
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As mentioned before, there exists a natural isomorphism between the two ker-
nels, ker D C K(z,y) and ker D C K(zo,y,). Thus, this proposition says that the

computation of a reduced row echelon basis of ker £)) gives a non-trivial rational
first integral: c;, (z,y).
For the definition of the reduced row echelon form we can consult [25, Chapter 1].

Proof. Consider {g1,...,} a basis of ker £F in reduced row echelon form and we
set 9i(70, Y1 2, Y) = D e, Pi(T0:Yy)bj(2,y).
As g; € ker £}, we have for all k <1 —1,

> pi(wo, y,) D* (b)) (w0, y,) = 0.
JEJ;

We set J; = {jo,j1-- -,k |, then the previous equalities give:

bjo (%0, Y,) e bj, (%0, Y,) Pjo (%0, Y,) 0
D(bjo)(IOa QO) s D(bjki )(IO, QO) P (IO, EO) 0
DFi (bjo)(xfbgo) ... D" (bjki)(x()vgo) Py, (x()vgo) 0

As (pjo (0, Yy), - - -+ Pjir, (0, Y,)) # 0, this implies W5 (b; (20, y,);j € Ji) = 0. Then,
we deduce thanks to Lemma 20, that the b;(zo,y,) with j € J; are linearly related
over ker D.

Then there exists ¢;(zo,y,) € ker D such that > e, €i(@0,Yy)bj(xo,y,) = 0. As
{bj(z0,y,) | € Ji} is a family of linearly independent elements over K, we can
suppose without loss of generality that c;, (xo,go) = 1 and that there exists an
index j; such that c;, (xo,go) ¢ K. Furthermore, we have:

0 = D(Y_ ci(wo,y,)bj(wo,y,))

JjEJi

= Z D(Cj)(xo,go)bj(xovgo) + Z Cj(xovgo)b(bj(fﬂo,go))

jeJ; JjEJi
As cj(aro,go) € ker D, this implies

0 = > ci(wo,y,)D(bs(xo,y,))-

J€Ji

In the same way, we get ZjeJi cj(xo,gO)Dj (bj(xo,go)) =0.

It follows that >, ; ¢j(zo,y,)bj(z,y) € ker &Y. This polynomial has the same
support as the polynomial g; and the basis {¢1,...,¢;} is in reduced row echelon
form, thus we get the desired result. O

Now, we are going to give an explicit statement for “if the contact between an
hypersurface and an orbit is big enough then the orbit is included in the hypersur-
face.”

Theorem 25. Let y(z) = (y(z),y1(z),...,yn(x)) be a solution of (S,) satisfying
the initial condition_g(xo) =y, and let V be a linear subspace of K[z,y| of dimen-
sion [.

If P eLexV and P(zo,y 2, y(x)) =0 mod (x—x0)! then P(zo,y,; 2, y(z)) = 0.
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Proof. Consider P(zo,y;,y) such that P(zo,y;z,y(z)) =0 mod (r—xz0)". The
Taylor expansion of P shows that P(xo,go; r,y) € ker EY.
We can write P(xo,go; x,y) in the following form:

P(z0,y;2,y) = Y Nil@0,¥,)9: (%0, Yy T, 1),

K2

where the polynomials g; (xo,go; r,y) satisfy Proposition 24.

We have:
gl y(@)am,y) = Y cila,y@)b;(x,y)
J€Ji
= Z ¢j(wo,y,)bj(z,y), because c;(zo,y,) € ker D,
J€Ji

= 9i(%0,Y,; 7, Y).

Furthermore, gl-(:zro,go; xo,go) = 0 because gi(xo,go;x,g) € ker &Y.
Thus gi(:v,g(:v);x,g(x)) =0.
As gi(z,y(); 2, y) = gi(zo, Y, T, y) We get

0 =gi(z, y(z); 2, y(x)) = gi(zo, Y, T, y(2)).
Then P(a:o,go; ry(z) =2, /\i(IOaQO)gi(IOaQO; z,y(z)) = 0. O

This result means that for a generic point if the order of contact with a poly-
nomial of degree N is bigger than dimg K[z, y|<x then this order of contact is
infinite.

4. EXTACTIC CURVES

4.1. Rational extactic curve. In this subsection, we recall a classical result for
the extactic curve in two variables. Let us note

c Kz, 7 Kz,
ggo (l“o,yo) = EDL y]SN’ Ego (x()vyo) = EDE) y]SNa

and call a rational function F' € K(z,y) indecomposable when it cannot be written
fog, with f e K(T), g € K(z,y) and deg(f) > 2.

Theorem 26 (Bivariate rational extactic curve theorem).

The derivation Do has an indecomposable rational first integral with degree N if
and only if Ego (x0,y0) = 0 and Ego_l(:zro, yo) # 0. Moreover, this indecomposable
first integral can always be assumed to have coefficients in K.

This theorem says that the minimal degree of a rational first integral corresponds
to the minimal index where the extactic curve vanishes. This theorem is not new,
see e.g. [29, 14]. We have recalled it because we are going to generalize this result
for the study of Darbouxian, Liouvillian and Riccati first integrals.

4.2. Darbouxian extactic curve. In this subsection we are going to apply the
result of Section 3 to the derivation D;. Then in the following (y(z),y1(x)) is a
solution of (S7) satisfying the initial condition y(xo) = yo,y1(z0) = y1,0, where g,
yo and y; o are variables.

Now, we are going to generalize Theorem 26 to the Darbouxian case.
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Definition 27. We set
Vi =K[z,ylen & K[z, yl<nyy, UL = dim(W1).

We denote by ggl’k(:vo, yo) the linear map Egll after the specialization y; 0 = 1.
The N-th k-Darbouzian extactic curve is defined by

Egik(xo, yo) = det (ggl’k(:vo, yo)).
Let us begin with two lemmas about this Darbouxian extactic curve.
Lemma 28. We have the following equivalence:
yrP 4+ Q € ker ggl’k(:vo, Yo)
0
yEP+yf oQ € ker £

This lemma says that evaluating y;1,0 = 1 in the definition of the extactic curve
does not lose much information.

Proof. We denote by (¢(z),%1(z)) the solution of (S7) such that ¢(zo) = o,
1/)1 (Io) =1.

We consider the transformation

T(y,51) = (¥; y1,091)-
We set
(Ur(x), ¥ra(2) = T(W(x),91(2)) = (V(@), yr,0¢1(2)).
Now, we are going to show that (¢7(x),r,1(2)) is a solution of (S]) with initial
conditions ¥ (xo) = Yo, Y1.1(T0) = y1,0- Indeed,

00 () = 31,0001 () = a0t (03, (5 ) (,02)) = w1 (000, (2 ) (1 (a).

This implies the equality (y(z),y1(z)) = (¢Yr(x), ¥r1(x)).
Now suppose that y¥ P + Q € ker ggl’k(xo, yo) then
z/J’f(:v)P(x,w(:v)) + Q(z,¢(z)) =0 mod (z — zo)".
Thus this equality multiplied by yfo gives
y’fyoz/zlf(:v)P(x,w(:v)) + nyQ(:v, Y(x)) =0 mod (z — zo)".
It follows
W1 (2) P (2,97 () +u10Q (2, ¥r(2)) =0 mod (z — o)™,
Therefore, as (y(z),y1(x)) = (¢Yr(x),¥r1(x)) we deduce that y¥ P +yf ,Q belongs
to ker 5‘511.
The converse is straightforward. 0

Lemma 29. Consider a non trivial element y¥P + Q € ker c‘,:gl’k(:zro, Yo), then:

o [fP=0 then Q € kerg'go(a:o,yo).
o I[fQQ=0 then P € kerg'go(a:o,yo).



30 GUILLAUME CHEZE AND THIERRY COMBOT

e IfPQ#0and Q ¢ kerc‘:'go (zo,y0) then:

HERRCRE

The first two cases are pathological ones, i.e. we compute the Darbouxian ex-
tactic curve but it appears that a rational first integral exists.

Proof. As y¥P + Q € ker ggl’k(xo, Yo) we get using Lemma 28

yrP(z,y) + i 0Q(x,y) € ker EFL.
Thus
y1 ()" P2, y(2)) +910Q(z,y(2)) =0 mod (z —z0)".
By Theorem 25, we deduce that y; (2)"P(z, y(x)) + y§ ,Q(x,y(x)) = 0.
If P =0 then we get Q(z,y(x)) =0 mod (z — x0)"", then Q € kerggo (o, Y0)-
If Q = 0 then we get y;(z)*P(z,y(z)) =0 mod (z — z¢)"*. We have y;(z) # 0 as
y1(o) = y1,0 and thus P € ker c‘:'go (o, Yo)-

Now we suppose that PQ # 0, and @ ¢ kerggo (z0,Y0), then Q(x,y(x)) #£0
and:

P
yl(a:)ké(x,y(x)) = —ylf,o,
and thus
P\ 1/
y1(x) (é) (z,y(x)) = &yr,0, where {is a k-th root of — 1.

The derivation relative to = of this relation and the fact that y; () is a solution of
(S7) gives:

n(@2,(5) @) () " )

+yi1(z) (am ((g) 1/k) (z,y(x)) + 0, ((g) 1/k) (z,y(x))
As y1(x) # 0 we get:

(28 (")) v

This gives the desired result. 0

|

(w,y(x))) =0.

We now prove the main result about the Darbouxian extactic curve.

Theorem 30 (Darbouxian extactic curve theorem).

(1) If Egl’k(xo, yo) = 0 then the derivation Do has a k-Darbouxian first integral
with degree smaller than N or a rational first integral with degree smaller
than 2N +2d — 1. Moreover the defining equation of the first integral, (Rat)
or (D), has coefficients in K.

(2) If Dy has a rational or a k-Darbouxian first integral with degree smaller
than N then Egl’k(xo, yo) = 0.
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Suppose that Dy has no rational first integral and that N is the smallest integer
such that Egl’k(xo,yo) = 0. Then, by the previous theorem, there exists a Dar-
bouxian first integral with degree smaller than N. Moreover, this degree is minimal.
Indeed, if there exists a Darbouxian first integral with degree M < N then, by the
second part the theorem, we have E[Af[l’k(xo, yo) = 0 and this contradicts the min-
imality of N. Therefore, as in the rational case, the smallest integer N satisfying
Egl’k(aco, yo) = 0 is related to a first integral with minimal degree.

Proof. First, consider a non trivial solution P + @ in ker ggl’k(:vo, Yo)-
If P = 0 then by Lemma 29 we get @) € ker ggo (z0,Y0). Theorem 26 implies that
the derivation Dy has a rational first integral with degree smaller than N with
coefficients in K.
If @ = 0, we deduce in the same way that Dy has a rational first integral with
degree smaller than N with coefficients in K.

