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The mean-field equation of a leaky integrate-and-fire neural
network: measure solutions and steady states

Grégory Dumont * Pierre Gabriel '

Abstract

Neural network dynamics emerge from the interaction of spiking cells. One way to formulate the
problem is through a theoretical framework inspired by ideas coming from statistical physics, the so-
called mean-field theory. In this document, we investigate different issues related to the mean-field
description of an excitatory network made up of leaky integrate-and-fire neurons. The description is
written in the form a nonlinear partial differential equation which is known to blow up in finite time
when the network is strongly connected. We prove that in a moderately connected regime the equation is
globally well-posed in the space of measures, and that there exist stationary solutions. In the case of weak
connectivity we also demonstrate the uniqueness of the steady state and its global exponential stability.
The method relies on a contraction argument of Doeblin’s type in the linear case, which corresponds to
a population of non-interacting units.

Keywords: Neural network; leaky integrate-and-fire; piecewise deterministic Markov process; Doeblin
condition; measure solution; relaxation to steady state
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1 Introduction

The dynamics of neural networks is extremely complex. In the brain, a population of neurons is ruled by
the interaction of thousands of nervous cells that exchange information by sending and receiving action
potentials. Neuroscience needs a theory to relate key biological properties of neurons, with emerging
behavior at the network scale. From a mathematical perspective, a neural network can simply be seen
as a high-dimensional dynamical system of interacting elements. Unfortunately, introducing these inter-
actions tends to lead to models that are analytically intractable. A big challenge has been to reduce the
description of neural circuits.
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Figure 1: Simulation of the LIF model. A) Time evolution of the membrane potential. B) The panel illus-
trates the arrival times of impulses, so-called Poisson spike train. The red dots correspond to discontinuities
induced by the jump process. The parameters are: h = 0.2, v, = 0.1 and Poisson rate 100.

Most attempts to establish a mathematically tractable characterization of neural networks have made
use of mean-field theory (MT), see [17, 4] for a bio-physical review on the subject. Because each neuron
receives input from many others, a single cell is mostly responsive to the average activity of the population
- the mean-field - rather than the specific pattern of individual units. Based on theoretical concepts
coming from statistical physics, MT gives rise to a so-called mean-field equation that defines the dynamic
of a large (theoretically infinite) population of neurons [17, 25]. The use of MT is nowadays well accepted
in neuroscience, and, over the past few decades or so, it has brought important insights into the emergent
properties of neural circuits. For instance, it has played a crucial part in the understanding of neural
synchronization and emerging brain rhythms [5].

Although MT is widespread among theoreticians, most of the mean-field equations are written within
the language of partial differential equations (PDESs) for which there are only few mathematical studies.
In this paper, our goal is precisely to fill this gap by considering a mean-field model that prevails in
neuroscience. We focus our investigation on the existence and properties of the steady state measure of
a PDE that arises for the description of an excitatory network of leaky integrate-and-fire (LIF) neurons.

The LIF model is a well-established neuron model within the neuroscience community [32]. It consists
in an ordinary differential equation that describes the subthreshold dynamics of a neuron membrane’s
potential. The equation is endowed with a discontinuous reset mechanism to account for the onset of
an action potential. Whenever the membrane potential reaches the firing threshold, the neuron initiates
an action potential and the membrane potential is reset, see [8] for a review and [1, 7] for historical
consideration. In its normalized form, the LIF model reads

{ So(t) = —v(t) + h 375 6(t — t;)

If v>1 then v=uv,.

Here, v, is the reset potential, ¢ is the Dirac measure, h is the so-called synaptic strength, and t; are the
arrival times of action potentials that originate from presynaptic cells.

Due to the presence of Dirac masses, the LIF equation describes a stochastic jump process, or piecewise
deterministic Markov process [16]. Those voltage jumps result from the activation of the synapse at the
reception of an action potential, and the stochastic feature is embedded in the Poisson distribution of
time arrivals [33]. It is worth saying that, despite its vast simplifications, the LIF model yields amazingly
accurate predictions and is known to reproduce many aspects of actual neural data [27]. Of course, there
have been several variants and generalizations of the model [32]. In Fig. 1, a simulation of the LIF model
is presented. It illustrates the different processes involved in the membrane equation such as the voltage
jumps at the reception of an action potential, and the reset mechanism at the initiation of an action
potential.

In a network, when a cell fires, the dynamics of each other neuron should be affected by the action
potential. However, since synaptic transmissions are highly stochastic, the depolarization of the postsy-
naptic cell only occurs according to a certain probability. This probability plays the role of a coupling
parameter. The dynamics of a neural network made up of LIF neurons is exposed in Fig. 2. For each
simulation, we show the network raster plot where dots indicate the spiking time of individual units.
The panels correspond to different values of the coupling. As we can see, for weak coupling, the network
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Figure 2: Simulations of the neural network. The network contains N = 100 neurons. In each panel is shown
the spiking activity of every neuron in a raster plot (dots represent spikes). The parameters are: h = 0.1,
v, = 0.1 and Poisson rate 200. The release probability p is: A) p = 0.01, B) p = 0.09.

displays an asynchronous activity where each neuron fires irregularly (Fig. 2A). In contrast, when the
coupling parameter is taken sufficiently large, the network enters into a synchronous state (Fig. 2B).
The system seems to have a critical coupling value for which, above this value, the system is driven to
a synchronous state, while below this value, it remains asynchronous [36, 37]. A great deal of attention
has been devoted to the precise functional forms of these patterns, and this type of transition can be
studied rigorously using MT.

As mentioned above, MT is used to simplify the description of networks and is formally derived in
the limit of an infinitely large number of elements [17, 4]. In this setting, trajectories of individual units
are ignored, and instead, the focus is made on the probability of finding a randomly chosen neuron in a
certain state. A continuity equation describing the dynamics of the probability density function (PDF)
is then derived, and the study of the PDF forms the basis of the mean-field approach. The fundamental
assumption at the core of this theoretical setting is that all the neurons of the network share similar
biophysical properties.

A pioneering attempt to describe neural networks within the framework of MT was made around the
1970s with the seminal work of Wilson and Cowan, followed by the Amari [44, 2]. Since then the study of
neural circuits within the mean-field approach has never lost interest within the scientific community. To
mention just a few, Sirovich, Omurtag and Knight [43], Nykamp and Tranchina [38], Brunel and Hakim
[6, 5], and the work of Gerstner [24], were among the first to study networks of LIF neurons using MT.

Assuming that each neuron receives excitatory synaptic input with average rate o(t) and fires action
potentials at rate r(¢), we denote the density function p(¢,v), such that Np(t,v)dv gives the number of
neurons with membrane potential in [v — dv,v) at time ¢ for a network made up of N neurons. The
dynamics of the density p(t,v) is prescribed by the following nonlinear partial differential equation:

D pt,0) = L ntt, o)l = o) [plt,v) ~ plt, v~ g @)] =S —v)r(),  0<v <L ()
—————

Leak Jump Reset

We show in Fig. 3 a schematic representation of the state space for the mean-field equation where the
different operators take place. The firing activity of the network r(t) is easily extracted from the mean-
field equation. The proportion of cells crossing the threshold, see Fig. 3, is given by:

r(t) = o(t) /1 bl du,

To account for the arrival of action potentials coming from an external source, the arrival rate o(t) is
given by the sum of an external rate and the firing rate

U(t) =00 + J'f'(t),
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Figure 3: Schematic representation of the state space for the mean-field equation.

where J is the average number of synaptic connexion. The last equality is justified in the mean-field
framework where it is assumed that single cells are only sensitive to the average population activity [43].
The equation is complemented with a zero flux boundary condition

p(t,1) = 0.

Figure 4 portrays the dynamics of the mean-field equation where a Gaussian profile was taken as
initial condition (Fig. 4A). Under the drift and the jump process, the density function gives a non zero
flux at the threshold, and this flux is reinjected right away according to the reset process. This effect can
be clearly seen in the third panel of the simulation presented in Fig. 4B. Asymptotically, the solution
reaches a stationary profile which is shown in Fig. 4C.

Interestingly, it has been shown that the mean-field solution blows-up in finite time for any initial
data in the strong connectivity regime [20]. This was attributed to the instantaneity of spikes firings and
their immediate effects on the firing of other cells. This is happening when

1—v,

J>1+ and hoo > 1.

