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Spectral Convergence of Large Block-Hankel Gauss-
ian Random Matrices

Philippe Loubaton and Xavier Mestre

Dedicated to Prof. Daniel Alpay on occasion of his 60th birthday

Abstract. This paper studies the behaviour of the empirical eigenvalue distri-
bution of large random matrices Wy WX where Wy is a ML x N matrix,
whose M block lines of dimensions L x N are mutually independent Han-
kel matrices constructed from complex Gaussian correlated stationary ran-
dom sequences. In the asymptotic regime where M — +oco, N — +o00 and
% — ¢ > 0, it is shown using the Stieltjes transform approach that the
empirical eigenvalue distribution of Wy WX has a deterministic behaviour
which is characterized.

Mathematics Subject Classification (2000). Primary 60B20; Secondary 15B52.

Keywords. Large random matrices, Stieltjes transform of positive matrix-
valued measures, Hankel matrices.

1. Introduction

1.1. The addressed problem and summary of the main results.
In this paper, we consider a M L x N block-Hankel matrix W composed of M
Hankel matrices gathered on top of each other, namely
T
Wy=[Wiy -+ Winy]

For each m = 1,..., M, W,, n is a Hankel matrix of dimensions L x N, with
(4, 7)th entry equal to

arXiv:1704.06651v1 [math.PR] 19 Apr 2017

{Wm,N}iJ = ’me\/‘(Z +.7 - 1)

forl <i<L,1<j<N,where the random variables (wy, N (1))m=1... M n=1....N+L—1
are zero mean complex Gaussian random variables . The different blocks W, n
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are independent, but we allow for some time invariant correlation structure within
each Hankel matrix, namely

, rm (k— K
B [ (g ()] = 685,

where 1, (k), k € Z, is a sequence of correlation coefficients defined as

1
rm (k) = / Sm (v) H™kqy
0

where (Sy,)m=1,..,m are positive functions. We denote by (Xk,N)kzl,,,,,AM the
eigenvalues of random matrix Wy WH where (-)# stands for transpose conjugate.
The purpose of this paper is to study the asymptotic properties of the empirical

eigenvalue distribution djin (A) = 5 Spy 0,5 of Wy W when M — +o0,
N — 400 and L is such that ¢y = % converges towards a non zero constant

c>0.

It is well established that the asymptotic behaviour of the empirical eigen-
value distribution of large Hermitian matrices can be evaluated by studying the
behaviour of their Stieltjes transforms. In the context of the present paper, the
Stieltjes transform of djiy (M) is the function g (z) defined on C\ RT by

ML
1 1 1
qn(z) = diy(A) = — Y ——
R+)\—Z MLk;:l)\kyN_Z
and also coincides with qn(z) = 377trQn(z) where Qu(z) is the resolvent of

matrix Wy W1 defined by
~1
Qn(2) = (WyWE —21) .
We denote by Sy (RT) the set of all ML x M L matrix valued functions defined

on C\ RT by
sun®@) ={ [ 3 duin}

where p is a positive ML x M L matrix-valued measure carried by R satisfying
u(RT) = I . In this paper, we establish that there exists a function Ty (z) of
Sumr(RT), defined as the unique element of Sy (R™) satisfying a certain func-
tional equation, that verifies

Tt (Qu(2) ~ T (2)An) = 0 (1)

almost surely for each z € C\ RT, where (Ax)n>1 is an arbitrary sequence of
deterministic M L x M L matrices satisfying supy ||An| < +oo. Particularized to
the case where A = I, this property implies that

gn(z) —tn(2) = 0 (1.2)
almost surely for each z € C\ RT, where ty(2) = 37tr(Tn(z)) is the Stieltjes
transform of the probability measure uy = ﬁtr(u ~)- In the present context,
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this turns out to imply that almost surely, for each bounded continuous function
¢ defined on R, it holds that

T L0k = [ o) dun () 0 (13)

It is also useful to study the respective rates of convergence towards 0 of the
variance and of the mean of ML Z,]chl o( )\k N) fR+ A)dun(\) when ¢ is a
smooth function. For this, it appears sufficient to restrict to the case ¢(A\) = /\iz
where z € C\R™, i.e. to study the rate of convergence of var(qn(2)) = Elgn(2) —
E(gn(2))|? and ofIE (an(2)) = [+ ®(N) dpun (X). More generally, if (Ay)n>1 is any
sequence of deterministic ML X ML matrices satisfying supy ||An]| < +oo, we
establish that

var ﬁtr(QN(z)AN) = O(W) (1.4)
and that, prov1ded C 0,
ﬁmaﬁ(qw» ~T(2) Ax) = O(11c) (15)

for each z € C\ RT.
In this paper, we concentrate on the characterization of the asymptotic be-
haviour of the terms ﬁtf (Qn(2)An), and do not discuss on the behaviour of

general linear statistics ﬁ Zi\iﬁ ¢(5\k7 ~) of the eigenvalues. In order to establish
our results, we follow the general approach introduced in [14] and developed in
more general contexts in [I5]. This approach takes benefit of the Gaussianity of
the random variables w,,(n), and use the Poincaré-Nash inequality to evaluate
the variance of various terms and the integration by parts formula to evaluate
approximations of matrix E(Qn(z)).

Apart large random matrix methods, the properties of Stieltjes transforms
of positive matrix valued measures play a crucial role in this paper. The first
author (in the alphabetic order) of this paper had the chance to learn these tools
from Prof. D. Alpay at the occasion of past collaborations. The authors are thus
delighted to dedicate this paper to Prof. D. Alpay on occasion of his 60th birthday.

1.2. Motivations

The present paper is motivated by the problem of testing whether M complex
Gaussian zero mean times series (2, (n))nez are mutually independent. For each
m = 1,...,M, xz,, is observed from time n = 1 to n = N, and a relevant
statistics depending on ((Zm(n))n=1,.... N)m=1,....m has to be designed and stud-
ied. A reasonable approach can be drawn by noting that if the M time series
are independent, then, for each integer L, the covariance matrix Ry of ML-
dimensional random vector xr(n) = (z1(n),...,z1(n + L — 1),22(n),...,x2(n +
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L—1),...,xp(n),...,zar(n+L—1))T is block diagonal, a property implying that

M
Ky = (10gdet Ry)— ) logdet(R}" m)) -0 (1.6)

m=1

ML

where R7"" represents the m-th L x L diagonal block of Ry,. Therefore, it seems
relevant to approximate matrix Rz by the standard estimator Ry defined by

Ry g
b= 57 2 Xeln) Cee(m)

so that we can evaluate the term &, obtained by replacing R, by R. in (CH), and
compare it to 0. The present paper is motivated by the study of this particular test
under the hypothesis that the series (%, )m=1,... s are uncorrelated and assuming
that M and N are both large. In this context, a crucial problem is to choose
parameter L. On one hand, L should be chosen in such a way that ML/N << 1
in order to make the estimation error |Ry — Ry|| reasonably low, and thus Ay
close to 0 under the uncorrelation hypothesis. On the other hand, choosing a
small value for L is not satisfying because comparing Ay to 0 allows to test that
E(zm (1)x, (') = 0 for each (m,m') only for I,I’ € [0,...,L — 1], a property
that does not imply formally that the time series z,, and x,, are independent.
Therefore, choosing L as large as possible is relevant. In this case, the ratio %
may no longer be very small, and 4~y may not converge towards 0. It is thus of
fundamental interest to evaluate the behaviour of sy when M and N are large and
that % is not negligible. This question is connected to the problem addressed in
the present paper because the following results potentially allow to establish that
-7 log det(R ) has a deterministic behaviour that can be characterized. This term
can indeed be written as

—logdet (Ry) = Z¢ AeN)

where (XkyN)kzl ,,,,, ML are the eigenvalues of R, and where d(A) = log A. More-

over, if we denote by wy, y(n) the random variable wy,, y(n) = \/—%xm(n), then

it is easily seen that matrix RL coincides with matrix WNWf, where Wy is
constructed from the w,, n(n) as above, up to end effects (because matrix Wy
depends on random variables (wp, (N +1))m=1,... .M i1=1,...,L—1 While matrix R does
not depend on these entries). However, these end effects can be shown to be neg-
ligible. Therefore, the asymptotic behaviour of ﬁ log det(f{L) appears to be a
consequence of the results of the present paper. We finally mention that under
some reasonable assumptions, |R7"" — R7""™|| = 0 so that it holds that

M M
1 5 m,m 1 m,m
m mE:1 10g det(RL ) — m mE:1 10g det(RL ) — 0
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In summary, the asymptotic behaviour of <y appears to be a consequence the
study of the empirical eigenvalue distribution of Wy WH in the asymptotic regime
where M, N — 400 in such a way that % converges towards a non zero constant.