Now we suppose that PQ # 0.
If Q € ker ggo (z0,Yo0), then by Theorem 26, Dy has a rational first integral with
degree smaller than N with coefficients in K.
Now, we suppose that ) does not belong to ker 815[0 (z0,y0). By Lemma 29, we have

(Do((P/Q)M%) + AP/Q)/*0,(B/4)) (. y()) = 0.

We introduce the polynomial
G = APQ(P/Q)™* (Do((P/@)'%) + A(P/Q)/¥0,(B/4))

we have G(z,y(z)) = 0.

If G = 0 then Proposition 10 with F = (P/Q)Y* gives the existence of a k-
Darbouxian first integral. Moreover, as P, Q € K(zo, yo)[x, y], the equation of type
(D) giving the existence of a Darbouxian first integral has coefficients in K.

If G # 0 then G is a non-zero polynomial with degree smaller than 2N + 2d — 1
such that G € ker gﬁyﬂd*l (20, y0). By Theorem 26, D has a rational first integral
with degree smaller than 2NV 4+ 2d — 1 with coefficients in K. This concludes the
first part of the proof.

Now, we suppose that Dy has a rational or a k-Darbouxian first integral with
degree smaller than N.
If Dy has a k-Darbouxian first integral F with degree smaller than N then we have
0,F = (P/Q)'*, with P,Q € K[z,y], and deg P,deg Q < N. Proposition 7 implies
that y¥P/Q is a rational first integral of (S}). Thus, when we consider a solution
of (S7) with initial condition y(zo) = yo, y1(z0) = 1 we get
w Pz,y(2)

y1(2)" ———==¢,

Q(z,y(x))
where ¢ € K(z¢,90). Thus y¥P(z,y) — cQ(z,y) belongs to K ®x ker c‘fgl’k(xo, Yo)-
Now as A, B € K|z, y|, the coefficients of ggl’k(xo,yo) are in K(zo,yo), and so we

deduce the existence of P,Q € K(zo,yo)[x,y] with degree N such that y’f]5 -Q
belong to ker c‘:'gl’k(xo, Yo). Thus Egik (x0,90) = 0 and we get the desired conclusion.
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If Dy has a rational first integral P/Q with degree smaller than N, then we can
suppose P/Q € K(xz,y) thanks to Theorem 26. Furthermore,

P(z,9)Q(x0, yo) — Q(x,y) P (w0, y0) € ker E57F (0, o).
Thus E’g{k(xo,yo) = 0. O

As a corollary, we obtain the following result about the coefficient field extensions
of the possible first integrals.

Corollary 31. Suppose that Dy has a k-Darbouzian first integral and no rational
first integral. We have:

There exists F € K(x,y) with degF < N such that equation (D) gives a k-
Darbouzian first integral if and only if there exists F € K(z,y) with degFF < N
such that equation (D) with F gives a k-Darbouzian first integral.

Proof. Suppose that there exists F e K(z,y) with degF = N such that equation
(D) gives a k-Darbouxian first integral. Then by the second part of Theorem 30,
we have Egl’k(xo, yo) = 0. Applying now the first part, we obtain either a rational
first integral (forbidden by our assumption) or a k-Darbouxian first integral given
by an equation (D) with a rational function with degree smaller than N and with
coefficients in K. O

4.3. Liouvillian Extactic curve. In this subsection we are going to apply the
result of Section 3 to the derivation Ds. Then in the following (y(z),y1(z), y2())
is a solution of (S%) satisfying the initial condition y(xo) = vo, y1(z0) = v1,0,
y2(x0) = y2,0 where o, Yo, y1,0 and ya ¢ are variables.

We are going to generalize Theorem 26 to the Liouvillian case. We need thus to
define the extactic curve in the Liouvillian case.
Definition 32. We set
Vo := Kz, yl<nvyi © Kz, ylanye @ Kla,ylanyr, 2 = dim(V2).

We denote by c‘,:gz (z0,y0) the linear map 5‘522 after the specialization y10 = 1,

y2,0 = 0.
The N-th Liouvillian extactic curve is

Egz (z0,y0) = det (515[2 (z0,90))-

As in the Darbouxian case, we begin with two lemmas in order to show that the
specialization y1,0 = 1, y2,0 = 0 does not lose information.

Lemma 33. We have the following equivalence:
P(z,y)yi + Q(x,y)y2 + R(z,y)y1 € ker €5, (x0, y0)
T

Pz, y)y; + Qz,y)y2 + (yl,oR(xvy) - %Q(%y))yl € ker€py .

Proof. We are going to use the same strategy as the one used to prove Lemma 28.
Here the transformation T is

T(y,y1.92) = (Y, Y1015 YoY2 + Y2,001)-
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We denote by (¢(z),¥1(x),¢2(x)) the solution of (S3) such that ¢ (zo) = yo,

Y1(zo) =1, ha(wo) = 0.
We set,

(Vr(x), dra (), dra(x)) = T@W(x),¢1(x), Ya(z))
= (W), yrov1(@), ¥5ove(x) + 2,001 (2)).

A direct computation shows that (¢r(z),¥r.1(z),vr2(x)) is a solution of (S3)
with initial conditions ¥r(z0) = vo, Y11 (z0) = Y10, ¥1.2(T0) = y2,0. Thus we have

(y(@),y1(x),y2(2)) = (Yr(2), Yr1(2), Yra(r)).
Now suppose that P(x,y)yi + Q(x,y)y2 + R(x,y)y1 € ker ggz (20,y0) then
P(x,4p(2))91 (2) + Q(z, 9 ()2 () + Rz, (x))1 (x) =0 mod (z — zo)".
Thus, the previous equality multiplied by y%)o gives
Yt 0P (@, ()i () + yi 0 Q(x, (@) )2 (2) + y2,0Q(x, ¥(x))1h1 (z)
—y2,0Q(x, ()1 (x) + i g R(z, ()i (z) = 0 mod (z — o)™,
This gives, thanks to the definition of 7, 71 and 912,
P(z,¢r(2)0F (2) + Q(a, Yr(x))ra(x)
—i—( - %Q(CCWT@)) + y1,0R(z, ¢T($)>¢T,1($) = 0 mod (z — )"

Therefore, as (y(I), Y1 (.I),yg(fb)) = (T/JT(JC)J/)TJ(??)J/JTQ(I))v we get
P(z, y)y% + Q(z,y)y2 + (y1,oR(x,y) — %Q(m,y))yl € kerf,’gzz.

The converse is straightforward. O

Lemma 34. Consider a non trivial element P(x,y)yi + Q(z,y)y2 + R(z,y)y1 in
ker £F (z0,y0), then:

e [fQ =0 then Pypu + R € kerggl(xo,yo).

e IfQ#0and Q ¢ kerggo (x0,y0) then:

0 = y@)(Do(P/Q)+A(P/Q)0,(B/A) + A% (B/A)) (. y(x)
+y1,0D0(R/Q)(z,y(z))

Proof. We have P(x,y)yi +Q(x,y)ya+ R(z,y)y1 € ker 51372 (%0, Yo), then Lemma 33
and Theorem 25 gives, as in the proof of Lemma 29,

Pl y(@)n () + QU y(@)pae) + (0Bl () = 220w, y(e) s () = 0.

If @ = 0, then we have
P(z,y(x))y1 () + y1,0R(z, y(x)) = 0.

Thus Py, + y1,0lR € ker 5‘511 and by Lemma 28 we get that Py; + R belongs to
kergg1 (o, Y0)-
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IfQ #0and Q ¢ kerg'go(xo,yo) then Q(x,y(x)) # 0. We set FF = P/Q and
G = R/Q then we have:

Pl () + 25 = 22 14y 6o y(2) =0

The derivation relatively to x of the previous expression and the relation given by
the differential system (S%) gives:

P (o, @)y (00, (2) (0, 9(@) + @32 (5) (w0 9()

+yl,OawG(x7 y(.’Ii)) + yl,anG(xu y((E)) g (ZC, y((E)) .

0 = 9P (o (@)un (@) + 9, F (2, () 2 (2, ()i ()
+

As yy(z) is a common factor of the first terms and y; ¢ is a common factor of
the last terms we get:

0 = wn(x) <81F(x,y(x)) + 8yF(x,y(x)) B

(2.y(@) + F(2.9(2))0, (S ) (@, y(x)

| W

() ) ) + 10 (0.6 o1la) + 0,6 0. 9(0)  (5,9(0)).

Thus
0 = y1(2)(Do(F) + (AF)9,(B/A) + AG2(B/A)) (2,y(x)) + y1.0Do(G) (x, y(x))-
This gives the desired conclusion. 0

Now we can state the generalization of Theorem 26 for the Liouvillian case.

Theorem 35 (Liouvillian extactic curve Theorem).

(1) If E’g; (x0,y0) = 0 then the derivation Do has a Liowvillian first inte-
gral with degree smaller than N or a Darbouxian first integral with degree
smaller than 2N 4+3d—1 or a rational first integral with degree smaller than

AN + 8d — 3. Moreover the defining equation of the first integral, equation
(Rat), (D) or (L), has coefficients in K.

(2) If Do has a rational or a Darbouxian or a Liouvillian first integral with
degree smaller than N then Ef (x0,y0) = 0.

Proof. First suppose that Egz (z0,y0) = 0, and consider a non trivial element

P(‘Tu y)y% + Q(x7y)y2 + R(x7y)yl € kel"ggz (:E07 yO)

If @ = 0 then by Lemma 34, Py; + R € ker c‘:'gl (0, yo) and Theorem 30 gives
the existence of a Darbouxian first integral with degree smaller than N and defin-
ing equation (D) with coefficients in K or a first integral with degree smaller than
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2N + 2d — 1 with coefficients in K.

If @ # 0 and Q € ker ggo (20,yo0) then by Theorem 26 there exists a rational first
integral with degree smaller than N with coefficients in K.

If Q@ #0 and Q & ker Ego (20, o) then we have two situations:
In the first situation we have:

Do(P/Q) + A(P/Q)d,(B/A) + A9j(B/A) = 0.

In this case, Proposition 10 gives the existence of a Liouvillian first integral with
degree smaller than N, since deg(P), deg(Q) < N. Moreover, the equation of type
(L) giving the existence of a Liouvillian first integral has coefficients in K since

P,Q € K(zo,y0)[z,y].

In the second situation we have
Do(P/Q) + A(P/Q)d,(B/A) + Ad;(B/A) # 0
and thanks to Lemma 34
11(2)(Do(P/Q) + A(P/Q)9,(B/A) + AD2(B/A) ) (w,y(x))
+y1,0D0(R/Q)(z,y(z)) = 0.
In this case, we set Py = A?Q*(Do(P/Q) + A(P/Q)0,(B/A) + Ad}(B/A)),
Q1 = A2Q*Dy(R/Q), and P;, Q1 are polynomials with degree smaller than 2N +

3d — 1. The previous equality gives y1P1 + y1,0Q1 € ker 5]%1:/4-311—1,1. Thus thanks

to Lemma 28 we get y1 P, + Q1 € ker 512)]:’+3d71’1(a:0,y0). Theorem 30 gives the
existence of a Darbouxian first integral with degree smaller than 2N + 3d — 1 or
the existence of a rational first integral with degree smaller than 4N + 8d — 3 with
coefficients in K.

