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Abstract

In this article, we present positivity preserving second-order numerical
schemes to approximate Ten-Moment Gaussian closure equations with
source terms. The challenge here is to preserve the positivity of the density
and the symmetric pressure tensor. We propose MUSCL type numerical
schemes to overcome these difficulties. The principal components of the
proposed schemes are a Strang splitting of the source terms, positivity
preserving first order scheme and suitable linear reconstruction process
which ensures the positivity of the reconstructed variables. To achieve
positivity of reconstructed variables, we impose the additional restrictions
on the slopes of the linear reconstructions. Additionally, the source is
discretized using both explicit and implicit methods. In the case of explicit
source discretization, we derive the appropriate condition on the time
step for discretization to be positivity preserving. Implicit discretization
of the source terms is shown to be unconditionally positivity preserving.
Numerical examples are presented to demonstrate the superior robustness
and stability of the proposed numerical schemes.

Key words : Ten-Moment equations, Finite Volume Methods, MUSCL
Scheme, Positivity preserving schemes.




Robust MUSCL Schemes for Ten-Moment Gaussian Closure Equations with Source Terms

1 Introduction

Fluid components of the plasma flows are often modeled by Euler equations of
compressible flows. These equations are derived by taking moments of Boltzmann
equation with respect to the velocity. The resulting set of equations is then closed
by assuming local thermodynamic equilibrium. However, for many applications (es-
pecially related to the plasma flows,( See [3], [4] 6] [7, 9} 1T} 5] 17, [18]), the local ther-
modynamic equilibrium assumption is not valid, and one need to take the anisotropic
nature of the pressure into account. To achieve this, Levermore et al. proposed Ten-
Moment equations model (See [13] [14]), which is derived by the Gaussian closure of
the kinetic model. This results in a hyperbolic system of conservation laws where
the pressure is described using symmetric tensor.

Due to hyperbolicity of the system, we need to consider the weak solutions, as
solutions may develop discontinuities like shock and contact waves. However, the
class of weak solution is too large. An additional criterion in the form of entropy
inequality is imposed to choose the physically relevant solution.

Numerical methods to discretize hyperbolic conservation laws are often based on
finite volume schemes (or finite difference schemes) (See [5] [8],[12],]20]). The initial
solution is discretized using cell averages, which are then evolved by using numerical
flux over the cell edges. The numerical flux is either based on the exact solution of
the local Riemann problem or some approximation of it. The higher-order schemes
are designed by reconstructing the solutions inside the cells using ENO, WENO or
TVD limiters based procedures. For the time update, SSP-RK schemes are used.

A primary concern for any numerical scheme for hyperbolic conservation laws
is to be robust, i.e., given the cell averages in the physically admissible set, we
would like numerical schemes to produce updated cell averages in the same set. It
is essential; otherwise, we may lose the hyperbolicity of the system. For the Euler
equations of compressible flows, this is equivalent of preserving the positivity of the
density and the pressure. There are several works on design of positivity preserving
schemes for Euler equations (See [1],[2],[5], [16] and [22]).

For the Ten-Moment equations, the robustness translates into ensuring positiv-
ity of the density and the symmetric pressure tensor (unlike Euler equations, where
the pressure is a scalar). In the case of first-order schemes, this is based on the
construction of the suitable numerical flux. For Ten-Moment equations (1f), a relax-
ation based scheme is proposed in [3]. In addition to ensuring positivity, the scheme
is also shown to be entropy stable. In [I7], a Ten-Moment equation based plasma
flow model is considered, which is discretized using HLLC numerical flux solver and
shown to be positivity preserving. For higher order schemes, a wave propagation
based discretization is proposed for a plasma flow model based on Ten-Moment
equation in [9]. However, the scheme does not guarantee positivity. More recently,
in [4] a Ten-Moment based plasma flow model with source terms is discretized to
simulate laser effects on matter. The discretization is based on an equivalent re-
laxation model, which also takes source terms into consideration. This results in a
first-order scheme, which is shown to be positivity preserving and entropy stable.

In this article, we consider the Ten-Moment equations with source terms model
considered in [4]. We propose second-order discretizations which ensure the positiv-
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ity of the density and the pressure tensor. We achieve this as follows:

e For the numerical flux, we use positivity preserving approximated Riemann
solvers based numerical fluxes. There are several examples of them, like Lax-
Friedrichs, HLLE and HLLC solvers (See [17]).

e To obtain second-order positivity preserving schemes, we follow [I] and [21],
and propose robust MUSCL (See [I0]) reconstruction processes. We pro-
pose two slope limiters based on the reconstruction of the primitive variables,
namely: Generalized slope limiter and Conservative slope limiters. We pre-
scribe exact conditions for both the cases, for the schemes to be positivity
preserving.

e The source is discretized using both explicit and implicit schemes. In the case
of explicit discretization, a condition on time step is derived, which ensures
positivity of the solution. The implicit treatment of the source is shown to be
unconditionally positivity preserving. Furthermore, we demonstrate that we
do not need to solve any system of algebraic equations to implement implicit
source update.

e Both source and flux discretizations are then combined using Strang splitting,
which ensures positivity of the whole scheme.

The rest of the article is organized as follows: In the following Section, we first
present the HLLC solvers for Ten-Moment model without source terms, which is
simplified from [I7]. In Section {4, we present the MUSCL based reconstruction
process. In Section[5] we present the analysis of the source discretization, followed by
time discretization in Section [0l Numerical simulations to demonstrate the superior
robustness of the proposed schemes are presented in Section

2 Ten-Moment Equations with Source Terms

Following [4], we consider the Ten-Moment equations with source terms which model
inhomogeneous heating of the electrons in dense plasmas using lasers. In two di-
mensions, these equations can be written as

dp+V-(pv) = 0, (1a)
1
—5PVW, (1b)

(pv) + V- (pv@ v +p)

1
HE+V-(E+p)®v) = —Zp(VW®V+V®VW). (1c)

Here, p is the density, v = (vy,v2) " is the velocity vector and E is the symmetric
energy tensor with components F11, E19 and Ess. The set of equations is closed by
the equation of state,

E=_(p+pvev), (2)

N | =
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where p is the symmetric pressure tensor with components pi1,p12 and pos. The
given function W (z,y,t) is the electron quiver energy due to laser light. The equa-
tion represent balance of mass, followed by equation for momentum balance
and is the balance of energy tensor. The system can also be written as,

