N

N

A NEW INCREMENTAL FORMULATION FOR
LINEAR VISCOELASTIC ANALYSIS: CREEP
DIFFERENTIAL APPROACH
Claude Chazal, Rostand Moutou Pitti

» To cite this version:

Claude Chazal, Rostand Moutou Pitti. A NEW INCREMENTAL FORMULATION FOR LINEAR
VISCOELASTIC ANALYSIS: CREEP DIFFERENTIAL APPROACH. Journal of Theorical and Ap-
plied Mechanics, 2009, 47, pp.397 - 409. hal-01616903

HAL Id: hal-01616903
https://hal.science/hal-01616903
Submitted on 15 Oct 2017

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01616903
https://hal.archives-ouvertes.fr

JOURNAL OF THEORETICAL
AND APPLIED MECHANICS
47, 2, pp. 397-409, Warsaw 2009

A NEW INCREMENTAL FORMULATION FOR LINEAR
VISCOELASTIC ANALYSIS: CREEP DIFFERENTIAL
APPROACH

CLAUDE CHAZAL
RosTAND MouTU PITTI
GEMH-GCD Laboratory, Limoges University, Centre Universitaire Génie Civil, Egletons, France

e-mail: chazal@Qunilim.fr; rostand.moutou-pitti@Qetu.unilim.fr

This paper presents a new incremental formulation in the time domain
for linear, non-aging viscoelastic materials undergoing mechanical de-
formation. The formulation is derived from linear differential equations
based on a discrete spectrum representation for the creep tensor. The
incremental constitutive equations are then obtained by finite difference
integration. Thus the difficulty of retaining the stress history in computer
solutions is avoided. A complete general formulation of linear viscoelastic
stress analysis is developed in terms of increments of strains and stres-
ses. Numerical results of good accuracy are achieved. The analytical and
numerical solutions are compared using the energy release rate in pure
mode I and pure mode II.

Key words: incremental constitutive law, strain history, discrete creep
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1. Introduction

The important use of viscoelastic materials in civil engineering structures re-
quires understanding of the behaviour of time dependent mechanical fields
which can lead to collapse of such structures. The main problem in computa-
tion mechanics is to know the response of a viscoelastic material taking into
account its complete past history of stress and strain. Most of analytical solu-
tions proposed in the literature can not deal with real and complex problems
because these methods require the retaining of the complete past history of
stress and strain in the memory of a digital computer.

In this context, a number of theories have been proposed in the past in
order to formulate incremental constitutive equations for the linear viscoelastic
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behaviour. Among them, Kim and Sung Lee (2007), Ghazlan et al. (1995),
Chazal and Dubois (2001), Klasztorny (2008), Dubois et al. (1999a) proposed
the incremental formulation and constitutive equations in the finite element
context. In fracture of viscoelastic mechanics, Dubois et al. (1999b, 2002),
Dubois and Petit (2005) and Moutou Pitti et al. (2007, 2008) applied the
incremental formulation in order to evaluate the crack growth process in wood.
However, the formulation used was based on the spectral decomposition using
a generalized Kelvin Voigt model.

To avoid the use of the generalized Kelvin Voigt model, we develop in this
paper a new incremental formulation based on a discrete creep spectrum and
the finite difference method using generalized differential equations in the time
domain. The incremental stress-strain constitutive equation is not restricted
to isotropic materials and can be used to resolve complex viscoelastic problems
without retaining the past history of the material.

The first section recalls the discrete creep spectrum representation and
its use in Boltzmann’s superposition principle (Boltzmann, 1878). The
one-dimensional linear viscoelastic behaviour is used to reduce the three-
dimensional response.

The second section contains the development of the generalized differential
equations in terms of one-dimensional stress and strain components.

In the third section, the solution of the differential equations is propo-
sed using the finite difference method and the new constitutive stress-strain
relations are then obtained.

Finally, the constitutive law is implemented in finite element software
CASTEM (Charvet-Quemin et al. 1986) and the numerical results are compa-
red to the analytical solution given by Moutou Pitti et al. (2007).

2. Creep spectrum representation

In this work, we consider only small strains. According to the results obtained
by Mandel (1978), Ghazlan et al. (1995), Chazal and Dubois (2001), Moutou
Pitti et al. (2007, 2008) and Dubois and Petit (2005), the components of the
creep tensor J(t) can be represented in terms of an exponential series

Jijre(t) = [ zgkz‘|’ Z ]kz( ”“)}H(t) (2.1)
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Where )\Z(-;-?,?g, m = 1,..., M, are strictly positive scalars, and the repeated
indices do not imply summation convention. Jigolzg and JZ-(;Z% represent the
instantaneous and the differed creep tensor, respectively, and H(t) is the He-
aviside unit step function.