The second part of the theorem is straightforward and is proved with the strategy
used in Theorem 30. O

As before, we deduce that the computation of F' € K(z,y) is not restrictive.

Corollary 36. Suppose that Dy has a Liouvillian first integral and no Darbouzian
nor rational first integral. There exists F € K(x,y) with deg FF < N such that
equation (L) gives a Liowvillian first integral if and only if there exists F € K(x,y)
with deg F' < N such that equation (L) with F gives a Liowvillian first integral.

4.4. Riccati extactic curve. In this subsection we are going to apply the result
of Section 3 to the derivation D3. Then in the following (y(z), y1(z),y2(x), y3(z))
is a solution of (S%) satisfying the initial condition y(xo) = vo, y1(z0) = v1,0,
y2(x0) = y2,0, y3(x0) = y3,0 where xo, Yo, y1,0, Y2,0 and yz ¢ are variables.

Now, we are going to generalize Theorem 26 to the Riccati case and we follow
the same strategy as before.

Definition 37. We set
Vs =Kz, yl<nyi © Kz, yl<n(3y3 — 2ysy1) @ K[z, yl<nyi, s = dim(V3).
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We denote by ggs (z0,y0) the linear map 5‘533 after the specialization y10 = 1,

Y2,0 =0, y3,0 = 0.
The N-th Riccati extactic curve is defined by

Ep, (x0,y0) = det (£, (x0, 90))-
As before, we begin by proving two Lemmas.
Lemma 38. We have the following equivalence:
AP(z,y)yi + Q(z,y)(3y3 — 2ysy1) + R(z,y)y} € ker EN, (20, 0)
)
AP(z, y)yi + Q(z, y)(3y3 — 2ysy1)
+ (R ywto— (352 —222) Quy) )y} € kerél,

Proof. With the same strategy as the one used to prove Lemma 28, we are going
to obtain the desired equivalence.

We denote by () the solution of (S%) such that ¥ (zo) = yo, ¥1(x0) = 1,
V2(20) = 0, ¥3(20) = 0.

We consider the transformation

T(y,y1,y2,93) = (Y, Y1,001, yioyg + Y2,0Y1, yioyg + 3Y1,092,092 + ¥3,091)-
We set,
(U)T(I)a 1/}T,1 (I)a d}T,Q(:E)v U)Tﬁ('r)) = T(T/J(Uﬁ)v 1/)1 (.I), 1/)2($)7 1Z)B(‘I))
= (¢(@), yrov1(z), ¥i o¥2(x) + y2.001(x), ¥7 g¥3(x) + 3y1.0y2.002(2) + ys,001(x)).

A direct computation shows that (7 (), Y11 (), ¥r,2(2), ¥r3(2)) is a solution
of (S%) with initial conditions
Yr(20) = Yo, ¥r,1(20) = y1,0,¥7,2(T0) = Y2,0, ¥1,3(%0) = Y3,0-
Then we have the equahty (y(I), U1 (I)a Y2 (.I), Y3 (I)) = (U)T(x)v 1Z)T,l (I)a 1/}T,2 (I)a 1/}T,3 (.I)) :

Now suppose that 4P(z, y)yi + Q(z,y) (3y3 — 2ysy1) + R(x,y)y? € ker EN, (20, 70)
then

AP (z, (2)¥) (2)+Q(z, ¥(2)) (3¢5 () ~2¢3(2)¢1 (2))+R(z, ¥ ()i (x) = 0 mod (z—x0)".

We multiply by yio the previous equality. Then, in order to bring 17 3 out, we use
the following equality:

Yo (305 —2u3101) = 3yovh3 —2 (5 o¥s+3y1,002,002+Y3,001 ) Y1,001 +6Y7 gy2,00201 +2y3 091,005 -
This gives:

AP(z,9(x))yi o¥1 (2)

+Q(x,¢(r)) (39%,01&%(1’) —2(y3 ohs(x) + 3y1,0y2,002(x) + 3,001 () y1,0t1 (2)

62 02,002 ()11 () + 243,091,003(2) ) + R, (@) o0} (2)

=0 mod (z — m)'.

By definition of ¢ and 13, we get:
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AP (2,9 ()7, ()
+Q(z,9(x)) (33411,01&%(1’) = 207 3(2)r (x) + 6y3 oyo,002(x)¢ (2) + 293,091,0¢%(I))
+R(z,(2))yi o¥7,1(x) =0 mod (z — o).
Now, in order to bring 72 out, we use the equality
39411,01#3 = 3(?J%,0¢2 + y2,0¢1)2 - 6y%,0y2,0¢1¢2 - 3y§,0¢%~
This gives:
AP (2,9 ()1, (2)
+Q(x, Y(x)) (3(3/%,0%/12(95) + y270¢1(x))2 - 6y%,0y2,0¢2($)¢1 (z) — 33/%,01#%(55)

=20 3(x)¢r1 (2) + 6y7 gy2,002(x)¢1 () + 2?43,0%,0‘/’%(35))
+R(z,9(2))y? 03,1 () =0 mod (2 — 2)".

We can simplify by Gyfyoyzyowzg/}l the previous equality. Then by definition of
Y72 We obtain:

AP (z, ¥(2))¥7, (2)

+Q(w (@) (302.5(2) - 3y3,003 (&) — 20m3(2)ra (2) + 2y5. 001,003 (x)
+R(z, ¢(2)yi 07, (x) = 0 mod (z — x0)".

At last, we factorize by %, and we get:

P(x, ¢ (@), ()
+Q(x, () (3vr2(2)? = 2 3(2)Pra (x))

((-3%2 +222) Q. vr(2) + R, ¥r (@) ) ¥ (2) = 0 mod (& — o).

Therefore, as (y(z),y1(x), y2(2),y3(x)) = (Vr(z),¥r1(2), Yr2(2), vr3(x)) we

deduce

y y
AP(z,y)yt + Q(z,y)(3y3 — 2ysy1) + (R(:v,y)yio - <3f - 2; z> Q(:E,y)> yi
1,0

V;
belongs to ker £} .
The converse is straightforward. 0

Lemma 39. Consider a non trivial element

4P(z,y)yt + Q(z,y)(3y3 — 2yzy1) + Rz, y)yi € ker N, (z0, yo),
then:

o IfQ =0 then 4Py} + R € kerggf(xo,yo).
e IfQ#0and Q ¢ kerggo (x0,y0) then:

0 = (@) (4Do(P/Q) + SA(P/Q)0,(B/A) - 2493(B/A)) (w,y(x))
+y1,0DO(R/Q)(Iay(I))-
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Proof. We have 4P(z,y)y + Q(z,y)(3y3 — 2ysy1) + R(z,y)yi € ker N, (0,10,
then Lemma 38 and Theorem 25 gives:

() 4P (z,y(2))yi(z) + Q(z,y(x)) Bys (z) — 2ys(x)y:1 (x))

Y Y
+ <R( y1 0 <3ﬂ -2 30) Q(%M@)) y%(:v) =0.
yl 0 Y1,0
If Q@ = 0 then we have 4P(x y(@))yt(x) + yioR(z, y(@))yi(x) = 0. As yi(x) #
0, we get 4P(:v,y( )) )+ yi OR( z,y(zx ) = 0. And thus 4Py? + R belongs to
ker ggf(xo, Yo) by Lemma 28.

we have:

IfQ;éOandQlerSN (zo,y then Q( ,y ) # 0. We set FF = P/Q and
G = R/Q then by dividing (x) b ( (2))yi(z

’

(3x) 4F(x,y<x>)y%<x>+(3 2) —2”“’ +y3 oGz, y(x)) - (3@—2@> _o.
CL‘ ‘T 910 Y1,0

The derivation relatively to x of 3;28 - 25‘1‘23 and the relation given by the
: :

differential system (S%) gives:

o (v ) = [ (el (5) - (D))
—6y§y13y(§)y%
() it (B) + 1 () &
210, () 37 | (:00). 2 0).12(0). 15 (0)

= 233 (3) (@ y().
Then the derivation relatively to x of (%*) gives:
0= 447" (2, () Do(F) (. y ()0 () + 8F a,y(a)i ()9, ()

252 ()05 (2 ) (2, 0(2)) + 7204 (2 9 (@) Do(C) ()

Thus
0 = yi(@)*(4Do(F) +8AFD, (B/A) — 2403(B/A)) (2, y(x))
"’yioDO(G) (z,y(x)).
This gives the desired conclusion. O

Now we can state the generalization of Theorem 35 for the Riccati case.

Theorem 40 (Riccati extactic curve Theorem).
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(1) If Egs (z0,90) = 0 then the derivation Do has a Riccati first integral with
degree smaller than N or a 2-Darbouzian first integral with degree smaller
than 2N + 4d — 1 or a rational first integral with degree smaller than
4N +10d — 3. Moreover the defining equation of the first integral, (Rat),
(D) or (Ric), has coefficients in K.

(2) If Do has a rational or a 2-Darbouxian or a Riccati first integral with degree
smaller than N then Egs (z0,90) = 0.

Proof. First consider a non trivial solution
4P(z,y)yt + Q(x,y)(3y3 — 2ysn) + R(z,y)yi € ker €5, (x0, yo).

If @ = 0 then by Lemma 39, then 4Py? + R € ker c‘fgf(xo, yo) and Theorem 30
gives the existence of a 2-Darbouxian first integral with degree smaller than N and
defining equation (D) with coefficients in K or a first integral with degree smaller
than 2N 4 2d — 1 and with coefficients in K.

If@Q # 0 and Q € ker c‘:'go (20, yo) then by Theorem 26 there exists a rational first
integral with degree smaller than N with coefficients in K.