Opu + 0,£%(u) + 9yfY(u) = s(u), (3)

with conservative state variable u = {p, pv1, pva, E11, E12, EQQ}T. The flux compo-
nents are given by,

pU1
pv% + p11
+ P12
f*(u pUIV2 4a
(u) (E11 + p11)v1 (42)
E1pv1 + 1(p11v2 + pravi)

Eg9v1 4 p12v2 J
and
( p,U2
PU1V2 + P12
2
f(u) = pU2 + P22 . (4b)

E11v9 + p1avy
E12v3 + §(p12v2 + p2avi)
\ (Ea2 + p22)v2

The source terms can be written component wise as follows:

0 0
—%p@zW 0
) oW
s(u) = — 210, W + 0 ' (5)
—ipvgaxW —%pvlayW
0 ) —%pvgayW

For solutions to be physically meaningful, state variable u needs to be in the convex
set of physically admissible states,

Q:{u€R6|p>0, and prx>o,vxeR2/{0}}, (6)

i.e the density and the pressure tensor has to be positive. For the solution in €2, we
have the following result from [3]:

LEMMA 2.1 The system without source terms, is hyperbolic for u € € and
admits the eigenvalues,
3(p.n). .n).
(pn)n’vnjE (pn)nv
P p

v.n,v.n =+
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along the unitary vector n. The eigenvalue v.n has two order of multiplicity while
other eigenvalues have one order of multiplicity. The eigenvalue v.n is associated

to a linearly degenerate field. The eigenvalues v.n £+ \/W are associated to a

(p-n).n
p

genuinely nonlinear field while eigenvalues v.n=+ are associated to a linearly

degenerate field.

In addition, we observe that the source terms are ()-invariant, i.e.:

LEMMA 2.2 The solution of the source ODE ij—;‘ = s(u) are in Q if the initial condi-
tions are in ().

Proof To simplify, we consider the case of W as a function of x and ¢ only. De-
pendance on y can be considered in similar way. Then we have

dp
— =0, 7
7 (7)
for the density component. For the momentum, using we get,
dpvy dvy 1
=p— = ——p0, W,
at ~ Par — 2P
which implies
dvy dvg
B (9 W and —= = 0. 8
dt e ®
Considering energy tensor, we get,
d( + pv3) = —pv19, W, i( +vv)*—1v8W
dtpn PV —pU1 dtp12 /)12—2,01m,

d
% (p22 + Pvg) = 07

So, for p11 using (§)),

dpn _, dv
dt pU1

dt

d
— pv10, W = —2puvy <;tl + =0 W) 0.

Similarly, we can also show that,

dp12 dpa2
—— =0and —— =0.
dt dt
Combining,
dpn d 2
g = 0and - (puipa2 — piy) = 0. (9)
So, the evolutions of density and the pressure tensor are not affected by source
term. Hence source is Q-invariant. ]

For the system of Ten-Moments equations , following [3], we introduce entropy
e and entropy flux q as follows:

s(p,p) =In <dz‘ip) , e=—ps and q=ev. (10)

Then we can deduce the following entropy stability result from [4].
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LEMMA 2.3 The weak solutions of satisfies following entropy stability condition:
Oe+V-q<0. (11)

In addition, the model above can be shown to be rotational invariant (See [4]). As
we have seen that at the continuous level, solutions are in €2, it is important to
design numerical schemes which are Q-invariant.

3 First Order Schemes for Homogeneous Model

We will consider the homogeneous equations in one dimensions to simplify the dis-
cussion i.e. we will consider the following equations:

dpu + 9,£%(u) = 0, (12)

instead of . The extension of the numerical schemes proposed here to the two
dimensions is straight forward.

Let us consider a computational mesh, with (x;);cz as the cell centres of the cells
I, = (xi_%, xH_%) with Tig1 = + (it1 — ;) /2. We will consider uniform mesh for
simplicity i.e. we assume Ax = x;11 — x; for i € Z. The cell averages of the state
variable u at the time ¢t"™ are defined as,

w?:/ u(zx,t")dz. (13)
I

i

We will assume that the cell averages (w}

™)icz belongs to set of physically admissible
states i.e. wi' € Q for all @ € Z. Our aim is to propose numerical schemes which

ensures that the evolved cell average W?H € Q). We define it formally as follows:

DEFINITION 3.1 -invariance: An update U of the solution (w!) € €, for all i € Z,
is called Q-invariant (or positivity preserving), if updated solution W?H =U(w})
is also in €.

A first order finite volume scheme for the discretization of (12) can be written
in the form,

Wit = w2 (W)~ F (W), (14)
where F* is the numerical flux, which is conservative and consistent with continuous
flux f*. For the first order schemes, the Q-invariance of the scheme depends on
the choice of numerical flux. Several numerical fluxes exists for the 10-moment
equations, which are € invariant, e.g. HLLE, Rusanov, HLLC (See [17]), relaxation
solver (See [3]). Here, we will now present HLLC solvers for Ten-Moment equations,
which is simplified from the HLLC solver presented in (See [17]) for a more general
system.

International Journal on Finite Volumes 6
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3.1 HLLC Numerical Flux for Ten-Moment Equations

The HLLC numerical flux is based on the approximated Riemann solver consisting
of two intermediate states, namely, w;” and w;. i.e we are looking at the solutions of
the form:

Wi, if S1 > %
* 3 X *
— wy, it s < T <of (15)
c wy, if o] < 3 <sp
w,., if sp < 7.

Here s, s, are approximations of the fastest left and right wave, respectively (see
[20]) and intermediate wave speed is v]. The corresponding numerical flux is,

Fla if S1 > %
Ff, if s < % < ?)f
Fy, if of <% <s,
F,, if sp < 7.

