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ABSTRACT

The classical Galois theory deals with certain finite algebraic extensions and estab-
lishes a bijective order reversing correspondence between the intermediate fields and the
subgroups of a group of permutations called the Galois group of the extension. It has been
the dream of many mathematicians at the end of the nineteenth century to generalize these
results to systems of algebraic partial differential (PD) equations and the corresponding
finitely generated differential extensions, in order to be able to add the word differential
in front of any classical statement. The achievement of the Picard-Vessiot theory by E.
Kolchin between 1950 and 1970 is now well known.

The purpose of this paper is to sketch the general theory for such differential exten-
sions and algebraic pseudogroups by means of new methods mixing differential algebra,
differential geometry and algebraic geometry. As already discovered by E. Vessiot in 1904
through the use of automorphic systems, a concept never acknowledged, the main point is
to notice that the Galois theory (old and new) is mainly a study of principal homogeneous
spaces (PHS) for algebraic groups or pseudogroups. Hence, all the formal theory of PD
equations developped by D.C. Spencer around 1970 must be used together with modern
algebraic geometry, in particular tensor products of rings and fields.

However, the combination of these new tools is not sufficient and we have to create
the analogue for Lie pseudogroups of the so-called invariant derivations introduced by A.
Bialynicki-Birula after 1960 in the study of algebraic groups and fields with derivations. We
shall finally prove the usefulness of the resulting differential Galois theory through striking
applications to mechanics, revisiting shell theory, chain theory, the Frenet-Serret formulas
and the integration of Hamilton-Jacobi equations.

KEY WORDS Classical Galois theory, Differential Galois theory, Differential algebra,
Differential extensions, Tensor products of rings, Automorphic systems, Algebraic groups,
Algebraic pseudogroups, Principal homogeneous spaces, Shell theory, Chain theory, Frenet-
Serret formulas, Hamilton-Jacobi equations.



FOREWORD

The classical Galois theory deals with certain finite algebraic extensions and estab-
lishes a bijective order reversing correspondence between the intermediate fields and the
subgroups of a group of permutations called the Galois group of the extension.

It has been the dream of many mathematicians at the end of the nineteenth century
to generalize these results to systems of linear or algebraic ordinary differential (OD) or
partial differential (PD) equations and the corresponding finitely generated differential ex-
tensions, in order to be able to add the word differential in front of any classical statement.
Among the tentatives, we may quote the Picard-Vessiot theory dealing with differential ex-
tensions having finite transcendence degree, where the Galois group is an algebraic group
that can be considered as a linear algebraic group of matrices. We may also quote the
Drach-Vessiot theory dealing with differential extensions having an infinite transcendence
degree but a finite differential transcendence degree where the Galois group is an algebraic
Lie pseudogroup. The achievement of the Picard-Vessiot theory by E. Kolchin and cowork-
ers between 1950 and 1970 is now well known.

The purpose of this chapter is to sketch the general theory for arbitrary partial differ-
ential extensions and algebraic Lie pseudogroups by means of new methods mixing dif-
ferential algebra, differential geometry and algebraic geometry. As already discovered by
Vessiot in 1904 through the use of automorphic systems, a concept still neither known nor
acknowledged, the main point is to notice that the Galois theory (old and new) is mainly a
study of principal homogeneous spaces (PHS) for algebraic groups or pseudogroups. Hence
all the modern formal theory of OD or PD equations (D.C. Spencer and coworkers around
1970) must be used together with the modern algebraic geometry missing in the work of
Kolchin, in particular tensor products of rings and fields.

However, as will be shown by means of explicit counterexamples, the combination of
these new tools is not sufficient and we have to create the analogue for Lie pseudogroups
of the so-called invariant derivations introduced by A. Bialynicki-Birula after 1960 in the
study of algebraic groups and fields with derivations.

After recalling the mathematical foundations of the resulting differential Galois theory,
our main purpose will be to prove its usefulness through striking applications to mechanics,
revisiting in particular shell theory, chain theory, the Frenet-Serret formulas and the inte-
gration of Hamilton-Jacobi equations.



1) INTRODUCTION

Evariste Galois died on may 311832, at the age of 21 in a duel. Though he introduced
the word ” group ” in mathematics for the firs time in 1830, his work has only been known
fifteen years later. Then group theory attracted more and more people, slowly passing from
the field of pure algebra to the field of differential algebra, with applications ranging from
the domain of pure geometry to the domain of differential geometry.

A major step ahead has been achieved by Sophus Lie in 1880 with the introduction
of Lie groups of transformations and, in 1890, with the understanding that these groups of
transformations were in fact only examples of a wider class, now called Lie pseudogroups of
transformations, that is groups of transformations solutions of a system of OD or PD equa-
tions, in general non-linear and of rather high order. Let us illustrate this point of view with
a few examples that will be used later on in a quite different setting. The group y = ax + b
of affine transformations of the real line can be considered after differentiating twice as the
set of solutions of the second order OD equation y,, = 0 with standard notations, on the
invertibility condition y, = a # 0. However, it is not so evident that the group of projective
transformations y = (ax + b)/(cx + d) is made by the invertible solutions y, # 0 of the
third order schwarzian OD equation (Yyzz/Yz) — %(ym/ yz)2 = 0 and it is a pure chance
that an explicit integration can be exhibited by any student after some work. Hence the
concet of parameter which is crucial in the first approach has no longer any meaning in the
second approach. Going on this way in R?, volume preserving transformations are defined
by the jacobian condition yiy2 — yiy32 = 1 while complex transformations are defined by
the linear Cauchy-Riemann PD equations yi — y3 = 0,43 + 42 = 0 and one may introduce
similarly contact transformations of R3 or symplectic transformations of R* and so on, with
no longer any parameter involved.

With more details, the idea is to consider a group G as a manifold of dimension p with
local coordinates a = (a', ..., aP) indexed by greek indices p, o, 7, with a composition law
G x G — G : (a,b) — ab, an invers law G — G : a — a~! and an identity e € G such
that a(bc) = (ab)c,ae = ea = a,aa"' = a~ta = e,Va,b,c € G. The group G is said
to act on a manifold X with local coordinates x = (x!,...,2™) if there is an action map
X x G — X orrather its graph X x G — X x X : (z,a) — (x,y = ax = f(x,a)).
The point zx is called the source of the transformation while the point y is called the target.
The action is said to be free if its graph is injective and transitive if its graph is surjective.
Moreover, X is said to be a principal homogeneous space (PHS) for G if the graph is an
isomorphism. The set Gz = {ax | a € G} is called the orbit of = under G and the action
is said to be effective if ax = z,Vx € X = a =e.

Let T be the tangent vector bundle of vector fields on X, 7™ be the cotangent vector
bundle of 1-forms on X and A®*T™ be the vector bundle of s-forms on X with usual bases
{dx! = dz' A...Adz"} where we have set [ = (i1 < ... < is). Also, let S, T* be the vector
bundle of symmetric g-covariant tensors. Moreover, if £, € T are two vector fields on X,
we may define their bracket [€,m] € T by the local formula ([¢, 7)) (x) = £"(2)0,n' (x) —

1°(2)9;&' () leading to the Jacobi identity ¢, [0, (]} + [0, [C, €]} + (¢, [§,m] = 0,¥¢,n,C €



T. We have also the useful formula [T'(f)(§),T(f)(n)] = T(f)([{,n]) where T'(f) :
T(X) — T(Y) is the tangent mapping of a map f : X — Y. Finally, we may introduce
the exterior derivative d : N"T* — N TIT* . w = wrde! — dw = dwrdz® A dx! with
I ={i; <..<i,} and we have d*> = d o d = 0 in the Poincaré sequence:

AT Ly Al Ay p2pe Ay A e

Defining the algebraic bracket j,([§,1]) = {jq+1(§), Jg+1(n)} with a slight abuse of lan-
guage and recalling the Spencer operator D : Jyp1(E) — T* @ Jy(E) : for1 —
J1(fq) — fg+1 with (qu+1)ﬁ7l- = Bif[j — ffjﬂi for any vector bundle E, we may set
E =T and define a differential bracket of Lie algebra on J, (1) by the formula:

[€asnq] = {&q+15 g1} +(€) Dngr = i(n) DEg1, YEq,mq € Jo(T)

which does not depend on the lifts and where () is the standard interior multiplication of a
1-form by a vector [19,22,23].

We now recall two results of Lie that will be of constant use in this chapter:

o First fundamental theorem:

The orbits z = f (¢, a) satisfy 9z’ /0a’ = HZ(x)wé’(a) with det(w) # 0. The vector fields
0, = 0,(x)0; are called infinitesimal generators of the action and are linearly independent
over the constants when the action is effective.

o Second fundamental theorem:
If {61, ...,0,} is a basis of the infinitesimal generators of the effective action of a Lie group
G on X, then [0, 0,] = c],0; where the c],, are the structures constants of the Lie algebra

g = Te(G)‘

Coming back to the work of Lie and Vessiot on what is now called Lie pseudogroup
while Lie groups correspond to actions of groups, we denote by aut(X) the pseudogroup
of all local diffeomorphisms of X and define the sub-fibered manifold IT, (X, X) C J,(X x
X) by the condition det(y¥) # 0.

DEFINITION 1.1: We may say that I" C aut(X) is a Lie pseudogroup of transformations
defined by a system of OD or PD equations R, C II,(X, X) with n independent variables
x and the same number of unknowns y if, whenever y = f(x) and z = h(y) are two local
invertible transformations solutions of this system that can be composed in aut(X), then
z=ho f(xr)and x = f~'(y) = g(y) are again solutions.

As seen on the previous examples, such a definition is totally useless in actual prac-
tice unless one can provide an explicit form for the generic solutions of the defining sys-
tem of ODE or PDE which may be highly nonlinear. Let us now introduce fwo mani-
folds, namely the source manifold X with dim(X) = n and the target manifold Y with
dim(Y’) = m and local coordinates y = (y',...,y™). Hence, considering a target trans-
formation y = ¢g(y) € I',amap f : X — Y : 2 — y = f(z) and using the chain



rule for derivatives, we obtain successively ¥, = g—gyx,gm = g—gym + %ymym in a
symbolic way, and so on. Accordingly, we may look for differential invariants, namely
functions ®(y, Yz, Yuz, ...) preserved by the action of I' on the target, that is such that
(Y, Yy Yzzs ) = (Y, Yy Yaz, -..). We may also look for infinitesimal transformations of
the target y — y = y + tn(y) + ... where ¢ is a small constant parameter and extend it to
Yo = yx+t%;1yx, Yoz = ym%—t(g—zym%—%ywx), v = (1, vy piny) is @ multi-index
with length | o |= p1 4+ ... + ppand g+ 1; = (1, ooy i1, fi + 1y fip 1, ooy fin), We may
set y, = {yﬁ | 0 <k <m,0 <| ul|< q,5 = y} and introduce the following formal
derivative on functions of (z,y,) in order to get functions of (x, yg+1):
d 0 i 0

doi  Bai T YetligyE

We may thus define the g-prolongation p,(n) of the target infinitesimal transformation

n = nk(y)% € T(Y) by the formula p,(n) = dunk%. Now, if © C T denotes the
N

set of infinitesimal transformations of I' C aut(X), one can prove that [R,, R,| C R,
when R, = id(;lV(Rq) if we set id, = j,(id) for the identity transformation y = x. It
follows that such a condition can be checked by means of computer algebra, contrary to
the condition [©,0] C O. In the formula for p,(n), we may replace the derivatives of 7
with respect to y by a section 7, € R,(Y") and denote by £(n), the vertical vector in V' (R)
obtained. One can then prove that we have the important formula:

[ﬁ(nq), ﬁ(Cq)] = ﬁ([%a Cq]

Applying the Frobénius theorem, on the resulting distribution of vertical vector fields on
R4, we may obtain a fundamental set {®7 (y,) of funtionnaly invariant differential invari-
ants.

Setting now Y = X and y = x, we may summarize the previous results as follows:

o First fundamental result of Vessiot:

Any source transformation commutes with any target transformation and exchanges there-
fore among them te differential invariants of a fundamental set. Patching coordinates, we
may therefore obtain a natural bundle F over X of order q, also called bundle of geo-
metric objects of order ¢, both with a section w in such a way that I' = {f € aut(X) |

Jo(H) 7 w) = w}.

EXAMPLE 1.2: With n = 2, m = 2, let us introduce the manifolds X with local coordi-
nate (x!, %) and let Y be a copy of X with local coordinates (y',y?). We may consider
the algebraic Lie pseudogroup T’ C aut(X) of (local, invertible) transformations of X pre-
serving the 1-form o = x?dz! and thus also the 2-form 3 = dz' A dz?, that is to say made
up by transformations y = f(z) solutions of the Pfaffian system y2dy' = 22dz' and thus
dy' A dy? = dx' A dz?. Equivalently, we have to look for the invertible solutions of the
algebraic first order involutive system Ry C II; (X, X) defined by the first order involutive
system of algebraic PD equations in Lie form:

ol=yy =2, PP=yty=0 = =Tt =ys - yayi =1



We let the reader check that the corresponding natural bundle over X is F = T* x x A2T*
with section w = (a, 3) and we notice that dy®! — da®! + ®3 = 0, that is da + 3 = 0. By
chance one can obtain the generic solution y' = f(x!), y? = 22/(0f(x')/0x') where
f(x!') is an arbitrary (invertible) function of one variable. The linearized system over the
target Y is:

o' 0 on'  on?

2O0 g Ot ot o
oy! o2 oyt T o

Now, with n = 1, m = 2, introducing a manifold X of dimension n = 1 and a different

manifold Y of dimension 2 with a map y = f(z) while considering the corresponding

transformations of the jets (y',%2,yL, 42, ...), we obtain the distribution generated by:

_ 0 2@ 10 20 4 10
{al_aylae ya ymay +y:va 2593_y:vay%}

which has the only generating differential invariant ® = %y = y%y. because its generic
rank is 3 and it is easy to check the commutation relations [0, 02] = 0, [01, 03] = 0, [f2, 03] =
—203. The corresponding natural bundle with local coordinates (z,u) is 7% = T*(X) be-
cause it has the transition rules (Z = p(z), 4 = u/= Al )).