If Q #0 and Q & ker ggo (z0,yo) then we have two situations:
In the first situation we have:

4Do(P/Q) + BA(P/Q)d,(B/A) — 2A93(B/A) = 0.
In this case, Proposition 10 gives the existence of a Riccati first integral. As
deg P,deg @ < N, we deduce the existence of a Riccati first integral with degree
smaller than N. Moreover, the equation of type (Ric) giving the existence of a
Riccati first integral has coefficients in K since P, Q € K(zo, yo)[z, y].
In the second situation we have

4Do(P/Q) + 8A(P/Q)3,(B/A) — 2A0,(B/A) # 0
and thanks to Lemma 39

0 = yi(@)*(4Do(P/Q) + SA(P/Q)0,(B/A) — 240(B/A)) (2, y(x))

+t 0 Do(R/Q) (2, y()).-
In this case, we set

Py = A*Q*(4Do(P/Q) + BA(P/Q)d,(B/A) — 2A93(B/A)),
Q1= A’Q*Dy(R/Q)

and we obtain y7 P +y7 Q1 € ker gézjﬂd*u(:ro, Y0,Y1.0). Therefore by Lemma 28,

yiP 4+ Q1 € kerc‘fgyﬂd*l’z(xo,yo), thus Theorem 30 gives the existence of a 2-
Darbouxian first integral with degree smaller than 2N 4+ 4d — 1 or the existence
of a rational first integral with degree smaller than 4N + 10d — 3. Moreover the
equation giving this first integral has coefficients in K since P, Q1 € K(zo, yo)[z, y].

The second part of the theorem is proved with the strategy used in Theorem 30.
O

As before, we remark that the computation of F' € K(x,y) is not restrictive.
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Corollary 41. Suppose that Dy has a Riccati first integral and no 2-Darbouzxian
nor rational first integral. We have:

There exists F € K(x,y) with deg F' < N such that equation (Ric) gives a Riccati
first integral if and only if there exists F € K(z,y) with deg F < N such that
equation (Ric) gives a Riccati first integral.

5. EVALUATIONS OF EXTACTIC CURVES

In our algorithms we will not compute the extactic curves as polynomials in
o, Yo. We will only compute the extactic curves evaluated at a random point
(zf,y5) € K2 If the extactic curve is a non-zero polynomial, then almost surely
its evaluation at a random point will not be zero. However, theoretically this can
happen, and thus we want to bound the algebraic set on which such kind of bad
situations can happen.

Definition 42. We denote by Xp. N (where k is omitted when r # 1) the follow-
ing algebraic variety:

Yp, Nk = V(p x p minors of ggﬂk(xo,yo), where p = rank ng)
Lemma 43. Let (zf,y5) € K*, 1<r<3and P € kergg;k(xg,y(*)).
We consider y.(z), ..., ys(x) a solution of (S5) with initial condition y.(x§) = y§,

Y1(x5) =1, Y2, (25) = Y3, (25) = 0.

If (‘T67y6) ¢ ED’I‘)N)]C then P(l’,y*(x), e 7y7‘,*(‘r)) = 0

Proof. By Lemma 28, Lemma 33 and Lemma 38, we have

) ker c‘fgr’k(xo, yo) = dimy, ker Egi,

dlmK(ﬂCmyo

where L, = K(zo, Y0, Y1,0, - - - » Yr0)-
If (x8,95) & ¥p,.,N,k then

dimg ker gg;k(;va, Yo) = dimg (z,,y0) ker ENIJ:VJ;IC (20,y0) = dimy,, ker Eg:.

Thus in this situation, if P € ker g]g;k (x5, y&) then there exists an element P (o, Yo, - - -, Yr.0; T, Ys - - -

in ker Eg: such that
P(Iavygvlaovo;xayvyla' . ayT) - P(xvya' . ayT)'
By Theorem 25, we have
P(x0s Y0, - - Yr0; T, y(x), ..., yr(z)) =0
then after the specialization we get
P(:z:, Yy (), . .. ,yr_r*(x)) =0.
O

In the following, we will need some explicit bounds on the degree of the minors
of Eg;k(:vo, Yo)-

Lemma 44. e The degree of a minor of ggo (z0,Y0) is smaller than
N(N +1)(N +2 N+1)*N+2)?2—(N+1)(N+2
o ) = NVE DO 4D ) (N 1PN 420 - (N4 1V +2)

ayT)
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e The degree of a minor of c‘,:gl’k(:zro, Yo) 1is smaller than

(2d = 1)(1 = Iy
2

= N(N+1)(N+2)+(2d—1)

Bi(d,N) = NI+

(N+1)*(N+2)2—(N+1)(N+2)

where 1y = dimg V1, see Definition 27. ’
e The degree of a minor of 5%72 (z0,Yy0) is smaller than
Bo(d,N) = Nip+ (3d — 1);12 — 1)l
_ 3N(N+;)(N+2) 2w ) - Sy 2],
where lo = dimg Vs, see Definition 32.
e The degree of a minor of fgg (z0,y0) is smaller than
By(d,N) = Nip+ (4d — 1);13 —1)ls
_ 3N(N+;)(N +2) . 4d2_ ! [(%(N+ (N + 2))2 _ g(N+ (N +2)],

where I3 = dimg V3, see Definition 37.

Proof. The degree of a minor of £ D, (0, o) is smaller than the degree of the extactic
curve. The announced bound is given in [10]. We apply here the same strategy for

SNk
ng (ZUanO): B
Let {v;} be basis of Vi. The degree in zo,yo of a minor M of £ (o, o) satisfies

1—1

deg(M) < )~ deg Di (v;).
=0

As deg (D{(vl)) <j(2d—-1)+ N, we get

= — (2d - 1)(1, — 1)1
. . - D=1k
deg(/\/l)gZ](2d—1)+N§Nh+(2d—1)ZygNll—i— ; .
j=0 7=0
The bounds for 5%72 (20,Y0), fgg (20,y0) are obtained in the same way. O

Corollary 45. The algebraic variety Xp, N, 15 included in an algebraic hypersur-
face with degree smaller than B,(d, N).

The following set will be also useful to characterize some special situations.

Definition 46. We denote by Sy the following set:
If Dy has no rational first integrals of degree < N then

(z0,y0) vanishes an irreducible }

_ 2
Sy = {(xo, vo) €K Darboux polynomial of degree < N

If D has an indecomposable rational first integral P/Q of degree p < N then
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Gy = {(iﬂoayo) e K?

(x0,y0) vanishes an irreducible
Darboux polynomial of degree <p | °

This set corresponds to non-generic situations. Thus we will try to avoid them.
Now, we give a bound on this set:

Lemma 47. The algebraic variety G is included in an algebraic hypersurface with

degree smaller than (@ + 5)]\].

Proof. If Dy has no rational first integral then by the Darboux-Jouanolou theorem
Dy has at most d(d+1)/2 irreducible Darboux polynomials, see e.g. [24] or [36, 18].
Therefore, if (29, yo) € Sy then (zg, yo) vanishes the product of d(d+1)/2 bivariate
polynomials with degree smaller than N. This gives a bound on the degree which
is lower than the bound of the Lemma.

If Dy has a rational first integral with degree p < NN then all irreducible Darboux
polynomials divide a linear combination AP — u@ where P/ is an indecomposable
rational first integral with degree p. By the Darboux-Jouanolou theorem we know
that all but finitely many irreducible Darboux polynomials are of the form AP — uQ
and have degree p. The set o(P, Q) of (A : i) € P}(K) such that A\P—puQ is reducible
or has a degree strictly smaller than p is the set of remarkable values. Sometimes this
set is called the spectrum of P/Q. It is proved in [12] that |o(P, Q)| < d(d+1)/2+5.
So if (20,y0) € G then it vanishes a polynomial AP — u@ where (X : p) belongs
to o(P, Q). Therefore, if Dy has a rational first integral then Sy is included in an

algebraic hypersurface with degree smaller than (@ + 5)]\] . O

6. FIRST INTEGRAL ALGORITHMS

In the following sections we are going to describe our algorithms. As men-
tionned before we are going to compute rational first integrals for the derivations
Dy, D1, Do, D3. These rational first integrals are computed thanks to the extactic
curves. We are going to consider one point (z§, ) € K2 and to compute a non
trivial element in ker ggT (x5.y5). We will see that if (xf, y5) avoids an algebraic
variety then we can compute a symbolic first integral from this element.

Compute flow series
Input: A(xz,y), B(z,y) € Klz,y], (z§,y5) € K% N € N, r € [[0;3]].
Qutput: 7+ 1 series ¥, (x),. .., yr«(x) solutions of (S).) mod (z — x})”
where o = min(r + 1, 3)w, with initial condition y.(z§) = yg,

2
Yix(@5) = 1, y2,4(25) = y3,«(25) = 0.
This subroutine is performed with the algorithm given in [6].

For the following subroutine, we need a weighted degree in order to specified the
output. We use the following weighted degree:

W_deg(P(Iay7y15y27y3)) = deg (P(Iayvy{v+lay§N+27y§N+3))'

This weighted degree will be useful for the following reason:

w-deg (yy P(z,y) + Q(z,y)) > w-deg(Q(x,y)),
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for all P, @, Q € K[z,y]<n, when P # 0.

Now, if we have an element y1 P(x,y) + Q(z,y) € ker ggl (xf,y5) then we can
build a Darbouxian first integral from P and (). However, if we have obtained an
element Q(z,y) € ker £ (23, y5) then we can build a rational first integral. Indeed,

thanks to Lemma 29 we know that Q(z,y) € ker ggo (@, yg)-

Therefore, the computation of an element in ker £ gl (x5, yg) with minimal weighted
degree allows one to get a rational first integral instead of a Darbouxian first in-
tegral. This means that the computation of a non trivial in ker E:'[]\)C (xf,y) with
minimal weighted degree gives symbolic first integral with degree bounded by N in
the simplest class of first integral.

Compute solution extactic kernel
Input: A(z,y), B(z,y) € Klz,y], (25,y5) € K*, N € N, r € [[0; 3],
r + 1 series ¢, (x), ..., yr(x) solutions of (S].) mod (z — z})?

where o = min(r 4 1, 3) XHUNE2)
y27*($6) = 0, y37*({I;6) =0. )
Output: A non trivial element in ker “%ﬁk (x5, yd), if it exists, with minimal weighted

degree, or “None”.

, with initial condition y, () = y§, y1.+(zf) = 1,

This subroutine can be reduced to a linear algebra problem. Indeed, we just
have to find a polynomial S(x,y, y1, Y2, ys) such that

S(z,y«(2), ..., y3..(x)) =0 mod (z — z3)7,

where S € V,. and deg, ,(S) < N.

We recall that in our study V. is the vector space associated to the extactic curve
Eg;k(aco, Yo), see Definition 27, Definition 32 and Definition 37.

We will give some details in Section 7, in order to explain how we can compute S
efficiently.

6.1. Rational first integrals. An algorithm which computes a rational first inte-
gral with degree smaller than N has been described in [5]. Here, we use the same
kind of approach. However, we only use one random point (z§,y3) € K. In [5],
two random points were used.

Compute Rational first integral
Input: A, B € Klz,y], (z},y5) € K}, N €N
Output: An equation (Eqg) : F — F = 0 where F(z,y) € K(z,y) \ K, or “None”
or “I don’t know”.
(1) If A(z§,yg) = 0 then Return “I don’t know”.
(2) Compute flow series(A, B, z§, y5, N,0)=: y.(z).
(3) Compute solution extactic kernel(A4, B, y.(x), N,0)=:S.
If S=“None”, then Return “None”, else S =: P.
(4) Build Rational first integral(A, B, P, z§, y)-
Now, we describe the algorithm Build Rational first integral.

