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Abstract

We prove that the Riesz transforms are bounded from H' to L' on complete Riemannian manifolds and
on graphs with the doubling property and the Poincaré inequality.
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Part 1
Introduction

In [6], Coulhon and Duong showed that Riesz transforms on manifolds with the doubling property and a on-
diagonal upper bound for the heat kernel are LP-bounded for 1 < p < 2. The corresponding discrete result,
namely that Riesz transforms are LP-bounded on graphs with the doubling property and a on-diagonal upper
bound of the Markov kernel, is shown in [13]. In both cases, the proofs go through the L' case. More precisely,
it is shown that the Riesz transforms are bounded from L' to L!°°, which gives the result by interpolation
between L' and L2.

In the context of those two papers, it is not clear whether the Riesz transforms are bounded from H' to L*.

Concerning the H'—L! boundedness, a positive result is that, on manifolds with nonnegative Ricci curvature,
the Riesz transforms are H' — L' bounded. This is shown by Bakry in [3] with a probabilistic definition for
H', and by Cheng and Luo in [4], who consider the maximal H! space, defined by means of the heat kernel.
Cheng and Luo strongly use the assumption about the Ricci curvature to get pointwise estimates about the
heat kernel and show that the Riesz transforms are Calderon-Zygmund operators. They also prove that H],,
H} .. and H} (the probabilistic space considered by Bakry) coincide.

The issue of the H! — H! boundedness of Riesz transforms has been investigated in IR". In [15], p.232, E.
M. Stein proves that the Riesz transforms on IR are H! — H' bounded. In [1], P. Auscher and P. Tchamitchian
show that the Riesz transform associated to an operator of the form —div(AV) where A : R" — M, (C) is a
uniformly elliptic operator, is H' — H! bounded (Chapter 4, Proposition 10).

In the present paper, we prove the H' — L' boundedness in a geometric setting. Namely, we prove that
Riesz transforms are H! — L' bounded on Riemannian manifolds and H! — L! bounded on graphs satisfying the
doubling property and the Poincaré inequality. The result for manifolds encompasses Cheng and Luo’s result,
since, on complete Riemannian manifolds with non-negative Ricci curvature, the doubling property and the
Poincaré inequality hold.

The basic fact used in the proof is the following result. Let (X, d, 1) be a space of homogeneous type, and
T be a bounded linear operator on L?*(X). Assume that there exists a measurable function k(z,y) (a kernel)
such that, for any function f with compact support and almost all x outside the support of f,

Tf(z) = / k(. ) f () du(y).

If there exist two constants C' and § > 1 such that, for any y,yo € X,

/ H(2.9) — ko go)l dia) < C. o
d(z,y)>dd(yo,y)
then T is H), — L' bounded. The condition (1) is called the Hérmander integral condition.

Since the Riesz transforms are L2-bounded and are given by a kernel k(z,y), it will be sufficient to show that
k satisfies the Hormander integral condition (1). The main result used to prove that is the Holder regularity
for solutions of the heat equation, which is a consequence of the parabolic Harnack principle, shown by L.
Saloff-Coste in [14] in the case of manifolds, and by T. Delmotte in [8] in the case of graphs. Thus, we get that
the Riesz transforms map continuously H! into L'.

The paper is made up as follows. First, we prove the H! — L' boundedness of Riesz transforms on complete
Riemannian manifolds with the doubling property and the Poincaré inequality, which generalizes Bakry’s and
Chen and Luo’s results.

Then, we give a local version of this result.

Finally, we prove the H' — L' boundedness of Riesz transforms on graphs with the doubling property and the
Poincaré inequality. The strategy is similar but the discrete setting creates some additional technical difficulties.



I thank P. Auscher, T. Coulhon, X. T. Duong, E. M. Ouhabaz and F. Ricci for useful conversations and
advice.

Part 11
Preliminaries

Let X be a set equipped with a distance d and a positive measure p. For x € X and r > 0, denote by B(x,r)
the open ball centered at z and of radius r and define V(z,r) = pu(B(z,7)). Assume that each ball has finite
measure. Assume also that p has the doubling property, which means that there exists C' > 0 such that, for
any x € X and r > 0,

V(z,2r) < CV(z,r).

Such a space is called a space of homogeneous type.
An atom a on X is a function a : X — IR supported in a ball B and satisfying:

[ ata)duta) =0,
2)
lall,, < s
~ = V(B)

A function f: X — IR is said to belong to H}, if there exist a sequence (A,)new € I and a sequence of atoms

(an)new such that
f = Z )\nan

where the convergence is to be understood in the L' sense. When f € H],, set
1, = inf S Al
n

the infimum being taken over all such decompositions of f.

Let T be a bounded linear operator on L?(X). Assume that this operator is given by a kernel k(x,y), which
means that there exists a measurable function k on X x X such that, for any function f with compact support
and almost every = € X outside the support of f,

Tf(x) = / k()£ (9)duly).

One says that k satisfies the integral Hérmander condition if there exists C' > 0 and § > 1 such that, for any y
and yo € X,

/ k() — k(. yo)] du(z) < C.
d(z,y)>dd(yo,y)

Then the following result holds:

Theorem 1 Let (X,d, ) be a space of homogeneous type and T a bounded linear operator on L*(X) given by
a kernel k satisfying the integral Hormander condition. Then there exists a constant C' > 0 such that, for any
atom a on X, ||Ta||, < C. Hence, T can be extended to a bounded operator from H},(X) to L*(X).

For a proof, see [5], p. 599. m

When f is a function in L},

(X) and B is a ball of X, define

fo = ﬁ / f(@)dp(z).



Say that f € L} (X) belongs to BMO(X) if

loc

1
i /B (@) — fol du(z) < oo

where the supremum is taken over all the balls B of X, and, if it is the case, set

1l o = sgp%B) /B (@) - fpl du(z).