The next proposition is important but its proof is out of the scope of this book [22]:

PROPOSITION 1.3: For any function ® € II,(X, X) we have:

(1 s1)ds® = di(t(ny).®) — yfﬁwnqﬂ(a%))@

If ® is a differential invariant at order ¢ and 7,41 € Rg41, then D,y € T" ® R,
over the target and the right member vanishes, that is d;® is a differential invariant at order
q + 1. Consider now a maximal number of formal linear combinations of the d;®” that
do not contain jets of strict order q. We can always suppose that they begin with a leading
term equal to 1 and we may apply #(R,+1) in order to find a contradiction unless the other
coefficients of the combinations are killed by f(R,) and are thus only functions of the ®, a
result leading to identities of the symbolic form:

1(j1(®)) = A(®)d® + B(®) =0

Taking now the reciprocal images with respect to the corresponding sections when Y is a
copy of X, we obtain the vector bundles:

T=id {(V(X xY), Ry=idy)  (V(Ry), F=w '(V(F))
and an operator:

DT Fié L(Ew= %jq(emp(t@)*l(w) o= O

where L£(£) is the Lie derivative of a geometric object with respect to a vector field £. We
notice that D is a Lie operator in the sense that D = 0,Dn = 0 = D[¢,n] = 0.



Finally, introducing the vector bundle J,(T") of g-jets of T" with sections &, over & trans-
forming like j,(&), we have F' = J,(T")/R, and we may introduce its Medolaghi form
[19,22]:

O = —L;“(w(w))fﬁ +&0.w () =0

with 0 <| p |< ¢, a result showing that the coefficients of D only depend on w but the last,
exacily like the standard Lie derivative of tensors. In particular, if I' contains the transla-
tions £ = cst, then w must be locally constant.

o Second fundamental result of Vessiot:
The map ﬂgH : Rgp1 — Ry is surjective for a general section w of F if and only if it is
indeed surjective for the special section and if the Vessiot structure equations:

I(j1(w)) = e(w)

are satisfied, where the section w — ¢(w) is invariant under any diffeomorphism and only
depends on a certain number of constants called structure constants satisfying purely alge-
braic equations J(c¢) = 0 called Jacobi conditions by analogy with the case of Lie groups,
even though there is no Lie algebra structure behind.

EXAMPLE 1.4: In the preceding example we have do = —f3 when o = 2%dz', 3 =
dz' A dx? and thus one structure constant ¢ = —1 only. However, we may choose
a = da', B = dx' A dx? a choice leading to ¢ = 0 and to the new (non-isomorphic)
pseudogroup y' = x! + a,y? = z + g(z'). Moreover, we have proved in [26] that, in the
case of a Riemann structure, that is when F = ST and w is such that det(w) # 0, there
are indeed rwo structure constants but .J(c) is linear in such a way that they must be equal
and there is finally the only constant of the constant Riemann curvature condition. We do
not believe that such a result or even situation is known.

We have explained the deep contribution of Vessiot to the formal theory of Lie pseu-
dogroups, made as early as in 1903 [19,22,26] but still neither known nor acknowledged
today, and we are in position to sketch the other important contribution of Vessiot to the
differential Galois theory, made as early as in 1904 [29] but still neither known nor ac-
knowledged today.

First of all, a group of permutation can be represented as a group of matrices with entries
equal to 0 or 1, having a single 1 in each row or column. For example, the group &5 of per-
mutations in 2 variables is {(12) — (12), (12) — (21)}, the first matrix is the identity 2 x 2
matrix while the second is the anti-diagonal 2 x 2 matrix. Then it is well known that any
algebraic group can be realized by a linear algebraic group of matrices. Also, an algebraic
pseudogroup must be defined by a system of algebraic OD or PD equations, the above per-
mutation group being defined by the algebraic equations (y' 412 = 2! +22,y'y? = z'2?).
However, the pseudogroup defined by the condition that the Jacobian matrix should be of
the form:



1 0 0
A1 0
0 0 e

is not an algebraic pseudogroup because one of the defining OD equations is easily seen to
be y3 — exp(y}) = 0. We have the inclusions:

finite groups C algebraics groups C algebraic pseudogroups

Now, if K C L are fields, then L can be considered as a vector space over K and
we shall set | L/K |= dimg(L). Also,if the extension L/K is not an algebraic exten-
sion, that is if L contains elements which are not algebraic over K, that is which are not
roots of a polynomial with coefficients in K, then the maximum number of algebraically
independent such elements is well defined, only depends on L/K and is called the tran-
scendence degree trd(L/K) of L /K. More generally, a differential integral domain A is
a ring without any divisor of zero and with n commuting derivations 01, ..., 9, such that
Oi(a + b) = 0;a + 0;b,0;(ab) = (0;a)b + ad;b,Va,b € A, Vi = 1,...,n. Such a defi-
nition can easily be extended in order to define a differential field by introducing the field
K = Q(A) of quotients of A while setting 9;(a/b) = (9;a)b — ad;b)/b*,Va,b € A with
b # 0. Similarly, if L/K is a differential extension, that is if K C L and the derivations
of K are induced by those of L, then the maximum number of elements of I which are
not differentially algebraic, that is which are not solutions of a differential polynomial PD
equation with coefficients in K, is well defined and is called the differential transcendence
degree dif f trd(L/K). The first basic idea of Vessiot has been first to establish a kind of
“classification ” of the differential Galois theory, namely:

e CLASSICAL GALOIS THEORY : | L/K |< oc.
systems of algebraic equations <+ finite groups.

e PICARD-VESIOT THEORY: trd(L/K) < oo, dif f trd(L/K) = 0.
Systems of algebraic OD or PD equations <+ algebraic groups.

e DRACH-VESSIOT THEORY: trd(L/K) = oco,dif ftrd(L/K) < oc.
Systems of algebraic PD equations <> algebraic pseudogroups.

The next crucial step is to establish a specific link between the systems and the groups
and this will be the heart of this chapter. In order to sketch the underlying idea in the most
elementary way, let us review for a few lines the classical Galois theory and see how one
could add the word “differential ” in front of the concepts. If L/ K is an algebraic extension,
we denote by iso(L/K) the set (care) of isomorphisms ¢ : L — M of L into another field
M containing K and such that p(a) = a,Va € K and ¢(a + b) = ¢(a) + ¢(b), p(ab) =
o(a)p(b),,Va,b € L. We denote by aut(L/K) the group of automorphisms of L fixing K
and by inv(T") the subfield of L fixed by a group I" C aut(L/K) with | T" | elements. Clas-
sical Galois theory deals with Galois extensions and we recall the following three equivalent
definitions that can be found in any textbook [1,28]:



DEFINITION 1.5:

1) L/K is a Galois extension if iso(L/K) = aut(L/K) =T with | " |=| L/K |.

2 L/K is a Galois extension if inv(I') = K with I = aut(L/K).

3) L/K is a Galois extension if L is the splitting field of an irreducible polynomial with
coefficients in K, that is L is obtained by ajoining to K all the roots of such a polynomial
which can be thereore decomposed into linear factors over L.

Once these definitions are assumed, the two main results of the classical Galois theory
useful for applications are the following fundamental theorem and its corollary:

THEOREM 1.6: When L/K is a Galois extension, there is a bijective order revers-
ing Galois correspondence between intermediate fields K C K’ C L and subgroups
id cTV cT'=T(L/K) given by:

K' — T =aut(L/K'), I — K' =in(I")
COROLLARY 1.7: Let L/ K be a Galois extension and M be an arbitrary extension of K.
If L and M are contained in a bigger field N and we denote by (L, M) the composite field of
L and M in N, that is the smallest subfield of N containing both L and M, then (L, M) /M
is a Galois extension and there is an isomorphism I'((L, M)/M) ~T'(L/(L N M)). More-
over, L and M are linearly disjoint over L N M in (L, M).

REMARK 1.8: The additional well known result saying that K’/K is again a Galois ex-
tension if and only if IV < T, that is I is a normal subgroup of T" will not be considered
here because the study of the normalizer of a Lie pseudogroup I' in aut(X) is one of the
most difficult problem to be found in the formal theory of Lie pseudogroups [19,26].

The first and second previous properties cannot be extended because there is no reason
at all that the trnsformations of the Lie group/pseudogroup of invariance of the system do
respect any kind of extension. As for the last definition, a system of OD or PD equations
has in general an infinite number of solutions that cannot even be explicitly described or
added in general. In particular, we should like to strongly react against the abstract fashion
a few people are using “universal extension, a kind of huge reserve into which one ould put
all the solutions of all systems of algebraic OD or PD equations , exactly like people use
to do in in algebra with the field of complex numbers through the so-called fundamental
theorem of algebra [14,15,27].

Before providing the striking answer given by Vessiot, let us examine the auxiliary
though preliminary problem of how to define a differential extension by relating it only to
the formal theory of systems of OD or PD equations. If K is a differential field as above
and (y',...,y™) are indeterminates over K, we transform the polynomial ring K {y} =
limg— oo K [y,] into a differential ring by introducing as usual the formal derivations d; =
0; + yﬁﬂia/ayﬁ and we shall set K <y >= Q(K{y}) as field of quotients.

DEFINITION 1.9: We say that a C K{y} is a differential ideal if it is stable by the
d;, that is if d;a € a,Va € a,Vi = 1,...,n. We shall also introduce the radical ideal



rad(a) = {a € A | Ir,a” € a} DO a and say that a is a perfect (or radical) differen-
tial ideal if rad(a) = a. We say that p C K{y} is a prime differential ideal if it is a
prime ideal and a differential ideal. If .S is any subset of a differential ring A, we shall de-
note by {S} the differential ideal generated by .S and introduce the (non-differential) ideal
pr(S) ={dva|aeS,0<|pu|<r}inA.

LEMMA 1.10: If a C A is differential ideal, then rad(a) is a differential ideal containing a.
Proof: If d is one of the derivations, we have a"~'da = 1da" € {a"} and thus:

(r —1)a"*(da)? + a"'d*a € {a"} = a""*(da)® € {a"}, ... = (da)* ' € {a"}

Q.E.D.

We shall say that a differential extension L = Q(K{y}/p) is a finitely generated differ-
ential extension of K and we may define the evaluation epimorphism K{y} — K{n} C L
with kernel p where 7 or ¥ is the residual image of ¥ modulo p. In particular, the following
Lemma will be used in the next important Theorem:

LEMMA 1.11: If p is a prime differential ideal of K {y}, then, for ¢ sufficiently large, there
is a polynomial P € K[y,] such that P ¢ p, and :

qu-i—r C ra,d(pr(pq)) C Pgtr; Vr >0

THEOREM 1.12: (Primality test) Let p, C K[y,] and pg1 C K[yg41] be prime ideals
such that p,1 = p1(pg) and pg1 N Kly,| = pg. If the symbol g, of the algebraic variety
R defined by p, is 2-acyclic and if its first prolongation g, 1 is a vector bundle over R,
then p = poo(py) is a prime differential ideal with p N K [yq4r] = pr(pg), Vr > 0.

EXAMPLE 1.13: With n = 2 and K = Q, let us consider the two differential polynomials
P1 = Y22 — %(yll)?’, P2 = Y12 — %(yll)z in K{y} ‘We have d2P2 — D1P1 — y11d1P2 =0
and the differential ideal p = {P;, P>} C K{y} is prime as we have indeed:

K{y}/p ~ Ky, y1,Y2,y11, Y111, -]

COROLLARY 1.14: Every perfect differential ideal of {y} can be expressed in a unique
way as the non-redundant intersection of a finite number of prime differential ideals.

COROLLARY 1.15: (Differential basis) If v is a perfect differential ideal of K {y}, then
we have t = rad(po(ty)) for ¢ sufficiently large.

PROPOSITION 1.16: If ( is differentially algebraic over K < 1 > and 7 is differentially
algebraic over K, then ( is differentially algebraic over K. Setting £ = ( — 7, it follows
that, if L/K is a differential extension and &,n € L are both differentially algebraic over
K, then £ + 1, £n and d;€ are differentially algebraic over K.

10



If L =Q(K{y}/p), M = Q(K{z}/q) and N = Q(K{y, z}/t) are such that p =t N
K{y}and q = tN K{z}, we have the two towers K C L C Nand K C M C N of differ-
ential extensions and we may therefore define the new tower K C LNM C< L, M >C N.
However, if only L/K and M /K are known and we look for such an N containing both
L and M, we may use the universal property of tensor products an deduce the existence
of a differential morphism L& M — N by setting d(a ® b) = (dpa) @ b+ a ® (dpsb)
whenever d, | K = dj; | K = 0. The construction of an abstract composite differential
field amounts therefore to look for a prime differential ideal in L& M which is a direct
sum of integral domains [20,30].

DEFINITION 1.17: A differential extension L of a differential field K is said to be differ-
entially algebraic over K if every element of L is differentially algebraic over K. The set
of such elements is an intermediate differential field K’ C L, called the differential alge-
braic closure of K in L. If L/ K is a differential extension, one can always find a maximal
subset .S of elements of L that are differentially transcendental over K and such that L is
differentially algebraic over K < S >. Such a set is called a differential transcedence basis
and the number of elements of S is called the differential transcendence degree of L /K.

THEOREM 1.18: The number of elements in a differential basis of L/K does not depent
on the generators of L/K and his value is di f ftrd(L/K) = a. Moreover, if K C L C M
are differential fields, then dif ftrd(M/K) = dif ftrd(M/L) + dif ftrd(L/K).

THEOREM 1.19: If /K is a finitely generated differential extension, then any interme-
diate differential field K’ between K and L is also finitely generated over K.

We shall now slightly transform the third property of Definition 1.4 into:
4) L/K is a Galois extension if LQx L ~ L @ ... ® L with | L/K | terms.

However, wehave L & ... & L = L®g(Q & ... © Q) with | L/K | terms in the direct
sum of fields equal to Q which is isomorphic to Q[I'] because I" is a group of permutations
which splits entirely over Q as we have already seen by exhibiting square invertible matri-
ces with coefficients equal to 0 or 1 only. As a byproduct, we obtain the isomorphism:

L®QL ~ L®kk[1“]

where each member is a direc sum of fields [4,20,30].

Let finally £k C K C L be fields and consider an irreducible algebraic set X or variety
defined over K by a prime ideal p C Ky]. We may denote as usual by K[X] = KJy]/p
the ring of polynomial functions on X which is an integral domain and introduce its field
of quotients L = K(X) = Q(K[y]/p). We shall say that X is the model variety of the
extension. Similarly, if G is an algebraic group defined on &, we denote by k[G] the ring of
polynomial functions on GG. Accordingly, if X is a PHS for G, we have X x X ~ X x G
and obtain therefore the fundamental isomorphism also called Hopf duality:

11



Q(Lek L) ~ Q(Lekk[I)

where both members are direct sums of fields. It follows that classical Galois theory is a
theory of algebraic PHS and we thus obtain the key idea of Vessiot obtained as early as in
1904 in a clever paper where each chapter is studying the previous classification:

DIFFERENTIAL GALOIS THEORY IS A THEORY OF DIFFERENTIAL ALGEBRAIC
PHS FOR ALGEBRAIC PSEUDOGROUPS.