Build Rational first integral
Input: P, A, B € K[z,yl], (z§,v5) € K>
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Output: An equation (Eqp) : F — F = 0, where F(z,y) € K(z,y) \ K, or “I don’t
know”.
(1) Compute Pyeq = P/ ged(P, 0, P, 0,P).
(2) Compute the factorization ged (Pred, Do(Pred)) = Hé‘:l Li(z,y), where L;
are irreducible in K|z, y] and set i := 1.
(3) While L;(af,yg) #0doi:=i+ 1.
(4) If i > I then Return(“I don’t know”),
Else Do(L
(a) Q:= OI(/- i);
(b) Computeza basis B = {b1,ba,...} of the kernel of the linear system

Do(Q) = QQ, where Q € K[z, y|<deg (L)
(c) If |B] =1 then Return(“I don’t know”),

Else Return((qu) CF— z—: = 0),

Proposition 48. The algorithm Compute Rational first integral satisfies the follow-
ing properties:
o [If it returns “None” then the derivation Dy has no rational first integral
with degree smaller than N.
o If it returns an equation (Eqg) then this equation leads to a rational first
integral of Dy.
o If it returns “I don’t know”, then (z§,ys) belongs to

Yo UGN,
where Yo = V(A) UXp,,N-

Proof. If the algorithm returns “None”, this means that E’go (x5, y5) # 0, thus

Ego (z0,y0) # 0. Therefore, Theorem 26 implies that Dy has no rational first inte-
gral.

If the algorithm returns (Fqo) then by construction we have Dg(b;) = Qb;, for
i =1,2. Thus

by Do(b1)ba — b1 Do(b2)
D (—) = —0.
by b2
Furthermore, lz:—; ¢ K because by and by are linearly independent. Then, we deduce

that Z—; is a rational first integral.

Now, we suppose that (z§,y5) € Yo U &n and we are going to prove that the
algorithm does not return “I don’t know”.

First, if Ego (x5, y5) # 0, then as seen before, the algorithm returns the correct
output “None”.

Second, suppose that dimg c‘:'go (x5, y5) # 0.
In Step 3 of Compute Rational first integral we have: S € kerc‘:'go(xg,yg). As
(x5, y5) € Ypo.n, Lemma 43 implies S(x,y.(x)) = 0. Then an irreducible factor
L; of § is an irreducible Darboux polynomial which vanishes at (2, y§).
As (x5,y5) € Gn, we deduce that there exists a rational first integral R/Q with
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degree p < N and that the factor L; of § is a Darboux polynomial of degree p
of the form AR — u@, where Q, R € K[z,y]. Moreover, a rational first integral
is defined up to an homography. Then the rational first integral can be written
L;/Q € K(z,y) \ K, where @ is linearly independent of L; over K.
We have then
DO(E) _ oo DolLi)Q—LiDo(@) _ ;. DolLi) _ Do(@)
Q Q? L; Q

The last equality defines the polynomial 2 and we remark that the linear system
considered in Step 4b of Build Rational first integral has two independent solutions:
L; and Q. Thus the basis B contains two distinct elements b; and by. As seen
before, these two elements give a rational first integral.

In conclusion, if (xf,y5) & o UGS N, the algorithm does not return “I don’t know”.
O

6.2. Darbouxian first integrals. This section describes how to use the results
given in the previous section in order to get an efficient probabilistic algorithm com-
puting Darbouxian first integrals. The strategy is the following: First, we compute
a non trivial element y¥ P + Q € ker c‘fgl’k(xg, yg). Second, from P and @ we build
a Darbouxian first integral.

Compute Darbouxian first integral
Input: A, B € K[z,y], (z8,y5) € K2, N € N, k € N* (by default k = 1)
Output: An equation (Eq) : 9,F — F'/* =0, where F(z,y) € K(z,y)\ {0}, or an
equation (Eqp) : F — F = 0 where F(z,y) € K(z,y) \ K,
or “None” or “I don’t know”.
(1) If A(z§,yg) = 0 then Return “I don’t know”.
(2) Compute flow series(A, B, x§, y5. N, 1)=: y. (), y1,+(2).
(3) Compute solution extactic kernel(A, B, y.(x), y1 «(x), N, 1, k)=:S.
If S=“None”, then Return “None”, Else S =: y¥P + Q.
(4) Build Darbouxian first integral(A4, B, P, Q, x§, y§, k).
Now, we describe the algorithm Build Darbouxian first integral.

Build Darbouxian first integral

Input: A(z,y), B(z,y), P(z,y),Qz,y) € Klz,y] with (P,Q) # (0,0), (25,%) in
K2, k € N* (by default k = 1).
Output: An equation (Eq) : 0,F — F'/* =0, where F(z,y) € K(z,y)\ {0}, or an
equation (Eqp) : F — F = 0 where F(z,y) € K(z,y) \ K
or “I don’t know”.

(1) If P =0 then Return(Build Rational first integral(Q, A, B, z,y{)).

2) If Q = 0 then Return(BuiId Rational first integral(P, A, B, x}, yg))

(2)
(3) Ry i= APQ(P/Q) /" (Do((P/Q)Y¥) + A(P/Q)1/*0,(B/A)).
(4) If Ry = 0 then Return (Eqy) : 9,F — (P/Q)Y* =0,

Else Return(Build Rational first integral (R1, A, B, x§, y5))-

Proposition 49. The algorithm Compute Darbouxian first integral satisfies the fol-
lowing properties:
o If it returns “None” then the derivation Do has no k-Darbouzian nor ra-
tional first integral with degree smaller than N.
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o If it returns an equation (Eqy) or (Eqi) then this equation leads to a first
integral of Dy.
o If it returns “I don’t know”, then (zf,yg) belongs to

Y1 UGan12d-1,
where $1 = V(A)UXp, N UZD, Nok-

Proof. If the algorithm returns “None”, this means that Egl’k(:zrg,y(*)) # 0. Theo-
rem 30 implies that Dy has no rational nor k-Darbouxian first integral with degree
smaller than N.

If the algorithm returns (Eq;) this means that we have R; = 0 in Build Darboux-
ian first integral. Proposition 10 gives then the desired result.

If the algorithm returns (Eqp) then this result comes from Build Rational first
integral. We have seen in Proposition 48 that this output is correct.

Now, we prove the last point of the proposition. We suppose that (z, y5) does
not belong to ¥; U Ganyo4—1, and we are going to prove that the algorithm does
not return “I don’t know”.

First, if dimg kerc‘fgl’k(:ra,yg) = 0 then in Step 3 of Compute Darbouxian first
integral we have § =“None”. Thus the algorithm returns “None”.

Second, we suppose that dimyg ker ggl’k(:vg, yg) # 0.
In Step 3 of Compute Darbouxian first integral we have S = y¥P + Q.

o If P =0, then Q # 0 and Q € ker &R (x§,y4) thanks to Lemma 29. Then
in Step 1 of Build Darbouxian first integral the algorithm returns an equation (Eqq)
thanks to Proposition 48 and the inclusion o UGy C X1 U Gani2d—1-

o If P = 0 then Q # 0. Indeed, if @ = 0 then as (af,y§) & Xp, nk we have,
thanks to Lemma 43, y1 . (z)*P(z,y.(z)) = 0. Since y1.(z) # 0 we deduce that
P (x, Yse (x)) = 0. Therefore a factor P of P is a Darboux polynomial which vanishes
at (zf,y§). It would give a non trivial element in ker ggl’k(:vg, y$). This is absurd
since Compute solution extactic kernel returns a solution with minimal weighted de-
gree. It follows @ # 0.

Furthermore, we have () ¢ ker ggo (x5, y5). Indeed, since (2§, y5) € p,, N, the con-
trary would imply @ (;C, Ys (x)) = 0, and gives a non trivial element in ker gglk (x5, y%).
This is absurd since y¥ P + @ is a solution with minimal weighted degree.

In Build Darbouxian first integral, we thus compute R;.

If Ry = 0 then by Proposition 10 we get a Darbouxian first integral.

Now, we suppose that Ry # 0, then in Step 4 of Build Darbouxian first integral, we
use the algorithm Build Rational first integral.

As (z5,y5) € Sp, N we have y1.(2)"P(z,y.(2)) + Q(z,y«(z)) = 0 thanks to
Lemma 43. Therefore, with the strategy used in Lemma 29, we obtain Ry (x, Yse (:E)) =
0 and then R; € ker 5123];[ +2d=1gw 4x). Thus, we deduce that the algorithm returns
an equation (Eqg) giving a rational first integral thanks to Proposition 48 and the
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inclusion Yo U Gont24—1 C 21 UGani2d-1-

In conclusion if (xf,y5) & X1 USany24—1 the algorithm does not return “I don’t
know”. [l

Proposition 50. We set

d(d+1)
2

There exists a polynomial H with degree smaller than D(d, N) such that:

If H(xf,y5) # 0 then Compute Darbouxian first integral returns “None” or an equa-

tion leading to a first integral.

D(d, N) = d+ Bo(d, N) + B (d, N) + ( +5) 2N +2d-1).

Proof. From Corollary 45 we deduce the existence of a polynomial H; such that:
Y pe.N UEp, np UV(A) C V(H)

where deg(H;) < d 4 Bo(d,N) + By(d,N). We also have from Lemma 47 the

existence of a polynomial H, of degree (@ + 5) (2N + 2d — 1) such that:

Gantad—1 C V(Hy).
Thus the polynomial
H(xo,y0) = Hl(iﬂo,yo)ﬁ2($07yo)

vanishes on the set given in Proposition 49 in the “I don’t know” part. So if
H(z},y5) # 0 then Compute Darbouxian first integral returns “None” or an equation
leading to a first integral, and the degree of H satisfies the degree bound. O

Corollary 51. Let Q a finite subset of K of cardinal |Q| greater than D(d,N) and
assume that in Compute Darbouxian first integral xfj, y{ are chosen independently
and uniformly at random in Q. Then, Compute Darbouxian first integral returns
“None” or an equation leading to a first integral with probability at least

| DW.N)
[

Proof. This follows from Proposition 50, and Zippel-Schwartz’s lemma, see [21]. O
Remark 52. In practice, see Section 8, we never obtain the output “I don’t know”.

Proposition 53. If Dy admits a rational or Darbouzian first integral with degree
smaller than N then Compute Darbouxian first integral returns an equation with
minimal degree.