An important property of BMO functions, which will be used later, is the fact that there exists C' > 0 such
that, for any f € BMO(X) and any ball B of X,

1
5 /B @) — o2 du(@) < C 1 o - (3)

As a consequence, there exists C' > 0 such that, for any f € BMO(X), any ball B of X and any integer k > 0,

1 2 21 £112
— — d <Ck+1 . 4
T o ) = ol dule) < Cl+ 17 U s 0
Actually, (3) is equivalent to the definition of BMO. For a proof of those facts, see, for instance, [5], Theorem
B. Once (3) is proved, it is easy to deduce (4). Indeed, consider the space 2¥B equipped with the measure
1

m‘u and write that

If=fell, < Ef:_ol | foitrz = faiplly + I1f = formll
Ck|fllgao + Cllifllparo

Clk+ DI fllgno -

In the second line, the first term follows from the very definition of BM O, the second from (3). Thus, (4) is
proved. ®

Define VMO as being the closure of Cy(X) (the space of all continuous functions on X with compact
support) in BMO. Then, the following statement is true (see [5], Theorem 4.1, p. 638):

IN

Theorem 2 The dual of VMO is HL,. More precisely, if f € HL,(X), the linear functional given by

v—>/fvdu,

initially defined for v € Co(X), has a unique bounded extension to VMO(X), with a norm equivalent to
[ £l (x)- Moreover, every continuous linear functional on VMO(X) has this form.

One can state a local version of Theorem 1. Say that X satisfies the local doubling property if
VR >0, 3Cr >0, Vz € X, Vr € ]0, R[, V(z,2r) < CrV(x,r). (5)

A local atom is a function a : X — IR supported in a ball B of radius < 1 and satisfying (2).

A function f belongs to H;;loc if f =3, Ana, where (A\,)new € ' and the a,,’s are local atoms. The H;;loc
norm is defined as previously.

Consider an operator T' bounded on L?(X). Assume that T is given by a kernel k(x,y). Say that k satisfies
the local Hormander integral condition if there exists a constant C' > 0 such that, for any y,yo € X with

d(y,yo) < 1,

/ .9) = ko 0)] dia) < C.
d(z,y)>2d(y,yo)

Then the following statement is true:



Theorem 3 Let (X, d, p) be a metric space satisfying the local doubling property. Let T be an operator bounded
on L*(X), given by a kernel k(x,y) satisfying the local integral Hérmander condition. Then, there exists a
constant C > 0 such that, for any local atom a, ||Tal|; < C. Therefore, T may be extended to a bounded

operator from H5'(X) to LY(X).

The proof is similar to the proof of Theorem 1.1

Part 111
The case of Riemannian manifolds

1 Statement of the main result

Let M be a complete Riemannian manifold, d the geodesic distance on M and p the Riemannian measure on
M. For x € M and r > 0, denote by B(x,r) the geodesic ball centered at x and of radius r and by V(x,r) its
volume.
Say that M satisfies the doubling property if and only if there exists a constant C' > 0 such that, for any
xr € M and any r > 0,
V(z,2r) < CV(z,r). (6)

This property implies that there exist two constants C,, > 0 and D > 0 such that, for any x € M, r > 0 and
0>1,
V(z,0r) < CoutfPV(z,r). (7)

Assume also that the Poincaré inequality holds on M, which means that
W>O,V:reM,/ |f—fB|2d,u§C’r2/ V2 du (8)
B 2B

for all f € C*°(2B), where B = B(z,r), 2B = B(x,2r) and fp is the mean of f over B defined by

1
fBV(B)/Bf'

Denote by A the Laplace-Beltrami operator on M, by p; the heat kernel, i. e. the kernel of e=** and by V the
Riemannian gradient.

The definitions of an atom and of H},(M) are those of the previous section (notice that M is a space of
homogeneous type). We intend to show the following result:

Theorem 4 Let M be a complete Riemannian manifold satisfying the doubling property and the Poincaré
1
inequality. Then the Riesz transform T = V A~z is bounded from H} (M) to L*(M).

Before proving that result, we give a few comments about it. One may define the space H} .
following way. For f € L} (M), t >0 and x € M, define

loc

(M) in the

Pf(z) = / P, y) (@) dp(y)

and
f* (@) = sup|Pf ()]
Say that f € HL . (M) if fT € L'(M) and, if it is the case, define

1A ey, = -

max

In [12], the following statement is proved:



Theorem 5 Let M be a complete Riemannian manifold satisfying the doubling property and the Poincaré

inequality. Then H} (M) = H} _(M).
Thus, Theorem 4 implies that the Riesz transform is bounded from H}, .. (M) to L'(M).

Recall that, when M has nonnegative Ricci curvature, the assumptions of Theorem 4 hold. In this setting, D.
Bakry has shown in [3], Proposition 5.3, that the Riesz transforms are bounded from H} (the probabilistic Hardy
space) to L'. Moreover, in [4], Cheng and Luo prove, again on a manifold with nonnegative Ricci curvature,
that they are bounded from H} . to L', and that H} ,, = H!, = H}. Recall also that a manifold which is
roughly isometric to a manifold with non-negative Ricci curvature also satisfies the assumptions of Theorem
4 (see [7]). Finally, remember that a co-compact covering whose deck transformation group has polynomial
growth also satisfies the assumptions of Theorem 4 (see [7]).

We are going to show Theorem 4. Since the Riesz transform is clearly L?-bounded and is given by a kernel
k, it is sufficient, in view of Theorem 1, to show that k satisfies the integral Hérmander condition. To that aim,
we first show estimates about some kernels which follow from the assumptions about M.