Of course the usual definition of of a PHS saying that, if y = f(x) and § = f(z) are
two solutions of the defining system of algebraic OD or PD equations, then there exists one
and only one transformation 3 = g(y) € T such that f = g o f is totally useless in actual
practice, thoug it can be checked sometimes. Nevertheless, we may state with Vessiot:

DEFINITION 1.20: A system of OD or PD equations having such an above property is
called an automorphic system for I".The corresponding differential extension is called a dif-
ferential automorphic extension.

REMARK 1.21: Contrary to the situation existing in he classical Galois theory, the ir-
reducible components of a PHS may not be themselves PHS for subgroups. We notice
that the equation y* + 1 = 0 defines a PHS for the group {§ = ey | ¢* = 1} made up
by the four roots of unity (¢ = 1,i,—1,—i). However, we have the identity y* + 1 =
W =2+ D> +2y+1).

EXAMPLE 1.22: Coming back to example 1.2 with n = 1,m = 2, the defining sys-
tem 32yl = w € K is an automorphic system for the algebraic pseudogroup I' = {y' =
g(yt), 7? = y*/(0g/0y')}. Indeed, giving y' = f1((x), we get y?> = w/d, f! provided
the derivative is non-zero. Hence we can get z = h(x!) by the implicit function theorem
andset 4! = f(h(y')) = g(y'). However, the new system 3%yl —yly2 = w € K cannot be
integrated in an explicit way and it does not seem evident to prove that it is an automorphic
system for the algebraic pseudogroup preserving the 1-form y2dy' — y'dy? and the 2-form

dy' A dy?. There is no reason to tansform also ”z” which does not appear explicitly in k.
Finally, if we set:

K=Q<9y’yl>c K'=Q<y*l, 2 >cL=Q<y' 9> >

we get at once the subpseudogroup I = {y' = y' + a,y? = y?} preserving K’ with
a = cst and cannot obtain a Galois correspondence because it leaves invariant the interme-
diate differential field K” = Q < y?yl,y? > which strictly contains K’. On the contrary,
if we choose now K’ = Q < 3%yl,y2/y? >, we get IV = {g' = ay' +b,7% = (1/a)y?.
Hence there are only two possible ways to escape from such a contradiction: one is to say
that the Galois correspondence does not exist in the differential Galois theoy while the other
is to say that not all intermediate differential fields can be chosen.

12



EXAMPLE 1.23: (Picard-Vessiot) As another reason not to believe in the Picard-Vessiot
theory of Kolchin and others, let us prove that it cannot even allow to study the simplest sec-
ond order OD equation ¥,, = 0. For this, following Vessiot, let us copy twice this equation
in order to obtain the automorphic system P; = y. = 0, P = y2, = 0 for the action of
the linear group GL(2) with y' = ay' + by?, % = cy' + dy? where a, b, c,d = cst. With
K = Q, wehave L = Q(K{y'}/{P1, P}) ~ K(y',9% y.,y2) which is a differential
field with d,v* = y¥, d,y* = 0 providing therefore a differential automorphic extension
L/K with trd(L/K) = 4. Choosing the intermediate ifferential field K’ = K(y!), we
obtain easily the subgroup I of GL(2) defined by ' = y*, 5> = ey’ + dy? which pre-
serves K7 = K (y') strictly containing K’. Finally, choosing K’ = K (y'y2 — y?yl), we
getTV = SL(2) and thus K" = K.

Let us consider now a quite different problem brought by the above examples. In-
deed, for certain groups or subgroups, we have found Lie groups with constant parameters,
namely a = cst in the first and a, b, ¢,d = cst in the second. such a result has no for-
malmeaning because no explicit integration can be achieved in general. Hence, setting
C =cst(K) = {a € K| d;a =0,Vi = 1,...,n} for the subfield of constants of K,
the question is now where to find these constant parameters. The next result will prove the
confusion that has been done on the concept of constants. When the PHS X for a Lie group
G is G tself, it has been first discovered by A. Bialynicki-Birula in 1960 and presented in
two very difficult papers [3,4].

THEOREM 1.24: (PHS revisited) The group parameters are constant on X x X.

Proof: Let X be PHS for G and consider the graph isomorphism X x G ~ X x X under
the action of G on X already considered. We have dim(X) = dim(G) = n = p and thus:

1 0 of
det = det(=— 0
(g g )=t
Using this isomorphism, we may exhibit p functions a = ¢(z,y) when dim(G) = p in
such a way to have the dim(X) = n identities y = f(z, p(z,y)). Let § = fi(ac)a‘zi €A
be a transformation commuting with all the infinitesimal generators § € © of the ac-
tion and extend § to X x X or rather X x Y where Y is a copy of X by setting anew

§ = &) ai,. + 8 (y) %. Applying to the above identity, we obtain the formula:

. OfF ofF
) =€) 5 o
whenever a = ¢(x,y). Then 6 commutes with the action, that is [6,0] = 0 and thus
E(y) = {(x)g—i. But we have n = p and thus det(%) # 0 = d.a = 0. Finally, as
[A,©] = 0 and @ is an ivariant of thaction, we get §(0P) — 0(6®) = 0 = 6(6®) = 0 and
thus 6@ must also be invariant by ©.

(x,a) + (d.a") (z,a)

Q.ED.

We discover that the group parameters must be “constants ” but not necessarily killed
by the 0; as in the standard sense of the word.
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COROLLARY 1.25: k[G] C cst(Q(L®kxL) = Q(LR®kL) ~ Q(Lkcst(Q(LRkL).
where the first L in the right member is identified with L ® 1.

EXAMPLE 1.26: Let us consider the affine group of the real line and set z = bly + b,y =
alz +a® = z = (bta)z + (b'a® + b?) in order to get the group law b = (b',b%),a =
(at,a?) = a = ba = (a' = blal,a® = bta® +0?). With K = Q € K’ = Q(a?/a') C
Q(a',a?) = L we obtain G’ by setting b> = 0 and get again K’. However, with the new
K' = (Q)(a'a?), we get for the new G’ the conditions (b')? = 1,b? = 0 and the invariant
field K” = Q('a')?, a'a?, (a?)?) which is strictly bigger than K'. In this case, we may use
the reciprocal commuting left and right invariant disributions:

0 50 9
01 =a'— +a 0o = —
O={h=a'gr @50 2= 5]
9
—{51—aﬁ, —a—}

and we check indeed that 6%(a'a?) = (a')? ¢ K.

EXAMPLE 1.27: (Picard-Vessiot revisited) Prolonging the action of GL(2) up to the first

order jets, we get:
1 =1 1,1\ !
a b\ _ (7 U Yo U
c d 7 ou ) \v v

that we can write A = MM ~!. Now, the two reciprocal distributions are:

0 0 0 0 0 0 0 0
O={0=y' == +yt=—,0o + 03 + 0y = 1> — +1y2—
{ 1 y ayl ymay%) y a 2 yza 27 y a 1 yza 17 y 8y2 yzayg}

0 0 0 0 0 0 0 0
A={6=y'—+1y?=—=, 00 = ] 4
{01 yay1+y 972 yal+ya2’3 ylaﬁyzay yzal+zayz}
We check that 0M = ASM and thus A = 0 whenever det(M) # 0, that is the well
known non-zero wronskian condition. We also check that each § stabilizes K but not K.
We finally notice that the action is generically free because the rank of © is equal to 4
whenever the wronskian condition y'y? — y?yl # 0 is satisfied.

EXAMPLE 1.28 Revisiting Examples 1.2 and 1.22, we obtain the reciprocal distribution
at order 1:

0 0
A:{5l_yma1+y§az’ _yaz}

Taking into account that we have a tensor product over K, we may thus use the identifica-
tion 2¢. = y?y. in the formulas and check that each § separately kills:

oy _Oﬁi_ﬂiﬂi—yiyizy@%—g@% 0 _ v _ T

09" _ g _v: 07
oyt yl  y? oy? oyt ylyl vyl ooyt gl P
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Now, in order to apply the differential Galois theory to mechanics, we need to answer
to the following important question:

QUESTION 1.29: When a given linear or nonlinear system of algebraic OD or PD equa-
tions is given, how to check in a formal way, that is to say without introducing solutions,
that it is an automorphic system for an algebraic pseudogroup and can thus be considered
as a model differential algebraic variety for a differential automorphic extension ? .

Among the systems of OD/PD equations with m = n, we shall distinguish the ones
defining Lie pseudogroups. For this, let us introduce the open sub-bundle IT, = IT,(X, X) C
J4(X x X) defined by the condition det(y¥) # 0 when € = X x Y and Y is a copie of
X. We introduce the source projection oy : 11, — X : (x,y,) — « and the target pro-
jection By : 11, = Y : (z,y,) — vy while identifying a map f : X — Y with its graph
f — X x X x X. In particular, we denote by id : X — X x X x X : x =’ x,x) is called
the identity map.

DEFINITION 1.30: A fibered manifold R, C 11, is called a system of finite Lie equations
or a Lie groupoid of oder g if we have an induced source projection : alpha, : Ry — X
an induced target projection 3, : R, — X, an induced identity j,(id) = id, as a section
X — Ry, an induced composition 4 : RqX xR, where the fibered product is taken with
respect to the target projection on the left and to the source projection on the right, both
with an induced inversion 1, R, — R, exchanging source and target. The set v C aut(X)
of (local) solutions of R is called a Lie pseudogroup of order q. We shall suppose that R,
is transitivethat is the projectin (ay, B,) : Ry — X x X is surjective.

With evident notations, we set formally in a pointwise way from left to right:

y 0z 0z Oy
((z,y, ax,...),(y, z, ay,...)) — (z, z, ay.aﬂc,...)

0
(xﬁ% %7 ) — (y,x, (%

We set j,(g o f) = ju(g) o j,(f) whenever the composition is defined and j,(f)~! =

Jo(f 7).

DEFINITION 1.31: Setting y = z + t£(z) + ... and liearizing, the pull-back R, =
id;1(V(Rq)) C Jq(T) defines a system of infinitesimal Lie equations and, as we already
saw, we have [R,, R,] C R, = [©,0] C ©.

When X with local coordinates (x!,...,2™) and Y wit local coordinates (y', ..., y™)
and m is no longer equal to n, we may use the preceding results, in particular the bracket
on sections of R,(Y) when I' C aut(Y') is a Lie pseudogroup of transformations of " in
order to find a fundamental set of generating differential invariants ®7 (y,) at order ¢. Then
we know that the d; @7 are again differential invariants at order g+ 1, though, as we shall see
in many examples of mechanics, new differential invariants may be added at higher order.
Accordingly, we just need a criterion in order to stop the adjonction procedure when ¢ is
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large enough.

REMARK 1.32: In the case of an algebraic pseudogroup, the use of the Frobénius theorem
may not provide rational differential invariants. However, when m = n, it is possible to ex-
hibit rational differential invariants by using formal translation techniques first introduced
by J. Drach (See [6,9] and [20], p 467 for details).

Using the composition of jets when m # n exactly as we did when m = n, we have an
action morphism with graph:

Ty(X % Y)xy T (Y, V) 2B g (X % Y)xxJy(X x Y)

and a system A, C J,(X xY") will be said to be invariant by the action of the Lie groupoid
R, C 11, (Y,Y) if we have the following restricted action morphism with induced graph:

.AquRq — .AqXX.Aq

As we shall see, the following definition and the two corresponding criteria will become
crucial for the applications to mechanics.

DEFINITION 1.33: A, is said to be a PHS for R, if the above morphism is an isomor-
phism. Then A, is said to be an automorphic system for R, if A,1, = p,(A,) is a PHS for
Ry+r = pr(Rg), Vr > 0.

Of course, if A, is an automorphic system for R, then, necessarily, A, is a PHS for
R and A, is a PHS for R4 but such a double condition may not be sufficient, a result
proving the importance of the following theorem (See [20], p 330 for the technical proof):

THEOREM 1.34: (First criterion for automorphic systems) If an involutive system A, C
Jg(X x Y) is a PHS for a Lie groupoid R, C II,(Y,Y) and if Agy1 = p1(Ay) C
Jq(X x Y') is a PHS for the Lie groupoid Ry11 = p1(Ry) C Ig41(Y,Y), then Ry is
an involutive system with the same non-zero characters and A, is an automorphic system
for R,.

Similarly, we have (See [20], p 339 for the technical proof):

THEOREM 1.35: (Second criterion for automorphic systems) If R, C II,(Y,Y’) is an
involutive sytem of finite Lie equations such that the action of R, on J,(X x Y') is generi-
cally free, then the action of R, = p,(Ry) on Jy4,(X xY) is generically free and all the
differential invariants are generated by a fundamental set of order ¢ 4 1 (care to the order).

EXAMPLE 1.36: With K = Q,n = 1,m = 2,q = 2, let I be the Lie pseudogroup
determined by the Lie group G with 3 + 2 = 5 parameters, defined by § = Ay + B with
det(A) = 1. We have the involutive defining system of finite Lie equations:

0w, v*) _, 9%

N g ,—— =0
a(y', y?) dydy
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with linearized system n} + n3 = 0,nF, = 0,Vk,r,s = 1,2 having a zero symbol
and thus trivially involutive. The only generating differential invariant at order 2 is ¢ =
yly2, — y2yl. . Tt follows that d,® = ymymm — y2yl . is a differential invariant at order
3 but we have also ¥ =yl 42— y2 yl . The involutive distribution © involved has 5
infinitesimal generators at order 2, namely:

D gD, 0 4 0 50 )
1_8y17 2_827 ymal yxxaylxm yaraym ya:a:ay
0 0 0 0
0t = y2 05 = y.
ymal+ymal, yx62+ymaym

We notice that the symbol of A3 vanishes if and only if yly2, — y2yl # 0 and, in this
case, we have thus a generically free action, in agrement with the second criterion. Finally,
we notice that A5 is a PHS for R, both fibered manifolds having a fiber dimension equal
to 5 (namely (2 4+ 2 4 2) — 1 for the first and (2 + 4) — 1 for the second), and that Aj is
thus an automorphic system with the same fiber dimension at any higher order.

