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ABSTRACT

In this paper, dynamic modeling of cable-driven parallel robots (CDPRs) is addressed where each cable length is
subjected to variations during operation. It is focusing on an original formulation of cable tension, which reveals a
softening behavior when strains become large. The dynamic modulus of cable elasticity is experimentally identified
through Dynamic Mechanical Analysis (DMA). Numerical investigations carried out on suspended CDPRs with
different sizes show the effect of the proposed tension formulation on the dynamic response of the end-effector.

1 Introduction

Cable-Driven Parallel Robots (CDPRs), knowing for their large workspace, high dynamics, low cost and the facility
of assembling and dissembling, are a class of parallel robots that are actuated by flexible cables. Accordingly, CDPRs are
suitable for many applications such as: Rehabilitation [1, 2], rescue operations [3], virtual sport machines [4], pick and place
of heavy parts in a large workspace [5], painting large parts in a cluttered environment [6].
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CDPRs are composed of a moving end-effector, a fixed frame, winches and cables linking the fixed frame to the end-
effector. Two configurations of CDPRs are defined according to the number of cables and spatial layout: fully-constrained
configuration [7, 8] and suspended configuration [9, 10].

The positioning accuracy of CDPRs can be significantly degraded because of vibrations in long cables. The stiffness
analysis thus becomes a vital concern to improve the static and dynamic behaviors of CDPRs. Considering the physical
cable characteristics, the compliance of cables has mainly two origins. The first one is the axial stiffness of the cables,
which is associated with the elastic material modulus and the cable structure. The other one is the sag-introduced flexibility,
which comes from the effect of cable weight onto the static cable profile. The sag-introduced flexibility corresponds to the
gravitational potential energy stored in the cable.

Both axial and sag-introduced stiffness are discussed in the static and oscillatory modeling of CDPRs. Most of the
existing elasto-geometrical models of CDPRs deal with the axial stiffness only by considering massless cables [11, 12]. Other
works in the literature consider inextensible cables with non-negligible mass [13, 14] based on the well-known catenary cable
model established by Irvine [15]. For instance, such a cable model has been used for the static stiffness analysis of CDPRs
and validated experimentally in [16]. Vibration analysis in both directions were made and it turns out that the transversal
vibrations remain negligible with respect to the axial vibrations for several configurations [17]. In addition, an oscillatory
analysis of a 6-DOF cable-suspended parallel manipulator was established while considering the dynamic stiffness of elastic
sagging cables and validation experiments were made in [16, 18].

Few research works consider the sag-induced stiffness in the dynamic and workspace analysis of CDPRs. The cables
are often considered either rigid or elastic, namely, with an axial stiffness [19]. Simplified cable models are usually used
because they lead to lower computing-time [20]. However, those simplified models may lead to modeling errors. These
errors should be analyzed and corrected to satisfy the positioning accuracy of the robot. To better understand the dynamic
behavior of CDPRs with long cables, a dynamic model where each cable is considered with distributed mass and time-varying
length is addressed in [21]. The dynamic equations are derived using Hamilton principle. The resulting infinite dimensional
problem is transformed into a finite dimensional one using the assumed-mode method. There are few studies in the literature
about the dynamic analysis of CDPRs with long cables, and to the best of our knowledge only cable linear axial stiffness
formulation is considered. The dynamic stiffness analysis of CDPRs is made under the assumption that dynamic loads induce
only small elongations of the cables. The cable tension is usually considered proportional to the variations in the cable length
for a constant stiffness coefficient. Therefore, such a model is not valid when cables are subjected to high strains due to
large dynamic oscillations or quick cable-length variations. As a consequence, this paper aims at expressing dynamic and
oscillatory motions of CDPRs with cables subjected to fast varying lengths using a non-linear cable tension formulation [22].
This formulation reveals a softening behavior when strains become large.

No matter the constitutive formulation used to describe the stiffness behavior of the cable, the identification of the
mechanical parameters of the cable remains a practical issue. Under these conditions, a procedure to identify experimentally
the dynamic modulus of cable elasticity is then presented. Dynamical Mechanical Analysis (DMA) is used to study the effect
of loading frequency on the elastic and damping mechanical properties of a steel wire cable. The sensitivity of the dynamic
CDPR responses to the identified modulus is then presented.

This paper is organized as follows. Section 2 expresses the non-linear tension formulation, which is used for dynamic
modeling of CDPRs. The dynamic model of a CDPR with three cables and a point-mass end-effector is studied as an
illustrative example of the proposed modeling method. Section 3 presents the proposed method to identify the dynamic
mechanical parameters of steel wire cables. Section 4 presents the obtained results and analysis on the illustrative example. In
order to highlight the contributions of the paper, two CDPRs from the literature, namely the CAROCA prototype [6,23] and
the FAST robot [24,25], are studied. The effect of the proposed dynamic modeling onto the pose accuracy of their end-effector
is analyzed. Some discussions and conclusions are given in Section 5.