2 Kernel estimates

In what follows, we denote by p; the heat kernel. Moreover, if y and yo are two fixed points in M, define, for
allz e M,

qt(x) = pe(w,y) — pi(, yo)-
This section is devoted to various bounds on p; and ¢;.
First, recall that, when (6) and (8) hold, one has the following estimates about p; (see [14], Proposition 3.3):

Lemma 6 There exist ¢1,ce,C1,Cy > 0 such that, for all x;y € M and all t > 0,

C1 _C1d2(ﬂ9vy) 02 _02d2(mwy)
T <pila,y) < '

VD" S Vv

As a consequence of the Gaussian upper bound in Lemma 6 and the doubling property (6), the following estimate
is valid (see [6], Lemma 2.3 and Lemma 2.4):

Lemma 7 For all v € |0,2¢y[, there exists Cy > 0 such that, for anyy € M and any s > 0,

d2(z,y) C
= odp(z) < —2 g1
M) < 5y )

Lemma 8 There exists § > 0 such that, for ally € M and all s,t > 0,

/ Vaps(z,y)
M

/d< , Vapa(w, )| dpu(z) < Ce 7573

z,y)>t2
One also has the following estimate about ¢;:
Lemma 9 There exist C3,c3 > 0 and y € )0, 1[ such that, for anyt > 0 such that d(yo,y) < V't and any x € M,
C d(y, K d?(x,
| < 3 |: (y yO):| exp(—CS (ZL' y)) (9)
V(e vVt) L Vi

t
Lemma 9 is a straightforward consequence of the Holderian regularity of solutions of the heat equation. Indeed,
one has the following proposition (see [14], Proposition 3.2):

gt ()

Proposition 10 Let 6 € ]0,1[. Then, there exist C > 0 and v € ]0,1] such that, given x € M, s € R and
r >0, any solution u of (& + A)u=0in Q = |s,s+ 1% x B(xz,r) satisfies

d(Il, 1‘2)

.
e )] < € [ L g

where (t,z;) € |s +6r%, s +12[ x B(z, (1 = 0)r), i =1,2.



We apply Proposition 10 with § = Indeed, assume that d(yo,y) < vt. Then, if r = % t and s = %t, one
sees that d(yo,y) < (1 — &)r and that s + 672 <t < s +r2. Fix x € M and set u(t, 2) = ps(z, 2). Proposition
10 shows that N
d
c [(yo’y)} sup pr(z, 2)

r (T,2)€Q

oo|—

IN

|pt(33,y) — pe(, 0)]

IN

d(z,y) ] !
C’ { sup pr(x,z
\/7E (1,2)€EQ ( )

where @ = ] %t, %Ot[ x By, %\/f) But Lemma 6 gives the following estimate: if (7, 2) € @, then

QIZ
pr(2,2) < V(;fﬁ)eXp(—%)

When z € B(y, %\/f), d(z,y) < d(z,z) + %\/ﬂ so that, since 2r2 > 7 > 2, one has

ch Chd*(z,y)
T 9 S -
pr(z, 2) Vi \/f) exp( "

).

It follows that

vy C/ 2 z,
pe(2,y) = pe(z,90)| - < V(I,‘ﬁ)[ Vi ] exp(— 2 0),

Lemma 9 is proved.m
Fix 5o and y in M. According to the previous lemma, if d(y, yo) < V%,

| < 03 l:d(yay())]’ye% dz(f,y)
T Ve,V LoV '

It is easy to deduce the following bound:

gt ()

Lemma 11 If d(yo,y) < V1, then, for any a < 2cs, there exists Cy > 0 such that

R e e e

Indeed, making use of Lemma 9 and of assumption (7), one gets that

2 d*(z,y) [d(yo, y)]*” C3 (a = 2¢c3)d*(z,y)
[ esp [ =D o) < | RIL] [E (02
[d(yo,v) ] 2 C —cod?(z,y)
< | ool ==yt
_d(y()a y) 1% Ca
= 1"vi | Voo™

The estimate we will need in the following is a weighted L? estimate of the gradient of ¢,, namely:

Lemma 12 If d(yo,y) < V1, then, for any a < 2cs, there exists C' > 0 such that

/'qut(x)lzexp {adZ(f’y)} () < [d(yo’y)r V(C&

Vit y,Vt)
In the proof of this Lemma, we follow closely [10], p. 370. Let « be as in Lemma 12. Define
d2
Ea.t) = a0V



and observe that, for almost every x € M,

& 1 2
=4 <0.
1o IVE" <0 (10)

Set

10 = [ oo Pex [ 22 o)

From now on, the variables ¢ and = are not explicitly written. On the one hand, integrating by parts, one gets
that

£ =~ [acag [vav(e)

and the Cauchy-Schwarz inequality shows that
s < | [ o] H/ “(a02] 4 | [ vaver] ] . (1)

On the other hand, computing the time derivative of f, one gets

£ = 2/65V(%).Vq+ % v
< 2 [Evag o o [ 9 v
1 (12)
= 2 [P -2 [ E@avave - o [ 1vaf Ve
< o [esar | [e@or] | [emarive?| - L [ waliver,

The second line follows from (10), the third one by integration by parts. Squaring (11), dividing it by ¢ [ e%¢?
where ¢ is a positive number which will be chosen later and adding to (12) leads to

U f2(t) 2
PO+t < (—2+c)/ef(Aq)

20| [e@ar] | [ervaf WT (13)

+

+em g | [ mariver].