Proof. This follows directly from the fact that Compute solution extactic kernel re-
turns a solution with minimal weighted degree. 0

6.3. Liouvillian first integrals. Here, in order to compute a Liouvillian first in-
tegral, we follow the same strategy as before:

First, we compute a non trivial element P(x,y)y?+Q(x, y)y2+R(x,y)y; in ker 5732 (x5, y5)-
Second, we build from P, @), R a Liouvillian first integral.

Compute Liouvillian first integral
Input: A, B € K[z,y], (3,y5) € K3, N €N
Output: An equation (Eqp) : 82F — FO,F = 0, where F(z,y) € K(z,y),
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or (Eqi): 0yF — F =0, where F(z,y) € K(z,y) \ {0}
or (Eqp) : F — F =0 where F(z,y) € K(z,y) \ K,
or “None” or “I don’t know”.
(1) If A(zg,yg) = 0 then Return “I don’t know”.
(2) Compute flow series(A, B, z, y*, N, 2)=: y.(z),y1,+(2), y2,«
(3) Compute solution extactic kernel(4, B, y. (), y1 (), y2, *( )
If S=“None”, then Return(“None”),

Else S =: P(z,y)y7 + Q(z, y)y2 + R(z,y)y1.
(4) Build Liouvillian first integral(A, B, P, Q, R, z}, y).

().
7N7 2)

Build Liouvillian first integral
Input: A(z,y),B(z,y), P(z,y),Q(x,y), R(z,y) € K[z, y] such that (P,Q, R) # 0,
(25, y5) € K.
Output : An equation (Eqa) : 9. F — F(x,y)9,F = 0, or (Eq1) : 9,F — F = 0, where
F(z,y) € K(z,y) \ {0}, or (Eqq) : F — F = 0, where F(z,y) € K(z,y) \ K, or “I
don’t know”.
(1) If @ = 0 then Return(Build Darbouxian first integral(A, B, P, R, x§, y3))-
(2) Compute Py := A*Q?*(Do(P/Q) + A(P/Q)d,(B/A) + A@Q(B/A))
Q1 = A*Q*Dy(R/Q).
(3) If Py = 0 then Return (Eqs) : 02F — (P/Q)9,F =0,
Else Return(BuiId Darbouxian first integraI(A,B,Pl,Ql,:zrg,y(*))).

Proposition 54. The algorithm Compute Liouvillian first integral satisfies the fol-
lowing properties:

o [f it returns “None” then the derivation Dy has no Liouvillian nor Dar-
bouzxian nor rational first integral with degree smaller than N.

o If it returns an equation (Eqo) or (Eq1) or (Eqz) then this equation leads
to a non-trivial first integral.

o If it returns “I don’t know”, then (z§,yg) belongs to

Yo U Gyn48d—3,

where Y9 = V(A) UEDO,N UEDl,N UED2,N

Proof. If the algorithm returns “None”, this means that Egz (x5, y5) # 0. Theorem
35 implies that Dy has no rational nor Darbouxian nor Liouvillian first integral
with degree smaller than N.

If the algorithm returns (Egz) this means that we have P; = 0 in Build Liouvillian
first integral. Proposition 10 gives then the desired result.

If the algorithm returns (Eqg;) this result is correct thanks to Proposition 49.
Indeed, the algorithm returns (Eg;) when Build Liouvillian first integral uses Build
Darbouxian first integral.

If the algorithm returns (Eq) then the output is correct as shown in Proposition
48.
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Now, we prove the last point of the proposition and we suppose that (zf, yg)
does not belong to 3o U Synt84—3-

First, if dimg kerggg (xf,y5) = 0 then in Step 3 of Compute Liouvillian first inte-
gral we have & =“None”. Thus the algorithm returns “None”.

Second, we suppose that dimg ker c‘fg; (x5, y8) # 0.
In Step 3 of Compute Liouvillian first integral we have S = Py? + Qy2 + Ry:.

o If @ = 0 then Py; + R € ker c‘:'gl (x5, y5) as shown in Lemma 34. Then we are in
the Darbouxian case. Therefore Proposition 49 and the inclusion ¥ USon24-1 C
Yo UG n484—3 allow us to conclude in this situation.

e If Q) # 0 then in Build Liouvillian first integral, we compute P;.
If P, = 0 then by Proposition 10 we get a Liouvillian first integral.
Now, we suppose P; # 0.
We claim

Q & ker EN (x5, ).

Indeed, if @ € ker c‘:'go (z3,y8) then Q(z,y.(z)) = 0 because (zf,ys) does not be-
long to Xp, n. Thus a factor R of @) is a Darboux polynomial.
Therefore, R would give a non-trivial element in ker 81572 (5, y3). This is impossi-

ble since the computed solution S has a minimal weighted degree and w-deg(S) >
w-deg(R).

As (x,y5) € Ep,,~N, we have thanks to Lemma 43
P(2,y.(2))yi (o) + Q(2,y:(2)) y2.+(2) + R(2,y:(2)) y1.4(2) = 0.
Since @ & ker ggn (xF,yd) we can use the strategy of Lemma 34 and we get

P (2,y.(2))y1.+(z) + Q1 (2, yu(z)) = 0,

where deg(P;),deg(Q1) < 2N +3d — 1.

Then, as we have ¥ C X, Proposition 49 implies that the algorithm Build Dar-
bouxian first integral applied to P, and )1 gives either a Darbouxian first integral
with degree smaller than 2N + 3d — 1, or a rational first integral.

Thus when (2§, y§) & S U Synisq—3 the algorithm does not return “I don’t
know”. [l

Proposition 55. We set
d(d+1
L(d,N) = d + Bo(d, N) + Bi(d, N) + Bs(d, N) + (% + 5) (4N +8d — 3).

There exists a polynomial Hy, with degree smaller than L(d, N) such that:
If Hy (x5, y5) # 0 then Compute Liouvillian first integral returns “None” or an equa-
tion leading to a first integral.

Proof. The proof is done exactly in the same way as the proof of Proposition 55. [

Corollary 56. Let Q a finite subset of K of cardinal || greater than L(d, N) and
assume that in Compute Liouvillian first integral xf), y; are chosen independently and
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”»

uniformly at random in Q). Then, Compute Liouvillian first integral returns “None
or an equation leading to a first integral with probability at least
L(d,N)
€2
Proposition 57. If Dy admits a rational or Darbouzian or Liouvillian first integral

with degree smaller than N then Compute Liouvillian first integral returns an equation
with minimal degree.

1—

Proof. As in the Darbouxian case this is a direct consequence of the minimality of
the weighted degree of a solution in Compute solution extactic kernel. O

6.4. Riccati first integrals. In order to compute a Riccati first integral, we follow
the same strategy as before:

First, we compute a non trivial element 4P(x, y)yf+Q(z, y)(3y3 —2ysy1 )+ R(x, y)y?
in fgg (xf,yd). Second, we build from P, @, R a Riccati first integral.

Compute Riccati first integral
Input: A, B € K[z,y], (§,y5) € K3, N € N
Output: An equation (Egs) : 92F — FF, where F(z,y) € K(z,y),
or (Eqy) : 0,F —F =0, where F(z,y) € K(z,y) \ {0},
or (Eqp) : F — F =0, where F(z,y) € K(z,y) \ K,
or “None” or “I don’t know”.
(1) If A(zg,yg) = 0 then Return “I don’t know”.
(2) Compute flow series(A, B, x§, y5, N, 3)=: y«(2),y1,+(2), y2,+ (), y3« ().
(3) Compute solution extactic kernel(A, B, ¥« (), y1 (), Y25 (), y3 «(x), N, 3)=:S.
If S=“None”, then Return(“None”),
else S =: 4P(z,y)yi + Q(,y)(3y3 — 2ysy1) + R(z,y)yi-
(4) Build Riccati first integral(A, B, P, Q, R, z}, y).

Build Riccati first integral
Input: A(z,y),B(z,y), P(x,y),Q(x,y), R(x,y) € K[z,y] such that (P,Q, R) # 0,
(x5, 95) € K2,
Output: An equation (Eg3) : 9;F — F(x,y)F =0, where F(z,y) € K(z,y),
or (Eq1) : 0yF — /F(x,y) =0, where F(z,y) € K(z,y) \ {0},
or (Eqo) : F — F =0, where F(z,y) € K(z,y) \ K, or “I don’t know”.
(1) If @ = 0 then Return(Build Darbouxian first integral(A, B, 4P, R, z§, 5, 2)).
(2) Compute P; := A*Q?(4Do(P/Q) + 8A(P/Q)d,(B/A) — 2A03(B/A)),
Q1 := A'Q*Dy(R/Q).
(3) If P, =0 then Return (Eg3) : 9;F — (P/Q)F =0
Else Return(BuiId Darbouxian first integral(A, B, Py, Q1, x§, y§, 2))

Proposition 58. The algorithm Compute Riccati first integral satisfies the following
properties:
o [fil returns “None” then the derivation Do has no Riccati nor 2-Darbouzian
nor rational first integral with degree smaller than N.
o If it returns an equation (Eqo) or (Eq1) or (Eqs) then this equation leads
to a non-trivial first integral.
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o If it returns “I don’t know”, then (zf,ys) belongs to
Y3 UG4N+10d—3;
where X3 = V(A) U EDO,N U EDl,N,2 @] ED;:,,N~

Proof. The proof of this proposition is similar to the one given for Proposition 54.
O

As before we deduce the following results:

Proposition 59. We set

d(d+1)
2

There exists a polynomial Hp with degree smaller than R(d, N) such that:

If Hr(z}, y5) # 0 then Compute Riccati first integral returns “None” or an equation

leading to a first integral.

R(d,N) = d + Bo(d, N) + Bi(d, N) + Bs(d, N) + ( + 5) (4N +10d — 3)

Proof. The proof is done exactly in the same way as the proof of Proposition 55. [

Corollary 60. Let Q a finite subset of K of cardinal || greater than R(d,N) and
assume that in Compute Riccati first integral xf, y§ are chosen independently and
uniformly at random in 2. Then, Compute Riccati first integral returns “None” or
an equation leading to a first integral with probability at least

| RWN)

Q-

Proposition 61. If Dy admits a rational or 2-Darbouxian or Riccati first integral
with degree smaller than N then Compute Riccati first integral returns an equation
with minimal degree.

Proof. As in the Darbouxian case this is a direct consequence of the minimality of
the weighted degree of a solution in Compute solution extactic kernel. O

6.5. Deterministic algorithms. In this section we show how to get a determin-
istic algorithm from our probabilistic ones. We give explicitly the deterministic
algorithm for the Riccati case below. The Darbouxian and Liouvillian can be ob-
tained in the same way.