Although progresses have been made, several questions remain unanswered, specially in the moderate
or weak connectivity regime. For instance, as we can see from some simulation presented above, we
observe that the density convergences toward a stationary state. Can we show the existence of a steady
state? Can we analyze its stability properties? Answering these questions will allow us to form a deeper
understanding of the asynchronous states of neural networks. Our challenge is to study the existence
and properties of the mean-field equation steady states.

The paper is structured as follows. First we give in Section 2 a summary of the main results obtained
throughout this manuscript. Section 3 is devoted to the study of the linear regime, which corresponds to
a population of uncoupled neurons (J = 0). More precisely we prove the well-posedness of the equation
in the space of measures and, via a so-called Doeblin’s condition, the exponential convergence to an
asynchronous state. This is a crucial preliminary step before studying the nonlinear case. In Section 4
we prove the existence and uniqueness of global in time measure solutions to Equation (1) in the moderate
nonlinear regime J < 1. Section 5 deals with the stationary solutions. We show the existence of a steady

state when
1—wv,
J<1
< ﬂ . J

and the existence of two steady states when

1— v, 1—-h
h

and op < ——.

J>1+{ 17

Eventually, we demonstrate the global exponential stability of the (unique) steady state in the weakly
nonlinear regime J < 1. This work complements results on asynchronous state in different models [35,
39, 40].



0.02 A oo02 B 0.02 C

= = =
2 0.01 /\ 2 0.01 2 0.01
[ jol [
° S ©
0 0 [ A a 0 5
0 0.5 1 0 0.5 1 0 0.5 1
Potential v Potential v Potential v

Figure 4: Simulations of the MF equation. A gaussian was taken as initial condition. The plots show in
blue the evolution in time of the solution at different times. The red dots correspond to the discontinuity
induced by the reset process. The parameters of the simulation are: v, = 0:3, h =0.05, 09 =50, J =0 A)
t=0,B)t=012,C)t=7T.

2 Main results

Measure solutions to structured population equations has attracted increasing interest over the past few
years [9, 14, 23, 28, 29]. In this paper we are concerned with measure valued solutions to the mean-
field description of a LIF neural network given by Equation (1). Measure theory offers a very natural
framework for two reasons. First it allows to consider a Dirac mass initial distribution. Such an initial
profile corresponds to a fully synchronous state and is thus perfectly relevant in neuroscience. Second it is
very well suited for dealing with equations having a singular source term (the reset part in Equation (1)).

Before giving the definition of such solutions, we recall some results about measure theory (and we
refer to [42] for more details). We endow the interval [0, 1] with its usual topology and the associated Borel
o-algebra. We denote by M([0, 1]) the space of signed Borel measures on [0, 1], by M4 ([0, 1]) its positive
cone (the set of finite positive Borel measures), and by P([0, 1]) the set of probability measures. The
Jordan decomposition theorem ensures that any u belonging to M([0, 1]) admits a unique decomposition

W= — i,

where py and p— are positive and mutually singular. The space M([0,1]) is endowed with the total
variation norm defined for all i belonging to M([0,1]) by

lullzv = p([0,1]) + p— ([0, 1]).

For any bounded Borel function f on [0, 1] the supremum norm is defined by
[fllec = sup [f(v)]
0<v<1
and for any p belonging to M([0, 1]) we use the notation
pf = fdp.
[0,1]

Endowed with the supremum norm, the space C([0,1]) of continuous functions on [0,1] is a Banach
space. The Riesz representation theorem ensures that M([0,1]) can be identified with the topological
dual space of C([0,1]) through the mapping

M([o,1]) —  C([o,1])
% = {f = uf}

which is an isometric isomorphism:

lullrv = sup  |ufl.
Floo<1

Recall that a sequence (pn )nen taken from M ([0, 1]) is said to converge weak™ to p an element of M([0, 1])
if (n f)nen converges to pf for all f belonging to C([0,1]).

Now we can give the definition of a measure solution to Equation (1). We use the notation 1q for
the indicator function of a subset € of [0, 1], and we simply denote by 1 the constant function 1o ;.



Definition 2.1. Let T > 0, we say that a family (ut)e>o0 of P([0,1]) is a solution to Equation (1) on
[0,T) with initial datum po if

o t—o(t) = 1 ,J/“([(i — h,1])

o t— py is weak*-continuous on [0,T),

o and for all f € C*([0,1]) and all t € [0,T)

is positive and locally integrable on [0,T),

wd =pof+ [ [ (=08 ©) 406 S0+ R Loan®) + £ 1) — 0] s () s

For the sake of simplicity, it is useful to define the following operators. For any f taken from C(]0, 1])
we set

Bf(v) = f(v+h)Lpo,1-n)(v) + f(vr)Lp—pn,(v) — f(v),
and, for any f belonging to C*([0,1]) and ¢ > 0,
Ao f(v) = —vf'(v) + o Bf(v).

With this definition the weak formulation of Equation (1) in Definition 2.1 reads

Ntf:N0f+/(; I/LS(AG(S)f) ds.

Notice that A and B are conservative in the sense that
Al =B1=0.
Notice also that B is a bounded operator in the sense that
vie(0,1]),  [IBfllec <2|[flloo,

but in general B is not a continuous function, and thus neither A, f when f is taken from C*([0, 1]). This
prevents the use of general results about the existence and uniqueness of measure solutions for structured
population models (see [9, 14, 28]). As we shall see, to prove the well-posedness of our problem, we use
a duality method that is well suited for analysing steady states.

We can now present the main results of the paper regarding the mean-field description of LIF neural
networks given by Equation (1). Before that, let us mention that to avoid pathological situations we
always assume that

1—wv,
h
The main results can be summarized by the two following theorems.

O<h<wv.<1-—h and

ZN.

Theorem 2.2. Assume that J < 1. Then for any initial probability measure po there exists a unique
global measure solution (pi)i>0 to Equation (1), in the sense of Definition 2.1.

Let us remind the reader that for a connectivity J < 1, we already knew from [19] that the mean-field
description given by Equation (1) is globally well-posed in L'([0,1]). Theorem 2.2 ensures that it is still
the case in the larger space M([0,1]). The second theorem is about the steady states, i.e. probability
measures i which satisfy

g0

VfeC([0,1]), [(Asf)=0,  where ST Tan =)

Theorem 2.3. Depending on the network connectivity, the following situations occur:

(i) Under the conditions

1—o, 1—~h
1 -
J> ﬂ . J

there exist at least two steady states.



(i) If the following inequality holds

1—wv,
1
J< ﬂ . J

then there exists at least one steady state.

(#ii) In the case when
h\co+1
J < (5—2V6) (Z) ,

the steady state i1 is unique and globally exponentially stable. More precisely there exist explicit
constants to,a > 0 such that for all po taken from P([0,1]) and allt >0

e = il pyy < ™7 0 = Bl

where (pe)i>o0 is the unique solution to Equation (1) with initial datum po.

3 The linear case

Our strategy to prove Theorem 2.2 and Theorem 2.3 relies on a careful study of the mean-field equation
when J is taken to be zero. This particular case corresponds to the description of an unconnected
population of neurons. In this setting, the equation becomes linear and reads

0 0
—p(t,v) — =— |vp(t,v oo|p(t,v) —p(t,v —h)1lp 1 (v)| = |o t,w) dw | dp=y,- 2
i7(t) = [0, 0]+ o0 [plt ) = 0,0~ W] = [0 [ ot ) 2

For the sake of clarity in the current section we will denote by A the operator A,,, oo being a fixed
positive number. Since the equation is linear, we do not need to restrict the definition of a solution to
probability measures. We say that a family of measures (p):>0 is a solution to Equation (2) with initial
datum po when the mapping ¢ + u; is weak*-continuous and for all f in C*([0,1]) and all ¢ > 0

t
pif = wof + [ edfds.
0
The aim of the current section is to build a semigroup of linear operators (M¢)¢>0 on M([0,1]),

_J mM([0,1]) M([0,1])
Mt.{ p : Y

)

in such a way that for any initial measure uo the unique solution to Equation (2) is given by the family
(poM¢)e>0. Moreover we prove the following properties about the semigroup (M¢)¢>o.