2—da . one obtains

Choose ¢ = BT

Define

and, using Lemma 11, write that




An integration on [0, ¢] implies that

1
f) € ———
“Jo 3wy
Since . .
du U
—_ > C’/ ——)V(y,Vu)du
1 5 o) VY
t t t
> Ci 77 N0 ’YV Y o/
- 2(d(yo,y)2) Wy5)
one finally gets, using the doubling property, that
CY, d(yo,y)* 1
o) < S Q000 .
t t V(y, V1)

Lemma 12 is therefore proved.m
As an immediate consequence of this lemma, we get:

Lemma 13 There exists C' > 0 and o > 0 such that, if d(yo,y) < V1, then, for any ro > 0,

g |:d(y07y):| K e—aﬁ

/d(gg,y)zro \Vaeqi(x)| du(z) < N T

Choose a < 2c3. Then, using Lemma 12, write that

/d(z’ym|qut<x>|du<x> S ]

C" d(yo,y) 1 _aTd
< —( ) V(y, Vt)e 2

EVE e

¢ dyo,y) 58

which proves Lemma 13.10

3 H'— L' boundedness

We prove that the Riesz transform maps continuously H'! into L'. As in [6], write that
o0
VATE = / vea
0 vt

This integral representation shows that 7" is given by the following kernel k:

too dt
0



As was explained before, to get Theorem 4, we just have to check that k satisfies the integral Hormander
condition (1). Let y and yo be two fixed points in M. Then

dt

+oo
/ k() — k(e o)l du(z) < / / Vs (o1 (2 ) — a2, 0| )
d(z,y)>2d(yo,y) 0 d(z,y)>2d(yo,y) \/i

d*(y,y0) dt
-/ V. [pe(z y) — il 90)]| dia() 2L
0 d(z,y)>2d(yo,y)

<

dt

+oo
+ / / V2 [pe(2, ) — pae o)) dulz)
d d(z,y)>2d(yo,y)

2(y,90)

S

I + Is.
(14)
As for I, write that

d*(y,yo0) dt d*(y,yo0) dt
<[] Voneg)ldu) 7+ [ [ Va1 (2, 0) | dpa() .
0 d(,9)>2d(yoy) vt Jo d(,y)>2d(yo.y) Vi

Lemma 8 ensures that there exists 8 such that

dz(yo,y) _ 1
t t— 2

/ V()] di) < O
d(z,y)>2d(yo,y)

Moreover, if d(x,y) > 2d(y, yo), then d(z,yo) > %d(y,yg), so that, using Lemma 8 again,

/ Vape(z,g0)| du(z) < / Vapr( o) | dia(a)
d(x,y)>2d(yo,y) d(z,y0)>35d(yo,y)

d? (yg,y) 1
at t 2.

Ce P

IN

Finally, there exists o such that
*(y.y0) a2 (yg.v) dt
Il < C/ e @ t —

0

t
1
o dt
= C’/ et —,
0 t

which is finite and does not depend on d(yo, y).
We now turn to I. Using Lemma 13 and the fact that d(y, yo) < v/, one has, for some 3 > 0,

= [T Vae(a)| dp() 2
2 = zqt(T)| ap(x
d?(y,y0) 7 d(z,y)>2d(yo,y) \/i
“+o0 o
< C |:d(y7y0):| efﬁwﬂ
Py L VE t

oo dt
!
Sc/l A+

which is also finite and independent of d(yo,y). Thus, k(z,y) satisfies the integral Hérmander condition and
the Riesz transform maps continuously H' into L'. Theorem 4 is proved.m

It should be noticed that the exponential term in Lemma 13 is not used to check that I5 is finite, whereas
the exponential term in Lemma 8 is essential to ensure that Iy is finite.

10



Part IV
The case of Riemannian manifolds: a local
theorem

In this part, we state and prove a result analogous to Theorem 4 with local assumptions about the manifold,
instead of global ones.

1 Statement of the main result
Let M be a complete Riemannian manifold. Say that M satisfies the local doubling property if
VR >0, 3Cr >0, Vz € M, Vr €10, R[, V(z,2r) < CrV(x,r). (15)
Say that M has at most exponential volume growth at infinity when
3C,c>0, Ve e M, Vr <1, V0 > 1, V(z,0r) < Ce®V(z,7). (16)
Finally, say that M satisfies the local Poincaré inequality if

VR >0, 3Cr >0, Vr € |0,R[, Vo € M, Vf € C™(B(x,2r)),

/ \f — fol2dp < Crr? / V12 dy (17)
B 2B

where B = B(x,r), 2B = B(z,2r).
We intend to show the following statement:

Theorem 14 Let M be a Riemannian manifold satisfying the local doubling property (15), the local Poincaré
inequality (17) and having at most exponential volume growth at infinity (which means (16)). Then there exists
a constant C > 0 such that, for any f € H:'%,

951 < € (a2 + 160z

1,loc
at

It is important to notice the differences between the assumptions of Theorem 4 and Theorem 14. In Theorem
4, the doubling property and the Poincaré inequality are global, whereas they are local in Theorem 14. Since
the doubling property is only local, we only consider local atoms, i. e. atoms supported in balls with smal radii.

When M has Ricci curvature bounded below, the assumptions of Theorem 14 hold. In [2], Bakry shows
that, when M has Ricci curvature bounded below, then, for any 1 < p < oo, there exists C), > 0 such that, for
any f € C*(M) with compact support,

19511, < G {[ate], + 171, .

But this paper does not give any result about the H' — L! continuity. Note that this result is generalized for
1 < p < 2 by Coulhon and Duong in [6], Theorem 1.2, when M only has the local doubling property and a
on-diagonal upper bound of the heat kernel for small time.

We shall work with the operator T' = V(A + b)‘% where b > 0 will be chosen later. This operator, which is
called the corrected Riesz transform, is used by Coulhon and Duong for the proof of Theorem 1.2 in [6]. The
local norm in Theorem 14, as well as in Theorem 1.2 in [6], appears thanks to the parameter b (see [2], Lemme
4.2). Tt is clear that T is L?>-bounded and is given by a kernel k(z,y). In view of Theorem 3, it is sufficient to
prove that k satisfies the local Hérmander integral condition.