Deterministic computation Riccati first integral
Input: A, B € K|z,y], such that A(z,y) #0, N € N
Output: An equation (Egs3) : 8§F — FF, where F(z,y) € K(z,v),
or (Eq1) : ,F —VF =0, where F(z,y) € K(x,y) \ {0},
or (Eqo) : F — F =0, where F(z,y) € K(z,y) \ K,
or “None” or “I don’t know”.
(1) Set ¢:=0, zf := —1.
(2) While ¢ < R(d,N)+1 do
(a) z§:=af+ 1, Q:=0.
(b) While A(z},y) =0 do zf§ := xf + 1.
(c) While Q] < R(d,N)+1 do
(i) Choose a random element y§ € K\ © such that A(xf,yd) # 0.
(ii) & :=Compute Riccati first integral(A, B, (z§,y5), N).
(iii) If £ =“None”, then Return “None”.
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(iv) If £ =“T don’t know” then Q := QU {y&}, Else Return &.
(d) c:=c+1.
(3) Return “None”.

Proposition 62. The algorithm Deterministic computation Riccati first integral is
correct.

Proof. The deterministic algorithm repeats the probabilistic algorithm. If the prob-
abilistic algorithm returns an equation or “None” then this output is correct thanks
to Proposition 58.

Now, we want to get zfj, y5 such that Hr(xj,y5) # 0.

As we use the probabilistic algorithm with at most R(d, N) + 1 different values for
xf and R(d, N) + 1 different values for y; we necessarily avoid situations where
Hpr(z},y5) is equal to zero. Then Proposition 59 implies that the probabilistic
algorithm returns an output different from “I don’t know” and we get the desired
output. O

7. COMPLEXITY RESULTS

In this section we study the arithmetic complexity of our algorithms. We fo-
cus on the dependency on the degree bound N and we recall that we assume that
N > d, where d = max(deg(A), deg(B)) denotes the degree of the polynomial vec-
tor field. This hypothesis is natural because if a derivation has a polynomial first
integral of degree N, then necessarily N — 1 > d. More precisely, we suppose that
d is fixed and NN tends to infinity.

All the complexity estimates are given in terms of arithmetic operations in K.
We use the notation f € O(g), roughly speaking this means that we neglect the
logarithmic factors in the expression of the complexity. For a precise definition, see
[21, Definition 25.8].

We suppose that the Fast Fourier Transform can be used so that two univariate
polynomials with coefficients in K and degree bounded by 7 can be multiplied in
O(r), see [21, Corollary 8.19).

We further assume that two matrices of size n with entries in K can be multiplied
using O(n*), where 2 < w < 3 is the matrix multiplication exponent, see [21, Chap-
ter 12]. We also recall that a basis of solutions of a linear system composed of m
equations and n < m over K can be computed using O(mn“~!) operations in K,
see [4, Chapter 2].

The algorithm Compute flow series is a direct application of the algorithm given
in [6]. In our situation, the number of arithmetic operations needed to perform this
subroutine is in O(Lo + o). Here L is the number of arithmetic operations needed
to evaluate the rational functions defining the system (S.). As d is assumed to be
fixed, we have L € O(1). Furthermore, o is the precision on the power series, then
o € O(N?).

It thus follows that the computation modulo (z — z§)7 of y.(z), y1.(x), y2,+(2),
y3.+(2) can done with at most O(N?) arithmetic operations.

a

In Compute solution extactic kernel we need to find a non trivial element in
kerE,{YDT (3, y8). This can be done with an Hermite-Padé approximation. We
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recall this setting:
We have m polynomials f;(x) € K[z], a precision o, a shift s = (s1,..., ;) and we
want to compute m polynomials p;(z) € K[z] such that

iplfZ =0 mod 2°.

=1

The set of all solutions (p1,...,pm) is a K[z]-module. A s-minimal approximate
basis is a basis of this module and furthermore an element of this basis has min-
imal s-degree among all solutions of the problem. We recall that the s-degree of

(p1, .-+, Dm) is max; deg(p; + ;). )

We can compute such a basis with O(m“~!(o + ¢)) arithmetic operations in K,
where £ = >, (s; — min(s)), see [3], [38, Theorem 5.3] and [23].

In our situation we have r € [[0;3]], m = (r + 1)(N + 1), 0 = (r + 1)%

When r = 0 we set:
(fro-eo fm) = (Lye(@), g2 (@), -y (@),

s=1(0,1,2,...,N).

When r =1 we set:
(fiyosfm) = (Lys(@), g2 (@), ..,y (2),

Y1 (@), Y1 (@) (@), Y1 ()2 (2), - (@) (2),
s=(0,1,2,...,N,N+1,...,2N + 1).
When r = 2 we set

(Froofm) = (W@, v @)y (@), y1.0(@)y2 (@), . yn @)y (2),
i (@), 1 (@)ys (), 57 ()2 (), -yt (@) (@),
Y20 (), Y2, (@)Y (2), Y2, (22 (2), . y2, (@) (1),

s=(0,1,2,...,N,N+1,....2N +1,2N +2,...,3N +2).
When r = 3 we set
(fisooos ) = (Wla(@), v1 . (@)ye (@), 91 (2)y2 (@),
W (2), (@) (2), V@2 (@), ., W)y (a
Yt (), 57 (@)ye (@), 07 L ()92 (), -t L (2)yl ()
where W(z) = 3y3 () — 2y3,.(2)y1,+(2), and
s=(0,1,2,...,N,N+1,....,2N +1,2N +2,...,3N +2).

3

We remark that from a solution (p1,...,pm) we get:
e when r = 1, a polynomial

N

N
Q(x,y) + Plx,y)yr = > _pil@)y’ + D> pvr1+i(@)y'v,
1=0 1=0
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e when r = 2, a polynomial

N N
R(z,y)y1 + Pz, v)y + Q@ y)y: = Y _pi@)y'vi + D pniayi()y'y?
1=0 1=0
N
+ Z pan+2+4i(2)Y Y2,
i=0
e when r = 3, a polynomial
N
P(z,y)yi + Q(z,9)¥ + R(x,y)y; = Y pi(a)y'y! + mem
=0
N
+ > panara(@)y'ys,
i=0

where ¥ = 3y2 — 2y3y1.
Therefore a solution with a minimal s-degree corresponds to a polynomial in
ker EﬂYDT (xf,y5) with minimal weighted degree. Thus the subroutine Compute so-

lution extactic kernel can be done with at most O(N*~'N?) = O(N“*1) arithmetic
operations in K.

The algorithm Build Rational first integral computes a gcd of bivariate polyno-
mials with degree in O(N). This subroutine can be done with at most O(N?)
arithmetic operations in K, see [21]. Furthermore, we need to factorize a bivariate
polynomial with degree at most N, this can be done in a probabilistic (respectively
deterministic) way with O(N?) (respectively O(N“+1)) arithmetic operations plus
the factorization of an univariate polynomial in K[T| with degree N, see [7, 26].

At last, in Build Rational first integral we solve the linear system

D(Q) = QQ, where deg(Q) < N.

This step can done with O(N“*+1) arithmetic operations. The approach is the
following. We set

d d
Alx,y) = Zaj(y/x)xj, B(z,y) = ij(y/:v)x]
i=0 =0

-1
y)zzwjﬂ(y/iﬁ)fvjawo—o Qz,y) = ZQN i(y/x)a!
=0

and we also set g; =0, for all j ¢ {0,...,N}.
We want to solve the equation

(7.1) A0,Q + BO,Q — QQ = 0.

Substituting in Equation 7.1 the above expressions with y = zx, we obtain for the
coefficient of N +d=1-J
d
(ba-i(2) = 2aa-i(2))qj—i(2) + (N = j + 1)ag-i(z) — wa—i(2))gj—i ()

i=0
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Then Equation 7.1 gives

(7.2)  (2aa(2) = ba(2))qj(2) + (wa(2) = (N = j)aa(2))q;(2)
d
=3 (bui(2) — 20 i) (2) + (N = G+ D)aai(2) — wasi(2))a5-4(2)
i=1
So the equation A0,Q + BJ,Q — QQ = 0 is equivalent to the system of equations
(7.2) for j =0,..., N 4+ d. This system is triangular as the righthandside of (7.2)
only involves ¢; with [ < j. Let us now remark that there can be at most one j = jg

such that

zaq(z) = ba(2), wa(z) = (N = j)aa(z)
as we cannot have ag = by = wg = 0. Thus equation (7.2) seen as a differential
equation in g; always admits an affine space of polynomial solutions of dimension
<1 for j # jo.

We now solve the system of equations (7.2) by induction on j. For j = 0, equation
(7.2) is a linear differential equation of order 1, and thus admits a vector space of
polynomial solutions of dimension < 1 if jy # 0 or dimension N + 1 for j = jo.
This vector space can be found by solving a linear system of N + 1 unknowns and
N + d equations, which costs O(NY).

Let us now assume (¢gn—_j, - .., qn) belongs to a known vector space V;. We look
at Equation (7.2) for j41. This is a linear differential equation in gn_;—1 € K[z]<n
and (gn—j,...,qn) € V;. As it is of order 1 in gy—j_1, the dimension of the space
of solutions V;41 can grow at most by 1 if j # jo or N + 1 if j = jo. Such
linear system with /N +1 4 dim V; unknowns and N + d equations can be solved in
O((N + d)(N + 1 + dim V;)“~!) operations.

Now, as dimV; grows at most by one except at most for one j = jo where it
grows at most by N + 1, we always have dimV; < 2N + d. Thus each step of the
resolution of (7.2) costs at most O((N + d)(N 4+ 1 + 2N + d)“~!) = O(N¥). As
there are N + d steps, the overall cost is O(N«*T1).

In conclusion our probabilistic algorithms use at most O(N“+1) arithmetic op-
erations in K plus the factorization of a univariate polynomial with degree at most
N. This is the complexity given in Theorem 4.

As D(d, N), L(d, N) and R(d, N) are in O(N*), the deterministic algorithm uses
at most O(N“*t9) arithmetic operations in K and O(N?®) factorizations of univariate
polynomials in K[T'] with degree at most N.

8. EXAMPLES

The algorithms developed in the previous sections have been implemented in
Maple. This implementation is available with some examples at:
http://combot.perso.math.cnrs.fr/software.html,
https://www.math.univ-toulouse.fr/~cheze/Programme.html.

The computations for the following examples have been done on a Macbook pro
2013, intel core i7 2.8 Ghz.

For practical reasons, the implemented version of our algorithms do not use the
Hermite-Padé algorithm to find a solution of the extactic kernel. We just solve
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a linear system. Furthermore, the solutions y,(z),. .., ys () are computed from
yx(x) and then integrated. For example, we compute y; «(z) with the formula:

Y1+(2) = 6171)(/ %(I,y*(x))d:r).