According to Boltzmann’s principle (Boltzmann, 1878), the constitutive
equations between the components o;;(t) of the stress tensor and the com-
ponents of the strain tensor e;;(¢) for linear viscoelastic materials can be

expressed in the time domain by the hereditary integral

/ doye(T)
ij(t) = Jijre(t — T dr 2.2
eij 1) ;gé jhelt =) 2L (22)

Let us consider the fourth order tensor II(t) of the components Il;;re(t) de-
fined by

t
U,.jkg(t):/Jijkz(t—f)aagi(” dr Vi gk 0€[1,2,3], VteR (2.3)

The components I1;;,¢(t) can be interpreted as the contribution of the stress
history {oe(7),7 < t} of the components ox(t) of the stress tensor o(t) to
the strain components &;;(t).

Introducing equation (2.3) into (2.2), we obtain

eij(t) =D Mijre(t) Vi, gk, €[1,2,3], Vte R (2.4)
kE ¢

Each equation of relation (2.4) represents a one-dimensional non-aging linear
viscoelastic material defined by its creep function J(t).

3. Formulation of differential equations

When we apply the mechanical stress defined by the stress history
{oke(T), 7 € R}, the response of the material is then given by the history
of strains {Il;re(t),t € N} defined by behaviour equation (2.3) in which the
creep function is given by equation (2.1).

We note by ope(t) the stress applied to the material at the time ¢ and by
Hijkg(t) the total strain at the same time ¢. Then the response in strains can
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be obtained using the finite creep spectrum representation given by equation
(2.1)

t

Hzgkf( ) / [ ijke + Z zykZ( _)\53";‘)[( ))} aO'gi—(T) dr (31)

—00

This equation can be rewritten in the following form

M
Mijre(t) = T8 + S I (3.2)

m=1

with

t
0) aO'kg( ) 0
HZ(JM / Jzyké or dr = i(jlzgakg(t)

(3.3)

t
(m) (m) A (t=7)\ OTke(T)
1w = [ G (1 - e ) D g

—00

In these equations, II Z.(jolgg(t) and II Z.(;Z%(t) represent the instantaneous and the

differed part of the one-dimensional strain of the material.
Using equation (2.4), the rate of the total strain is determined by

(0) (m)
362] ZZ aHz]kZ ZZ( HZJkZ t) % aﬂgi;z(t)) (3.4)

m=1

According to equation (3.3)1, the rate of the instantaneous part of the one-

0)

dimensional strain Hi(j Lo(t) is given by

0
aﬂi(jlzz(t) _ Do(t) a5
ot ik gy (3.5)

(m)

However, the rate of the differed part of the one-dimensional strain II; JM( )
is more complicated to be determined. Using equation (3.3)2, we can write
(m)
Z?Hi;zz( ) _ (7712(1 B ,\Z’;)Z(t t))aa,d(T) N
ij
ot or (3.6)

(m) (m) A (t=7)) OTke(T)
+/J2]kf(0+AZ]kf gkt )T dr



A NEW INCREMENTAL FORMULATION FOR LINEAR... 401

or

ani(@(t) m i A (t—7) OTke (T
D _ g, [ e 2] oy (3.7

—00
knowing that
t

(m)
NS = IR, [ (1= e o) 22l g

— 00

t
m) .\ (m m) +(m NGO aO'kg( )
- Z(Jk%)‘gjk)ﬂakg() )\’E]k))fj’l(]k% / e v e (=7) or dr = (38)

8t

The last equation can be written as a linear differential equation and can be
integrated analytically

= ngpgﬁ)ﬂke(t)

OIGa(®) |\ m) yom ) _ m)
# Agyk)é z(yk%():']i(jkz/\z(jk)fo-kf(t) (3.9)

The solution to this differential equation gives the rate of the one-dimensional
: (m)
strain I1;;;,(t).
Finally, the general differential equations governing the non-aging linear
viscoelastic behaviour can be obtained from equation (3.4) after summation

on k and ¢ indices. One finds

(m)
Oeij(t 30M oL 0 (1)
J ZZ yke + ét_ (3.10)
m=1

where Al(;-n) (t), 1,7 € {1,2,3}, m € {1,..., M} are the solutions to the follo-
wing equations

3 3
= Z Z zyké (311)
k=1/=1

with (m)
8H1726(t) m
ét +)\£jk)é Z(jk%()

N (3.12)
The non-aging linear viscoelastic behaviour is completely defined by differen-
tial equations (3.10), (3.11) and (3.12).

We note that this formulation, written in terms of strain and stress rates,
is easily adapted to temporal discretisation methods such as finite difference

ones.