1.3. On the literature.

The study of the asymptotic behaviour of large random Gram matrices has a
long history. Since the pionneering work of Marcenko-Pastur in 1967 ([13]), a
number of random matrix models have been considered (see e.g. [2], [15] and
the references therein). In the following, we mention the previous works that are
connected to the present paper. As matrix Wy is a block line matrix with L x N
blocks, we mention the works of Girko ([7], chapter 16) as well as [4] devoted to
the case where the blocks are i.i.d. We however mention that [7] and [4] did not
characterize the rates of convergence and that the techniques used in these works
do not allow to address the case where L — +o00. The works devoted to Hankel
matrices are also relevant. [3] addressed the case where M =1 and N, L — +co
at the same rate, except that in [3], the random variables w; n(n) are forced to 0
for N < n < N+ L—1. Using the moments method, [3] showed that the empirical
eigenvalue distribution of W W7, converges towards a non compactly supported
limit distribution. The random matrix model considered in [12] is similar to matrix
Wy of the present paper, except that in [12], for each m = 1,..., M, the random
variables (wy,(n)) are uncorrelated, i.e. the spectral demnsities (Sp,(V))m=1,..,.Mm
are reduced to Sy, (v) =1 for each v. Using the Poincaré-Nash inequality and the
integration by parts formula, [I2] studied the asymptotic behaviour of the empirical
eigenvalue distribution fix in the asymptotic regime M, N — 400 and % — ¢,
¢ > 0. It was established that function ¢x(z) defined in ([I.2)) coincides with the
Stieltjes transform of the Marcenko-Pastur distribution with parameter ¢y, so that
[ converges weakly almost surely towards the Marcenko pastur distribution. The
rates of convergence of the variance and of the expectation of gn(z) — tn(z) are
both characterized. Finally, [I2] proved that provided L = O(N®*) with o < 2/3,
then the extreme non zero eigenvalues of W W7}, converge almost surely towards
the end points of the support of the Marcenko-Pastur distribution. Therefore, the
present paper is a partial generalization of [12].

1.4. Assumptions, general notations, and background on Stieltjes transforms of
positive matrix valued measures.

Assumptions on L, M, N

Assumption 1.1. o All along the paper, we assume that L, M, N satisfy M —
400, N = 400 in such a way that cy = % — ¢, where 0 < ¢ < +00. In
order to shorten the notations, N — +oo should be understood as the above
asymptotic regime.

e In section[d, L, M, N also satisfy ﬁ;—ﬁ — 0 or equivalently % — 0.
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Assumptions on sequences (7, ),=1,... ;s and spectral densities (S, )m=1
We assume that sequences (7, )m=1.... a satisfy the condition

gy M-

.....

| M 1/2
S&pz (M > |7‘m(”)|2> < 400 (1.7)

nez

As it holds that (% SM rm(n)]) < + M |rm(n)[2, condition (7)) implies
that

z
and that for each m, » ., |rm(n)| < 4+o00. Therefore, each spectral density S, is
continuous. We also assume that

sup sup max Sp(v) < oo (1.8)
M m=1,...,M v€[0,1]
inf inf  min S, (v) > 0. (1.9)

M m=1,...,M ve[0,1]
In the following, we denote by R(k) the diagonal matrix
R(k) = diag(r1(k), ..., ra(k)). (1.10)

General notations.

In the following, we will often drop the index IV, and will denote Wy, Qy, . ..
by W, Q,... in order to simplify the notations. The N columns of matrix W are
denoted (w;)j=1,. n.For1<I< L, 1<m<M,and1<j <N, W represents
the entry (i + (m — 1)L, j) of matrix W.

If Ais a ML x ML matrix, we denote by A";™* the entry (iy + (m; —
1)L,i3 + (ma — 1)L) of matrix A, while A™"™2 represents the L x L matrix
(AZ}i;mz)lg(il,ig)gL-

C* denotes the set of complex numbers with strictly positive imaginary parts.
The conjuguate of a complex number z is denoted z*. If 2 € C\ R, we denote by
0, the term

5, = dist(z,RT). (1.11)
The conjugate transpose of a matrix A is denoted A¥ while the conjugate of A
(i.e. the matrix whose entries are the conjugates of the entries of A) is denoted
Ax.

|lA]| represents the spectral norm of matrix A. If A and B are 2 matrices,
A ® B represents the Kronecker product of A and B, i.e. the block matrix whose
block (i,j) is A;; B. If A is a square matrix, Im(A) and Re(A) represent the
Hermitian matrices

A - AH A+ AT
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If (An)n>1 (resp. (by)n>1) is a sequence of matrices (resp. vectors) whose
dimensions increase with N, (Ay)n>1 (resp. (by)n>1) is said to be uniformly
bounded if supys; [An|| < 400 (resp. supysy [[by| < +00).

If v € [0,1] and if R is an integer, we denote by dg(v) the R—dimensional vec-
tordg(v) = (1,37, ... A (E=1UNT and by ay (v) the vector af,(v) = % dr(v).

If x is a complex-valued random variable, the variance of x, denoted by
Var(z), is defined by

Var(z) = E(|z|?) — |E($)|2

The zero-mean random variable  — E(z) is denoted x°.

Nice constants and nice polynomials

Definition 1.2. A nice constant is a positive constant independent of the dimensions
L, M, N and complex variable z. A nice polynomial is a polynomial whose degree
is independent from L, M, N, and whose coefficients are nice constants.

In the following, P; and P, will represent generic nice polynomials whose
values may change from one line to another, and C(z) is a generic term of the
form C(z) = P (]z])P2(1/42).

Background on Stieltjes transforms of positive matrix valued measures. In
the following, we denote by Sk (R™) the set of all Stieltjes transforms of K x K
positive matrix-valued measures p carried by RT verifying pg(RT) = Ix. The
elements of the class S (RT) satisfy the following properties:

Proposition 1.3. Consider an element S(z) = [+ d)fL_(j) of Sk (RT). Then, the
following properties hold true:

(i) S is analytic on C\ R

(ii) Im(S(2)) > 0 and Im(2S(z)) > 0 if z € C*

(1i1) limy— 1 oo —iyS(iy) = Ix

(iv) S(z)SH (z) < X for each z € C\R*

(0) fipe Adis(N) = limy 400 Re (—ig(Tx + iyS(i))

Conversely, if a function S(z) satisfy properties (i), (i), (iii), then S(z) €
Sk(RT)

While you have not been able to find a paper in which this result is proved,
it has been well known for a long time (see however [9] for more details on (i), (ii),
(iil), (v)), as well as Theorem 3 of [I] from which (iv) follows immediately) .