Theorem 3.1. The semigroup (M;);>0 admits a unique invariant probability measure fi, i.e. there exists
a unique i element of P([0,1]) such that for all positive time t

AM: = [i.
This invariant measure is globally exponentially stable: for all u belonging to M([0,1]) and for all t being
positive
lede = (u0)ll < e = (1)
where the constants to and a are such that:

—log (1—%(5)")

> 0.
log%

4
toZlogE >0, a=
In order to build the semigroup (M):>o we follow the method in [23], which is based on the dual
equation
Ouf(t,v) + 00y f(t,v) + oo f (t,v) = oo [f(t, v+ h)L1—n)(v) + [t vr)Li—n1(v)],

with the initial condition fy. This equation is well-posed in the space of continuous functions, in the
sense of the following lemma.



Lemma 3.2. For any fo belonging to C([0,1]), there exists a unique f in C(Ry x [0,1]) which satisfies

Ft,v) = fo(ve e 7" + gy / e T [f(t =T, e Tv 4 h)lg_p (e V) + f(t — T, v0)Lp_py(e” )] dT.
0

Additionally:
fo=1=f=1 and fo>0=f>0.

Proof. The proof consists in applying the Banach fixed point theorem. Fix 7" > 0 and define on the
Banach space C([0,T] x [0,1]) endowed with the supremum norm || - ||cc the mapping I by

t

Lf(t,v) = fo(veft) e 7% 4 o / e 707 [f(t —1,ve " +h)lg1-p(ve )+ f(t—T,vr)11—n1 (vefT)] dr.
0

It is a contraction whatever the value of T Indeed it is an affine mapping and for fo = 0 we have

ITflloe < (1 =€) £lloo-

The Banach fixed point theorem ensures the existence and uniqueness of a fixed point for I" in C([0, T x
[0,1]), for any T > 0.
The conservation is easy to check and for the positivity, it suffices to check that when fo > 0, the
positive cone of C([0,T] x [0,1]) is invariant under I".
O

With this result we can define a family (M;):>0 of linear operators on C([0,1]) by setting

Mtf() = f(t, )

The family (M¢)i>0 thus defined is a semigroup, meaning that for all f taken from C([0,1]) and all
s,t >0
M()f = f and Mt+sf = Mt(MSf)

It is a consequence of the uniqueness in Lemma 3.2, since
(t,v) = My f(v)  and () = M (M f)(v)

are both a fixed point of I' for fo = M. f. Moreover this semigroup is conservative and positive, in the
sense that for all ¢ > 0
M1=1 and f>20 = M;f>0.

As a direct consequence it is a contraction for the supremum norm, meaning that for all f € C([0,1])
and allt >0
[Miflloo < [[f]loo-

Now we define by duality a semigroup on
M([0,1]) = ([0, 1])".
For p belonging to M([0,1]) and ¢ > 0 we define pM; an element of M([0,1]) by
vfe C([O7 1])> (MMt)f = U(Mtf)' (3)

The properties of the right action of (M;):>o are readily transfered to the left action by duality. The left
semigroup (My)¢>o defined on M([0, 1]) by (3) is positive and conservative, in the sense that for all ¢ > 0

p € M ([0,1]) = puMe € M4([0,1]),
peP(O1) = uM; e P(o,1).
As a consequence it is a contraction for the total variation norm, i.e. for all measure p and all ¢t > 0
|uMel|rv < ||pll7v-
The proof that the family (uM;)¢>0 is the unique solution to Equation (2) with initial datum g is
postponed in Appendix A.

For proving Theorem 3.1 we first prove the exponential contraction of any couple of probability
solutions.



Proposition 3.3. For all u, i elements of P([0,1]) we have
VE>0, (M — EM ey < e T — fill oy

with
(1= (1))

> 0.
log%

4
tozlogﬁ>0 and a=

Notice that the values of to and a are explicit (in terms of the coefficients of the model) but not
optimal. The optimization of these constants is also an interesting issue that could be addressed in a
future work. The proof of Proposition 3.3 relies on a so-called Doeblin’s condition (see for instance [30, 34],
and also [41] where a similar type of condition appears).

Lemma 3.4. The semigroup (M¢)i>o0 satisfies the Doeblin’s condition

Vf >0, Yvel[0,1], M, f(v) > c(vf),
with the following constant
_ 4 00 hyog 2
to = logﬁ >0, c= 7(1) €(0,1), v= ATy

with 1[%7,1] the uniform probability measure on [%, h].

Proof. We start with the definition of (M;)¢>o which gives for f >0
Mif(v) = fve™")e 7" + o9 /Ot e 7T [Mi—-f(e” v+ h)ljg1_py(e V) + Mi—r f(vr)Li_p,1y(e Tv)]dT
> fve e 7" + gy /t e "M - f(e v+ h)lj,1-n)(e” v)drT.
0
Iterating this inequality we deduce
M f(v) > fve e 7" + o /t S (CE: h)ef(tfﬂ)l[o,l,h)(e*Tv) dr
0

t
> aoefo"t/ fl(e v+ h)ef(th))l[oyl_h)(efTv) dr.
0

Let t1 = —logh the time after which all the neurons which did not undergo potential jumps have a
voltage between 0 and h i.e.
V7 >ti, Yvel0,1], wve " €][0,h],

and let to > 0 to be chosen later. For
t =1t :=11 + 12,

we have

to
My, f(v) > age” 70" / fle v + he” 0=y
t1
to
> gpe 70t / fle v + hef(t‘J*T)) e (0" qr
ty

ve tO+h
= Z0g=0to / f(w) dw (w=e"v+ he_(tO_T))
h ve~t0o4+he—t2

h
> 90 =ooto / Fw) dw
h’ 2

he~t2

For the last inequality we have used that

—t - —t
ve 0 <e 1T = he 2.



So if we choose t2 = log4 we get

Moy 2 o002 [ fuyaw = 2 (5) uis),

Proof of Proposition 3.3. Let p and i1 be two probability measures on [0, 1] and define

A= — ).
I — &llrv

Since
(b =)+ (0.1]) = G = )4 ((0,1)) = 3~ Fllrv,

the positive part fi+ and the negative part i— of & are probability measures. As a consequence the
Doeblin’s condition in Lemma 3.4 ensures that

ft+ My, > cv
and, using also the conservativity of M;,, we deduce that
i Miy — ety = (s My — ev)(0,1]) = 1 — c.
This property leads to
Mg |lrv < || Mg — cvlloy + |- My — cv|lov = 2(1 = o),

and then 1
Iy — iMeg ||7v = Sl = Bllrv |EMellrv < (1= e)lln = Allzv.

Now for ¢ > 0 we define n = L%J and we get by induction

My — EMe|lry < (1= )" |uMi—nty — EMi—nto|lrv < ™50 — fill v

This ends the proof since

nlog(1—c) < (% ~ 1) log(1 — ) = ~aft — to).

O
Proof of Theorem 3.1. We showed in the proof of Proposition 3.3 that the mapping
o> My,
is a contraction in the Cauchy space (P([0,1],]| - [|7v). We deduce that it admits a unique fixed point

i in P([0,1]). The semigroup property ensures that for all ¢ > 0, zM; is also a fixed point of M. By
uniqueness we get that gM; = [, meaning that 7 is invariant under (M);>0. This concludes the proof
since the exponential convergence is an immediate consequence of Proposition 3.3. O

10



4 Global well-posedness for J < 1

Our method of proof relies on duality arguments and divides into several steps. First we remark that if
(pt)e>0 is a measure solution to Equation (1), then for all ¢ > 0 there exists a function ¢;, obtained by
solving a nonlinear dual equation which involves only po, such that

fe([1 = hy 1]) = pode.

Once ¢, is known for all ¢, we deduce the value of o(t) and we can see Equation (1) as a time-
inhomogeneous but linear equation. We solve this equation in a similar way than the linear case. This
method of construction allows us to prove a Duhamel formula for Equation (1) which is then used to
prove uniqueness. The Duhamel formula is also the corner stone to prove the exponential stability of the
steady state in the weakly connected regime (Section 5).