2 CDPR dynamic modeling based on a non-linear tension formulation

This section deals with the dynamic modeling of a suspended CDPR whose cable sagging is neglected and axial cable
vibrations only are considered. This modeling is based on a non-linear cable tension formulation, which is suitable for large
strain conditions [22].

2.1 Non-linear tension formulation
The total time-depending tension in a cable is classically expressed as follows:

T(t) = kr() + To, (M

where:
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e T(t) is the cable tension,
o r(1) is its elongation,

ES . . .
o k(1) = — is its stiffness,

1(7)

e F is its modulus of elasticity,

e S is its cross sectional area,

e /(1) is its length,

e Ty is its tension at the initial time (t = 0 s).

This linear formulation of the cable tension is commonly used and it shows a behavior similar to a linear spring with
constant stiffness k. The classical linear tension formulation expressed in Eq. (1) can not satisfy non-linear cable elasticity or
viscosity resulting from dynamic phenomena with high cable-length variations. As a result, it cannot be used for the dynamic
modeling of CDPR achieving high velocities and accelerations. Therefore, a non-linear tension formulation is required in such
a case. The work presented in [22] is adopted regarding that it provides a total non-linear tension formulation valid for high
dynamic applications. Accordingly, this paper aims to integrate this new tension formulation in CDPR dynamic modeling and
analyze its effect on the dynamic responses of the CDPR end-effector.

According to [22], the non-linear formulation is defined as follows. Applying the general Hooke’s law o(t) = E€(r),

di(t . . . . .
where de(t) = l(g))’ and assuming that cable tension, with constant cross sectional area S, can be written as T (r) = So(t),

the time derivative of the cable tension can be expressed as:

() = %[(t). @

Equation 2 shows that the time derivative of cable tension depends on the cable instantaneous length. The non-linear
tension formulation of the cable tension is obtained by integrating Eq. (2):

T(t)=ES In (ZEI)) +T. A3)

0

This non-linear tension expression is valid for high dynamic systems and does not restrict the applications with small
strains. As the cable is considered without inertia, the longitudinal wave propagation is possible and a non-linear cable
behavior exists. This non-linear tension formulation is valid when the rate of strain is much smaller than the longitudinal wave
velocity into the cable, which is usually true for flexible wires used in high dynamic cable systems and particularly CDPRs.

The dynamic modeling of CDPRs will be based on the non-linear tension formulation expressed in Eq. (3) to study
configurations where cables are subjected to high strains and large elongations.

2.2 CDPR dynamic modeling

This section aims to establish the dynamic model of a suspended spatial CDPR with three cables and three translational
DOF (Fig.1), using the non-linear tension formulation. It is a suspended cable-driven parallel robot where the cable mass
is neglected and cables keep a linear profile. As a matter of fact, heavy cables give rise to sagging problems. That leads to
non-linearities on the dynamic model of the robot and makes it more complex. The CDPR configuration is chosen such that
the cables are tensed along a prescribed trajectory and their tension remains in an elastic range. Moreover, the sag to span
ratio of the cable remains lower than 1/20 [26].

The robot cables are fixed to the end-effector and driven by three motors. The cables velocities at pulleys entrances are
equal to Vi, V5 and V3, respectively. The ith cable is attached to the fixed platform at point B; = [Biy, By, Bi;)", (i = 1,2,3).
The radius of the pulleys is supposed to be negligible with respect to the overall size of the CDPR. The end-effector is a point
mass denoted as P.

The ith cable length as a function of time is expressed as follows:

(6) = Lo+ ri(t) —/Ot\/i(t)dt, i=1,2,3 @)

where V;(¢) is the cable linear velocity at the ith pulley entrance and /; o is the ith cable length at time ¢ = 0 s under the initial
tension 7; o defined with respect to the static equilibrium.
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Fig. 1: Schematic diagram of the studied CDPR (3-DOF CDPR suspended by 3 cables)

The motion equations can be obtained by applying the Fundamental Principle of Dynamics on the end-effector of mass m
as follows:

3

mp =Y Tu; +mgu, o)
i=1

where p = [,7,7]7 is the Cartesian acceleration vector of the end-effector, T; is the norm of the tension vector of cable i and
u; is its unit vector. u is the unit vector along the direction of z-axis and g is the acceleration due to gravity. The time notations
are removed from the dynamic equations for a better readability. The cables tensions, lengths and elongations are always
time-varying.

The inverse kinematics relationships should be respected. They consist in computing the norm of the vector linking the
exit point of the fixed frame from which the cable extends, to the anchor point of the cable where it is attached to the mobile
platform. They are expressed as follows:

l,:\/(x—Xi)2+(y—yi)2+(Z—Zi)27 i=1,23 ©

where p = [x,y,z]7 is the Cartesian coordinates vector of the end-effector and b; = [x;,y;,z]” is the Cartesian coordinates
vector of point B;.