2. Toeplitzification operators.

In the following derivations, it will be useful to consider the following Toeplitzifi-
cation operators, which inherently depend on the correlation function r,, (-). Let
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Jk denote the K x K shift matrix with ones in the first upper diagonal and ze-
ros elsewhere, namely {JK}i_j = 0j_ij—1, and let J;{l denote its transpose. For a

given squared matrix M with dimensions R x R, we define \If%n) (M) asan K x K
Toeplitz matrix with (¢, j)th entry equal to

R—1
{\IJ(I?” (M)}M = Y - Dr M) (2.1)
b I=—R+1

or, alternatively, as the matrix

K—-1 R—1
vy =y (Z m(n—sz)(w)JK" (2.2)

=—K+1 \I=—R+1

where the sequence 7 (M) (1), —R <l < R, is defined as
1
r(M) (1) = £tr [MJIR} . (2.3)

We can express this operator more compactly using frequency notation,
namely

o) (M): > (/ S (v) Mag (v) 2’Ti”"du) I

/ Sm (v)Mapg (v )dK(u)dg(u)du

where ag (v) = dg (v) /VR and dg (v) = (1,e*™7, ... ,eQWi(R*l)V)T. In particular,
when 7, (k) = 026 (white observations), we have

K-1 K-1
m 1 -
v (M) =0 Y = [MIR T = o S s3Iy
=—K+1 n=—K+1
= UQTK,min(R,K) (M)

where Tk r(X) is the classical Toeplitzation operator in [12]. The following prop-
erties are easily checked.

e Given a square matrix A of dimension K x K and a square matrix B of
dimension R X R, we can write

Etr {A\I! m) / Sm (v) Aag (v)a (v)Bag (v)dv = %tr [\If%n) (A) B}

(2.4)
e Given the square matrices B, C (of dimension K x K) and D, E (of dimension
R x R), we have

%tr {B\I/%”) (D\I:g’” (C)E)} = %tr [cqlgg’” (Dq;g;w (B) E)] .
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e Given a square matrix M and a positive integer K, we have

[vi )| < sup |80 @) aff () Mar ()] < sup |Sm ()] M)
vel0,1] vel0,1]

e Given a square positive definite matrix M and a positive integer K, condition
(C9) implies that
v (M) > 0. (2.5)
We define here two other operators that will be used throughout the paper,
which respectively operate on N x N and ML x ML matrices. In order to keep
the notation as simple as possible, we will drop the dimensions in the notation of
these operators.
e Consider an N x N matrix M. We define ¥ (M) as an ML x ML block
diagonal matrix with mth diagonal block given by \I!(Lm) (M).
e Consider an ML x ML matrix M, and let M"™™ denote its mth L x L
diagonal block. We define ¥ (M) as the N x N matrix given by

. 1 M
V(M) =+ ST vy (2.6)

W (M) can also be expressed as
(M) = Z Z M (M(R(n — 1) @ 11)) (1) Iy (2.7)
n=—(N—1)I=—(L—1)
where 7(M)(A)(1) is defined for any ML x ML matrix A by
1 1 1
l m,m l
M (A1) = ST (AIy ®J%)) = Tt KM > A ) JL]

m=1

and where R(m) is defined in (LI0). Note also that ¥ (M) can alternatively
be written as

Z/ Sm (v)M™™ay (v)dy (v)dE (v) dv.

Given these two new operators, and if A and B are ML x ML and N x N
matrices, we see directly from (24) that

1 — 1
~tr [T (A)B] = ——tr[A¥ (B)]. (2.8)

3. Variance evaluations

In this section, we provide some estimates on the variance of certain quantities
-1 ~

that depend on the resolvent Q(z) = (WWH - zIML) and co-resolvent Q(z) =

(WH W — zIN)fl. We express the result in the following lemma.
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Lemma 3.1. Let (Anx)n>1 be a sequence of deterministic ML x ML matrices and
(GN)N>1 a uniformly bounded sequence of deterministic N x N matrices. Then

Var (ﬁtrANQ( )) Cj\}j\;ﬁt (ANAR) (3.1)
Var <MlLtrANQ( )WGWH) %j\;ﬁt (AnAK) (3.2)

where C(z) = Py (]z])P2(1/d,) for two nice polynomials Py, Py (see Definition[I3).

We devote the rest of this section to proving of this result. In order to short
the notations, matrices Ay and Gy will be denoted by A and G. We will be
using the Poincaré-Nash inequality ([6], [5]), which, in the present context, can be
formulated as follows ( [I5] [10]).

Lemma 3.2. Let £ = £ (W, W) denote a C* complex function such that both itself
and its deriwatives are polynomically bounded. Under the above assumptions, we
can write

d : * 0
Var{ <E Z (W) E [W;Tn (Wi 5.) ] (Q(Wii)*

m,i1,i2,71,72 11,71 12,72

+E Z o (Wm )E [Wil,jl (Winz) ] <6wm )

m,i1,12,71,)2 21,71 i2,]2

where WY is the ((m — 1)L + 1, j)th entry of W.

We just check that the first term, denoted 3, on the right hand side of the
upper bound of Var is in accordance with the results claimed in Lemma, [3.]] for
¢ = 1 Tr(AQ(2)) and € = pTr(AQ(z)WGW)). For this, we establish that
it is possible to be back to the case where the spectral densities (S, (V))m=1,...,.m
all coincide with 1 which is covered by the results of [12]. More precisely, given the
Hankel structure of the matrices W,,, we can state that

* 1 . . ) )
{WZL J1 (W;Z Jz) } = Nrm (Zl —12+ 71 _]2) . (33)

Using that ry, (i1 — iz + j1 — j2) = fol e?mi(—i241-72)v S, (1) dv, we obtain imme-
diately that 8 can be written as 8 = E(«) where « is defined by
2

1 ]W
/ aé— e—27’l’i(i2+j2)l/ dl/

i2,j2 6 (Wg,jz)*

Thus, (L8] implies that 8 < CB, where 3 = E(&) where & is defined by
2

/ 85 6727ri(i2+j2)1/ dv

D~
m=1 12 32 12]2)
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and where C' is a nice constant. It is clear that & coincides o when S, (v) =1 for
each m =1,..., M and each v € [0,1]. When & = 1z Tr(AQ(z)), it is proved in
[12] that
1 1
5 < HQHAHQH)Y
&< o MLtr (QAQWW QT ATQM)

As it holds that QWW* =1 + 2Q and that ||Q]| < %, we obtain that
HAH _ 1 ||
QWW"Q" < 5 1+5— Ine.
Therefore,

. || 1 1 HOH
< — — ) — —
a < (1 + ) N Ltr(QAA Q)

~ - 1 |z] 1 1 I
= < — — R .
B=E(a) < 53 (1 + 5 > N Ltr(AA )
The conclusion follows from the observation that

LA <[ L e
53 5. ) = e Ter)EFT

As for the case { = 577 Tr(AQ(2)WGW ), we refer to upper bound of the term
equivalent to & expressed in Eq. (3.12-3.13) in [12], and omit further details.

4. Expectation of resolvent and co-resolvent

—1
In this section, we analyze the expectation of the resolvent Q(z) = (WWH — 21y L) and

co-resolvent Q(z) = (WHW — zIN)fl. As a previous step, we need to ensure the
properties of certain useful matrix valued functions. This is summarized in the
following lemma.

Lemma 4.1. For z € C\ R*, the matriz In + cnyV (EQ(2)) is invertible, so that
we can define

R(z) = = (I +exT (BQ(:)) . (4.1)

On the other hand, the matriz In + ¥ (ﬁT(z)) is also invertible, and we define

R(z) = _71 (e + v (ﬁT(z)))fl . (4.2)

Furthermore, R(z) and R(z) are elements of Sy (RY) and Sy (RY) respectively.
In particular, they are holomorphic on C\ RT and satisfy

R(:RY(2) < 245, REIRY () < (43)
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Moreover, there exist two nice constants (see Definition ) n and 7} such that

2
R(2)R(2) > WIML (4.4)
L 2

R(z)R"(z) > WIM (4.5)

Proof. If z € R™*, the invertibility of Ix + cx ¥ (EQ(z)) is obvious. If z € C*, it
follows from the fact that

Im [Iy +en¥ (EQ(2))] = en¥ (EImQ(z))

and ImQ(z) > 0. We now establish that R(z) and R(z) are clements of Sy (R™)
and Sy, (RT). By Proposition[[3, we only need to prove that InR(z) > 0, ImzR(z) >
0 when Imz > 0, limy_, 4 oo —iyR(iy) = Ly, and similar properties for matrix R (z).
Clearly,