The discontinuity of the indicator function 1(;_; 1; implies that ¢, if it exists, is a discontinuous
function (we necessarily have ¢o = 1;1_4,1)). This brings difficulties since the duality approach requires
to work in the space of continuous functions. To work around this problem, we approximate the indicator
function 1[;_p 1] by

0 ifo<l-—h-2
Yn(v) = 1—|—%(v—1+h) if1—h—2<p<1—h,
1 ifo>1—h+2,

where n € N*, before passing to the limit n goes to infinity. The family (x»)n>1 is a decreasing sequence
of continuous functions which converges pointwise to 1n-na-

In what follows, p is a fixed probability measure. The first step consists in building, for ¢ > 0, a
regularized version of the function ¢.. For T" > 0 we denote

X" =C({(5,t,0),0< s <t <T,0< v < 1)
and for n € N* and T small enough we define 1, € X7 as the unique solution to the nonlinear equation

[wn(& i v) 7@Z)n(s, t, ’U+h)(1 7X’ﬂ(v)) 7#}”(87 12 vT‘)Xn(v)]:

go

Dot (s, ,0) = v0utpn(s,t,0) + T —5 1p

with the terminal condition
1/1n (tv t7 U) = Xn (U)
More precisely v, is defined in the following lemma, where we have set
1-J)
200

T =

The function which will play the role of an approximation of ¢ is ¥, (0,t,-).
Lemma 4.1. There exists a unique function v, such that

vne{fex™ o< <1}

which satisfies

Yn(s,6,0) = Xn(ve' ) e1=7 (70 ¢ /: (1?} T1- J,W(ZZ(O,T, ~)) o7 T (7, t,ve ) dr
+ /: #:(0’7") T (5= 7) [n (7, £, 06" + B)(1 = X (06" 7)) + U (7, £, 1) xn (ve"T)] d.
Proof. Let T be an element of (0, 7). We use the Banach fixed point theorem for the mapping
D/ (sut0) = xa(ve ™) e ¢ [ t (1‘10 L Jﬁm,ﬂ.)) ) fr 4 ue ) dr
+ /St #f(’(o” TG [ (78,06 4 h)(1 = xu (06" 7)) + F(rs 8, v0)xm (06" 7)) dr
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on the invariant complete metric space {f € XT 0<f< 1}. This mapping is a contraction since

oo a0 g0 go
I'fi —Tfalleo < - o+ 2 - P —— - | T
PR = Chlle < [ 12510 = ol +2 =2 - % M+H1ﬁ,ﬂf2Hm||f1 N
20’0 T
< a=Je Tlfr = folle = 7 1fr = f2lloo.

O

In a second step we define for any fo belonging to C([0,1]) the function f element of X" as the
unique solution to the linear equation

g0

05 f(s,t,v) = v0u f(s,1,v) + T Jim(0,5,)

[f(svtv 1]) - f(57t7v + h)(l - Xn('U)) - f(57 t7 ’an)Xn(’U)]

with the terminal condition
f(t,t,0) = fo(v).
This definition is made more precise in the following lemma.
Lemma 4.2. For all fo belonging to C([0,1]) there exists a unique f element of XT" which verifies

t
%0 - g0 IU—J(S_T) s—T
(l—J 1—Jm/)n(0’7.7.))e f(r,t,ve® ") dr

f(57t71}) - fo(ves_t) elﬂ—%(s_t) +/

E]

t
90 20 (s—1) s—T _ s—T s—T
‘|’ l 1— Jﬂwn(o, 7 ) et=J [f(T7 t7 ve + h)(l X"(Ue )) + f(T,t>U"“)Xn(Ue )] dT‘

Additionally if fo is nonnegative then f is too.
This allows to define a positive semigroup (Ng';)o<s<¢<7+ on C([0,1]) by

Nsn;tfo(v) = f(s7t7 ’U).
The semigroup property means that
N:tf = f and VT € [Sat]v ;tf = N;L,T(N:L,tf)

Moreover we easily check that
NI'1=1

and, together with the positivity property, this ensures the contraction property
NG flloo < [I.flloo-
A fundamental remark here is that the uniqueness in Lemma 4.2 ensures that
'¢'n(5:t:“) = Nsn,tXn('U)-

For all ¢ taken in [0,7™) we define

onlt) i= % = %
T = Jppa(0,4,5) 1= JuNg  Xn

and we denote by AY the operator defined on C'([0,1]) by
AL f(v) = —vf'(v) + on(t) B" f(v),
where B" is the regularized jump operator defined on C([0,1]) by
B"f(v) := f(v+ h)(1 = xn(v)) + f(0r)xn(v) = f(v).

The operator Ay is the infinitesimal generator of the semigroup N¢'; in the sense of the following lemma,

where we have set
e (1=J0)%(1 —2h)
T5 =
30’0

12



Lemma 4.3. If f is an element of C*([0,1]), then the function
(s,t,v) = N f(v)
is continuously differentiable on the set {0 < s <t <T**, 0 <wv <1} and we have
Vo< s<t<T*™, OsNgf = —AGNG . f, and O:Ng,f = Ng Al f.

Proof of Lemmas 4.2 and 4.3. First let fo be an element of C([0,1]), 0 < T < T*, and define on X7 the
mapping

e t o
Tf(s,t,0) = fo(ve*™*)eT=7 (7 +/S (1(10J -1 Ju;i(O,T, .)) e 7T f (1 ¢ ve ) dr
t L4
* / T T ¢ e R (1= (06 TT)) (v (e TT)]

For any fi, f2 belonging to X7 we have

. 20 o
0 = Cpll < min { 220 20 A= ol

and this ensures that T is a contraction on X7 endowed with the supremum norm. We deduce the
existence and uniqueness of a fixed point for I' from the Banach fixed point theorem.
If fo > 0 the positive cone of X7 is invariant under I" so the fixed point belongs to this cone.

Now assume that T < T** and fo belongs to C*([0,1]). In this case we can apply the Banach fixed
point theorem in the space {f € X : 8, f,0,f € X” } with the norm

[fller := flloo + 100 flloo + 110sf oo

Indeed, computing

0L f(s,t,v) = A?fo(ves—t)el%%(s—t) +/

B

t
P __ 90 1(:J'(5—T)3 toe®~ ) d
(1—J 1—J,M/Jn(0,7-7-)>e o f(T,t,0e°" ) dr

t
oo 20 (s—7) s—T _ s—T s—T
[ e e AUt 4 R = (0T + Bt e )] dr

go g0

1—J 1= Jun(0,7,°)

[ea t (e
0T f(s,t,v) = esftfé(vesft)elfo‘f S +/ ( ) 6%64)687781110(7’7 t,ve® ) dr

t
go 10;70](877') =T t s—T (1 — s—T
+/S 1— J,Uﬂ/)n(o77'7) € € Uf(T7 , Ve + )( X”(Ue ))
t
go 1‘:70‘](577') S—Tﬁl s—T _ s—T
—|—/S T (0,7, e ey [1—}1—%,1—}1](”6 V[ f (7t ve) = f(r,t,0e® 7 + h)] dr

we get for fi, fo taken from {f € X7 : 0,f,0:f € X*}

10T fr — DT fo| oo < min{ﬂ %W}\Iaz(fl — )T

-7
. 2 2 1
.02 = 00 flle < [min { 20, 000 Mot = Pl + 2% 2 — Bl | T
and finally
. 40’0 30’0
_ < — .
I =T halen < min { s e AT — Bl

We deduce that the unique fixed point of I" satisfies
uf 0nf e X’
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‘We can also compute
OuTf(s,t,v) = v3Df (5,1,0) + 75 [[f (5,1,0) = f(5,1,v)]

Wi(o’&') [.f(svt?v) - f(S,t/U + h)(l - XTL(U)) - f(sa t’ UT)XH(U)]

and this ensures that the fixed point also satisfies

+

asf e XT and  O.f = —A"F.

From the computation of 0;I'f we see that if N, fo is the fixed point of I' with terminal condition
fo then 0;Ng'; fo is the fixed of I' with terminal condition A fo. By uniqueness we deduce that

0N fo = N AL fo.

The third step consists in defining the measure pVg'; by duality

Ve C(0,1]), (NS = n(Ne ).

The following lemma ensures that t — pNg', is a solution to a regularized version of Equation (1) on the
interval [0,77).

Lemma 4.4. The mapping
t— ;LNSL,,:,

which is defined on [0, T"), takes its values in P([0,1]) and is weak*-continuous. Additionally for all t in
[0, T**) and all f in C*([0,1]) we have

t
NG f = uf + / NG AT ds. (4)
(0]

Proof. The positivity property in Lemma 4.2 ensures that uNg'; belongs to M ([0,1]). Additionally we
easily check that
Ny 1 =1.

Together with the positivity this implies that uN¢', is an element of P([0,1]), and also that

[Nt flloo < [ flloo
for all f belonging to C([0,1]). The weak*-continuity of the mapping
t = NG,

follows from the continuity of
t— Nof(v)
for all f belonging to C([0,1]), v € [0, 1], and from the dominated convergence theorem.