The nominal lengths of the cables are calculated while solving the ideal inverse kinematics model expressed by Eq. (6)
without considering cable mass and elasticity. These cable lengths are then used to determine the velocities at the pulleys
entrances Vi, V, and V3 that allow the end-effector to follow the desired trajectory using Eq. (4). MATLAB routine ode45
is then employed for numerical integration to calculate the resulted tensions and elongations while solving the system of
non-linear equations respecting the Fundamental Principle of dynamics expressed in Eq. (5). To compare linear and non-linear
tension formulations, cable tension 7; appearing in Eq. (5) is replaced by either the linear tension expression (Eq. (1)) or the
non-linear one (Eq. (3)). These equations are highly dependent on cable characteristics. This strong dependence requires a
good knowledge of cable parameters and the latter should be carefully identified. Therefore, the next section deals with the
dynamic mechanical analysis of some cables.

3 Steel wire cable: Identification of elasticity modulus
3.1 Modulus of elasticity

This section aims to specify the identification method of the modulus of elasticity of a steel wire cable used in the cable
tension expression. The elasticity modulus or Young’s modulus is defined as the ratio of stress along an axis to strain along that
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axis within a specified load range and strain rate range. It amounts to an elastic material stiffness. The modulus of elasticity of
a wire cable does not depend solely on the properties of the wire material, but on the wires layout and the load history too.
The determination of the modulus of elasticity of a steel wire cable is described in the International Standard ISO 12076.

The cable used in this application consists of 18 strands twisted around a steel core. Each strand is made up of 7 steel
wires (Fig. 2a). The breaking force of this cable is 10.29 kN. Force controlled cycles from 0 to 3087 N (30% of the breaking
force as specified in the International Standard ISO 12076) were applied 50 times at the rate of 0.05 mm/s. The free length of
cable between the grips of the tensile machine (Fig. 2b) is 350 mm (15 times higher than the nominal cable diameter). A wire
cable should always be loaded and relieved multiple times for identifying the modulus of elasticity. A relative steady state is
reached when repeated extension readings are consistent at both ends of the force range. Figure 3 shows the load-elongation
diagram of a rotation-resistant steel wire cable of 4 mm diameter obtained after 50 cycles.

steel core

(a) (b)

Fig. 2: Experimental setup: (a) Cross section of a rotation-resistant steel wire cable ; Carl Stahl Technocables Ref 1692 ; (b)
Thema Concept cyclic loading test bench

Figure 3 shows an elastic hysteresis loop where the unloading path does not correspond to the loading path. The area in
the center of the hysteresis loop is the energy dissipated due to internal friction in the cable. Figure 3 depicts a non-linear
correlation in the lower area between load and cable elongation. The load-elongation diagram only gets linear when all the
wires in each strand and all the strands in the cable share the load together. According to the International Standard ISO
12076, the modulus of elasticity of a steel wire cable has to be calculated using the tests reading as follows:

F309% — Fio%

_— 7
Alo—x1)’ @)

E19-30 = l¢

where A, is the metallic cross-sectional area, i.e. the value obtained from the sum of the metallic cross-sectional areas of the
individual wires in the rope based on their nominal diameters. x; and x; are the elongations at forces equivalent to 10% and
30% (Fio% and F3p9 ), respectively, of the nominal breaking force of the cable (10.29 kN) measured during the loading path
(Fig. 3). I. is the measured initial cable length.

The absolute uncertainty associated with applied force and resulting elongation measurements from the test bench outputs
is estimated to be & 1 N and £ 0.03 mm, respectively. The resulting modulus value calculated during a loading in steady
state condition is 102.2 £ 2.2 GPa. It is noteworthy that this value differs from the one classically calculated using the

cross-sectional area of the cable as a whole, i.e. S, =7 ( ) ¢ being the apparent diameter of the cable. In that case the
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Fig. 3: Load-Elongation diagram of a steel wire cable measured in steady state conditions at the rate of 0.05 mm/s

modulus of elasticity is equal to 58.2 4= 1.3 GPa. This value differs from the one obtained following the International Standard
ISO 12076. The consequences will be limited in the presented application if the definition of the cross-sectional area is the
same in the identification procedure of the cable behavior as in the tension expression used in the robot dynamic modeling
(Eq. (3)). However, vagueness in data exchange may lead to major modeling errors.

3.2 Dynamic modulus of elasticity

Most studies use the modulus of elasticity identified in quasi-static to analyze the dynamic behavior of CDPR [27] [28].
In [29], an original but complex cable model consisting of a rate independent hysteresis model and linear damper is proposed
for control of cable-driven mechanisms. In [30], an improved cable model integrating hysteresis effects during force
computation was proposed. Here, we propose to use the Dynamic Mechanical Analysis (DMA) to identify the cable stiffness
under forced oscillatory measurements [31].