ImR(z) = R¥(2) [ImzIy 4 cn ¥ (Im [2EQ(2)])] R(z) >0

ImzR(z) = cn |2|> R (2) [V (ImEQ(2))] R(z) >0

whereas, noting that EQ(iy) — 0 as y — 400, we see that
—iyR(iy) = (In +cn® (]EQ(iy)))_l — Iy

as y — +o0o. In order to justify that Iy + ¥ (f{T(z)) is invertible, we remark
that Im (IML + v (f{T(z))) coincides with ¥ (Im(f{T(z))) which is positive def-
inite because ImR(z) > 0 (see ([Z3)). Therefore, Im (IML +U (f{T(z))) >0 and
Iy + 0 (ﬁT(z)) is invertible. Finally, observing that

ImR(z) = R¥(2) [IszML + U (Im [zf{T(z)} )} R(z) >0
ImzR(z) = |z R (2) [qf (ImﬁT(z))} R(z) > 0
together with the fact that, since R(iy) — 0 as y — oo,
—iyR(iy) = (Tngs + (f{T(iy)))il ST

We eventually establish ([@4]), and omit the proof of [@3]). For this, we notice that
R(z) is a block-diagonal matrix, and that measure v defined by R(z) = [, d)'\:(i)
is block diagonal as well. In order to establish (L)), it is thus sufficient to prove

that for each unit-norm L-dimensional vector b, it holds that

52
Hpm,m m,m H > z
b”"R (Z)(R (2)) b e 16(772 ¥+ |Z|2)2

(4.6)
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for some nice constant 7 (of course independent on m and b). For this, we remark
that

bHR™™(2)(R™™ ()b > |bHR™™ (2)b|”
We denote &, the term &,,(z) = bZR™™(2)b which can be written as

nle) = [ D=l

where probability measure pg, is defined by due, (A) = b dv™™(\)b. We claim

that .
b dv™ ™ (\)b
m >0, 4.7
A (17)
To justify this, we first remark that 6, = [Im(z)]| if Re(z) > 0 and that J, = |z|
if Re(2) < 0. Next, we notice that |, (2)| > [Im(&n(2))] = [m(2)] [, Yeut)

whatever the sign of Re(z). Therefore, if Re(z) > 0, it holds that

dug
> -
6m(2)] 2 0 / |)\—z|2

IfRe(z) < 0, Re(§m(2)) = [p+ /\\,\RZ|§ dpe,, (A) verifies Re(&, (2)) > —Re(z) [p 7dﬁ\51’;(‘/2\)-
Therefore, if Re(z) <0

() = (6 )+ (e () 2 o ([ Y gz ([ dreal)

Therefore, [£7) holds. We now consider the family of probability measures
{(bEdv ™ (\)bN)N>1,m=1,....M,|by=1] } Where we have mentioned the dependency
of b and v w.r.t. N. Using item (v) of Proposition [[.3] and hypothesis (L8] , it is
easily seen that

/ A bRV (Nby = bRE(Iy)by < C
R+
for some nice constant C. Therefore, it holds that
sup / AbRdvy™ (M\by < +00
N>1,m=1,...,M,|by|=1

The family of probability measures is thus tight, and it exists a nice constant n

such that
H

o B0y > 12 (48)
We now use the obvious inequality
/ by (Wb _ /77 b dy™™(\)b
Rt A=z T Jo [A-2P
If A € [0,n), it is clear that |\ — 2|? < 2(|z|> + n?), and that
/" e S
o A=z T AP+
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[#D) eventually leads to

52

BRI ()R ()b 2 IR (@b 2 s

as expected.
O

In order to address the expectation of Q(z) and Q(z) we will apply the
integration by parts formula for the expectations of Gaussian functions, which is
presented next.

Lemma 4.2. Let £ = £ (W, W¥) denote a Ct complex function such that both itself
and its deriwatives are polynomically bounded. Under the above assumptions, we
can write

L N wr g oe
Wt~ £ 5% 02t
where W is the ((m — 1)L + 1, j)th entry of W.
Proof. See [15], [10]. O
Consider the resolvent identity
2Q(2) = QAIWWY — Ty, (1.9)

Let wy denote the kth column of matrix W, 1 < k < N. For an ML x ML
matrix A, we recall that we denote as [A]™""™? its (m1, m2)th block matrix (of
size L x L) and as [A][";™* the (i1, i2)th entry of its (m1, mz)th block. Applying

the integration by parts formula in Lemma [£2] and the identity in B3], we are
able to write

BlQEwew]]" = 3 E[QEIL Wi (Wi)']
ms, ’L";

L

r=11i4=1ms,i3 14,T

B 5D 3 ) DR L S TN RS

r=1ms=14i3=11i4=1

L . . .
T'm (k_]+l3_12) mi,m
+ Z : N E[Q(z)]il}is :.

i3=1

ZZZE[WH’“WZ“)]E[ 8(wm3)* ]

m3,m3
14,13

}
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Now, using the change of variable i = i4 — i3 we can alternatively express

mi,m2

E [Q(z)wka} .

11, ’i2

Yy ¥ el g gt @) 0

11,12
r=1ms=1¢=—L+1

by Tealb it bl gy

Z'gl

where we recall that, for a given square matrix X of size R, the sequence 7 (X) (7)
is defined in ([23)).
(m)

Using the definition of the operator W,
[@3), we may reexpress the above equation as

and its averaged counterpart in

E [Q(z)wiw! ] = —enE [@(Q(z))wTQT(z)e;’; (e2) W*LJ_ (4.10)
L . . .
DI gt s )y fqeam]

where we recall that cy = L. From (@I0) and using the definition of ¥(-), we
may generally write, for any N x N deterministic matrix A

E[Q(:)WAW"| = —cyE [Q(x)WT (Q(2) AW/ | +E [Q()w (AT)] . (4.11)

Let us now consider the co-resolvent, namely Q(z) = (WHW — zIN) ,
together with the co-resolvent identity

2Q(2) = Q:)WHW — Iy.
Observe that we can write Q(z)WHW = WHQ(2)W and therefore

E {Q(Z)WHW} L SEWIQEW],, = Eir [Q()wiw]'].

Hence, using the expression for the expectation of the resolvent in (£I0), we can
obtain

E {Q(z)wﬂw} = Etr [Q(2)wiw!] = —cnE {Q(z)wﬂwf (Q(z))}

g,k

+ z Z Z o (B =728~ W [y

mi1=141=143=1

Jik

The second term can be further simplified by applying the change of variables
i1 = i + i3, namely

E[Q)WTW]| = —exE Q)W W' (Q(:)] +exT (EQ(2))
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and therefore, by the resolvent’s identity,

T

£[Q(:)] = 11y - evE[Q)T Q).

Now, replacing Q(z) in the above equation by Q(z) = EQ(z) + Q°(z) (where
X° =X —EX) we see that

E[Q()] = R(z) + 2enE[Q)T (Q°(:) R(2)|

where R(z) is defined in (@I). On the other hand, particularizing the equation in

(@TII) to the case A = R(z) and using the resolvent’s identity in (9], we also
obtain

E[Q(2)] = R(2) - 2enE |Q()WT (Q°(2)) R(z)WR(z)]

where R(z) is defined in (£2). With this, we have arrived at the two fundamental
equations, which are summarized in what follows:

E[Q() - R(z) = A(), E|Q(:)|-R(:) = A(2)

where the error terms are defined as
A(z) = —zcnE [Q(Z)WWT (Q°(2)) ﬁ(z)wHR(z)} (4.12)
A(z) = zenE [Q)T (Q°(2) R(2)] - (4.13)

4.1. Control of the errors

We develop here a control on certain functionals of the error term A(z). In this
section, we establish the following result.