It is finally important to notice that the definition of prime differential ideals was not
known at all by Drach and Vessiot because it has only been introduced by Ritt after 1930
(See [20,27] for details) and we shall correct the old definition by saying:

DEFINITION 1.37: A system of algebraic PD equations is irreducible if it is defined by a
prime differential ideal.

Contrary to the classical Galois theory, the irreducible components of a PHS for a group
may not be again at all PHS for subgroups. It follows that Drach, Vessiot or even Kolchin
made a confusion between prime differential ideals and maximum differential ideals in or-
der to define the Galois group of a system. Hence, the starting point of any differential
Galois theory must be an irreducible automorphic system (See the introduction of [20] for
more details). However, despite this comment, modern works on the Picard-Vessiot (PV)
theory or on the differential Galois theory are based on three conceptual misunderstandings:

1) First misunderstanding: The Galois group of a PV extension cannot be computed in gen-
eral. On the other end, the system . = 0,2, = 0 is indeed an irreducible (prime because
linear) automorphic system for GL(2). Hence, the Galois group of any linear OD equation
of order m must be GL(m).

2) Second misunderstanding: The OD equation y,, = 0 cannot be treated by Kolchin be-
cause the corresponding automorphic extension L/K defined by y1, = 0,32, = 0 is such
that L contains differential constants other than the ones of K, for example .. Hence, the
definition of ”constants ” never took into account the modern approach of Bialynicki-Birula.

3) Third misunderstanding: Last but not least, instead of using the concept of algebraic

pseudogroups like Drach and Vessiot, Kolchin used the concept of differential algebraic
group initiated by Ritt [16].
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2) SHELL THEORY REVISITED

Using the previous notations, we study first the case n = 2, m = 3 when G is the group
of rigid motions (3 translations + 3 rotations) acting on the space Y = R3 with cartesian
coordinates (y',%2,4?) and the space X = R? with coordinates (z!, 22) is the parametriz-
ing manifold for the surface considered but we shall insist on the intrinsic aspect by using
Jjet theory, both fom the differential geometric and algebraic aspects. Meanwhile, we invite
the reader to try to imagine how to extend the results below to arbirary n and m.

The starting motivation for such a study has been the clever idea of Pierre Oscar Bonnet in
1867 ([2]) to look for the following vague and difficult problem:

HOW TO DETERMINE A SURFACE IN R3 UP TO A RIGID MOTION

Of course, translated into the modern language of the previous sections, it just amounts
to construct the corresponding automorphic systems, that is to exhibit a generating set of
differential invariants ®7, the corresponding bundle F of geometric objects and a section w
both with its compatibility conditions (CC). Meanwhile, it will be rather striking to notice
that the differential Galois theory may be applied as it works in this framework because
we have an algebraic Lie group of transformations, namely § = Ay + B where A is an
orthogonal 3 x 3 matrix with det(A) = 1 (see later on when such a condition is used) and
B is a vector. Of course, eliminating the parameters provides at once an algebraic Lie pseu-
dogroup defined by the m(m + 1)/2 differential polynomial equations in symbolic form:

oy oyt 5
uva—yka_yl = Okl
and all the second order jets vanish. The novelty of this presentation is that not only all
known results of shell theory will appear for the first time as an effective application of a
general theory with no reference to classical geometry and moving frames but other results
will be obtained which are not known up to our knowledge, in particular when m and n are
arbitrary.

First of all, we look for the corresponding differential invariants by examining the vari-
ous prolongations po(6), p1(0), p2(0), p3(0), ... of the infinitesimal generators:

0 0 0
3y1 s U2 ayQ » V3 ayg )
0 0 0 0 0 0
0, — 2 Y 3_9: 3 Y 1_0: 1 v 2 Y

as we need only stop when the symbol of the automorphic system is zero, according to the
criteria for automorphic systems.

Using the identity 46, + 3205 + 326° = 0, the rank of the vertical distribution generated
by the pp(f) on V(X x Y') = E is maximum and equal to 3, so that there is no differential
invariant of order zero and also any differential invariant cannot depend explicitly on y. The
fiber of V(J1(X x Y)) ~ J1(V(X xY)) = J;(FE) has dimension 3 + 6 = 9 and there is
therefore 9 — 6 = 3 (rational) differential invariants of first order killed by p; (), namely

01
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we get the Lie form at order 1:

Qn = Y,0hH? = W2+ +0F)? = wnl)
Qe = Yuwlvs = wlw+yis Yy = wia(x)
Qo = Yp(5)? = 13+ 15)°+ (¥3)> = wanlx)

or simpy:

Qij = Sysys = wij(x)
It is easy to check that w = (w;; = wj;) € ST and w is called the first fundamental form

though this name can be rather confusing. Then we know that each d;(? is also a differential
invariant and we may set:

1 1
Lyij = §(dier + dj Qi — dr Qi) = Yrij = 3

in order to get the 6 linearly and thus functionally independent second order differential
invariants:

(Owrj + Ojwri — Orwiy)

Uyij = ¥r-Yij = 5klyfy§j = Yrij () = Yrji(x)

In order to check this result, let us introduce the 2 X 3 matrix (yf ) of strict first order jets
and consider the 3 different 2 x 2 subdeterminants like yiy3 — yay7. Then it is easy to
obtain the relation:

det(w) = wiway — (wi2)? = Zdet(y%yg —yo07)?

and we shall suppose from now on that det(w) # 0. Introducing the action and its prolon-
gations:

_ k _ k — k
v = agy” + 0,0 = apyi’, Ui; = apyijs -
we get:
12 2.1 1.2 2 1\w.3.1 1.3
N3 — Uiz = - + (—(a1a3 — a1a3))(y1ys — yivys) + -

and obtain therefore with A® = transposed(A) and thus A= = (1/det(A))cof(A) by
using the matrix of cofactors:

(i1 A Ta) = det(A)(A) (i A i)

But AA' =1 = At = A~! = (AY)~! = Aand, if det(A) = 1 (care), that is we deal with
the connected component G of the identity, then:

(W1 A Y2)-Uij = (T1 A G2)-Tij

Accordingly, we may introduce the unexpected 3 additional differential invariants:

Sij = Wiy — viu3)vi; + (Wiva — yivs)us; + (Wivs — viva)ys; = oij(x)
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and we notice that the 3 x 3 matrix made by the factors of the second order jets yfj with
k =1,2,3 and each (ij) € ((11),(12),(22)) in (25,155, I'2s;) has determinant equal to
det(w) and is thus of maximal rank 3. It follows that the second order symbol defined by
the system (I' = +, 3 = o) does vanish and the complete system (2 = w,[' = v, ¥ = o)
is not only automorphic but also involutive if and only if convenient first order generating
compatibility conditions (CC) among (w, "y, o) are satisfied as a necessary and sufficient
condition for applying the Cartan-Kahler theorem in the analytic case. The reader may com-
pare the present approach with the one of M. Janet in ([13]) and with the one of P.G.Ciarlet
in ([7,11]), always getting in mind that, in the formal theory of non-linear systems, the diffi-
culty is to look for the various numbers of CC through techniques of acyclicity and diagram
chasing which are in general very far from just doing “crossed derivatives ~ (Just consider
the case n = 3, m = 6 or the many examples provided in ([19-22,26])).

We exhibit them for the first time within the formal framework of automorphic systems,
still unknown today.

First of all, we get atonce  Opwij = Virj + Vjri-

As for the other CC, they are similar to the ones of a system like yfj =0withk =1,2,3
and i, j = 1,2, by setting y; = 1,42 = 1 and the other first order jets equal to zeo, that is to
say these CC are induced by the cokernel of the Spencer monomorphism ¢ : Ss7T* @ E —
T*® SoT* @ E foreach k = 1,2, ...,m, thatis m(n?(n +1)/2 — n(n + 1)(n +2)/6) =
mn(n? — 1)/3 which is equal to 6 when n = 2,m = 3. Among these 6 CC, we have the
2 x 2 = 4 CC with symbols:

O2vit1 — O17vi12,  O2vit2 — O1vi22

coming from the ordinary Riemann tensor and it just remains to compute the 2 new CC
having symbols:

Oro11 — 01012, 02012 — 010922

in such a way that these 6 quantities do not contain third order jets any longer. Indeed,
thanks to differential algebra and the fact that the first prolongation of a nonlinear partial
differential equation of order ¢ is quasi-linear in the jets of strict order ¢ + 1, we are thus
led to a problem of pure linear algebra while studying cokernels.

We provide details for this tricky computation but we know from the differential Galois
theory that these 6 CC come from differential invariants of order 2 and must therefore be
expressed by means of rational functions of (w, 7, o), a fact not at all evident at first sight
as we shall see but explaining why our definion of the second form slightly supersedes the
standard one of textbooks as it is the only one fitting with differential algebra and differ-
ential Galois theory while using only rational differential functions in Q < y!,y?, 43 >=

Q<y>.
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Second, we get at once:

doT111 — diT112 = S (yhayly — yhiyia) = 0= Oayinn — ovir2 = 0
doT212 — diT922 = S (y5ayls — YTaho) = 0 = Oay212 — Day222 = 0

Similarly, we get:

Bay211 — D212 = O1y122 — Doz = Gi1-Goa — 2|
and obtain therefore only three CC for the only v by adding one more CC, namely:

527211 - 517212 + 527112 - 517122 =0

a result showing that the other CC must contain o.

Meanwhile, we also get (See ([19], p 126-129]):

1 - S o
—(3110022 + Orwi1 — 25120012) = 317212 - 327211 = |y12|2 — Y11.Y22

2
Using the formula 3;; = (41 A 42).4i; = aw and various projections in the tangent plane
to the surface like (72 A (71 A 92)).91 = det(w), we finally obtain:
det(W)yy; = o1 (i AT2)" + v (T A (G A G2)* = o0 (G A (G1 A go))F
det(w)ysy = o2(Fi A ﬁ ¥+ 122G A (G1 A G2))* = Yo (51 A (1 A 572))"
det(w)yty = o120 AJ2)F + 71202 A (1 A 2))F —v212(01 A (G0 A 32))F
or simply:

det(w) ¥ij = 03 (U1 A o) + Y1i (T2 A (G A2)) — Y255 (1 A (G1 A T2))

where we recall that:

det(w) = (Fa A (2 A G2)) 01 = (G, Tos T1 A To) = |51 A o) = 012 |72)? — |91

It follows that we have:

det(w) Y11.%22 = 011022 + woay1117122 + Wi172117222 — wi2(Y1117222 + Y2117122)
det(W) |Tha]> = (012)® + waa(Y112)? 4 wi1(212)? — 2wi2M1127212

Substracting the second equation from the first and setting det(0) = 011092 — (012)%, we
get an equation of the form:

det(w) (G422 — |§12|) = det(0) + wyy
where the last expression is a rational function of j;(w) ~ (w,~) according to the well
known Levi-Civita isomorphism. This is exactly the ” theorema egregium  of K.F. Gauss
in ([10]) and, for this reason, det(c)/det(w) = (j2(w)) is called the Gauss curvature or
total curvature and only depend on w. It is however important to notice that our definition
of o does not involve the square root of det(w). For this reason it allows to use only ratio-
nal differential functions and must therefore be preferred to the standard one existing in the

21



literature which is using the so-called normal vector it = (g1 A 4a)/ | th A Gz |-

As another motivation for such a choice, we notice that w € ST is usually called first
fundamental form while o, which is called second fundamental form, is also considered as
a section of SoT™ but this is not correct. Indeed, for any change = = () of independent
variables, we have successively:

o5, 09 _ 07, 05 05
oxl " ox2 ‘ozl 032’ 0(xl, x?)
0% 0% ox" 0z 0 0"

0ri0xd  9370z° 0x' 02 | 0x" Dxidad
with 4, j,7, s = 1,2 and we deduce that o € SoT* ® A>T* is in fact a metric density.

As for the last two CC for o, an easy but tedious computation does provide:

det(w)(Oao12 — O1022) = (7122 w22 — Y220 wW12) 011
+(27112 w12 — 29212 W11 + Y211 W12 — Y111 W22) 022
+(27212 w12 — 27112 W2 + 29222 W11 — 29122 W12) 012

and the other CC by exchanging 1 and 2. These equations have been first found indepen-
dently by D. Codazzi ([8]) and G. Mainardi ([18]) in a classical setting, with no reference
to differential algebra. It follows that, contrary to w which can be given arbitrarily provided
that det(w) # 0, o cannot be given arbitrarily.

In certain cases, a known symmetry of the surface may be taken into account in order
to determine explicitly (w, 7y, o) and we provide two particular cases.

. yl — x1’y2 — xZ’y?) — %((xl)?) + (x2)3)
_ l 1\4 _ 1 214 _1 1,..2\2 _ l 1\4 1 2\4
wil =1+ —(2)% wee = 14+ —(2°)" w12 = —(z727)° = det(w) = 14+ — ()" + = (z)
4 4 4 4 4
_l 1\3 -0 —0 _l 2,3 _11 212 _l122
Y111 = 2(5'3 )7 7112 = 0,79212 = 0,79202 = 2(5'3 )% Y11 = 290 (%)%, 7122 = 2(95 )

o111 = .%'1,0'22 = 1‘2,0'12 =0= det(a) = 1‘11'2

We check easily:

1 1 1
det(w)uvluv2 =zla? + 5&)22(1'1)5.%'2 + §w11x1(x2)5 — §w22(x1x2)3, 09019 — 01092 =0

and all the results must remain unchanged by the permutation 1 <> 2.

° Again with n = 2, m = 3, let us consider the sphere of radius R centered at the
origin of the cartesian frame (Oy'y?y?®) and apply a stereographic projection of the north-
ern half sphere (draw a picture) with north pole IV on the equatorial plane (Ox'z?) with
coordinates (x',z?) from the south pole S. Using well known similarity of the triangles

SN M for a point M on the sphere and SXO where X is the intersection of SM with the
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equatorial plane, we get the classical formulas:

2= (@) + (@)%, L2 = SX” |= B2 402, S0 = D? = ()2 + (47 + (R +v7)%,
1 2 3 2 .3 2 _ .2
Y Y Y 2R* vy R —r
ILD=2R>= 2L -4 142 2% I _
2?2 + R L[2'R L?
and obtain the parametrization of the sphere:

y_l B 2Rt y_2 B 2Rz? y_3  R?—(a1)? — (a?)?
R R2+ (21)2+ (22)2" R R2+ (21)2+ (222" R R2 + (21)2 + (22)2
leading to:

W11 = Wy = 4R4/(R2 + (561)2 + (562)2)2 == gb, W12 = W21 = 0= det(w) == ¢2

We obtain at once:

1 1
Y111 = Y12 = —Y122 = §al¢, Y121 = Yo22 = —211 = 532¢

and, from the previous second order CC for w, we get:
L9 1 2 2
59" (0116 + 0n29) = —det(0) + 50((019)” + (024)7)
An easy computation then leads to:

det(o) = (16R7/(R? + (21)? + (22)2)})? = %&

Finally, though we have indeed:

T o,1 1

Y1 Y2 Y

o;; = det yi y?j yzj
Yi Y2 Y

a direct computation is very tedious and we prefer to use the relations wi; = woy = ¢ =
4R*/L* and wy2 = 0 in the formula:

&2l = (012)% + d((1112)? + (212)?)