Fruc = (16)

Assuming that the expressions for s; and s, is known, we can determine states
w; and w}, using Rankine-Hugoniot (RH) conditions across the three waves. In
addition, following [17], we also impose following conditions across the contacts:

* ok %k * ok %
vy, = V], = U], V3 =Us = Uj, (17a)
* ok %k * k%
P11, = P11, = P11 P12, = P12, = P12: (17b)
Then we have the expressions for velocities as,

p11, — p11, + pivr, (v1, — s1) — prot, (v1, — Sr)
pl(”h - Sl) - pr(”h - 37")

) (18&)

it

P12, — P12, + prvz, (v, — s1) — prv2,. (v1, — Sr)
Pl(vlz —s1) — pr(v1, — sp)
Expression for the densities are then derived using RH condition across s; and s,

waves and we get,

(18b)

v3

* ,O[(Ull - Sl) * pr(’Ulr - 87“)
=—1t—

, and =—"T 19
vl — s and pr v — Sy (19)
Now the pressures can be derived as follows:
P = pu, +pvi(si— 1) — proy (s — o) (20a)
= pu, + ppvi(sr —v1) = pror, (s — v1,),
Pz = Pz +pva(si—v1) — prog(s1 —vyy) (20b)

—~

= pi2, + ppvs(se — v7) — prva, (s, —v1,).

Now, we can derive expressions for the energy components. For left states we get,

v1,p11, — vipT + Ei, (vl — sp)
By, = LuPlL e l , (21a)
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* %k * %k
_uyp12; + U2 P11, — U1P12 — UaP1y n Ehg, (v1, — s1)

Ef
12, = 2(vy — s1) v} — 8§

, (21b)

v1,p12, — ViP1o + Fag, (v1, — s1)
vl — 8

B3y, = (21c)
Similarly, expression for Ef, , Ef, and E3, can also be derived. To prove positivity
of the solver we need conditions on s; and s,. We have the following result from
[17.

ProrosiTiON 3.2 The HLLC Riemann solver for Ten-Moment equations is posi-
tivity preserving i.e. wpy. € Q for {w;,w,} € Q, if the fastest left and right wave
speeds s; and s, satisfies the following bounds:

s; < min(vy, — é,v1, — ¢), and s, > max(vy, + G, v1, + G ), (22)
where,

N P11 ~ P12 o P11 ~ P12
G=,— ¢=—"— é=,/—", and ¢ = -

Pl ’ \/ P1P22, ’ Pr v PrP22, '

There are several choices of wavespeeds s; and s, are possible (See [20]), which
satisfies these bounds. We follow [I7] and consider following speeds:

s = min(\E% vy, — ¢, 01, — @), (23a)
sp = max(A\Z%€ v 4 ¢ v, 4 6), (23b)

where

313111 3pu, . Py . D12,
o =4/— , G =—"— andé = ——"_.
Pr v/ P1P22; vV PrP22,

and A€ AEoc are the left and right speed for Roe averaged state, i.e.:

mn?’ - max

Mioe — 51— & and AB¢ = g, + ¢,

min maz
with,
oo \/Hnl\/ﬁ—i—Hnr VPr 52, 5y = v1,/PL Ulr\/PT,
NEN NCE
and 3p11 3pn
Hiyy, —vll—i- S Hyy, =03+ Uy

T

4 Second Order Schemes for Homogeneous Model

To achieve the second order of accuracy in space, we use MUSCL procedure. This
is based on the linear reconstruction using the cell averages. Consider a scalar
function u and its cell averages w; over the computational cells I;. A piecewise
linear reconstruction based the cell averages is defined as,

p(z) = w; + Dw;(z — x;), x € I, (24)

International Journal on Finite Volumes 8
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where the slope Dw; is defined using a TVD limiter (See [20, 12, [§]). One such
commonly used limiter is MinMod limiter given by,

(25)

. Wi — Wi—] Wit] — W;
Dw; = minmod < : : as Z> ,

Az Ax
where
minmod(a, b) = max(0, min(a, b)) + min(0, max(a, b)).

The traces on the reconstructed function p(x) on the edges of the cell I; are denoted

as follows: A

w?’i =w + Aw;, Aw; = %Dwi. (26)
This reconstruction process is performed on primitive or conservative variables, com-
ponent wise. In this work, we shall restrict ourself to reconstruction of the primitive
variables, as this is the most commonly used reconstruction process in MUSCL
scheme. However, note that this is not equal to direct reconstruction of the conser-
vative variables. Let us assume that w?’i is the reconstructed conservative variable
obtained by reconstructed conservative variables component wise and converting

them to conservative variable. The reconstruction process is called conservative if,
w4 wlh T = 2wl (27)
7 7 - 70

hold. Note that this is not true for every reconstruction.
Following the reconstruction, a second order scheme can be written as,
n+l _ . n At Fe n,+ n,— Fe n,+ n,—

Wi =Wi T AL (w;" " wily) —Fo(w, 2wy ) ), (28)
The scheme is second order accurate in space, however there is no guarantee that it
is Q-invariant. We will now describe the process which ensures that. Following [1],
we introduce the intermediate state W?’*, which satisfies,
wl = aw! 4 (1 - 20)w" +aw] ™" (29)

) i)
for some a € (0, %] Then we can rewrite as follows:

At _ _
n+l W (F(Wﬁ,-i- w )—F(W?’_‘{,Wn’ ))

w; Z_Ax i 0 Wl

(F(wi"™, W) = F(w}, w;"))

- (F(Wn7*7wn7+) - F(Wm_vw%*» - (F(W?—’—?W?jr;) - F(Wﬂ7*7wn7+)))

At
(1 - 20) (Wit = Dt (it W) = F(wi T wi)
( a)( ! (1 -2a)Az (w; i) (w; ! )>

At _
+a (w?’+ AL (F(w?’+,wg’rl) — F(w?’*,w?’Jr))) ) (30)

International Journal on Finite Volumes 9



Robust MUSCL Schemes for Ten-Moment Gaussian Closure Equations with Source Terms

We observe that w?“ is a convex combination of first-order schemes with time steps

% and _Aéa). This results in following (See [1]):

THEOREM 4.1 Consider a first-order Q-invariant (positivity preserving) scheme un-
der a standard CFL condition with CFL number C' and « € (0, %] Then the MUSCL
scheme is Q-invariant with CFL number aC' if the following conditions hold:

a) wi € Q, for all i € Z.
b) wi"* € Q, for all i € Z.

The standard reconstruction process described above doesn’t ensure second con-
dition of the Theorem We will now present two reconstruction processes which
ensures these conditions. First limiter is a general slope limiter and second limiter
is conservative slope limiter. Both are based on the reconstruction of the primitive
variables.