Proposition 4.3. For each deterministic sequence of ML x ML matrices (AN)N>1
satisfying supy ||An|| < a < 400, it holds that

1 L
mtr [ANA(2)]| < aC(z) UN
where C(z) = Pi(|z])P2(1/6,) for some nice polynomials Py and Py (see Defini-
tion [[2) that do not depend on sequence (An)n>1. Moreover, if (b1 n)n>1 and
(bo,N)N>1 are 2 sequences of L dimensional vectors such that supy ||bs n|| < b <
+oo fori = 1,2, and if ((dm,N)m=1,...M)N>1 are deterministic complex number
verifying supy ,, |dm n| < d < +o0, then, it holds that

M
1 m.,m
bi'y (M > dp NAT (2)> b N
m=1

where C(z) is defined as above, where the nice polynomials Py and Py do not
depend on (b1 n)n>1, (b2, n)N>1 and ((dm N)m=1,...M)N>1

(4.14)

L3/2

< qn?
<db C(Z)MN

(4.15)
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We first establish (IM) and denote Ay, (b; n)i=1,2 and (dm,N)m=1,...,.m by
A, (b;)i=1,2 and (dm)m=1,...am in order to simplify the notations. We denote by &
the term 17 tr [AA(z)], and express £ as

1 —T o\
§= ot (\If (Q )RWHRAQW) .

Using ([27), we obtain immediately that

¢ = Z Z (R(n—1) @I)) (1) (ﬁWHRAQW) (n).

n=—(N—1) l=—(L—1)

Therefore, E(£) is equal to

E(¢) = Z Z E [ (Q(R(n — 1) @ 11)) () 7 (ﬁwHRAQW)° )]
n=—( 1) l=—(L-1)

Using the definition of operators 7 and 7(M) the Schwartz inequality, Lemma 3.1}
and the inequality JlLJgH) < I, we obtain that

B[+ (@ (R~ 1) £ 1)) (1) 7 (RWTRAQW) (1) |

1/2
< C’(z)ﬁ (ﬁTr(R(n “OR¥(n—1) & IL)) .

Therefore, it holds that

() |V AN
0 <%2 T Y (LS paw-
m=1

n=—(N—1)l=—(L—1)

and that

M 1/2
[E©)] < MN ( > Irm n>|2> :

m=1
Condition (I7) thus implies ([@I4]).
In order to establish (1), we denote by 1 the left hand side of (£1H]), which
can be written as

1
n= Mtr (A(D ® bybi"))

where D represents the M x M diagonal matrix with diagonal entries d1, ..., dxs.
Using the above calculations, we obtain that E(n) can be expressed as

E(y) =L Z Z E[r00(Q(R(n — 1) ©11)) () 7 (RWHR(D © byb) QW) (n)]

n=—(N—1) l=—(L—1)
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We use again the Schwartz inequality to evaluate E {T(M) (Q°Rn—-DIL)) 1) T (f{WHR(D ® be{{)QW) ’ (n)}
together with (3.2) for A = R(D ® beb#!), and obtain that

C(z)
MN ML

The term 7-tr(DD* ® bybi’) can also be written as

~ o 2
E ‘T (RWHR(D ® bab ! )Qw) (n)‘ <2220 (DD @ bybl)

1
mm«(DDH ®bybfl) = = ( Z Idml2> b2

and is thus bounded by . Therefore, the Schwartz inequality leads to

\EPWNQ%R@—U®hﬁﬂw(ﬁWHR®®b”5m“07mHS

1 1 M 1/2
bde(z)MN\/z <MZ|rm(n—1)|2> . (4.16)

Using the same approach as above, we immediately obtain (Z15).

Corollary 4.4. It holds that

L3 /2
[TA)] < CC) o (1.17)
10 follows immediately from
I@MﬁprZS VAT ()

vel0,1]

and from the application of (@A) to the case by = by = ar(v) and d,,, = S (V).

5. The deterministic equivalents.

As E(Q(z)) — R(z) converges towards zero in some appropriate sense, ([{I]) and
[#2) suggest that it is reasonable to expect that E(Q(z)) behaves as the first

component T(z) of the solution (T(z), T(z)) of the so-called canonical equation
1 !
T(:) = —— (IML U (T (z))) (5.1)

T(z) = _é (IN FenT (T(z)))_l . (5.2)

In the following, we establish that the canonical equation has a unique solution.
More precisely:
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Proposition 5.1. There exists a unique pair of functions (T(z), T(z)) € Sarr(RT)x
Sn(RY) that satisfy (G, [52) for each z € C\R*. Moreover, there exist two nice
constants (see Definition[1.2) n and 7 such that

T()TH(2) > WI (5.3)
Fo)TH () > — O (5.4)

— 1
16077 + |2[?)?
We devote the rest of this section to proving this proposition. We will first
prove existence of a solution by using a standard convergence argument.
Proposition 5.2. Let T"™(z), m =1,..., M, be a collection of L x L matriz-valued
complez function belonging to S, (RT) and define T'(z) = diag (T (2),...,TM(2)).

Likewise, let T'(z) be an N x N matriz-valued complex function belonging to Sy (RT).
Consider the two matrices

1 N

T(2) = - (IML + U (r (z)))

~ 1 _r -1

T(2) = (v +en¥' (T(2)))

and let X (z) = diag (¥'(2),...,XM(2)). The matriz-valued functions X™(z),
m=1,...,M and Y(z) are analytic on C\R™ and belong to the classes Sy, (RT)
and Sy (RT) respectively.

Proof. The proof follows the lines of [, Proposition 5.1]. We first need to prove that
Y™ (z) and Y (2) are analytic on C\R™. To see this, observe that if A(z) is an ana-
lytic matrix-valued function, so is \IJ(I?) (A(z)),m =1,..., M. Therefore, we only

need to show det (ZIL + \I!(Lm) (zf‘T(z))) # 0 and det (ZIN + CNWT (21"(2))) #0
when z € C\RT. Let h denote an arbitrary L x 1 column vector such that
(ZIL + \I/(Lm) (zf‘T(z)>> h=0.1If z € C*, have
0= ‘hH (zIL + \I!(Lm) (zf‘T(z))> h’ > Imh*? (ZIL + \I/(Lm) (zf‘T(z))> h
=h (TmaTy + 0" (ImaF7(2)) ) b > T ) > 0
where we have used ImzI'7(z) > 0 because I'(z) € Sy (R*). From the above chain

of inequalities we see that we can only have h = 0. The same argument is valid
when 2z € C~. On the other hand, when z € R, we will have —2I'7(2) > 0 and

0=h" (—zIL + o™ (—zf‘T(z))) h > |z[|[h]? >0

which also implies that h = 0. A similar argument proves that det (ZIN + CNWT (21"(2))) #
0 when z € C\R™.
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Next, we prove that ImY"™(z) > 0 and ImzY™(z) > 0 when z € C*. Observe
that, using the identity A~! —B~! = A=}(B — A)B~!, we have

ImY™(z) = Y™(2)" [IszL + \I/(Lm) (Im [Zf‘T(Z)})} Y"(z) >0
because Im [zf‘T(z)} > 0 since I'(z) € Sy (RT). On the the other hand, we also

have
Im [2Y™(2)] = [2Y™(2)]" [@gm (Ime(z))} Y™ (2)] > 0

because ImI'7 (z) > 0 since T'(z) € Sy (R™).

Finally, one can readily see that lim, ¢ iyX™ (iy) = —Ip because lim, o f‘(ly)
0. Consequently, Proposition [[3]implies that Y™ (z), m = 1,..., M belong to the
class Sz, (R™). We can similarly prove that Y (z) belongs to Sy (R™). O

Let us now define the sequence of functions in Sysr, (R™) that will lead to a
solution. We begin by defining T (z) = (¥ (Iy) — zIy) ", and use the iterative
definition

T (2) = _é (v +ex " (T (z)))_l (5.5)
T () = —% (e + v (T@(Z)T))*l (5.6)

for p > 0. By Proposition we see that the L x L diagonal blocks of T®)(z)
belong to the class Sy, (RT), whereas T(®)(z) belong to Sy (R*). In order to prove
the existence of a solution to the canonical equation, we will first prove that the
sequence TP)(2) has a limit in the set of ML x ML diagonal block matrices with
blocks belonging to the class Sg (R™). Then, in a second step, we will prove that
this limit is a solution to the canonical equation.