11



2 Kernel estimates
As before, for any fixed points yo,y € M and any t > 0, define

Qt(‘r) = pt(x,y) _pt(x7y0)-

Under the assumptions of Theorem 14, one has estimates about the heat kernel which correspond to those of
the previous section. Namely, (15) and (17) imply the two following statement:

Lemma 15 There exist ¢1,C1,co,Co > 0 such that, for allt < 1, all x € M and every x1,x2 € B(z,1),

C1 o) A CIREDY) CQ
—=€ t <pie(w1,22) < ———F€
V(z1, V1) ’

V(x1, V1)
This result is given in [14], Proposition 3.3.
Similarly to Lemma 9, one has the following result:

2 (e @
—co (J~t1w‘2)

Lemma 16 There exist C3,c3 and v € ]0,1] such that, for any t € 10,1[ and any x,y,yo € M satisfying
d(y07y) < \/£7 -
B
Viz,vt) L Vi

This result is a consequence of Proposition 10 applied with R = 1.
From the previous estimates, one gets first the following result:

gt ()

Lemma 17 For any [ < 2c3, there exists Cg > 0 such that, for any s > 0 and any y € M satisfying

d(y()ay) S \/Ef -
/ s (2)]% €* =5 du() < 6(s)

where

G [d(yo’y)rv ifs <1,

V(y,vs) | Vs
o(s) =

d(yo,y)*" ifs>1.

y
Vi(y,1)
When s < 1, just use the upper bound given by Lemma 16. Then, observe that the map
(Sa LU) — qs(aj) = ps(xv y) - ps(l', yO)

is a solution of %u + Awu = 0, which implies that

d2(z,y)
/ lgs(@) 2 P52 dpu(a)

is non-increasing in s. This fact is a consequence of the following integral maximum principle (see [9], Theorem
1.1):

Theorem 18 Suppose that u is a solution of %u + Au = 0. Then the function
1) = / W2 (2, )0 dy(x)
M
is non-increasing, provided that the function {(z,t) is locally Lipschitz and satisfies the relation
23

1 2
> — < .
ar o lVelr =0

12



Therefore, one has the claimed estimate for s > 1.1
We are now going to show the following upper bound:

Lemma 19 For any ( < c3, there exists Cg > 0 such that, for any s > 0 satisfying d(yo,y) < v/,

/ Voo (@) 252 du(z) < ¥(s)

where 2
C d
5 [ (yo,y)] ifs<1,
sV(y,vs) L Vs
U(s) =
Cﬁ 2 .
—d v > 1.
SV(y, 1) (yOa y) Zf s =z
Doing the same computations as in the proof of Lemma 12, one gets that, for any s > 0,

a2 (x.y) C
[ Vet 5 duta) <

foﬁ'
S du S d
o o) - /;<>

e
Ll(?:f/o)

But, when s < 1, one has

> C

2y
|

and when s > 1,

o\m
ﬁ‘&
5@
Y
)\m
3‘&
SQ

vV
Q
—
»
|
—_
=
<
—~
=
—
SN~—
| —
—_
S~—
—_
[~}
=)

Lemma 19 follows.l
Finally, this lemma implies the following;:

Lemma 20 There exists 8 > 0 such that, for any s > 0 satisfying d(y,yo) < /S,
x(s) —Bﬁ
Vaqs(@)| dp(z) < —=e™7% ds
/d(w,y)>r0 \/g

where the function x is defined by

x(s) = C[d(%y)r Fs<l,

Cd(yo,y)7e®” ifs>1.

One uses the Cauchy-Schwarz inequality like in the proof of Lemma 13, in conjunction with the assumption
(16). m

3 Hblec — 11 houndedness

As said before, following [6], we consider, for some b > 0, the operator T= V(A +b)
that it is H};'*° — L' bounded. It is given by the kernel

2 and intend to prove

+oo e—tb

k(x,y) = = V.pi(z,y)dt.
(z,y) - pe(,y)

13



We want to show that this kernel satisfies the local integral Hormander condition. Let y and yo be two fixed
points in M satisfying d(yo,y) < 1. Write that

I o= / k(2. y) — k(z,y0)| du(x)
d(z,y)>2d(y,yo0)

+oo _—tb
0 ﬁ d(z,y)>2d(y,y0)

d*(y,y0) o—tb
/ Vapi(a,y) — Vops (2. o) | dp(a)dt
0 \[ d(z,y)>2d(y,yo)

1 —tb
+ / c_ IVape(,y) — Vapi (@, y0)| dp(z)dt
d2(y,y0) ‘/7? d(x,y)>2d(y,y0)

+oo _—tb
+ / S / Vapr() — Vape(e, yo)| du(e)dt
1V Jayy>2d(y.m0)

I + 1, + Is.

Remember that d(y,yo) < 1. As for I3, the triangular inequality shows that

d*(y.y0) ,—tb | (2.9)] du()
C/ / Vepe(z,y)| du(z)dt
0 VE Ja(e,y)>2d(y.90)

d*(y,90) ¢
S AR / V.12, o) dpa()dt
0 \[ d(z,y)>2d(y,yo0)

2
C/d (¥:90) o—tb ﬁe_ﬂm

I

IA

<
- Vi Vi
a*(y.yo) v
< c / i
0 t
1
= C ﬂe_g
0 t

which is finite and independent of y and .
Then,

L, < C ——e
d2(y)y0) \/{‘: t

1 2
P e—thd”(¥,90)
Py et ; _B
c/ e tat
1

t1+%
- oo _p dt
= e i

which is also finite and does not depend on the points y, yo.