Substituting and using the relation L9; L = z*, we obtain:

1 4R%2?  16R%(2%)%2? 4R%zt  16R%2Y(2%)? 5 16R3zla?
Yi2 =~ 71 + 76 Y12 = T + 76 W2 = 76
and thus

4 .%'1 2 1.2 2
(0h)? + Wh)? + ()2 = S )

64R%((x1)? + (22)?)
712

(M12)? + (1212)% = i(@lgb)z + (020)%) =
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that is to say 012 = 0921 = 0. A similar computation left to the reader as an exercise gives
011 = 099 = —%@2 in agrement with the value of det(o) already obtained. As o is only
determined up to the sign, we could also go to the north pole and notice that all the jets with
i=1,7=1vanishat 2! = 0,22 = 0 but y% = y% = 2,y{’1 = —4/R in order to obtain:

2 0 0
011(0,0) = det 0 2 0 = —16/R
0 0 —4/R

as a simple way to know about the right sign.

Let us now treat the general situation for arbirary m and n by using the formal theory
of systems of partial differential eqquations and algebraic analysis ([19-24]). First of all,
the case n = 2, m = 3 has been fully examined in ([19], p 126-129) and we recall it briefly
in a more modern setting.

The initial system A; C J;(X x Y) is, by construction, a PHS for the Lie groupoid
R1 C II1(Y,Y) already defined as we have a groupoid action with:

dimx (A1) = dimy (R1) =6

However, its first prolongation Ay = p1(A;) C Jo(X x Y) over X is not at all a PHS
for Ry = p1(R1) over Y because we have now dimx (Ag) = 9 but dimy (R2) = 6 and
it follows that A; is not an automorphic systems. Moreover, there is an additional diffi-
culty coming from the fact that 4 is not even formally integrable because, introducing
the second prolongation A3 = pa(A;1), there is a strict inclusion .Agl) = m3(A;3) C As
with dim X(.Agl)) = 8 as we have exhibited an additional second order equation and A3 is
an affine bundle over .Agl) modelled on g3. Dealing with nonlinear systems, we have the
following commutative and exact diagram of affine bundles where the top row is made by
the corresponding model vector bundles with £ = V(X x Y):

0— g3 — S3T"RFE — SoT*® ST

0— A3 — Jg(X X Y)) — JQ(SQT*) —0
I { {
0— Ay — JL(XxY) — J1 (SoT™) —0

By chasing, the defect of surjectivity by 1 of the arrow on the right of the top row is
equal to the defect of surjectivity by 1 of the arrow in the left column and dim(g3) =

dimx (As) — dz'mX(.Agl)) = (30 — 18) — 8 = 4, aresult not evident at all as it depends on
a quite difficult prolongation theorem ([19,22,23):

THEOREM 2.1: If € is a fibered manifold over X and R, C J,(£) is a system of order

q on &, then, if the symbol g, is a vector bundle over R, and g, is involutive or at least
2-acyclic, one has the following non-trivial prolongation formula:
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R = 7 Rypen) = 7 (0r11(R)) = po(RYY)
(RE) e C Jgir(€),¥r > 0

In the present situation, the symbol g, of A, is defined by the 6 linear equations:

Sryyvl; =0

with 2 equations of class 2 and 4 equations of class 1 providing characters (2, 1) as we may
always suppose that one determinant, say yiy5 — yay$ does not vanish. As the 4 corre-
sponding CC are easily seen to be satisfied, it follows that g, is involutive, a result leading
to dim(gs4r) = r + 4.

The symbol gél) of Agl) is defined by adding the only equation:

kol kI k Kk
Okt (Y11v2 + Y22U11 — 2Y1av12) = 0
Meanwhile, 3 among the 7 equations can be solved with respect to (yay, Y39, Y55) pro-
vided that the determinant 017 does not vanish. This additional equation reduces the second

character to zero and, for the same reason as above because the equations of class 1 are

untouched. It follows that dim(gél)) = 2 and gél) is thus also involutive with characters

(2,0) providing therefore dim(gé?r) = 2. We obtain therefore .Agllr = (.Agl))Jrr with
fiber dimension equal to:
dimX(Agler) = dim(gél)) + ..+ dim(géi)r) + dimX(Agl)) =2r+38

and .Agl) is an involutive system. It follows that:

dimx (-’43+r) = dimgs+r + dimx (-’42+r) = (T + 4) + (2T + 8) =3r+12

while

dimx (Jsr(X x Y)) = 3(r% + 9r +20)/2, dim(Joyr(S2T*)) = 3(r* 4+ Tr + 12) /2
and thus:

dim(.Ag_Hn) = dimx(Jg_Hn(X X Y)) — dimx(JQ_H»(SQT*))

It follows that w can be given arbitrarily and we have the following commutative diagram
of affine bundles:

0— g34r — S, T*"QFE — Sor,T*®ST* — 7 —0

0— A3+7» — J3+T(X><Y) — JQ.H»(SQT*) — 0

\J \ \
0— .AQ_H» — JQ(XXY) — J1+7»(SQT*) — 0

where the defect of surjectivity of the central upper arrow in the first row is equal to the
defect of surjectivity of the left downarrow that is exactly:

dimx (Agy,) — dimx(AS), = (3r+9) — (2r+8) =r +1
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coming from the fact that A is not formally integrable. We have thus provided a modern
proof of the fact that it is always possible to embed a riemannian surface into an euclidean
space when n = 2, m = 3, a beautiful and tricky result first obtained by M. Janet in 1926
([13]) and by E. Cartan in 1927 ([5]).

Changing slightly the notations while adding the three additional Lie equations >;; =
0;;, we obtain a PHS A5 for R, both systems having a zero symbol and we have the succes-
sive inclusions Ay C 73(p1(A1)) C p1(Ap) with respective fiber dimensions 6 < 8 < 9.
According to the fundamental theorems on automorphic systems, it follows that only As is
indeed an automorphic system provided that convenient CC are satisfied, being described
by the top row of the new following commutative and exact diagram of affine bundles with
symbolic notations, that must be compared to the previous ones:

0 — S3T"®FE — T'e((Q,I,X) — CC —0

0= A3 — J(XxY)) —  J(QL,Y)

3 3 )
0= Ay — JL(XxY) — (Q,1,%) — 0

The number of desired CC is determined by the exactness of the top row and is:

nb(CC) = dim(T* ® (Q,T,%)) — dim(S3T* @ E)
= 2xdim(Q,T,X) -4 xdim(E)
= 2% (3+6+43)—4x3=24—12=12

Among these 12 CC, we have 6 CC of the form 0 w = v + ~, then 2 CC of the form
0vy—0~v=0,then1 CCoftheformd~v—90 v+ 0~v— 0~ =0, then 1 CC of the form:

det(w)(G2v211 — O1y212) — wyy = det(o)

providing Gauss theorem and finally 2 additional CC for ¢ providing the Codazzi-Mainardi
equations.

It is therefore only now that we do really understand the structure of shell theory and its
relation with the theory of automorphic systems.

The generalization of the previous results to arbitrary dimensions is of course quite
more difficult and could provide a lot of work for the future. For simplicity, we shall re-
strict our study to the local isometric embedding problem of a riemann surface of dimension
n in an euclidean space of dimension m. Though surprising it may look like at first sight,
our study will highly depend on the following result involving the differential rank of dif-
ferential modules and double duality (Compare to a modern proof of the Janet conjecture
in ([24],[23], p 539):

THEOREM 2.2: If K is a differential field and a left differential module M = pM is
defined over the ring D = K|[dy, ...,d,] = K|d] of differential operators with coefficients

in K by a finite presentation D? LyDpm— M- 0, then D is formally injective if and
only if rkp(M) = m — p. In particular, if m = p, then D is injective if and only if M is a
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torsion module, that is 7kp (M) = 0.

Proof: First of all, we recall that rkp (M) is the dimension of the biggest free differential
module that can be contained in M and that the differential rank satisfies the additivity con-
dition rkp(M) = rkp(M') + rkp(M”) for any short exact sequence 0 — M’ — M —
M” — 0([23,24]). A similar property is existing in the non-linear framework for differen-
tial extensions X C L C M where dif frk(M/K) = dif frk(L/K) + dif f rk(M/L)
and generalizes the well known classical purely algebraic situation ([20,22,25]). As a sec-
ond comment, this result is valid even if D is non-commutative and if D is not formally
integrable and this will be the case of the situations we shall study. Applying homp(e, D)
to the presentation, we may define the “right ” (care) differential module Np by the long
exact sequence 0 <— Np <— DP <— D™ «— homp(M,D) < 0 of right differen-
tial modules where we use the bimodule structure of D = pDp where the left action of
P € D on D is defined by Q — PQ while the right action is defined by @ — QP for
any () € D. Meanwhile, the right action of P € D on f € homp(M, D) is defined by
(fP)(m) = f(m)P but a left action cannot be defined and we check that:

(FP)Q)(m) = ((fP)(m))Q = (f(m)P)Q = f(m)PQ = (f(PQ))(m),¥m € M

in such a way that:

(fP)(@m) = f(@m)P = Qf(m)P = Q(f(m)P) = Q(fP)(m),VP,Q € D
Of course, when D is commutative, both actions coincide and homp(D,D) ~ D be-
cause 1 € D and thus f(Q) = f(Q.1) = Q(f(1)) = QP if we set f(1) = P. We
may also pass from the right differential module Np to a left differential module N =
pN = homg (A"T*, Np) by the side changing procedure if we notice that D is generated
by K and T = {a’d;} C D with T* = homg(T,K). In this case, the dual operator
homp(D, D) becomes the adjoint operator ad(D) used in variational calculus.

Finally, it can be proved that the additive property of the differential rank is such
that rkp(homp(M, D)) = rkp(M) and rkp(ad(D)) = rkp(D) if we set rkp(D) =
rkp(im(D)). Counting the differential ranks, we get:

V"k:D(N)—p—l—m—rk:D(M):O

and thus discover that rkp(N) = 0 if and only if rkp(M) = m — p. As D is an
integral domain and N is a torsion module, then homp(N,D) = 0 and we have ob-
tained by biduality the short exact sequence 0 — D?P D, D™+ M — 0. For the
reader not familiar with homological algebra, if L = ker(D) in the long exact sequence
0L D Bpm sy 0, then rkp(L) = 0 and thus L is a torsion module over
the differential integral domain D). Hence, any element x € L is such that there exists at
least one 0 £ P € D such that Px = 0 and thus = 0,Vx € L because D and thus DP
do not admit divisors of zero., that is L = 0. We can also say that L is a torsion module

and obtain a contradiction with the fact that L is contained in the free and thus torsion-free
module DP, unless L = 0.
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Q.E.D.
Using the notations of M. Janet in (13]), we have the non-linear system .4;:

s okl e okl o okl
Qiryr = oYy = wirgr,  Qirn = Y Yn, = Wirns  on = OkiYnYp, = Wnn

where i/,j/ = 1,...m — 1 and k,l = 1,...,m. We may, as before, differentiate all these
equations once in order to obtain the various I';;; = ~,;; with now 4,j,7 = 1,...,n, in
particular the n differential invariants:

Lrpn = 6kl(y7]?y£m) =Ynn, T=1,..,n

and consider the n(n — 1)/2 new differential invariants of order two (Look for example in
(AIRY) for m = n = 3):

dani’j’ + di’j’an - di’an’n - dj’nQi’n = 25kl(yzk’nyé’n - yik’j’yfmn)

Accordingly, the possibility to compute the character of index n of the system Agl) C
p1(A1) only depends on the matrix with m rows and n + (n(n — 1)/2) = n(n + 1)/2
columns needed for solving the equations with respect to the jets y. ., ..., y™:

(Ynn-Ynn) :
yr* Yn' Yy

We find the results previously obtained for n = 2, m = 3 where the corresponding 3 x 3
square matrix has a determinant equal to o1;. Hence, when m = n(n + 1)/2 = p and
generic jets, the rank of the above system is equal to m and the character n of the symbol
must vanish. It follows from the previous theorem that we cannot have CC for the w and we
obtain a new proof in a modern setting of the result first found by M. Janet in 1926.