402 C. CHAZAL, R. MouTou PITTI

4. Finite difference integration

Here we describe the solution process of a step-by-step nature in which the
loads are applied stepwise at various time intervals. Let us consider the time
step At, = t, — tn,_1. The subscript n — 1 and n refer to the values at the
beginning and end of the time step, respectively. We assume that the time
derivative during each time increment is constant and is expressed by

96 _ Gij(tn) — Gij(tn—1) _ A(Gij)n

ot At YN (4.1)

where (;; represent strains or stresses. The following expressions can be then
written

0N (tn) AT (tn) — AT (80) AN (t)

() ()

ot Aty At,
(4.2)
9aij(tn) _ 0ij(tnt1) — 0ij(tn) _ Aoyj(tn)
ot Aty Aty
A linear approximation is used for stresses, and is expressed by
T—1,
O'M(T) = O'kg(tn) + Az [ka(tn+l) — O'kg(tn)]H(T — tn) (43)

By integrating equation (3.10) between t, and t¢,1, it can be written in the
form

Acij(ty) ZZ O Acke(ta) + Z ANt (4.4)

In order to determine the straln increments from thls equation, we have to
determine the strain increments AAZ(-;%) (tn).

First, let us consider differential equation (3.12). The analytical solution
to this differential equation can be expressed as

(m)A " m
Hi(jk%( ntl) — Hz(]k%( ):( ke St —1)]71(]1&( n) + 5
4.5

+ J(sz,{( _ AEﬁlAw)m(tn) + Aoty {1 _ %(1 _ Aﬁjkimn)”

Consequently, when we substitute equation (4.5) into equation (3.11), we ob-
tain the strain increments AAZ(;-TL) (tn)

M
ZAA Z Z zyké "‘f‘l Hz(]nlz%(tn)] (46)
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or
M M 3 3 (
> a4 = 3 S (A - i +
m=1 m=1k=1 (=1
(4.7)
+ JZ(J",;%{ (1 _ Aﬁjk)gAt7l)gM(tn) + Acy(ty) [1 _ % (1 e Aﬁjkimn)]}

At AT,

5. Incremental viscoelastic constitutive equations

In this section, the incremental constitutive equations can now be obtained
from equation (4.4). Substituting equation (4.7) into (4.4), we find

where D;jre(At,,) is a fourth order tensor which can be interpreted as a com-
pliance tensor, it is given by

M
0 m 1 _ (m)A n
Dijre(Aty) = Ji(jlzz + ) J,(]k% [1 - ) (1 —e )} (5:2)
m=1 At Ajie

and &;;(t,) is a pseudo-strain tensor which represents the influence of the
complete past history of stresses. It is given by

3 3
52] tn = Z Z Z ( ”MAtn)Hz(]TZ%( ) +

k=1¢=1m=1 (53)

M
-I-ZZUM [Z ZJkZ( AE”")[Atn)}
h=10=1 m=1

Finally, the incremental constitutive law given by equation (5.1) can now be
inverted to obtain

AUZ] ZZOZJM Atn Agkf( ) 5ij(tn) (5'4)

where Cjjpe = (Dijkg)_l is the inverse of the compliance tensor and o&;;(t,)
is a pseudo-stress tensor which represents the influence of the complete past
history of strain. It is given by
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3 3
Gij(tn) = > Y Cijue( Atn)&i; (tn) (5.5)
k=10=1

The incremental constitutive law represented by equation (5.4) can be intro-
duced in a finite element discretisation in order to obtain solutions to complex
viscoelastic problems.

6. Numerical results

The finite element computation is compared with an analytical solution. The
incremental constitutive viscoelastic law given by equation (5.4) is implemen-
ted in Finite Element software CASTEM (Charvet-Quemin et al., 1986). In
order to validate our method, we employ a timber specimen of side 50 mm.
The crack length chosen is 25 mm. The external load is a unit loading applied
to steel Arcan as seen in Fig. 1 (Moutou Pitti et al., 2008).

steel arms
timber element

Fig. 1. CTS specimen (Moutou Pitti et al., 2008)

This specimen has similar properties of CTS (Compact Tension Shear)
specimens used by Zhang et al. (2006), Ma et al. (2006) and developed by
Richard and Benitz (1983) for an isotropic material. The points A, and B,
with « € (1,...,7) are holes where unspecified forces can be applied with the
angle [ directed according to the crack in the trigonometrical direction. Pure
mode I (opening mode) is obtained by using opposite forces in A; and Bj
with 0= 0°. A loading with 5 =90°, in A7 and By, corresponds to the case
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of pure mode II (shear mode). Intermediary positions induce different mixed
mode configurations. The timber element is framed with perfectly rigid steel
Arcan.