! et dt gt [d(y,yo)}w

@




Finally,
+oo e—tb dt

< : W%d(yo, y)Te

+oo —tb’
< / C _at
1 t

which is finite and independent of y and yo. In the last line, one has to choose b larger than 2¢ and to use the
fact that d(y,yo) < 1.

Thus, the kernel k satisfies the local Hormander integral condition, which proves that T is H ;gloc —I!
bounded. &

2
_/34d (;/,yo) eCt

I3

Part V
The case of graphs

1 Statement of the main result

Let I' be an infinite connected graph, endowed with its natural metric and a symmetric weight p,, = fty» on
I' x I'. Assume that x and y are neighbours if and only if ji;, # 0. Define, for every z € T,

m@) = 3 fiay.
Yy~x
For every real r > 0, the ball B(x,r) is defined as follows:
B(z,r) ={y € I'td(y,x) <1},

and, if A is a subset of T, its volume is

z€A
When A is a ball B(z,r), V(A) will be denoted by V (z, ).
The graph I' is said to satisfy the doubling property if there exists a constant C' > 0 such that, for every
zelandr >0
V(z,2r) < CV(x,r). (18)

Note that this property implies that there exist two constants C\,,; > 0 and D > 0 such that, forany x € T, 0 > 1
and r > 0,
V(z,0r) < CotfPV(z, 7). (19)

The graph I' is said to satisfy the Poincaré inequality if there exists a constant C' > 0 such that, for every
function f from I' to R, every z¢p € I' and r > 0, one has

Yo o m@)f@ - fel <O Y ey lf(@) - f) (20)
z€B(zo,r) z,y€B(x0,27)
where 1
fB= Vior) Iegw)m(x)f(x)-

Finally, one says that I" satisfies A(«) for oo > 0 if the two following conditions hold:
r~y = gy 2 am(ac),

Ve el, Moz > am(x).

15



Denote by | f[|, the LP norm of a function f, that is to say

p

I1£1, = [Zlf(x)pm(x)]

One may then consider on I' a discrete-time Markov kernel. Set

_ Hay
and define the iterated kernel py as follows:
po(z,y) = d(z,y),
pe(z,y) = 2p(, 2)pr-1(z,y).

The definition of an atom and of the space H, is given in the first section (note that I' is a space of homogeneous

type).
The gradient of a function f is defined by

Vi)=Y 1f(y) - f(@)]

where x ~ y means that y is a neighbour of x.
Define the linear operator P by

Pf(x)=> plz,y)f(y)

and notice that

PRf(x) = pr(a,y)f(v)-

One easily checks that P is self-adjoint on L?(T',m(z)). The Riesz transform T is defined as
T =

V(- P) 2,

where the unbounded linear operator (I — P) 2 is defined by means of spectral theory.

We intend to show the following result:

Theorem 21 Let I' be an infinite graph satisfying the doubling property and the Poincaré inequality. Then,
the Riesz transform is bounded from HL,(T') to L*(T).

One can define the space H},,, in the following way. If f € L1(T"), set
f*(x) = sup P* f(z)
k

and say that f € H} . if and only if f* € L. If it is the case, define

||f||H1 = Hf+H1

max

ax

The following statement is shown in [11]:

Theorem 22 Let T be a graph satisfying the doubling property, the Poincaré inequality and the condition A(c).
Then HL(T) = H}, . ().

maz (L) to L1(T).
To prove Theorem 21, since the Riesz transform is L?-bounded and is given by a kernel k(z,y), we only
have to check that this kernel satisfies the Hormander integral condition, which requires some estimates about
kernels.

Therefore, Theorem 21 shows that the Riesz transform is bounded from H!

16



2 Kernel estimates
Fix yp and y in I". For any k£ € IN and x € T, define

Pr(y, ) — pr(Yo, @)
m(z) '

qr(z) =

This section is devoted to various bounds about p; and gy.
Recall that, when (18) and (20) hold, one has the following estimate about py:

Theorem 23 Let T satisfy the doubling property, the Poincaré inequality and A(a) for a > 0. Then, there

2 2
_Ci1d(=y) < Caom(y) _Czd(zﬁy)

exist c1,Cq,ca,Cy > 0 such that d(z,y) < k = ;E;’j\(}%e —r < pr(z,y) < Vo VR

This theorem is shown by T. Delmotte in [8], Theorem 1.7.
As a consequence of the Gaussian upper bound in Lemma 23 and of the doubling property (18), one gets
the following upper bounds (see Lemma 7 and Lemma 2 in [13]):

Lemma 24 For all vy € ]0, ¢4, there exists C, > 0 such that

vd? (x,y C,m?(x)
\Y 2)|%e 2 (y) < )
Zy:\ yPr(y, )| (y) < WV (V)

Lemma 25 There exists 3 > 0 such that, for any x €', 1 € IN, k € IN¥,

Bl
&

Nl

Y Vupily,z)lmy) < Cm(z)e” T k2.
y¢B (V1)
T. Delmotte also shows that the solutions of m(z)u(n + 1,2) = > pzyu(n,y) satisfy a Holder regularity
y
property (see Proposition 4.1 in [8]):

Proposition 26 There exists h > 0 and C > 0 such that, for all xg € I', ng € ZZ and R € IN, if u is a
solution of m(z)u(n + 1,z) = 3 payu(n,y) on Q = (Z N [ng — 2R?,no|) x B(zo,2R), x1,22 € B(wo, R) and
y

neZn [no — RQ,nO], then
d h
lu(n,z1) — u(n,z2)| < C [M} sup |u] .
R Q

As a consequence of Theorem 23 and of Proposition 26, one has the following estimate about gy:

Lemma 27 There exists C3,c3 > 0 and h € |0, 1] such that, for any k € IN, x,y,yo € T’ such that d(yo, y) < Vk,

h 20,0
()] < 5 | RO i,

Viz,Vk) L Vk

Assume first that d(y,yo) < % k and that « € T'. Proposition 26 may be applied to u(k, z) = pr(z,x), with
R~ 2Vk and ng ~ 3k. Since y € B(yo, R) and k € Z N [ng — R?,ng|, one gets:

h
lpk(y, ) — pr(yo, )| < C [W] sgppz(z,x)

where
Q = (ZN [ng — 2R, no|) x B(yo,2R).