For (4) we prove a little bit more, namely that for all f belonging to C*([0,1]) the mapping
t— uNg.f
is continuously differentiable and that

d n n n
%(,U’N(],tf) = MNO,tAt I

Indeed, from Lemma 4.3 and by dominated convergence we have

1

1 n n n n n n n
E(NNO,t+hf - HNO,tf) = H[E (No,t+hf - NO,tf)] ;0_) (0 No f) = uNg. AL f-

14



In the fourth step we pass to the limit n goes to infinity.

Lemma 4.5. For allt € [0,T™), the sequence (WINg't)nen+ is convergent for the total variation norm.
Denoting (u)o<i<r+ C P([0,1]) the limit family, we have for all t € [0,T**) and all f € C*(]0,1])

t
pef = Mf+/ psAs(s) [ ds.
0

Proof. We check that (uN{';)nen= is a Cauchy sequence. Let n,p two elements of N*, 0 < s <t < T,
and f taken from C'([0,1]) such that ||f]l«« < 1. We have, using that p belongs to P(]0,1]) and the
Fubini’s theorem,

oo go
L= JuNg xn 1= JuNg T Xnsp

t 20, t
Nz = N Sl <2 [ dr+ 7205 [VINZef = N2 Sl dr
B

200

20 J n
< 70/ |G- X — uNg 17 Xntp|dT + 7

<a / INZAf — NP flloo dr

2O’OJ n n
S (1_72/ |NG 7 Xn — NG 7 Xntp| AT
+—2”°J NG NP Xl d + o HN” = NP flled
(1 M OTXH‘FP 12 0,7 XTH—p T Tt Tt oo AT

200J /t n
< ——5 sup INo - (Xn = Xntp) ()] dT
(1—-J)2 velo,1] Jo P

20’0

t
[Nz = N2 e

2(70 ¢ +
T E—— Ny — uN[? d
+ (1 — J)Q/S HN’ N At ”TV T+ 1
We give an estimate on the quantity

Qn(s,t) :=sup sup / NS (Xn — Xntp)()|dr, mneN", 0<s<t<T".
peENv€[0,1]

From the definition of the semigroup (Ng';) we have for all v taken from [0,1], n from N*, and 0 < s <
t< T

t t
/ INT (xn — Xntp) (0)] b < / |(xn — Xnt) (e

N7 (X = Xnp) (06" 7)) dr'dr

N2 (o = o) 067+ B) (1L = X (06 ™) N2 - (o = Xous) (0 (w67 )| drdr

t
S/ 1[1—h—%,1—h](v6577)d +

U t t n S*T/ S*T’ n S*T/ U
12 [ IV G = ) 06" (L = 67 N (0 = o) (0 (v ] dr

h 30’0 t / !
<log (1 Qn (7,
_Og<+n(1—2h))+1—J/S (7', t)dr

Taking the supremum in the left hand side we get the inequality

h 300
. <
Q (s,t)_log(1+n(1_2 ) /Q (r,t) d

which gives by Gronwall’s lemma

1-J

7 (Xn = Xnap)(0e™ )| drdr’

h 390 (4
Qu(s,t) <log (14 ———nv JeT=7 7%,
(s:) < Og( +n(1—2h)>e
Coming back to the first computations of the proof we get
20’0.] h
NYf = NP flloo € s log (14— JeT=7" N2y — uNZ{P |y d
V2 = Nl 2 tog (14— o Yot 2P [Nz — N2 e e

200

t
[ INz - N2 S
S
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which gives by the Grénwall’s lemma

20 h 30 ¢ 200 ¢4
HN‘:tf_N‘:z—proo S ﬁi}log (1+m>elth+/ ||/J/N:L,t_MNf,:_p||TV dT:|el—J(t )

Finally
[uNZy = uNZPlev < sup [INZof = NP flloo
Ifllec<1
200612%(«)” h EL t "
< 1| J1 1+ ———— |eT=J N, — uN"7? d
= (1—,])2 |:J Og( +n(1—2h)>e +/S HI’L T,t 1% T,t ||TV T:|

and by the Gronwall’s lemma

200
200J h 500 200eT-7"

NIy = uNIP oy < 2222 log (1 4+ ————— t t—s) ).

HI’L s,t KN s ¢ ||TV = (1 — J)Q Og< + Tl(l — 2h)) exp (1 —_J + (1 — J)2 ( S))

We deduce that for all ¢ € [0,7") the sequence (uNg¢)nen+ C P([0,1]) is a Cauchy sequence, hence
convergent to a limit u¢ € P([0, 1]), and additionally

200.J h 50 20001251
Nn _ < 0 1 1 0 T* 0 T*
ooty NG =l < =7y o (14 g ) o (7257 + 5y

This allows to pass to the limit in Lemma 4.4, and the proof is complete. O

The last step consists in proving that any solution to Equation (1) satisfies a Duhamel formula.

Lemma 4.6. Let (ui)o<i<t be a solution to Equation (1). Then for any o > 0 the following Duhamel
formula is verified

Ve C(0,1), V20, puf = poMif + / (0(s) — o)uaBM,_of ds (5)

where (My)¢>o is the semigroup generated by A, (see Section 3).

Proof. Using the semigroup (M{*):>0 defined in Appendix A we have

d ° n n ° noarn
di(/ /-’LTMtfsde) = ,U'SMtfsf - / MTA Mtfsde
S\ Jo 0

= poM;" . f +/ pr(Agry — A")M f dT
0
—iMEf 4 [ purlo(r)B — B )M f
0
Integrating between 0 and ¢ we get
t t t s
/ o fdr = / oM f ds + / / pr(o(r)B—oB™)M;" . f drds.
0 0 o Jo

Differentiating with respect to ¢ we obtain (by using dominated convergence, Fubini’s theorem, and a
change of variable)

pef = w7 S+ [ r(eIB = 0B art [ [ pnto(nB — o8 A M S drds
= poM;" f + /t wr(o(r)B—oB™) fdr+ /t wr(o(r)B — UB")(/ A"M  f ds) dr
0 0 T

t

— oM f + / ur(a(r)B—UB")<f+ 0

t—r

A"MT f ds) dr

t
— po M+ / ir (o (r)B — o B") M, f dr
0
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and then passing to the limit n — oo

pef = poMyf +/0 (o(r) — o)urBM—_. f dr.

We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. With Lemma 4.5 we have proved for any po element of P([0, 1]) the existence of a
local solution, on [0, 7*"). But since 7™ is independent of 1o, we can iterate the procedure to get a global
solution. The uniqueness is a consequence of the Duhamel formula (5). Let (ut)o<t<r and (fit)g<, .7 be
two solutions. Then for any ¢ in [0, min{T,T}) we get from the Duhamel formula with ¢ being taken to

be equal to ;2%

20’0
1-J

t t
e = Tl < o = By +2 [ Jo(s) = 5 ds+ 2 [ lhas = Rl ds
0 0

~ 20’0 t ~
< — P E— s — Hs d
< ||po — fol|Tv + 1 J)2 /0 I| e AsllTv ds

and by the Gronwall’s lemma

_ _ 200 ¢
e — tellrv < llpo — follrv e G-

5 Steady state analysis

This section is devoted to the proof of Theorem 2.3. The result in Theorem 3.1 ensures that for all o > 0
there exists a unique u” belonging to P([0, 1]) such that

u’ Ay = 0.

The question we address here is the existence of & > 0 such that

" TR )

In this case the measure fi := u? is a steady state for the nonlinear equation. We will prove the existence
of such a steady state when

1—wv,
J<1
<1+ |——]
and the existence of at least two steady states when
J>1+{17}IUTJ and 00<%.

These conditions have to be compared to the condition
1—wv,
h

which ensures that all the solutions to Equation (1) blow up in finite time whatever their initial distri-
bution [20]).

J>1+

and hoo > 1

For finding & which satisfies (6), we define the two functions

f (0,400) = [0,+00) f O400) — R
F{ o —  u’([1—h,1]) and G'{ o — %(17@)
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and we prove the existence of & such that

F(5) = G(o).
To do so we need informations on the function F' and it requires some regularity results on the invariant
measure p°.

Lemma 5.1. For any o > 0, the invariant measure p° is absolutely continuous with respect to the
Lebesgue measure. Its density p, satisfies

o_,va—l

vps(v) € Wh([0,v,) U (vr, 1]), Vo € (0,1), 0 < po(v) < min{ e ,%}.