In order to simplify the analytic development, a time proportionality for
the creep tensor is chosen

— (6.1)

in which Cj is a constant compliance tensor composed by a unit elastic mo-
dulus and a constant Poisson’s coefficient v = 0.4, and FE(t) represents the
tangent modulus for the longitudinal direction. In this context, the creep pro-
perties are given in terms of the creep function as given in equation (2.1)

% B ELX[H%(“@_%? +74—1.4(1—e_%t) N
+pg (1= ) 4 g (1) ¢ (6:2)
+%(1 —eamt) + 3—123(1 — et )]

where E is the longitudinal modulus and is equal to 15000 MPa (Guitard,
1987). In this context, Cp admits the following definition for plane configura-
tions

1 —v 0
., Ex
CO = v Ey > (63)
X
0 0 e
Gxy

where Ey and Gxy are the transverse and shear moduli, respectively. Their
values are fixed to: Fy = 600 MPa and Gxy = 700 MPa (elastic pine spruce
properties, Guitard, 1987).

In this test, the numerical results are compared to the analytical solu-
tion given by the isothermal Helmholtz free energy (Staverman and Schwarzl,
1952). According to the last creep tensor form, the viscoelastic compliance
takes the following form in pure mode I and pure mode II, respectively

Cy(t) = CVf(t) =7.35- 1073 f(¢)
(6.4)

Co(t) = COUf(t) = 1.47 - 1073 f (1)
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in which CY and CY are the reduced elastic compliances and
1 743, 1 74.4 1 _229 4
f() [1+m(1—e 337)+m(1—e 3337)+ﬁg(1—e 104.09)+

(6.5)
: ! 1 "
+ﬂ( —e 122751)4—@(1 e gsiéi)_i_ﬁ(l_e_%t)}
In bi-dimensional analysis, we can express the energy release rate by the

expression

G, (t) = 52C1(1) ~ CLD](*KD)? oo
6.6

2Go(1) = 5262(1) - Ca(20) (K3

where “K) and “KY are the instantaneous stress intensity factors for mode I
and mode II, respectively, computed with a classical elastic finite element
process. 'G, and 2G, are viscoelastic energy release rates in mode I and
mode II, respectively. Now, we present the comparison between the numerical
results, given by incremental formulation (5.4), and the analytical solution
given by expressions (6.6). The results are presented in Fig.2 and Fig. 3 for
pure mode I and pure mode II versus time. The average error observed in the
numerical solution is less than 1% in pure modes I and II.

030
E 0.25 (B o000
0 ’ |— analytical solution
> 020 |  numerical solution
015 [ [ [ ]
0 100 200 300 400 500 600 700 800

Times [h]

Fig. 2. Analytical and numerical solution in pure mode I for
energy release rate G,

7. Conclusions

A new linear incremental formulation in the time domain for non-aging vi-
scoelastic materials undergoing mechanical deformation have been presented.
The formulation is based on a differential approach using a discrete spectrum
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0.020

0.015

OO O=0=0=01
0.010

2@, [T/m?]

o«>«>—o—o—<>oo->-<>-<>-o—<>-<>-<>—o<—<>

(— analytical solution
o numerical solution

0.005 ’ | | |
0 100 200 300 400 500 600 700 800

Times [h]

Fig. 3. Analytical and numerical solution in pure mode II for
energy release rate 2G,,

representation for the creep tensor. The governing equations are then obtained
using a discretised form of Boltzmann’s principle. The analytical solution to
differential equations is then obtained using a finite difference discretisation
in the time domain. In this way, the incremental constitutive equations for
linear viscoelastic material use a pseudo fourth order rigidity tensor. The in-
fluence of the whole past history on the behaviour at the time t is given by a
pseudo second order tensor. This formulation is introduced in a finite element
discretisation. The numerical results obtained are compared with the analy-
tical solution in terms of the energy release rate. The method can be easily
extended to deal with ageing boundary viscoelastic problems.
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Nowe sformulowanie przyrostowe w liniowej analizie lepkosprezystosci:
rézniczkowy opis pelzania

Streszczenie

Przedmiotem pracy jest prezentacja nowego przyrostowego opisu niestarzejacych
sie materiatow lepkosprezystych poddanych deformacji w dziedzinie czasu. Sformuto-
wanie wyprowadzono z rownan rézniczkowych opartych na dyskretnej reprezentacji
widma tensora pelzania. Nastepnie, przyrostowe réwnania konstytutywne otrzymano
w drodze catkowania réznicowego. W ten sposoéb uniknigto koniecznosci zachowy-
wania w pamieci komputera historii naprezenia. Kompletna i ogélna liniowa analiza
naprezen lepkosprezystych zostala przedstawiona za pomoca przyrostow odksztalcen
i naprezen. Otrzymane wyniki symulacji numerycznych uzyskano z dobra doktadno-
Scia. Analityczne i numeryczne rozwigzania poréwnano poprzez zestawienie tempa
uwalnianej energii dla czystej postaci I i II.

Manuscript received June 12, 2008; accepted for print November 18, 2008