4.1 General Slope limiting of Primitive Variable (GSPYV)

Consider the primitive variables W = (p,v1,v2, p11, P12, p22) . We define cell edge
values W?’i, in cell I; as,

:i = P+ Api,
vy = vﬁi + Avy g,
v;’f =uvy,; £ Awvg,

p?ii =D E Ap11, (31)
p?é,i = p?gﬂ' + AplZ,h
pgﬁi = Php; T Ap2z-

n,+

To ensure the 2-invariant of the scheme, we aim that the conservative variable w

i
corresponding to vi/?’i and the state w* are in ). This leads to the additional con-

ditions on the slopes. We proceed as follows:
ey s n,t n,+ n,+ . . .
Positivity of p;"~ , p;i; and py5; can be easily established if,

|Api| < pity |Ap11gl <pii,  [Apazi| < p2ag. (32)

To ensure the positivity of the pressure tensor we need that the determinant of
tensors, p?’i is positive. This results in,

P12, + Ap12;] < \/P’f’17ipgg,i + P11, APz + Py i AP11i + Apr1ilApazs,

P12, — Api2| < \/p’ﬁ,ip’;g,i — P11,iAP22,i — Phy ;AP11,i + Ap11,iAp2g,;.
(33)

We now consider the state w,”". We take v = % and observe that (See Equation

(29)),
P =P (34)

International Journal on Finite Volumes 10
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So, the density component of w;"" is positive. The pressure components can be

written as,
* A,O 2
1
Ap; 2
Pla; =DPia; —2 | 1+2 < iR > pi Avy ;i Avg g, (35b)
i
Api 2 2
Py =DPha; — 2| 1+2 < iz > pirAvy ;. (35¢)
(2

Also det(p”") can be written as,
2 Ap
prﬁ*lp;;l p?;:z = p?l,ipgzi - (p7ll2,i)2 - szn (1 +2 < o Z> >
(A
(P?l,z‘AU%,i +P§2,¢AU%¢ - 2p7112,iA”1,iAU27i) . (36)

The positivity of p};" and py3" is guaranteed with the following conditions on velocity
slopes,

Pl1i P32,
L N |A’027i| < o N (37)
ng( +2(2%) ) 207 <1+2(Aﬂl) )
To ensure the positivity of det(p;”"), we assume,
(n‘n‘_ ”2) no_9 '(LA,U2. 1_*_2(%)2
Py P11,iP22,; — P123) \ P11 P2V, pr
AUQJ‘ - Avl,i < (38)
P11,

2
2 Ap;
200 (1 +2(2%) )

which implies,

) 2
o 2 (P11,P%; — Play) <p?1,i - 2PnAU%,i (1 +2 ( o ) >>
p?l iAUQ,i - \/H%A'Ul,i < 2 ' ,(39)
’ P11 Ap;
11,i Qp?p?lﬂ» <1 +2 (ﬁ) >

2 2 2
Pla (P?l,'PSQ,' — Py, ) Pla
Pl Av2i — =Av | < = 12 — Av; i | P2 — = -
\/]TM 201 <1+2(A01) ) P11
7

So, we get,

Ap
2p; <1 +2 < o ’) ) (P?uAvg,z' +p7212,iAUii — 2p7f2,iAvLiAv27i)

i
< ph noo_ n?
P11,iP22,i — P12,i>

which ensure the positivity of the det(p.""). We can now state the following result:

International Journal on Finite Volumes 11
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PROPOSITION 4.2 Assume that the initial data wj' is in the set Q for all i € Z.
Then, the GSPV-reconstruction satisfies the sufficient conditions of the Theorem

([@1) with o = £ if (32), (33), and hold.
To implement conditions , , and numerically, we proceed as

follows: First calculate the slopes of primitive variables using MinMod limiters. We
can use any other limiter also. Then we update the slopes Ap;, Ap11; and Apas; to

satisfy , by taking,

Ap; = max(—p;’, min(p;’, Ap;)), (40a)
Api1,i = max(—piy;, min(pry;, Apiii)), (40Db)
Apgo; = maX(‘sz,w min(szm Apaai)). (40c¢)

To ensure , we restrict the slopes of po as follows:

Api2,; = max(max(plh;, pi3,), min(min(ply,, pi3,), Apizi)), (41)

1 _ n,+,_ n,+ n 2 _ n,—  1,— n
P12 = —\/P11,:P22,i — P12;i» P12 = —\/P11,P22; + P12,is
ul n,+,_ n,+ n u2 ,— T, — n
P12 = \/P11,iP22; — Pi2is  P12i = \/P11,iP22; t P12,

Condition and , is satisfied if we consider:

where,

Avy; = max(vy;, min(vf;, Avi)), (42)
with
! Pl u P
Ul RN V1i = o2\
2p?<1+2(p§’> ) 2p§‘<1+2<p?1)>
and
Avg; = max(max(vgi, vlfi), min(min(v%}i, véﬁ), Avy;)), (43)
with
pn ; pn .
l 22, 1 22,
Vi = — ZA N U= lA N
2p§‘<1+2(p§z) > 2py<1+2(p§z) )
(n.n._ n?) N9 Ay? 1+2<A”i>2
p7ll2- pll,zp22,z p12,7, pll,z Pi 1,0 oY

no N\ 2 ’
st (142 (3))

and

2
Ap;
n_ (p?l,ipgzi - p?éz) <p?1,i - 2P?AU%¢ (1 +2 ( pg ) )>
P12 n i

noo N\ 2
Pins 2o (1+2(3)')

International Journal on Finite Volumes 12
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4.2 Conservative Slope limiting of Primitive Variable (CSPV)

If the slopes are conservative we can rewrite Equation as,

1 _ At _ -

with = 2<W?’ = Az (FOTw0) = P, i )>>
1 + At + — ,— +

ey (v g (o i pw ) ).