Proof. Recall that u° satisfies

v

/[0 7450 50 W0 @] 4 0) = SR (1R ), i eSO @)

(o

Thus the derivative of vu?(dv) in the distributional sense is a finite measure and then vu?(dv) is a
function with bounded variation. We deduce that there exist a > 0 and p, € L} (0,1) such that

u’ = ado + po(v) dv.

More precisely vp,(v) is a W' function on the intervals (0, h), (h,v.) and (v, 1) (so that it has a left
and a right trace at v = h and v = v,,) with a jump at v = v, given by

1
vrpo (V7)) = Urpo (v) = 0/ Po(w) dw
and also a priori at v = h given by

hpo(h™) — hp (K7) = 17 ({0}) = a.

We will actually prove that p° does not charge 0, i.e. a = 0, so that there is no jump at v = h. Consider
f € CX([0,1)) which satisfies f(0) = 1, and define f,(v) := f(nv). For all n. > |1/h] Equation (7) written
with f, gives

(o2

v o
[ [Ln0)+ 5] du ) =0,
[0,1]
By dominated convergence we have
fa() dp® (v) —— p7({0}) =
[0’1] n—o0

and

/ vfn(v)dp’ (v) = / nvf' (nv) du® (v) — 0.
[0,1] [0,1]

n—o0o

We conclude that o« = 0, so that u° = ps(v) dv. The function p, has no jump at v = h and it satisfies
the following equation on (0, v,) U (vr, 1)

-1
— (o (v))" + o (v) = Po (v = h)1jo,11) (0)-

For the bound on p, we start by studying p, on the interval (0, k). On this interval the equation
satisfied by p, is
(vPs (v))" = po(v)
which gives after integration

By positivity of p, we have on both intervals (0, v,) and (v,, 1) the differential inequality

(vps (v))" < opo(v)

18



from which we get

Vo<w<v<l, po(v) < (%)Uﬁlpg(w). 9)

Integrating from w = 0 to w = 1 we deduce

1> / Po(w) dw > pe(v) / w ldw = s (v)
0 0 o

po—1

and -
pg(v)gg Vo<wv <1,
Combining with (9) we get that
Vo<w<wv<l, po(v)gﬁv"_l

and with (8) we obtain

o—1

pa(v)Sm;LJ Vo<wv<l.

From (9) we deduce that the support of p, is necessarily of the form [0,vy,] with 0 < v, < 1 and
Do is strictly positive in the interior of its support. Assume that v,, < 1. Then integrating the equation
satisfied by ps between vy, and ¥ := min{vm + h,1} > v, we get the contradiction

—h
OZ/ Po(v)dv > 0.

m—h

So vm =1 and po(v) > 0 for all v in (0, 1).

Lemma 5.1 allows to get informations about the asymptotic behaviour of the function F.

Lemma 5.2. The function F is continuous and satisfies

o—0 o——+oo h

lim F(o) =0  and lim F(o) = <1+ rﬂ’rbl.

Proof. Fix o > 0 and consider a sequence (o )nen belonging to [0/2, 20] which converges to o. Since the
associated sequence (ps,, )nen satisfies
20_1}0/271

vn €N, Vv € [0,1], nggn(v)ShT

we deduce from the Dunford-Pettis theorem that there exists a subsequence, still denoted by (ps,, ), which
converges L'-weak to a limit ¢ element of P([0,1]) N L*(0, 1), i.e.

/ o (W)p(v) do [ atwotw do

for all ¢ belonging to L°°(0,1). Passing to the limit in the weak formulation we get that ¢ is solution
to (7). By uniqueness we get that ¢ = p, and the whole sequence converges to p,. This gives the
continuity of the application

1
o »—)/ po (V) (v) dv
0
for any ¢ € L*(0,1), and as a consequence the continuity of F' since 1 1) € L>(0, 1).
For the limit at 0 we readily deduce from Lemma 5.1 that

0< F(o) < 0.

1—h o—0
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If we want to be more precise we can prove that p, converges weak* to do when o — 0. Indeed for any
sequence (0pn)nen which tends to 0 we can extract from (po,, )n>0 a subsequence, still denoted (ps,, )n>0,
which converges weak™ to a probability measure p. Lemma 5.1 ensures that

Vo<e<wv<1,Vo >0, OSpc(w)S%

so we deduce that for all f € Cc([e, 1]) we have
1 1

uf = lim Don (V) f(v)dv = lim Doy (V) f(v)dv = 0.

n—oo Jq n—oo J.

As a consequence supp i = 0 and since p belongs to P([0,1]) we deduce that u = &y, and then p, — o
when o — 0 since the sequence (0,) is arbitrary.

We finish with the limit at infinity. Let (07 )nen a sequence which tends to +o0o. We can extract from
(pon )n>0 a subsequence, still denoted (ps,, )n>0, which weakly converges to a probability measure p. We
want to identify the limit u. We have that

1
| e @@dvsug (o)
for all f element of C([0,1]). We define

D:={f€C'([0,1]), f(vr) = f(1)}

which satisfies the property that
vVfeD, AfeC(0,1])
and as a consequence
1 on 1 on on
VieD, 0= ——p" Ay, f=—p""(vf (v)) + pT" Bf —— uBf.

n

This property that pBf = 0 for all f taken in D, i.e.

allows to prove that

/[0 . [f(U) - flv+ h)l[o,l_h)(v)} du(v) = f(vr)p([1 = h,1]), VfeD.
| L5ex

1—w g
5
k=0

We prove this step by step. First for f taken from CL([0,h)) we get

f(v)dp(v) =0
[0.n)

and so
supp N [0,h) = 0.

We easily deduce by induction, choosing f € CZ(kh, (k + 1)h), that supp u N [0,kh) = 0 for any k € N
such that kh < v, and then with one more step, with f € C2(kh,v,), that supp u N [0,v,) = 0. Keeping
going we get by choosing f in C} (v, + kh,v, + (k + 1)h) that

supp 1 N (vr + kh,v. + (k+1)h) =0, VkeN.

Finally we have proved that

supp pt C {{vr—b-kh}, 0<k< {17th }
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so there exists a finite family of nonnegative real numbers ay such that

=]
W= Z Ok Oyt kil

k=0

1—o,
1<k<
cee|izn|

considering f belonging to CZ (v, 4 (k — 1/2)h, min{v, + (k + 1/2)h, 1}) such that f(v, 4+ kh) =1 as a
test function, we get that oy, = ay—1. Now let f be an element of C*([0, 1]) such that

For

— Uy

flor)=f(1)=1, suppf C [vr —h/2,v, +h/2]U[v, + Ll W J h,1].

Using this function as a test function we get that

(7)) :aL17vTJ.
Y

Finally all the a are equal and

Ly L)
(5] e
k=0

Since this limit does not depend on the subsequence, we deduce that for any f taken from C([0,1]) we

have L
Jim [ wpewan= [ ) due) = (1+ ‘hJ) LZ Fon + kh).

Since 1{1_p,1) is not continuous we cannot conclude directly for the limit of F. For all n > 1 we define

h

Tnl0) = xn (0= ).

For all v in [0, 1] we have
Xn(v) < 1p—p1(v) < xn(v)
and since v, + | 1522 | h belongs to [1 — h, 1]

im len(v)pg(v)dv: (1+ r —thJ)l [Xn(wr Ll _h”TJ h—h) +xn(vr+ Ll _h”TJ h)}

i [ e = (14| _th(Jr 12 )

We deduce that for all n > 1

R e D O e B (O e O R G e U

The fact that

vr + \‘l_h,UTJ h e (1_h71)a

which is guaranteed from the assumptions we made, ensures that

lim Xn(vT + Ll 7UTJ h) = lim )Zn<'ur + r 7UTJ h) =1
n— oo h n—o0 h
and
Iim xp (vr + \‘ﬂJ h— h) =0,
n—s 00 h
and the conclusion follows. O
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Corollary 5.3. If

1—ov,
1 -
J< ﬂ . J

then there exists at least one steady state, and if

J>1+{1—UTJ 1—h

n and oo < ?,

then there exist at least two steady states.