Coming back to the case n = 2, m = 3, we may introduce the matrix :

M(x) = (%1, Y2, 1 N J2)

This matrix is invertible because det(M) =| 1 A 7»|> = det(w) # 0. Also, looking at the
action of the group of rigid motions, we have:

J=Ay+B=1{i=Aji=M=AM = A=MM ' B=g— Ay

Accordingly, if y2 = fo(x) # j2(f)(z) and g2 = fao(z) # jo(f)(2) are two sections of
Jo(X x Y), then M = M(z), M = M(z) leads to A = A(z), B = B(x) with:

and the relations:

6x.f_ f$ = A(aarf - fx) +6fo+aa:Ba 6xfa: - fxa: - A(axfx - faca:) +8a:Afx
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If fo # J( f) but fo = j2(f) and thus f is one solution of the automorphic system, then we
have:

amf_ ]E:v — (amAA_l)f+ (a:vB - amAA_lB)a a:vfm - fm:r = (avAA_l)fm

bringing right invariant 1-forms which are the pull-back of the Maurer-Cartan forms by the
gauging procedure X — G : (z) — (A(z), B(z)) induced by the two sections fz, fo € As.
A similar left invariant version is obtained by composing the gauging with the inversion map
G — G:(A,B) = (A7, —~A~!B). Sections of jet bundles provide therefore a modern
version of the so-called Darboux vectors but this is out of the scope of this paper.
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3) CHAIN THEORY REVISITED

The shape y = f(x) of a thin inelastic free hanging chain ( a bike chain for example ) in
a vertical plan with cartesian coordinates (x horizontal,y vertical) under gravity g is usually
called chainette, catenary or sometimes funicular. If f(ac) is the tension in the chain and
s the curvilinear abcissa along the chain, we have ds = /1 + (9, f)? and the equilibrium
condition of a piece of chain with length ds and mass m per unit of length is:

- 0 — 0

ds +tmg
AsT = A(1,8, f), we get O\ = 0 = X = cst and thus Dy f/\/T + (05.f)2 = cst = 1/a.
One possible solution is y = ach(x/a) and we shall only consider the particular case
y = ch(z) obtained when a = 1.
As before, the problem becomes:

HOW TO DETERMINE A CURVE IN R? UP TO A RIGID MOTION

Changing slightly the notations with n = 1,m = 2, we may now consider the alge-
braic group G of rigid motions of the plan Y = R? with cartesian coordinates y = (y*,y?)
while X = R has coordinate (x). The finite action is defined by y = Ay + B with
AA! = I = (det(A))? = 1 and we may also consider, as before, the connected component
GY C G of the identity with det(A) = 1. The three infinitesimal generators of the group
action are:

0 0 0 0
O = 2,00 = ==,03 =y = — =
and the prolongation to the jets of order 2 only depends on 61, 65 and:
0 0 0 0
0:) = ot L _ 22 1.9 29 1 9 2 O
P08) =V Gm ~ Y g1 Tz T Yyl Y mpgyr T Ve

The corresponding PHS Aj is easily seen to be Q! = (y1)% + (y2)? = w(x) but is not
an automorphic system. Exactly like in the study of shell, we may therefore consider the
automorphic system A C p1(A7):

Q'= (1) + (2?2 =w(@), T=yiys, +yoy2. =), ©=ysys, — Yoysr = o(2)

The symbol of order 2 vanishes if and only if w # 0 and we shall assume such a con-
dition. The only CC is v = %&Cw but, contrary to shell theory, o is arbitrary. How-
ever, our definitions allow to avoid using square roots in the geometrical approach. In-

deed, setting as usual Z—g =i g—g = kit, % = —kt, we have ds?> = wdz? and thus
| {1 =1 =iii=0= iAf =0b =] b> =1 with b fixed perpendicular to the

plane considered. It follows that:

dy d%y  ds- d ds - - dt - dsdb ds -
N =L = (=) A (= (1)) =Wl A — =Wt A (=) = w—
der  dz? (dx ) (dx(dx ) =w dr (dxds) iz
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and thus 02 = w3k2. It is however important to notice that § = Ay + B = ¢, =

AYy, Uowe = AYse, ... and thus & = det(A)o, that is X is only invariant by G while the
new Lie equation T = (y!,)? + (y2,)? = v(x) is invariant by G. Nevertheless, an elemen-
tary computation provides the idenity QY = (I')2 + (£)? = wv = 2 + 02 and we have
the successive inclusions of differential extensions £k C K C Ky C L:

Q<Q<AUT>CQ<LYXY>CcQ<y>

because I' € Q < Q >. Then Ky = Q < €,% > is thus purely algebraic over
K =Q < Q,Y > in agrement with the fact that G/G® = {1, —1} while L = Q < y > is
a regular extension of Ky = Q < 2, % > because G is defined over £ = Q and k(G)) is a
regular extension of k, that is k is algebraically closed in k(Gy). As a byproduct, we obtain
now:

d%i 5 d?s . ds ,dt 4 d?s o ds 4 5 9 9 9
< — _t R J— = (— _— —
2, = (Gt () 7= (05)" + ()R = (77 /w) + s

v =|

because % = ~//w and, multiplying by w, we find back the previous formulas. It follows
that w = 1 = v = 0 = ¢ = k in the case of an inelastic chain.

Let us now consider two sections of Ay, namely fo = ja(f) with y* = z,y? = ch(x)
giving w = ch?(z),vy = sh(x)ch(z),0 = ch(z),v = ch?®(z) and fo # jo(f) defined by
gt = sh(x),y? = 1,9L = ch(z), 5% = 0,3, = sh(x),y2, = 1 in order to obtain right
invariant Maurer-Cartan forms. Indeed, the gauging is defined by the formulas:

that is to say:

Vfa, f2 € Ay = 3 gauging (A(x), B(z))

An easy computation provides:

ol ~
A(.%') = ( _(fsh((mx)) ¢ f:v) ) ’ B(.%') - < x sh(z) )

ch(z) ch(x) ch(x)

where of course A is an orthogonal 2 x 2 matrix with det(A) = 1. Equivalently, we may
introduce the 2 x 2 matrices M (x) and M (x) defined by:

frog ~ rog ~

M= g )= (% B )= i - Awm
fZB T fZB rxr

and the inversion formula A = MM~ can be used whenever 5 = det(M) = det(M) =

o # 0= det(A) = 1, leading to B = f — Af.The components of the Spencer operator

are now D fo = 0, D fo with:

O = (PAanpe (2B 04 i)

OF 7 ¢ Ofy - _0A ~
ox T o ox ox

T — (2= g1
ox e (Bm e
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We finally obtain:

dA 0 ——\ 0B a4 —
A= m@>————% -—<£§
oz < ~ @) 0 ox oz o Em;

where the first matrix is skew-symmetric as expected but there is no Maurer-Cartan equa-
tion because dim(X) = 1.

Conversely, if these 1-forms are known and provide (4, B), then any other solution (4, B)
is such that:

OA 1 _

0B 04 .. 0B 04
Oz oz o

9 or % oA B

ad thus:
%(A_lfl) =0=A=AC,C=cst=B=AD+ B,D = cst

This is a modern version of the so-called Darboux vectors which are replaced by sections
of jet bundles.

Coming back to the fundamental theorem of the differential Galois theory ([3.4,20,22]),
the reciprocal distribution A commuting with the invariant distribution © generated by the
p2(0;), T = 1,2,3, is generated by the 4 = dim(JY(E)) = dim(J2(E) — m:

9 L0, 0 L9 40
o1 _ymal—’_yma 27 52:ymma—y%+y:vxa—y%7 53:y:vay +y:c82’

rx

0 0

5 ymm 8 1 + ymc 8y
Tx

First of all, it is easy to check that all the differential extensions already considered are
stable by A and that the distribution § ® & or § 4+ § where ¢ is obtained from any § € A by
adding a bar over the jet coordinates, satisfies:

§.M =AM, M =AM, §y=Ay+B= (6 +0).A=0, (0 +06).B =

and thus (A, B) is killed by (§ + 6),¥d € A. Moreover, if any vector field § commutes
with 1, ..., 44, then, applying any 6 € © to the linear combination § = a1 + ... + a464 we
discover that the a are kiled by 6 and are thus only functions of the differential invariants.
For example, if we consider 0 = y;y yx(9 we obtain § = —(I'/X)0; + (2/X)d2 a
result not evident at all at first sight. We obtain therefore 6" = Y and thus 6 K ¢ K because
Y ¢ Kbut 0Ky C K.

We end this example with a few comments on variational calculus with constraints pre-
sented at the end of ([23]). To start with, we shall even suppose that the chain C' is elastic
while hanging between two fixed points, with initial mass mg(x) per unit lentgh z, final
mass m(s) per unit legth s in such a way that modz = m(s)ds and elastic coefficient F
in such a way that, under a tension 7' we have T' = E(ds — dx)/dx = E(ds/dx) — 1).
Using previous notations, the total lagrangian including the gravitational potential and the
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energy of deformation stored in the chain, we have to study the following variational prob-
lem where y* = f*(z),y% = (df¥)/dx VE =1,2:

ds

ds
5/ (mogy® + E(d— —1)*)dz = / (mogdy? + T(y,0ys + y30y7)/(~-))dz = 0
C Xz C dx
Integrating by part while using the relations % / g—; = cos(0), ¥ <= / = sin(f), we obtain
successively the two Euler-Lagrange equations:
Syt — (Tcos(&)) =0 = Tcos(0) =Ty
5y? = L (Tsin(0)) = mog = Tsin(d) = mogw
Setting Tp = amgg and integrating, we finally get, up to a shift of the axes:
y' = aarcsh (z/a) + (Ty/E)z, y> = Va2 + 22+ (Ty/2Ea)z?

At the limit T — oo, we get y?> = ach(y'/a) as expected. However, we may also find
the same result by looking at the extremum of the potential energy under the differential
constraint (ds/dx) — 1 = 0, that is by studying the variational problem:

d
5[ (mogy® + A3, ~ D)o =0
C d(E

with Lagrange multiplier )\ and getting the usual identification A = T, though we notice
that the founding principles are quite different.
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4) FRENET-SERRET FORMULAS REVISITED

Though the Frenet (1847) and Serret (1851) formulas are well known by anybody study-
ing curves in R3, we shall revisit them in the light of the differential Galois theory as they
will provide one of the best examples of the criteria for automorphic systems already pre-
sented. For such a purpose, let X = R with local coordinates (z) and Y = R? with
cartesian coordinates (y',42,v%) as usual. We consider the Lie group of rigid motions
G = (A, B) of dimension 3 + 3 = 6 where A is a constant orthogonal matrix and B is a
constant vector. The action and its successive prolongations are defined by the formulas:

Compared to the previous examples, the rather striking fact is that now the only differential
invariant of order one is:

Q== o)+ W2+ (1) =w

and there are thus only two differential invarints at order two, namely:

r

oL 1
Jo-Trw = Yalog + Yooy + Yoo, =7 = 50,

Y = You Yoo = (yalnm)2 + (y:?::c)z + (y:?::c)Q =0
Indeed, another possibility could be:

| = - 12 2.3 3.2 \2 3.1 1,3 \2 1,2 2.1 \2
R :| Yo N y$$| = (yxyaraz - yxyxx) + (yxymc - yxyxx) + (yarymc - ya:yxx) =p
but it is easy to check the identity:

R=0QY - ()= p=wo —~*

but the resulting equations for the symbol of order two should be:

(W2 — Yol Vs — Walirw — YU U2 Vag + - = 0
where the sum is done on the permutations of (1,2, 3) and these equations are linear com-
bunations of the two other ones, namely:

52F = yi”im + yivix + yg”zm = 07 52E = y:}:xuim + yimvix + yixuim =0

because we have 0o R = Q623 — 2I' oI in V(J2(X x Y)).

In the present situation, A; is clearly not a PHS for GG as it has fiber dimension equal to
3+ 2 =5 < 6 while Ay is a PHS for G with fiber dimension 3 + 2 + 1 = 6 but is not
an automorphic system. Indeed, using one prolongation, we only get two third order OD
equations and the correct automorphic system Aj is defined by adding the following three
third order equations:

—

D = FyGoze = Yolroe T Vologw + Yologs = ¢ = Oy — 0,
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N 1

T = (gm A gmm)gmmx = (gmagxmgxmm) =v
with no CC involving v , that is only (w, o, v) can be given arbitrarily.
In order to recover the classical formulas, we need to introduce the curvilinear abcissa

s defined by ds?> = w da? and we get successively:

dgjfdf L di F+gd5 .

— =1, — =krnN, — =—kt+7b, — =—700

ds ' ds " ds " ds
where £ is called the curvature, 7 is called the forsion and b = tA 7. As ] ﬂQ = 1, it follows
that 77 is orthogonal to ¢ and we shall exhibit the relations existing between (x,7) and the
(w, 0, v) already obtained.

Now, with y = f(x),ys = 0o f(x), Yz = Ous f(x), we obtain successively:

_ @ — (@)2_’_ ﬁ — (@)3_’_3 @ﬁ_i_ &
yl‘ - ysdxayl‘x - ySS dm‘ ysdx27y$$$ - ySSS dx yssdx dxz ysdx37"'
iy _ﬁf“ — (§)2@+ ﬁf“ — (@)3@)_’_ ﬁﬁd_g_i_ @_‘

Yo = gz Y T\ ds a2 Ve T ) as2 drdx?ds dad3’

S ds .o -9 ds o
= Jodie = (52)? | T2 = (5=
=i = (22 7P = (&)

_ 7 _ﬁﬁ_li(ﬁy_}
V_yx'ym_dxdxz_de de’ 2

ds. g, =~ dt .
p:\ngﬂzx\Z:(d—;)G!t/\£2:w3/€2lb\2:w3ﬁ2

Opw

. ds ,dt di = d’s

_ = _ (8s at  a7S\9 9 9 2
0 = Yxx-Yxx (d.%') dS.dS—i_(dm’Q) WK +(7 /w)

. 24d2f+dsd3s_ y o dsds

# = Gofoan = t'@ dedss 0" * drds3 —W 4 0,y = (7 fw)

v (gx /\ _)ZBZB)'_‘ZB;BZB 5
d dy A d°y d d>y
= (B AT (L
3(F A dty dot
©odb d%t
= W4, %) 3
— w?»(t#mﬁ).ﬁ(fl—gﬁtnd—g)
= W3kb.(—K*L + KTD)
= Ww3KiT
- or
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We now provide the computation for the helix (draw a picture):

yt =rcos(0), y?=rsin(d), y>=h6, r=cst
dy' = —rsin(0)dd, dy®> =rcos(0)dd, dy®=hdf = (ds)* = (r* + h*)(df)’

g sl o reos(®) 5 h
V2 + 2 rZ + b2’ Vr2 + h?
it =~ "00) yo o gp = 7Em0) o s g
Vr2 + h? r2 + h2
We obtain therefore x =| j—g |= ;=477 and:
nl = —COS(Q),TLQ = —sin(e),ng =0= di — SZ?’L(@) dn _ COS(Q) dn

ds VPt h2 ds  r2ih2 ds

A result leading to:

dn! ! 1 h? n(6) dn? 4t 1 h? )
4kt = sin(0), — + Kt* = — cos
ds Vr2 + h2r2 + h? " ds VrZ + h2r?2 + h? ’
dn3 Lo — 1 hr
ds Vr2 + h271? + h?
_| di P _h
and finally to 7 =| T2 + Kt |= mal

Studying finally the gauging procedure existing in the differential Galois theory, we
may introduce the 3 x 3 matrix:
Yp Yo Yrea
M = Yo Yoz Yzax
V2 Yir Yz
For two sections f3 and f3 of A3, we have M = A M and thus A(z) = MM ~" whenever
M is invertible, that is det(M) = v # 0. Then B(z) = f(z) — A(x)f(z) and, as before,
A and B are constant whenever y = f(z) and § = f(x) are two solutions of A3, a result
not evident at first sight.
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5) LIE THEORY OF OD EQUATIONS REVISITED

As a very general algebraic problem, if K and L are two abstract extensions of a field &,
the idea is to look for the rings and field that can be constructed from this only knowledge,
in particular we should look for a bigger fields containing K and L in a nice way in order
to define the smallest subfield (K, L) containing K and L. Coming back to ordinary Galois
theory, the basic purpose is to know about all roots of a given polynomial or, in a more ab-
stract way, to split a given polynomial into as many irreducible factors as possible through
the knowledge of the roots of another polynomial. For example, if K/k is a Galois exten-
sion and L is an arbitrary extension of k such that K and L are contained in a bigger field,
then (K, L) is a Galois extension of L. Moreover, if K N L = k, then K and L are linearly
disjoint over k in (K, L) ([20,22], p 131 or any basic textbook on Galois theory like [1,28]).