The DMA supplies a sinusoidal load to be applied to the cable, which generates a sinusoidal elongation. By measuring
both the amplitude of the resulting elongation and the lag between the force and the elongation, the modulus of elasticity and
also the damping of the cable can be identified. One advantage of DMA is that we can obtain a dynamic modulus for different
frequencies of the sine wave applied, allowing us to sweep across the frequency range of the intended application. Six tests
were performed on the cable at frequencies of 0.1, 1, 2, 5, 10, and 20 Hz (Fig. 4). A preload was applied to the cable before
the sinusoidal force controlled waves, at 1500 N corresponding to an operating point in the linear area of the load-elongation
diagram.

600

400 [

200 -

Sinusoidal Load (N)
o

-200 -

-400

_600 Il Il Il Il Il Il Il Il I
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25

Elongation (mm)

Fig. 4: Hysteresis loops for a 4 mm steel wire cable preloaded at 1500 N with force controlled sine waves applied at 0.1, 1, 2,
5, 10, and 20 Hz
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The DMA allows us to calculate from the cable response to the sine wave a dynamic modulus E*, which is a complex
value. The real part of the dynamic modulus E’ represents the ability of the cable to return energy and can be assimilated to
the elastic modulus. The imaginary part E” provides the capacity of the cable to dissipate energy. The applied sinusoidal force
and resulting elongation are used to calculate the absolute value of the dynamic modulus |E*|, i.e. the ratio of the maximum
amplitude of the applied idealized stress G,y to the maximum amplitude of the resulting strain €,,,,, as well as the phase
angle @ between the force and elongation. In this paper, the definition of the strain assumes an idealized stress-strain response
with a constant metallic cross-sectional area of the individual wires in the cable, based on their nominal diameters. The
corresponding elastic, E’, and loss, E”, moduli are obtained from the dynamic modulus and phase angle as E' = |E*|.cos@
and E” = |E*|.sin@ [32]. The intrinsic damping of the cable can be described by the loss factor [33]:

E//

n= F = tan((p)v (8)

which is the ratio between the imaginary and real parts of the complex modulus. The dynamic and elastic modulus, the phase
angle ¢ and the loss factor 1 are given for each DMA test in Table 1.

Table 1: Frequency dependency of the modulus of elasticity of the steel wire cable at loading frequencies between 0.1 and
20 Hz

Frequencies (Hz) | Gqr (MPa) Emax |E*| (GPa) E' (GPa) 1G] n c(N.m1.s)
0.1 69.731 57439 107% 1214428 1205+28 68+23 0.124+0.04 22.8 10°
1 67.136 4.8474 107 1385+33 1373+33 75+28 0.13+0.05 2.87 10°
2 62.379 45499 10~* 137.1+33 1348+3.1 11.0+28 0.19+0.05 2.08 10°
5 58.654 43159107 1359+3.1 131.0+3.0 141428 0.25+0.05 1.04 10°
10 41.618 3.0490 107* 136.54+3.2 130.1+3.0 17.6+28 0.31+0.05 0.65 10°
20 24.025 1.7447 107*  137.7+33 1262+28 235428 0.43+0.05 0.44 10°

We can see that the stiffness and damping are highly dependent on frequency for a given preload, over a representative
frequency range of the CDPR behavior [16]. The elastic modulus increases significantly at very low frequencies, from
120.5 £ 2.8 GPaat 0.1 Hz to 137.3 & 3.3 GPa at 1Hz (Table 1). This is compared to the quasi-static modulus of elasticity
calculated following the International Standard whose value is equal to 102.2 + 2.2 GPa. The elastic modulus is secondly
found to decrease slowly with higher frequency. At higher frequencies, the dynamic modulus is approximately constant, with
values within the confidence interval referring to the reliability of the test procedure. Large changes in the phase angle occur
over the frequency range. The frequency-dependent loss factor appears consistent with increased hysteresis and thus loading
velocity.

The cable damping is modeled by using a linearly viscoelastic definition. Indeed, an equivalent viscous coefficient can be
defined as:

E/
Cc= N y
2nf

&)

f being the loading frequency.

These dynamic characteristics indicate how well the cable works in oscillatory motions around a static equilibrium or
along a dynamic trajectory since we can get this value for a range of frequencies. Our results show that the apparent cable
stiffness can change significantly under dynamic loading and may lead to large displacements of the CDPR end-effector.