Proof. If the condition

J<1+ Ll_h“rj

is satisfied then Lemma 5.2 ensures the existence of & > 0 such that

F(5) =G(a).
Then & satisfies (6) and p” is a steady state of the nonlinear equation.
When .
—
J>1
>14[——]
we have

liCI)nF—G:—I—oo and limF — G > 0.
On the other hand Lemma 5.1 implies that for all o > 0

o
1—h

F(o) —G(o) <

Sl

The minimum of the right hand side function is , /220

TR — % We deduce that F' — G changes sign at

least twice when
< 1—-h
go 4 J )

and this ensures the existence of two steady states. O

Now we turn to the exponential stability of the unique steady state when J is small. It is a consequence
of the following proposition, the proof of which is based on the Duhamel formula (5) combined with the
exponential contraction of linear semigroup (My)¢>o.

Proposition 5.4. Let (ut)i>0 be a measure solution to Equation (1) and let i be a steady state. Then
for all t > 0 we have

wt

1—-c

lpe — fllrv < lro — Bllrv

where the constants are given by

@(h)go 200J log(l—c)‘

4 1-c)(1—J)? log +

)

Proof. First for u € M([0,1]) we define the measure ul3 by

vfe(o,1]),  (uB)f:=puBf).

The conservation property B1 = 0 ensures that for any u element of M([0,1]) we have (uB)(]0,1]) = 0.
This allows to deduce from Proposition 3.3, using also that B is bounded by 2, that for all u € M([0,1])
and allt >0
[1BM ||y < e uB]lry < 26771y,
where
4 _ —log(1—-c¢)

to=log~, a=_—2-"9
0 Ogh7 a t
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Using this inequality in the Duhamel formula (5) with o = & we get

(s —m)([1 = h, 1))
A= T (= 1)@ = Ja(L = 1))y | 1HeBMislirv ds

_ Calt— 200J ¢ _ Ca(t—s—
< lpo — Allrve %) + 702/ s — illry e~ * o7 0 gs,
1=J)2Jo

t
e — Ellrv < (1o — BMillry + 00 /
0

Denoting
0(t) = llpe = fallrv ™

this also reads

_ 200Je%to [t 1 _ 200J /t
< _ ato 4, Z¥09°F - - _ . 4v0s
0(t) < lluo = fllrv e + 7253 / 0(s) ds = 3 lluo — llzv + G757 | () ds

and the Gronwall’s lemma ensures that
200J

___ <904
e—o(-nz’

0(t) < — [ .
() € —7—7—llwo — Allrv

Corollary 5.5. If the following condition holds
J< (5 _ 2\/6)(%)00+1

then the steady state is unique and globally exponentially stable.

Proof. We only have to check that if

J< (5 2%6)(%)”0“

then
200J <= log(1 —¢)
(1—co)(1—J)2 log4
Using that
log(z) <z —1
we get
—(1—¢)log(1 — 1- 1- o0 _ 1 /hyootl
( c)og(4 C)ZC( 01: i(ﬁ)OZ*(ﬁ)o (1— ¢
200 log 3 200log;  4logy \4 4\4
Since J .
Jo:=5-2V6€(0,1) = — s ==
so that b J L oot
Nyoo+1 - J 1 /hyoo
J< (7= a—Jy2 8(4) '
The conclusion follows from the bound
1 < 1 < 1.

< =
€= 2elog(+) ~ 6elog2 = 2
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Conclusion

The mean-field model considered along this paper is a standard equation capturing the spiking population
rate of a local neural circuit [17]. While not specifically a model of any particular brain region, it
describes a population of self recurrent excitatory LIF neurons receiving stochastic Poisson spike trains.
Although the mean-field equation (1) is widespread among physicists, it has received only little attention
by mathematicians, and there is nowadays, no identified mathematical framework to study its solution
properties, see [19, 20] for a first step in that direction. It has thus become necessary to investigate
systematically the conditions under which the solution to the mean-field equation exists and to understand
its stability properties.

In the mean-field limit, the level of recurrent excitation is control by a parameter J which reflects
the average number of connexion per cell. Interestingly, this parameter plays a critical part in the
emergence of a finite time blow-up of the solution [20]. This effect was first noticed in [18] for the
perfect integrate-and-fire, observed numerically with leaky integrate-and-fire neurons [36, 37], and soon
theoretically explained in [20] using similar ideas to [10]. There is extensive numerical evidence that the
blow-up of the mean-field equation is nothing but the emergence of synchrony patterns of firing across
neurons.

An important result that has been proved in [18] is the existence and stability of a unique stationary
state for a moderate coupling scenario, i.e. for moderate values of J, the connectivity parameter. When
the average number of connexions is not too big (J < 1), the asynchronous state of a network of perfect
integrate-and-fire neurons is stable. Our paper extends the stability property to networks with cells
having a leaky membrane potential. Unfortunately, if we have been able to extend the existence of a
steady state, the uniqueness and stability only hold for weak coupling (J < 1).

Mean-field equations have gain intensive visibility over the past decades, however, most of the work
has been done with the diffusion approximation equation. Assuming h small enough, formal computations
give:

) n* 9

p(t,v) — p(t,v —h) = h%p(t, v) — Ewp(t,v) + o(hz).

Plugging this second order approximation into the mean-field equation (1) leads to the diffusive PDE
presented in [6, 5] and studied mathematically in a sequel of papers [10, 15, 11, 13, 12]. Although
the diffusion equation is more common in the literature - several textbooks dedicate a chapter to it
[25, 3, 21, 26] - and has the advantage to offer a clear expression of the steady state, recent modeling
discussions suggested that it is not an appropriate description for most neural networks [31]. In any case,
it seems crucial to us to relate our theoretical findings to the mathematical results established for the
diffusion approximation.

We first note that we get the same type of results for the stability of the steady state equation in
the weakly coupled case (J < 1). A difference should nonetheless be noted, for the diffusion equation,
the exponential stability in only local [15], while it is global in our case. Furthermore, with the diffusion
equation, the global stability can not arise since it may blow up for a certain class of initial condition [10].
On the other hand, similar open issues hold for moderate coupling, where no precise conclusion can be
formulated. For the two models, depending on connectivity regimes, there can exist no steady state, one
steady state, or at least two steady states. Numerically, both in the diffusion or non-diffusion scenario,
the same steady state is always observed, suggesting that there is only one stable fixed point. Note that
for strong coupling, for both mean-field equations, the steady-state does not exist, and obviously its
stability property is not an issue [10, 20].

Probably, the most straightforward discussion that we should be having is about the stability and
uniqueness of the steady state for moderate coupling. While the existence of a unique stable steady state
has been addressed for an excitatory network of non leaky cells [18], it is still an open issue for the LIF.
Another important discussion should address the discontinuous mechanism proposed by [18] to restart
the flow of the solution after the blow-up. While there is no intuitive difficulties in proposing a similar
discontinuous mapping for the PDE considered along this paper, defining a solution at the blow-up time
and extending it beyond the blow-up is not a trivial task and it will be the subject of a new research.
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Appendix A Well-posedness in the linear case

In this appendix we prove that the semigroup (M;);>¢ built in Section 3 provides the solutions to
Equation (2).

Theorem A.1. For any initial measure o, the family (p1oMy)e>0 is the unique solution to Equation (2).

The discontinuity of the indicator functions which appear in the operator B is an obstacle for proving
directly Theorem A.1. To work around this difficulty, we use a regularization (see [22] for a similar
approach). We approximate the indicator function 1y 1) by

0 ifo<l—h-—2
Yn(v) == 1+%(v—1+h) if1l—h—R<u<1—h,
1 ifo>1-h+2

where n belongs to N*. The family (xn)n>1 is a decreasing sequence of continuous functions which
converges pointwise to 1(;_p,1). We define the associated regularized operators

B'f(v) = fv+R)(1 = xn(v) + fvr)xn(v) = f(v)  and  A"f(v) = —vf'(v) + 00 B" f(v).

As for A we have the conservation property for A™. But contrary to A, for f element of C*([0,1]) we
have A" f belongs to C([0, 1]), and this allows to build a measure solution to the regularized equation by
duality.

Consider the regularized dual equation

atf(tav) + Uavf(tv U) + O’of(t,’l)) =00 [f(t7v + h)(l - X"(v)) + f(tvv’f)xn(v)]v (10)

with the initial condition f(0,-) = fo. As for the non-regularized case, this equation is well-posed on
the space of continuous functions. But it is also well-posed in the space of continuously differentiable
functions.