Our first objective is to show that, for z belonging to a certain open subset of
C*, we have ||T®1)(z) — T®W(2)|| < K(2) |[T®(2) - T®=Y(2)||, p > 0, where
0 < K(z) < 1. This will show that, for each z in this open subset, T(®)(z) forms
a Cauchy sequence and therefore has a limit. Using Montel’s theorem, we can
establish that convergence is uniform in compact sets and that the limiting matrix
function is analytic on CT. Define, for p > 1 the error matrices

€@ (z) = T (z) — T(p_l)(z)
e (2) = T®) () — rf(p—l)(z)

and note that we have a recurrent relationship through the identity A=! —B~! =
A~1(B - A)B!, namely

() = 0, (6@)(2))
() = 6, (g{p)(z))
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where we have defined the operators
0, (X) = en 22 TP ()0 (’I‘(:D)(Z)ﬁ (X) ff(;ofl)(z)) T®) (2)

0, (X) = ey22T® (z)@T (T(p+1)(z)\11 (XT)) T® (Z)) T+ ()

for p > 1. Using the properties of the operators we can obviously establish that

2
= < 2 |2
Op (X)H} <supey mS}AlEVISm @)l (Tma)’

max { |6, (X)]|,

X

Consider the domain

2
1
D={zeC":supey sup |Sm ()| 12 <3¢
N m,M,v (Imz) 2
For z € C* we clearly see that both ©,(X) and ©, (X) are contractive and
therefore the sequences (T(p) (z))p and (’i‘(p) (z)) are both Cauchy and have
P

limits, which will be denoted by T(z) and T(z). Since the sequences (T® (z))p
and (’i‘(p) (2)) are uniformly bounded on compact subsets of C\R* (because they
P

belong to Sprr, (RT) and Sy (R™) respectively), Montel’s theorem establishes that
T(z) and T(z) are analytic on C\R™.

It remains to prove that T(z) and T(z) respectively belong to Sprr (R*)
and Sy (RT) and that they satisfy the canonical system of equations. From the
fact that ImT®)(2) > 0, Im2T® (2) > 0 and T® (2)T® ()7 < 67T for p > 1
we have ImT(z) > 0, ImzT(z) > 0 and T(2)T(2)¥ < §;'1. The same argument
applies to ’i‘(z) On the other hand, using the reasoning in the proof of Lemma
[41] we clearly see that both (IML +U (’T‘T(z))) and (IN + cNﬁT (T(z))) are
invertible for z € C\R™, and that they are the limits of the corresponding terms
on right hand side of (5.5)-(5.6). This shows that the pair T(z), T(z) satisfies the
canonical system of equations. Noting that

lim —iyT(iy) = lim (IML + U (TT (iy)))_l -

Y—>00

(because HT(Z)H < 0;'T) we can conclude T(z) belongs to Syrr, (RT). A similar

reasoning shows that T(z) belongs to Sy (RT).

Following the proof of (&4} [LAl), it is easy to check that each solution of (&1
B2) satisfies (@3] B.A).

Let us now prove unicity. For this, it would be possible to use arguments based
on the analyticity of the solutions and the Montel theorem as in the existence proof.
We however prefer to use a different approach because the corresponding ideas will
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be used later, and rather prove that for each z, system (Bl B.2]) considered as a
system in the set of ML x ML and N x N matrices, has a unique solution. We
fix € C\ RT, and assume that T(z), T(z) and S(z),S(z) are matrices that are
solutions of the system (B [£.2]) of equations at point z. It is easily seen that

T(2) — S(2) = cn2?S(2)¥ (gT(z)@ (T(2) — S(2)) ’I‘T(z)) T(z) (5.7)
The above equation can alternatively be written as
T(z) = 8(2) = 0 (T(2) — 8(2))
where we have defined the operator ®( (X) as
By (X) = ey 22S(2) ¥ (§T(z)@ (X) TT(Z)) T() (5.8)

where X is an ML x ML block-diagonal matrix. We note that operator ®q de-
pends on point z, but we do not mention this dependency in order to simplify
the notations. Our objective is to show that the equation &, (X) = X accepts a
unique solution in the set of block-diagonal matrices, which is trivially given by
X = 0. This will imply that T(z) = S(z), contradicting the original hypothesis.

We iteratively define 3" (X) = @, (@é"*”x) for n € N, with ®{" (X) =
@) (X). Let @ (X)™™ denote the L x L sized mth diagonal block of (" (X).
In the following, we establish that for block diagonal M L x M L matrix X, it holds
that lim, 1o <I>(n) (X) = 0. If this property holds, a solution of the equation

X = ®y(X) satisfies X = fI)g") (X)) for each n, thus leading to X = 0. It is useful to
mention that in the following analysis, dimensions L, M, N are fixed. We establish
the following Proposition, which, of course, implies that each element of matrix
®(™ (X) converges towards 0, i.e. that matrix ®{" (X) converges towards 0.

Proposition 5.3. For each m = 1,..., M, and for each L-dimensional vectors a
and b, it holds that

al o™ (X)™™ b| — 0
as n — oo for each ML x ML matriz X.

To simplify the notation, we drop the dependence on z from T(z), T(z), S(z)
and S(z) in what follows. We begin by defining two operators ®g (X) and ®pu (X)
that operate on ML x M L matrices as

Os (X) = ey |2|* ST (§T@ (X) §) st (5.9)
Opw (X) = ey 2> THY (T@(X) TT) T. (5.10)

We remark that ®g(X) > 0 and ®s (X) > 0 if X > 0. Matrices T, T, S, S being
solutions of equations (1] (2] are non singular. Therefore, ®g(X) and Ppu (X)
are also positive definite as soon as X is positive definite.
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Consider the integral representation of the mth diagonal block of &g (X),
that is

B (X)™™ _CNZ// (v, @)S™™dy (v) akl (1) Sdy (a) x
x A (a) Tay (v)d¥ (v) T™™dvda

where
Fn(v,a) = Zsk a) X*ay (a).
It turns out that, for each integer n 2 0 and each m =1,..., M we have
2 ) (w ) (a0 ) <

1 m,m
<os (20 00 (o @) 27 0") G
To see this, we consider the matrix
Og (XB'XH)™™ @y (X)™
f (X)™™ Ppu (B)™

where B is an arbitrary ML x ML Hermitian positive definite block-diagonal
matrix. It turns out that M,,(X,B) > 0. Indeed, to see this we only need to
observe that this matrix can alternatively be expressed as

Mo (X,B) = [ (5.12)

Mm(X,B) = Z/ / Sm U, x(X,B)Y,, (X, B)" dvda

where

28mmdy, (v)akl (v) STdy (o) aff (a) XKk (Bk’k)_l/2

2 (1) dp (v) aff (v) T'dy (@) aff (a) (BEF)'?

Now, since M,,,(X,B) > 0, the Schur complement of this matrix will also be
positive semidefinite, so that we can state

By (X)™™ (@pu (B)™™) " 0f (X)) < B (XBTIX)

U, :(X,B) =

Thus, fixing B = @(n) (I) and replacing X with <I>((J") (X) in the above equation,
we directly obtain (]53:[[)

By iterating the inequality in (BI1]) and using the positivity of the operator
g (-) we obtain

2 0™ (@l @) (86 x)mm) < e (xx) "

and
o™ (X) (<I><T",3, (I))A (q)g"> (X))H < % (XXH) . (5.13)
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We can now finalize the proof of Proposition [£.3] by noting that, by the
Cauchy-Schwarz inequality and the above inequality

[ (X)™" b|
< [a%é"> ) (@ @) (af) <X>m*m)Ha] - (b7 (@ @) b) "

< [afaf" (xx*) i

m,m

al " [bHal @mmm
| [P @b

Therefore, to conclude the proof we only need to show that both <I>(S") (XXH )

and @éﬁ‘}l (In)™™ converge to zero as n — oo. This can be shown following the
steps in [I2], as established in the following proposition.