This result in following result (See [1]):

THEOREM 4.3 Consider a first-order domain invariant scheme under a standard
CFL condition with CFL number C, then the MUSCL scheme is 2-invariant with
CFL number %C’ under the following conditions:

a) wi' € QforallicZ,
b) wiE € Q, for all i € Z.
Let us consider the following cell edge values of primitive variables:

Pl = plt £ Ap,

n,+ — Py T . n,— __ . n P; .
Vi =Vt Awvyj, Vi =V T Avy g,
T, — n,+
n,t+ Pi n,— _ Py
Uy =0y + L Avg, vy = vy, — L—Avg,
’ ’ Pi ) ) Pi
n,+ n p T 2 (44)
Pii; = Pl £ Apii — = (Av1)?,
11,’L 5 Pi

3 :t pn’ pn,Jr
Pi2; = P12 + Apio; — %Avl iAvy

+
n,t _ P Py 2
Do ; = Do £ Apag; — = e (Avg ;).

One can easily check that this reconstruction is conservative. Now we will derive
the sufficient conditions for Theorem by implementing restrictions on the slopes.
For positivity of density we have,

Api] < o (45)

The positivity of p’fﬁ can be achieved if,

pi (Pt + Apii) o Pr(PT; — Api)
- n?_ T , and (Avy;)* < — nj_ T .
Pi Py Pi P

|Apiia| < ply  (Avi)? <
(46)

Similarly for pgéj;, we need,

P} (Pha; + Apaz.i) o Pi(Pye; — Ap2a;)
! nfi T , and (Awg;)? < — n?7 T )
Pi P Pi P

< Py (Avg;)? <

|AP22,1'
. (47)
) to be positive, it is sufficient if,

< A\/P11.iP% s (48a)
<4/ p’fiﬁpgﬂ. (48Db)
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and finally for det(p}”

pnai TL,+
PYo; — Apia; — %Avl,iAUZi

2

T 7“1’
" PPy
Plo; + Api2; — TAUL,;AUM

)

and
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Now we have the following result:

PROPOSITION 4.4 Assume that the initial data w}' is in the set Q for all ¢ € Z.
Then the CSPV- reconstruction satisfies the sufficient conditions of the Theorem

if the conditions . ) holds.

For the implementation of these conditions we proceeds as follows: First calculate
the slopes of primitive variables using MinMod limiter. Again we can use any other

limiter for reconstruction. We now modify the slope of density as

Api = max (_p?a min( p?a Apz)) . (49)
Conditions on slope of pressure component py1 is following:
Api1,; = max(—pY; ;, min(ply;, Api1i))- (50)
Similarly conditions on slope of pressure component pg2 is achieved by:
Apao; = max(—pyy ;, Min(phe ;, Apazi))- (51)
Conditions on the slope of the velocity vy ; is the following:
Avy; = max(max(vlllz, Ul12l) mln(mln(vﬂ, vy Z) Avy;)), (52)
with,
I P (PPy; + Apin) P (P + Apii)
vy = — P , and Uu: n+n ,
Pi P
2 pr (Pt — Ap11i) PR — Apia)
(%] K P;’L’—’—,O?’_ 9 - n _|_ n )
Similarly, for vy ;, we take,
Avy; = max(max(véll, 1)521) min (min(vy} 5 V3 l) Avg;)), (53)
with,
1 i (Pgu + Ap22.i) ul P?(pgw + Ap2ay;)
Uy = — T , and Uy = Py ,
pi’ Py Pi’ P
2 P (P, — Ap22,i) 4 o2 — P} (o i — Ap22si)
2}2@__ n,+ n,— ’ an U27i_ n,+ n, )
p pz pz pz
Desired conditions on slope of p12 can now be achieved by taking,
Apra,; = max(max(ply;, pis,), min(min(ply,;, pi3;), Apizi)), (54)
where,
1 n P? " o AUl ZAU2 K n,— n,—
P12 = | P12 — — A/ P11,iP22; | »
i
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n,+ n,—

o no o, PP AviiAvgg N+ n
D12 = | —P12; + m —\/P11,:P22i | 5
Pi

n,+ n,

p; " p; AvyAvg; — -
qu21,@' = (P?z,z - \/p?l,ip327i> ;
P;

12 7 p?7+p;l7_A/UleA,U27z n7+ ’I’L,+
P12 = | — P12, T PR +\/P11iP22; | -

7

and

5 Discretization of the Source Terms

Let us consider the source ordinary differential equations,

0
—%p@zW
dw; . _ 0
pr =s(w;), with s(u)= Cloma, W | (55)
—1pv20, W
0

Here, we have considered the one dimensional case of the source term. Extension
to higher dimensions is straight forward. Furthermore, let us assume that the given
initial data w' € Q2. We want to discretize , so that W?—H € Q. We now present
explicit and implicit Euler discretizations of .

5.1 Explicit Euler Source Update
An Euler explicit update of is given by,

with = wl' + Ats(wl). (56)
Let us denote this with wi'*! = 82; (w]"). As the source component corresponding

to density is zero, we note that,

n+l _ n
Py = Pi
Similarly, we observe that v;ﬁl = vy,;. From the first momentum component we
get,
At
n+l, n+l _ n,n nyyn
Pi Vi; = PiVii— ?Pz‘ Wac,ia

where W, = 0, W (x;,t") for the given function W (z,t). This implies,

At
7 x,0"

n+l _ . n
Vg = V1~

Considering energy tensor component F11, we observe that,

1 1 1,2 2
p?frz + ot (U?T )7 =01, + o (f,)7 — Atpivl Wy

T,
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pn+1 _ p?l
11i Ji 2 1,2
— o = (v1;)" — (U?j )° = At Wy, (57)
K3
At 2 2
-~ (%)
So, finally we get,
n+1 n At? Ny 2
P =Pl — —; Pi Wi
which is positive if,
P,
At< | (58)
W)

Similarly, we can show that,
+1 _ 1 _
prfzi = p?z,i and pgzi = ng,i'
To show positivity of the tensor we consider,
2 At? 2
+1, n+1 +1\* _ 2
p?u pgz,i - (p;LQ,i) = <p?1,i - 4P?Wx,i> p§2,i - (Prfz,i)

2
2 2

_ n n 7 n, n

= P11,iP22,; — (p12,i) B Pi p22,iW:v,i'

which is positive, if

2
At <9 PY1,iP%9,; — (quz,z‘)
B p?pgz,z'(wg,ip

Combining the discussion above, we have the following result:

(59)

LEMMA 5.1 The explicit Euler source update SZ; is 2 invariant under the time step

restrictions and .