Lemma A.2. For foan element taken from C([0,1]), there ezists a unique f belonging to C (R4 x [0,1])
which satisfies

t

f(t,v) = fo(ve™ e 70" + 0‘0/ e T [f(t =76 v+ h)(1 = xn(e” ) + F(t = T,vr)xn(e T0)]dr.
0
Additionally

o if fo=1then f =1,

e if fo >0 then f >0,

o if fo € C'([0,1]) then f € C*(Ry x [0,1]) and f satisfies (10).

Proof. For the existence and uniqueness of a solution as well as the first two points we proceed as for
Lemma 3.2 by applying the Banach fixed point theorem to the mapping

Lf(t,v) := fo(ve™ ") e 7" + gy /t e 707 [f(t —7,ve T +h) (1 —xn(ve™ "))+ f(t—T, vT)Xn(vefT)} dr.
0

It remains to check that when fo is of class C' then the same holds for f. To do so we prove that
when fo is an element of C*(]0,1]) the mapping T is a contraction in the Banach space C*([0,T] x [0, 1])
endowed with the norm

Ifller = M1 Flloe + 110¢ fllos + 100 flloo

when T is small enough. We have

AL f(t,v) = A" fo(ve ") e 7 +0y / e 707 [atf(t—r, ve  T+h)(1—xn(ve ")) +0f(t—T, w)Xn(ve_T)] dr.
0
(11)
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and

DT f(t,v) =fo(ve™t) e~ (Ho0)t 4 / ~(He0)my F(t — 1ve”T + h) (1 — xn(ve 7)) dr

0

t
—l—ao/ (HUO)T% [L—h—T 1 ] (vefT)[f(t —7u)— f(t—T,ve" T + h)] dr
0

so when fo = 0 we have
. n h 1—2h+20
ITfllcr < (@ —e D) fller + 20’0E log (1 + m)ﬂ‘f”m < ﬁhoTHchl
and T is a contraction in C*([0, 7] x [0,1]) when

1—-2h

T Lt=2h
S 1_2h+ 20,

This ensures that the unique fixed point f of I belongs to C*([0,T] x [0, 1]). To check that f satisfies (10)
we can differentiate the alternative formulation of I' f

Lf(t,v) = fo(ve™) efgotﬂfo/ e~ [f(r,ve” T 1) (L=xn (ve™ )+ £ (7, v, )xn (v TT)] dr
0
with respect to ¢ and we get
QL f(t,v) = —vfg(ve ") e M7 — oo fo(ve™") e + 00 [f(t, v + B)(1 = xn(v)) + (£, vr) X (V)]

t
- / e T [f(rve” T £ h) (1 = xn(ve” )+ f (v )xn(ve” )] dr
0
t
_ UO/ ve*(H"O)T(’)vf(t —1,ve " +h)(1—xn(ve ")) dr
0

t
- ao/ ve_(1+”°)7%1[17h7@17h] (ve™")[f(t = T,vr) — f(t —T,ve” " + h)] dr.
0 "

So we have
atrf(ta U) + vavrf(t7 ’U) + UOFf(t’ 1)) = 0o [f(t7 v+ h)(l — Xn (U)) + f(t7 ’UT)X”I(,U)}

and the fixed point satisfies (10).
O

With this result we define a conservative and positive contraction semigroup (M{"):>o on C([0,1]) by
setting
Mtnfo = f(tv)
This regularized semigroup enjoys more properties than the non-regularized one.

Lemma A.3. The semigroup (M{)i>o is strongly continuous, meaning that for all f taken from C(]0,1])
17 = flle —> 0.
Additionally for all f belonging to C*([0,1]) we have
M f=A"M"f=M'A"f (12)

and

UTEHERY

‘ — 0.
t—0
oo
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Proof. The strong continuity follows from the fact that a continuous function on a compact set is uni-
formly continuous.

The first equality in (12) is an immediate consequence of Lemma A.2. For the second equality we
deduce from (11) that ;M f is the unique fixed point of I' associated to fo = A" f, so

M f = MIA™f.

For the last point we use the strong continuity to write for f an element of C*(]0,1])

|joms—p-ars

1 t
’ sf/ IMEAf — A" fl|oo ds — 0,
o t 0 t—0

since A" f belongs to C(]0, 1]). O
Now we can define by duality a semigroup on
M([0,1]) = €([0,1])".
For u an element of M([0,1]) and ¢ > 0 we define pM{" by
viec(o,1]),  (uM)f = p(M f).

The family (M{*):>0 is then a positive and conservative contraction semigroup on M([0,1]), endowed
with the total variation norm. Additionally for all o belonging to M([0,1]) the family (uoM{*)i>0 is a
measure solution to the regularized leaky integrate-and-fire equation.

Lemma A.4. For all pu taken from M([0,1]) the application
t— uM

is weak*-continuous, and for all f belonging to C*([0,1]) and t >0

t
WMPS = uf+ [z A"f ds. (13)
0
Proof. The continuity of
t— M f(v)

for all f belonging to C([0, 1]) and vtaken from [0, 1] and the dominated convergence theorem ensure the
weak*-continuity of
t— uM.

For the second part of the lemma it suffices to integrate the identity
Os M f =MSA"f

in time on [0, ¢] and then in space on [0, 1] against the measure p. The conclusion follows from the Fubini’s
theorem. O

It remains to pass to the limit when n goes to infinity to get that the family (uoM:)¢>0 is a measure
solution to Equation (2).

Lemma A.5. For all T > 0 we have

sup  sup ||M{f— Mif|loo —— 0.
0<t<T ||flloc <1 n—roo

Proof. From the definitions of (M;);>0 and (M{*):>0 we get that for all f element of C([0,1]) such that
[flle <1

¢ ¢
|Mef — M{" flloo < ao/ |Mi—rf — M;" . f|loodT + 200 sup / 1[17h—ﬁ,17h](e_TU) dr
0 0 n

0<v<1

¢ h
< —7J — nﬁT oo T a1\
< 00/0 | My—rf — M f||oodT + 200 log (1+ o —2h))
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and we conclude by the Gronwall’s lemma that

h ¢
_ n < _ o0t
|| M f — M f||oo_20010g(1+n(1_2h))e

Proof of Theorem A.1. Let po be an element of M([0,1]). From Lemma A.5 we deduce that
poM{* — po M,

in the TV-norm when n goes to infinity. This allows to pass to the limit in (13) by dominated convergence,
since for all f belongs to C*([0,1]) we have

A" f — Af

pointwise and

1A flloo < 1 Nloo + 211 lloo-

The weak*-continuity of
t— ;,L()Mt

follows from the weak*-continuity of
t = po M,

using again Lemma A.5.

For the uniqueness we use that if (u¢);>0 is a solution to Equation (2) then for all n € N*, all ¢t > 0,
and all f taken in C*([0,1]) we have

d s n n s n n
d7</ /J/TMt—sde) :Mth—sf_/ :U/T-A Mt—sde
s\ Jo 0
—poME S+ [ (A= M dr
0

— o MPf + / i (B — BMM{- f dr. (14)
0

For proving the validity of the differentiation we write for all A > 0

1 s+h n s n
E[ / jr My f dr — / uTMtfsfdr] -
(0] 0

1 s+h s+h Mn; _ _ ]\4-77.7S s Mn; _ _ ]\4-77;S
E/ ,LLTMtn—‘sf dT+/ L t—s hf t f dT+/ L t—s hf t f dr.
s s 0

h h

The convergence of the first term above is a consequence of the weak*-continuity of 7+

Lo M fdr — ps M, f
h . M My T h—0 s t—sJ-

For the second term we use that 7 — pu, is locally bounded for the TV-norm due to the uniform
boundedness principle, because it is weak*-continuous. Using (12) we deduce

‘/S+h Mo — M f
r dr

< T " e} :
- ‘_h suph||u lv [|A™ f]] mo

s<T<s+
For the last term we also use (12) to get by dominated convergence

/S Mt”,s,hffMt"_sfd
Hr T
0

A P */0 ur A"M fdr.

Now that (14) is proved, we integrate on [0, ¢] to obtain

t t t s
[ wetar= [ wortzogas [ [ u - 5onpards
0 0 0 0
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and by dominated convergence, when n goes to infinity.

t t
/ prfdr = / poMs f ds.
0 0

Differentiating this identity with respect to t we get that

pef = po My f
and then
pe = po My
because C*([0,1]) is a dense subspace of C([0,1]). O
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