Lemma 5.4. Let T(z), T(z) be a solution to the canonical equation (G, [5.3) at

point z, and let fI)SF) (B) be defined, for a positive semidefinite B, as in (2.9).
Then, it holds that

o1 (B) =0 (5.14)
and
o\ (B) = 0 (5.15)

as n — oo. Moreover, the series 25 ®r. 3\ (B) and S <1>(11‘,3, (B) are finite.

Proof. If T is a solution to the canonical equation, we must have

T-1T"
ImT = —r = = ImzTT 4 &1 (ImT) (5.16)
i
or equivalently
ImT ImT
i ) A (5.17)
Imz Imz

if Im( ) # 0. If z belongs to R™*, then XL should be interpreted as positive matrix

fR+ Cf\”(z)‘)Q, and the reader may Verlfy that the following arguments are
st111 vahd Iterating the above relationship, we see that for any n € N

ImT — ImT
"o =3 o (TT) + el (—m )
k=0

Imz Imz

Since % > 0, we have <I)("+1) (II“r;f) > 0. On the other hand, we also have

<I>gf) (TTH) > 0 and therefore it holds that for each n,

N ImT
,;;I)T (TTH) = Imz
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The series Z;:S @SP (TTH) is thus convergent and we must have @EJ_?) (TTH) —
0 as n — oco. Since matrix T is invertible, T#T > «(z)I where a () > 0. There-
fore, a(z) W (I) < o (TTH), which implies that ®{ (I) converges towards

0 and that Z n) (I) < 4+00. Now, consider a general positive semidefinite B.
Then, B < HBHI and o (B) < |B||®% (I). Hence, it holds that ®$” (B) — 0
and 310 fI)(") (B) < 4+00. In particular, <I>(n+1) (22L) — 0 as n — oo and

Imz
ImT _ io o®) (TTH)
Imz T '
k=0
In order to establish (B.I5]), we use the observation that

ImT ImT
LLL A <m_>
Imz Imz

and use the same arguments as above. ([

Remark 5.5. In the above analysis, L, M, N are fixed parameters. Therefore, a(2)
a priori depends on L, M, N as well as the norms of the series Z:Z% @E;.l) (I). In
the following, a more precise analysis will be needed, and it will be important to
show that such an «(z) can be chosen independent from L, M, N, and that the

supHZ@n) || < +o0.

6. Convergence towards the deterministic equivalent.

If (AN)n>1 is a sequence of deterministic uniformly bounded ML x M L matrices,
Lemma[BTlimplies that the rate of convergence of var (51 tr [AnQ(2)]) is O(577)-
In the absence of extra assumptions on M (e.g. M = O(N°) for € > 0), this does
not allow to conclude that

1

277 (Av [Q(2) — E(Q(2))]) = 0 (6.1)

almost surely. In order to obtain the almost sure convergence, we use the identity

E(MlL r(ANQ°(z )))2 (ML r(AnQ°(z ))>2],

4 2

(ANQ°(2))

—+var

2

remark that
2

5 (GaprAvee))
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and establish using the Nash-Poincaré inequality that

(ﬁm(ANQf’(z)))Q

(the proof is straighforward and thus omitted). Markov inequality and Borel-
Cantelli’s Lemma immediately imply that (G]) holds, and that

1

var

1 1
St (A [Q() - B@Q() = Op ( m) .

In the following, we study the behaviour of t+tr[Ax (E(Q(2)) — T(z))]. In this
section, we first establish that for each sequence of deterministic uniformly bounded
ML x ML matrices (Ayx)n>1, it holds that

ﬁtr [Ay (EQ(2) — T(2))] =0 (6.2)

for each z € C\ RT, a property which, by virtue of Proposition .3} is equivalent
to

St [Ax (R(z) - T(=))] = 0 (6:3)

for each z € C\ R*. However, ([6.2) does not provide any information on the rate
of convergence. Under the extra-assumption that

L3/2

R 4

UN -0 (6.4)
we establish that

L

1
Szt AN (BQU) - T < Co)ry (6.5)

or equivalently that

L AN (R(z) - T(2))]| < C(2)-Z (6.6)

ML N = MN '
when z belongs to a set En defined by

L3/2
Enx ={z€ C\RT, WP1(|Z|)P2(1/5Z) <1}

where P; and P, are some nice polynomials. When (6.4)) holds, each element z € C\
R™ belongs to Ey for N greater than a certain integer depending on z. Therefore,
([©6) implies that the rate of convergence of 3rtr[An (E(Q(2)) — T(z))] towards
0is O(52) for each z € C\ RT.



Spectral Convergence of Large Block-Hankel Gaussian Random Matrices 27

6.1. Proof of (6.3).
In order to simplify the notations, matrix A N is denoted by A. ertlng R( )—T z)

asR(z) (R™!(2) — T~!(2)) T(2) and R(2)=T(2) = T(2) (T~( () R(2),
we obtain immediately that

R(z) — T(z) = zR(2)¥ ((f{(z) - T(z))T> T(z) (6.7)

(ﬁ(z) - ’i‘(z))T = 2enRT(2)T (EQ(2) — T(2)) T (2). (6.8)

We introduce the linear operator ®; defined on the set of all ML x M L matrices
by
®,(X) = 22 ey R(2)¥ (ﬁT(z)ﬁ(X)TT(z)) T(2). (6.9)

The operator @, is clearly obtained from operator ®( defined by (5.8]) by replacing
matrices S(z) and S(z) by matrices R(z) and R(z). Then, it holds that

R(z) = T(z) = @1 (R(2) — T(2)) + 1 (A(2)). (6.10)

Thus, matrix R(z) — T(z) can be interpreted as the solution of the linear equation
(6I0). Therefore, in some sense, showing that R(z) — T(z) converges towards 0
can be proved by showing that operator I — ®; is invertible, and that the ac-
tion of its inverse on @1 (A(z)) still converges towards 0. In this subsection, we
implicitely prove that ®; is a contractive operator for z well chosen, obtain that
1 tr [A (R(z) — T(2))] = O(5&) for such z, and use Montel’s theorem to con-
clude that ([6.3)) holds for each z € C\ R*.

Using (2.8]), we remark that for each M L x ML matrices A and B,
1 1 t

where @} represents the linear operator defined on the ML x M L matrices by
BL(A) = 22cn U (’I‘TW(TAR)f{T) (6.12)

We remark that operator ® is related to the adjoint ®f of ®; w.r.t. the scalar
product < A, B >= —-tr(AB*) through the relation ®{(A) = (@’{(AH))H
If Aisa ML x ML deterministic matrix, ([@I0) leads to

LA R() - T(2)] =

T r[BU(A) (R(:) — ()] + o7

r[21(A) A(z)]
_ (6.13)
Obviously, from the properties of the operators ¥(-) and ¥(-) we can write

[l < = ex sup 1Sn I IR R 11T |76

1
ML ML

< en sup [Sw (V) [|A].

(6z)4 m,M,v
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Let us consider the domain
2
|2

D:{ZE(C\R"’:

N —

supcy su Sml/2<— .
(5z)4 Np Nm,]\/?,z/| ( )| }

and define a(z) as

a(z) = sup
IBl<1

1
S (RE) - TE)B)

Then, we establish that if z € D, then a(z) < C(z)5%. For this, we consider A
such that ||A] < 1. Using that

1
Szt B8 (RL) - TE]| < ale) ot )]
and that ||®1(A)|| <1/2if z € D, we deduce from ([G.I3) that

As [|®f(A)| < 1/2if |A| <1, (EI4) implies that
L
MN

sup
lal<1

L (@4(a)A() ]

L < C(2)

This implies that a(z) < C(z)ﬁ for each z € D, and that for each uniformly
bounded sequence of M L x M L matrices A, (63) holds on D. Montel’s theorem
immediately implies that (G.3]) also holds for each z € C \ R™.

6.2. Proof of (6.5).

We now establish ([G.5) for each z € C\ R* under Assumption (6.4)). For this, we
establish that the linear equation (6.I0) can be solved for each z € C \ RT. For
this, we first prove the following proposition.