5.2 Implicit Euler Source Update

We will now consider implicit discretization of the source terms. A first order Euler
implicit scheme for the source ODE is written by,
with = wi 4+ Ats(with). (60)
Let us denote this with wi*! = S?A’i (w]'). Assuming w}' € Q, similar to the case
of explicit discretization,

n+l _ n n+l _ . n nt+l _ n
0 = Pi> Vgi = V2 and Do = Pagi

Note that we do not have to solve a system of equations to implement this update.
We first update momentum by,

At
n+l n+l _ n. n n n+1
Py Vii = PiVii— ?Pz‘ Wm .
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which is then used to update energy tensor. Using this, from the momentum equa-
tion, we get,

Un+1 o — g n+1
10 — Yla 2 z,0

The evolution of energy component Eqq is,
1 1 1 1, n+l 1
P o T = o o (0])? = Atpf T W
Rearranging terms, we get,

n+1 n
P11 — P11y

— — (Un')2 (2}711;1—1) Atv?f-i—lwn-‘rl
Pi

At 2

- <2> (W) + ey - orrhywet!
At
2

- (5) Oy e (5) ()= (51) ()
So, finally we have, ,
p’ff:l =Pl + Aitp? <W;j1>2

4
Hence, p?fr 1-1 is positive unconditionally. Similarly, we can check that p’f2+ 11 = Pla,-

This ensures the positivity of p’ff le;z;r 21 (p’f; }) , unconditionally. We have the

following result:

LEMMA 5.2 The implicit Euler source update 82’1 is unconditionally €2 invariant.

6 Time Discretization

For the time discretization we use second order SSP-Runge Kutta methods (See
[19]). Let us denote flux update with second order SSP-RK scheme with H%,,
where each internal Euler update is given by . Similarly, let us denote SZ?
second order SSP-RK time update with each internal Euler update is given by
and SZ% second order SSP-RK time update with each internal update is given by

Using Strang splitting, we propose two second order schemes:

o O2-exp
with =83 HAtSAtW (61)

e O2-imex

whtl = s% Hms . (62)

The source discretization consist of evaluation of derivatives W', and W;jl of given
function W. As in all our test cases the function W is smooth, we calculate the
derivatives exactly and then evaluate them at the grid points.
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Both of the above schemes are Q-invariant if each internal explicit time step
satisfies corresponding time restriction. However, it is not possible to ensure this
when calculating the time step using w}'. So, we reduce At slightly using At =
At — % and check at each internal step if the corresponding stability condition is
satisfied. If not, then we reduce initial time step more and repeat the process. In
practice, we note that the solution will not change drastically over a time step. So,
At chosen above is sufficient.

7 Numerical Results

In this section, we will present the numerical experiments to exhibit the accuracy
and robustness of the proposed algorithms. For the results presented here, we use
HLLC flux as the numerical flux. This is because HLLC is more accurate (less
dissipative) solvers compared to Lax-Friedrichs, Rusanov and HLLE solvers. Also,
the focus of the work here is second-order reconstruction process, not first order
solver. In the following Section we present the test cases for the Ten-Moment
equations without source terms. This is to show the accuracy and robustness of the
proposed reconstruction procedure. In Section we present computational results
for the complete model, to show the robustness of source discretization. |

7.1 Numerical Results for Homogeneous Case
7.1.1 Smooth Solutions: Rate of Convergence

To check the formal order of accuracy of the proposed limiters and their comparison
with the standard MinMod limiters, we have designed a smooth solution of Ten
Moment equations without source terms, in one dimension case. We consider
the domain [—0.5,0.5] with initial density profile of p(x,0) = 2 4 sin(27x). This is
assumed to be moving with velocity v = (1,0)". The pressure components are taken
to be p11 = poo = 1 and p12 = 0. Assuming periodic boundary conditions, the exact
solution is advection of density profile in x-direction, i.e. p(z,t) = 2+sin(2w(z —1)).
All other variables remains the same. We have plotted the L! -errors of density
in Figure [1| for conservative (CSPV), general (GSPV) and standard MinMod slope
limiters using HLLC solver. The errors are calculated using 20, 40, 80, 160, 320, 640
and 1280 cells. We have also plotted reference slope for second order convergence
for comparison.

All the schemes converge with the second-order of accuracy. Furthermore, errors
of the CSPV and GSPV solutions are same as of standard MinMod limiter. This
is because the solution does not contain any low density or low-pressure area. So,
CSPV and GSPV reduce to standard MinMod based reconstruction. Hence, all the
schemes have almost same errors in this case.

7.1.2 Sod Shock Tube Problem

We consider the interval [—0.5,0.5] to be domain and assume that the initial dis-
continuity is at = 0.0. The initial conditions for the Sod’s shock tube Riemann
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Order of Convergence: L1—Error plots for density
v

® : ; : — % — CSPV
Y - ©—- GSPV

— & - MinMod 1
—©— Reference Slope |4

L1-Error of density

10 10 10
No. of cells

10

Figure 1: Convergence Rate: Ll-error of density for CSPV, GSPV and MinMod
solutions using HLLC solver. All the schemes achieve second order of accuracy.

State p V1 | V2 | P11 | P12 | P22

Left 1 00| 2 |005]|0.6
Right | 0.125| 0 | 0 | 0.2 | 0.1 | 0.2

Table 1: Initial Conditions for Sod’s Shock Tube Riemann Problem

problem are two constant states, given in the Table [I] Solutions are computed till
time ¢ = 0.125 and outflow boundary conditions are used.

The exact solution of the Riemann problem consists of a shock wave and a
rarefaction wave separated by contact discontinuity. So, numerical schemes are
tested for the performance on all kinds of possible waves in solution.

Numerical results for the problem is presented in Figures The solution is
computed using 100 cells for MinMod, CSPV and GSPV slope limiter. We again
observe that there is no difference in the performance of CSPV and GSPV limiters
compare to the standard MinMod limiter. This holds for all the state variables and
det p (See Figures [2(a)i2(f)]). Also, all the waves are resolved by the three schemes.
We note that the additional waves are present in vy and paa components (See Figure
and . The simulation times for CSPV, GSPV and MinMod schemes were
2.8838, 2.8457 and 2.5258 seconds, respectively.