17



But, thanks to Theorem 23, when ng — 2R? <1 < ng and z € B(yo,2R),

Com(z) e_czrﬁl(x,z)

z,x) <
(2, ) Vo)
Caom(x) _cpd?(z.2)
< e no
= V(z,vno — 2R?)
One has
_d2(1’72) < _d2($,y0) i dz(yo,z)
no o 2n9 i)
d2
<T@y,
2?10
so that o ]
mi(z,x) < Mef%w
V(z, Vk)
It follows that .,
d(yvyO):| m(x)  _ead’wo.m)
y L) — ,x)| < C e % . 21
Ipr(y, ) — pr(yo, )| 4 { D Vi, \/E) (21)

Finally, if d(y, yo) < vk, consider a point y; such that d(y,y1) < % k and d(y1,y2) < %\/E, and apply (21) to
Pk (y, ) — pr(y1, @)| and to |pr(y1, ) — pr(yo, v)|. Lemma 27 is shown.m
Therefore, the following bound holds:

Lemma 28 If d(yo,y) < Vk, then, for any o < 2cs, there exists C,, > 0 such that

The proof is similar to Lemma 11.1
We intend to show the following estimate, which is the discrete equivalent of Lemma 12 (see also the
analogous estimate in [13], Lemma 7):

Lemma 29 For any k € IN* satisfying d(y,yo) < Vk and any v < cs,

Ciy d(y, yo)
(y,\/E)[ Vk }

The main step in the proof of this lemma is the following temporal estimate:

3h
2

Zm: |Vagi (@) exp {vd(zwq m(z) <

Lemma 30 For any x € T, any k € IN* satisfying d(y,yo) < Vk,

. [dy.u)]?

lgr+1(z) — qr(z)| < .

To begin the proof, notice that, for any k € IN*, one has

qr+1 = Pqx.

18



Indeed, if z € T,

> (e, 2)qk(2)

z

Zp(% Z)Pk(yv z) — pr(Yo, 2)

d m(z)
= Y () (5 2) Pl )
= m(z) - p\z,T) Py, = Pr\Yo, =
1
= @ [Pk+1(Y; ) — Prt1(Y0, )]
= qr1(2).
. o ps k
Let I be an integer satisfying I ~ 5. One has
gk (@) = ar(@)] = D pi(,2) (g (2) — a(2)]
z
pi\x, 2
= [ CE a®) —a i)
Pz, .
< ) lgi+1 — all, -
2
But )
pe)[* 5t 2nte.)
m ||y ~ m(z)
o pl(zaz>
= Zz:pl(:LZ) m(,’p)
_ pk(xax)
m(x)
C
V(a, Vk)
Moreover, if m ~ %, then
g —ally = [[(I=P)P"qmll,
< T = P)P"[lg—ys lgmlla
C
< 7 ||qm(y7')||2'
The last line follows from Lemma 6 in [13], which we recall here:
Lemma 31 One has H(I— pP) [pk(’”")} H <—<¢ .
m 2 EV 3 (z,Vk)

Recall that Lemma 31 is a straightforward consequence of the condition A(«), which implies that —1 ¢ Sp(P).
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From the fact that

lamlly = lam (@) m(x)

< > Py 2) + Y pm(yo, @)
= 2
and that o (4:2) ( )
m\Y, L) — Pm » L
lgmllye = sup LY m(f) i
. _C V@wwr
T Vlyvm) | vm |
we may conclude that
lamlly < lamlI{ llamllZ
h
< C |:d(y7y0):| 2
T Vi, ym) L Vm
It follows from (22) that
c a%mqg
— < T
o =l < o |2
and finally that
h
C d(y7 y0>:| z
Qt1(z) — qe(z)] < 1 7 [
N TR ITAV L Y

h
C |:d(ya yO) :| 2
V(y,Vk) L vk

In the last line, we use the fact that d(y,yo) < Vk and the doubling property. Thus, Lemma 30 is proved.m

Let us deduce Lemma 29 from Lemma 30. The following computations are inspired from those which give
Lemma 7 in [13]. Write that

d2(y,x) a2 (y,z)
Z lak(z) — ar(2)P e F m(z) < C Z g () = i (2)* m(x)p(, 2)e”
xr~zZ d(z,2)<1 (23)
= CI.
From now on, we will work with Ij.
a2 (y,z)
I, = Z @k () [ar(z) — qe(z)] m(z)p(z, z)e”*
d(z,2)<1
d?(y,x)
— ax(2) [au (@) — qi(2)] m(@)p(x, 2)e
d(z,z)<1
a2 (y,x)
= 0 (7) [ax(x) — qu(2) m(@)p(a, 2)e”
d(z,2z)<1
d%(y,2)
+ @k (@) [ar(2) — g (2)] m(z)p(z, z)e*
d(z,2)<1

20



In the last line, we inverted x and z and we used the reversibility of p with respect to m. Hence, we get that

L = 2 Z ar(2) [qr(2) — qi(2)] m(z)p(z, z)ﬁ%
+ ) ar() [a(x) — gr(2)] m(z)p(z, 2) [e“/ P2

= 21V + 1.