3.3 Non-linear tension formulation of cables with linear damper
The previous part shows that the cables used for the CDPR have a frequency-dependent dynamic modulus of elasticity.
To better predict the dynamic of cables and the CDPR response, we can account for elastic cables with linear viscous damper
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model. Damping parameters are extracted from the previous part. For an elastic cable with a linear viscous damper, the cable
stress is written as follows:

o(t) = E'e(t) +c&(t) , (10)

where E’ is the real part of the dynamic modulus of elasticity and c is the correspondent damping coefficient.
As T(t) = So(t) for a constant cross sectional area cable and as the differentiation of deformation £(¢) is expressed as

(1) ,
—, W€ can write:

(1)

~

/ c . j2
T(t) = %l(r) + % (l(t) — ll((:))) : (11)

By integrating Eq. (11), the new tension formulation considering the cable damping is defined as follows:

T(t)=E'S In (ZE?>+cS§8+TO. (12)

This formulation considers the non-linear elastic behavior of the cable and its damping. It will be valid even if the system
presents high dynamics and large strains in the cables.

4 Numerical applications

This section presents some numerical results related to the dynamic behavior of non-redundant CDPRs. First, a comparison
of the CDPR dynamic behavior while using linear or non-linear tension formulations is presented in Section 4.1. Then, the
influence of the dynamic modulus of elasticity and the associated stiffening phenomenon is studied in Section 4.2. The
damping effect on the CDPR dynamic behavior is discussed in Section 4.3. In addition to the simple illustrative example
dealing with a 3-DOF CDPR with 3 cables, the dynamic responses of two existing CDPRs with different dimensions are
analyzed and compared, namely, the CAROCA prototype [6,23] and the FAST robot [24,25].

4.1 Linear and non-linear cable tension formulations
This section aims to compare the dynamic responses of three CDPRs while using linear or non-linear cable tension
formulations. For this purpose, a smooth helical trajectory is defined to be followed by the end-effector.

4.1.1 TIllustrative example of 3-DOF and 3 cables

This section aims to present numerical results associated to the dynamic behavior of the 3-DOF CDPR proposed in
Section 2, where three long cables make the end-effector move. The position vector of the exit points in the global frame are:
by = [0, 50, 50]” m, by = [0, — 50, 50]” m and b3 = [86.60, 0, 50]” m. The mass of the end-effector is m = 300 kg.

An example of a circular helical trajectory from static equilibrium to steady state is firstly proposed to evaluate the
difference between the linear and non-linear tension formulations. The end-effector of the CDPR under study is moved from
point Py of Cartesian coordinate vector p; = [28.86,0,5]” m to point P, of Cartesian coordinate vector p; = [28.86,0,20]” m
tracking a circular helix, which is defined by the following Cartesian equations (Fig. 5a):

x(t) = R cos(ta) + Po, (132)
y(t) = R sin(tq) + B, (13b)
(1) = pta+Bo, (13¢)

5 4 3 2

t t t t t

where to, = as <> +ay <> +aj <> +ar <> +ay <> +ap. The coefficients of the five-order poly-
Lsim sim sim sim sim

nomial 7, are chosen in such a way that the Cartesian velocities are null at the beginning and the end of the simulation (Fig.
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5b). R is the radius of the helix, p is its pitch, Bo, 1 and B, are constants. The resulting Cartesian velocities of the end-effector
are expressed as follows:

X(t) = —Riqy sin(ty), (14a)
¥(t) = Rig cos(ty,), (14b)
#(t) = pla. (14¢)
25 T T T T T T T T T
2t z
—
254 151 z

Ry

Py

(m)
o
ya
End-effector Velocity (m/s)
I
(4]

5.l
5 15
2+
o5l . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50
Time (s)
(a) End-effector trajectory (b) End-effector Cartesian velocities
Fig. 5: Circular helical trajectory
£
8
g
.§
3
2 L
0 5 10 15 20 25 30 35 40 45 50
Time (s)
Fig. 6: Cable linear velocity profiles
For this case study, the chosen parameters are: as = 367, as = —907, a3 = 60w, ap =a; =ap =0, p=0.5 m,

Bo=23.86m, B =0m, =5 m, R=>5 m and #;, =50 s. The initial cables lengths are /j g =1l o=130=73.2 m.
The simulation starts from the static equilibrium defined with the following initial conditions: T1 9 = Tr o = T30 = 1594.1 N,
F0=70=7r30=0m/s and ¥ g = i o =730 =0 m/s2. Figure 6 illustrates the cable linear velocities as a function of time
for the end-effector to follow the desired trajectory shown in Fig. 5a.

CDPR with purely elastic cables will be first simulated to evaluate the difference between linear and non-linear tension
formulations. In this simulation, the quasi-static equivalent modulus of elasticity is used. As this modulus is identified while
respecting the International Standard ISO 12076, the cross sectional area S should be assimilated to A, and not as a whole
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(S=A.#S,). For S = A, =7.1675 x 10~° m?, the quasi-static equivalent modulus of elasticity is E = 102.2 & 2.2 GPa as
identified experimentally.