7.1.3 Two Shock Waves Riemann Problem

We consider the same domain as the previous Riemann problem with Riemann
problem again centered at x = 0.0. The initial left and right states for the Two
shock wave Riemann problem are given in Table We assume outflow boundary
conditions and solutions are computed till time £ = 0.125. The exact solution of
the problem is two shock waves moving away from each other and separated by a
contact discontinuity.
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Figure 2: Sod Shock Tube Problem: Numerical Solutions of MinMod, CSPV and
GSPV limiters with HLLC flux using 100 cells at time ¢ = 0.125. HLLC solver is
used as numerical flux.
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Figure 3: Two Shock Waves Problem: Numerical Solutions of MinMod, CSPV and

GSPV limiters with HLLC flux using 100 cells. HLLC solver is used as numerical

flux.
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Figure 4: Two Rarefaction Waves Riemann Problem: Numerical Solutions of Min-
Mod, CSPV and GSPV limiters with HLLC flux using 100 cells. HLLC solver is
used as numerical flux.
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Figure 5: Two Rarefaction Waves with Near Vacuum State: Numerical Solutions of
CSPV and GSPV limiters with HLLC flux using 100 cells. HLLC solver is used as

numerical flux.

State | p | vi | va | p11 | P12 | P22
Left 1 1 1 0 1
Right | 1|-1]-1] 1 0 1

Table 2: Initial conditions for Two Shock Waves Riemann Problem for Homogenous

Case
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p| U1 v2 | P11 | P12 | P22

Left |2 |-05]|-05]15]05] 1.5
Right | 1 1 1 1 0 1

Table 3: Initial conditions for Two Rarefaction Waves Riemann Problem

P | V1| V2| P11 | P12 | P22

Left (1| 5] 0] 20| 2
Right |15 |0 2| 0| 2

Table 4: Initial conditions for Two Rarefaction Waves Riemann Problem: Near
Vacuum Test Case

The numerical solutions are presented in Figures 3| which are computed using 100
cells. Solutions are compared for MinMod, CSPV and GSPV limiters. As we do not
have any low density or low pressure areas, all the three schemes produce similar
results and resolve all the waves with similar accuracy. Furthermore, additional
waves are present in vy and poy components. The computational time of CSPV
and GSPV schemes were 2.4524 and 2.3775 seconds, respectively. For the standard
MinMod limiter it was 1.9167 seconds.

7.1.4 Two Rarefaction Waves Problem

We now consider the Riemann problem for which solution consists of two rarefaction
waves separated by a contact. The domain and the point of the initial discontinuity
are same as two above Riemann problems. The initial left and right states are given
in Table [3} The solutions are computed till time ¢ = 0.15 with outflow boundary
conditions.

Computed solutions are presented in Figures They are computed using 100
cells. Similar to previous Riemann problems we observe that the performance of
the all the three schemes is similar. We also note that all the five waves are present
in poo components. The computational time of the CSPV and GSPV schemes were
2.8194 and 2.4125 seconds. The MinMod scheme has the computational time of
2.3458 seconds.

7.1.5 Two Rarefaction Waves Problem with Near Vacuum State

To demonstrate the superior robustness of the presented schemes, we now consider
a Riemann problem, for which the solutions contains low-density and low-pressure
area (See [I7]). The domain of the Riemann problem is the same as in the previous
cases. The initial states are given in Table |4, The solution of the Riemann problem
contains two Rarefaction waves moving from each other and creating a low density,
low-pressure area in the center.
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Computational results are presented at time ¢ = 0.05 and using 100 cells in
Figures 5, We note that standard MinMod limiter based scheme is not stable in this
case and breaks down immediately. So, we are not able to present the results for the
scheme. Significantly though, both CSPV and GSPV schemes are stable, and both
schemes capture low-density and low-pressure areas. Also, the performance of both
CSPV and GSPV schemes is comparable in this case. In addition, the computational
time of CSPV scheme was 2.4978 seconds whereas GSPV took 2.3367 seconds.

7.1.6 Two Dimensional Near Vacuum Test Case

In this Section, we present a two-dimensional test case which contains low density
and pressure areas. The test is the generalization of the one-dimensional case pre-
sented in Section[7.1.5] We consider the domain [—0.5, 0.5] x [—0.5x 0.5] with outflow
boundary conditions. This domain is filled with fluid at constant unit density with
pressure p11 = 2, pi2 = 0 and pao = 2. The velocity is taken to be 57, where 7 is
the unit normal at the point directed outwards. So, the fluid is pushed outside the
domain.

The numerical solutions are presented in Figures [0 at time ¢ = 0.05 computed
using 100 x 100 cells. In Figures we have plotted the density for CSPV. We
note that, as in the one-dimensional case, a low-density area has appeared in the
center of the domain and both the limiters capture it. We also note that standard
MinMod limiter based scheme fails in this case. Similarly, in Figure we have
plotted det(p) for CSPV limiters.

To compare both limiters more accurately, In Figures|6(c)H6(d)| we have compared
the cuts of two dimensional plots at y = 0 for density, pressure components p11, P22,
and det(p). We observe that both schemes produce similar results. The simulation
time of CSPV scheme was 617.37 seconds which was slightly more than the GSPV
scheme which took 582.26 seconds.

7.2 Numerical Results: Non-Homogeneous Case
7.2.1 Two Rarefaction Waves with Gaussian Source Terms

To test the effect of the source terms we consider the one-dimensional test case
from [4]. We consider the domain [0,4] with initial discontinuity at z = 2. The
initial states are given in Table The solution without source terms consists of
two rarefaction waves leaving behind a low-density area in the middle, similar to
the case of Section For the one-dimensional test case with source terms, we
considered Gaussian profile given by,

W (z,t) = 25 exp(—200(z — 2)?).

The numerical results are presented using 500 cells at final time ¢ = 0.1 in
Figure (7). At this time without source term (Homogeneous Case) the low density
area is not completely developed in the middle. So, proposed limiter and standard
MinMod limiter produce similar results. However, when source terms are added, a
near vacuum area has developed around point x = 2. So, one need a robust limiting
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Figure 6: Two Dimensional Near Vacuum State: Numerical Solutions of CSPV
and GSPV limiters with HLLC flux using 100 x 100 cells. HLLC solver is used as
numerical flux.
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Figure 7: Two Rarefaction Waves with Gaussian Source Terms: Numerical Solutions
of CSPV and GSPV limiters with HLLC flux using 500 cells. HLLC solver is used

as numerical flux.
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P | V1| V2| P11 | P12 | P22

Left |1 -4 01| 9 7 9
Right |1 4] 0] 9 7 9

Table 5: Initial conditions for Two Rarefaction Waves with Gaussian Source Terms

Limiter | CSPV GSPV

Scheme Exp Imex Exp Imex

Time(s) | 35.4865 37.8079 | 31.4179 34.0720

Table 6: Simulation time for Two Rarefaction Waves with Gaussian Source Terms

process in addition to positivity preserving source discretization. For this reason we
use CSPV and GSPYV limiters when source terms are considered.