As an elementary but tricky counter-example with k& = Q, let us consider the polyno-
mials P = y3 — 2 € k[y] with residue y — n and Q = 22 + 2z + 1 € k[z] with residue
z — (. As P and @ are irreducible over k, we may consider the fields X' = k(n) and
L = k(n¢). As (P, Q) is a prime ideal in k[y, z|, then we may choose (K, L) = k(n,() =
Q(kly, 2]/ (P,Q)) = k[y, z]/(P, Q). In actual practice, we may choose for 7 the real root
/2 of P and for ¢ the imaginery cubic root of unity (—1 + i/3)/2 in such a way that 7¢
is an imaginary root of . We have of course K N L = k but K is not a Galois extension
of k. Accordingly, K and L are not linearly disjoint over k in (K, L) because we have
(n¢)? x 1+ (n¢)n+1 x n? = 0 while {1,71,1?} is a basis of K over k. Our aim will be to
extend these ideas to the differential framework.

While studying the integration of the nonlinear OD equation g—g — F(x,y) = 0, namely
looking for functions y = w(z) such that 0,u(x) — F(x,u(x)) = 0, Lie discovered that
the knowledge of a vector field 0 = &(x,y)0, + n(z,y)0, preserving the OD equation
brings the integration to a simple quadrature. Indeed, introducing the Lie derivative £(6) =
i(0) + di(#) where now i() is the interior multiplication by a vector and d is the exterior
derivative, the invariant property amounts to the equation £(6)(dy — Fdz) = A(dy — Fdx)
where A is a multiplicative factor. Eliminating A among the various factors of dx and dy,
we get the only condition:

on on 0¢ 0,06 OF oF

%+F8_y_F%—F o, " oz —a—yn—O
Bringing the terms together in a different way, Lie discovered that this condition can also
be written:

0 0 oF
- Fe)+ FL(n— Fe) - 2 (n — Fe) =
B 11— FE) + ay(" £) 3y (n—F&§ =0
Finally, setting x = 1/(n — F¢) and w = —F', we obtain equivalently:
o o)
ox oy

a result proving that  is an integrating factor for the 1-form dy + wdz, that is to say the
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1-form x(dy + wdz) is closed.

It is not evident at all to establish a link between such a problem and the differential Ga-
lois theory by extending the previous purely algebraic comment to a differential framework
and using the Spencer operator. First of all, we must start with an automorphic system.
For this, changing slightly the notations while introducing a manifold X, say R? with local
coordinates (!, 22) instead of (x,y), and a manifold Y, say R with local coordinate (y),
we may consider the automoprphic system .4; defined over a differential field K:

=N ek , Y2 #0
Y2
for the Lie pseudogroup I' = aut(Y") of invertible transformations y = g(y) with d,g(y) #

0. Then, let us notice that any solution y = f (2!, x?) of the preceding system is such that:

81f+F(CUl,CE2)82f = 0’ a2f 7é 0

while F' € K where the independent variables (2!, 22) are not explicitly appearing. If we
have any first integral f(z',2?) = ¢ = cst, we may use the implicit funxction theorem in
order to obtain #? = u(z!, c) with an identity f(x',u(z!,c)) = ¢,Vx'. We obtain there-
fore:

o f(zh u(zt, ) + dof (zh, u(zt, ¢)du(zt,¢) =0 = o f (Ou — F(z',u)) =0

and thus O,u(z,c) — F(x,u(x,c)) = 0,Vz,Ve. As for the Spencer operator, setting
r! = 2 and introducing any function u(x), we may define a section u; = (u(z), uz(z))
of the first jet bundle by choosing u,(z) = F(z,u(z)) and the initial system amounts to

Duy = 0u(x) — uy(z) = 0.

From the differential algebraic point of view, with w = —F € K when K is a
differential field with derivations (01, 02), we get the differential automorphic extension
L/K = Q(K{y})/p) where p C K{y} is the prime linear differential ideal generated by
the differential polynomial P = y; — wys € K{y}. The idea is to exhibit another differ-
ential extension M /K with M = Q(K{z',2%}/q) and q C K{z', 2%} is the differential
ideal generated by the differential polynomial:

Q =2} —was +wzi —w’ey + w2 + dw2® € K{z',2?}

in order to take into account the condition for § = £10; + £20, already obtained with dif-
ferent notations. However, contrary to the algebraic case, the intersection K' = L N M
has no meaning at all, unless we could define such an intersection in a bigger differential
field N containing both L and M, according to the following commutative diagram of field
inclusions:

L — N
) )
K - M
I
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For this, let us consider the differential extension N/K with N = Q(K{y, 2!, 22} /t) and
v C K{y, 2,22} is generated by the two differential polynomials:

Y1 —wya, 1zl F e —1

We have of course tNK {y} = p = L C N and it just remains to prove that tNK {2}, 22} =
q = M C N. For this, we obtain by substitution the two differential polynomials :

(z* + w2y —w, (2* +wzl)ys — 1

The elimination of y can be done by crossed derivatives and we just find for (2!, 22) the
integrating factor condition for y = 1/(2% + wz') already obtained. The last relations
prove that K’ is indeed generated by (y1,y2) modulo p and we have the new automorphic
extension L/K’ for the subpseudogroup I'" C I' made by the translations § = y + a with
a = cst. The corresponding automorphic system A} C A;:

Vl=y=xw, VP =y=y, xek

is nothing else than a new description of the quadrature concept where we have now xy =
1/(€% + wel) and (€1, €2?) is the image of (2!, 22) under the residue with respect to q. We
finally notice that L = K'(y) (care) while M = K' < z! >= K’ < 22 >. It follows
that L is regular over K’, that is K’ is algebraically closed in L, while M is differentially
transcendental over K. It also follows that L and M are linearly disjoint over K’ in N. Up
to our knowledge, such a Galois type approach has never been provided elsewhere.
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6) DRACH-VESSIOT THEORY REVISITED

Roughly, in the preceding example we have used n = 2, m = 1 in order to study the
first order OD equation y,, — F'(z,y) = 0 and our purpose is now to use n = 3,m = 2 in
order to study the second order OD equation vy, — F'(z,y,y,) = 0. Accordingly, we shall
introduce functions u* (z,y,ys) for k = 1,2 and consider the linear homogeneous system:

ouF ouF ouF O(ut, u?)
S+ F@,ypa) 5 =0, S0

For any couple of first integrals u*(z,y,y,) = c* with k = 1,2, setting ¢ = (c!, c?), we
can use the Jacobian condition and the implicit function theorem in order to solve these two
equations with respect to (y, y,) in order to get:

y = f(z;0), Yo = fo(wi0)
However, differentiating with respect to x the identities u*(x, f(z;¢), fo(x;¢)) = ¥, we
obtain the relations:
8_uk Lo ouF 8f n ouF (9fx
ox oy oz 0Yz Ox

Substracting the previous equations in order to eliminate the du” /9 while taking into ac-
count the Jacobian condition:

A(u 1
(Y, ys) yx) (c ,¢2)
we obtain the Spencer operator through this vertical procedure, namely:
of Ofa
———fz=0 — —F =
Ox f2 =0, ox
Changing slightly the notations as before, we may use a manifold X with local coor-

dinates (z) = (x!, 22, 23) instead of (x,y,y,) with ! = z and a manifold Y with local

coordinates (3) = (y',%?) in order to look for solutions y* = f*(x!, 22, 23) = f*(x) for
k = 1,2 of the linear system:
Ay v*)
k k k ’ _
yi +ays + Fz)ys =0, 92 a) = Y2y3 — y3ys # 0
It is not evident at all and it has been the discovery of Drach ([9]) and Vessiot ([29]), that this
is indeed an automorphic system .4y C J;(X x Y') for the Lie pseudogroup I' = aut(Y")

made by invertible transformations of the form § = ¢(y) with nonzero jacobian, that can
be written:

ggyiyyz% ggy;yi;
1 0@ha?) 1y 1 9@Sal) o0 v 3
o(x2,z%) d(x?,a3)
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‘We have thus obtained:

THEOREM 6.1: The search for a family of solutions of the given second order OD equa-
tions depending on 2 parameters is equivalent to the knowlege of one solution of this auto-
morphic system.

As the two generating first order differential invariants are rational functions of the first
jets, we may therefore use the differential Galois theory by introducing a differential field
K with derivations (1, 92, d3) in such a way that w', w? € K. Also, the fiber dimension of
the system is 2 + (3 x 2) — 2 = 6 while the fiber dimension of the system of Lie equations
(made by no equation !) is 2 4 (2 x 2) = 6 and the automorphic property follows from the
fact that A, is involutive with no CC.

Now, following Jacobi, we shall call a function M (z) (Jacobi) multiplier for 6 = 0°0;
if we have the relation 9;(M6?) = 0. In particular, if = ¢(z) is a change of independent
variables with jacobian A(x) = det(9;’ (x) # 0, then it is well known that we have the
identity ([21,23,26]):

9 ( 10¢ )
0z " A Oxt
Setting 67 = 9;76°, we obtain easily:

0, Ve e X

6(M§)_8(M8gpji)_1 8(
ori " A 07 A Ozt 7 Aoxi
and it follows that M /A is a multiplier for §. In particular, M = 1 is a multiplier if and

only if @ is divergence free, that is 9;0° = 0. In the present situation, we should have
01(1) + O9(23) + 93(F) = 0, that is 3 F = 0 and thus F' = F(x!, 2?).

M) =

Coming back to the initial notations, let us consider the second order OD equation
Yz — F(x,y) = 0 and the corresponding system:

(% o¢ o¢
0. — — 4+ F — =0
O = —l— Ya oy + F(z,y) o,
If ¢(x,y,y.) = ¢ = cst is a first integral containing explicily y,, we can use locally

the implicit function theorem and find ¥y, = 1/1(90 y;c). Let us prove that the 1-form
dy — ¥ (x,y; c)dx has the integrating factor 1/(9 x,y, ¥ (x,y;c)) which is also a Jacobi
multiplier for the differential system dz/1 = dy /y ¥(z,y,c), that is let us prove:

9¢

5o/ 52 + 55/ 52) =0
whenever y, = ¥(z,y; ¢) that is to say:
0%¢ N onp. 0%¢ 0%¢ o O
620y, Bz TV oy ye0y. TV oydy. " By 0y, =
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Indeed, differentiating the identity ¢(x,y, 1 (x, y;c)) = ¢ with respect to ¢, x and y succes-
sively, we get:

999y _

e
o9 06 N a9 | 09 0 o w
oz * o Oyy Ox =0, Ay o Oy Oy =0= o + ¢ F(z,y)

and it just remains to differentiate the PD equation satisfied by ¢ w1th respect to y,.

Among the possible reductions of the Galois pseudogroup I', we may consider the Lie
sub-pseudogroup I = {7 = g(y) | (7', 5?)/0(y*,y?) = 1} leading to the automorphic
sub-system A} C A;:

_ Ay ) _ AW y?) _ AW y?)
= o(a?, %) v, v= a(a,2h) v, = =¥

where ¢!, 2, ¢ € K’ with K ¢ K’ C L and:

Nt + 0op? + 95 = 0

As we must have ¥? /ol = 23, 3/t = F(x!, 22, 23), this reduction amounts to the
explicit knowledge of a Jacobi multiplier. In the particular case F' = F(x!,2?), we may
choose ¢! = 1 and this situation is exactly the one obtained by passing from the Lagrangian
formalism to the Hamiltonian formalism in analytical mechanics. We provide the details of
this striking result which does not seem to be known.

With n = 3,m = 2 in this case, let us consider a Lagrangian L(t,x, ) and the corre-
sponding Euler-Lagrange equations:

dOLy 0L 0L G OL G OL 0L,

dt" oz Ox otox 0x0t 0tdr  Ox
When the Hessian condition 9> L /003 # 0 is satisfied, we get a second order OD equa-
tion of the form & — F'(¢,x,4) = 0 and we may thus introduce the automorphic system:

8y ayk ayk
ZJ AR A
+ + (t x x) 97

=0, Vk=1,2
ot ox ’ ’

with:

0 9 9 L OF
at(l) +(9_( )—i-%(F(t,m,m)) =2 £ 0

in general. However, if we now consider the corresponding Hamiltonian formalism ob-
tained by setting p = % and H = 2L a — L = H(t,z,p), we obtain at once:

oL oL
dH = &dp — a—dt - a—xdm
dp  0?L . 90°L . 0L 0L

at ~ otor  Cowor  Yoi0r o
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and thus the well known OD Hamiltonian equations:

dv  OH dp  OH
dt  9p’ dt Oz
a result leading to the automorphic system:
oy OH oyF  OH oyF B

ZJ 477 X7 =1.2
or T ap or  ow op vk=1,

on which we check:

0 0 OH 0, OH

—(1 (== (===

aV o) Tt
The previous Lagrangian automorphic system had independent variables (¢, x, @) while the
new Hamiltonian automorphic system has independent variables (¢, xz,p). As this latter
system admits the Jacobi multiplier 1, it follows from the general theory explained at the
beginning of this example that the Lagrangian system must admit the Jacobi multiplier:

At ,z,p) Op _ 0?L

ot,x, &) 0 0idi
Indeed, multiplying respectively (1, %, F'(¢, z, %)) by the hessian and noticing that:

2 2 2 2
Pas Ll L 0L 2L L

010% L 0roi  ox  otor - ox0b

we finally check, after an easy computation, the identity:

o, 0°L o . 0°L o 0L O*L . 0°L

99505 T 92 C o505 T 95 or ~ oi0s  “owod) =
The reduction to IV C I" becomes respectively:
oy y?) L Ayy?) L PL Ay'y') oL  PL . PL

a(z,2)  020:  9(@,t) - 0:9%  O(it) Oz  Otdi - 9z0i
oy'y) _, Oy’ _OH  Oyly?) _ OH

dz,p)  Apt) dp’  Atax) Oz

The knowledge of one first integral, say y?> = ¢, reduces the Galois pseudogroup to
™ = {ﬂl — yl + h(yQ),ﬂQ — yQ} .
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7) HAMILTON-JACOBI EQUATIONS REVISITED

We end this list of examples by revisiting the Hamilton-Jacobi equation. This is by far

the most difficult example in the sense that no classical approach using exterior calculus
can be used in order to exhibit the corresponding automorphic systems involved. At the
same time, it uses the first criterion for automorphic systems and thus, in particular, formal
integrability or involution become crucial tools that cannot be avoided. This is the reason
for which the results we present have not been found during the last century.
Let z = f(t,x) be a solution of the non-linear PD equation z; + H (¢, z, z, z,;) = 0 written
with jet notations for the single unknown 2. When dealing with applications, ¢ will be time,
x will be space, z will be the action and, as usual, we shall set p = z, for the momentum.
It is important to notice that, in this general setting, H (¢, x, z, p) cannot be called Hamilto-
nian as it involves z. By analogy with the preceding example, we shall set ([9,20-22,29]):

DEFINITION 7.1: A complete integral z = f(t,x;a,b) is a family of solutions depending
on two constant parameters (a, b) in such a way that the Jacobian condition 9(z, p)/9(a, b) #
0 whenever p = 0, f(t, z; a, b). Using the implicit function theorem, we may set

THEOREM 7.2: The search for a complete integral of the PD equation:

2+ H(t,x,2,2,) =0

is equivalent to the search for a single solution of the automorphic system A; with n =
4, m = 3, obtained by eliminating p(t, z, z, p) in the Pfaffian system:

dz —pdx + H(t,z,z,p)dt = p(dZ — PdX)

The corresponding Lie pseudogroup is the pseudogroup I' of contact transformations of
(X, Z, P) that reproduces the contact 1-form dZ — PdX up to a function factor.