The time histories of the tension, the elongation and the strain (defined as ;((3) of each cable when the end-effector
moves from point P; to point P, following the circular helical trajectory are plotted in Fig. 7. The comparison between the
simulation results obtained with the linear tension (Dash-dot lines) and the non-linear tension formulation (continuous lines)
is made. In both cases, the cable tensions remain positive which is a necessary condition for CDPR control. It can also be
noticed that the generated trajectory has sufficient smoothness properties to avoid the excitation of the mechanical resonances
of the end-effector suspended on the global cables stiffness. The loading frequency is only defined by the time variation of the
cable linear velocity (Fig. 6).

These simulation results show that the difference in terms of cable elongation response can reach up to 2.4 mm at 27.5 s
for the first cable, representing 14 % of the global instantaneous elongation. The difference in terms of strain achieves 0.003 %,
representing 12 % of the global instantaneous strain in cable 1. The maximum difference is about 2.9 mm for the second cable
at 39 s. Note that the cable tensions are the same whichever tension formulation is used. Tension curves are superimposed
(Figures 7a, 7d and 7g). The non-linear tension formulation reveals a softening behavior when strains become large. In this
particular example of large-dimensions CDPR, the consequences on the evaluation of the end-effector position tracking error
can be quite important as depicted in Fig. 8. The positioning error, which is the difference between the desired position of
the end-effector and the real one, is assessed along each axis of the base frame. The end-effector trajectory can differ up to
1.5 mm along the x-axis, 1.4 mm along the y-axis and 2.9 mm along the z-axis depending on the formulation. Even if the
end-effector position tracking errors are relatively small compared to the overall size of the robot in this particular example,
this represents a maximum relative difference of 22 % in the computation of the end-effector tracking errors. This emphasizes
the value of the proposed approach for some applications with large dimensions, which improve the tracking accuracy by a
model-based compensation [34]. The relevance of the proposed method formulation should be also verified for a CDPR with
smaller dimensions. For this purpose, a comparison between the dynamic responses of two existing CDPRs with different
sizes is presented thereafter.

4.1.2 Semi-industrial examples

The previous example aims to highlight the difference between linear and non linear cable tension formulations. For a
better understanding of the effect of the cable tension model onto the moving-plateform pose estimation, two semi-industrial
CDPR prototypes are considered in this section: The 6-dof FAST robot [24,25] composed of 6 cables and the CAROCA
prototype developed at IRT Jules Verne [6,23] in a configuration such that it contains 3 cables and performs 3-DOF translational
motions. Both CDPRs are described in Tab. 2. This latter presents the height, width, the unstrained cables length when the
end-effector is in a home position, the end-effector mass and the maximum cable tension.

Table 2: Characteristics of CAROCA and FAST CDPRs

Height (m) Width (m) Unloaded cable End-effector =~ Maximal design allowable
length (m) mass (kg) cable tension (kN)
CAROCA 35 7 4.6 100 10
FAST 376 500 284.7 10000 500

¢ CAROCA
The Cartesian coordinates of the cable exit points for the CAROCA prototype (Fig. 9a) are expressed as: by =[3.5, —2, 3.5]7
m, by = [0, 2, 3.5]” m and by = [-3.5, —2, 3.5]7 m into the base frame. The CAROCA end-effector follows an helical
trajectory whose parameters are: as = 3.6T, a4 = —9M, a3 = 6M, ay = a1 = ap= 0,p=02m,Bp= O0m, B; =0m,
B2 =0.1 m, R =1 m and #;,, = 4 s. The same cables parameters as the previous example are used . For purpose of visibility,
only the second cable behavior is plotted (Fig. 10).

The tension, elongation and strain profiles for cable 2 obtained with both the linear and non-linear cable tension models,
when the end-effector tracks the helical trajectory going from point P of Cartesian coordinate vector p; = [1, 0, 1]7 m to
point P, of Cartesian coordinate vector p, = [—0.4, 1, 1.37]7 m, are plotted in Fig. 10.

These simulation results show that the maximum difference in terms of strain is about 0.0014 %, representing 15.06 % of
the global instantaneous strain. The difference in terms of cable elongation reaches up to 0.034 mm for the second cable,
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200 representing 25.27 % of the global elongation at 4 s. As shown in Fig. 11, there is a small difference between the positioning

error of the end-effector calculated while considering a linear cable tension model and the one estimated by considering
a non-linear cable tension model. This difference is about 0.06 mm and amounts to 6.26 % of the global positioning
error of the end-effector. Note that it is difficult to validate those theoretical results experimentally due to the small varia-

tions in positioning errors that cannot be measured accurately with a absolute measuring position system such as a laser tracker.
245

e FAST
Figure 9b represents a schematic of the 6-dof FAST CDPR described in [13]. Its end-effector moves along an helical
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path from point Py of Cartesian coordinate vector p; = [0, 0, — 150]7 m to point P, of Cartesian coordinate vector
p2 = [—19.64, 14.27, —138.7]" m within t,;,, = 40 s. The trajectory parameters ao, a1, a2, a3, a4 and as are the same as
those used to define the trajectory followed by CAROCA, i.e., p=6m,R=15m, Bp =-15m, B; =0 mand f; = —150 m.