In Figure , we have compared standard MinMod limiter for the homo-
geneous case with CSPV and GSPV limiter for the non-homogeneous case using
explicit source discretization (O2-exp). Here, the solution using CSPV contains
more details compared with GSPV. Similar observation is made for the case implicit
source (O2-imex) in Figure (7(b)). In Figure we have compared GSPV limiter
for the homogeneous case with GSPV in O2-exp and O2-imex. We find that there
is no visible difference in explicit and IMEX scheme. This is because the source is
not stiff and time step is governed by flux discretization. Similar observation can be
made for CSPV limiter using Figure (7(d)). The simulation times of GSPV limiter
were smaller than the CSPV limiter for both explicit and IMEX schemes (See Table

7.2.2 Uniform Plasma State with Gaussian Source in Two Dimension

To demonstrate two dimensional effects of the source term we consider a uniform
plasma state with initial conditions given in Table [7} in the domain [1,3] x [1, 3]
with outflow boundary conditions. The Gaussian source term considered is

W (z,y,t) = 25 exp(—200((z — 2)% + (y — 2)?)).

Numerical results are presented using 100 x 100 cells at final time ¢ = 0.1 in Figure
(8). In Figure (8(a)), we have plotted density using CPSV limiter with O2-exp

p | V1| V2| P11 | P12 | P22

01701071 9 7 9

Table 7: Initial conditions for Uniform Plasma with Gaussian Source in Two Di-
mension
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(a) Density: CSPV Limiter (b) Density

Figure 8: Two Dimensional Near Vacuum State: Numerical Solutions of CSPV
and GSPV limiters with HLLC flux using 100 x 100 cells. HLLC solver is used as
numerical flux.

Limiter | CSPV GSPV

Scheme | Exp Imex Exp Imex

Time(s) | 1583.8 1524.4 | 1441.9 1482.2

Table 8: Simulation time for Uniform Plasma State with Gaussian Source Terms

scheme. we note that source term has created a low density area at the centre.
Furthermore, we observe that the effects are anisotropic. In Figure , we have
plotted cut along line y = —x + 4 for both limiters (CSPV and GSPV ) and both
schemes (O2-exp and O2-imex). We again note that solution for both IMEX and
explicit schemes are similar and CSPV limiter provide more details compared to
GSPV limiter. On the other hand, the computational time of GSPV limiter were
slightly smaller than the CSPV limiter (See Table [3)).

7.2.3 Realistic Simulation in Two Dimensions

In this example we consider a problem similar to the Example 7.4 from [4]. We
consider a domain of [0,100] x [0,100] filled with plasma with density 0.109885,
initially at rest with pressure p1; = po2 = 1 and p13 = 0. This is excited with source
term only in z-direction with

el (55

We consider outflow boundary conditions. In addition, we also consider additional
source term 2vrpW for the energy part, two simulate inverse bremsstrahlung in
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Figure 9: Two Dimensional Realistic Simulation with Absorption Coefficient vy = 0:
Numerical Solutions of CSPV and GSPV limiters with HLLC flux using 100 x 100,
200 x 200 and 400 x 400 cells along line y = 50
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Figure 10: Two Dimensional Realistic Simulation with Absorption Coefficient vy =
1: Numerical Solutions of CSPV and GSPV limiters with HLLC flux using 100 x 100,
200 x 200 and 400 x 400 cells along line y = 50
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Figure 11: Two Dimensional Realistic Simulation Comparison for Absorption Coef-
ficient v = 0 and vy = 1: Numerical Solutions of CSPV and GSPV limiters with

HLLC flux using 400 x 400 cells.
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Figure 12: Two Dimensional Realistic Simulation with Absorption Coefficient vy = 0
and v = 1: Numerical Solutions of CSPV limiters with HLLC flux using 400 x 400

cells.
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plasma. We consider two cases, one with absorption coefficient vy to be 1 and
another with no absorption i.e. v = 0. In previous examples, we notice no visible
difference in solutions for explicit and IMEX schemes. So, here we present results
for IMEX schemes only. Solutions are evolved till time 0.5.

The numerical results are presented in Figures @, , and . In Figure
@, we ignore the absorption by setting coefficient v = 0. We plot the density
along the line y = 50 using 100 x 100, 200 x 200 and 400 x 400 cells for CSPV ( See
Figure and GSPV ( See Figure limiters. In both the cases we observe
convergence of the results when we refine the mesh.

To observe effect of the absorption coefficient we now consider case with vy = 1.
In Figure [10| we plot density and p1; for 100 x 100, 200 x 200 and 400 x 400 for both
CSPV and GSPV along line y = 50. We observe that both density and pressure
p11 have converged. Furthermore, we have compared the results with v = 0 and
vy = 1 for 400 x 400 mesh in Figure . We observe that density has decreased
significantly at the centre of laser and pressure p;; has changed its shape and now
highest at that point.

In Figure [12] we have compared density contours with 400 x 400 mesh using
CSPV limiter. Again we observed that density has decreased in the center when we
take vp = 1.0.

8 Conclusion

In this work, we have presented positivity preserving second-order MUSCL scheme
for Ten-Moment Gaussian closure model with source terms. This is achieved by en-
forcing suitable restrictions on the slopes of the reconstructed variables. We prove
that under the presented restrictions on the slopes, schemes are positivity preserv-
ing. Furthermore, we have presented robust treatment of the source terms. We have
presented numerical experiments for several test cases and compared the presented
schemes with the standard second-order scheme. We note that the proposed restric-
tions on the slopes result in comparable results to the standard scheme for the cases
without low density and pressure areas. For the cases, where we have low density
or pressure areas, the presented schemes are shown to have superior robustness.
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