8.1. The Darbouxian case. Let us consider the system
=242y +y? — Ao+ 4y —2, y=a®+2zy+ vy + 4z — 4y — 2.
The algorithm Compute Darbouxian first integral returns in 0.2s, when N = 3:

OF | 14(2® +2zy 4+ ¢y> — 4+ 4y — 2)
Oy 11 (z — y)(a? + 22y + y? — 2)

which after integration leads to the Darbouxian first integral

Now, we set

:O,

L,z +y+V2 w=z—y
2 + y - \/57 ’
and we have for the level set F(z,y) = ¢
w=ezV2.
This curve is not algebraic for almost all ¢, and thus the system does not admit a
rational first integral.

The initial point used in the execution of the algorithm above was (1,8). To get
“I don’t know”, we need for example to use a bad point, i.e. a point vanishing a
Darboux polynomial. From this point, we will obtain a Darboux polynomial, and
thus the algorithm will try to deduce from this polynomial a rational first integral.
This will not work as the vector field has no rational first integral. We can choose
for example (1,1) or (1,v/2 — 1). Such initial points were never encountered when
using (small) random initial points. In particular, the probabilistic algorithm is
the only algorithm necessary to use in practice, and we never have to rerun it with
several initial points.

If we use the algorithm Compute Darbouxian first integral with N = 2 then the
output is “None”. This is correct and means that there exists no Darbouxian first
integral with degree smaller than 2.

Now, we slightly modify the previous example
=222 — 2\%y + 22 — 2% — 2zy — %, U =207y — 20%0 + A% — 2 — 22y — o2
The algorithm Compute Darbouxian first integral returns with A = 100 and N = 3

OF  312(a? + 2wy + y® — 200002 + 20000y — 10000)
Ay 469(x — y)(y + 100 + z)(y — 100 + x)

in 0.2s which after integration leads to the Darbouxian first integral

F(z,y) =1001n (z 4+ y — 100) — 100 In (z + y + 100) + In(z — y).
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Now the exponential of F gives a rational first integral

z+y—100\""
(I_y)a
z +y + 100

which is of degree 101.

We remark that if we want to compute a rational first integral we can use Com-
pute Darbouxian first integral. In this case the bound N is a bound on the degree
of the product of the irreducible Darboux polynomials used to write the rational
first integral (3 in the previous example) and not a bound on the degree of the
first integral (101 in the previous example). The difference between these bounds
is important when the rational first integral has one or several factors with large
multiplicities.

8.2. Comparison with the Avelar-Duarte-da Mota’s algorithm. We com-
pare our algorithm with the algorithm proposed by J. Avellar, L.G.S. Duarte,
L.A.C.P. da Mota, denoted in the following by: ADM algorithm, see [1].

First, we consider a vector field of the form (—9,G, 9,G) with

m

G:x—i—Ziln(:c—l—y—i),

i=1

after multiplying by a common denominator.
We find the Darbouxian first integral in the following times.

m 1 2 3 4 5 6
Compute Darbouxian first integral | 0.016 | 0.031 | 0.063 | 0.234 | 0.951 | 5.1
ADM algorithm 0.094 | 0.047 | 0.078 | 0.109 | 0.109 | 0.187

Unexpectedly, the ADM algorithm fails with m > 7. We see that the ADM algo-
rithm computation times are much better than ours. This is because all Darboux
polynomials are of degree 1, and the ADM algorithm computes them first. After
there is a combinatorial step, with an exponential complexity, but here it is negli-
gible at those low m.

Secondly, we study a growing degree Darboux polynomial case
G=xz+In(xz+y™-1).

We find the Darbouxian first integral in the following times.

m 1 2 3 4 5 6
Compute Darbouxian first integral | 0.015 | 0.015 | 0.31 | 0.125 | 0.359 | 0.889
ADM algorithm 0.094 | 0.078 | 1.123 | > 103 | > 103 | > 103

The timings of our algorithm have the same order of magnitude, but the ADM
algorithm becomes almost unusable. This is because the computation of Darboux
polynomials is very expansive even for low degrees. In other words, as soon as
the Darboux polynomials are not linear, the ADM algorithm is not usable. Our
algorithm never computes Darboux polynomials, and thus avoids this problem.
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8.3. The Liouvillian case. Consider the system
& =222 -2y — 1, y =222 —2y% — 3.
The algorithm Compute Liouvillian first integral returns in 0.3s when N = 3
PF 2@ +y)(22% —day +2y° — 1) OF _
Oy? 20?2 —2y% — 1 Jy
After integration, this gives the first integral

f(x,y) = ﬁerf(x — y) + (LL' + y)e_(w_y)2'

Now, we set z = x — y,w = x + y, and the equation F(z,y) = ¢ gives

w = (c — /merf(z))e*

This function is never algebraic for ¢ € C as erf is not even elementary. Thus the
system does not admit a rational first integral.

The function F is holomorphic and all solution curves (outside the straight line at
infinity) are of the form F(z,y) = ¢ € C. As none of these curves are algebraic,
the system does not admit any Darboux polynomial. As the poles of a Darboux-
ian first integral are Darboux polynomials, a Darbouxian first integral should be
a polynomial, which is again not possible as there are no rational first integrals.
Thus the system admits a Liouvillian first integral but no first integral of lower class.

0.

Now, we consider the example 185 of Kamke which is an Abel equation with a
Liouvillian first integral
i =—x, y=1y*(5z® + 22%y + 2).
Compute Liouvillian first integral gives in 1.95s with N = T7:
O*F | ab + 72y + 6a%y? + 6y> OF
oy?  2y(ab + 223y + 22y2 +y2) Oy
This system admits a lower class first integral, a 4-Darbouxian first integral of
degree 32, which can be recovered by integration of this equation, giving

~ 3/2 53 22 2 15/2
Flay) = [ LAEOT LRV g, i .
(26 + 223y + 2242 + y2)5/4 (€5 + 223y + 2292 + y2)P /Ay

This integral can also be searched directly as a 4-Darbouxian first integral with
N = 32, and is obtained in 22166s.

8.4. The Riccati case. The example 43 of Kamke is an Abel equation. When we
set @ = 3 and b = 17 in this equation, we get
i=1, 9= —(922 + 362 + 17)y> — 3zy>.
This equation admits a Riccati first integral.
Compute Riccati first integral gives in 10.9s with NV = 9:
0?F 3P
0y?  4(922y + 36xy + 17y — 6)2y3

F=0,

with
P = 8laty? + 648233 — 1823y? + 16022%y> — 18022y? + 1224ay>
+32%y — 4662y* + 289y> + 24ay — 204y” + 36y — 2.
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This equation together with the equation of the first integral defines a PDE sys-
tem with a two dimensional space of solutions. The first integral in Kamke’s book
is written using Bessel functions. Thus the solutions of this PDE system can be
expressed in terms of Bessel functions here, but this is not an easy task.

In general, Abel equations are of the form

% = f3(x)y’ + fa(2)y® + fi(z)y + fo(x).

These can be seen as a generalization of the Riccati equation. However, in contrary
to the Riccati equation, they are not all solvable in algebraic-differential terms.
Still many integrable families are known, Abel integrability is typically searched
by looking into a known table list up to some transformations. Our algorithm can
detect any integrable cases, even belonging to an unknown new integrable family.

8.5. The generic case. In a generic situation a vector field has no symbolic first
integral. Let us now consider a random quadratic vector field
P=20"4ay— 2% -1, y=222—2y* +y—3.

We do not find any Liouvillian nor Riccati first integrals (and thus neither Dar-
bouxian, 2-Darbouxian or rational first integral) up to degree 9, with the following
timings.

N 1 2 3 4 ) 6 7 8 9
Liouvillian | 0.015 | 0.047 | 0.620 | 0.219 | 0.639 | 1.576 | 4.072 | 8.736 | 17.44
Riccati 0.015 ] 0.047 | 0.094 | 0.280 | 0.843 | 2.262 | 4.898 | 11.62 | 23.32

8.6. Rational first integral with degree bigger than N. Let us consider the
following example

=3 — \zy? — 2uy® — Ax, § =ty — \y® — 2uxy — Ny
with A\, u € Z. This vector field always admits the first integral

/22 — 02 2 _ 2.1 /22 — 12
I(:v,y)z)dn(z—u>+uln (w v+ o VT Y )
Y Y

2 —y? -1 2 —y?—1

which is a 2-Darbouxian first integral, which is of degree 8. Indeed, we have:
oyl — F =0, where F? = P/Q and

P o= A% —2X22%2 + N2ty — A pady? A payt — 20220 4 2 M2y
+4 ,u2y4 + 4)\,u:cy2 + A2
Q = 252 -3zt +32%0 —¢® — 2% + 422y — 290 + 2%y? — ot

As \/p € Q, we can however build from this a rational first integral (with degree
depending on A/u). This is also a particular case of a Liouvillian first integral,
which is then of degree 8. This kind of example is build by searching radical exten-
sion of K(z,y) with groups of unit of rank > 2. The first integral is then a linear
combination of logs of these units.

For this example, we here display the timings in seconds of the algorithms Ra-
tional, Darbouxian, Liouvillian and Ricatti first integrals with initial point (2,5).
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The degree columns are the minimum N for which the output is not “None”.

(A, ) | Rat deg | time | D deg | time | L deg | time | Ric deg | time
(1,0) 1 [0031] 1 |0016] 1 |[0016] 1 |0.016
(0,1) 2 0.016 1 0.015 1 0.016 2 0.031
(1,1) 3 0.031 2 0.031 2 0.078 3 0.328
(2,1) 4 0.031 3 0.047 2 0.062 3 0.281
(1,2) 5 0.031 4 0.110 4 0.343 5 1.934
(3,1) 5 0.047 4 0.234 3 0.203 5 2.168
(1,3) 7 0.203 5 0.483 5 1.935 7 16.27
(4,1) 6 0.109 5 0.437 4 0.733 5 2.652
(3,2) 7 0.219 5 0.359 5 1.825 6 6.012
(2,3) 8 0.359 6 1.030 5 1.981 6 12.43
(1,4) 9 1.482 6 2.559 6 11.62 8 74.1*
(5,1) 7 0.453 5 0.873 5 3.853 7 26.59
(1,5) 11 3.807 7 4.290 7 20.87 8 54.2*
(6,1) 8 1.264 6 2.980 6 15.14 7 40.62
(5,2) 9 0.889 6 1.326 6 6.381 7 20.37
(4,3) 10 3.354 7 6.443 6 15.50 7 39.57
(3,4) 11 4.945 7 5.694 6 12.76 8 73*

(2,5) 12 8.392 8 9.267 7 30.60 8 83*

(1,6) 13 10.99 8 10.59 8 55.08 8 64.1*

In many cases (all except those with ), Darbouxian, Liouvillian and Ricatti
algorithms have returned the rational first integral even if it is of degree larger than
N. For example, with (A, u) = (3,4) the Liouvillian algorithm with N = 6 returns
a rational first integral of degree 11. Remark that the degree cannot be higher than
8 for Liouvillian or Ricatti first integrals, because the 2-Darbouxian first integral is
always present and its degree is not growing.
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