Proof: If z = f(t,x;a,b) is a complete integral, we have:

0
dz — pdr + H(t,z,z,p)dt = aﬁd + 8£
Using the implicit function theorem and the Jacobian condition, we may set:
of of of

a':X(t?x7Z?p)’b:Z(t?x?Z?p)jp(t’x’Z’p):%? P(t’x’z’p) 8(1, ab

The converse is left to the reader.
For another solution denoted wit a bar”’, we have:

dz —pdx + H(t,z,2,p)dt = p(dZ — PdX) = dZ — PdX = =(dZ — PdX)

ATl e

Closing this system, we obtain at once:

dX NdZ AdP = (2)2dX A dZ A dP
17
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Closing again, we discover that p/p is in fact a function of (X, Z, P), a result bringing the
Lie pseudogroup of contact transformations and showing that no restriction must be im-
posed to H (t,z, z, p).

Q.E.D.

It is quite more dificult to exhibit the equations of the above automorphic sytem and
the corresponding equations of the Lie pseudogroup I' in Lie form or even as involutive
systems of PD equations. From what has been said, we obtain at least:

oX oX -
8X PBX: P7%_0:>g_§_ﬁ)g—§:0
aZ —Paz oz —
for defining R 1, that is to say:
0z 0X 0z 0X 0Z -0X
—-P—+P P—)= — —P— =
X 0X (82 OZ) 0 oP oP 0

Using now letters (z, z, p) instead of the capital letters (X, Z, P) and (&, ), ) for the corre-
sponding vertical bundles, we obtain by linearization the system of first order infinitesimal
Lie equations:

o On 9§ In 23 077

= pSl (s —psl) =0, 22

or 0z 8p Bp
This system is not involutive as it is not even formally integrable. Using crossed derivatives
in z/p, we obtain the only new first order equation:

=0

on 0¢ O on

(1)

and the resulting system R~ is involutive with two equations of Class x solved with respect

(1)) _

to (8956, g—’l) and one equation of class p solved with respecto 9 that is dimy (R
(343 x 3) —3 = 9. Accordingly, the non-linear system of Lle equations must become
involutive by adding only one equation in Lie form, namely:

a(2,X,P)
0ZXP)
(5% - P5x)*
and its linearization jus provides:
0 0 0 0 0
n, 08 0C_ 598 p2

2t o~ 2o e
that is exactly the previous equation. The following Janet board provides the structure of
an involutive solved form:

X 7 Z P X
X Z P X
P — {Z Z P e




o0Z 8X
Coming back to the original system and notations, we may suppose 55 — P5- # 0
and introduce the 7 = 3 + 4 equations:
0Z 0X 07 0X 0Z 0X 07 0X 0Z 0X
——P— ——P—)=0, —P——-H —-P—)=0, —P—=0
or Tar TG, P ) =0 g TP T H G P ) =05 P,
d(Z,X,P) 0Z 0X ., _0ZX,P) 0H,0Z 0X

T (S - P )P =0, L (- P2 =

Starting now, the next results canot be obtained by exterior calculus and are therefore

not known. Indeed, developping the 3 x 3 Jacobian determinant, the fourth equation pro-
vided can be written as:

0Z A(X,P) 9Z d(X,P) 9Z AX,P) 07 _IX
or d(x,p) Oz 0I(z,p) dp 0(z,m) 0z 0z

8Z and aZ

Using the previous equations in order to eliminate , we obtain:

07 X.P) 070X d(X.P) _p0X a(X P) | ,0X 9(X,P) _
dzx " d(x,p) P52 9z 9(z,p) 0z d(z,p) op O(z,xz)
0z _OX O(X,P) A(X,P). 07 _0X
(5 B g)( d(x,p) TP d(z,p) )= (5 B 5)2

and thus:

J(X,P) 8(X,P)) (8_2 8_X
d(x,p) p d(z,p) 0z 0z
which is nothing else than the first order equation that can be obtained from the first and
third among the previous 7 equations by using crossed derivatives in x/p. It follows that

.Agl) may be defined by 6 equations only and we have thus dim x (A(ll)) =(344%x3)—6=
9. The following Janet board provides the structure of an involutive solved form:

)=0

( Z z pt x
r — X z pt =z
P z pt x
Z z pt e
t —
{X z pt e
p—){Z z p e e

This result proves that the involutive system .Agl) is an automorphic system for the in-

(1)

volutive Lie groupoid R

If H = H(t,x,p) is an Hamiltonian function, then we may look for a complete integral
of the form z = f(¢,x;a) + b and we have:
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COROLLARY 7.3: The search for such a complete integral of the PD equation:

2+ H(t,z,2,) =0
is equivalent to the search for a single solution of the automorphic system A} with n =
4, m = 3 described by the Pfaffian system:
dz —pdx + H(t,z,p)dt = dZ — PdX

The corresponding Lie pseudogroup is the Lie pseudogroup IV C T" of unimodular contact
transformations of (X, Z, P) that preserve the contact 1-form dZ — PdX and we have thus
o(X,Z,P)]o(X,Z,P) = 1.

Proof: Now, we have:

p:?(t,x;a)=>a:X(t,x,p):b:Z(t,x,z,p):z—ap(t,x,p),p(t,x,z,p):1
x
and thus
0z 00X _Of _g ' o°P
g—l,g—o, 8[) —1:>P— aa(t,$7X(t,$,p)):>_az —0

We shall just prove that the Pfaffian system:

dz — pdx + H(t,x,z,p)dt = dZ — PdX

is compatible if and only if 0H/0z = 0 as a new group theoretical justification for revisit-
ing the mathematical foundations of analytical mechanics.
Indeed, closing the system, we get:

dz Adp+dH Adt = dX AdP

Using the exterior multiplication among the coresponding left and right members, we get:

dzNdx Ndp+dz NdH Ndt —pde NdH Ndt + Hdt Ndz Ndp =dZ NdX NdP

Closing again, we finally obtain:

OH
—dp/\dw/\dH/\dt—i—dH/\dt/\dx/\dp:2Edt/\dx/\dz/\dp:0

and the desired condition on H.
We invite the reader to discover this condition just using CC for the second member of the
desired automorphic system and notice that A} is neither involutive nor even formally inte-

grable.
Q.E.D.

It is again dificult to exhibit the equations of the above automorphic sytem and the cor-
responding equations of the Lie pseudogroup I'” in Lie form or even as involutives systems
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of PD equations. From what has been said, we obtain at least:

07z _0X 07z  _0X 0Z _0X
—-P—=1,——-P—==-P——-—P— =
07 0Z "X 0X "oP 0P 0
for defining R, that is to say:
07z  _0X 0Z _0X
ox Pax TPz ez =0
Now, contrary to the preceding situation, we have the Pfaffian system:
dX NdP = dX NdP
and we may add the 3 new first order equations:
OX.P) | AX.P)_ aXP)_
ox,p) oPZ) Toz,X)
an obtain therefore the 6 equations:
6_2_1@_ 6_15_06_2 p@_ 8(X,P)_18_Z p@_o
0z oz 0z T oX ox  To(X,P) Top orP

The following Janet board provides the structure of an involutive solved form:

Z | P X Z
7 — X P X Z
P | P X Z
7 P X o
X—>{X P X o
P—){Z P o o

The resulting system R'l(l) is thus involutive with 3 equations of class Z solved with re-

spect to (g—g, g_)Z’(7 %—?, 2 equations of class X solved with respect to (g—)Z(, g—§) and 1
equation of class P solved with respect to (g—g). The characters are (2,1,0) and we have

dimy(R\Y) = (3+9) — 6 =6.

Taking into account the initial Pfaffian system dz — pdz + H (t,x,p)dt = dZ — PdX
and its exterior closure dx Adp +dH N dt = dX A dP, we may proceed as before and find
the first order system combining the 6 equations:

0z 0X oP 0Z 0X 0Z 0X 0z 0X
2 Ve Ve T e T Ty My T e T
with the 3 equations:

d(X,P) OH d(X,P) OH

T 9w, t)  dx Ap,t)  Op
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The following Janet board provides the structure of an involutive solved form:

(

=

t — |

8
N >Ny NN
P S S S SR B B SR
o008 K] 8 8 8
e O & o o o N N W

with 3 equations of class z, 3 equations of class x, 2 equations of class p and 1 equation
of class ¢ giving characters (2, 1,0, 0) where the non-zero ones coincide with the non-zero

ones of R/l(l). One must therefore use the involutive automorphic system .A'l(l) = 72(A})
where A is the first prolongation of A}. A similar difficulty has been found for the non-
linear Lie equations R defining the Lie pseudogroup I C T'.

COROLLARY 7.4: The search for a complete integral z = u(t; a)+v(z; a)+b by separa-
tion of variables is equivalent to the search for a single solution of the automorphic system
obtained by adding 0.X /0t = 0 to the system of the preceding Corollary, provided that:

on_, oo on
0z ot ox ' Op

The corresponding Lie pseudogroup is:

=0

I"={X =g(X),Z=Z+h(X),P=(P+0h/0X)/(89/0X)} cT' CT
Proof: We have p = 0v/0x = a = X (z,p) = 0X /0t = 0 and:
0Z  0Ou

of Caf v, oP

Using the last three equations of the preceding Corollary, we get:

0X O0H 0X OH ,0X
ot oplor oz op
We obtain therefore the additional differential invariant in Lie form:
0X 0X OH 0H
oz op ~ oz op
and the desired CC by differentiating with respect to ¢. This necessary condition for sepa-
rating the variables in the integration of the Hamilton-Jacobi equation has been found by T.

Levi-Civita in 1904 ([17]) and integrated byA. Huaux in 1976 ([12]).
It also follows that the corresponding Lie pseudogroup I'” must contain transformations
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X =g(X). Then0Z/0Z =1,0Z /0P =0 = Z = Z + h(X) and finally:

OP0X 0Z _0X _

Q.E.D.

COROLLARY 7.5: The search for a complete integral z = u(t)+v(x; a)+at+0b is equiv-
alent to the search for 1 solution of the automorphic system obtained by adding 0P/dt = 1
to the system of the preceding Corollary, provided that:

oH _ WH_O O’H
0z otoxr otop

The corresponding Lie pseudogroup is:

0

Proof: We have:

p=0v/0x(z;a) = a=X(z,p), Z=b=z—u(t)—v(zr;X(z,p)— X(z,p)t

and:
of ov oP
0z ou 0H 0%u
() -X - H o
5 5 (1) — X(z,p) = H{t,z,p) = — 52 (1)
Collecting all these results, the system is defied by the 11 equations;
02 _ | OX _ o _ X 0z 0P | 0X _OH 9X _oH
dz 0z 0z ot ot ot Tox 0Ox’op  Op’
0z OH _ 0Z OH _0 OHOP OHOP
or  or D op 9dp Oz dp Op Oxr

The following Janet board provides the structure of an involutive solved form:

(

Z pt x z
z — X pt x z
P pt x z
Z pt x e
r — X pt x e
P pt x e
A pt e e
t—>{X pt e e
P pt e e
Z p e e e
\p—>{X p e e e




and the fiber dimension of this non-linear involutive first order system is (3+4x3)—11 = 4
with characters equal to (1,0, 0,0).
As for the non-linear system of finite Lie equations, we have at once from the explicit trans-
formations:

07 0X opP 0z 0X oP 0X 0z -

92~ "oz "oz =" ~ap ~Pop “hax ~hax 7T
This system is involutive and the following Janet board provides the structure of an involu-
tive solved form:

( Z | X P Z
Z — < X X P Z
P | X P Z
Z | X P e
P — (X X P o
P | X P e
Z | X e e
\X—>{X Y o o

The fiber dimension at order 1 is (3 + 3 x 3) — 8 = 4 and the characters are (1,0,0). It
follows that we have again an automorphic system. It is worthwhile to notice that the Janet
boards of a system and a subsystem may be quite different.

We end this list of examples with a situation providing an intransitive groupoid in the
case of a cyclic variable and let the reader treat it as an exercise.

COROLLARY 7.6: The search for a complete integral z = v(x; a) + at + b is equivalent
to the search for 1 solution of the automorphic system obtained by adding X = H to the
system of the preceding Corollary, provided that:

OH OH 0
0z ot
The corresponding intransitive Lie pseudogroup is:

0,

" ={X=X,Z2=Z+h(X),P=P+0h/dX} cT" CT

For more details on these topics of analytical mechanics, the interested reader may look
at the recapitulating board in ([21], p 506). As a striking conclusion, there are as many
specific situations reflected by the hamiltonian as the number of Lie subpseudogroups of
the Lie pseudogroup of contact transformations.
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