The previous upper bounds allow to estimate I ,21) and [ 22). Indeed,

d2(y,x)

I}gl) Z qk(x)e’)'?m(x) Zp(m, Z) [qk(x) - Qk(Z)]

> e @)er F (@) [gn (@) — g (@)

x

hence, thanks to Lemma 30,

IN

‘Ilgl)’ c l:d(?j/%/o)] : ;|qk($)67lﬂ(f’y)m(x)

c {d(y,yo)] : Zv(le(vw)d?(if’“’)m(x)

C d(y, yg)} = RN CIE)
< : [ e T  m(x
v L v | 2 )

3h
2

Cy d(y, o)
kV(y,\/E){ VE ]

Note that, in this computation, it is possible to choose v/ € |7, c3[ because v < cs.
As for Iy, if we denote by f the map defined by

flw) = et

we may write, according to the mean-value theorem, that
2 -
F0) = F(@)] < =2 b al (supa, beF et

Applying this inequality with a = d(y, x), b = d(y, z) when d(z, z) < 1, so that |d(y, z) — d(y, 2)| < 1, we get, if
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we notice that sup(a,b) < a + 1, that

2] < 2N me)pe ) )] lar(e) — ar(2)] [, p) + 1] X104

d(z,z)<1

= 2/ Y m@pte ) )l o) — a3 dly.) + 1P F
d(z,z)<1

= 2W S m@)p(@, ) @) g (@) — gx(z)] e FE@2+
d(z,z)<1

"

T ld(y,2)+1)?

IN
[N}
%’
=
B
=
8
&
=y
>
B
o
o

3 m@)p(e, 2) (@) — gu(z)[? @D+
d(z,2)<1

But

)

[d(y, ) + 1)* = % [ (y, ) + 2d(y, ) + 1]

and, in the sums which define I, we may assume that d(y,z) < 2k + 1 and that d(y,2) < 2k + 1, otherwise,
since d(z,z) < 1, we obtain d(y,z) > 2k + 1 and d(y,2) > 2k + 1. Then, pi(y,z) = pr(y, z) = 0. Moreover,
since d(yo,y) < kVk, one has d(yo,z) > k and d(yo,2) > k, and pi(yo, =) = pr(yo,2) = 0. All that implies
qr(z) = qr(z) = 0, and the corresponding terms do not appear in the sum which defines Ij.

Finally,

%[d(ﬂc,y) +1P < %dQ(x,y) +C

and we can write that

A
Q
12

7]

ViV VR L VE
C d(yuy()) %
< il Nai
NG v(y,ﬁ){ vk } '

since d(y, yo) < kVE.
If we use simultaneously the estimates about I ,il) and [ ,EQ), we find that

3h

c,  [dy,y)]* c, d(y, )] *
Ik<kv(ya\/E)[ \/E } * kv(x’\/;;)[ \/E } \/E

from which we get the right estimate for Ij, hence Lemma 29 by (23).1
Thanks to Lemma 29, we can finally show the following Lemma:
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Lemma 32 There exist C > 0 and o > 0 such that, for any x,yo,y € T, any k € IN* satisfying d(yo,y) < kVk
and any | € IN*,
3h
[d(%yo)} Ry
vk

> Veala)lmi) < -

d(z,y)>1

Indeed, we just have to write that, if o < %,

Nl=

d?(y,z)
> lak(@) — a(2)m(x) < S Jak(@) — ar(2)P T m(a)
zr~z,d(y,z)>1 _acNZ,d(y,x)zl
- :
12 (z,y
Z e 20 )m(a:)
Ld(y,z)>1

c d *
a2
< { (%0)} V(y, Vi)e 3

kV (y, Vk)

which is Lemma 32 (one may apply Lemma 29 because 2« € 10, c3[).|

3 H!— L' boundedness

We want to prove Theorem 21. Like in [13], write that
V(I -P)"2 =3 aVP*
k=0

where the ay’s are defined by
(1- x)_% = Zakxk.
k=0

Thus, T is given by the kernel

r(z,y) = ap————— (24)
Y kzzo Fmly)

and we are going to prove that this kernel satisfies the integral Hormander condition. Let y and yg be two fixed
points in I'. One has

S ey - rewlme) < SYa Y
k=0

d(z,y)>2d(yo,y) d(z,y)>2d(yo,y)

Vapr(z,y)  Vepr(z,%0)

m(y) m(yo)

m(x)

Vapi(2,y)  Vapr(z,yo)
m(y) m(yo)

m(z)

- Y o ¥

k< Lwo)  d(z,y)22d(yo,y)
- K

vzpk (.’17, y) _ prk ($7 yO)
m(y) m(yo)

m(z)

+ Zak Z

k>d2<:2,yo> d(z,y)>2d(yo,y)

= S1+ 5.
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One estimates S; in the same way as I; in (14), by means of the triangle inequality and Lemma 25 instead of
Lemma 8. Also using the fact that aj ~ ﬁ, one obtains that

_ a2 (y,0) 1
S < C E are ¢k kT2

d2(y,y0)
kg :2yo

dz(y,yo)
K2 7Oéd2(y,yo) dt
T _

C'/ e
t

c/ as du

u

IN

which is finite and independent of the points y and yg.
The treatment of S5 is completely similar to the one of I5 in (14). Just use Lemma 32, applied with

a(z) = pe(r,y)  pr(2, yo)
)

m(y m(yo)

instead of Lemma 13. Using the fact that ay ~ \/ﬁ again, one finds that

3h
Ak d(yay() B 42w
Sy < C ool
ST Z k { NG ]
>d(yu0)
3h
< (1/0c dt[d(yyyore_aw
T e Vi
<

Cdt 1
C/ 4, 3h
1t tT

which is finite and independent of the points y, yo. Thus, the kernel r satisfies the integral Hormander condition
and we have proved that the Riesz transform is H' — L' bounded. Theorem 21 is proved.m

Like in the setting of manifolds, notice that the exponential term in Lemma 32 is not really used, but that
getting it is easy.
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