Proposition 6.1. It exists 2 nice polynomials Py and Py (see Definition [[2) such
that for each ML x ML matriz X, the series Y .-, @gn) (X) is convergent when z
belongs the set En defined by

3

/
Ey ={z € C\R", L;aqugu/@) <1} (6.14)

In order to establish Proposition [G.1] we first remark that for each matrix X,
it holds that

" (X) () (1))_1 (af” (X))H < o) (XX") (6.15)

where ®pm(-) is defined in (EI0) and where ®g (-) is as in (E9) replacing S
with R.This inequality is proved in the same way as (G.I3)). It has already been

proved that > @g;z ) (I) is convergent. Following the proof of the uniqueness in
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Proposition [5.1], we will obtain the convergence of the series >~ @gn) (X), i.e.
that

+oo
S }qu)gm (X)b| < +o0
n=0

if we are able to establish that

+oo
3 o) (XX < oo, (6.16)
n=0

When Im z # 0, we can write

I g g (1EQ)

Im(z) Im(z)
Therefore, it holds that
mEQ))  ppm  ImA) Im(E(Q))
T (2) =RR" + Tm(2) +<I>R< Tm(2) ) (6.17)

When z € R™*, we can still interpret 3 ((Z) nd I"}S::((S)) as R'(z) and E(Q'(2))

and the following reasoning holds as Well In order to use the ideas of the proof

of the uniqueness in Proposition [5.1] matmx RRY + IIm ((A)) should be positive. By

(@4), matrix RR verifies RR > 5 (‘ DI for some nice polynomial Q5. In order

to guarantee the positivity of RR# +1 (( )) on a large subset of C\ R™, condition

I IIHIL(@) || = 0 should hold. However, it can be shown that the rate of convergence

of || Im(z) ) || is O ((L/M?3)Y/?). Assuming that L/M?3 — 0 is a stronger condition

than Assumption (6.4) which is equivalent to L/M* — 0. Therefore, we have to
modify the proof of the uniqueness in Proposition 5.1l Instead of considering Eq.

(611), we consider

D <%) = dr <RRH + %) +ol2 (%) (6.18)

This time, we will see that &g (RR* + 7 m(A )) > #ZQIZI)I when z belongs to a set

m(z)
Ey defined by (6.14)), and this property allows to prove ([G.I6)) if z € En. In order
to establish this, we first state the following Lemma.

Lemma 6.2. It holds that

. 3/2
¥ () 1< )iy (6.19)

Proof. Following the proof of Corollary £4l it is sufficient to establish that if
(b1,n)n>1 and (bg n)n>1 are two sequences of L dimensional vectors such that
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supy [|bin|| < b < 400 for i =1,2, and if ((dy,N)m=1,....m)~N>1 are deterministic
complex number verifying supy ,,, |dm, n| < d < 400, then, it holds that

< Z dm N Am)m)> b2 N

for some nice polynomials P; and P,. (620) can be established by adapting in
a straightforward way the arguments of the proof of Lemma B-1 of [II]. This
completes the proof of the Lemma. O

L3/2

<dbv? Pi(|z))Py(1/6. )MN

(6.20)

Using the definition of operator ®r and the properties of R and IN{, we deduce
from Lemma that
oo (525 = 03w

when z € Ey. As R(z)RH(2) > 0 (I GatapIme, it holds that TU(R(2)RH(z2)) >
#Z‘ZDT(IML). Since all spectral densities (S, ) verify (LJ), it is clear that W(Ir) >
C Iy for some nice constant C. Therefore, it appears that

52
Q2(|~ |)

TR()R7(2) > C =

Lemma thus implies that

m 2
(7 (R<2>R<Z>H - Iml((?))) = Qjﬁzl)IN

on the set En defined by

L3/2 52
C z
<o’

MN —
which can be written as in (G.14). Since matrix RT(z)R*(z) is also greater than

2
m for some nice polynomial Q2 (see (@), we eventually obtain that

Ey ={z € C\R",C(z)

R, ) 58
or <R( JRE)T Im(z))>Q2(|Z|) (6.21)

for each z € En. Using the same arguments than in the proof of the uniqueness
in Proposition 5.1l we obtain that @(n) (R(Z)RH(Z) + 111:111(@))) — 0 when n — 0,
and that

on (M) - D (om (om0 )

when z € Ey. Using (6.2I]) as well as

Im(E(Q))
‘I’R< Tin(2)

JECCE
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we eventually obtain that

+oo
Y el m < o)1
n=0

when z € Ey. Therefore, for each ML x ML matrix X, it holds that

+oo =
>R (XX7) < |XIP Y @R’ (D) < C) [XPT < +oo
n=0 n=0

In order to complete the proof of Proposition , we just follow the proof of
unicity of Proposition 5.1l We express af ®;(X)b as

N . N -1/2 ¢ 1/2
afo{" (X)b = a”o{" () [0 (m] T [2f @] b
use the Schwartz inequality as well as ([6.15), and obtain that

n n N 1/2 n 1/2
laf &™) (X)b| < (aHQQ(XX )a) (beb(T& (I)b)

and that
+o0 +00 /2 /400 1/2
S jaf el (X)b| < (Z a’ el (Xx*)a> (Z b o) (I)b) < 400
n=0 n=0 n=0

as expected.

We are now in position to complete the proof of (G.6l). For this, we con-
sider a uniformly bounded sequence of ML x ML matrices Ay and evaluate
11t (AN (R(z) — T(2))). As previously, matrix Ay is denoted by A in order to
short the notations. For this, we take Eq. (GI0) as a starting point, and assume
that z belongs to the set Fn defined by (G14). As z € En, the series

+oo
PRLIRICAACN)
n=0
is convergent and
—+o0
R-T=>) o (#(A)) (6.22)
n=0
Therefore,
1 +oo 1 (nt1)
——tr (AR T)) = HZ:; =t (A(I)l (A))

or equivalently,

—+o0

1 - 1 t(n+1)
T (AR-T) = Y ——tr (A0 V(a))

n=0
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where ®! is the operator defined by (6.12)). The strategy of the proof consists in

showing that the series Y @i("ﬂ)(A) is convergent, and that

n=0

If (€©23)) holds, ([@I4) will imply that
L i " Ay A
ML i

if z € Ey.

In order to establish the convergence of the series as well as ([623)), we use
the following inequality: for each M L x M L deterministic matrix A, it holds that

< fo0. (6.23)

sup
N

< C2) 37w

-1 H
o™ (a) [ m]  (ef(A)) " < o (A7A) (6.24)
where the operators ®%, and ®% ; are defined by
DL(X) = ey |22 U (TTW(TXTH)T*) LBy (X) = ey |22 0 (ﬁ@(RHXR)ﬁT)
(6.25)

The proof is similar to the proof of (E.13]), and is thus omitted. We remark that
operators @1 and @4 are linked by the formula:

PL(X) = T ' op(TXTH)T (6.26)
which implies that
M(X) = Tl (TXTH)TH (6.27)

Since 3% fI)g?) (I) < 400, it holds that
+o0 . too
Do) < [TPTY? 3 @ (D) < oo
n=0 n=0
Moreover, we have already shown that > @EJ_?) (I) < C(2) I, and that TTH >

#%ZDI, or equivalently that | T~1||? < C(z). Therefore, it holds that

+oo
S eV <o)L (6.28)
n=0

In order to control the series E;ﬁ% @gﬁl (A A), we remark that
dL,(X) =R 7ogu(R¥XR)R™* (6.29)
which implies that

o (X) = R0l (RTXR)R ™! (6.30)



Spectral Convergence of Large Block-Hankel Gaussian Random Matrices 33

Using the same kind of arguments as above, we obtain that

Z ol (ATA) < C(2) T (6.31)

if z belongs to a set En defined by (6.14). Noting that

0 +o0 1/2 1/2
al’ 3" o (A)b| < laH (Z ol (I)) a] [bH <Z oUn)(A*A) ) b]
n=0 n=0

we obtain that
HZW’ ) < C(2)

as soon as z € Ey. This completes the proof of ([G.0).
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