Figure 10 represents the time history of the tension, the elongation and the strain profiles for the second cable of the
FAST robot by considering a linear and non-linear cable-tension models, respectively. The simulation results show that the
difference between the elongations assessed with linear or non-linear cable tension formulations is equal to 8.7 mm at 38 s,
which amounts to 7.2 % of the global instantaneous cable elongation. This difference is due to variation in cable stiffness and
leads to a sudden cable tension change (about 71.35 N). The maximum difference in terms of cable strain is about 0.0031 %,
which amounts to 7.42 % of the global instantaneous strain of the second cable. Finally, as shown in Fig. 11, the difference in
terms of end-effector positioning error is up to 21.52 mm at 40 s.

As a conclusion, for very large CDPRs such as the FAST robot, the cable tension model that is considered to estimate
the pose error of the end-effector do affect the results. Although the variations in pose error estimation obtained from one
cable tension model to the other one remain small with respect to the CDPR size, the non-linear cable tension had better be
considered to improve the end-effector trajectory tracking.

4.2 Dynamic stiffening

In the previous section, the end-effector performs a smooth and continuous motion limiting the oscillations. Therefore, a
trapezoidal-velocity trajectory is chosen to analyze the influence of the cable modulus of elasticity on the CDPR dynamic
behavior. The lack of smoothness of the trajectory is chosen here to excite the end-effector on its fundamental rigid-body mode
frequencies [16]. The shape of the cable linear velocities at the pulley entrance is defined such as the motion is uniformly
accelerated until the linear cable velocities achieve the limit value V,,,, (Fig. 12a). Linear cable accelerations are defined by
the coefficients a;, a; and a3 expressed in m/s2.

To better visualize the effect of the dynamic stiffness on the dynamic and oscillatory motions of the CDPR, the natural
frequencies of the cable manipulator are determined by solving the generalized eigenvalue problem associated with the
apparent stiffness of the CDPR. Let f; denote the first natural frequency, f> the second natural frequency and f3 the third
natural frequency.

Both the numerical example and the CAROCA prototype are analyzed to check the effect of the frequency dependency of
the dynamic stiffness with respect to the CDPR dimensions.

For the example under study, the coefficients of the cable trapezoidal-velocity profiles are a; = 0.3 m/s?, ay = 0.25 m/s?,
a3 = —0.25 m/s? and V,zy = 1 m/s. As a result, the manipulator tracks a straight line from point P; of Cartesian coordinate
vector p; = [28.86,0,5]7 m to point P; of Cartesian coordinate vector p3 = [20.30,0.23,8.5]7 min 7 s (Fig. 12b).

As mentioned in Section 3, DMA allows us to identify the cable’s modulus of elasticity under forced oscillatory motions
in the frequency range of the intended application. The time histories plotted in Fig. 13 show a resulting forced elongation at a
frequency between 1 and 2 Hz, which corresponds to the frequency of the fundamental rigid-body mode of the end-effector
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Figure 13 shows the tension, the elongation and the strain of the first cable when the value identified in quasi-static at
E= 102 GPa (continuous line) or in dynamic at E’= 134.8 GPa at 2 Hz (dashed lines) is used. These curves are computed for
the non-linear tension formulation without damping. Since the value of the modulus of elasticity is different, a difference in
terms of the oscillation frequency appears in the cable responses. The oscillation frequency increases due to the dynamic
stiffening phenomena. This dynamic cable stiffening leads to reduce the elongation amplitude over the trajectory. The
differences on the end-effector position tracking error are significant both on the shape of the curves and on their level
(Fig. 14). The end-effector trajectory can differ up to 8 mm along the x-axis, 4.5 mm along the y-axis and 9 mm along the
z-axis depending on the chosen stiffness. The magnitude of the end-effector positioning errors is significant. Even if these
values are relatively small compared to the overall dimensions of the CDPR under study, this represents a maximum relative
difference of 24 % in the computation of the end-effector tracking errors.

Figure 15 represents the time variation of the three natural frequencies for different cable stiffnesses. The fundamental
natural frequency when the dynamic stiffness is considered is around 1.9 Hz. However, when the quasi-static stiffness is
considered, the fundamental natural frequency of the CDPR is around 1.67 Hz.

As the dynamic modulus of elasticity is higher than the quasi-static one, a difference in terms of the oscillation frequency
appears in the cable responses. The increase of the oscillation frequency comes from the dynamic stiffening phenomenon,
which leads to a reduction in the cable elongation magnitude along the trajectory. It is noteworthy that the dynamic modulus
of elasticity tends to increase the natural frequencies.

The CAROCA prototype is also analyzed to check whether the dynamic stiffness has an effect onto the natural frequencies
of a smaller CDPR.

The coefficients of the considered cable trapezoidal-velocity profile are a; = a; = a3z =0.2 m/s? and V., = 0.5 m/s. The
end-effector of the CDPR moves from point P; of Cartesian coordinate vector p; = [1, 0, 0.1]7 m to point P; of Cartesian
coordinate vector p3 = [0.74, —0.4, 2.6]” m within 4 s.

From Fig. 16, a resulting forced elongation is observed at a frequency between 10 and 11 Hz, which corresponds to the
frequency of the fundamental rigid-body mode of the end-effector suspended onto the global cable stiffness. Based on the
experimental data given in Table 1, the corresponding value of the dynamic modulus of elasticity is £’= 130.1 GPa & 3.0 GPa
at 10 Hz instead of E= 102 GPa + 2.2 GPa in quasi-static.

The end-effector trajectory can differ up to 1.26 mm along the z-axis, 0.1 mm along the x-axis and 0.05 mm along the
y-axis depending on the chosen stiffness. This represents a maximum relative difference of 16.2 % in terms of end-effector
tracking errors. The frequency dependency of the dynamic stiffness has the same effects onto the CAROCA as the previous
example. Therefore, one can claim that the dynamic and oscillatory responses of the end-effector and cables depend strongly
on the dynamic stiffness no matter the size of the CDPR.
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4.3 Axial cable damping

To show the influence of axial cable damping on the CDPR dynamic behavior, the results of the simulations with the
non-linear tension formulation without (continuous line) and with (pointed line) damping are plotted in Figures 17 and 18.
As the oscillation frequency of the CDPR under study is between 1 and 2 Hz, the corresponding dynamic parameters are
selected in Table 1 (Section 3). At 2 Hz, the cables damping coefficient is ¢ = 2.08 x 10° N.m~!.s and its correspondent
dynamic modulus of elasticity is E/ = 134.8 GPa. Using these dynamic parameters, the time histories of cable tension and
elongation are presented in Fig. 17. These curves show that the cable response is obviously highly sensitive to cable damping.
The oscillations of the damped model decay during the transient phases between 0 to 3.4 s and between 3.4 to 8 s whereas the
conservative model exhibits no energy loss as expected. The influence of the damping is also significant on the evaluation of
the end-effector position tracking error (Fig. 18).

The contribution of these simulations is to show how the cable modulus of elasticity substantially affects the dynamic
behavior of CDPR. The results stress the importance of choosing the appropriate method of identification in relation to the
frequency range of the CDPR response. Some experiments should be performed on a CDPR prototype later on to analyze the
correlation between theoretical and experimental results.

5 Conclusions

A new non-linear cable tension expression for Cable-Driven Parallel Robots (CDPRs) was proposed in this paper to deal
with axial cable vibrations. This non-linear cable tension formulation expresses the relationship between cable tension and the
resulted elongation and is valid for fast time-varying cable tensions with large strains. The estimated trajectory followed by the
end-effector and its position errors depend on the cable tension model. As the new tension model depends strongly on cable
characteristics, Dynamic Mechanical Analysis (DMA) was used to identify carefully the dynamic elastic and damping moduli
of some cables. Then, those cable dynamic parameters were integrated into the non-linear cable tension formulation, which
allowed us to study the dynamic behavior of a 3 degree-of-freedom CDPR while considering both linear and non-linear cable
tension formulations. The comparison between the dynamic responses of the two semi-industrial CDPRs of different sizes
shows that substantial differences between the proposed non-linear approach and the classical linear one are more meaningful
for large-size CDPRs. Accordingly, the first contribution of this paper deals with a good choice of the cable tension model
with regard to the CDPR size and dynamics. Moreover, this paper reveals that the dynamic stiffening of the steel cables has an
important effect onto the dynamic and oscillatory motions of the end-effector no matter the CDPR size. This finding supports
the idea to adjust each cable model and parameters to the CDPR dynamic model for a good trajectory tracking. Non-redundant
CDPRs have been studied in this paper. Future work will generalize this study to redundant six degree-of-freedom CDPRs.
The redundancy allows us to increase the minimum cable tension and then to avoid cable slackness along high dynamic
trajectories. The modeling approach for such CDPRs requires the integration of tension distribution algorithms that impose to
use extended arithmetic in discrete-time control, which may lead to drastic differences in the cable tensions when compared to
usual continuous time simulation [35].
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